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Fra
tal �rst order partial di�erential equationsJ�erôme Droniou�, Cyril Imbert�y29/09/2004Abstra
tThe present paper is 
on
erned with semilinear partial di�erential equations involving a parti
ularpseudo-di�erential operator. It investigates both fra
tal 
onservation laws and non-lo
al Hamilton-Ja
obi equations. The starting point is a new formula for the operator. It permits to prove the keya priori estimate that stands for the s
alar 
onservation law and the Hamilton-Ja
obi equation. Thesmoothing e�e
t of the operator is also put in light and used to solve both equations. As far asHamilton-Ja
obi equations are 
on
erned, a non-lo
al vanishing vis
osity method is used to 
onstru
ta (vis
osity) solution when existen
e of regular solutions fails, and a rate of 
onvergen
e is provided.Turning to 
onservation laws, global-in-time existen
e and uniqueness are established. We also showthat our formula allows to obtain entropy inequalities for the non-lo
al 
onservation law, and thus toprove the 
onvergen
e of the solution, as the non-lo
al term vanishes, toward the entropy solution ofthe pure 
onservation law.Mathemati
al subje
t 
lassi�
ations: 35B45, 35B65, 35A35, 35S30Keywords: L�evy operator, fra
tal 
onservation laws, non-lo
al Hamilton-Ja
obi equations, smoothinge�e
t, a priori estimates, global-in-time existen
e, rate of 
onvergen
e.1 Introdu
tionIn this paper, we are interested in solving semilinear partial di�erential equations involving the fra
taloperator (or L�evy operator) de�ned, for ' 2 S(RN ), byg�['℄ = F�1 �j � j�F(')� with 0 < � < 2 (1.1)(F is the Fourier transform). The study of PDE's involving g� is motivated by a number of physi
alproblems, su
h as overdriven detonations in gases [9℄ or anomalous di�usion in semi
ondu
tor growth[26℄, and by mathemati
al models in �nan
e (see below for referen
es). We 
onsider perturbations by g�of Hamilton-Ja
obi equations or s
alar 
onservation laws, that is to say� �tu(t; x) + g�[u(t; �)℄(x) = F (t; x; u(t; x);ru(t; x)) t > 0 ; x 2 RN ;u(0; x) = u0(x) x 2 RN (1.2)or � �tu(t; x) + div(f(t; x; u(t; x))) + g�[u(t; �)℄(x) = h(t; x; u(t; x)) t > 0 ; x 2 RN ;u(0; x) = u0(x) x 2 RN : (1.3)These kinds of equations have already been studied. As far as s
alar 
onservation laws are 
on
erned, somere
ent papers have investigated them. One of the �rst works on this subje
t is probably [4℄, whi
h dealswith (1.3) when h = 0 and f(t; x; u) = f(u); using energy estimates, it states some lo
al-in-time existen
eand uniqueness results of weak solutions if f has a polynomial growth. This result is strengthened in [14℄,where a splitting method is used to prove global-in-time existen
e and uniqueness of a regular solution if� > 1.To our best knowledge, Hamilton-Ja
obi equations of type (1.2) �rst appeared in the 
ontext of mathe-mati
al �nan
e as Bellman equations of optimal 
ontrol of jump di�usion pro
esses [23℄. See also [24, 22, 1℄and more re
ently [6, 7, 8℄. A general theory for non-linear integro-partial di�erential equations is de-veloped by Jakobsen and Karlsen [18, 19℄. Some of the ideas of [14℄ are adapted in [17℄ to prove that�D�epartement de Math�ematiques, UMR CNRS 5149, CC 051, Universit�e Montpellier II, Pla
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(1.2) has regular solutions if � > 1. It adapts previous vis
osity solution theories to the equation (1.2)(existen
e via Perron's method, 
omparison results, stability) and use te
hniques of [14℄ to obtain furtherregularity.The pre
eding methods to handle (1.2) and (1.3) are somewhat in
ompatible: the splitting method forHamilton-Ja
obi equation (1.2) is less dire
t than Perron's one and it is well known that the notion ofvis
osity solution is inadequate to 
onservation laws su
h as (1.3). However, a s
alar 
onservation law 
analways be formally written as a Hamilton-Ja
obi equation (write div (f(u)) = f 0(u) � ru). In this paper,we present a way to simultaneously solve (1.2) and (1.3) by using this simple fa
t and the 
onstru
tion ofregular solutions to the Hamilton-Ja
obi equations under weak assumptions (that are satis�ed by both(1.2) and (1.3)). The key estimate is given by Proposition 3.1. As we noti
e in the 
ourse of the proofs,the method we use is also valid for more general operators than g�.The starting point of this work is an equivalent de�nition of the fra
tal operator: we give a formula for g�whi
h pre
ises and generalizes (to the 
ase � � 1) the formula in [17℄. This formula permits to extend theoperator from S
hwartz fun
tions to C2b ones and is moreover used to establish what we 
all a \reversemaximum prin
iple" that says, freely speaking, that g�[�℄(x) is nonnegative if x is a maximum point of �.This prin
iple is the key point when proving the estimate for the regular solutions of (1.2). The formulafor g� also has other appli
ations that are mentioned below.As far as Hamilton-Ja
obi equations are 
on
erned, the study of (1.2) in [17℄ is made for � > 1 and byusing Perron's method. We generalize here the results of this paper to the 
ase � 2℄0; 2[ and we weakenthe hypotheses on the Hamiltonian. We �rst prove that the fra
tal operator has a smoothing e�e
t for� 2℄1; 2[ under very general (and natural) hypotheses on F ; the idea to obtain a global solution is, roughlyspeaking, to study how supRN ju(t; �)j evolves. We next treat the 
ase � 2℄0; 2[ (re
all that, 
ontrary to theformula in [17℄, ours is valid for su
h �) by solving (1.2) in the sense of vis
osity solutions; as expe
ted inthis 
ontext (see (1.1)), these solutions are no more regular but only bounded and uniformly 
ontinuous.We use a non-lo
al vanishing vis
osity method (though we 
ould have used Perron's method, see Remark3.6): pre
isely, we add a vanishing fra
tal operator "g� with � > 1 and we pass to the limit " ! 0. Wealso provide, for all � 2℄0; 2[, a rate of 
onvergen
e that is in some respe
t surprising, 
ompared withthe 
ase � > 1 treated in [17℄. Let us also mention that the reverse maximum prin
iple and its main
onsequen
e, namely the key estimate given by Proposition 3.1, 
an be generalized to the framework ofvis
osity solutions: nonsmooth versions of both results are stated and proved in Appendix. We have
hosen not to use these versions be
ause, anywhere we 
an, we sear
h for regular solutions and we turnto the notion of vis
osity solution only if mandatory (that is if � � 1; see Subse
tion 3.2).The 
ase of s
alar hyperboli
 equations (1.3) with � > 1 is treated next. The a priori estimates on thesolution follow from Proposition 3.1, the same proposition that gives the a priori estimates for (1.2), andthe existen
e of a regular solution is as straightforward. The splitting method of [14℄ 
an be adapted tosome 
ases where f and h depend on (t; x) (see [13℄), but this is awfully te
hni
al; the te
hnique we usehere therefore presents a noti
eable simpli�
ation in the study of (1.3) in the general 
ase. The questionof non-lo
al vanishing vis
osity regularization (multiplying g�[u℄ by " and letting " ! 0) is treated in[12℄, still using the splitting method (and for h = 0, f(t; x; u) = f(u)); at the end of the present paper,we qui
kly indi
ate how the formula for g� allows to signi�
antly simplify the 
orresponding proofs forgeneral f and h, in parti
ular the proof of the entropy inequalities for (1.3).The paper is organised as follows. Se
tion 2 is devoted to establish another formula for g� (Theorem 2.1).It also 
ontains the \reverse maximum prin
iple" (Theorem 2.2) we presented above. In Se
tion 3, westudy Hamilton-Ja
obi equations. We �rst present the smoothing e�e
t of the fra
tal operator on (1.2)for � 2℄1; 2[ (Theorem 3.1); next, we 
onstru
t vis
osity solutions for � 2℄0; 2[ by a non-lo
al vanishingvis
osity method (Theorem 3.3) and we prove a rate of 
onvergen
e (Theorem 3.4). Se
tion 4 
ontainsthe resolution of (1.3) and the (short) proof of the entropy inequalities asso
iated with the perturbed
onservation law (Subse
tion 4.2). Some appendixes in Se
tion 5 
on
lude the paper. In parti
ular, thereader 
an �nd there a generalization of the \reverse maximum prin
iple" and of the key estimate to thevis
osity framework. 2



Notations. Throughout the paper, Br (resp. Br(x)) denotes the ball of RN 
entered at the origin (resp.at x) and of radius r. Euler's fun
tion is denoted by �.2 Another formula for g�The main result of this se
tion is a new formula for g�, whi
h generalizes Lemma 1 in [17℄. As a
onsequen
e, we extend the de�nition of g� from S
hwartz fun
tions to C2b fun
tions and we prove whatwe 
all a \reverse maximum prin
iple": roughly speaking, it says that at a maximum point of a C2bfun
tion ', we have g�['℄ � 0. This result is the 
ru
ial argument when proving the key estimate statedin Proposition 3.1.Theorem 2.1 If � 2℄0; 2[, then, for all ' 2 S(RN ), all x 2 RN and all r > 0,g�['℄(x) = �
N(�) ZBr '(x+ z)� '(x) �r'(x) � zjzjN+� dz + ZRNnBr '(x + z)� '(x)jzjN+� dz! (2.1)where 
N (�) = ��(N+�2 )2�N2 +��(1��2 ) : We 
an generalize this formula in two 
ases:i) If � 2℄0; 1[, we 
an take r = 0:g�['℄(x) = �
N(�) ZRN '(x + z)� '(x)jzjN+� dz:ii) If � 2℄1; 2[, we 
an take r = +1:g�['℄(x) = �
N (�) ZRN '(x+ z)� '(x) �r'(x) � zjzjN+� dz:Before proving these formulae, let us state some of their 
onsequen
es. We �rst noti
e that (2.1) allowsto de�ne g�['℄ 2 Cb(RN ) for ' 2 C2b (RN ). In fa
t, this gives a 
ontinuous extension of g� in the followingsense.Proposition 2.1 Let � 2℄0; 2[ and ' 2 C2b (RN ). If ('n)n�1 2 C2b (RN ) is bounded in L1(RN ) andD2'n ! D2' lo
ally uniformly on RN , then g�['n℄! g�['℄ lo
ally uniformly on RN .Remark 2.1 We 
ould also de�ne g� on H�older spa
es of fun
tions (depending on �), and state anequivalent of Proposition 2.1 in this framework.Proof of Proposition 2.1The operator g� being linear, we 
an assume that ' = 0. Sin
e ('n)n�1 is bounded in L1(RN ), these
ond integral term of (2.1) applied to ' = 'n is small, uniformly for n � 1 and x 2 RN , if r is large. ByTaylor's formula, for jzj � r and jxj � R we have j'n(x+z)�'n(x)�r'n(x) �zj � jjD2'njjL1(Br+R)jzj2;hen
e, with r �xed, the �rst integral term of (2.1) applied to ' = 'n is small, uniformly for x 2 BR, if nis large.From (2.1) it is obvious that, if x is a global maximum of ', then g�['℄(x) � 0, with equality if and onlyif ' is 
onstant (noti
e that 
N (�) > 0 for � 2℄0; 2[). We have a generalization of this property, whi
hwill be the key argument to study �rst order perturbations of �t + g�.Theorem 2.2 Let � 2℄0; 2[ and ' 2 C2b (RN ). If (xn)n�1 is a sequen
e of RN su
h that '(xn)! supRN 'as n!1, then limn!1r'(xn) = 0 and lim infn!1 g�['℄(xn) � 0.3



Proof of Theorem 2.2Sin
e the se
ond derivative of ' is bounded, there exists C su
h that, for all n � 1 and all z 2 RN ,supRN ' � '(xn + z) � '(xn) +r'(xn) � z � Cjzj2: (2.2)Up to a subsequen
e, we 
an assume that r'(xn) ! p (this sequen
e is bounded). Passing to the limitn!1 in (2.2) gives 0 � p � z � Cjzj2; 
hoosing then z = tp and letting t! 0+ shows that p = 0, whi
hproves that limn!1r'(xn) = 0 (the only adheren
e value of the bounded sequen
e (r'(xn))n�1 is 0).Sin
e '(xn + z)� '(xn) � supRN '� '(xn)! 0, we dedu
e that, for all z 2 RN ,lim supn!1 ('(xn + z)� '(xn)) � 0lim supn!1 ('(xn + z)� '(xn)�r'(xn) � z) � 0: (2.3)We also have j'(xn + z)� '(xn)jjzjN+� � 2jj'jjL1(RN)jzjN+� 2 L1(RN nBr)and j'(xn + z)� '(xn)�r'(xn) � zjjzjN+� � jjD2'jjL1(RN)jzj2jzjN+� 2 L1(Br):Hen
e, by (2.3) and Fatou's Lemma,0 � ZRNnBr lim supn!1 '(xn + z)� '(xn)jzjN+� dz � lim supn!1 ZRNnBr '(xn + z)� '(xn)jzjN+� dzand0 � ZBr lim supn!1 '(xn + z)� '(xn)�r'(xn) � zjzjN+� dz � lim supn!1 ZBr '(xn + z)� '(xn)�r'(xn) � zjzjN+� dz:Combining these inequalities and (2.1) permits to a
hieve the proof of the theorem.Remark 2.2 This theorem is also true for � = 2, that is to say g2 = �4�2�, provided that ' 2 C3b (RN ).We now 
on
lude this se
tion by proving the formula given for g�.Proof of Theorem 2.1Step 1: a preliminary formula.We �rst assume that � 2℄1; 2[. We have g�['℄ = F�1(j � j�F(')); but F(�') = �4�2j � j2F(') andtherefore, for ' 2 S(RN ), g�['℄ = 1�4�2F�1(j � j��2F(�')): (2.4)Sin
e � 2℄1; 2[, we have �� 2 2℄�N; 0[; hen
e j � j��2 is lo
ally integrable and is in S 0(RN ). The inverseFourier transform of j � j��2 is a distribution with radial symmetry and homogeneity of order �N�(��2);we dedu
e that there exists CN (�) su
h thatF�1(j � j��2) = CN (�)j � j�N�(��2) (2.5)in D0(RN nf0g); sin
e j � j�N�(��2) is lo
ally integrable, it is quite easy to see that (2.5) also holds inS 0(RN ). We 
ompute CN (�) by taking the test fun
tion 
(x) = e��jxj2 , whi
h is its own inverse Fouriertransform:ZRN jxj��2e��jxj2 dx = hF�1(j � j��2); 
iS0(RN);S(RN) = CN (�) ZRN jxj�N�(��2)e��jxj2 dx:4



Using polar 
oordinates, we dedu
e R10 rN+��4e��r2 rdr = CN (�) R10 r��e��r2 rdr and the 
hange ofvariable � = �r2 implies��(N+��4)=2 Z 10 � (N+��4)=2e�� d�2� = CN (�)��=2 Z 10 ���=2e�� d�2� ;that is to say CN (�) = �(N+�2 � 1)=[�N2 +��2�(1� �2 )℄. With this value of CN (�), (2.4) and (2.5) give,for all ' 2 S(RN ), g�['℄ = � � �N+�2 � 1�4�N2 +�� �1� �2 � j � j�N�(��2) ��': (2.6)Step 2: proof of (2.1) for � 2℄1; 2[.Let r > 0, ' 2 S(RN ), x 2 RN and de�ne �x(z) = '(x+ z)� '(x)�r'(x) � z �(z), where � 2 C1
 (RN )is even and equal to 1 on Br. We have ��x(z) = �'(x + z) � r'(x) � �(z �(z)), and thus, with� = �N � (�� 2) 2℄�N; 0[,j � j�N�(��2) ��'(x) = ZRN jzj��'(x + z) dz = ZRN jzj���x(z) dz +r'(x) � ZRN jzj��(z �(z)) dz(all these fun
tions are integrable sin
e �'(x + z) and �(z �(z)) are both S
hwartz fun
tions). Butz 7! z �(z) is odd, so z 7! jzj��(z �(z)) is also odd and its integral on RN vanishes. Hen
e,j � j�N�(��2) ��'(x) = ZRN jzj���x(z) dz = lim"!0 ZC" jzj���x(z) dz (2.7)where C" = f" � jzj � 1="g. By Green's formula,ZC" jzj���x(z) dz = ZC" �(jzj�)�x(z) dz + Z�C" �jzj�r�x(z) � n(z)� �x(z)r(jzj�) � n(z)� d�"(z) (2.8)where �" is the (N � 1)-dimensional measure on �C" = S" [ S1=" (with Sa = fjzj = ag) and n is theouter unit normal to C". On a neighbourhood of 0, we have �x(z) = '(x + z)� '(x) �r'(x) � z, andthus �x(z) = O(jzj2), r�x(z) = O(jzj); using jr(jzj�)j = j�j jzj��1, we dedu
e, sin
e N + � = 2� � > 0,����ZS" �jzj�r�x(z) � n(z)� �x(z)r(jzj�) � n(z)� d�"(z)���� � C"N�1"�+1 ! 0 as "! 0: (2.9)Sin
e �(N � 1) � (� � 1) = 2 � (N + �) = � > 0 and, at in�nity, �x(z) = '(x + z)� '(x) is boundedand r�x(z) = r'(x + z) is rapidly de
reasing, we obtain�����ZS1=" �jzj�r�x(z) � n(z)� �x(z)r(jzj�) � n(z)� d�"(z)������ C �1"�N�1+� supS1=" jr'(x+ �)j+ C"�(N�1)"�(��1) ! 0 as "! 0: (2.10)An easy 
omputation gives�(jzj�) = div(�jzj��2z) = ��N jzj��2 + (� � 2)jzj��3 zjzj � z� = �(N + � � 2)jzj��2and therefore ZC" �(jzj�)�x(z) dz = (N + �� 2)� ZC" jzj�N���x(z) dz: (2.11)5



Sin
e �x(z) = O(jzj2) on a neighbourhood of 0 and �x is bounded on RN , the fun
tion j � j�N���x isintegrable on RN and we 
an pass to the limit as "! 0 in the right-hand side of (2.11).Combining (2.7), (2.8), (2.9), (2.10) and (2.11) yieldsj � j�N�(��2) ��'(x) = �(N + �� 2) ZRN '(x + z)� '(x) �r'(x) � z �(z)jzjN+� dz:Sin
e � = 1 on Br, this givesj � j�N�(��2) ��'(x) = �(N + �� 2) ZBr '(x+ z)� '(x) �r'(x) � zjzjN+� dz+�(N + �� 2) ZRNnBr '(x + z)� '(x) �r'(x) � z �(z)jzjN+� dz:But jzj�N��('(x + z)� '(x)) and jzj�N��z �(z) are integrable on RN nBr, and thusZRNnBr '(x+ z)� '(x) �r'(x) � z �(z)jzjN+� dz = ZRNnBr '(x+ z)� '(x)jzjN+� dz �r'(x) � ZRNnBr z �(z)jzjN+� dz:Sin
e z 7! jzj�N��z �(z) is odd, this last integral vanishes and we dedu
ej � j�N�(��2) ��'(x) = �(N + �� 2) ZBr '(x+ z)� '(x)�r'(x) � zjzjN+� dz+�(N + �� 2) ZRNnBr '(x+ z)� '(x)jzjN+� dz:Using this formula in (2.6) and taking into a

ount (N + �� 2)�(N+�2 � 1) = 2(N+�2 � 1)�(N+�2 � 1) =2�(N+�2 ), we obtain (2.1) if � 2℄1; 2[.Noti
e that, up to now, the reasoning is also valid for any � 2℄0; 2[ if N � 2. To prove (2.1) in the general
ase, we must use a holomorphy argument.Step 3: 
on
lusion.We now obtain (2.1) in the 
ase � 2℄0; 1℄. Let ' 2 S(RN ) and x 2 RN . Sin
e F(') 2 S(RN ), we have,for all � in the strip E = f� 2 C j 0 < Re(�) < 2g,j j � j�F(') j = j � jRe(�)jF(')j � (1 + j � j2)jF(')j 2 L1(RN ):Hen
e, by holomorphy under the integral sign, the fun
tion� 7! g�['℄(x) = ZRN e2i�x��j�j�F(')(�) d�is holomorphi
 on E. For all 0 < a � Re(�) � b < 2, the integrands in (2.1) are bounded by integrablefun
tions whi
h only depend on a and b: if z 2 Br, we have j jzj� j = jzjRe(�) � rRe(�)�bjzjb � 
r;bjzjband, if z 62 Br, then j jzj�j � rRe(�)�ajzja � 
0r;ajzja; hen
e, the two integral terms in this formula arealso holomorphi
 with respe
t to � 2 E. Sin
e � 7! 
N (�) is holomorphi
 on E (� is holomorphi
 in thehalf-plane fRe > 0g and has no zero), all the fun
tions of � in (2.1) are holomorphi
 on E; this equalitybeing satis�ed for all real � in ℄1; 2[, it holds in fa
t for any � 2 E. In parti
ular, this proves (2.1) if� 2℄0; 2[.The spe
ial 
ases i) and ii) of the theorem are easy 
onsequen
es of (2.1). Indeed, '(x+z)�'(x) = O(jzj)on a neighbourhood of 0; thus, if � < 1, jzj�N��('(x + z)� '(x)) is integrable on RN and we 
an passto the limit r ! 0 in (2.1). The fun
tion z 7! '(x+ z)�'(x)�r'(x) � z has a linear growth at in�nity;therefore, if � > 1, jzj�N��('(x+ z)�'(x)�r'(x) � z) is integrable on RN and we 
on
lude by lettingr !1 in (2.1). 6



3 Fra
tal Hamilton-Ja
obi equations3.1 A smoothing e�e
t for � 2℄1; 2[We assume here that � 2℄1; 2[ and we 
onsider the Cau
hy problem( �tu(t; x) + g�[u(t; �)℄(x) = F (t; x; u(t; x);ru(t; x)) t > 0 ; x 2 RN ;u(0; x) = u0(x) x 2 RN ; (3.1)where u0 2W 1;1(RN ) and F 2 C1([0;1[�RN � R � RN ) satis�es8T > 0 ; 8R > 0 ; 8k 2 N ; 9CT;R;k su
h that,for all (t; x; s; �) 2 [0; T ℄� RN � [�R;R℄�BR and all � 2 N2N+2 satisfying j�j � k,j��F (t; x; s; �)j � CT;R;k : (3.2)We also assume that8T > 0, there exists �T : [0;+1[7!℄0;+1[ 
ontinuous nonde
reasingsu
h that R10 1�T (a) da = +1 and, for all (t; x; s) 2 [0; T ℄� RN � R,sgn(s)F (t; x; s; 0) � �T (jsj) ; (3.3)8T > 0, 8R > 0, there exists �T;R : [0;+1[7!℄0;+1[ 
ontinuous nonde
reasingsu
h that R10 1�T;R(a) da = +1 and, for all (t; x; s; �) 2 [0; T ℄� RN � [�R;R℄� RN ,j�j�sF (t; x; s; �) � �T;R(j�j) ; jrxF (t; x; s; �)j � �T;R(j�j) (3.4)and we de�ne LT (a) = Z a0 1�T (b) db and GT;R(a) = Z a0 12N�T;R(b) db: (3.5)By the assumptions on �T and �T;R, the fun
tions LT and GT;R are nonde
reasing C1-di�eomorphismsfrom [0;1[ to [0;1[. Our main result 
on
erning (3.1) is the following.Theorem 3.1 Let � 2℄1; 2[, u0 2 W 1;1(RN ) and F satisfy (3.2), (3.3) and (3.4). There exists a uniquesolution u to (3.1) in the following sense: for all T > 0,u 2 Cb(℄0; T [�RN ) ; ru 2 Cb(℄0; T [�RN )N and, for all a 2℄0; T [ ; u 2 C1b (℄a; T [�RN ) ; (3.6)u satis�es the PDE of (3.1) on ℄0; T [�RN ; (3.7)u(t; �)! u0 uniformly on RN , as t! 0: (3.8)We also have the following estimates on the solution: for all 0 < t < T <1,jju(t; �)jjL1(RN) � (LT )�1 �t+ LT (jju0jjL1(RN))� ; (3.9)jjDu(t; �)jjL1(RN) � (GT;R)�1 �t+ GT;R(jjDu0jjL1(RN))� ; (3.10)where LT and GT;R are de�ned by (3.5), jjDu(t; �)jjL1(RN) =PNi=1 jj�iu(t; �)jjL1(RN) and R is any upperbound of jjujjL1(℄0;T [�RN).Remark 3.1 The uniqueness holds under weaker assumptions (see Corollary 3.1) and, with the te
hniqueused in Se
tion 4, it 
an also be proved if the uniform 
onvergen
e in (3.8) is repla
ed by a L1 weak-�
onvergen
e.
7



