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Abstract

The present paper is concerned with semilinear partial differential equations involving a particular
pseudo-differential operator. It investigates both fractal conservation laws and non-local Hamilton-
Jacobi equations. The starting point is a new formula for the operator. It permits to prove the key
a priori estimate that stands for the scalar conservation law and the Hamilton-Jacobi equation. The
smoothing effect of the operator is also put in light and used to solve both equations. As far as
Hamilton-Jacobi equations are concerned, a non-local vanishing viscosity method is used to construct
a (viscosity) solution when existence of regular solutions fails, and a rate of convergence is provided.
Turning to conservation laws, global-in-time existence and uniqueness are established. We also show
that our formula allows to obtain entropy inequalities for the non-local conservation law, and thus to
prove the convergence of the solution, as the non-local term vanishes, toward the entropy solution of
the pure conservation law.

Mathematical subject classifications: 35B45, 35B65, 35A35, 35530
Keywords: Lévy operator, fractal conservation laws, non-local Hamilton-Jacobi equations, smoothing
effect, a priori estimates, global-in-time existence, rate of convergence.

1 Introduction

In this paper, we are interested in solving semilinear partial differential equations involving the fractal
operator (or Lévy operator) defined, for ¢ € S(RV), by

el =F (|- Flp)) with0< <2 (1.1)

(F is the Fourier transform). The study of PDE’s involving g, is motivated by a number of physical
problems, such as overdriven detonations in gases [9] or anomalous diffusion in semiconductor growth
[26], and by mathematical models in finance (see below for references). We consider perturbations by gy
of Hamilton-Jacobi equations or scalar conservation laws, that is to say

Opu(t, ) + gafu(t,)](z) = F(t,z,u(t,z), Vu(t, x)) t>0, r€eRVY, (1.2)
u(0,2) = ug(z) reRN '

o Opu(t, ) + div(f(t, z, u(t, z))) + galu(t, )](z) = h(t, z, u(t, x)) t>0,z€eRY, (1.3)
u(0,z) = uo(z) r € RN, '

These kinds of equations have already been studied. As far as scalar conservation laws are concerned, some
recent papers have investigated them. One of the first works on this subject is probably [4], which deals
with (1.3) when h = 0 and f(¢,z,u) = f(u); using energy estimates, it states some local-in-time existence
and uniqueness results of weak solutions if f has a polynomial growth. This result is strengthened in [14],
where a splitting method is used to prove global-in-time existence and uniqueness of a regular solution if
A> 1.

To our best knowledge, Hamilton-Jacobi equations of type (1.2) first appeared in the context of mathe-
matical finance as Bellman equations of optimal control of jump diffusion processes [23]. See also [24, 22, 1]
and more recently [6, 7, 8]. A general theory for non-linear integro-partial differential equations is de-
veloped by Jakobsen and Karlsen [18, 19]. Some of the ideas of [14] are adapted in [17] to prove that
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(1.2) has regular solutions if A > 1. It adapts previous viscosity solution theories to the equation (1.2)
(existence via Perron’s method, comparison results, stability) and use techniques of [14] to obtain further
regularity.

The preceding methods to handle (1.2) and (1.3) are somewhat incompatible: the splitting method for
Hamilton-Jacobi equation (1.2) is less direct than Perron’s one and it is well known that the notion of
viscosity solution is inadequate to conservation laws such as (1.3). However, a scalar conservation law can
always be formally written as a Hamilton-Jacobi equation (write div (f(u)) = f'(u) - Vu). In this paper,
we present a way to simultaneously solve (1.2) and (1.3) by using this simple fact and the construction of
regular solutions to the Hamilton-Jacobi equations under weak assumptions (that are satisfied by both
(1.2) and (1.3)). The key estimate is given by Proposition 3.1. As we notice in the course of the proofs,
the method we use is also valid for more general operators than g,.

The starting point of this work is an equivalent definition of the fractal operator: we give a formula for g,
which precises and generalizes (to the case A < 1) the formula in [17]. This formula permits to extend the
operator from Schwartz functions to C,? ones and is moreover used to establish what we call a “reverse
maximum principle” that says, freely speaking, that gx[¢](z) is nonnegative if z is a maximum point of ¢.
This principle is the key point when proving the estimate for the regular solutions of (1.2). The formula
for g, also has other applications that are mentioned below.

