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Electron injection in a nanotube with leads: finite

frequency noise-correlations and anomalous charges

Andrei V. Lebedeva,b, Adeline Crépieuxb, and Thierry Martinb
aLandau Institute for Theoretical Physics RAS, 117940 Moscow, Russia

bCentre de Physique Théorique, Université de la Méditerranée, Case 907, 13288 Marseille, France

The non-equilibrium transport properties of a carbon nanotube which is connected to Fermi liquid
leads, where electrons are injected in the bulk, are computed. A previous work which considered
an infinite nanotube showed that the zero frequency noise correlations, measured at opposite ends
of the nanotube, could be used to extract the anomalous charges of the chiral excitations which
propagate in the nanotube. Here, the presence of the leads have the effect that such-noise cross-
correlations vanish at zero frequency. Nevertheless, information concerning the anomalous charges
can be recovered when considering the spectral density of noise correlations at finite frequencies,
which is computed perturbatively in the tunneling amplitude. The spectrum of the noise cross-
correlations is shown to depend crucially on the ratio of the time of flight of quasiparticles traveling
in the nanotube to the “voltage” time which defines the width of the quasiparticle wave-packets
injected when an electron tunnels. Potential applications toward the measurement of such anomalous
charges in non-chiral Luttinger liquids (nanotubes or semiconductor quantum wires) are discussed.

PACS numbers:

I. INTRODUCTION

Over the years nano-electronics has been dealing mostly with transport through artificial nano-structures, made from
semiconductor or from metallic material. Nowadays, attention has also focused on individual nano objects connected to
leads: molecules, conjugated polymers, carbon nanotubes among others. Carbon nanotubes are especially interesting
because, depending on their helicity, they constitute a near ideal one-dimensional metal1. Indeed, the dispersion
of metallic nanotubes at the Fermi level is linear, and one can therefore expect that electron correlations play a
dominant role2. Evidence for Luttinger liquid behavior has been seen in tunneling experiments3. A non-linear
current-voltage characteristic4 was predicted for both tunneling in the bulk of the nanotube and to the end of a
nanotube. The tunneling density of states exponent found in these experiments suggest that the Luttinger liquid
interaction parameter describing the total charge modes Kc+ ≃ 0.3, which should be compared to the non-interacting
value Kc+ = 1: the effect of interactions is strong. A nanotube therefore “does not like” to accommodate electrons,
because its elementary excitations do not resemble electrons as in a Fermi Liquid (FL): they consist of the collective
bosonic excitations which are known to occur in one-dimensional correlated electron systems5.
In chiral Luttinger liquids, which are believed to describe the physics of the fractional quantum Hall edge states,

a measurement of the backscattering noise is sufficient to identify the fractional charge6 of the quasiparticle. No
straightforward analogy exists for a quantum wire or for a nanotube. Recent work have shown7,8 that although left
and right moving electrons mix in such Non-Chiral Luttinger Liquids (NCLL), their elementary excitations can be
decomposed in right and left moving chiral bosonic modes which carry a non integer electron charge, where the latter
depends on the interaction parameter identified below as Kc+.
Recently a theoretical suggestion to measure these anomalous charges using both current noise auto and cross-

correlations was proposed9. Contrary to the fractional quantum Hall effect, an autocorrelation noise measurement
alone is not sufficient to isolate the anomalous charge of a NCLL. In Ref. 9, it was assumed that electrons were
injected into the bulk of the nanotube (Fig. 1), while current was being measured at both ends. The electron is then
split into two chiral quasi-particle modes which move in opposite directions. Each pair of modes carries either of two
anomalous charges Q± = (1 ±Kc+)/2 attached to the right/left movers. Yet because an electron is injected locally,
it has an equal probability to have Q+(Q−) on the right or on the left (Fig. 2): the wave function describing the
injection of an electron has entangled quasi-particle degree of freedom, with quantum numbers, or states, specified by
the anomalous charges Q±.
Nevertheless, one drawback is that injection was studied in an infinite nanotube. In the last ten years, it has

been argued that when a Luttinger liquid is connected to normal metal leads, one looses the possibility for detecting
anomalous charges in NCLL. One of such models consists of a Luttinger liquid with an interaction parameter which
varies as a function of distance: Kc+ = 1 in the leads while Kc+ < 1 in the Luttinger liquid (Fig. 3). The purpose of
the present work is threefold: first, the results for an infinite nanotube at zero frequencies will be extended to the finite
frequency domain. Second, it will be shown explicitly that the zero frequency noise cross correlations vanish when
one includes the non interacting leads described above. This result thus suggests that anomalous charges cannot be

http://arxiv.org/abs/cond-mat/0405325v2
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FIG. 1: Nanotube connected to leads, with electrons injected in the bulk via a STM

detected by the above correlation method. Third, are the good news: an analysis of finite frequency autocorrelation
noise and noise cross-correlations – in the presence of Fermi liquid leads – allows to recover crucial information about
the anomalous charges. The time of flight τL = L/2vc+ for excitations in the nanotube and the voltage time scale
τV = ~/eV are the sole parameters which specify the behavior of the noise cross-correlations as a function of frequency.
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FIG. 2: Entanglement of quasiparticle excitations in an infinite Luttinger liquid.