3.1.1 Dis
ussion of the assumptionsWe assume that F is regular be
ause we look here for regular solutions to (3.1) (we relax this in Sub-se
tion 3.2); in this framework, (3.2) is restri
ting only in the sense that it imposes bounds whi
h areuniform with respe
t to x 2 RN , but this is natural sin
e we want solutions that also satisfy su
h globalbounds.Assumption (3.3) is used to bound the solution, and (3.4) to bound its gradient. As a simple parti
ular
ase of these assumptions, we 
an take �T (a) = KT (1 + a) and �T;R(a) = MT;R(1 + a) with KT andMT;R 
onstants (see (3.20), (3.21) and Remark 3.4). With these 
hoi
es, (3.9) and (3.10) readjju(t; �)jjL1(RN) � (1 + jju0jjL1(RN))eKT t � 1jjDu(t; �)jjL1(RN) � (1 + jjDu0jjL1(RN))e2NMT;Rt � 1 ;whi
h are quite 
lassi
al estimates. Note that if this 
hoi
e of �T;R in (3.4) is usual (see [11℄ for � = 2,[17℄ for � 2℄1; 2[ and [3℄ for the pure Hamilton-Ja
obi equation | i.e. without g�), Assumption (3.3)is, even with the pre
eding 
hoi
e of �T , less usual in the framework of Hamilton-Ja
obi equations. Toensure global existen
e, this hypothesis is in general repla
ed by a bound on F (t; x; 0; 0) and by theassumption that F is nonin
reasing with respe
t to s (see the pre
eding referen
es). Assumption (3.3)with �T (a) = KT (1 + a) however appears in [15℄ in the 
ase of paraboli
 equations (i.e. � = 2).In their general form, Assumptions (3.3) and (3.4) do not seem 
ommon in the literature; however, theyare 
ompletely natural with respe
t to the te
hnique we use here. They allow to 
onsider, for example,F (t; x; u;ru) = u2 ln(1 + jruj2).We now turn to the proof of Theorem 3.1.3.1.2 L1 estimates and uniquenessThe following proposition gives the key estimate, both for Hamilton-Ja
obi equations and for s
alar
onservation laws; it relies on Theorem 2.2 in an essential way. This estimate still holds true in amore general 
ase (pre
isely, in the framework of vis
osity solution, with less regular solutions; seeSubse
tion 3.2 for a de�nition): see Proposition 5.1 in Appendix. We 
hoose to present below theestimate in the smooth 
ase be
ause we look here for regular solutions.Proposition 3.1 Let � 2℄0; 2[, T > 0 and G 2 C(℄0; T [�RN �R�RN ) be su
h that, for all R > 0, r�Gis bounded on ℄0; T [�RN � [�R;R℄�BR. We also assume thatthere exists h : [0;1[7!℄0;1[ 
ontinuous nonde
reasingsu
h that R10 1h(a) da = +1 and, for all (t; x; s) 2℄0; T [�RN � R,sgn(s)G(t; x; s; 0) � h(jsj): (3.11)If u 2 C2b (℄a; T [�RN ) for all a 2℄0; T [ and satis�es�tu(t; x) + g�[u(t; �)℄(x) = G(t; x; u(t; x);ru(t; x)) on ℄0; T [�RN ; (3.12)then, de�ning H(a) = R a0 1h(b) db, we have, for all 0 < t0 < t < T ,jju(t; �)jjL1(RN) � H�1 �t� t0 +H(jju(t0; �)jjL1(RN))� : (3.13)Proof of Proposition 3.1Let a 2℄0; T [. Sin
e �2t u is bounded on ℄a=2; T [�RN (say by Ca), we have, for all t 2℄a; T [, all 0 < � < a=2and all x 2 RN ,u(t; x) � u(t� �; x) + ��tu(t; x) + Ca�2� supRN u(t� �; �) + �G(t; x; u(t; x);ru(t; x)) � �g�[u(t; �)℄(x) + Ca�2: (3.14)8



Fix t > a and assume that supRN u(t; �) > 0. Let (xn)n�1 2 RN be a sequen
e su
h that u(t; xn) !supRN u(t; �). We haveG(t; xn; u(t; xn);ru(t; xn)) � G(t; xn; u(t; xn); 0) +Mtjru(t; xn)jwhere Mt = supfjr�G(t; x; s; �)j ; (x; s; �) 2 RN � [�Rt; Rt℄ � BRtg with Rt an upper bound of u(t; �)and ru(t; �). For n large enough, u(t; xn) > 0 and thus, by (3.11),G(t; xn; u(t; xn);ru(t; xn)) � h(u(t; xn)) +Mtjru(t; xn)j � h (supRN u(t; �)) +Mtjru(t; xn)j:Inje
ted in (3.14), this gives, for all t 2℄a; T [ and all 0 < � < a=2,u(t; xn) � supRN u(t� �; �) + �h (supRN u(t; �)) + �Mtjru(t; xn)j � �g�[u(t; �)℄(xn) + Ca�2:By Theorem 2.2, we have lim infn!1 g�[u(t; �)℄(xn) � 0 and ru(t; xn)! 0 as n!1. Hen
e, taking thelim supn!1 of the pre
eding inequality leads tosupRN u(t; �) � supRN u(t� �; �) + �h (supRN u(t; �)) + Ca�2:This has been obtained under the 
ondition that supRN u(t; �) > 0; de�ning �(t) = max(supRN u(t; �); 0),we dedu
e, whatever the sign of supRN u(t; �) is, that �(t) � �(t� �) + �h(�(t)) + Ca�2, that is to say,for t 2℄a; T [ and 0 < � < a=2, �(t)��(t� �)� � h(�(t)) + Ca�:As �tu is bounded on ℄a; T [�RN , it is easy to see that � is Lips
hitz 
ontinuous on ℄a; T [ and thisinequality therefore implies �0 � h(�) almost everywhere on ℄0; T [. Hen
e, the derivative of the lo
allyLips
hitz 
ontinuous fun
tion t 2℄0; T [7! H(�(t)) (noti
e that H is C1 on [0;1[) is bounded from aboveby 1 and, for all 0 < t0 < t < T , H(�(t)) � t � t0 + H(�(t0)). Sin
e H is a nonde
reasing bije
tion[0;1[7! [0;1[, we dedu
esupRN u(t; �) � �(t) � H�1 (t� t0 +H(�(t0))) � H�1 �t� t0 +H(jju(t0; �)jjL1(RN))� :The same reasoning applied to �u (solution to (3.12) with (t; x; s; �) 7! �G(t; x;�s;��), whi
h alsosatis�es (3.11), instead of G) gives an upper bound on supRN(�u(t; �)) = � infRN u(t; �) and 
on
ludesthe proof.We dedu
e from this proposition the following 
orollary, whi
h implies the uniqueness stated in Theo-rem 3.1.Corollary 3.1 Let � 2℄0; 2[, T > 0 and u0 2 W 1;1(RN ). If F satis�es (3.2), then there exists at mostone fun
tion de�ned on ℄0; T [�RN whi
h satis�es (3.6), (3.7) and (3.8).Proof of Corollary 3.1Assume that u and v are two su
h fun
tions. The di�eren
e w = u�v is in C2b (℄a; T [�RN ) for all a 2℄0; T [and satis�es �tw(t; x) + g�[w(t; �)℄(x) = G(t; x; w(t; x);rw(t; x)) on ℄0; T [�RNwith G(t; x; s; �) = �Z 10 �sF (t; x; �u(t; x) + (1� �)v(t; x);ru(t; x)) d�� s+�Z 10 r�F (t; x; v(t; x); �ru(t; x) + (1� �)rv(t; x)) d�� � �:By (3.2) and the hypotheses on u and v, G is 
ontinuous on ℄0; T [�RN � R � RN and r�G is boundedon ℄0; T [�RN � [�R;R℄� BR for all R > 0. Moreover, G satis�es (3.11) with h(a) = C(� + a) where �9



is any positive number (added so that h > 0 on R+ ) and C only depends on u, v and the 
onstants in(3.2). For this h, we have H(a) = 1C (ln(� + a) � ln(�)) and H�1(a) = �eCa � �; hen
e, by Proposition3.1 we �nd, for 0 < t0 < t < T , jjw(t; �)jjL1(RN) � eC(t�t0)(�+ jjw(t0; �)jjL1(RN))� �. Sin
e u(t0; �)! u0and v(t0; �) ! u0 uniformly on RN as t0 ! 0, we have jjw(t0; �)jjL1(RN) ! 0 as t0 ! 0 and we 
on
lude,letting t0 ! 0 and �! 0 in the pre
eding inequality, that w(t; �) = 0 for all t 2℄0; T [.3.1.3 W 1;1 estimates and existen
eTo prove the existen
e of a solution to (3.1), we �rst introdu
e another de�nition of solution, in the spiritof [25, 
hapter 15℄ or [14℄.De�nition 3.1 Let � 2℄1; 2[, u0 2 W 1;1(RN ), T > 0 and F satisfy (3.2). A weak solution to (3.1) on[0; T ℄ is a fun
tion u 2 L1(℄0; T [�RN ) su
h that ru 2 L1(℄0; T [�RN )N and, for a.e. (t; x) 2℄0; T [�RN ,u(t; x) = K�(t; �) � u0(x) + Z t0 K�(t� s; �) � F (s; �; u(s; �);ru(s; �))(x) ds ; (3.15)where K� is the kernel asso
iated with g�.The kernel asso
iated with g� is K�(t; x) = F�1(� 7! e�tj�j�)(x). It is de�ned so that the solution to�tv + g�[v℄ = 0 is given by v(t; x) = K�(t; �) � v(0; �)(x) and (3.15) is simply Duhamel's formula on (3.1).Let us re
all the main properties of K� (valid for � 2℄0; 2[) whi
h allow in parti
ular to see that ea
hterm in (3.15) is well-de�ned.K� 2 C1(℄0;1[�RN ) and (K�(t; �))t!0 is an approximate unit(in parti
ular, K� is nonnegative and, for all t > 0, jjK�(t; �)jjL1(RN) = 1),8t > 0 ; 8t0 > 0 ; K�(t+ t0; �) = K�(t; �) �K�(t0; �) ;9K > 0 ; 8t > 0 ; jjrK�(t; �)jjL1(RN) � Kt�1=� (3.16)(noti
e that the nonnegativity of K� 
an be proved from Theorem 2.2 by using the same te
hnique as inthe proof of Proposition 3.1). Using the Bana
h �xed point theorem, it is quite simple to prove the lo
alexisten
e (and uniqueness) of a weak solution to (3.1); its regularity is obtained by the same means. Wegive in Appendix ideas for the proof of the following theorem and let the reader 
he
k the details (see,for example, [14℄ and [17℄).Theorem 3.2 Let � 2℄1; 2[, u0 2 W 1;1(RN ) and F satisfy (3.2).i) For all T > 0, there exists at most one weak solution to (3.1) on [0; T ℄.ii) A weak solution to (3.1) on [0; T ℄ satis�es (3.6), (3.7) and (3.8).iii) Let M � jju0jjW 1;1(RN). There exists T > 0, only depending on M and the 
onstants in Hypothesis(3.2), su
h that (3.1) has a weak solution on [0; T ℄.We now obtain estimates on the gradient of the weak solution, and 
on
lude the proof of Theorem 3.1.Proposition 3.2 Let � 2℄1; 2[ and u0 2 W 1;1(RN ). Assume that F satis�es (3.2) and (3.4). If u is aweak solution to (3.1) on [0; T ℄ and R � jjujjL1(℄0;T [�RN) then (3.10) holds for all t 2℄0; T [.Proof of Proposition 3.2The proof is very similar to the proof of Proposition 3.1. If ' 2 C3b (RN ), then a derivation under theintegral sign on (2.1) shows that �ig�['℄ = g�[�i'℄. Sin
e u satis�es (3.6) and (3.7) (Theorem 3.2), wededu
e that�t(�iu)(t; x) + g�[�iu(t; �)℄(x) = �xiF (t; x; u(t; x);ru(t; x)) + �sF (t; x; u(t; x);ru(t; x))�iu(t; x)+r�F (t; x; u(t; x);ru(t; x)) � r(�iu)(t; x):10



Let a 2℄0; T [; the fun
tion �2t �iu is bounded on ℄a=2; T [�RN (say by Ca;i) and thus, for t 2℄a; T [,0 < � < a=2 and x 2 RN ,�iu(t; x) � �iu(t� �; x) + ��t�iu(t; x) + Ca;i�2� supRN �iu(t� �; �) + ��xiF (t; x; u(t; x);ru(t; x)) + ��sF (t; x; u(t; x);ru(t; x))�iu(t; x)+�r�F (t; x; u(t; x);ru(t; x)) � r(�iu)(t; x)� �g�[�iu(t; �)℄(x) + Ca;i�2: (3.17)Assume that supRN �iu(t; �) > 0 and take a sequen
e (xn)n�1 2 RN su
h that �iu(t; xn)! supRN �iu(t; �).Sin
e �iu(t; �) 2 C2b (RN ), Theorem 2.2 gives lim infn!1 g�[�iu(t; �)℄(xn) � 0 and limn!1r(�iu)(t; xn) =0. For n large enough, �iu(t; xn) > 0 and we 
an apply (3.17) to x = xn, use (3.4) and (3.2) to boundthe terms involving F and then take the lim supn!1 of the resulting inequality; we �ndsupRN �iu(t; �) � supRN �iu(t� �; �) + 2��T;R (supRN jru(t; �)j) + Ca;i�2(re
all that R is an upper bound of jjujjL1(℄0;T [�RN)). As in the proof of Proposition 3.1, to obtain aninequality whi
h holds whatever the sign of supRN �iu(t; �) is, we de�ne wi;+(t) = max(supRN �iu(t; �); 0)and we have, for all t 2℄a; T [ and all 0 < � < a=2,wi;+(t) � wi;+(t� �) + 2��T;R �jjDu(t; �)jjL1(RN)�+ Ca;i�2:This reasoning applied to �u (the fun
tion �F (�; �;��;��) satis�es (3.2) and (3.4)) leads to the sameinequality for wi;�(t) = max(supRN(��iu(t; �)); 0) = max(� infRN �iu(t; �); 0). This inequality is thereforealso satis�ed by max(wi;+(t); wi;�(t)) = jj�iu(t; �)jjL1(RN) and, summing on i = 1; : : : ; N , we dedu
e that,for all t 2℄a; T [ and all 0 < � < a=2,jjDu(t; �)jjL1(RN) � jjDu(t� �; �)jjL1(RN) + 2N��T;R �jjDu(t; �)jjL1(RN)�+XNi=1 Ca;i�2:Sin
e t 7! jjDu(t; �)jjL1(RN) is lo
ally Lips
hitz 
ontinuous (be
ause �t�iu is bounded on ℄a; T [�RN forall a 2℄0; T [), we infer as in the proof of Proposition 3.1 that, for 0 < t0 < t < T ,jjDu(t; �)jjL1(RN) � (GT;R)�1 �t� t0 + GT;R(jjDu(t0; �)jjL1(RN))� : (3.18)The fun
tion u0 being Lips
hitz 
ontinuous, the de�nition of the derivative and the dominated 
onvergen
etheorem show that �i(K(t0; �) � u0) = K(t0; �) � �iu0. Thanks to Lemma 5.1 in Appendix and (3.16), wehave �i[K�(t0 � s; �) � F (s; �; u(s; �);ru(s; �))℄ = �iK�(t0 � s; �) � F (s; �; u(s; �);ru(s; �)), whi
h is boundedindependently of x 2 RN by an integrable fun
tion of s 2℄0; t0[; we 
an therefore derivate (3.15) underthe integral sign to �nd�iu(t0; x) = K�(t0; �) � �iu0(x) + Z t00 �iK�(t0 � s; �) � F (s; �; u(s; �);ru(s; �))(x) ds (3.19)and, still using (3.16), we obtainjj�iu(t0; �)jjL1(RN) � jj�iu0jjL1(RN) + jjF (�; �; u;ru)jj1Kt01� 1�1� 1� :This shows that lim supt0!0 jjDu(t0; �)jjL1(RN) � jjDu0jjL1(RN) and we 
on
lude the proof by lettingt0 ! 0 in (3.18).The proof of the existen
e and estimates in Theorem 3.1 is then straightforward. Indeed, take u a weaksolution to (3.1) on [0; T ℄ given by Theorem 3.2. By (3.3), F satis�es (3.11) with h = �T ; sin
e u satis�es(3.6) and (3.7), Proposition 3.1 shows that, for 0 < t0 < t < T , jju(t; �)jjL1(RN) � (LT )�1(t � t0 +LT (jju(t0; �)jjL1(RN))); but (3.8) holds for u, and we 
an therefore let t0 ! 0 to dedu
e that (3.9) is valid.We have (3.10) by Proposition 3.2. These estimates (3.9) and (3.10) show that the W 1;1 norm of u(t; �)11



does not explode in �nite time; item iii) in Theorem 3.2 then allows to inde�nitely extend u (1), whi
hgives a global weak solution to (3.1), and thus a global solution in the sense of Theorem 3.1.Remark 3.2 As a by-produ
t of this proof of existen
e, we see that the solution to (3.1) given by Theo-rem 3.1 also satis�es (3.15), whi
h was not obvious from (3.6)|(3.8).Remark 3.3 The pre
eding te
hnique also works if g� is repla
ed by a more general operator, providedthat it satis�es Theorem 2.2 (in fa
t, this theorem is only needed for ' 2 C1b (RN )) and that its kernelsatis�es (3.16) (for small t and some � > 1 in the estimate of the gradient) and (5.1) in Appendix. Asinteresting and simple examples of su
h operators, we 
an mention:1) The lapla
e operator �� (whi
h 
orresponds, up to a multipli
ative 
onstant, to g2). Or 
ourse,the pre
eding results are known for semi-linear paraboli
 equations (at least for 
lassi
al 
hoi
es of�T and �T;R).2) Multifra
tal operators su
h as in [5℄, that is to sayPlj=1 �jg�j with �j > 0, �j 2℄0; 2℄ and �1 2℄1; 2℄.The kernel of this operator is K�1(�1t; �) � � � � �K�l(�lt; �), and it satis�es (3.16) with � = �1.3) Anisotropi
 operators of the kind A['℄ = F�1(PNj=1 j�j j
jF(')(�)) with 
j 2℄1; 2℄ (it 
omes to takea \
j-th derivative" in the j-th dire
tion). This operator is the sum of 1-dimensional operators g
ja
ting on ea
h variable, and thus a formula of the kind of (2.1) 
an be established, whi
h proves thatTheorem 2.2 holds. The kernel of A is QNj=1 k
j (t; xj), where k
j is the kernel of g
j in dimensionN = 1, and it thus satis�es (3.16) with � = infj(
j).We refer the reader to [16℄ for the kernel properties of other pseudo-di�erential operators.3.2 Existen
e and uniqueness results for � 2℄0; 2[We show here that, under weaker regularity (but stronger behaviour) assumptions on F and for � 2℄0; 2[,we 
an still solve (3.1), albeit in the vis
osity sense. We assume, in the following, that the Hamiltonian Fis 
ontinuous with respe
t to (t; x; s; �), lo
ally Lips
hitz 
ontinuous with respe
t to (x; s; �) and satis�es(3.3). We repla
e (3.4) by8T > 0 ; 8R > 0 ; 9�T;R > 0 su
h that, for all (t; x; s; �) 2 [0; T ℄� RN � [�R;R℄� RN ,�sF (t; x; s; �) � �T;R (3.20)8T > 0 ; 8R > 0 ; 9�T;R > 0 su
h that, for all (t; x; s; �) 2 [0; T ℄� RN � [�R;R℄� RN ,jrxF (t; x; s; �)j � �T;R(1 + j�j): (3.21)and (3.2) is relaxed to8T > 0;8R > 0; 9CT;R > 0 su
h that, for all (t; x; s; �) 2 [0; T ℄� RN � [�R;R℄�BR;jF (t; x; s; �)j � CT;R ; j�sF (t; x; s; �)j � CT;R ; jr�F (t; x; s; �)j � CT;R: (3.22)In all the pre
eding inequalities, the derivatives of F are to be understood as the a.e. derivatives of aLips
hitz 
ontinuous fun
tion; these hypotheses therefore state bounds on F and its Lips
hitz 
onstants.Remark 3.4 Assumptions (3.20) and (3.21) are stronger than (3.4); they imply this last assumptionwith, for example, �T;R(a) = (�T;R +�T;R)(1 + a).Let us �rst brie
y re
all the de�nition of a vis
osity solution to (3.1) (an immediate generalization of thede�nition given in [17℄ in the 
ase � > 1).1It is the semi-group property of K� in (3.16) whi
h tells that, if we glue to uj [0;t0℄ a weak solution with initial time t0and initial data u(t0; �), then we 
onstru
t another weak solution.12



De�nition 3.2 Let � 2℄0; 2[, u0 2 Cb(RN ) and F : [0; T [�RN �R �RN 7! R be 
ontinuous. A fun
tionu : [0; T [�RN 7! R is a vis
osity subsolution to (3.1) if it is bounded upper semi-
ontinuous, if u(0; �) � u0and if, for all (t; x) 2℄0; T [�RN and all (�; p) 2 R�RN su
h that there exists � > 0 and r0 > 0 satisfyingu(s; y) � u(t; x) + �(s� t) + p � (y � x) + �jy � xj2 + o(s� t) for y 2 Br0(x) and s 2 [0; T [; (3.23)we have, for all r > 0,�� 
N (�) ZBr u(t; x+ z)� u(t; x)� p � zjzjN+� dz � 
N (�)ZRNnBr u(t; x+ z)� u(t; x)jzjN+� dz� F (t; x; u(t; x); p): (3.24)We similarly de�ne the notion of supersolution for bounded lower semi-
ontinuous fun
tions by reversingthe inequalities (and the sign of �). A fun
tion is a vis
osity solution of (3.1) if it is both a sub- and asupersolution of (3.1).Remark 3.5 1. Sin
e u(t; x+z)�u(t; x)�p �z � �jzj2 on a neighbourhood of 0, the �rst integral termof (3.24) is de�ned in [�1;+1[ (the inequality in fa
t forbids the 
ase where this term is �1);the se
ond integral term is de�ned in R, be
ause u is bounded. Moreover, sin
e RBanBb p�zjzjN+� dz = 0for all a > b > 0, the quantities in (3.24) in fa
t do not depend on r > 0; in parti
ular, if � < 1 or� > 1, we 
an take r = 0 or r = +1.2. In [17℄, a 
ouple (�; p) 2 R � RN satisfying (3.23) is 
alled a supergradient. The set of all su
h
ouples is denoted �Pu(t; x) and is referred to as the superdi�erential of u at (t; x). It is theproje
tion on R � RN of the upper jet of u at (t; x) (see [11℄ for a de�nition of semi-jets).We 
an now state our existen
e and uniqueness result for Lips
hitz 
ontinuous Hamiltonians and � 2℄0; 2[.Theorem 3.3 Let � 2℄0; 2[ and F be 
ontinuous and su
h that (3.3), (3.20), (3.21) and (3.22) holdtrue. If u0 2W 1;1(RN ), then there exists a unique vis
osity solution of (3.1). Moreover, this solution isLips
hitz 
ontinuous with respe
t to x and satis�es, for 0 < t < T <1, (3.9) andjjDu(t; �)jjL1(RN) � (1 + jjDu0jjL1(RN))e2N(�T;R+�T;R)t � 1 (3.25)for any R � jjujjL1(℄0;T [�RN).Remark 3.6 1. This result 
an be extended to initial 
onditions that are merely bounded and uniformly
ontinuous. It suÆ
es to adapt the 
lassi
al method used for instan
e in [11℄. Noti
e that, in this
ase, the Lips
hitz 
ontinuity of the solution is no longer true.2. As in Remark 3.3, this theorem also holds for more general operators g�.3. Estimate (3.25) is exa
tly (3.10) when we take, as in Remark 3.4, �T;R(a) = (�T;R+�T;R)(1+a).4. The 
on
lusions of this theorem are the same as the ones of Theorem 3 and Lemma 2 in [17℄, butthe assumptions are more general; see the dis
ussion following Theorem 3.1. Moreover, the W 1;1estimate (3.25) involves a norm that is slightly di�erent from the one used in [17℄.5. Perron's method. As mentioned in the introdu
tion, Theorem 3.3 
an be proved by using Perron'smethod. In this 
ase, \natural" barriers are to be 
onsidered for large time, namely t 7! �(LT )�1(t+LT (ku0kL1(RN))). For small time, in order to ensure that the initial 
ondition is ful�lled, 
lassi
albarriers of the form t 7! u0(x) � Ct 
an be used for C large enough.
13