As far as Hamilton-Jacobi equations are concerned, the study of (1.2) in [17] is made for A > 1 and by
using Perron’s method. We generalize here the results of this paper to the case A €]0,2[ and we weaken
the hypotheses on the Hamiltonian. We first prove that the fractal operator has a smoothing effect for
A €]1,2[ under very general (and natural) hypotheses on F’; the idea to obtain a global solution is, roughly
speaking, to study how supg~ |u(t, -)| evolves. We next treat the case A €]0, 2[ (recall that, contrary to the
formula in [17], ours is valid for such ) by solving (1.2) in the sense of viscosity solutions; as expected in
this context (see (1.1)), these solutions are no more regular but only bounded and uniformly continuous.
We use a non-local vanishing viscosity method (though we could have used Perron’s method, see Remark
3.6): precisely, we add a vanishing fractal operator €g,, with ;> 1 and we pass to the limit ¢ — 0. We
also provide, for all p €]0,2[, a rate of convergence that is in some respect surprising, compared with
the case p > 1 treated in [17]. Let us also mention that the reverse maximum principle and its main
consequence, namely the key estimate given by Proposition 3.1, can be generalized to the framework of
viscosity solutions: nonsmooth versions of both results are stated and proved in Appendix. We have
chosen not to use these versions because, anywhere we can, we search for regular solutions and we turn
to the notion of viscosity solution only if mandatory (that is if A < 1; see Subsection 3.2).

The case of scalar hyperbolic equations (1.3) with A > 1 is treated next. The a priori estimates on the
solution follow from Proposition 3.1, the same proposition that gives the a priori estimates for (1.2), and
the existence of a regular solution is as straightforward. The splitting method of [14] can be adapted to
some cases where f and h depend on (¢,z) (see [13]), but this is awfully technical; the technique we use
here therefore presents a noticeable simplification in the study of (1.3) in the general case. The question
of non-local vanishing viscosity regularization (multiplying gx[u] by ¢ and letting ¢ — 0) is treated in
[12], still using the splitting method (and for h = 0, f(¢,z,u) = f(u)); at the end of the present paper,
we quickly indicate how the formula for g allows to significantly simplify the corresponding proofs for
general f and h, in particular the proof of the entropy inequalities for (1.3).

The paper is organised as follows. Section 2 is devoted to establish another formula for g, (Theorem 2.1).
It also contains the “reverse maximum principle” (Theorem 2.2) we presented above. In Section 3, we
study Hamilton-Jacobi equations. We first present the smoothing effect of the fractal operator on (1.2)
for A €]1,2[ (Theorem 3.1); next, we construct viscosity solutions for A €]0,2[ by a non-local vanishing
viscosity method (Theorem 3.3) and we prove a rate of convergence (Theorem 3.4). Section 4 contains
the resolution of (1.3) and the (short) proof of the entropy inequalities associated with the perturbed
conservation law (Subsection 4.2). Some appendixes in Section 5 conclude the paper. In particular, the
reader can find there a generalization of the “reverse maximum principle” and of the key estimate to the
viscosity framework.



Notations. Throughout the paper, B, (resp. B,(z)) denotes the ball of RN centered at the origin (resp.
at z) and of radius r. Euler’s function is denoted by T.

2 Another formula for g,

The main result of this section is a new formula for g), which generalizes Lemma 1 in [17]. As a
consequence, we extend the definition of g) from Schwartz functions to C} functions and we prove what
we call a “reverse maximum principle”: roughly speaking, it says that at a maximum point of a C’f
function ¢, we have gx[¢] > 0. This result is the crucial argument when proving the key estimate stated
in Proposition 3.1.

Theorem 2.1 If A €]0,2][, then, for all ¢ € S(RY), all z € RN and all 7 > 0,

ldl(@) = —en() ( [ Ptz —ely) - Vet) e [ . s o) dz) 2.1)

r

AL (Z32)

N
2r2 PAr(1-3)

where ey (A) = . We can generalize this formula in two cases:

i) If A €]0,1], we can take r = 0:

aalel(e) = —en () / ) w ”

ii) If X €]1,2[, we can take r = +oc:

plr+2) = o) = Vo) - 2

BIRER dz.