II. MODEL HAMILTONIAN

Consider the following experimental setup: a nanotube connected to a two FL leads. An STM tip is put in
contact with the bulk nanotube at x = 0. A bias voltage V is applied between the STM tip and the nanotube
allowing electron transfer. Subsequently, quasi-particle excitations propagate along the nanotube towards the FL
leads. Following Ref. 10, the electron field Ψrασ(x, t) in the nanotube, describing the electron moving along the
direction r = ±1, from the mode α = ±1 with a spin σ = ±1, can be written in terms of the bosonic field ϕrασ(x, t)
as

Ψrασ(x, t) =
Frασ√
2πa

eikFrx+iqFαx+iϕrασ(x,t), (1)

where a is an ultraviolet cutoff of the Luttinger Liquid (LL) model, Frασ are the Klein factors, kF the Fermi mo-
mentum and qF is the momentum mismatch associated with the two modes. For further calculation purposes it is
convenient to rewrite the bosonic field ϕrασ(x, t) in terms of the non-chiral bosonic fields θjδ and φjδ , with index
jδ ∈ {c+, c−, s+, s−} identifying the charge/spin, total/relative fields:

ϕrασ(x, t) =

√
π

2

∑

jδ

hασjδ

[

φjδ(x, t) + rθjδ(x, t)
]

, (2)

with factors hασc+ = 1, hασc− = α, hασs+ = σ and hασs− = ασ, and bosonic fields obeying the equal time
commutation relations [φjδ(x), θj′δ′(x

′)] = −(i/2)δjj′δδδ′ sgn(x − x′). The Hamiltonian describing the nanotube
connected to FL leads assumes the form:

H =
1

2

∑

jδ

∞
∫

−∞

dx vjδ(x)
[

Kjδ(x)(∂xφjδ)
2

+K−1
jδ (x)(∂xθjδ)

2
]

, (3)

where the interaction parameters Kjδ(x) is now assumed to depend on position and the velocities vjδ(x) satisfy
vjδ(x) = vF/Kjδ(x).
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The electrons in STM tip are assumed to be non-interacting. For convenience9, the electron field cσ(t) in the STM
tip can be described in terms of a semi-infinite LL with interaction parameter equal to 1:

cσ(t) =
fσ√
2πa

eiϕ̃σ(t), (4)

where ϕ̃σ(t) is the chiral bosonic field, whose Keldysh Green’s function at x = 0 is given by11:

gσηµ(t1 − t2) =
〈

TK

{

ϕ̃σ(t
η
1)ϕ̃σ(t

µ
2 )
}

〉

(5)

=−ln

[

1 + i(η+µ)
vF|t1−t2|

2a
− i(η−µ)

vF(t1−t2)

2a

]

,

where η, µ = ±1 denotes the upper/lower branch of the Keldysh contour.
The tunneling Hamiltonian describing the electron tunneling from STM tip to the nanotube has a standard form:

HT(t) =
∑

rασǫ

Γ(ǫ)(t)
[

Ψ†
rασ(0, t)cσ(t)

](ǫ)
. (6)

The voltage is taken into account via a time dependence of the tunneling amplitude (Peierls substitution) Γ(t) = Γ eiω0t

where ω0 = eV/~ is the voltage frequency. The superscript (ǫ) leaves either operator unchanged ǫ = +, or transforms
it into its Hermitian conjugate ǫ = −.
The total electric current in the nanotube and FL leads can be expressed through the bosonic field φc+:

Î(x, t) = 2evF

∂xφc+(x, t)√
π

. (7)

In Ref. 9, the nanotube current was computed in terms of the bosonic Green’s functions, and was found to have the
expected non-linear behavior with voltage. The calculation of this current was indeed necessary there, because the
diagnosis of anomalous charges in the infinite nanotube required to compute two ratios: the ratio between the auto-
correlation and the nanotube current, as well as the ratio between the cross-correlation and the nanotube current.
In the present finite frequency scheme which is used to extract anomalous charges, the current in both branches
of the nanotube – which is constant because of the stationary bias, and which equals half of the tunneling current
in a symmetric setup – is simply not needed. Below, we thus compute the noise auto-correlation and the noise
cross-correlations.

III. NANOTUBE NOISE

A. Unsymmetrized correlator

The main quantity of our interest will be the nanotube current-current correlator Sxx′(t, t′) = 〈Î(x, t)Î(x′, t′)〉 and
using the Keldysh formalism this quantity can be written as

Sxx′(t, t′)=
〈

TK

{

Î(x, t−)Î(x′, t′+)e−i
∫

K
HT(τ)dτ

}〉

. (8)

Note that here we have purposely chosen the unsymmetrized noise. The motivation is as follows. When one considers
the measurement of the current auto- and cross-correlations one has to be careful to extract the quantity which is
measurable in experiments, for this correlator. The “textbook recipe”12 is to take the symmetrized current-current
correlator: this insures that the measured quantity is real. This is indeed the convention which is chosen in many
reviews about noise13.
For simplicity, let us forget here the spatial dependence of the correlator by considering x = x′. Considers the

spectral power of current fluctuations (the Fourier transform):

S(ω) =

∫

S(t) eiωt dt , (9)

symmetrized correlations can be expressed as:

Ssym(ω) ≡ 1

2
(S(ω) + S(−ω)) . (10)
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However, since the second half of the nineties, the point of view – about which noise correlator is more appropriate –
has shifted. When taking a closer insight on this problem one is faced with the fact that the answer strictly depends
on the measurement apparatus which is used to measure the noise.
In Ref. 14 a LC circuit was connected inductively to the mesoscopic device which emits noise, playing the role

of a detector. There, it was shown that for a passive detector (i.e a detector which is in the ground state, which
is such that it cannot provide any excitations to a measured system) the really measurable quantity is the spectral
power of current auto–correlations at either positive or negative frequencies, depending on the correlator which is
considered: 〈Î(0)Î(t)〉 or 〈Î(t)Î(0)〉. This results implies that the LC contour (detector) can adsorb the energy from
the measured current but can not excite the measured system (the later processes correspond to a spectral power at

negative frequencies for the correlator 〈Î(0)Î(t)〉).
This point of view has been further emphasized in two recent theoretical works. The first of these proposals considers

a noisy mesoscopic circuit which is capacitively coupled to a double dot system15, where information on the noise is
extracted from the measurement inelastic current in the double dot, via the transimpedance of the two circuits. The
second16 considers a general system composed of an antenna (emitter of noise) and a detector, in the context of linear
response theory. Incidentally, both Refs. 15 and 16 appeared after the noise review13. Since these theoretical works,
there have been contributions17,18 which point out that in the conditions mentioned in14 (i.e. a passive detector), it
is the non symmetrized contribution which is experimentally measured.
Ref.17 used a superconductor-insulator-superconductor junction SIS capacitively coupled to the mesoscopic circuit

which emits noise. We emphasize this particular work because it chooses the same convention (as in the present work)

for the the noise correlator 〈Î(t)Î(0)〉, whose Fourier transform is only relevant at negative frequencies.

B. Zero point fluctuations

We are interested in measuring the current-current fluctuations in the nanotube due to a tunneling current from
the STM tip into the nanotube. However, it should be emphasized that the spectral noise power has finite frequency
contributions even if the tip is totally decoupled from the nanotube. This point has been noticed in a recent paper19

where the two-terminal noise is computed. There it is explicitly shown that although these equilibrium fluctuations
(zero point fluctuations in our case) vanish at zero frequency, there is a finite contribution for the spectral power of the
symmetrized noise. In thus section we compute these correlations and address their relevance for our non-symmetrized
correlator.
In the absence of coupling to the tip (Γ = 0), we use the expression of the current operator Eq. (7):

S0(x− x′, t− t′) = ∂x∂
′
xG

φφ
−+(x, x

′, t, t′) (11)

In this equation, the Green’s function corresponds to the field φc+. In principle, one needs the full expression for the
Green’s function in the presence of the leads. As a starter, let us consider an infinite nanotube without leads. The
Green’s function has been computed in Ref.9:

Gφφ
−+(x, t) = − 1

8πKc+

∑

r

ln

(

1 + ivF
t

a
+ irKc+

x

a

)

(12)

In this case,

S0(x, t) = −Kc+

8πa2

[

(

vF
t

a
+Kc+

x

a
− i

)−2

+

(

vF
t

a
−Kc+

x

a
− i

)−2
]

(13)

Consider for simplicity x = 0. Taking the Fourier transform, we use Cauchy’s theorem and recognize that we pick up
a pole in the upper half plane when frequencies are positive. We thus conclude that for zero or negative frequencies
(ω ≤ 0) there is no contribution to this noise correlator. In a similar manner, we find that the correlator 〈Î(0)Î(t)〉
has non-zero contributions only for negative frequencies. Note that the above argument can be generalized for the
Green’s function of a nanotube with leads, which are analyzed in detail in the rest of this paper.
We thus have a complete agreement with the claims of Ref.19: outside ω = 0, there is a finite contribution for the

symmetrized noise in the absence of the STM tip, or, by the same token, in the absence of an applied voltage between
the tip and the nanotube.
However, we turn back to the discussion of Ref.14, and emphasize that for the correlator 〈Î(t)Î(0)〉, only negative

frequencies have a physical meaning. From the discussion above, we found that this correlator is zero at negative
frequencies. As a result, there is strictly no need to consider the effect of zero point fluctuations in the present problem.
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This is a consequence of our choice of setting the temperature to zero in our problem. Note that this discussion could
have been avoided from the start by saying that we are considering the contributions to the noise which constitute
deviations with respect to the zero point result - the excess noise.

C. Excess noise calculation

To get the lowest non trivial contribution to the nanotube current noise, one should expand the exponent in
perturbation series in the tunneling amplitude up to the second order in Γ. Then expressing the electrons operators
in terms of bosonic fields, one finds that current fluctuations depends only on the time difference t − t′ because of
time translational invariance: Sxx′(t, t′) = Sxx′(t− t′). The current fluctuations in the nanotube become:

Sxx′(t)=−e2v2
F
Γ2

2(πa)2

∑

η1η2rσ

η1η2

∫

dt1dt2 A
rσ
η1η2

(t1−t2)

×
[

Brσ
−,η1

(x, 0, t− t1)−Brσ
−,η2

(x, 0, t− t2)
]

×
[

Brσ
+,η1

(x′, 0,−t1)−Brσ
+,η2

(x′, 0,−t2)
]

. (14)

A real time correlator associated with the tunneling event at x = 0 has been introduced:

Arσ
ηµ(t)= cosω0t e

gσ
ηµ(t) exp

[π

4

∑

jδ

G̃φφ
jδ,ηµ(0, 0, t)

+rG̃φθ
jδ,ηµ(0, 0, t)+ rG̃θφ

jδ,ηµ(0, 0, t)+ G̃θθ
jδ,ηµ(0, 0, t)