Proof of Theorem 3.3We prove the existen
e result by regularizing F and using a vanishing vis
osity method based on thesolution given by Theorem 3.1.Step 1: regularization of F .Let h" : Rd ! Rd be de�ned by h"(z) = max(1� "jzj ; 0)z. h" is at distan
e " of the identity fun
tion, nullon B" and jh"j � j � j � " on RdnB"; in parti
ular,for all z 2 Rd and jz0j � ", jh"(z � z0)j � jzj: (3.26)We de�ne F" : R2N+2 ! R by F"(t; x; s; �) = F (h"(t)+; x; h2"(s); h"(�)); let (t; x; s; �) 7! �"(t; x; s; �) bea 
lassi
al regularizing kernel su
h that supp(�") � B" and de�ne ~F" = F" � �". In dimension d = 1, h02"takes its values in [0; 1℄, and thus ~F" satis�es (3.20) and (3.21) with the same 
onstants as F (thanks to(3.26)). It therefore satis�es (3.4) with �T;R(a) = (�T;R +�T;R)(1 + a) (see Remark 3.4). We also have(3.2) for ~F" with ~CT;R;k = supj�j�k jj���"jjL1 sup[0;T ℄�RN�[�R;R℄�BR jF j (this quantity, whi
h dependson ", is �nite thanks to (3.22)).Property (3.3) for ~F" is slightly less obvious. Let (t; x; s) 2 [0; T ℄�RN �R and jt0j � ", jx0j � ", js0j � ",j�0j � ". In the 
ase jsj � ", we have sgn(s) = sgn(s� s0) = sgn(h2"(s� s0)) sin
e js0j � ", and thus, by(3.3) and (3.26),sgn(s)F"(t� t0; x� x0; s� s0; 0� �0) = sgn(h2"(s� s0))F (h"(t� t0)+; x� x0; h2"(s� s0); 0)� �T (jh2"(s� s0)j)� �T (jsj):In the 
ase jsj � ", (3.22) givesjF"(t� t0; x� x0; s� s0; 0� �0)�F (h"(t� t0)+; x� x0; s; 0)j= jF (h"(t� t0)+; x� x0; 0; 0)� F (h"(t� t0)+; x� x0; s; 0)j� "CT;1and thereforesgn(s)F"(t� t0; x� x0; s� s0; 0� �0) � sgn(s)F (h"(t� t0)+; x� x0; s; 0) + "CT;1� �T (jsj) + "CT;1:In any 
ases, we have sgn(s)F"(t� t0; x� x0; s� s0; 0� �0) � �T (jsj) + "CT;1. Multiplying this inequalityby �"(t0; x0; s0; �0) and integrating on (t0; x0; s0; �0) shows that (3.3) holds for ~F" with �T (a)+"CT;1 insteadof �T (a).To sum up this step, we have found a regularization ~F" of F whi
h 
onverges lo
ally uniformly to F andsatis�es (3.2), (3.4) with �T;R(a) = (�T;R + �T;R)(1 + a) (independent of ") and (3.3) with a fun
tion�"T = �T + "CT;1 whi
h uniformly 
onverges, as "! 0, to �T .Step 2: passing to the limit.We take � 2℄0; 2[ and � 2℄1; 2[. Applying Theorem 3.1 and Remark 3.3, we �nd a smooth solution u" of� �tu"(t; x) + g�[u"(t; �)℄(x) + "g�[u"(t; �)℄(x) = ~F"(t; x; u"(t; x);ru"(t; x)) t > 0 ; x 2 RN ;u"(0; x) = u0(x) x 2 RN (3.27)in the sense of (3.6), (3.7) and (3.8) (noti
e that, if � > 1, there is no need to introdu
e the term "g� inthis equation). Sin
e, for 0 < " � 1, ~F" satis�es (3.3) with �T (a) + CT;1 instead of �T (a), the theoremgives estimates on u" and ru" whi
h do not depend on ".14



These estimates and (3.22) show that ~F"(�; �; u";ru") is bounded on ℄0; T [�RN independently of ". Theintegral representation (3.15) reads here (see Remark 3.3)u"(t; x) = K�(t; �) �K�("t; �) � u0(x)+ Z t0 K�(t� s; �) �K�("(t� s); �) � ~F"(s; �; u"(s; �);ru"(s; �))(x) ds ;and (3.16) thus gives jju"(t; �) �K�(t; �) �K�("t; �) � u0jjL1(RN) � Ct with C not depending on ". Sin
e(K�(t; �))t!0 and (K�(t; �))t!0 are approximate units and u0 2 W 1;1(RN ), we easily see that K�(t; �) �K�("t; �)�u0(x)! u0(x) as t! 0, uniformly with respe
t to x 2 RN and " 2℄0; 1℄. Hen
e, u"(t; x)! u0(x)as t ! 0, uniformly with respe
t to (x; ") 2 RN�℄0; 1℄, and the relaxed upper limit lim sup� u"(t; x) =lim sup"!0;(s;y)!(t;x) u"(s; y) 
oin
ides with u0 at t = 0. So does the relaxed lower limit lim inf� u" =� lim sup�(�u").Remark that u" is a vis
osity solution of (3.27). Sin
e ~F" ! F lo
ally uniformly, an easy adaptation ofthe stability theorem of [17℄ shows that lim sup� u" is a vis
osity subsolution of (3.1) and that lim inf� u"is a vis
osity supersolution of (3.1). The assumptions ensure that the 
omparison prin
iple holds true for(3.1) (still a straightforward generalization of [17℄ to the 
ase � 2℄0; 2[). Thus, lim sup� u"(0; x) = u0(x) =lim inf� u"(0; x) implies lim sup� u" � lim inf� u" and we 
on
lude that u" lo
ally uniformly 
onverges tou = lim sup� u" = lim inf� u", a vis
osity solution to (3.1); the estimates on u stated in the theorem areobtained by passing to the limit in the estimates on u". To �nish with, we re
all that the 
omparisonprin
iple ensures that the solution we have just 
onstru
ted is unique in the 
lass of vis
osity solutionswhi
h satisfy u(0; �) = u0.Sin
e we have proved in Step 2 that a vanishing regularization gives a solution to (3.1), we 
an nowwonder if it is possible to obtain a rate of 
onvergen
e. The next theorem answers this question.Theorem 3.4 Let (�; �) 2℄0; 2[ and F be 
ontinuous and su
h that (3.3), (3.20), (3.21) and (3.22) holdtrue. Let u0 2W 1;1(RN ), u be the vis
osity solution of (3.1) and, for " > 0, u" be the vis
osity solutionof� �tu"(t; x) + g�[u"(t; �)℄(x) + "g�[u"(t; �)℄(x) = F (t; x; u"(t; x);ru"(t; x)) t > 0 ; x 2 RN ;u"(0; x) = u0(x) x 2 RN : (3.28)Then, for all T > 0, jju" � ujjCb([0;T ℄�RN) =8<: O(") if � < 1 ;O("j ln(")j) if � = 1 ;O("1=�) if � > 1:Remark 3.7 1. As the pre
eding results, this theorem is valid for more general operators g�, and alsofor � = 2. Moreover, the 
on
lusion still holds if we remove g� from both equations (in this 
ase,(3.1) is a pure Hamilton-Ja
obi equation).2. These rates of 
onvergen
e are optimal for any � 2℄0; 2[ (take F = 0, remove g�, 
hoose u0(x) =max(1�jxj; 0) and 
ompare u"(1; 0)�u(1; 0) = K�("; �)�u0(0)�1 thanks to the formula K�("; x) ="�N=�K�(1; "�1=�x) and to the property K�(1; x) � Cjxj�N�� as jxj ! 1).Proof of Theorem 3.4The proof relies on the same te
hnique as in [17℄, with modi�
ations due to the presen
e of g� and to thefa
t that � 
an be equal to or less than 1.By a 
lassi
al 
hange of unknown fun
tion, (3.20) allows to redu
e to the 
ase where F is nonin
reasingwith respe
t to s. Let M = sup[0;T [�(RN)2fu(t; x) � u"(t; y) � jx � yj2=2� � �jxj2=2 � �t � 
=(T � t)g,where �, �, � are positive and 
 2℄0; 1℄. We want to prove that, for appropriate 
hoi
es of � and 
, M isattained at t = 0. 15



Let � > 0 andM� = sup[0;T [2�(RN)2fu(t; x)�u"(s; y)�jx�yj2=2��jt�sj2=2���jxj2=2��t�
=(T�t)g.It is 
lassi
al thatM� is attained at some (t� ; s� ; x� ; y�) su
h that, up to a subsequen
e, (t� ; s� ; x� ; y�)!(t; t; x; y) as � ! 0, where (t; x; y) realizes M . We now assume that t > 0 and, with good 
hoi
es of �and 
, we show that this leads to a 
ontradi
tion.If t > 0 then, for � small enough, t� > 0 and s� > 0. Let p� = (x� � y�)=�; by de�nition of M� ,(
=(T � t�)2 + (t� � s�)=� + �; p� + �x�) is a supergradient of u at (t� ; x�); sin
e u is a subsolution of(3.1), we obtain
(T � t�)2 + t� � s�� + ��
N(�) ZBr u(t� ; x� + z)� u(t� ; x�)� (p� + �x�) � zjzjN+� dz � 
N (�) ZRNnBr u(t� ; x� + z)� u(t� ; x�)jzjN+� dz� F (t� ; x� ; u(t� ; x�); p� + �x�): (3.29)Similarly, by de�nition of M� we 
an use ((t� � s�)=�; p�) in the equation at (t; x) = (s� ; y�) whi
h statesthat u" is a supersolution of (3.28) and we obtaint� � s���
N (�) ZBr u"(s� ; y� + z)� u"(s� ; y�)� p� � zjzjN+� dz � 
N (�) ZRNnBr u"(s� ; y� + z)� u"(s� ; y�)jzjN+� dz�"
N (�) ZBR u"(s� ; y� + z)� u"(s� ; y�)� p� � zjzjN+� dz � "
N(�) ZRNnBR u"(s� ; y� + z)� u"(s� ; y�)jzjN+� dz� F (s� ; y� ; u"(s� ; y�); p�): (3.30)We also have, still using the de�nition of M� ,u"(s� ; y� + z)� u"(s� ; y�) + u(t� ; x�)� u(t� ; x� + z) � �jx� j22 � �jx� + zj22 = ��x� � z � �jzj22and, by the estimate on ru", ju"(s� ; y� + z)� u"(s� ; y�)j � Cjzj (here and after, C stands for a positivereal number whi
h 
an 
hange from one line to another but does not depend on ", r, R, �, �, �, � or 
).Hen
e, subtra
ting (3.29) from (3.30) and using the bounds we have on u and u", we �nd (for R � 1)� 
(T � t�)2 � � + 
N (�)�2 ZBr jzj2jzjN+� dz+C ZRNnBr 1jzjN+� dz � "
N (�) ZBR u"(s� ; y� + z)� u"(s� ; y�)� p� � zjzjN+� dz+C" ZB1nBR jzjjzjN+� dz + C" ZRNnB1 1jzjN+� dz� F (s� ; y� ; u"(s� ; y�); p�)� F (t� ; x� ; u(t� ; x�); p� + �x�): (3.31)Using on
e again the de�nition of M� , we writeu"(s� ; y� + z)� u"(s� ; y�)� p� � z � jx� � y� j2 � jx� � y� � zj22� � 2(x� � y�) � z2� = �jzj22� :We 
an therefore bound the integral term 
ontaining u" in (3.31) and pass to the limit � ! 0 to obtain� 
(T � t)2 � � + C� ZBr jzj2jzjN+� dz + C ZRNnBr 1jzjN+� dz+C "� ZBR jzj2jzjN+� dz + C" ZB1nBR jzjjzjN+� dz + C"� F (t; y; u"(t; y); p)� F (t; x; u(t; x); p+ �x)16



where p = (x�y)=�. Putting t = 0 and x = y = 0 in the de�nition ofM , whi
h is attained at (t; x; y), wehave u(t; x)� u"(t; y)� 
=(T � t) �M � �
=T , and thus u(t; x) � u"(t; y) + 
=(T � t)� 
=T � u"(t; y);the fun
tion F being nonin
reasing with respe
t to its third variable, we dedu
e� 
T 2 � � + C�r2�� + Cr�� + C "�R2�� + C" ZB1nBR jzjjzjN+� dz + C"� F (t; y; u(t; x); p)� F (t; x; u(t; x); p+ �x): (3.32)Using on
e again the de�nition of M� , we have �jx� j2 � C (be
ause M� � M � �
=T � �1=T ), sothat �jxj � Cp�. Moreover, sin
e p� satis�es the reverse inequality of (3.23) with u" instead of u, andsin
e we have a bound on the spatial Lips
hitz 
onstant of u", we �nd jp� j � C and thus jpj � C andjx� yj � C�. Assumptions (3.21) and (3.22) therefore give� 
T 2 � � + C�r2�� + Cr�� + C"� R2�� + C" ZB1nBR jzjjzjN+� dz + C" � �C�� Cp�(we take � � 1). Choosing 
 = (Cp� + C�r2�� + Cr�� + �)T 2 (whi
h is in ℄0; 1℄ if r is large and � issmall) and � = C�+ C"� R2��+C" RB1nBR jzjjzjN+� dz+C" leads to �� � 0, whi
h is the 
ontradi
tion wesought.With these 
hoi
es of 
 and �, M is attained at (0; x; y) and, for all (t; x) 2 [0; T [�RN ,u(t; x)� u"(t; x) � � jxj22 � �t� 
T � t � u0(x)� u0(y)� jx� yj22� � C�(we use the fa
t that u0 is Lips
hitz 
ontinuous). Thus,u(t; x) � u"(t; x) + � jxj22 + C�+ C"� R2�� + C" ZB1nBR jzjjzjN+� dz + C"!T+(Cp� + C�r2�� + Cr�� + �)T 2T � t + C�:We now let � ! 0 and then r ! +1:u(t; x) � u"(t; x) + C�+ C"� R2�� + C" ZB1nBR jzjjzjN+� dz + C":If � < 1 (respe
tively � = 1, respe
tively � > 1), then RB1nBR jzjjzjN+� dz is bounded by C (respe
tivelyCj ln(R)j, respe
tively CR1��). A simple optimization with respe
t to R and then � leads tou(t; x) � u"(t; x) + C8<: " if � < 1"j ln(")j if � = 1"1=� if � > 1and we obtain the reverse inequality by ex
hanging, from the beginning, the roles of u and u".4 Fra
tal s
alar hyperboli
 equations4.1 Existen
e and uniqueness of a smooth solutionIn this se
tion, we 
ome ba
k to the 
ase � 2℄1; 2[ and we handle( �tu(t; x) + div(f(t; x; u(t; x))) + g�[u(t; �)℄(x) = h(t; x; u(t; x)) t > 0 ; x 2 RN ;u(0; x) = u0(x) x 2 RN ; (4.1)17



where u0 2 L1(RN ), f 2 C1([0;1[�RN � R)N , h 2 C1([0;1[�RN � R) and8T > 0 ; 8R > 0 ; 8k 2 N ; 9CT;R;k su
h that,for all (t; x; s) 2 [0; T ℄� RN � [�R;R℄ and all � 2 NN+2 satisfying j�j � k,j��f(t; x; s)j+ j��h(t; x; s)j � CT;R;k ; (4.2)8T > 0, there exists �T : [0;+1[!℄0;+1[ 
ontinuous nonde
reasingsu
h that R10 1�T (a) da = +1 and, for all (t; x; s) 2 [0; T ℄� RN � R ;sgn(s)�h(t; x; s)�PNi=1 �xifi(t; x; s)� � �T (jsj): (4.3)The term h�PNi=1 �xifi represents a sour
e for (4.1), and an assumption on this sour
e is not unexpe
tedif we want global solutions; this hypothesis with �T (a) = KT (1+a) (andKT 
onstant), as well as uniformspatial bounds su
h as in (4.2), also appear in [20℄ when dealing with the pure s
alar 
onservation law(i.e. without g�). Here, we prove the following.Theorem 4.1 Let � 2℄1; 2[ and u0 2 L1(RN ); assume that f and h satisfy (4.2) and (4.3). Then thereexists a unique solution u to (4.1) in the sense: for all T > 0,u 2 Cb(℄0; T [�RN ) and, for all a 2℄0; T [ ; u 2 C1b (℄a; T [�RN ) ; (4.4)u satis�es the PDE of (4.1) on ℄0; T [�RN ; (4.5)u(t; �)! u0 in L1(RN ) weak-�, as t! 0: (4.6)We also have Estimate (3.9) on the solution, that is to say: for all 0 < t < T <1,jju(t; �)jjL1(RN) � (LT )�1 �t+ LT (jju0jjL1(RN))� with LT (a) = Z a0 1�T (b) db:Remark 4.1 The proof of uniqueness shows that the solution to (4.1) also satis�es (4.7) below. As a
onsequen
e, the 
onvergen
e in (4.6) also holds in Lplo
(RN ) for all p <1.As for (3.1), the existen
e of a solution to (4.1) is obtained via a weak formulation based on Duhamel'sformula.De�nition 4.1 Let � 2℄1; 2[, u0 2 L1(RN ), T > 0 and (f; h) satisfy (4.2). A weak solution to (4.1) on[0; T ℄ is a fun
tion u 2 L1(℄0; T [�RN ) su
h that, for a.e. (t; x) 2℄0; T [�RN ,u(t; x) = K�(t; �)�u0(x)�Z t0 rK�(t�s; �)�f(s; �; u(s; �))(x) ds+Z t0 K�(t�s; �)�h(s; �; u(s; �))(x) ds: (4.7)Thanks to (3.16), ea
h term in (4.7) is well-de�ned. As before, a �xed point te
hnique (see [14℄) allowsto prove the theorem stated below (Theorem 4.2); we leave the details to the interested reader (noti
ethat on
e it has been proved that weak solutions to (4.1) have one 
ontinuous spatial derivative | whi
his a 
onsequen
e of a result similar to Proposition 5.2 |, the full regularity of these weak solutions 
anbe seen as a 
onsequen
e of Theorem 3.2).Theorem 4.2 Let � 2℄1; 2[, u0 2 L1(RN ) and (f; h) satisfy (4.2).i) For all T > 0, there exists at most one weak solution to (4.1) on [0; T ℄.ii) A weak solution to (4.1) on [0; T ℄ satis�es (4.4), (4.5) and (4.6).iii) Let M � jju0jjL1(RN). There exists T > 0, only depending on M and the 
onstants in (4.2), su
hthat (4.1) has a weak solution on [0; T ℄. 18



We 
an now prove the existen
e and uniqueness result for (4.1).Proof of Theorem 4.1Let u be a weak solution to (4.1) on [0; T ℄ in the sense of De�nition 4.1. By Theorem 4.2, su
h a solutionexists and satis�es (4.4), (4.5); hen
e, it satis�es (3.12) withG(t; x; s; �) = h(t; x; s)� NXi=1 �xifi(t; x; s)� �sf(t; x; s) � �:Sin
e (3.11) holds for G with h = �T given by Hypothesis (4.3), we dedu
e from Proposition 3.1 that,for all 0 < t0 < t < T , jju(t; �)jjL1(RN) � (LT )�1 �t� t0 + LT (jju(t0; �)jjL1(RN))� : (4.8)From (4.7) it is easy to see that lim supt0!0 jju(t0; �)jjL1(RN) � jju0jjL1(RN) (the last two terms of (4.7)tend to 0 in L1(RN ) as t ! 0, thanks to (3.16)); hen
e, letting t0 ! 0 in (4.8) shows that u satis�es(3.9). In parti
ular, the L1 norm of u(t; �) does not explode in �nite time and, by iii) in Theorem 4.2,we 
an inde�nitely extend u; this proves the existen
e part of Theorem 4.1.It remains to prove the uniqueness of the solution. Let u satisfy (4.4), (4.5) and (4.6) for all T > 0; taket0 > 0. The fun
tion u(t0 + �; �) belongs, for all T > 0, to C1b ([0; T [�RN ); hen
e, it sati�es (3.6) and(3.8) with u0 = u(t0; �). Moreover, if we de�neF (t; x; s; �) = h(t0 + t; x; u(t0 + t; x))� div(f(t0 + t; x; u(t0 + t; x)))(in fa
t, F does not depend on s or �), the fun
tion u(t0 + �; �) also satis�es (3.7). It is 
lear that thisF satis�es (3.2), (3.3) and (3.4) (with �T and �T;R 
onstants) and, therefore, u(t0 + �; �) is the uniquesolution to (3.1) given by Theorem 3.1; in parti
ular, by Remark 3.2 we have, for all t > 0,u(t0 + t; x) = K�(t; �) � u(t0; �)(x)+ Z t0 K�(t� s; �) � [h(t0 + s; �; u(t0 + s; �))� div(f(t0 + s; �; u(t0 + s; �)))℄ (x) ds= K�(t; �) � u(t0; �)(x) � Z t0 rK�(t� s; �) � f(t0 + s; �; u(t0 + s; �))(x) ds+ Z t0 K�(t� s; �) � h(t0 + s; �; u(t0 + s; �))(x) ds: (4.9)For t > 0 and x 2 RN �xed, by (4.6) we have K�(t; �)�u(t0; �)(x)! K�(t; �)�u0(x) as t0 ! 0; using (4.4)and the dominated 
onvergen
e theorem, we 
an let t0 ! 0 in the last two terms of (4.9) to see that usatis�es (4.7). Hen
e, u is a weak solution to (4.1) and, by i) in Theorem 4.2, is unique.Remark 4.2 Equation (4.1) 
an also be solved with more general operators g�, see Remark 3.3.4.2 About the vanishing regularizationLet us say a few things on the behaviour, as "! 0+, of the solution to( �tu"(t; x) + div(f(t; x; u"(t; x))) + "g�[u"(t; �)℄(x) = h(t; x; u"(t; x)) t > 0 ; x 2 RN ;u"(0; x) = u0(x) x 2 RN ; (4.10)where we still take � 2℄1; 2[, u0 2 L1(RN ) and (f; h) satisfying (4.2) and (4.3). It has been proved in[12℄ that, if h = 0 and f does not depend on (t; x), the solution u" to (4.10) 
onverges, as " ! 0, to the19



entropy solution u of( �tu(t; x) + div(f(t; x; u(t; x))) = h(t; x; u(t; x)) t > 0 ; x 2 RN ;u(0; x) = u0(x) x 2 RN : (4.11)The key argument is the obtention, via a splitting method, of entropy inequalities for (4.10); this method
an be generalized to some 
ases where f and h depend on (t; x) (see [13℄) but, in any 
ases, it is quitete
hni
al.Thanks to formula (2.1), we have a trivial proof of these entropy inequalities, via the following lemma.Lemma 4.1 Let � 2℄0; 2[, ' 2 C2b (RN ) and � 2 C2(R) be a 
onvex fun
tion. Then g�[�(')℄ � �0(')g�['℄.Proof of Lemma 4.1Sin
e � is 
onvex, we have �(b)� �(a) � �0(a)(b� a). Hen
e,�('(x + z))� �('(x)) � �0('(x))('(x + z)� '(x))and �('(x + z))� �('(x)) �r(�('))(x) � z � �0('(x))('(x + z)� '(x) �r'(x) � z):The 
on
lusion follows from these inequalities and (2.1).Thus, if � 2 C2(R) is 
onvex and � is su
h that �s�(t; x; s) = �0(s)�sf(t; x; s), multiplying the PDE of(4.10) by �0(u"(t; x)) gives (re
all that all the fun
tions, in
luding u", are regular)�t(�(u"))(t; x) + "g�[�(u"(t; �))℄(x) � �0(u"(t; x)) h(t; x; u"(t; x)) � NXi=1 �xifi(t; x; u"(t; x))!�div(�(t; x; u"(t; x))) + NXi=1 �xi�i(t; x; u"(t; x)) ; (4.12)whi
h is exa
tly the entropy inequality for (4.10). On
e this inequality is established, the doubling variablete
hnique of [20℄ (used in [12℄) shows that, for all T > 0 and as "! 0, u" ! u in C([0; T ℄;L1lo
(RN )).It is also possible, if the initial 
ondition u0 is in L1(RN ) \ L1(RN ) \ BV (RN ), to obtain a rate of
onvergen
e: O("1=�) in C([0; T ℄;L1(RN )); this is well-known for � = 2 (see [21℄) and has been donefor � 2℄1; 2[, h = 0 and f(t; x; u) = f(u) in [12℄. However, to obtain su
h a rate of 
onvergen
e wemust �rst establish L1 and BV estimates on u", whi
h demands additional hypotheses on f and h (someintegrability properties with respe
t to x); we refer the reader to [13℄ for a set of suitable hypotheses.On
e these estimates are established, the proof of the rate of 
onvergen
e is made as in [21℄ or [12℄ byusing (4.12).5 Appendix5.1 A te
hni
al LemmaLemma 5.1 If f 2 C1(RN )\W 1;1(RN ) and g 2 L1(RN ), then f �g 2 C1(RN ) and r(f �g) = rf �g.Proof of Lemma 5.1We have not assumed that rf(x � y) is bounded lo
ally uniformly in x by some integrable fun
tion ofy; hen
e, we 
annot dire
tly use a theorem of derivation under the integral sign.20