0 [el(@) = —en (V) /

RN

Before proving these formulae, let us state some of their consequences. We first notice that (2.1) allows
to define g)[¢] € Cp(RY) for ¢ € CZ(RY). In fact, this gives a continuous extension of gy in the following
sense.

Proposition 2.1 Let X €]0,2[ and ¢ € CZ(RN). If (pn)n>1 € CZ(RY) is bounded in L>°(RN) and
D2%p,, — D%y locally uniformly on RN, then g\[¢n] — gx[p] locally uniformly on RN .

Remark 2.1 We could also define gy on Hdilder spaces of functions (depending on \), and state an
equivalent of Proposition 2.1 in this framework.

Proof of Proposition 2.1

The operator g, being linear, we can assume that ¢ = 0. Since (¢,)n>1 is bounded in L (RY), the
second integral term of (2.1) applied to ¢ = ¢,, is small, uniformly for n > 1 and = € RV | if r is large. By
Taylor’s formula, for |z| < r and |z| < R we have [@, (2 +2) — ¢n(x) = Vou(2) 2| < ||[D*@n|l1(8,, 021"
hence, with r fixed, the first integral term of (2.1) applied to ¢ = ¢,, is small, uniformly for z € Bpg, if n
is large. W

From (2.1) it is obvious that, if x is a global maximum of ¢, then gx[¢](x) > 0, with equality if and only
if ¢ is constant (notice that ex(X) > 0 for A €]0,2[). We have a generalization of this property, which
will be the key argument to study first order perturbations of 9; + gy.

Theorem 2.2 Let A €]0,2[ and ¢ € CZ(RYN). If (xn)n>1 is a sequence of RN such that p(z,) — supgn ¢
as n — 00, then lim, o Vo(z,) = 0 and liminf,,_, o gx[p](z,) > 0.



Proof of Theorem 2.2
Since the second derivative of ¢ is bounded, there exists C such that, for all n > 1 and all z € RV,

suppn @ > @(Tn + 2) > @(xn) + Vo(z,) - 2 — C2]°. (2.2)

Up to a subsequence, we can assume that V(z,) — p (this sequence is bounded). Passing to the limit
n — oo in (2.2) gives 0 > p- 2z — C|z|?; choosing then z = #p and letting t — 07 shows that p = 0, which
proves that lim,_,. V¢(z,) = 0 (the only adherence value of the bounded sequence (Vo(zy))n>1 is 0).
Since p(x, + 2) — p(z,) < supp~ @ — p(z,) = 0, we deduce that, for all z € RV,

limsup,, , . (¢(z, +2) —@(z,)) <0

2.3
limsup,, . (p(xn + 2) — @(xn) — Vo(z,) - z) <0. (2:3)
We also have

_ 2 oo (RN
lo(zn + 2) — @(x4)] l[ooll £ (RN) c L](]RN\BT)

|2[NFA =T v

e 1D% 0l = e 2

lp(an +2) — p(an) — Vo(@a) - 2| _ [ID"¢llL= @y |2 1

R ST S LB

Hence, by (2.3) and Fatou’s Lemma,

0> / lim sup Pzn + Z]\)[ *}\(,O(Tn) dz > lim sup / (zn + Z]\)f 7)\('0(37”’) dz
JRN\B, n—oco ‘Z‘ + n—oo JRN\B, |Z| +
and
: @@ +2) — p(an) — Vo(za) - 2 : P(xn +2) —plan) = Vo(z,) - 2
02 [ tmaup e iz > limswp | Bl *

Combining these inequalities and (2.1) permits to achieve the proof of the theorem. m
Remark 2.2 This theorem is also true for A\ = 2, that is to say g» = —4w>A, provided that ¢ € C} (RV).

We now conclude this section by proving the formula given for gy.