]

, (15)

together with a correlator associated with propagation of excitations along the nanotube:

Brσ
ηµ(x, 0, t) = ∂x

[

G̃φφ
c+,ηµ(x, 0, t) + rG̃φθ

c+,ηµ(x, 0, t)
]

. (16)

Here G̃φφ
jδ,ηµ(x, x

′, t− t′) =
〈

TK

{

φjδ(x, t
η)φjδ(x

′, t′µ)
}〉

− 1
2 〈φ2(x, t)〉− 1

2 〈φ2(x′, t′)〉 is the Keldysh Green’s function for

the nanotube bosonic field φjδ(x, t) (similar definitions hold for other combinations of bosonic fields), gσηµ(t) is the
Keldysh Green’s function for STM tip bosonic field defined in Eq. (5).
We now define the spectral power of current fluctuations as Sxx′(ω) =

∫

Sxx′(t) eiωt dt, i.e. including the dependence
on spatial coordinates. Taking the Fourier transform of Eq. (14), which is a convolution, can be done assuming that
the Fourier transform of Arσ

ηµ(t) and Brσ
ηµ(x, 0, t) are known. One therefore gets:

Sxx′(ω) = −e2v2
F
Γ2

2(πa)2

∑

η1η2rσ

η1η2

×
(

Ãrσ
η1η2

(0)B̃rσ
−,η1

(x, 0, ω)B̃rσ
+,η1

(x′, 0,−ω)

− Ãrσ
η1η2

(−ω)B̃rσ
−,η2

(x, 0, ω)B̃rσ
+,η1

(x′, 0,−ω)

− Ãrσ
η1η2

(ω)B̃rσ
−,η1

(x, 0, ω)B̃rσ
+,η2

(x′, 0,−ω)

+ Ãrσ
η1η2

(0)B̃rσ
−,η2

(x, 0, ω)B̃rσ
+,η2

(x′, 0,−ω)
)

, (17)

where Ã(ω), B̃(x, 0, ω) are Fourier transforms, Ã(ω) =
∫

A(t)eiωt dt and similarly for B̃(x, 0, ω), of factors A(t) and
B(x, 0, t) defined in Eqs. (15) and (16).

IV. GREEN’S FUNCTIONS

Let us now concentrate on the calculation of the bosonic Green’s functions in the nanotube. Going from the bosonic
Hamiltonian of Eq. (3) to the Lagrangian in imaginary time τ = it+ δ which is in general dependent on both fields
φjδ and θjδ

9. To derive the Green’s functions for the two fields φjδ(x, τ) (θjδ(x, τ)) it is convenient to integrate the
partition function over the field θjδ(x, τ) (φjδ(x, τ)). The corresponding actions follow:

Sφjδ
=

1

2

∫

dxdτ Kjδ

[

v−1
jδ (∂τφjδ)

2+ vjδ(∂xφjδ)
2
]

, (18)
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Sθjδ =
1

2

∫

dxdτK−1
jδ

[

v−1
jδ (∂τθjδ)

2 + vjδ(∂xθjδ)
2
]

, (19)

where Kjδ(x) and vjδ(x) are functions of the coordinate x. From these actions, one can conclude that the Green’s

function, Gφφ
jδ (x, x

′, ω̄) for the field φjδ(x, τ) (G
φφ
jδ (x, x

′, ω̄) is the Fourier transform of Gφφ
jδ (x, x

′, τ) in imaginary time),
obeys the following differential equation:

[Kjδ(x)

vjδ(x)
ω̄2−∂xvjδ(x)Kjδ(x)∂x

]

Gφφ
jδ (x, x

′, ω̄)=δ(x−x′). (20)

x
L/2−L/2 0

1
KK

LL
c+ c+

K N
c+

c+K    (x)

FIG. 3: 1D model for non interacting leads: the Luttinger liquid parameter varies over distance.

A similar equation holds for Gθθ
jδ (x, x

′, ω̄), making the transformationKjδ(x) → K−1
jδ (x) as is obvious from Eqs. (18)

and (19). It follows from Eq. (20) that the Green’s function Gφφ
jδ (x, x

′, ω̄) is a continuous function and its derivative

∂xG
φφ
jδ (x, x

′, ω̄) has a jump at x = x′:

−vjδ(x)Kjδ(x)∂xG
φφ
jδ (x, x

′, ω̄)
∣

∣

∣

x=x′+ǫ

x=x′−ǫ
= 1. (21)

To solve Eq. (20) with the condition given by Eq. (21), one chooses a model where the interaction parameter is a step
like function: Kjδ(x) = KN

jδ in the nanotube (|x| < L
2 ) and Kjδ(x) = KL

jδ in the leads (|x| > L
2 ). Then looking for

solution for |x′| < L
2 in the form:

Gφφ(x, x′, ω̄)=























Ae
|ω̄|
vL

x
, x < −L

2 ,

Be
|ω̄|
vN

x
+Ce

− |ω̄|
vN

x
, −L

2 < x < x′,

De
|ω̄|
vN

x
+Ee

− |ω̄|
vN

x
, x′ < x < L

2 ,

F e
−

|ω̄|
vL

x
, x > L

2 ,

(22)

where the Green’s function Gφφ(x, x′, ω̄) vanishes at x → ±∞, corresponding to outgoing boundary conditions (we
have omitted subindex jδ to shorten the notations). Solving all matching conditions at x = ±L