Let n � 1 and de�ne gn = g1Bn ; for all x 2 RN , f � gn(x) = RBn f(x � y)g(y) dy ! f � g(x) asn ! 1. Sin
e f 2 C1(RN ), a derivation under the integral sign shows that f � gn 2 C1(RN ) withr(f � gn) = rf � gn. But, for all jxj � R,jrf � gn(x)�rf � g(x)j � jjgjjL1(RN) Zfjyj�ng jrf(x� y)j dy � jjgjjL1(RN) Zfjzj�n�Rg jrf(z)j dz(if jxj � R and jyj � n, then jx � yj � jyj � jxj � n � R); hen
e, sin
e rf 2 L1(RN ), we haver(f � gn) = rf � gn ! rf � g lo
ally uniformly on RN , whi
h 
on
ludes the proof of the lemma.5.2 Generalizations of Theorem 2.2 and Proposition 3.1In this subse
tion, we state and prove generalizations of Theorem 2.2 and Proposition 3.1. Roughly speak-ing, we show that u needs not be in C2b but only in Cb; in this 
ase, the operator g� and Equation (3.12)must be understood in the vis
osity sense.For us
 fun
tions � :℄0; T [! R, the notion of vis
osity supergradient is used in order to de�ne vis
ositysubsolutions of �0 = h(�). The notion of upper semi-
ontinuous envelope of lo
ally bounded fun
tions isalso used in the following. The de�nitions of vis
osity supergradient, vis
osity solution of �0 = h(�) andupper semi-
ontinuous envelope 
an be found in [11℄.Theorem 5.1 Let � 2℄0; 2[ and v 2 Cb(℄0; T [�RN ). Let � denote the upper semi-
ontinuous envelope ofthe fun
tion supx2RN v(�; x). Then for any vis
osity supergradient � of � at t 2℄0; T [, there exist tn ! t,�n ! �, and xn; pn 2 RN su
h thatv(tn; xn)! �(t) and (�n; pn) 2 �P v(tn; xn) and pn ! 0 and lim infn!1 g�[v(tn; �)℄(xn) � 0:Proof of Theorem 5.1By de�nition of vis
osity supergradient, there exists  2 C1(℄0; T [) su
h that � �  attains a globalmaximum at t and � =  0(t). Then for any (s; x) 2℄0; T [�RN , we have:v(s; x)�  (s) � �(s)�  (s) � �(t) �  (t):Next, for any " > 0, 
onsider (t"; x") 2℄0; T [�RN su
h that �(t) < v(t"; x") + "=2 and t" ! t as " ! 0.We 
an also ensure that  (t) �  (t")� "=2. Combining these fa
ts yields:sup(s;x)2℄0;T [�RN(v(s; x)�  (s)) < v(t"; x")�  (t") + ":We then apply Borwein and Preiss' minimization prin
iple (see for instan
e [10℄) and get (s"; y") and(r"; z") su
h that j(r"; z")� (t"; x")j < "1=4 and j(s"; y")� (r"; z")j < "1=4and sup(s;x)2℄0;T [�RN(v(s; x)�  (s)) � v(s"; y")�  (s") + "and su
h that (s"; y") is the unique point realizing the maximum of the perturbed fun
tion (t; x) 7!v(t; x)� (t)�p"(t�r")2�p"jx�z"j2. This implies that ( 0(s")+2p"(s"�r"); 2p"(y"�z")) 2 �P v(s"; y").De�ne �" =  0(s") + 2p"(s" � r") and p" = 2p"(y" � z"). They verify �" ! � and p" ! 0 as " ! 0.Moreover, v(s"; y") ! �(t) and s" ! t. It only remains to prove that lim inf"!0 g�[v(s"; �)℄(y") � 0 byusing Fatou's Lemma. First, noti
e thatv(s"; y" + z)� v(s"; y") � �(s")� v(s"; y")21



and sin
e � is upper semi-
ontinuous and v(s"; y") ! �(t), the upper limit of the right-hand side isnonpositive. Se
ondly, v(s"; y" + z)� v(s"; y")jzjN+� � 2kvk1jzjN+� 2 L1(RN nB1);v(s"; y" + z)� v(s"; y")� p" � zjzjN+� � p"jzjN+��2 2 L1(B1):Now 
hoose " = 1=n and (tn; �n; xn; pn) = (s"n ; �"n ; y"n ; p"n) satis�es the desired properties.Proposition 5.1 Let � 2℄0; 2[, T > 0 and G 2 C(℄0; T [�RN � R � RN ) be su
h that (3.11) is satis�edand G is lo
ally Lips
hitz 
ontinuous w.r.t. �, lo
ally in (t; s) and uniformly in x. Then any vis
ositysolution of (3.12) satis�es for any 0 < t0 < t < T :jju(t; �)jj�L1(RN) � H�1 �t� t0 +H�jju(t0; �)jj�L1(RN)��where jju(s; �)jj�L1(RN) = lim sup�!s jju(�; �)jjL1(RN).Proof of Proposition 5.1Let us denote �(t) = jju(t; �)jj�L1(RN). Suppose we have proved that � is a vis
osity subsolution ofw0 = h(w) on ℄0; T [. Then the fun
tion H(�(t)) � t is a vis
osity subsolution of w0 = 0 (re
all that H isC1 and nonde
reasing). This implies that H(�(t)) � t is nonin
reasing and, sin
e H is a nonde
reasingbije
tion [0;+1[! [0;+1[, we get the desired a priori estimate on u.It remains to prove that � is a vis
osity subsolution of w0 = h(w) on ℄0; T [. It is a 
onsequen
e ofTheorem 5.1 applied to v = juj. Let � be a vis
osity supergradient of � and 
onsider tn ! t, �n ! �,and xn; pn 2 RN given by Theorem 5.1. We have to prove that � � h(�(t)). We distinguish two
ases. Suppose �rst that there exists a sequen
e nk ! 1 su
h that v(tnk ; xnk ) = u(tnk ; xnk ). Then(�nk ; pnk) 2 �Pu(tnk ; xnk ) and, sin
e u is a vis
osity subsolution of (3.12), we get:�nk + g�[u(tnk ; �)℄(xnk ) � G(tnk ; xnk ; u(tnk ; xnk ); pnk):As k !1, we have u(tnk ; xnk )! �(t) and pnk ! 0. We 
an use the lo
al Lips
hitz 
ontinuity of G withrespe
t to � and �nd: �nk + g�[u(tnk ; �)℄(xnk ) � h(u(tnk ; xnk)) +M jpnk jforM independent of k. As k goes to +1, we 
on
lude in the �rst 
ase that � � h(�(t)) by using the fa
tthat u(tnk ; xnk)! �(t) and that g�[u(tnk ; �)℄(xnk ) � g�[v(tnk ; �)℄(xnk ) (be
ause v(tnk ; xnk ) = u(tnk ; xnk )and v(tnk ; xnk + z) � u(tnk ; xnk + z)), so that lim infk!1 g�[u(tnk ; �)℄(xnk ) � 0. In the se
ond 
ase, forn large enough, v(tn; xn) = �u(tn; xn). Then (��n;�pn) 2 �Pu(tn; xn) and we 
an argue similarly, byusing the fa
t that u is a vis
osity supersolution of (3.12), to 
on
lude that we also have � � h(�(t)).5.3 Ideas for the proof of Theorem 3.2We need the following additional property on K�:t 2℄0;1[7! K�(t; �) 2 L1(RN ) is 
ontinuous. (5.1)This 
ontinuity is a 
onsequen
e of the regularity of K� and of the homogeneity property K�(t; x) =t�N=�K�(1; t�1=�x) whi
h shows that, if A is a 
ompa
t subset of ℄0;1[, then (K�(t; �))t2A is equi-integrable at in�nity (that is to say, for all " > 0, there exists R > 0 su
h that, for all t 2 A,RRNnBR jK�(t; x)j dx � ").The most diÆ
ult task in the proof of Theorem 3.2 is the regularity of the weak solutions. The key resultto prove this regularity is the following proposition.22



Proposition 5.2 Let � 2℄1; 2[, S > 0 and G : (t; x; �) 2℄0; S[�RN �RN ! G(t; x; �) 2 R be 
ontinuous;we suppose that �xG, ��G, ���xG and ����G exist and are 
ontinuous on ℄0; S[�RN � RN ; we alsosuppose that there exists ! :℄0;1[! R+ su
h that, for all L > 0, G and these derivatives are bounded on℄0; S[�RN �BL by !(L).Let R0 > 0 and R = (2 + K)R0 where K is given by (3.16). Then there exists T0 > 0 only depending on(�;R0; !) su
h that, if T = inf(S; T0) and V0 2 L1(RN )N satis�es jjV0jjL1(RN)N � R0, there exists aunique V 2 Cb(℄0; T [�RN )N bounded by R and su
h thatV (t; x) = K�(t; �) � V0(x) + Z t0 rK�(t� s; �) �G(s; �; V (s; �))(x) ds: (5.2)Moreover, �xV 2 C(℄0; T [�RN )N2 and, for all a 2℄0; T [, jj�xV jjCb(℄a;T [�RN)N2 � Ra�1=�.Sket
h of the proof of Proposition 5.2We de�ne ET = fV 2 Cb(℄0; T [�RN )N j t1=��xV 2 Cb(℄0; T [�RN )N2g and, for V 2 ET , �T (V ) as theright-hand side of (5.2).Thanks to (5.1), the �rst term K�(t; �) � V0(x) of �T (V ) is 
ontinuous in t uniformly with respe
t to x;sin
e, for t �xed, it is also 
ontinuous in x (it is the 
onvolution produ
t of an integrable fun
tion anda bounded fun
tion), it is 
ontinuous in (t; x). The se
ond term of �T (V ) is the 
onvolution produ
t inR�RN of the integrable fun
tion rK�(t; x)1℄0;T [(t) and the bounded fun
tion G(t; x; V (t; x))1℄0;T [(t): itis therefore 
ontinuous in (t; x). By Lemma 5.1 and (3.16), we have �x(K�(t; �)�V0)(x) = �xK�(t; �)�V0(x);sin
e V 2 ET , we 
an di�erentiate the se
ond term of �T (V ) under the integral sign to obtain�x�T (V )(t; x) = �xK�(t; �) � V0(x)+ Z t0 rK�(t� s; �) � ��xG(s; �; V (s; �)) + ��G(s; �; V (s; �))�xV (s; �)�(x) ds:For t0 > 0 and t > 0, we have �x(K�(t0+t; �)�V0)(x) = K�(t; �)�(�xK�(t0; �)�V0)(x), whi
h is 
ontinuousin (t; x) (same proof as the 
ontinuity of K�(t; �) � V0(x)); hen
e, the �rst term of �x�T (V ) is 
ontinuouson ℄0; T [�RN . The 
ontinuity the se
ond term is proved �rst by repla
ing �xV (s; �) with �xV (s; �)1[Æ;T [(s)(sin
e this fun
tion is bounded, the 
ontinuity is obtained as for the last term of (5.2)), and then by lettingÆ ! 0 (the 
onvergen
e is uniform in (t; x) 2 [t0; T [�RN for all t0 > 0).A simple appli
ation of (3.16) then allows to prove that, for T small enough, �T is 
ontra
ting fromthe ball in ET of radius R into itself, whi
h proves the existen
e of a solution to (5.2) in ET . Theuniqueness of the bounded solution 
omes from the fa
t that, if T is small, �T is 
ontra
ting on the ballin L1(℄0; T [�RN ) of radius R.The spatial regularity of any weak solution u to (3.1) is then quite easy. Indeed, from (3.15) and the fa
tthat u and ru are bounded, we see as in the proof above that u is 
ontinuous on ℄0; T [�RN ; moreover,the gradient of u satis�es (3.19) whi
h proves, still using the same te
hnique, that it is 
ontinuous. Sin
e(u;ru) 2 Cb(℄0; T [�RN ), these equations (3.19) 
an be written in the form of (5.2) (with G taking intoa

ount u); hen
e, Proposition 5.2 says that the se
ond spatial derivative of u is 
ontinuous on ℄0; T [�RNand bounded far from t = 0. We 
an also write an integral equation satis�ed by this se
ond derivative,provided that we begin at an initial time t0 > 0 instead of 0; this equation is of the kind (5.2). Anindu
tion pro
ess, using Proposition 5.2 on the su

essive equations satis�ed by the spatial derivatives ofu, then proves that (3.6) holds for spatial derivatives (all the regularities and bounds we obtain are lo
alin time, but sin
e the time span on whi
h they hold is 
ontrolled, we also obtain global bounds).To prove that u is di�erentiable w.r.t. t, we �rst noti
e that, if ' 2 C2b (RN ), then t 7! K�(t; �) � '(x) isderivable and ddt(K�(t; �) � '(x)) = �g�[K�(t; �) � '℄(x); this is quite obvious on (1.1) if ' 2 S(RN ) and
an be dedu
ed for general ' by a density argument (same te
hnique as in the proof of Proposition 2.1).With this result, it is possible to derivate (3.15), written at an initial time t0 > 0 and with initial datau(t0; �) 2 C2b (RN ), with respe
t to t (to derivate the integral term, we �rst repla
e it by R t�Æ0 and then23



let Æ ! 0); this proves that u satis�es (3.7). The spatial regularity of u and (2.1) then show that u isalso regular in time.The proof of (3.8) is immediate on (3.15) (the integral term tends to 0 in L1(RN ) as t ! 0, and sin
eu0 is bounded and uniformly 
ontinuous and (K�(t; �))t!0 is an approximate unit, K�(t; �) � u0 ! u0uniformly on RN as t! 0).The uniqueness i) and existen
e iii) in Theorem 3.2 are straightforward appli
ations of a 
ontra
ting �xedpoint on (3.15) in the spa
e fu 2 L1(℄0; T [�RN ) j ru 2 L1(℄0; T [�RN )Ng (the uniqueness is �rst lo
alin time, and 
an then be extented to any time interval in the same way global uniqueness for ODEs isproved).Referen
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AnnexesA A propos d'holomorphieA.1 Th�eor�eme d'holomorphie sous l'int�egraleLe th�eor�eme que nous utilisons pour prouver l'holomorphie des fon
tions intervenant dans (2.1) est lesuivant.Th�eor�eme A.1 Soit (X;A; �) un espa
e mesur�e et 
 un ouvert de C . Soit f : 
�X ! C telle que:� pour tout z 2 
, f(z; �) : X ! C est mesurable,� pour tout K 
ompa
t de 
, il existe gK 2 L1(X) telle que, pour presque tout x 2 X et pour toutz 2 K, jf(z; x)j � gK(x).� pour presque tout x 2 X, f(�; x) : 
! C est holomorphe.Alors F : z 2 
! RX f(z; x) d�(x) est holomorphe sur 
 et F 0(z) = RX �f�z (z; x) d�(x).Preuve du th�eor�eme A.1Soit z0 2 
 et B(z0; r) une boule 
ompa
te 
entr�ee en z0 et in
luse dans 
. Par le th�eor�eme de Cau
hy,on a, pour presque tout x 2 X et tout z 2 B(z0; r=2),�f�z (z; x) = 12i� Z�B(z0;r) f(w; x)w � z dwet don
 supz2B(z0;r=2) �����f�z (z; x)���� � 2gB(z0;r)(x):Le th�eor�eme des a

roissements �nis donne don
, pour presque tout x 2 X , lorsque h 2 B(0; r=2),����f(z0 + h; x)� f(z0; x)h ���� � 2gB(z0;r)(x):Puisque f(z0+h;x)�f(z0;x)h ! �f�z (z0; x) lorsque h ! 0, le th�eor�eme de 
onvergen
e domin�ee montre alorsque limh!0 F (z0 + h)� F (z0)h = ZX �f�z (z0; x) d�(x) ;
e qui 
on
lut la preuve.A.2 Zeros de la fon
tion �Par le th�eor�eme A.1, la fon
tion �(z) = R10 tz�1e�t dt est holomorphe sur C+ = fz 2 C j Re(z) > 0g.Nous d�esirons voir i
i, le plus simplement possible, qu'elle n'a pas de z�ero dans C+ .On 
ommen
e par rappeler la formule bien 
onnue: si on pose �(a; b) = R 10 �a�1(1� �)b�1 d� , alors, pourtous (a; b) 2 C+ , �(a)�(b) = �(a; b)�(a+ b): (A.1)Pour 
ela, on �e
rit, par Fubini:�(a)�(b) = �Z 10 ta�1e�t dt��Z 10 sb�1e�s ds� = ZR2+ ta�1sb�1e�(t+s) dtds:26



Les 
hangements de variables (u; v) = (t; t+ s) (de R2+ dans f(u; v) j 0 � u � vg) et u = v� donnent�(a)�(b) = Z 10 e�v Z v0 ua�1(v � u)b�1 dudv= Z 10 e�v Z 10 va�1vb�1�a�1(1� �)b�1 vd�dv= �Z 10 va+b�1e�v dv��Z 10 �a�1(1� �)b�1 d��
e qui 
on
lut la preuve de (A.1).Supposons que � ait un z�ero z0 2 C+ et prenons a 2℄0;Re(z0)[; alors b = z0 � a est valide dans (A.1) eton a don
 �(a)�(z0� a) = �(a; z0�a)�(z0) = 0. Comme a est r�eel stri
tement positif, �(a) 6= 0 et on end�eduit �(z0� a) = 0. Ce
i �etant vrai pour tout a 2℄0;Re(z0)[, on a prouv�e que � s'annule sur le segment℄i Im(z0); z0[ de C+ , 
e qui prouve par holomorphie de � qu'elle est nulle sur C+ en entier et nous donneune 
ontradi
tion.B Preuve du th�eor�eme 3.2La preuve de 
e th�eor�eme est totalement identique �a 
e qui est fait dans [17℄ et [14℄. Beau
oup de 
hosesqui apparaissent 
i-dessous sont des 
opi�es-
oll�es, ave
 des modi�
ation prin
ipalement syntaxiques, de[14℄.B.1 i): UniquenessLemma B.1 Let 0 � t0 < T , u0 2W 1;1(RN ) and assume that F satis�es (3.2). If u is a weak solutionto (3.1) on [0; T ℄, then u(t0 + �; �) is a weak solution to (3.1) on [0; T � t0℄ with u(t0; �) instead of u0 andF (t0 + �; �; �; �) instead of F .Proof of Lemma B.1The proof relies on the semi-group formula K�(t; �) �K�(t0; �) = K�(t + t0; �) (whi
h 
an be 
he
ked byFourier transform). By (3.15) we haveu(t0; �) = K�(t0; �) � u0 + Z t00 K�(t0 � s; �) � F (s; �; u(s; �);ru(s; �)) ds:Thanks to (3.16), we have jK�(t0� s; �) �F (s; �; u(s; �);ru(s; �))j � jjF (�; �; u;ru)jjL1(℄0;T [�RN) and thus,still using (3.16), we see that the fun
tion (s; y)! K�(t; x� y)K�(t0 � s; �) �F (s; �; u(s; �);ru(s; �))(y) isintegrable on ℄0; t0[�RN (x is �xed). Hen
e, by Fubini,K�(t; �) � u(t0; �) = K�(t0 + t; �) � u0 + Z t00 K�(t0 + t� s; �) � F (s; �; u(s; �);ru(s; �)) ds (B.1)We also have, for t 2℄0; T � t0[,Z t0 K�(t�s; �)�F (t0+s; �; u(t0+s; �);ru(t0+s; �)) ds = Z t0+tt0 K�(t0+ t��; �)�F (�; �; u(�; �);ru(�; �)) d�and thereforeK�(t; �) � u(t0; �) + Z t0 K�(t� s; �) � F (t0 + s; �; u(t0 + s; �);ru(t0 + s; �)) ds= K�(t0 + t; �) � u0 + Z t0+t0 K�(t0 + t� s; �) � F (s; �; u(s; �);ru(s; �)) ds= u(t0 + t; �) 27



whi
h proves the lemma.Theorem B.1 Let u0 2 W 1;1(RN ) and T > 0. There exists at most one weak solution to (3.1) on [0; T ℄in the sense of De�nition 3.1.Proof of Theorem B.1Step 1: we �rst prove a lo
al uniqueness result.Let T1 > 0 and u, v be weak solutions to (3.1) on [0; T1℄; let R su
h thatjjujjL1(℄0;T [�RN) � R ; jjvjjL1(℄0;T [�RN) � R ; jjrujjL1(℄0;T [�RN) � R ; jjrvjjL1(℄0;T [�RN) � R:By (3.15), (3.16) and (3.2), we have, for t 2℄0; T1[,jju(t; �)� v(t; �)jjL1(℄0;T1[�RN)� Z t0 jjF (s; �; u(s; �);ru(s; �))� F (s; �; v(s; �);rv(s; �))jjL1(RN) ds� CT;R;1 �jju� vjjL1(℄0;T1[�RN) + jjru�rvjjL1(℄0;T1[�RN)�T1: (B.2)As in the proof of Proposition 3.2, we 
an use Lemma 5.1 and (3.16) to derivate (3.15) under the integralsign and �ndru(t; x) = K�(t; �) � ru0(x) + Z T0 rK�(t� s; �) � F (s; �; u(s; �);ru(s; �))(x) dsand thus, subtra
ting the same equation satis�ed by rv,jjru(t; �)�rv(t; �)jjL1(RN)� Z t0 K1(t� s)�1=�jjF (s; �; u(s; �);ru(s; �))� F (s; �; v(s; �);rv(s; �))jjL1(RN)� CT;R;1(jju� vjjL1(℄0;T1[�RN) + jjru�rvjjL1(℄0;T1[�RN)) K1� 1� T 1� 1� (B.3)where K is given by (3.16). Adding (B.2) and (B.3), we 
on
lude that u = v provided thatCT;R;1T1 + CT;R;1 K11� 1� T 1� 1�1 < 1 ;i.e. that T1 is small enough.Step 2: proof of the uniqueness result.Let u and v be two weak solutions to (3.1) on [0; T ℄. By Step 1, u = v on ℄0; T1[�RN for some T1 > 0.Let T 0 = supft 2℄0; T [ j u = v on ℄0; t[�RN g � T1, and suppose that T 0 < T . By de�nition of T 0, andsin
e u and v are 
ontinuous on ℄0; T [�RN (see the end of subse
tion B.2.1), we have u(T 0; �) = v(T 0; �)on RN . By Lemma B.1, u(T 0 + �; �) and v(T 0 + �; �) are two weak solutions to (3.1) on [0; T � T 0℄ withthe same initial 
ondition u(T 0; �) = v(T 0; �) and F (T 0 + �; �; �; �) instead of F . Step 1 shows then thatu(T 0 + �; �) = v(T 0 + �; �) on ℄0; T 01[�RN for some T 01 > 0, whi
h is a 
ontradi
tion with the de�nition ofT 0.B.2 ii) : RegularityB.2.1 Spatial regularityWe need the following property on K�:t 2℄0;1[! K�(t; �) 2 L1(RN ) is 
ontinuous. (B.4)28



This is a 
onsequen
e of the regularity of K� and of K�(t; x) = t�N=�K�(1; t�1=�x) whi
h shows that,if A is a 
ompa
t subset of ℄0;1[, then (K�(t; �))t2A is equi-integrable at in�nity (that is to say, for all" > 0, there exists R > 0 su
h that, for all t 2 A, RRNnBR jK�(t; x)j dx � ").The key result to prove the regularity result of Theorem 3.2 is the following.Proposition B.1 Let S > 0 and G : (t; x; �) 2℄0; S[�RN � RN ! G(t; x; �) 2 R be 
ontinuous; wesuppose that �xG, ��G, ���xG and ����G exist and are 
ontinuous on ℄0; S[�RN �RN ; we also supposethat there exists ! :℄0;1[! R+ su
h that, for all L > 0, G and these derivatives are bounded on℄0; S[�RN �BL by !(L).Let R0 > 0 and R = (2 + K1)R0 where K is given by (3.16). Then there exists T0 > 0 only dependingon (R0; !) su
h that, if T = inf(S; T0) and V0 2 L1(RN )N satis�es jjV0jjL1(RN)N � R0, there exists aunique V 2 Cb(℄0; T [�RN )N bounded by R and su
h thatV (t; x) = K�(t; �) � V0(x) + Z t0 rK�(t� s; �) �G(s; �; V (s; �))(x) ds: (B.5)Moreover, �xV 2 C(℄0; T [�RN )N2 and, for all a 2℄0; T [, jj�xV jjCb(℄a;T [�RN)N2 � Ra�1=�.Proof of Proposition B.1The idea is to use a �xed point theorem. Let, for T 2℄0; S[, ET = fV 2 Cb(℄0; T [�RN )N j �xV 2C(℄0; T [�RN )N2 and t1=��xV 2 Cb(℄0; T [�RN )N2g, endowed with its natural norm jjV jjET = jjV jj1 +jjt1=��xV jj1. We de�ne 	T : Cb(℄0; T [�RN )N ! Cb(℄0; T [�RN )N by	T (V )(t; x) = K�(t; �) � V0(x) + Z t0 rK�(t� s; �) �G(s; �; V (s; �))(x) ds:We will see that 	T is well de�ned.Step 1: the �rst term of 	T (v) belongs to ET .By (B.4), the fun
tion (t; x) 2℄0;1[�RN ! K�(t; �) � V0(x) is 
ontinuous in t, uniformly for x 2 RN ;sin
e it is also 
ontinuous, for ea
h t 2℄0;1[, with respe
t to x (it is the 
onvolution of an integrablefun
tion and a bounded fun
tion), we dedu
e that it is 
ontinuous with respe
t to its both variables.Young's inequality also gives, with (3.16),jjK�(t; �) � V0jjL1(RN)N � jjV0jjL1(RN)N (B.6)By Lemma 5.1 and (3.16), we see that �x(K�(t; �) � V0)(x) = �xK�(t; �) � V0(x). For all t0 > 0 andt > 0, we have �xK�(t0 + t; �) = �x(K�(t; �) �K�(t0; �)) = K�(t; �) � �xK�(t0; �) (this is still Lemma 5.1,sin
e K�(t; �) is bounded as the Fourier transform of an integrable fun
tion). Hen
e, �x(K�(t0 + �; �) �V0) = K�(�; �) � (�xK�(t0; �) � V0) is 
ontinuous on ℄0;1[�RN (this is proved as at the beginning of thestep, repla
ing V0 by �xK�(t0; �) � V0 2 L1(RN )). Sin
e this is true for all t0 > 0, we dedu
e that(t; x)! �x(K�(t; �) � V0)(x) is 
ontinuous on ℄0;1[�RN . With (3.16), we �ndjj�x(K�(t; �) � V0)jjL1(RN)N2 � Kt�1=�jjV0jjL1(RN)N : (B.7)This proves that (t; x) 2℄0; T [�R ! K�(t; �) � V0(x) belongs to ET .Step 2: if V 2 ET , the se
ond term of 	T (V ) belongs to ET .De�neZ(t; x) = Z t0 rK�(t� s; �) �G(s; �; V (s; �))(x) ds = Z t0 ZRN rK�(t� s; y)G(s; x � y; V (s; x� y)) ds dy:29



If we let f(t; x) = rK�(t; x)1℄0;T [(t) 2 L1(R � RN ) (see (3.16)) and g(t; x) = G(t; x; V (t; x))1℄0;T [(t) 2L1(R�RN ) (see the hypotheses on G), then Z = f ?g on ℄0; T [�RN , where ? is the 
onvolution produ
tin R � RN . Sin
e f ? g is 
ontinuous (it is the 
onvolution of an integrable fun
tion and a boundedfun
tion), we dedu
e that Z is 
ontinuous on ℄0; T [�RN and thatjjZjjL1(℄0;T [�RN)N � jjf jjL1 jjgjjL1 � KT 1� 1�1� 1� jjG(�; �; V (�; �))jjL1(℄0;T [�RN): (B.8)Let t 2℄0; T [ and s 2℄0; t[. The fun
tion x 2 RN ! G(s; x; V (s; x)) is in C1b (RN ). We 
an thus di�erentiateunder the integral sign to see that rK�(t � s; �) � G(s; �; V (s; �)) is C1 with derivative rK�(t � s; �) �(�xG(s; �; V (s; �)) + ��G(s; �; v(s; �))�xV (s; �)). Moreover, for all x 2 RN ,jrK�(t� s; �) � (�xG(s; �; V (s; �)) + ��G(s; �; V (s; �))�xV (s; �))(x)j� Kjj�xG(�; �; V (�; �))jj1(t� s)1=� + Kjj��G(�; �; V (�; �))jj1jjV jjETs1=�(t� s)1=� : (B.9)This last fun
tion is integrable with respe
t to s 2℄0; t[, and we 
an thus apply the theorem of derivationunder the integral sign to see that�xZ(t; x) = Z t0 rK�(t� s; �) � (�xG(s; �; V (s; �)) + ��G(s; �; v(s; �))�xV (s; �))(x) ds: (B.10)If �xV was bounded, the 
ontinuity of �xZ would be as simple as the 
ontinuity of Z. We thus approximate�xV by bounded fun
tions to 
on
lude. Take 0 < Æ < T and de�ne WÆ 2 L1(℄0; T [�RN )N byWÆ(t; x) = �xG(t; x; V (t; x)) + ��G(t; x; V (t; x))�xV (t; x)1[Æ;T [(t):Denoting AÆ(t; x) = R t0 rK�(t�s; �)�WÆ(s; �)(x) ds, (B.10) allows to see that, for all t0 2℄0; T [, AÆ ! �xZuniformly on [t0; T [�RN as Æ ! 0; sin
e AÆ is 
ontinuous on ℄0; T [�RN (same proof as the 
ontinuity of Z,sin
e �xV (t; x)1[Æ;T [(t) is bounded), we dedu
e that �xZ is 
ontinuous on ℄0; T [�R. Moreover, by (B.10)and (B.9) and the 
hange of variable s = t� in the integrals on ℄0; t[, we have, for all (t; x) 2℄0; T [�RN ,j�xZ(t; x)j � C0K �jj�xG(�; �; V (�; �))jj1t1� 1� + jj��G(�; �; V (�; �))jj1jjV jjET t1� 2�� (B.11)where C0 = max(R 10 (1� �)�1=� d�; R 10 ��1=�(1� �)�1=� d�), whi
h proves that Z 2 ET .If V0 is bounded by R0 and V is bounded by R, the properties of G and (B.6), (B.7), (B.8) and (B.11)give jj	T (V )jjET � R0 +KR0 + K1� 1� T 1� 1�!(R) + C0K!(R)�T + T 1� 1� jjV jjET� : (B.12)Step 3: �xed point.Let R = (2 + K)R0 > (1 + K)R0. We denote, for T > 0, BT (R) the 
losed ball in ET of 
enter 0 andradius R. Let T0 > 0 be su
h thatR0 +KR0 + K1� 1� T 1� 1�0 !(R) + C0K!(R)�T0 + T 1� 1�0 R� � R (B.13)KT 1� 1�01� 1� !(R) +K!(R)� T01� 1� + C0T 1� 1�0 R+ C0T 1� 1�0 � < 1 (B.14)(by de�nition of R, su
h a T0 exists and only depends on (R0; !)).30



Let T = inf(S; T0). Take V0 2 L1(RN )N bounded by R0. Thanks to (B.12) and (B.13), 	T sends BT (R)into BT (R). Let (U; V ) 2 BT (R). U and V are bounded by R and we have thus, for all (t; x) 2℄0; T [�RN ,by (3.16) and the properties of G,j	T (U)(t; x) �	T (V )(t; x)j � KT 1� 1�1� 1� !(R)jjU � V jj1: (B.15)By (B.10) and the properties of G, we also have, for all (t; x) 2℄0; T [�RN ,t1=�j�x	T (U)(t; x)� �x	T (V )(t; x)j� K!(R)� T1� 1� + C0T 1� 1� jjU jjET + C0T 1� 1�� jjU � V jjET : (B.16)The properties (B.15), (B.16) and (B.14) ensure that 	T is 
ontra
ting on BT (R). Therefore, 	T hasa unique �xed point V in BT (R); V is a 
ontinuous and bounded solution to (B.5) su
h that �xVexists and is 
ontinuous on ℄0; T [�RN . Moreover, sin
e V 2 BT (R), we have, for all a 2℄0; T [ and all(t; x) 2℄a; T [�RN , j�xV (t; x)j � t�1=�jjV jjET � a�1=�R, whi
h is the estimate on �xV stated in theproposition.The inequalities (B.15) and (B.14) ensure that 	T is 
ontra
ting on the ball in Cb(℄0; T [�R) of 
enter0 and radius R (noti
e that (B.15) only demands that U and V be bounded by R, nothing on theirgradients). Thus, 	T 
an have only one �xed point in this ball, whi
h is the uniqueness result of theproposition.We prove now the spatial regularity of the weak solutions.Theorem B.2 Let u0 2 W 1;1(RN ) and F satisfy (3.2). If u is a weak solution to (3.1) on [0; T ℄,then u is in�nitely derivable in spa
e and all its spatial derivatives are in C(℄0; T [�RN ). Moreover, ifa 2℄0; T [ and M � jjujjL1(℄0;T [�RN)+ jjrujjL1(℄0;T [�RN), then all the spatial derivatives of u are boundedon ℄a; T [�RN by 
onstants only depending on a, M and the 
onstants in Hypothesis (3.2).In the following proof, we do not expli
itely indi
ate the dependen
e on the 
onstants in Hypothesis (3.2),but any real number whi
h depends on M also depends on these 
onstants.Proof of Theorem B.2Noti
e �rst that u is 
ontinuous on ℄0; T [�RN . This 
an be seen on (3.15) by the same te
hnique as inthe �rst two steps of the proof of Proposition B.1 (with rK�(t� s; �) repla
ed by K�(t� s; �)).We now prove by indu
tion on n that: for all � 2 NN of length less or equal to n, ��xru exists,is 
ontinuous on ℄0; T [�RN and bounded on ℄a; T [�RN by C(a;M; n) (for all a 2℄0; T [), that, for allt0 2℄0; T [ and t 2℄0; T � t0[,��xru(t0 + t; x) = K�(t; �) � ��xu(t0; �)+ Z t0 rK�(t� s; �) � ��x (F (t0 + s; �; u(t0 + s; �);ru(t0 + s; �)))(x) ds (B.17)and that ��x (F (t; �; u(t; �);ru(t; �)))(x) = (1� Æn;0)��F (t; x; u(t; x);ru(t; x))��xru(t; x)+Æn;0F (t; x; u(t; x);ru(t; x)) + Fn(t; x; (��xu)j�j�n) (B.18)where Æn;0 is Kr�one
ker's symbol, F0 = 0 and, for n � 1, Fn is regular and has all its derivatives boundedon ℄0; T [�RN �BR for all R > 0. 31



The 
ase n = 0 is quite simple. Indeed, we easily see that r(K�(t; �) � u0) = K�(t; �) � ru0 (sin
e u0 isonly derivable a.e., we 
annot dire
tly use a derivation under the integral sign but, sin
e it is Lips
hitz
ontinuous, we 
an use the de�nition of the derivative and the dominated 
onvergen
e theorem); thanksto Lemma 5.1 and (3.16), we 
an then derivate the se
ond term of (3.15) under the integral sign, andwe �nd (B.17) for � = 0 and t0 = 0 (whi
h gives the 
ontinuity of ru as in Steps 1 and 2 in the proofof Proposition B.1). The dedu
tion of this formula for any t0 2℄0; T [ is made exa
tly as in the proof ofLemma B.1. We also have the simple bound jjrujjL1(℄0;T [�RN) �M and (B.18) with F0 = 0.We now assume the indu
tion hypothesis up to rank n and we prove it at the rank n+1; let �0 of lengthn+ 1 and write ��0x = ��x �i with � of length n. Let b0 2℄0; T [ and b 2℄b0; T [; de�neG(t; x; �) = (1� Æn;0)��F (b+ t; x; u(b+ t; x);ru(b+ t; x))�+Æn;0F (b+ t; x; u(b+ t; x); �) + Fn(b+ t; x; (��xu(b+ t; x))j�j�n)By indu
tion hypothesis, G satis�es the hypotheses of Proposition B.1 with ! only depending on b0, Mand n (if n = 0, we have an estimate on ru and, if n � 1, we have estimates on �xru). We also havejj��xrujjL1(℄b0;T [�RN) � R0 with R0 only depending on b0, M and n. Take T0 only depending on (R0; !)(that is to say on b0, M and n) given by Proposition B.1.The fun
tion ��xru(b+ �; �) is 
ontinuous, bounded by R0 � (2+K)R0 and, by (B.17) at rank n, satis�es(B.5) with V0 = ��xu(b; �) (whi
h is bounded by R0) and the pre
eding G. Hen
e, by Proposition B.1,�i��xru exists, is 
ontinuous and bounded by (2+K)R0a�1=� on ℄b+a; inf(T; b+T0)[�RN ; this is true forall b 2℄b0; T [ and all a 2℄0; inf(T � b; T0)[. Sin
e T0 does not depend on a or b, taking t0 2℄0; T [, b0 = t0=2and a = inf(t0=2; T0=2) < T � b0, we noti
e that the intervals f℄b + a; inf(T; b + T0)[ ; b 2℄b0; T � a[g
over ℄b0+a; T [�℄t0; T [ and we dedu
e that, for all i 2 [1; N ℄, �i��xru has the regularity and satis�es theestimates we wanted to obtain.We dedu
e then Formula (B.18) at rank n+1 by derivating this formula at rank n; we also prove (B.17)at rank n+ 1 by derivating it, under the integral sign, at rank n. These derivations are possible thanksto the regularity we have just proved on �i��xru.B.2.2 Temporal regularityProposition B.2 If ' 2 C2b (RN ) then, for all x 2 RN , t 2℄0;1[! K�(t; �) � '(x) is derivable and, forall t > 0, we have ddt (K�(�; �) � '(x))(t) = �g�[K�(t; �) � '℄(x).Proof of Proposition B.2We noti
e that g�[K�(t; �) � '℄ makes sense sin
e K�(t; �) � ' 2 C2b (RN ).Suppose �rst that ' 2 S(RN ). The fun
tions K�(t; �) and ' are integrable on RN , so, by de�nition of K�,K�(t; �)�' = F�1(e�tj�j�F(')). A derivation under the integral sign shows that t 2℄0;1[! K�(t; �)�'(x)is C1 and that, for all t > 0 and all x 2 RN ,ddt (K�(�; �) � '(x))(t) = �F�1(j � j�e�tj�j�F('))(x) = �F�1(j � j�F(K�(t; �) � '))(x) (B.19)Sin
e ' 2 S(RN ) and K�(t; �) 2 L1(RN ), we haveK�(t; �)�' 2 W1;1(RN ); there exists thus  n 2 S(RN )su
h that  n ! K�(t; �) � ' in W1;1(RN ); it is then obvious that, for all k � 0,j � j2kF( n) = (�4�2)�kF(�k n) �! (�4�2)�kF(�k(K�(t; �) � ')) = j � j2kF(K�(t; �) � ')in L1(RN ). We dedu
e that j � j�F( n)! j � j�F(K�(t; �) �') in L1(RN ); thus, applying (1.1) to  n andpassing to the limit n!1, we see that it also holds with K�(t; �) � ' intead of ', and (B.19) 
on
ludesthe proof for ' 2 S(RN ).Take now ' 2 C2b (RN ). We 
an �nd a sequen
e ('n)n�1 2 S(RN ) whose derivatives up to order 2 arebounded in L1(RN ) and lo
ally uniformly 
onverge to the 
orresponding derivatives of '. Fix x0 2 RN32



and de�ne 
n(t) = K�(t; �) � 'n(x0). Sin
e K�(t; �) is integrable, we have 
n(t)! K�(t; �) � '(x0) for allt > 0. We know that 
 is derivable with 
0n(t) = �g�[K�(t; �) � 'n℄(x0).The sequen
e (K�(t; �) �'n)t>0 ; n�1 is bounded in L1(RN ) (see (3.16)). Let us study the 
onvergen
e of�2x(K�(t; �) � 'n) = K�(t; �) �D2'n to �2x(K�(t; �) � ') = K�(t; �) �D2'; we write, for jxj � R and r > 0,jK�(t; �) �D2'n(x)�K�(t; �) �D2'(x)j� ZBr K�(t; y)jD2'n(x� y)�D2'(x� y)j dy+�jjD2'jjL1(RN) + supn�1 jjD2'njjL1(RN)�ZRNnBr K�(t; y) dy� jjD2'n �D2'jjL1(Br+R) (B.20)+�jjD2'jjL1(RN) + supn�1 jjD2'njjL1(RN)�ZRNnBr K�(t; y) dy: (B.21)For A 
ompa
t subset of ℄0;1[, (K�(t; �))t2A is 
ompa
t in L1(RN ) (see (B.4)) and thus (B.21) issmall, uniformly for t 2 A, if r is large; with r �xed, (B.20) is small if n is large. This shows that�2x(K�(t; �) � 'n) ! �2x(K�(t; �) � ') as n ! 1, lo
ally uniformly with respe
t to t 2℄0;1[ and x 2 RN .Hen
e, as in the proof of Proposition 2.1, we see that g�[K�(t; �) �'n℄! g�[K�(t; �) �'℄ lo
ally uniformlywith respe
t to x 2 RN and t 2℄0;1[ (when reprodu
ing the proof of this proposition with K�(t; �) �'n,all the bounds do not depend on t provided that it is in a 
ompa
t subset of ℄0;1[).In parti
ular, this proves that 
0n(t) ! �g�[K�(t; �) � '℄(x0) lo
ally uniformly for t 2℄0;1[; we dedu
ethat K�(t; �) � '(x0) is derivable with respe
t to t 2℄0;1[, with derivative �g�[K�(t; �) � '℄(x0).Proposition B.3 If ' :℄0; T [�RN ! R has its spatial derivatives up to order 2 
ontinuous and boundedthen, for all x 2 RN , t 2℄0; T [! Z t0 K�(t� s; �) � '(s; �)(x) dsis derivable andddt Z t0 K�(t� s; �) � '(s; �)(x) ds = '(t; x) � g� �Z t0 K�(t� s; �) � '(s; �) ds� (x):Proof of Proposition B.3Let Æ0 2℄0; T [ and Æ 2℄0; Æ0[. For t 2℄Æ0; T [, de�ne ZÆ(t) = R t�Æ0 K�(t� s; �) �'(s; �)(x) ds. We also de�neZ(t) = R t0 K�(t � s; �) � '(s; �)(x) ds. We have jZÆ(t) � Z(t)j � Æjj'jjL1(℄0;T [�RN) ds, so that ZÆ ! Zuniformly on ℄Æ0; T [ as Æ ! 0.The fun
tion � : (t; s) 2 f(t0; s0) 2℄Æ; T [�℄0; T [ j s0 < t0� Æ=2g ! K�(t� s; �)�'(s; �)(x) is 
ontinuous (use(B.4)) and bounded. By Proposition B.2, � is derivable with respe
t to t and �t�(t; s) = �g�[K�(t �s; �) � '(s; �)℄(x). By (3.16) and the hypothesis on ',(s; x) 2℄0; t[�RN ! K�(t� s; �) � '(s; �) and its spatial derivatives up to order 2are 
ontinuous and bounded on ℄0; t[�RN , independently of t 2℄0; T [ (B.22)(to prove the 
ontinuity, we write jjK�(t0� s0; �) �'(s0; �)�K�(t� s; �) �'(s; �)jjL1(RN) � jjK�(t0� s0; �)�K�(t� s; �)jjL1(RN)jj'jj1 + jjK�(t� s; �) � ('(s0; �)� '(s; �))jjL1(RN), then we use (B.4) on the �rst termand the te
hnique in the proof of Proposition B.2 on the se
ond term). Hen
e, by 
ontinuity under theintegral sign on (2.1), �t� is 
ontinuous and bounded. These properties show that ZÆ is derivable on℄Æ0; T [ and that Z 0Æ(t) = K�(Æ; �) � '(t� Æ; �)(x)� Z t�Æ0 g�[K�(t� s; �) � '(s; �)℄(x) ds:33



Sin
e ' is 
ontinuous bounded and (K�(Æ; �))Æ!0 is an approximate unit, we see that, as Æ ! 0, K�(Æ; �)�'(t � Æ; �)(x) ! '(t; x) uniformly with respe
t to t 2℄Æ0; T [. (B.22) and (2.1) show that the fun
tion(s; x) 2℄0; t[�RN ! g�[K�(t � s; �) � '(s; �)℄(x) is bounded independently of t 2℄Æ0; T [. We dedu
e thatZ 0Æ uniformly 
onverges on ℄Æ0; T [ toY : t 2℄0; T [! '(t; x) � Z t0 g�[K�(t� s; �) � '(s; �)℄(x) ds:Sin
e this is true for all Æ0 2℄0; T [, this proves that Z is derivable on ℄0; T [ with Z 0 = Y . Thanks to(B.22), Fubini's Theorem givesZ t0 g�[K�(t� s; �) � '(s; �)℄(x) ds = g� �Z t0 K�(t� s; �) � '(s; �) ds� (x) ;whi
h 
on
ludes the proof of the proposition.We 
an now 
on
lude the proof of ii) in Theorem 3.2. We already know that u is regular in spa
e(with estimates on its spatial derivatives far from t = 0). By Lemma B.1, for all a 2℄0; T [, we have, on℄0; T � t0[�RN ,u(a+ t; x) = K�(t; �) � u(a; �)(x) + Z t0 K�(t� s; �) � F (a+ s; �; u(a+ s; �);ru(a+ s; �))(x) ds:Hen
e, by the regularity already known on u, Propositions B.2 and B.3 show that u is derivable withrespe
t to t and that�tu(a+ t; x) = �g�[K�(t; �) � u(a; �)℄(x) + F (a+ t; x; u(a+ t; x);ru(a+ t; x))�g� �Z t0 K�(t� s; �) � F (a+ s; �; u(a+ s; �);ru(a+ s; �)) ds� (x)= F (a+ t; x; u(a+ t; x);ru(a+ t; x))� g�[u(a+ t; �)℄(x):This proves (3.7). Sin
e all the spatial derivatives of u(a + �; �) are 
ontinuous and bounded on ℄0; T �a[�RN , some derivations under the integral sign on (2.1) show that the same holds for g�[u(a+ �; �)℄; anindu
tion allows then to dedu
e (3.6).To obtain (3.8), we use (3.15) to write, sin
e u and ru are bounded,jju(t; �)�K�(t; �) � u0jjL1(RN) � tjjF (�; �; u;ru)jjL1(℄0;T [�RN) ! 0 as t! 0 ;and we 
on
lude by noti
ing that, sin
e u0 is bounded and uniformly 
ontinuous, K�(t; �) � u0 ! u0uniformly on RN as t! 0 ((K�(t; �))t!0 is an approximate unit).B.3 iii) : Lo
al existen
eTheorem B.3 Let u0 2W 1;1(RN ) and F satisfy (3.2). If M � jju0jjW 1;1(RN) then there exists T > 0,only depending on M and the 
onstants in Hypothesis (3.2), su
h that a weak solution to (3.1) on [0; T ℄exists and satis�es: jjujjL1(℄0;T [�RN) + jjrujjL1(℄0;T [�RN) �M + 1.Proof of Theorem B.3Let T � 1, ET = fu 2 L1(℄0; T [�RN ) j ru 2 L1(℄0; T [�RN )g and 	T : E ! E de�ned by	T (u)(t; x) = K�(t; �) � u0(x) + Z t0 K�(t� s; �) � F (s; �; u(s; �);ru(s; �))(x) ds:We simultaneously prove that 	T is well de�ned and obtain estimates on this operator.34