2 and x = x′, one

specifies all coefficients A,B, ... in Eq. (22). In order to obtain the crossed Green’s functions Gφθ(x, x′, ω̄) and
Gθφ(x, x′, ω̄), one uses the equation of motion for the field φ(x, τ) and θ(x, τ) generated from Hamiltonian of Eq. (6).
This leads to:

Gφθ(x, x′ω̄)= − 1

ω̄

v(x)

K(x)
∂xG

θθ(x, x′, ω̄), (23)

Gθφ(x, x′ω̄)=−v(x)K(x)

ω̄
∂xG

φφ(x, x′, ω̄). (24)

Performing the inverse Fourier transform one obtains the bosonic Green’s functions in real time. From the real time
Green’s functions the Keldysh Green’s functions matrix elements can be specified. Its two time arguments t and 0
are assigned to the lower/upper (+/−) branch of the Keldysh contour. This procedure has been described in detail
in Ref. 9, and shall therefore not be repeated. In order to find the noise correlation in the nanotube one needs only
the real time Green’s functions at the origin for factor Arσ

K (t) of Eq. (15) and one needs the Fourier transform of the
coordinate derivative of the Green’s functions in the leads for factors Brσ

K (x, x′, t) of Eq. (16). Using the scheme of
calculation depicted above one finds:

G̃φθ
jδ (0, 0, t) = G̃θφ

jδ (0, 0, t) = 0, (25)



7

and

G̃φφ
jδ (0, 0, t) = − 1

2πKN

jδ

{

ln
(

1 +
ivFt

a

)

+
∑

r=±1

∞
∑

n=1

bnjδ ln
[

1 +
ivFt

a+ irnKN

jδL

]

}

, (26)

where bjδ = (KN

jδ −KL

jδ)/(K
N

jδ +KL

jδ). The Green’s function G̃θθ
jδ (0, 0, t) can be obtained by transformation KN

jδ →
(KN

jδ)
−1 of the total factor of Eq. (26). Another necessary Green’s functions has the form:

∂xG
φφ
++(x, 0, ω)=

i sgn(x)

(KN+KL)vL

f(|ω|)ei
|ω|
vL

(|x|−L
2
)
,

∂xG
φφ
−+(x, 0, ω)=

i sgn(x)Θ(ω)

(KN+KL)vL

(

f(ω)e
i ω
vL

(|x|−L
2
)−C.c.

)

,

∂xG
φθ
++(x, 0, ω)=

−i sgn(ω)KN

(KN+KL)vL

f(|ω|)ei
|ω|
vL

(|x|−L
2
)
,

∂xG
φθ
−+(x, 0, ω)=

−iΘ(ω)KN

(KN+KL)vL

(

f(ω)e
i ω
vL

(|x|−L
2
)
+C.c.

)

,

f(ω) =
e
i ω
vN

L
2

1− b e
i ω
vN

L
, (27)

where ± refers to the branch of the Keldysh contour and Θ(ω) is the Heaviside function. To ease notations, the index
jδ has been omitted from each coefficient KN(L) and vN(L). The remaining set of Keldysh Green’s functions can be
found from symmetry properties:

∂xG
φφ
−−(x, 0, ω) = [∂xG

φφ
++(x, 0,−ω)]∗, (28)

∂xG
φφ
+−(x, 0, ω) = [∂xG

φφ
−+(x, 0,−ω)]∗, (29)

with the same relations for ∂xG
φθ
K (x, 0, ω) Green’s functions.

V. NOISE CORRELATIONS FOR AN INFINITE NANOTUBE

Let us first consider the case of infinite nanotube L → ∞ where the noise correlations are measured in the Luttinger
liquid. In this case, in all factors Ãrσ

ηµ(ω) and B̃rσ
ηµ(x, x

′, ω) calculated in previous sections one should insert interaction
parameters to be equal KN

jδ = KL

jδ = Kjδ. This corresponds to an homogeneous nanotube Hamiltonian (3) with

constant velocity vjδ , without leads. Then, substituting Ãrσ
ηµ(ω), B̃

rσ
ηµ(x, x

′, ω) into Eq. (17) one gets the following
expression for the noise:

Sxx′(ω) =
e2Γ2

(πa)2
K2

c+ + sgn(x)sgn(x′)

2

×Θ(−ω) eiωτ−
(

Ã+−(|ω|) + Ã−+(−|ω|)
)

, (30)

where τ− = (|x| − |x′|)/vc+ is defined to be the retardation time.
According to Ref. 14, only negative frequencies are entering in the expression for the spectral noise correlator Sxx′(ω)

at zero temperature. Physically, this corresponds to the measurable part of our definition S(ω) =
∫

〈Î(t)Î(0)〉 eiωt dt
for the auto-correlation function.
As is explicit in Eq. (30), the current cross-correlator is a complex quantity, which reflects the fact that the

product of two Hermitian operators in general is not a Hermitian operator itself. Yet the noise cross-correlator is a
quantity which should in principle be measured experimentally. This is a similar issue which was encountered for the
autocorrelation noise: what is the quantity which is physically measurable in experiments ? In general this correlator
is a complex quantity for non symmetric positions x 6= −x′ so it cannot be directly measurable quantity even at
positive frequencies.
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A general theory of noise cross-correlation measurements goes beyond the scope of this paper. Here we only cite
existing results. When considering the same model as in Ref.14, for the cross correlator at two arbitrary positions x
and x′, with an LC circuit inductively coupled to our mesoscopic circuit at these two locations, one finds that20 the
noise correlator should be symmetrized with respect to the two positions where current are being measured:

Smeas
xx′ (ω) =

1

2
[Sxx′(ω) + Sx′x(ω)] (31)

Note that these issues can be avoided if one considers the two positions where currents are being measured to be
symmetrically located with respect to the injection point of the STM (x = −x′).
In the plots of Figs. 4 and 5 of this section and the following section the trivial phase eiωτ− will thus be omitted.