Sin
e u0 2 L1(RN ), (3.16) shows that the fun
tion (t; x) ! K�(t; �) � u0(x) belongs to L1(℄0; T [�RN )and that jjK�(t; �) � u0jjL1(RN) � jju0jjL1(RN). If u 2 ET and jjujjET � R, then F (�; �; u(s; �);ru(s; �))is bounded by C1;R;0 (the 
onstant appearing in (3.2) | re
all that T � 1); hen
e, still using (3.16), wesee that 	T (u) 2 L1(℄0; T [�RN ) and that, for u 2 ET bounded in this spa
e by R,jj	T (u)jjL1(℄0;T [�RN) � jju0jjL1(RN) + TC1;R;0: (B.23)Sin
e u0 2W 1;1(RN ), we have r(K�(t; �) � u0) = K�(t; �) � ru0 2 L1(RN ) andjjr(K�(t; �) � u0)jjL1(RN) � jjru0jjL1(RN):As in the proof of Proposition 3.2, Lemma 5.1 and (3.16) show thatr�Z t0 K�(t� s; �) � F (s; �; u(s; �);ru(s; �)) ds� = Z t0 rK�(t� s; �) � F (s; �; u(s; �);ru(s; �)) ds:Thus, 	T (u) 2 ET and, if jjujjET � R,jjr	T (u)jjL1(℄0;T [�RN) � jjru0jjL1(RN) + T 1� 1�1� 1� C1;R;0: (B.24)If (u; v) 2 ET are bounded in this spa
e by R, we have, on ℄0; T [�RN ,jF (�; �; u;ru)� F (�; �; v;rv)j � C1;R;1ju� vj+ C1;R;1jru�rvj � 2C1;R;1jju� vjjETHen
e, if jjujjET � R and jjvjjET � R,jj	T (u)�	T (v)jjET � 2C1;R;1jju� vjjET T + 2C1;R;1jju� vjjET T 1� 1�1� 1� : (B.25)Let M � jju0jjW 1;1(RN) and 
hoose T > 0 su
h thatM + TC1;M+1;0 + T 1� 1�1� 1� C1;M+1;0 �M + 1 (B.26)2C1;M+1;1T + 2C1;M+1;1T 1� 1�1� 1� < 1: (B.27)Su
h a 
hoi
e of T only depends on M and the 
onstants in (3.2). Let BET (M + 1) be the ball in ET of
enter 0 and radius M + 1. By (B.23), (B.24) and (B.26), 	T sends BET (M + 1) into itself; by (B.25)and (B.27), it is stri
tly 
ontra
ting on BET (M +1). Hen
e, 	T has a �xed point in BET (M +1), whi
h
on
ludes the proof of the theorem.C Constru
tion de la solution globale, une fois les estimationsprouv�eesUne fois les estimations (3.9) et (3.10) obtenues pour les solutions faibles sur [0; T ℄ de (3.1), la preuve del'existen
e d'une solution sur [0;1[ est standard.Soit (ui)i2I l'ensemble des solutions faibles de (3.1); 
haque ui est solution sur un 
ertain intervalle [0; Ti℄.Soit T = supi2I Ti. Par i) dans le th�eor�eme 3.2, on a ui = uj sur ℄0; inf(Ti; Tj)[�RN ; on peut don
 d�e�niru :℄0; T [�RN ! R par: pour tout i 2 I , u℄0;Ti[�RN = ui. La fon
tion u est solution faible de (3.1) sur35



[0; Ti℄ pour tout i 2 I (et v�eri�e don
 (3.6)|(3.8) sur 
ha
un de 
es intervalles); il suÆt de montrer queT = +1 pour 
on
lure.Supposons T <1. On 
ommen
e par 
onstater que F satisfait (3.3) et (3.4) ave
, au lieu de �T et �T;R,e�T (a) = � �T (a) si T � T ;�T (a) si T > T et e�T;R(a) = � �T ;R(a) si T � T ;�T;R(a) si T > T :Pour tout i 2 I et t < Ti, par (3.9) on a don
jju(t; �)jjL1(RN) � ( eLTi )�1 �t+ eLTi(jju0jjL1(RN))�ave
 eLTi(a) = R a0 1e�Ti (b) db = R a0 1�T (b) db = LT (a) puisque Ti � T . Ainsi, pour tout i 2 I et t < Ti,jju(t; �)jjL1(RN) � (LT )�1 �t+ LT (jju0jjL1(RN))� � (LT )�1 �T + LT (jju0jjL1(RN))� =: R1:Par le même raisonnement en partant de (3.10), et puisque R1 � jjujjL1(℄0;Ti[�RN) pour tout i 2 I , on a,lorsque i 2 I et t < Ti,jjDu(t; �)jjL1(RN) � (GT ;R1)�1 �T + GT ;R1(jjDu0jjL1(RN))� =: R2:Les fon
tions (F (�+ �; �; �; �))�2[0;T ℄ v�eri�ent (3.2) ave
 des 
onstantes ind�ependantes de � 2 [0; T ℄ (il suÆtde prendre les 
onstantes 
orrespondant �a F et d'ajouter T �a leur premier argument). Soit T 0 > 0 donn�epar iii) dans le th�eor�eme 3.2 pour 
es 
onstantes et M = R1 + R2. Prenons t0 2℄T � T 0; T [; il existeTi > t0 et don
 jju(t0; �)jjW 1;1(RN) �M . On peut alors 
onstruire une solution faible v �a (3.1) sur [0; T 0℄ave
 u(t0; �) 
omme 
ondition initiale et F (t0+ �; �; �; �) au lieu de F . Puisque u(t0+ �; �) est solution faiblede 
e même probl�eme sur [0; T � t0[ (voir le lemme B.1), on a u(t0 + �; �) = v sur ℄0; T � t0[ et on peutdon
 d�e�nir eu :℄0; t0 + T 0[�RN ! R par: eu = u sur ℄0; T [�RN et eu = v(� � t0; �) sur ℄t0; t0 + T 0[�RN . Ilest ais�e de voir que eu est une solution faible de (3.1) sur [0; t0 + T 0℄: pour tout t 2℄t0; t0 + T 0[, on �e
ritZ t0 K�(t� s; �) � F (s; �; eu(s; �);reu(s; �)) ds= Z t00 K�(t� s; �) � F (s; �; u(s; �);ru(s; �)) ds+ Z tt0 K�(t� s; �) � F (s; �; v(s� t0; �);rv(s � t0; �)) ds= Z t00 K�(t� s; �) � F (s; �; u(s; �);ru(s; �)) ds+ Z t�t00 K�(t� t0 � s; �) � F (t0 + s; �; v(s; �);rv(s; �)) ds= Z t00 K�(t� s; �) � F (s; �; u(s; �);ru(s; �)) ds+ v(t� t0)�K�(t� t0; �) � u(t0; �)= Z t00 K�(t� s; �) � F (s; �; u(s; �);ru(s; �)) ds+ eu(t)�K�(t� t0; �) � u(t0; �)et on utilise (B.1). Cette solution est don
 un des ui pr�e
�edemment 
onsid�er�es, et on doit avoir t0+T 0 � T ,
e qui est la 
ontradi
tion re
her
h�ee.D Notes sur la preuve du th�eor�eme 4.2D.1 i): Uni
it�eLe pendant du lemme B.1 pour les solutions faibles de (4.1) est valide et se d�emontre de la même mani�ere:la pr�esen
e du terme rK� ne g�ene absolument pas, puisqu'il a suÆsament de propri�et�es d'int�egrabilit�e.36



L'uni
it�e de la solution faible se prouve alors 
omme le th�eor�eme B.1; 
'est même en un sens plus fa
ile(il n'est pas n�e
essaire d'estimer l'�e
art entre le gradient des solutions), même si la pr�esen
e de rK�
omplique les 
hoses d'un autre 
ôt�e (l'estimation (B.2) sur jju(t; �) � v(t; �)jj1 ne fait pas intervenirqu'un terme en T1, mais aussi un terme en T 1�1=�1 ).D.2 ii): R�egularit�eIl faut 
ommen
er par 
iter un �equivalent de la proposition B.1 lorsque l'on rajoute un terme de laforme R t0 K�(t � s; �) �H(s; �; V (s; �))(x) ds �a (B.5). La preuve n'est pas plus 
ompliqu�ee que 
elle de laproposition originelle puisque 
e terme ajout�e est plus sympathique que le terme en rK� d�ej�a pr�esentdans (B.5).A partir de 
e r�esultat, on voit immediatement qu'une solution faible u de (4.1) est C1b en espa
e d�esque t > 0. On �e
rit alors (4.7) �a partir d'un t0 > 0 (grâ
e �a l'�equivalent du lemme B.1) et on a assez der�egularit�e sur u pour transformer 
ette expression enu(t0 + t; x) = K�(t; �) � u(t0; �)(x)+ Z t0 K�(t� s; �) � "h(t0 + s; �; u(t0 + s; �))� NXi=1 �xifi(t0 + s; �; u(t0 + s; �))��sf(t0 + s; �; u(t0 + s; �)) � ru(t0 + s; �)#(x) dsLa fon
tion u(t0 + �; �) est don
 solution faible d'un probl�eme (3.1) ave
 u0 = u(t0; �) 2 C1b (RN ) et F quiv�eri�e (3.2). Le th�eor�eme 3.2 nous donne alors toute la r�egulari�e voulue sur u, et nous montrer qu'ellev�eri�e son EDP au sens 
lassique.Il reste �a voir (4.6), 
e qui est assez �evident: on a, par (4.7) et en utilisant le fait que u est born�ee,jju(t; �)�K�(t; �) � u0jjL1(RN) � Ct1� 1� + Ct! 0 lorsque t! 0 ;et, puisque (K�(t; �))t!0 est une approximation de l'unit�e, K�(t; �) � u0 ! u0 dans L1(RN ) faible-�.D.3 iii): Existen
e lo
aleLa preuve est similaire �a 
elle du th�eor�eme 3.2, sauf que l'on fait un point �xe sur (3.15) dans l'espa
eL1(℄0; T [�RN ) pour T assez petit.E Solutions de Vis
osit�eCette partie 
orrespond �a l'extra
tion/adaptation des d�e�nitions et r�esultats de [17℄ n�e
essaires i
i.E.1 Sous-gradientsD�e�nition E.1 Soit u :℄0; T [�RN ! R semi-
ontinue sup�erieurement. On dit que (�; p) 2 �Pu(t; x) (lesur-gradient de u en (t; x)) s'il existe r > 0 et � > 0 tels que, pour y 2 Br(x) et js� tj � r,u(s; y) � u(t; x) + �(s� t) + p � (y � x) + �jy � xj2 + o(s� t):On d�e�nit, de mani�ere similaire, le sous-gradient de u semi-
ontinue inf�erieurement et on a �Pu(t; x) =��P (�u)(t; x). Nous allons prouver un r�esultat 
on
ernant les sur-gradients des semi-limites relax�ees;avant 
ela, un lemme te
hnique est n�e
essaire. 37



Lemme E.1 Soit f : [�r; r℄ ! R+ telle que f(t) = o(t) en 0. Il existe h 2 C1([�r; r℄) telle queh(0) = h0(0) = 0 et h(t) > f(t) si t 6= 0.Preuve du lemme E.1On �etend f en dehors de [�r; r℄ et on pose ~f(t) = supjsj�t f(s) + jtj2. La fon
tion ~f est paire, 
roissantesur R+ , stri
tement sup�erieure �a f sur Rnf0g et 
'est un o(t) en 0.On prend � 2 C1
 (℄0; 1[) positive d'int�egrale 1, on pose �t(s) = 1t �( st ) et on d�e�nit, pour t > 0,h(t) = ~f � �t(t) = Z 10 ~f(s)�t(s� t) ds = 1t Z 10 ~f(s)��s� tt � ds: (E.1)On voit que h est C1 sur ℄0;1[ (� est r�eguli�ere et ~f est born�ee). De plus, 
omme ~f est 
roissant,h(t) = 1t Z 2tt ~f(s)��s� tt � ds � 1t Z 2tt ~f(t)��s� tt � ds = ~f(t) > f(t)(rappelons que � est d'int�egrale 1) et, de même, h(t) � ~f(2t) (
e qui prouve que h se prolonge par
ontinuit�e en t = 0 par 0). Par d�erivation sous l'int�egrale, on addt Z 10 ~f(s)��s� tt � ds = Z 10 ~f(s) ddt��st � 1� ds = Z 10 ~f(s)�0 �st � 1� �st2 ds:Or �0( st � 1) 6= 0 uniquement lorsque s 2℄t; 2t[, auquel 
as st2 est major�e par 2t ; ainsi,���� ddt Z 10 ~f(s)��s� tt � ds���� � Ct Z 2tt ~f(s) ds � C ~f(2t): (E.2)(E.1) et (E.2) montrent ainsi que h0 est major�ee parCt2 Z 10 ~f(s)��st � 1� ds+ Ct ~f(2t) � 2Ct ~f(2t):On 
onstate don
 que h0(t) ! 0 lorsque t ! 0 (puisque ~f = o(t) au voisinage de 0), 
e qui permetd'�etendre h en une fon
tion C1 jusqu'en t = 0, qui v�eri�e bien h0(0) = 0. On prolonge ensuite h �a R�par parit�e (
e qui 
on
erve son 
ara
t�ere C1 puisque sa d�eriv�ee s'annule en 0) et la preuve est a
hev�ee.Proposition E.1 Soit un :℄0; T [�RN ! R une suite lo
alement born�ee sup�erieurement de fon
tionssemi-
ontinues sup�erieurement etu(t; x) = (lim sup� un)(t; x) = lim supn!1 ; (s;y)!(t;x)un(s; y):Alors u est semi-
ontinue sup�erieurement et, si (�; p) 2 �Pu(t; x), il existe r > 0, � > 0, kn ! 1 et(tn; xn; �n; pn)! (t; x; �; p) tels que ukn(tn; xn)! u(t; x) et, pour tout n � 1, y 2 Br(xn) et js� tnj � r,ukn(s; y) � ukn(tn; xn) + �n(s� tn) + pn � (y � xn) + �jy � xnj2 + o(s� tn) (E.3)(autrement dit, (�n; pn) 2 �Pukn(tn; xn) \uniform�ement pour la partie spatiale").Preuve de la proposition E.1Prouvons que u est semi-
ontinue sup�erieurement. Soit (tk; xk) ! (t; x) et " > 0. Il existe M � 1 et� > 0 tel que u(t; x) � �"+ supn�M supj(s;y)�(t;x)j�� un(s; y). Soit K � 1 tel que j(tk; xk)� (t; x)j � �=2lorsque k � K; on a alors, d�es que k � K,u(tk; xk) = limM 0!1 ; �0!0 supn�M 0 supj(s;y)�(tk;xk)j��0 un(s; y)� supn�M supj(s;y)�(tk;xk)j��=2un(s; y)� supn�M supj(s;y)�(t;x)j��un(s; y)� "+ u(t; x) 38




e qui prouve le 
ara
t�ere semi-
ontinu sup�erieurement de u.Montrons maintenant la propri�et�e 
on
ernant les sur-di��erentiels. Par d�e�nition, il existe kn ! 1 et(sn; yn)! (t; x) tels que ukn(sn; yn)! u(t; x); il existe de plus r0 > 0 et �0 > 0 tels que, si y 2 Br0(x) etjs� tj � r0, u(s; y) � u(t; x) + �(s� t) + p � (y � x) + �0jy � xj2 + o(s� t): (E.4)Soit h 2 C1([�r; r℄) stri
tement sup�erieure au o(t) de (E.4) sur [�r0; r0℄nf0g et telle que h(0) = h0(0) = 0(voir le lemme E.1). Comme ukn est semi-
ontinue sup�erieurement,supjs�tj�r0 ; y2Br0 (x)�ukn(s; y)� �(s� t)� p � (y � x)� 2�0jy � xj2 � h(s� t)	 (E.5)est atteint, disons en (tn; xn). D�es que yn 2 Br0(x) et jsn � tj � r0 (
e qui est vrai pour n grand), on adon
ukn(sn; yn) � ukn(tn; xn) + �(sn � tn) + p � (yn � xn) + 2�0(jyn � xj2 � jxn � xj2) + h(sn � t)� h(tn � t):Quitte �a extraire une suite, on suppose que (tn; xn)! (t; x) 2 [t�r0; t+r0℄�Br0(x); par 
hoix de (sn; yn),la limite inf�erieure de l'in�egalit�e pr�e
�edente donneu(t; x) � lim infn!1 ukn(tn; xn) + �(t� t) + p � (x � x)� 2�0jx� xj2 � h(t� t)� lim supn!1 ukn(tn; xn) + �(t� t) + p � (x � x)� 2�0jx� xj2 � h(t� t)� u(t; x) + �(t� t) + p � (x� x)� 2�0jx� xj2 � h(t� t):Par (E.4), on a u(t; x) � u(t; x) + �(t� t) + p � (x� x) + �0jx� xj2 + o(t� t)et don
 u(t; x) � lim infn!1 ukn(tn; xn) + �(t� t) + p � (x � x)� 2�0jx� xj2 � h(t� t)� lim supn!1 ukn(tn; xn) + �(t� t) + p � (x � x)� 2�0jx� xj2 � h(t� t)� u(t; x)� �0jx� xj2 + o(t� t)� h(t� t): (E.6)Cela prouve que x = x et t = t (par 
hoix de h); en parti
ulier, toute la suite (tn; xn) 
onverge vers (t; x).D'autre part, on a �egalit�e partout dans (E.6), 
e qui prouve que ukn(tn; xn)! u(t; x). Prenons n tel quejtn � tj � r0=2 et xn 2 Br0=2(x); par d�e�nition de (tn; xn) (voir (E.5)) on a, pour tout js� tnj � r0=2 ety 2 Br0=2(xn) (auquel 
as js� tj � r0 et y 2 Br0(x)),ukn(s; y) � ukn(tn; xn) + �(s� tn) + p � (y� xn) + 2�0(jy� xj2 � jxn � xj2) + h(s� t)� h(tn � t): (E.7)Or jy � xj2 � jxn � xj2 = jy � xnj2 + 2(y � xn) � (xn � x) eth(s� t)� h(tn � t) = h(s� tn + tn � t)� h(tn � t) = (s� tn)h0(tn � t) + o(s� tn):Ainsi, (E.7) montre que (E.3) est v�eri��ee pour (s; y) 2 [tn � r0=2; tn + r0=2℄ � Br0=2(xn) ave
 �n =� + h0(tn � t), pn = p + 4�0(xn � x), r = r0=2 et � = 2�0. Puisque (tn; xn) ! (t; x) et h0(0) = 0, 
ela
on
lut la preuve.E.2 D�e�nition des solutions de vis
osit�eD�e�nition E.2 On suppose que F :℄0; T [�RN �R�RN ! R est 
ontinue et que � 2℄0; 2[. Une fon
tionu :℄0; T [�RN ! R semi-
ontinue sup�erieurement et born�ee est sous-solution de vis
osit�e de�tu(t; x) + g�[u(t; �)℄(x) = F (t; x; u(t; x);ru(t; x)) (E.8)39



si, pour tout (t; x) 2℄0; T [�RN et (�; p) 2 �Pu(t; x), on a�� 
N (�) ZBr u(t; x+ z)� u(t; x)� p � zjzjN+� dz � 
N (�) ZRNnBr u(t; x+ z)� u(t; x)jzjN+� dz � F (t; x; u(t; x); p)o�u r > 0 est donn�e par la d�e�nition E.1 (en fait, on peut prendre n'importe quel r > 0, 
ela ne 
hangepas la valeur de l'expression).Remarque E.1 Si (�; p) 2 �Pu(t; x) et jzj � r, on a u(t; x+ z)�u(t; x)� p � z � �jzj2, et jzj2=jzjN+� 2L1(Br); ainsi, RBr u(t;x+z)�u(t;x)�p�zjzjN+� dz est bien d�e�nie, �eventuellement �egale �a �1 (mais dans le 
aso�u l'on demande que u soit sous-solution de (E.8), 
e 
as est ex
lus par l'in�egalit�e qui doit être v�eri��ee).Remarque E.2 J'ai un peu 
hang�e la d�e�nition par rapport �a [17℄ (qui rempla
e le terme u(t; x+ z)�u(t; x) � p � z par �jzj2 et garde p dans le deuxi�eme terme int�egral), 
e
i a�n de 
oller davantage �a laformule (2.1) et de pouvoir traiter le 
as � � 1.De même, une fon
tion u semi-
ontinue inf�erieurement et born�ee est sur-solution de (E.8) si �u estsous-solution de la même �equation ave
 F rempla
�e par �F (�; �;��;��) (
et hamiltonien v�eri�e les mêmespropri�et�es que F ); 
ela revient �a prendre des sur-di��erentiels et �a inverser l'in�egalit�e de la d�e�nition. On�etend de plus sans probl�eme 
ette d�e�nition au 
as de 
ombinaisons lin�eaires positives d'op�erateurs dutype g�.E.3 Stabilit�eTh�eor�eme E.1 Soit (�; �) 2℄0; 2[ et b � 0. On suppose que Fn 2 C(℄0; T [�RN � R � RN ) 
onvergelo
alement uniform�ement vers F et on prend (bn)n�1 une suite de r�eels positifs qui 
onvergent vers b.Soit (un)n�1 une suite born�ee sur ℄0; T [�RN . Si, pour tout n � 1, un est une sous-solution de vis
osit�ede �tun(t; x) + g�[un(t; �)℄(x) + bng�[un(t; �)℄(x) = Fn(t; x; un(t; x);run(t; x)) ;alors u = lim sup� un est une sous-solution de vis
osit�e de�tu(t; x) + g�[u(t; �)℄(x) + bg�[u(t; �)℄(x) = F (t; x; u(t; x);ru(t; x)):Remarque E.3 Ce r�esultat est aussi valable ave
 des op�erateurs g� et g� plus g�en�eraux (en parti
ulier,on peut aussi supprimer g� ou prendre � = 2 | mais 
e dernier 
as demande d'�etablir le lemme E.3 pourdes sous-di��erentiels d'ordre 2).Preuve du th�eor�eme E.1On sait que u est semi-
ontinue sup�erieurement; 
omme (un)n�1 est une suite born�ee sur ℄0; T [�RN , uest born�ee sur ℄0; T [�RN . Soient (t; x) 2℄0; T [�RN et (�; p) 2 �Pu(t; x). Soient (r; �; kn; tn; xn; �n; pn)donn�es par la proposition E.1. Par (E.3) et l'�equation satisfaite par ukn , on a�n � 
N (�) ZBr ukn(tn; xn + z)� ukn(tn; xn)� pn � zjzjN+� dz�
N(�) ZRNnBr ukn(tn; xn + z)� ukn(tn; xn)jzjN+� dz�bn
N (�) ZBr ukn(tn; xn + z)� ukn(tn; xn)� pn � zjzjN+� dz�bn
N (�) ZRNnBr ukn(tn; xn + z)� ukn(tn; xn)jzjN+� dz� Fn(tn; xn; ukn(t; x); pn): (E.9)40



Comme (tn; xn; ukn(tn; xn); pn)! (t; x; u(t; x); p) et Fn ! F lo
alement uniform�ement, on aFn(tn; xn; ukn(t; x); pn)! F (t; x; u(t; x); p) lorsque n!1:De plus, par d�e�nition de u et de (tn; xn; kn; pn),lim supn!1 (ukn(tn; xn + z)� ukn(tn; xn)) � u(t; x+ z)� u(t; x)et lim supn!1 (ukn(tn; xn + z)� ukn(tn; xn)� pn � z) � u(t; x+ z)� u(t; x)� p � z:On a, pour z 2 RN nBr, puisque (un)n�1 est born�ee sur ℄0; T [�RN ,ukn(tn; xn + z)� ukn(tn; xn)jzjN+� � CjzjN+� 2 L1(RN nBr)et, pour z 2 Br, par d�e�nition de (tn; xn; kn; pn),ukn(tn; xn + z)� ukn(tn; xn)� pn � zjzjN+� � �jzj2jzjN+� 2 L1(Br)(remarquons expli
itement que � et r ne d�ependent pas de n); le lemme de Fatou donne don
lim supn!1 ZRNnBr ukn(tn; xn + z)� ukn(tn; xn)jzjN+� dz � ZRNnBr u(t; x+ z)� u(t; x)jzjN+� dz < +1:et lim supn!1 ZBr ukn(tn; xn + z)� ukn(tn; xn)� pn � zjzjN+� dz � ZBr u(t; x+ z)� u(t; x)� p � zjzjN+� dz < +1:En faisant le même raisonnement ave
 le terme en �, on peut prendre la lim infn!1 de (E.9); la seulediÆ
ult�e lors de 
e passage �a la limite est dans le traitement des termes impliquant bn, et elle est r�egl�eepar le lemme E.2 qui suit.Remarque E.4 Si � ou � sont di��erents de 1, on peut aussi utiliser, dans la d�e�nition E.2, les formulesi) ou ii) du th�eor�eme 2.1, et le th�eor�eme E.1 reste valable.Lemme E.2 Soit (bn)n�1 une suite de r�eels positifs qui 
onverge vers b et (Xn)n�1 une suite de r�eels.Si lim supn!1Xn = X < +1 (�eventuellement X = �1), alors lim supn!1(bnXn) � bX (ave
 la
onvention usuelle 0� (�1) = 0).Remarque E.5 Ce lemme est faux si l'on ne suppose pas X < +1: 
onsid�erer bn = 1=n et Xn = n.Preuve du lemme E.2Posons Yn = supk�nXk. Comme bn � 0, on a bnXn � bnYn; de plus, Yn ! X . Si X > �1 ou b > 0,alors limn!1 bnYn = bX (la forme n'est pas ind�etermin�ee) et le lemme est prouv�e. Si X = �1 et b = 0alors, pour n assez grand, Yn � 0 don
 bnYn � 0 = bX (par 
onvention) et on peut 
on
lure.E.4 ComparaisonTh�eor�eme E.2 Soit � 2℄0; 2[. On suppose que F 2 C([0; T [�RN � R � RN ) v�eri�e:8R > 0 ; 9�R tel que, pour (t; x; s; s0; �) 2℄0; T [�RN � [�R;R℄2 � RN ,si s � s0 alors F (t; x; s0; �)� F (t; x; s; �) � �R(s0 � s) ; (E.10)41



8R > 0 ; 9CR tel que, pour (t; x; x0; s; �) 2℄0; T [�(RN )2 � [�R;R℄� RN ,jF (t; x; s; �)� F (t; x0; s; �)j � CR(1 + j�j)jx � x0j ; (E.11)8R > 0 ; 9C 0R tel que, pour (t; x; s; �; �0) 2℄0; T [�RN � [�R;R℄�B2R,jF (t; x; s; �)� F (t; x; s; �0)j � C 0Rj� � �0j: (E.12)On prend u0 born�ee et uniform�ement 
ontinue. On suppose que u : [0; T [�RN ! R et v : [0; T [�RN ! Rsont born�ees et respe
tivement sous- et sur-solutions de�tw(t; x) + g�[w(t; �)℄(x) = F (t; x; w(t; x);rw(t; x)):Si u(0; �) � u0 et v(0; �) � u0, alors u � v sur [0; T [�RN .Remarque E.6 I
i aussi, on peut rempla
er g� par un op�erateur plus g�en�eral.Par sou
is de simpli
it�e, nous noterons dans la suite, lorsque 
e
i a un sens (�eventuellement +1 ou �1),G�[w(t; �); p℄(x) = �
N(�) ZBr w(t; x + z)� w(t; x) � p � zjzjN+� dz � 
N(�) ZRNnBr w(t; x + z)� w(t; x)jzjN+� dz:Cette expression ne d�epend pas de r > 0 et est d�e�nie lorsque (�; p) est dans le sous- ou sur-di��erentielde w en (t; x).Preuve du th�eor�eme E.2On se ram�ene pour 
ommen
er au 
as d'un hamiltonien d�e
roissant en s. Pour 
ela, on �xe R0 qui majorejuj et jvj sur [0; T [�RN et on poseeF (t; x; s; �) = e��R0 tF �t; x; TR0(e�R0 ts); e�R0 t����R0s;eu(t; x) = e��R0tu(t; x) et ev(t; x) = e��R0 tv(t; x) (TR0 est la tron
ature usuelle �a la hauteur R0). On
onstate que eF v�eri�e (E.11) et (E.12) (ave
 des 
onstantes qui 
hangent eventuellement); de plus, pourtout (t; x; s; s0; �) 2℄0; T [�RN � R2 � RN , (E.10) donne, si s � s0,eF (t; x; s0; �)� eF (t; x; s; �)� e��R0 t�R0(TR0(e�R0 ts0)� TR0(e�R0 ts))��R0(s0 � s)� e��R0 t�R0(e�R0 ts0 � e�R0 ts)��R0(s0 � s)= 0: (E.13)En�n, eu et ev sont sous- et sur-solutions de vis
osit�e de�tw(t; x) + g�[w(t; �)℄(x) = eF (t; x; w(t; x);rw(t; x))(
ar e�R0 teu(t; x) = u(t; x) et e�R0 tev(t; x) = v(t; x) sont born�ees par R0).On suppose que sup[0;T [�RN(eu� ev) > 0 et on souhaite arriver �a une 
ontradi
tion. Prenons � 2 C2(RN )positive telle que �(x) = jxj�=2 au voisinage de l'in�ni. Soient ("; �; �; 
) dans ℄0; 1℄ etM";�;� = sup[0;T [2�(RN)2�eu(t; x)� ev(s; y)� jx� yj22" � js� tj22� � ��(x) � 
T � t� :Comme eu est semi-
ontinue sup�erieurement, ev est semi-
ontinue inf�erieurement et 
es fon
tions sontborn�ees, 
e suppr�emum est atteint en (t";�;�; s";�;�; x";�;�; y";�;�) 2 [0; T [2�(RN )2 lorsque � est assezpetit (la pr�esen
e de � et jx� yj2 emp�e
he la fuite �a l'in�ni de (x; y), la pr�esen
e de 
=(T � t) emp�e
he42



que t ne s'appro
he de T | ind�ependamment de � | et, lorsque � est assez petit, le terme js� tj2=(2�)oblige s �a rester pro
he de t et don
 loin de T ). On a de plusM";�;� � sup[0;T [�RN�eu(t; x)� ev(t; x) � ��(x) � 
T � t� � 0lorsque 
 et � sont assez petits (il existe un 
ouple (t; x) tel que eu(t; x) � ev(t; x) > 0, par d�e�nition), 
eque l'on suppose �a partir de maintenant.Etape 1: quelques propri�et�es sur (t";�;�; s";�;�; x";�;�; y";�;�).On 
onstate pour 
ommen
er, en prenant t = s = 0 et x = y = 0 queM";�;� � �jjeujj1�jjevjj1���(0)�
=T � 
 ave
 
 ind�ependant de ("; �; �). En parti
ulier,
 � jjeujj1 + jjevjj1 � jx";�;� � y";�;� j22" � js";�;� � t";�;� j22� � ��(x";�;� )� 
T � t";�;�et on en d�eduit quejx";�;� � y";�;� j22" � 
0 ; js";�;� � t";�;� j22� � 
0 ; ��(x";�;� ) � 
0 et 
T � t";�;� � 
0 (E.14)ave
 
0 ind�ependant de ("; �; �).La fon
tion � !M";�;� est 
roissante et minor�ee; elle 
onverge don
 lorsque � ! 0. On a de plusM";�;2��M";�;� (E.15)� eu(t";�;� ; x";�;�)� ev(s";�;� ; y";�;�)� jx";�;� � y";�;� j22" � js";�;� � t";�;� j22� (2�)���(x";�;�)� 
T � t";�;���eu(t";�;� ; x";�;�)� ev(s";�;� ; y";�;�)� jx";�;� � y";�;� j22" � js";�;� � t";�;� j22����(x";�;�)� 
T � t";�;��= js";�;� � t";�;� j24� :Comme (E.15) tend vers 0 lorsque � ! 0 (puisque M";�;� 
onverge lorsque � ! 0), on en d�eduitlim�!0 js";�;� � t";�;� j2� = 0: (E.16)Soit M";� = sup[0;T [�(RN)2�eu(t; x)� ev(t; y)� jx� yj22" � ��(x) � 
T � t� �M";�;� :Par (E.14), (t";�;� ; s";�;� ; x";�;� ; y";�;�)�>0 est born�ee et on peut extraire une suite telle que(t";�;�0 ; s";�;�0 ; x";�;�0 ; y";�;�0)! (t";�; t";�; x";�; y";�) lorsque �0 ! 0ave
 t";� 2 [0; T [. On peut aussi se d�ebrouiller pour quejx";� � y";�j22" = lim�0!0 jx";�;�0 � y";�;�0 j22" = lim sup�!0 jx";�;� � y";�;� j22" : (E.17)43



Puisque eu est semi-
ontinue sup�erieurement et ev est semi-
ontinue inf�erieurement, (E.16) donnelim�!0M";�;� = lim sup�0!0 M";�;�0= lim sup�0!0 �eu(t";�;�0 ; x";�;�0)� ev(s";�;�0 ; y";�;�0)� jx";�;�0 � y";�;�0 j22" � js";�;�0 � t";�;�0 j22�0���(x";�;�0 )� 
T � t";�;�0 �� eu(t";�; x";�)� ev(t";�; y";�)� jx";� � y";�j22" � ��(x";�)� 
T � t";�� M";�:Cela prouve que lim�!0M";�;� = M";� (on avait M";� � M";�;�), et que 
e supremum est atteint en(t";�; x";�; y";�).La fon
tion �!M";� est d�e
roissante et major�ee (par jjeujj1 + jjevjj1); soit M" = lim�!0M";�. CommeM";� est born�ee ind�ependamment de ("; �) et 
roissante par rapport �a ", il en est de même pour M".Ainsi, lim"!0M" existe dans R. On a de plusM2";� �M";� � eu(t";�; x";�)� ev(t";�; y";�)� jx";� � y";�j22� (2") � ��(x";�)� 
T � t";���eu(t";�; x";�)� ev(t";�; y";�)� jx";� � y";�j22" � ��(x";�)� 
T � t";��= jx";� � y";�j24" ;don
, en prenant la lim sup�!0, M2" �M" � lim sup�!0 jx";� � y";�j24" :Puisque lim"!0M" existe dans R, on obtient �nalement, par (E.17),lim"!0 lim sup�!0 jx";� � y";�j2" = lim"!0 lim sup�!0 lim sup�!0 jx";�;� � y";�;� j2" = 0: (E.18)Finalement, 
omme M";�;� � 0, on aeu(t";�;� ; x";�;�)� ev(s";�;� ; y";�;�) = M";�;� + jx";�;� � y";�;� j22" + js";�;� � t";�;� j22�+��(x";�;�) + 
T � t";�;� � 0: (E.19)Etape 2: on suppose que, pour tout "0 > 0, il existe " � "0 tel que, pour tout �0 > 0, il existe � � �0tel que, pour tout �0 > 0, on puisse trouver � � �0 satisfaisant t";�;� = 0 ou s";�;� = 0.Si t";�;� = 0, on a0 � M";�;�� eu(0; x";�;�)� ev(s";�;� ; y";�;�)� jx";�;� � y";�;� j22" � 
T� u0(x";�;�)� u0(y";�;�)� jx";�;� � y";�;� j22" � ev(s";�;� ; y";�;�) + u0(y";�;�)� 
T� sup(RN)2 �u0(x)� u0(y)� jx� yj22" �� ev(s";�;� ; y";�;�) + u0(y";�;�)� 
T=: �(")� ev(s";�;� ; y";�;�) + u0(y";�;�)� 
T (E.20)44



En prenant x = y, on voit que �(") � 0; de plus, si jx� yj �p4"jju0jj1, on a u0(x)�u0(y)� jx�yj22" � 0et don
�(") = supjx�yj�p4"jju0jj1�u0(x)� u0(y)� jx� yj22" � � supjx�yj�p4"jju0jj1 fu0(x) � u0(y)g ! 0lorsque " ! 0, par uniforme 
ontinuit�e de u0. Par hypoth�ese, on peut don
 trouver " et � tels que�(") � 
=T < 0 et tels qu'il existe �n ! 0 v�eri�ant, pour tout n � 1, t";�;�n = 0; par (E.14), on as";�;�n = s";�;�n � t";�;�n ! 0 lorsque n !1 et, quitte �a extraire une suite, y";�;�n ! y";� (voir l'�etape1). Puisque ev est semi-
ontinue inf�erieurement, on en d�eduitlim supn!1 (�ev(s";�;�n ; y";�;�n) + u0(y";�;�n)) = � lim infn!1 ev(s";�;�n ; y";�;�n) + u0(y";�)� �ev(0; y";�) + u0(y";�) � 0et on obtient une 
ontradi
tion, vu le 
hoix de ", ave
 (E.20). On raisonnerait de même si l'on supposes";�;� = 0.Etape 3: on suppose qu'il existe "0 > 0 tel que, pour tout " � "0, il existe �" > 0 tel que, pour tout� � �", il existe �� > 0 tel que, d�es que � � ��, on a t";�;� > 0 et s";�;� > 0. En pratique, 
ela signi�edon
 qu'on va pouvoir faire tendre � ! 0 puis �! 0 puis "! 0 dans 
et ordre.Pour simpli�er les notations, on pose �a partir de maintenant t";�;� = t, s";�;� = s, x";�;� = x et y";�;� = y.Par d�e�nition de M";�;� , on a� 
(T � t)2 + t� s� ; p+ �r�(x)� 2 �P eu(t; x) et � t� s� ; p� 2 �P ev(s; y) ; ave
 p = x�y" .Ainsi, 
(T � t)2 + t� s� +G�[eu(t; �); p+ �r�(x)℄(x) � eF (t; x; eu(t; x); p+ �r�(x)) (E.21)et t� s� +G�[ev(s; �); p℄(y) � eF (s; y; ev(s; y); p): (E.22)On a G�[ev(s; �); p℄(y)�G�[eu(t; �); p+ �r�(x)℄(x)= �
N (�) ZBr ev(s; y + z)� ev(s; y)� p � zjzjN+� � eu(t; x+ z)� eu(t; x)� (p+ �r�(x)) � zjzjN+� dz�
N (�) ZRNnBr ev(s; y + z)� ev(s; y)jzjN+� � eu(t; x+ z)� eu(t; x)jzjN+� dz= �
N (�) ZBr ev(s; y + z)� ev(s; y)� eu(t; x+ z) + eu(t; x)jzjN+� � ��r�(x) � zjzjN+� dz�
N (�) ZRNnBr ev(s; y + z)� ev(s; y)� eu(t; x+ z) + eu(t; x)jzjN+� dz:Or, par d�e�nition,eu(t; x)�ev(s; y)� jx� yj22" � js� tj22� � ��(x)� 
T � t� eu(t; x+ z)� ev(s; y + z)� jx+ z � y � zj22" � js� tj22� � ��(x + z)� 
T � t45



et don
 ev(s; y + z)� ev(s; y)� eu(t; x+ z) + eu(t; x) � ��(�(x + z)� �(x)):On en d�eduit que G�[ev(s; �); p℄(y)�G�[eu(t; �); p+ �r�(x)℄(x) � ��g�[�℄(x)(remarquons que, bien que � ne soit pas dans C2b (RN ), g�[�℄ est bien d�e�ni puisque �(x) = jxj�=2 �al'in�ni). En retran
hant (E.21) �a (E.22), on trouve alors� 
T 2 � �g�[�℄(x) � � 
(T � t)2 +G�[ev(s; �); p℄(y)�G�[eu(t; �); p+ �r�(x)℄(x)� eF (s; y; ev(s; y); p)� eF (t; x; eu(t; x); p+ �r�(x)): (E.23)Par (E.14), on a jpj � p2
0=" et, puisque � = j � j�=2 �a l'in�ni, r� est born�ee sur RN . Les propri�et�es(E.11) et (E.12) pour eF donnent alorsj eF (s; y; ev(s; y); p)� eF (t; x; ev(s; y); p+ �r�(x)j� Cjx � yj(1 + jpj) + j eF (s; x; ev(s; y); p)� eF (t; x; ev(s; y); p+ �r�(x)j� Cjx � yj(1 + jpj) + �C(") + j eF (s; x; ev(s; y); p)� eF (t; x; ev(s; y); p)j:Par (E.19), on a eu(t; x) � ev(s; y) don
 en inje
tant 
e
i dans (E.23) et en utilisant (E.13), on obtient� 
T 2 + �jg�[�℄(x)j � �Cjx� yj(1 + jpj)� �C(") � j eF (s; x; ev(s; y); p)� eF (t; x; ev(s; y); p)j:Lorsque � ! 0, x et p restent born�es et s� t! 0 ave
 t qui reste dans un 
ompa
t de [0; T [ (voir (E.14));par uniforme 
ontinuit�e de eF sur les 
ompa
ts de [0; T [�RN � R � RN (rappelons que ev est born�ee), onen d�eduit que lim�!0 j eF (s; x; ev(s; y); p)� eF (t; x; ev(s; y); p)j = 0 et don
 que� 
T 2 + � lim inf�!0 jg�[�℄(x)j � �C lim sup�!0 (jx� yj(1 + jpj))� �C("):Puisque � = j � j�=2 �a l'in�ni, il n'est pas dur de voir que g�[�℄ est born�ee sur RN (D2� est born�eesur RN et, 
omme �=2 � 1, on a jx + zj�=2 � jxj�=2 + jzj�=2 don
, lorsque x est grand et jzj � 1,j�(x+z)��(x)j � jzj�=2). On peut alors su

essivement prendre la limite inf�erieure quand �! 0 puis lalimite quand "! 0 pour 
on
lure, grâ
e �a (E.18), que � 
T 2 � 0, 
e qui donne la 
ontradi
tion re
her
h�ee.Remarque E.7 Cette d�emonstration s'adapte dire
tement aux 
as o�u l'on 
onsid�ere des 
ombinaisonslin�eaires �a 
oeÆ
ients positifs d'op�erateurs g�. Il suÆt de prendre un � qui vaut, au voisinage de l'in�ni,le plus petit des j � j�=2 apparaissant.E.5 Lemme te
hnique 
on
ernant la 
ondition initialeNous prouvons i
i un fait qui a �et�e �enon
�e dans l'�etape 2 de la preuve du th�eor�eme 3.3.Lemme E.3 Si (�; �) 2℄0; 2℄ et u0 2 W 1;1(RN ) alors K�(t; �) �K�("t; �) � u0(x) ! u0(x) lorsque t! 0,uniform�ement par rapport �a x 2 RN et " 2℄0; 1℄.Preuve du lemme E.3Soit v 2W 1;1(RN ) et Æ 2℄0; 2℄; on a, pour � > 0,jKÆ(t; �) � v(x)� v(x)j � ZRN KÆ(t; y)jv(x� y)� v(y)j dy� jjrvjjL1(RN)� + 2jjvjjL1(RN) Zjyj��KÆ(t; y) dy: (E.24)46



On d�eduit de 
e
i quejK�("t; �) � u0(x)� u0(x)j � jjru0jjL1(RN)� + 2jju0jjL1(RN) Zjyj��K�("t; y) dy� jjru0jjL1(RN)� + 2jju0jjL1(RN) sup0<s�t Zjyj��K�(s; y) dy:De plus, 
omme r(K�("t; �) � u0) = K�("t; �) � ru0, (E.24) et (3.16) donnentjK�(t; �) � (K�("t; �) � u0)(x) �K�("t; �) � u0(x)j� jjr(K�("t; �) � u0)jjL1(RN)� + 2jjK�("t; �) � u0jjL1(RN) Zjyj��K�(t; y) dy� jjru0jjL1(RN)� + 2jju0jjL1(RN) Zjyj��K�(t; y) dy:Ainsi,jK�(t; �) �K�("t; �) � u0(x)� u0(x)j � 2jjru0jjL1(RN)� + 2jju0jjL1(RN) sup0<s�t Zjyj��K�(s; y) dy+2jju0jjL1(RN) Zjyj��K�(t; y) dy:Comme (K�(t; �))t!0 et (K�(t; �))t!0 sont des approximations de l'unit�e, 
ela 
on
lut la preuve.Remarque E.8 Ce lemme est aussi valable si on supprime K�, don
 la preuve du th�eor�eme 3.3 mar
heaussi quand on 
onsid�ere une pure �equation de Hamilton-Ja
obi.E.6 Estimation d'erreurE.6.1 Preuve du th�eor�eme 3.4Par la transformation usuelle (voir le d�ebut de la preuve du th�eor�eme E.2: on a des estimations sur u"ind�ependantes de "), on se ram�ene au 
as o�u F est d�e
roissant en s.Posons M = sup[0;T [�(RN)2�u(t; x)� u"(t; y)� jx� yj22� � �jxj22 � �t� 
T � t�(ave
 �, �, � stri
tement positifs et 
 dans ℄0; 1℄). Comme u et u" sont 
ontinues et born�ees, 
e supremumest atteint.Etape 1: nous montrons qu'on peut 
hoisir � et 
 tels que M soit atteint en t = 0.Soit M� = sup[0;T [2�(RN)2�u(t; x)� u"(s; y)� jx� yj22� � jt� sj22� � �jxj22 � �t� 
T � t� �M:Pour � assez petit, 
e supremum est atteint en (t� ; s� ; x� ; y�) 2 [0; T [2�(RN )2. En prenant t = s = 0 etx = y = 0, on voit que M� est minor�e par � 
T � � 1T , don
� 1T � jjujj1 + jju"jj1 � jx� � y� j22� � jt� � s� j22� � �jx� j22 � �t� � 
T � t�et jx� � y� j22� � 
 ; jt� � s� j22� � 
 ; �jx� j22 � 
 et 
T � t� � 
 (E.25)47



ave
 
 = 1T + jjujj1 + jju"jj1. La fon
tion � !M� est 
roissante minor�ee: elle 
onverge don
 en 0; on ade plusM2� �M� � u(t� ; x�)� u"(s� ; y�)� jx� � y� j22� � jt� � s� j22� (2�) � �jx� j22 � �t� � 
T � t���u(t� ; x�)� u"(s� ; y�)� jx� � y� j22� � jt� � s� j22� � �jx� j22 � �t� � 
T � t� �= jt� � s� j24�et don
 jt��s� j2� ! 0 lorsque � ! 0. Par (E.25), quitte �a extraire une suite on peut supposer que(t� ; s� ; x� ; y�)! (t; t; x; y) ave
 t 2 [0; T [ et on a alors, par 
ontinuit�e de u et u",lim�!0M� = lim�!0�u(t� ; x�)� u"(s� ; y�)� jx� � y� j22� � jt� � s� j22� � �jx� j22 � �t� � 
T � t��= u(t; x)� u"(t; y)� jx� yj22� � �jxj22 � �t� 
T � t� M:Comme on avait M� � M , 
ela prouve que M� ! M lorsque � ! 0 (en fait �a une sous-suite pr�es, donton peut se d�ebarasser puisque l'on sait que (M�)�>0 
onverge en 0) et que M est atteint en (t; x; y).Si l'on suppose que t > 0, alors pour � assez petit on a t� > 0 et s� > 0. La d�e�nition de M� impliqueque � 
(T � t�)2 + t� � s�� + �; p� + �x�� 2 �Pu(t� ; x�) et � t� � s�� ; p�� 2 �Pu"(s� ; y�) ;ave
 p� = x��y�� . On a don
 
(T � t�)2 + t� � s�� + ��
N (�) ZBr u(t� ; x� + z)� u(t� ; x�)� (p� + �x�) � zjzjN+� dz�
N (�) ZRNnBr u(t� ; x� + z)� u(t� ; x�)jzjN+� dz� F (t� ; x� ; u(t� ; x�); p� + �x�)et t� � s���
N (�) ZBr u"(s� ; y� + z)� u"(s� ; y�)� p� � zjzjN+� dz�
N (�) ZRNnBr u"(s� ; y� + z)� u"(s� ; y�)jzjN+� dz�"
N (�) ZBR u"(s� ; y� + z)� u"(s� ; y�)� p� � zjzjN+� dz�"
N (�) ZRNnBR u"(s� ; y� + z)� u"(s� ; y�)jzjN+� dz� F (s� ; y� ; u"(s� ; y�); p�):48