Note that it is equal to 1 for a measurement geometry where |x| = |x′| (equal length between the two current
measurements on either side of the nanotube and the tip).

The factors Ã+−(ω) and Ã−+(ω) entering expression (30) are defined as:

Ã+−(ω) =

∞
∫

−∞

cosω0t e
iωt

(1− ivF t/a)ν+1
dt, (32)

and Ã−+(ω) = Ã∗
+−(−ω), where

ν =
∑

jδ

1

8

(

Kjδ +
1

Kjδ

)

. (33)

In the limit of a vanishing cutoff a → 0, one can compute this integral explicitly and find the current fluctuations in
the form:

Sxx′(ω) =
K2

c+ + sgn(x)sgn(x′)

2
eiωτ−

×2e2Γ2

πv2
F

(

a

vF

)ν−1

Θ(|ω0| − |ω|) (|ω0| − |ω|)ν
Γ(ν + 1)

. (34)

According to Eq. (34), the noise cross correlator and the noise auto-correlations differ by a prefactor only. The
convention for measuring the currents has been chosen as in Ref. 9. The positive direction is the same for x > 0
and for x < 0. Consequently the noise autocorrelation is positive while the noise cross-correlations are negative.
Recall that in Ref. 9, it was stated that the usual convention for measuring noise correlations, i.e. in Hanbury-Brown
type experiments21, is to chose the positive direction to correspond to both currents flowing away from the point of
injection22. This means, for instance that when considering Sx,−x(ω = 0) < 0, quasi-particles are moving away from
the injection point and give rise to positive Hanbury-Brown and Twiss correlations, as for photons.

Consider a nanotube with all interaction parameters Kjδ = 1. This corresponds to the non-interacting case.
Physically, this situation is reached when, for instance, the nanotube is put in close proximity with a metallic gate or
with a heavily doped semiconductor substrate. According to Eq. (34) there is an autocorrelation signal corresponding
to electrons being emitted either right or left of the emitter. However, there is no cross-correlation signal whatsoever,
even at finite frequencies. In order to measure a cross-correlation signal, it would be necessary to go to higher order
(fourth order) in the tunneling amplitude22, where scattering theory predicts negative Hanbury-Brown and Twiss
correlations, a result in agreement with experimental observations23.
When considering the auto-correlation at finite frequencies, one recovers (Fig. 4) the known finite frequency

spectrum of noise associated with non-interacting mesoscopic systems24: the noise decreases linearly with frequency,
until the characteristic frequency eV/~ is reached. The derivative of the noise bears a singularity at this point, which
has been diagnosed experimentally in a diffusive mesoscopic conductor25.
Next, one chooses Kc+ < 1. All other interactions parameters are equal to 1: for the spin sector, this assumes

that time reversal symmetry applies. For convenience, in the plots of Fig. 4, we have omitted the prefactor (K2
c+ +

sgn(x)sgn(x′))/2 in order to plot the auto-correlation and the cross-correlation noise spectrum in a single plot. At
ω = 0, one recovers the result of Ref. 9: positive Hanbury-Brown and Twiss correlations due to entangled quasi-
particles flowing at opposite ends of the nanotube. At frequencies larger than ω0, the noise is equal to zero as in the
non-interacting case.



9

0 0,5 1
0

0,5

1

PSfrag replacements

S
x
,x

−ω/ω0

FIG. 4: Finite frequency noise auto-correlation for an infinite nanotube, in the non interacting case (Kc+ = 1 dashed lines), as
well as in the case of repulsive interactions (Kc+ = 1/3 full line). The noise is normalized to the zero frequency value. In the
case of Kc+ = 1/3, the cross-correlations −Sx,−x have the same dependence on ω.

.

For ω < ω0, the noise differs from the non-interacting case. First of all, recall that in chiral Luttinger liquids as in
the fractional quantum Hall effect26, the finite frequency spectrum associated with quasiparticle tunneling gives rise
to a singularity at ω = νeV/~ (ν is the filling factor) due to the tunneling density of states of Laughlin quasiparticles.
Recall also that, when tunneling occurs between two quantum Hall fluids, the noise at ω < νeV/~ has a power law
behavior, because of the tunneling density of states of electrons. The situation is quite similar when electrons are
injected into a non-chiral Luttinger liquid: the spectrum for ω < ω0 (Fig. 4) has a power law behavior with no
singularity. The spectral density of noise is thus always lower than that of the non-interacting case.
From the point of view of the auto-correlation noise, there is therefore no qualitative difference between the spectrum

for electron tunneling into a chiral and a non-chiral Luttinger liquid. From the point of view of the noise cross-
correlation spectrum, one concludes that positive correlations persist at finite frequencies. In what follows, one should
enquire whether such features remain robust in the presence of FL leads.