En retran
hant 
es deux �equations, on trouve� 
(T � t�)2 � ��
N(�) ZBr u"(s� ; y� + z)� u"(s� ; y�)� u(t� ; x� + z) + u(t� ; x�) + �x� � zjzjN+� dz�
N(�) ZRNnBr u"(s� ; y� + z)� u"(s� ; y�)� u(t� ; x� + z) + u(t� ; x�)jzjN+� dz�"
N(�) ZBR u"(s� ; y� + z)� u"(s� ; y�)� p� � zjzjN+� dz�"
N(�) ZB1nBR u"(s� ; y� + z)� u"(s� ; y�)jzjN+� dz � "
N(�) ZRNnB1 u"(s� ; y� + z)� u"(s� ; y�)jzjN+� dz� F (s� ; y� ; u"(s� ; y�); p�)� F (t� ; x� ; u(t� ; x�); p� + �x�) (E.26)(on prend R � 1). Par de�nition de M� , on au(t� ; x�)� u"(s� ; y�)� jx� � y� j22� � jt� � s� j22� � �jx� j22 � �t� � 
T � t�� u(t� ; x� + z)� u"(s� ; y� + z)� jx� + z � y� � zj22� � jt� � s� j22� � �jx� + zj22 � �t� � 
T � t� :Ainsi,u"(s� ; y� + z)� u"(s� ; y�) + u(t� ; x�)� u(t� ; x� + z) � �jx� j22 � �jx� + zj22 = ��x� � z � �jzj22et on d�eduit de (E.26), en utilisant le fait que u et u" sont born�ees (ind�ependamment de ") et que u" estlips
hitzienne en espa
e ave
 une 
onstante uniforme en temps et ind�ependante de ", que� 
(T � t�)2 � �+
N (�)�2 ZBr jzj2jzjN+� dz+C ZRNnBr 1jzjN+� dz�"
N(�) ZBR u"(s� ; y� + z)� u"(s� ; y�)� p� � zjzjN+� dz+C" ZB1nBR jzjjzjN+� dz + C" ZRNnB1 1jzjN+� dz� F (s� ; y� ; u"(s� ; y�); p�)� F (t� ; x� ; u(t� ; x�); p� + �x�) (E.27)(i
i et dans la suite, C d�esigne des 
onstantes, qui peuvent 
hanger d'une ligne �a l'autre, qui ne d�ependentpas de ", r, R, �, �, �, � et 
). La d�e�nition de M� donne en
ore, pour z 2 RN ,u(t� ; x�)� u"(s� ; y�)� jx� � y� j22� � jt� � s� j22� � �jx� j22 � �t� � 
T � t�� u(t� ; x�)� u"(s� ; y� + z)� jx� � y� � zj22� � jt� � s� j22� � �jx� j22 � �t� � 
T � t�et don
u"(s� ; y� + z)� u"(s� ; y�)� p� � z � jx� � y� j2 � jx� � y� � zj22� � 2(x� � y�) � z2� = �jzj22� :49



Ainsi, on peut borner le terme en u" de (E.27) et passer �a la limite � ! 0 pour trouver, en posantp = x�y� = lim�!0 p� ,� 
(T � t)2 � � + C� ZBr jzj2jzjN+� dz + C ZRNnBr 1jzjN+� dz+"
N(�)2� ZBR jzj2jzjN+� dz + C" ZB1nBR jzjjzjN+� dz + C" ZRNnB1 1jzjN+� dz� F (t; y; u"(t; y); p)� F (t; x; u(t; x); p+ �x):En prenant t = 0 et x = y = 0 dans la d�e�nition de M , on a M � � 
T et don
 u(t; x) � u"(t; y) =M + jx�yj22� + �jxj22 + �t+ 
T�t � 
T�t � 
T � 0; la d�e
roissan
e de F par rapport �a sa troisi�eme variableimplique alors � 
(T � t)2 � � + C� ZBr jzj2jzjN+� dz + C ZRNnBr 1jzjN+� dz+C"� ZBR jzj2jzjN+� dz + C" ZB1nBR jzjjzjN+� dz + C"� F (t; y; u(t; x); p)� F (t; x; u(t; x); p+ �x): (E.28)Par (E.25), on a �jxj � Cp�; de plus, 
omme ( t��s�� ; p�) 2 �Pu"(s� ; y�) et u" est lips
hitzienne enespa
e (uniform�ement en temps et en " 2℄0; 1℄), on a jp� j � C, don
 jpj � C et jx� yj � C�. Par (3.21)et (3.22), on obtient don
 (en prenant � � 1)F (t; y; u(t; x); p)� F (t; x; u(t; x); p+ �x) � �Cjx� yj+ F (t; x; u(t; x); p)� F (t; x; u(t; x); p+ �x)� �C�� Cp�:R�e-inje
t�e dans (E.28), 
ela 
onduit �aC�+ Cp� + C� ZBr jzj2jzjN+� dz + C ZRNnBr 1jzjN+� dz+C"� ZBR jzj2jzjN+� dz + C" ZB1nBR jzjjzjN+� dz + C"� 
(T � t)2 + � � 
T 2 + �:On a ZBR jzj2jzjN+� dz = ZB1 jwj2�N��R2�N��RN dw = CR2�� ;ZRNnBr 1jzjN+� dz = ZB1 jwj�N��r�N��rN dw = Cr��et ZB1nBR jzjjzjN+� dz = C Z 1R ��� d� � A�(R) := 8<: C si � < 1 ;Cj ln(R)j si � = 1 ;CR1�� si � > 1don
 on arrive �aCp� + C�r2�� + Cr�� + C�+ C"� R2�� + C"A�(R) + C" � 
T 2 + �:On prend alors r tel que �r2�� = p� (par exemple), 
'est �a dire r = �� 12(2��) , et on trouveCp� + C� �2(2��) + C�+ C"� R2�� + C"A�(R) + C" � 
T 2 + �:50



En prenant � = C�+ C"� R2�� +C"A�(R) +C" et 
 = (Cp� +C� �2(2��) + �)T 2, on aboutit �a 0 � �, 
equi est une 
ontradi
tion.Etape 2: 
on
lusion.On a montr�e 
i-dessus que, pour tout ("; �; �;R) 2℄0; 1℄4, en posant � = C�+ C"� R2�� +C"A�(R) +C"et 
 = (Cp� +C� �2(2��) + �)T 2 (si � est assez petit, 
 est bien inf�erieur �a 1), M est atteint en (0; x; y).Par d�e�nition de M 
ela signi�e que, pour tout (t; x) 2 [0; T [�RN ,u(t; x)�u"(t; x)� �jxj22 � �t� 
T � t � u0(x)�u0(y)� jx� yj22� � �jxj22 � 
T � u0(x)�u0(y)� jx� yj22� :Comme u0 est lips
hitzienne, on a u0(x)�u0(y)� jx�yj22� � Cjx� yj� jx�yj22� ; le maximum de la paraboleX ! CX � X22� est C2�2 , et don
 u0(x)� u0(y)� jx�yj22� � C2�2 . Ainsi, pour tout (t; x) 2 [0; T [�RN ,u(t; x) � u"(t; x) + �jxj22 +�C�+ C"� R2�� + C"A�(R) + C"�T + (Cp� + C� �2(2��) + �)T 2T � t + C�:On fait maintenant tendre � vers 0:u(t; x) � u"(t; x) + C� + C"� R2�� + C"A�(R) + C"et il faut ensuite �etudier la situation selon la position de � par rapport �a 1.Si � < 1 alors A�(R) = C et u(t; x) � u"(t; x) + C�+ C"� R2�� +C". On fait alors tendre R puis � vers0 et on trouve u(t; x) � u"(t; x) + C".Si � = 1 alors A�(R) = Cj ln(R)j et u(t; x) � u"(t; x) + C� + C"� R + C"j ln(R)j (on a pris R � 1=2 parexemple). En optimisant en R on va prendre R = � et obtenir u(t; x) � u"(t; x)+C�+C"+C"j ln(�)j �u"(t; x) + C� + C"j ln(�)j (on prend � � 1=2). Le 
hoix optimal est alors � = ", 
e qui 
onduit �au(t; x) � u"(t; x) + C"j ln(")j.Si � > 1 alors A�(R) = CR1�� et u(t; x) � u"(t; x) + C� + C"� R2�� + C"R1�� (on prend toujoursR � 1=2). Une optimisation en R donne 
omme 
hoix R = � (�a une 
onstante multipli
ative pr�es),d'o�u u(t; x) � u"(t; x) + C� + C"�1��; optimisant en �, on est amen�e �a prendre � = "1=� et on trouveu(t; x) � u"(t; x) + C"1=�.Dans tous les 
as, on obtient bien la moiti�e de l'in�egalit�e souhait�ee et on 
on
lut en intervertissant, d�esle d�ebut, les rôles de u et u".E.6.2 Optimalit�e de l'erreurOn 
ommen
e par prouver la 
hose suivante.Lemme E.4 Soit � 2℄0; 2[. Il existe C� > 0 tel que, au voisinage de l'in�ni, on a K�(1; x) � C�jxj�N��.Preuve du lemme E.4Soit � 2 C1
 (RN ) paire d'int�egrale sur RN �egale �a 1. On pose � = F(�) 2 S(RN ); puisque � est d'int�egrale1, on a �(0) = 1 et, puisque � est paire, r�(0) = �2i� RRN x�(x) dx = 0. Ainsi, �(�) � 1 = O(j�j2) auvoisinage de 0.Soit n � 1 et f(�) = e�j�j� � �(�)�1� j�j� + j�j2�2! + � � �+ (�1)nj�jn�n! � :51



Clairement, toutes les d�eriv�ees de f sont int�egrables �a l'in�ni. Sur B(0; 1), on af(�) = (1� �(�))�1� j�j� + j�j2�2! + � � �+ (�1)nj�jn�n! �+G(�)ave
 G(�) =Pk�n+1 (�1)kj�jk�k! . Comme les s�eries d�eriv�ees 
onvergent uniform�ement sur 0 < a � j�j � 1,on a ��G(�) =Pk�n+1 (�1)k��j�jk�k! sur B(0; 1)nf0g; mais, pour k � n+1, j��j�jk�j � (k�)j�jj�jk��j�j �(k�)j�jj�j(n+1)��j�j sur B(0; 1). Pourvu que (n+1)��j�j > �N , 
ette expression de ��G sur B(0; 1)nf0gest int�egrable sur B(0; 1), et 
oin
ide don
 ave
 ��G sur B(0; 1) en entier. Comme 1 � �(�) = O(j�j2)et r�(�) = O(j�j) au voisinage de 0, la formule de Leibniz montre que ��((1� �(�))j�jp�) est int�egrablesur B(0; 1) pourvu que p�� j�j+ 2 > �N .Si on prend don
 n � 1 tel que (n+1)� > [�℄+ 1, alors ��f 2 L1(RN ) pourvu que j�j � N +[�℄+ 1 (
aron a alors (n+1)��j�j > [�℄+1�N� [�℄�1 = �N et, pour p 2 [1; n℄, p��j�j+2 � ��N� [�℄�1+2 ��N + 1 > �N); en parti
ulier, 
ela signi�e quejF(f)(x)j � C01 + jxjN+[�℄+1 = o(jxj�N��) �a l'in�ni (E.29)(puisque [�℄ + 1 > �).Pour tout p 2 [1; n℄, on aF(�j � jp�)(x) = � � F(j � jp�)(x) = hF(j � jp�); �(x� �)iS0(RN);S(RN); (E.30)pour voir 
ela, il suÆt de prendre ' 2 C1
 (RN ), de noter quehF(�j � jp�); 'i = hj � jp�; �F(')i = hj � jp�;F(F�1(�) � ')i = hF(j � jp�); �_ � 'ipuis d'utiliser la d�e�nition de la 
onvolution d'une distribution F(j � jp�) par une fon
tion � 2 C1
 (RN ).On sait que F(j � jp�) = Mp�j � j�N�p� dans D0(RN nf0g). Soit BR qui 
ontient le support de �; pourjxj > R, �(x� �) 2 C1
 (RN nf0g) et (E.30) donne don
F(�j � jp�)(x) = Mp� ZRN �(x� y)jyj�N�p� dy= Mp� ZBR �(y)jx � yj�N�p� dy= Mp�jxj�N�p� ZBR �(y) ���� xjxj � yjxj �����N�p� dy: (E.31)La fon
tion j � j�N�� est r�eguli�ere sur la 
ouronne f1=2 � jzj � 3=2g, qui 
ontient le segment [ xjxj ; xjxj� yjxj ℄d�es que jxj � 2R et jyj � R; dans 
ette situation, le th�eor�eme des a

roissements �nis donne don
����� ���� xjxj � yjxj �����N�p� � 1����� = ����� ���� xjxj � yjxj �����N�p� � ���� xjxj �����N�p������ � A jyjjxj � ARjxj :On en d�eduit que la fon
tion y ! ��� xjxj � yjxj ����N�p� 
onverge uniform�ement sur BR vers 1 lorsque jxj ! 1et (E.31) montre quejxjN+p�F(�j � jp�)(x) !Mp� ZBR �(y) dy =Mp� lorsque jxj ! 1: (E.32)ProuvonsM� 6= 0. Si 
e n'�etait pas le 
as, F(j � j�) serait une distribution port�ee par 0, don
 une 
ombi-naison de d�eriv�ees de masses de Dira
: F(j � j�) =Pml=1 �l��lÆ0. Comme F�1(��lÆ0)(�) = (�2i�)j�lj��l ,52



on en d�eduirait que j�j� = Pml=1 �l(�2i�)j�lj��l , don
 que j � j� est une fon
tion C1 en 0, 
e qui n'estpas le 
as puisque � 2℄0; 2[.Comme K�(1; �) = F(e�j�j�) = F(f) +F(�) + nXp=1 (�1)pp! F(�j � jp�)et M� 6= 0, (E.29) et (E.32) donnent C� 6= 0 tel que K�(1; �) � C�j � j�N�� (le terme dominant �a l'in�niest 
elui 
orrespondant �a p = 1 dans la somme 
i-dessus, et (E.32) exprime que 
e terme est �equivalent�a M� puisque 
e r�eel est non-nul), et la positivit�e de C� vient du fait que K� est lui-même positif.On 
onsid�ere maintenant l'�equation �tu"+"g�[u"℄ = 0 (i.e. F = 0 et sans g�), ave
 u0(x) = max(1�jxj; 0).L'�equation limite est �tu = 0, don
 u(t; x) = u0(x). On a u"(1; x) = K�("; �) � u0(x) ave
 K�("; x) ="�N=�K�(1; "�1=�x), don
 u"(1; 0) = ZB1 "�N=�K�(1; "�1=�y)(1� jyj) dy= ZB"�1=� K�(1; z)(1� "1=�jzj) dz:Mais u(1; 0) = u0(0) = 1 = RRNK�(1; z) dz, d'o�uu"(1; 0)� u(1; 0) = �"1=� ZB"�1=� K�(1; z)jzj dz � ZRNnB"�1=� K�(1; z) dz: (E.33)Si � < 1, on ne garde dans le membre de droite de (E.33) que le deuxi�eme terme et on �e
rit, pour " assezpetit, en utilisant le lemme E.4,u"(1; 0)� u(1; 0) � � ZRNnB"�1=� K�(1; z) dz � �C�2 Zfjzj�"�1=�g jzj�N�� dz � �C("�1=�)�� = �C"(ave
 C > 0 ind�ependant de "), 
e qui prouve que l'estimation en O(") est optimale.Si � = 1, alors 
'est le premier terme du membre de droite de (E.33) qui va être dominant: pour " assezpetit et R assez grand (ind�ependant de "), par le lemme E.4,u"(1; 0)� u(1; 0) � �" ZB"�1 K1(1; z)jzj dz� �" ZB"�1nBR K1(1; z)jzj dz� �C12 " ZB"�1nBR jzj�N dz� �C" Z "�1R r�1 dr= �C"(ln("�1)� ln(R))(C > 0 ne d�epend pas de "), 
e qui prouve que l'estimation en "j ln(")j est optimale dans 
e 
as.Si � > 1, on 
onserve toujours le premier terme du membre de droite de (E.33):u"(1; 0)� u(1; 0) � �"1=� ZB"�1=� K�(1; z)jzj dz:53



Par le lemme E.4, K(1; z)jzj est int�egrable sur RN (puisque � > 1) don
, lorsque "! 0,ZB"�1=� K�(1; z)jzj dz ! ZRNK�(1; z)jzj dz > 0;
e qui prouve que u"(1; 0) � u(1; 0) � �C"1=� pour " petit. Ce raisonnement est aussi valable lorsque� = 2 (le lemme E.4 ne s'applique pas, mais il est bien 
onnu que K2(1; z)jzj est int�egrable puisqueK2(1; �) est une gaussienne).F Quelques notes sur la sous-se
tion 4.2Lemme F.1 Soit � 2℄0; 2[, u 2 C2b (RN ) et ' 2 C1
 (RN ). AlorsZRN g�[u℄(x)'(x) dx = ZRN u(x)g�['℄(x) dx:Preuve du lemme F.1Comme ' 2 C1
 (RN ), on peut Fubiniser (
ar ju(x + z)� u(x)�ru(x) � zj � Cjzj2 ave
 C ind�ependantde x et z) pour �e
rireZRN ZBr u(x+ z)� u(x)�ru(x) � zjzjN+� dz'(x) dx= ZBr 1jzjN+� ZRN u(x+ z)'(x) � u(x)'(x) �ru(x)'(x) � z dx dz: (F.1)Or, pour tout z 2 RN , puisque u 2 C1(RN ) et ' 2 C1
 (RN ),ZRN u(x+ z)'(x)�u(x)'(x) �ru(x)'(x) � z dx= ZRN u(x+ z)'(x) dx � ZRN u(x)'(x) dx � z � ZRN ru(x)'(x) dx= ZRN u(x)'(x � z) dx� ZRN u(x)'(x) dx + z � ZRN r'(x)u(x) dx= ZRN u(x)('(x � z)� '(x)�r'(x) � (�z)) dxet (F.1) donne don
, toujours par Fubini (on utilise le fait que ' a un support 
ompa
t),ZRN ZBr u(x+ z)� u(x)�ru(x) � zjzjN+� dz'(x) dx= ZBr 1jzjN+� ZRN u(x)('(x � z)� '(x) �r'(x) � (�z)) dx dz= ZRN u(x) ZBr '(x� z)� '(x) �r'(x) � (�z)jzjN+� dz dx:On e�e
tue ensuite le 
hangement de variable z ! �z puis la même manipulation sur le deuxi�eme termede (2.1) pout 
on
lure.
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Grâ
e �a 
e lemme on peut, lorsque ' 2 C1
 ([0;1[�RN ) est positive, multiplier (4.12) par ' puis int�egrersur x 2 RN pour trouverZRN �t(�(u"))(t; x)'(t; x) dx + " ZRN �(u"(t; x))g�['(t; �)℄(x) dx� ZRN [�0(u"(t; x))H(t; x; u"(t; x)) + �(t; x; u"(t; x))℄'(t; x) dx+ ZRN �(t; x; u"(t; x)) � r'(t; x) dx (F.2)o�u H(t; x; s) = h(t; x; s)�PNi=1 �xifi(t; x; s) et �(t; x; s) =PNi=1 �xi�i(t; x; s). On a, pour t0 > 0,Z 1t0 ZRN �t(�(u"))(t; x)'(t; x) dx = � ZRN �(u"(t0; x))'(t0; x) dx� Z 1t0 ZRN �(u"(t; x))�t'(t; x) dxet, par la Remarque 4.1, puisque (u")">0 est born�ee dans L1(RN ), �(u"(t0; �)) ! �(u0) dans L1lo
(RN )lorsque t0 ! 0. On peut don
 int�egrer (F.2) sur ℄t0;1[ et passer �a la limite t0 ! 0 pour trouverZ 10 ZRN �(u"(t; x))�t'(t; x) dtdx + Z 10 ZRN �(t; x; u"(t; x)) � r'(t; x) dtdx+ ZRN �(u0(x))'(0; x) dx + Z 10 ZRN [�0(u"(t; x))H(t; x; u"(t; x)) + �(t; x; u"(t; x))℄'(t; x) dtdx� " ZRN �(u"(t; x))g�['(t; �)℄(x) dx ; (F.3)
e qui est la formulation entropique int�egrale de (4.10). Si � 2 R, il existe une suite (�n)n�1 2 C2(R)de fon
tions 
onvexes qui 
onverge lo
alement uniform�ement vers s! js� �j et dont la d�eriv�ee 
onvergepartout vers sgn(s � �) (= �1fs<�g + 1fs>�g) en �etant born�ee par 1; les 
ux �n(t; x; s) 
orrespondants
onvergent vers f(t; x; s>�) � f(t; x; s?�). En utilisant 
es fon
tions dans (F.3), on peut passer �a lalimite n!1 pour trouverZ 10 ZRN ju"(t; x) � �j�t'(t; x) dtdx+ Z 10 ZRN(f(t; x; u"(t; x)>�)� f(t; x; u"(t; x)?�)) � r'(t; x) dtdx+ ZRN ju0(x) � �j'(0; x) dx+ Z 10 ZRN [sgn(u"(t; x) � �)H(t; x; u"(t; x)) + 	�(t; x; u"(t; x))℄'(t; x) dtdx� " ZRN ju"(t; x) � �jg�['(t; �)℄(x) dx ; (F.4)o�u 	�(t; x; s) =PNi=1 �xifi(t; x; s>�)� �xifi(t; x; s?�) v�eri�e, grâ
e �a (4.2),8R > 0 ; 8T > 0 ; j	�(t; x; s)j �MT;Rjs� �jave
 MT;R ind�ependant de (t; x; s; �) 2 [0; T ℄� RN � [�R;R℄2. (F.5)On peut alors raisonner 
omme dans [12℄, en 
ombinant (F.4) ave
 l'in�egalit�e entropique pour (4.11). Lestermes nouveaux qui apparaissent �a droite sont alors:� En fa
teur de r': f(t; x; u"(t; x)>u(s; y)) � f(t; x; u"(t; x)?u(s; y)) et f(s; y; u(s; y)>u"(t; x)) �f(s; y; u(s; y)?u"(t; x)), qui ne pose pas de probl�eme puisque 
haque terme s'estime en Cju"(t; x)�u(s; y)j. 55



� En fa
teur de ': 	u(s;y)(t; x; u"(t; x)), 	u"(t;x)(s; y; u(s; y)), sgn(u"(t; x)�u(s; y))(H(t; x; u"(t; x))�H(s; y; u(s; y)); les deux premiers termes s'estiment, par (F.5), en Cju"(t; x) � u(s; y)j; le dernierterme, par (4.2), en C(jt � sj + jx � yj + ju"(t; x) � u(s; y)j). Comme ' 
ontient ��(y � x) et��(s � t), le terme jx � yj+ jt � sj donne en �n de 
ompte un O(� + �) et il reste �nalement desju"(t; x)� u(s; y)j.En utilisant ensuite les propri�et�es de 
ontinuit�e de u, on transforme 
omme dans [12℄ les u(s; y) en u(t; x)et on obtient �nalementZ 10 ZRN ju"(t; x)� u(t; x)j(�t (t; x) + Cjr (t; x)j + Cj (t; x)j) dtdx � Aave
 A bien estim�e. En prenant alors  (t; x) = wM (jxj+Ct)�(t) (ave
 wM et � d�e
roissants et �a valeursdans [0; 1℄), on a�t (t; x) + Cjr (t; x)j + Cj (t; x)j = Cw0M (jxj+ Ct)�(t) + wM (jxj+ Ct)�0(t)�Cw0M (jxj+ Ct)�(t) + CwM (jxj+ Ct)�(t)= wM (jxj+ Ct)�0(t) + CwM (jxj+ Ct)�(t)et on arrive, une fois que l'on a fait tendre ��0 vers une masse de dira
 en t0 (et don
 � vers 1[0;t0℄), �aquelque 
hose 
ommeZRN ju"(t0; x)� u(t0; x)jwM (jxj+ Ct0) dx � A0 + C Z t00 ZRN ju"(t; x) � u(t; x)jwM (jxj + Ct) dtdxave
 A0 qui est bien estim�e. Ce
i �etant vrai pour tout t0, Gronwall sur t! RRN ju"(t; x)�u(t; x)jwM (jxj+Ct) dt donne alors ZRN ju"(t0; x)� u(t0; x)jwM (jxj+ Ct0) dx � A0eCt0(rappelons que u"(0; �) = u(0; �)), 
e qui 
on
lut la preuve.
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