VI. NOISE CORRELATIONS FOR A NANOTUBE CONNECTED TO LEADS

Consider now the case where the nanotube has a finite length (L ≫ a), and where it is connected to a FL leads
with KL

jδ = 1. Keeping the same conventions as in the preceding sections, the expression for the spectral density of
noise – measured in the leads – reduces to:

Sxx′(ω) =
K2

c+|φ+(ω)|2+sgn(x)sgn(x′)|φ−(ω)|2
(1 +Kc+)2

×2e2Γ2

(πa)2
Θ(−ω) eiωτ−

(

Ã+−(|ω|) + Ã−+(−|ω|)
)

, (35)

where φ±(ω) = (1± (Kc+ − 1)/(Kc+ + 1)eiωL/vc+)−1 reflects the presence of the leads.

In principle, the functions Ã+−(ω) also contain information on the presence of the leads. In what follows, we will

neglect the effect of the leads only in Ã+−(ω) under specific assumptions. Consider the expression of A(t) in Eq.
(15), which reflect the local tunneling contribution in the noise correlator. It can be decomposed as a product of three
functions, when one considers the expression for the Green functions in the presence of the leads: a) the cos(ω0t)
prefactor; b) a function which is the Green’s function in the absence of leads; this function only has a dependence on
t and the cutoff vF /a; c) a function which has all the information about the leads with a time scale τL = vc+/L. Our
approximation is to forget about this last term because when the Fourier transform is taken, if the voltage frequency
ω0 is large, the variation of the factor c) will not matter: the combination of the oscillation and the slowly decaying
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part of the (infinite nanotube) contribution b) will provide the dominant contribution. Note that this approximation

is justified if the Fourier frequency which is sampling Ã+−(ω) is smaller than (or at least less than) ω0. The validity
limit of this approximation is that τV is small compared to τL.
Here, one shall use the expression for Ã+−(ω) of Eq. (32) corresponding to an infinite nanotube. Finally, one gets

the following expression for current fluctuations:

Sxx′(ω)=
e2Γ2

πv2
F

(

a

vF

)ν−1

eiωτ−Θ(|ω0|−|ω|) (|ω0|−|ω|)ν
Γ(ν+1)

×
(

1

1−(1−K−2
c+ )sin2 ωτL

+
sgn(x)sgn(x′)

1−(1−K2
c+)sin

2 ωτL

)

, (36)

where τL = L/2vc+ is the traveling time needed for Luttinger liquid excitations to reach the leads.
These results are illustrated in Fig. 5, for different parameters. In addition to the frequency scale imposed by the

voltage bias, when considering the inhomogeneous Luttinger model for the FL leads, there appears a new frequency
scale τ−1

L associated with the time of flight defined above. The first observation which can be made from the two plots
of Figs. 5a and 5b is that at zero frequency, the noise cross-correlation vanish. The work of Ref. 9 had expressed
suspicion that this may be the case, although a full computation of noise correlations was not provided there. The
issue of the presence of FL leads for the two-terminal conductance of a Luttinger liquid leads was addressed several
years ago27.
At finite frequencies however, the noise correlations are always positive (with the “usual” convention for current

signs), or zero. Positive noise correlations are reminiscent of systems where the two constituents (here pairs of
quasi-particles) of a particle (here an electron) are separated into two different branches. Positive correlations where
encountered previously in branched normal-superconducting junctions, when the two constituent electrons of a Cooper
pair are split into two normal metal terminals28.
The fact that the spectral power vanishes at zero frequency seems rather natural when using a second order

approximation scheme in the tunneling amplitude Γ. Indeed, the second order calculation takes into account coherent
transport associated with only one electron at a time injected into nanotube. It is a Poissonian result: there is no
correlation between two successive electrons. At the same time, the zero frequency fluctuations are directly related
to the cross-correlations of the total charge transmitted to the right FL lead and to the left FL lead. Let us inject
an electron into the nanotube at time t = 0. The cross correlations of the total charge transmitted to the FL leads

Q̂L(t) =
∫ t

0 Î(x < 0, t′)dt′ and Q̂R(t) =
∫ t

0 Î(x > 0, t′)dt′ are defined as:

〈Q̂L(t)Q̂R(t)〉 =
∫

Sxx′(ω)
sin2(ωt/2)

(ω/2)2
dω

2π
. (37)

In the limit t → ∞, one has 〈Q̂L(t)Q̂R(t)〉 = tSxx′(0) (since sin2(ωt/2)/(ω/2)2 → 2πtδ(ω) in this limit). Since one
has injected only one electron, it can be transmitted as whole either to the left or to the right FL lead and thus
〈Q̂L(t)Q̂R(t)〉 = 0. This simple observation accounts for the vanishing of the current fluctuations at zero frequency.
Of course the next order in perturbation theory takes into account the coherence effect between two consecutively
injected electrons, which may result in finite current fluctuations at zero frequency. This is for instance true for
electron injection in a FL, where the cross-correlations at ω = 0 are negative.
The next observation coming from Eq. (36) is that there are two different limits for electron transport depending

on the ratio of the voltage time τV = ~/eV and the transport time τL. The situation for the case where τL ≫ τV
is depicted on Fig. 5a where a sequence of resonances at ωτL = (2p + 1)π/2 appears in the current fluctuations.
These resonances can be accounted by the analogy with multiple Andreev reflection on the boundaries between the
nanotube and the FL leads7.
The injection of an electron, say at t = 0, results in the creation of two anomalously charged excitations propagating

in opposite directions toward the boundaries. The characteristic width of the anomalously charged quasiparticle wave
packets, δxQ± is specified by the voltage time: δx = vc+τV. Recall that these quasiparticle wave packets consist of
collective electron-hole excitations. In the limit τL ≫ τV, the width of these anomalously charged wave packets is
much smaller then the length of the nanotube (L ≫ δx). As a result, it takes a finite time τL for these excitations to
reach the boundary. At the boundary, these excitations can either be transmitted to the FL leads or can be reflected
back to the nanotube, resulting in the splitting of these anomalously charged wave packets. The transmitted part
(which consists of multiple electron-hole excitations, now in the FL lead) is then measured, resulting in the first peak
of Fig. 5a. On the other hand, the reflected part then moves to the opposite boundary and reaches it after a time
t = 3τL. There it is again transmitted or reflected from this boundary. The transmitted parts in the FL leads on both
side give rise to another signal (second maximum in Fig. 5a). Such multiple reflection processes therefore result in the
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sequence of peaks in the spectral power curve at the corresponding frequencies. The amplitude of the peaks are lower,
the higher the number of reflections inside the nanotube region, as expected. In all of the above, the cross-correlations
signal is always positive in the Hanbury-Brown and Twiss sense.
In the opposite limit τL ≪ τV (see Fig. 5b), the size of the anomalously charged wave packets is much larger than

the length of the nanotube and there is no room for resonances to occur in the cross-correlation spectral power curve.
In the following one can argue that the positive noise correlation signal in either situations – many resonances or
one resonance – can be used to identify anomalous charges without any ambiguity. However, note that given our
assumptions on the computation of Ã+−(ω), results are to be trusted mostly for multiple bounces: in the case of a
single bounce, a correction of the density of states due to the presence of the leads should in principle be included.
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FIG. 5: Finite frequency noise correlations for a nanotube connected to leads. a) case where τL = 14τV; b)case where τL = τV.
The noise is normalized according to the frequency independent prefactor of Eq. (36).

VII. CONCLUSION

The purpose of the present paper has been to further analyze the effect of electron injection in a one-dimensional
correlated electron system, chosen to be a metallic carbon nanotube. A crucial question was to ask whether the
positive noise correlations survive at zero frequencies, when leads are included in the model. The negative answer
to this question motivated us to analyze the full finite frequency spectrum of auto-correlation and cross-correlation
noise.
The presence of positive correlations in the finite frequency cross-correlations is a manifestation of non-local behavior

in an interacting one-dimensional system, which was stressed in Ref. 9 in the case of vanishing frequencies. Here, we
have shown that a finite frequency analysis allows to recover such information. In addition, in is particularly interesting
to uncover the role of the different time scales which govern the dynamics of electron injection in a Luttinger liquid
connected to leads. In one extreme, one obtains a simple vanishing of zero frequency noise at the cutoff frequency,
while in the other extreme, the noise spectrum shows a diffraction pattern due to the interference of quasi-particles
traveling in the central region.
In all of the above, we conclude that the finite frequency analysis of noise allows to clearly identify the anomalous

charges which are associated with the chiral modes traveling in this non-chiral Luttinger liquid. In an experiment,
these could be detected by choosing a frequency where the noise autocorrelation and the noise cross-correlations
give a maximum as a function of frequency. A suggestion for identifying the interaction parameter – and thus the
anomalous charges – is to tune the frequency so that ωτL = (2p+ 1)π/2 (p integer), so that the sine function which
enters in Eq. (36) is equal to one. Then, one can measure experimentally – and compute – the ratio |Sx,−x/Sx,x| =
(1 −K4

c+)/(1 +K4
c+). to extract the chiral charges Q± = (1 ±Kc+)/2. Note that the fact that such chiral charges

enter the Fabry-Perot interpretation7 for recombination into electron charges at the Luttinger liquid interfaces gives
a motivation for their identification as elementary charges of the non-chiral Luttinger liquid.
While this was in progress, we noticed a work19 dealing with two terminal measurements in a Luttinger liquid

containing an impurity, connected to FL leads. There is a claim that a charge e∗ = Kc+e (the translation to the
nanotube interaction parameter in ours) can be identified in a periodic structure of the noise. It is likely that their
results are connected to the present results. In some sense, the injection of an electrons may play the same role as



12

the presence of an impurity. However, our approach has the advantage that it merely relies on the comparison of
the spectrum for autocorrelation and for cross-correlation noise. Note that the present results apply just as well to a
one-dimensional quantum wire constructed from semiconductor cleaved-edge heterostructures such as the ones used
to measure spin-charge separation29.
The present work, like many others, has described the contacts as one-dimensional leads which are adiabatically

connected to the Luttinger liquid. Extensions of the present work could include a more general description of the
connection between the Fermi liquid leads and the nanotube. This has been achieved using both a coherent and
an incoherent approach for the fractional quantum Hall effect30. Also, as mentioned in our previous work, more
complications could arise due to screening31 of the interactions by the FL leads or even by the tip. The former should
not play any role as long as the size of the nanotube is larger than the screening length, which should be comparable
to the lattice constant or cutoff parameter a. Concerning screening effect due to the tip, however, the fact that a
tunneling geometry is chosen should minimize its effects. A final remark is that this finite frequency diagnosis could be
also simulated by a zero-frequency noise measurement operated on a nanotube which is subject to the superposition
of a DC and an AC bias from the tip, as was recently illustrated for the fractional quantum Hall effect32.
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