Proof of Theorem 2.1
Step 1: a preliminary formula.
We first assume that A €]1,2[. We have gy[p] = F (| - [*F(p)); but F(Ap) = —4x?| - |2F(p) and
therefore, for p € S(RY),
1 _ -

Nl =—=F Y- PTPEA)). (2.4)
Since A €]1,2[, we have A — 2 €] — N, 0[; hence |- |*~2 is locally integrable and is in S'(R"). The inverse
Fourier transform of |-|*~2 is a distribution with radial symmetry and homogeneity of order — N — (A —2);
we deduce that there exists Cn () such that

(R e N MO R (2.5)

in D'(RV\{0}); since | - |"V~(A=2) is locally integrable, it is quite easy to see that (2.5) also holds in
S'(RN). We compute Cn(A) by taking the test function v(z) = e~mlel” which is its own inverse Fourier
transform:

/ 22 2e 17 dg = (F7Y(] - '), ) s &), s®N) = CN()\)/ | N2l gy,
RN RN



Using polar coordinates, we deduce fooo pN+A=d o= p gy — Cn (N fooo r~*e=™" rdr and the change of
variable 7 = w72 implies
dr dr

7T7(N+)\74)/2 /oo T(N+>\74)/267T D CN()\)ﬂ_)\/Q /oo T,)\/Qef‘r —
0 2m Jo 2m

that is to say Cx(\) = T(¥2 — 1)/[z>+220(1 — 3)]. With this value of On()), (2.4) and (2.5) give,
for all ¢ € S(RV),
G )
N
ArTHAT (1 - 3)

aly] = TNV A (2.6)

Step 2: proof of (2.1) for A €]1,2].
Let 7 >0, p € S(RY), z € RV and define ¢,(z) = p(z + z) — ¢(z) — V(z) - 26(z), where § € C>°(RV)

is even and equal to 1 on B,. We have A¢,(z) = Ap(z + 2) — Vo(z) - A(26(2)), and thus, with
f=-N-(A=-2)€]-N,0]

VO g = [

2P Ap(z + 2)dz = / 2P Ap,(2)dz + V() - / 2PA(26(2)) dz
JRN JRN JRN

(all these functions are integrable since Ap(z + z) and A(z6(z)) are both Schwartz functions). But
z s 20(2) is odd, so z = |z|?A(26(z)) is also odd and its integral on R vanishes. Hence,

O Aple) = [ [P A2 de =l [ 128G () a2 (2.7)

where C. = {e < |z| < 1/e}. By Green’s formula,

/ 28 Ady (=) dz = / A(\z\6>¢m<z>dz+/ [|z|ﬂv¢m<z>-n<z>¢m<z>v<zﬁ>-n<z> do.(z) (28)
JCe JCe Jo

€

where o, is the (N — 1)-dimensional measure on 9C. = S. U Sy,. (with S, = {|z| = a}) and n is the
outer unit normal to C.. On a neighbourhood of 0, we have ¢,(2) = p(x + z) — ¢(z) — Vp(z) - z, and
thus ¢, (2) = O(]2]?), Vo, (2) = O(|z]); using |V (]2|?)| = |B] |z|°~", we deduce, since N+ =2— X >0,

< CeNT1EPT 50 as e — 0. (2.9)

[S (12PVa(2) - n(z) — 6 (2)V(21) - n(2)) do. (2)

Since —(N —1) = (8—-1) =2 — (N + ) = A > 0 and, at infinity, ¢,(2) = ¢(z + 2) — ¢(x) is bounded
and V¢, (z) = Vy(z + z) is rapidly decreasing, we obtain

/S (121°V e (2) - n(2) — ¢2(2)V(|2") - n(z)) doe(2)
/51y

1\ V158
< C <—> sup |[Vo(z 4 -)| + Ce=(N"1g=(6=1) ¢ as e = 0. (2.10)

- € 1/e
An easy computation gives
A(l2/) = div(Blz°2) = (Nz“ SRR IR ) = BV 45— )]
z
and therefore

/ A(|2P) ¢ (2) dz = (N+/\—2))\/ |2| N b, (2) dz. (2.11)

C. Ce



Since ¢,(z) = O(]z|?) on a neighbourhood of 0 and ¢, is bounded on RV, the function |- |"N=A¢, is
integrable on RN and we can pass to the limit as € — 0 in the right-hand side of (2.11).

Combining (2.7), (2.8), (2.9), (2.10) and (2.11) yields

3 3

CN—(A— plx+2z)—p(x) —Ve(z) - z0(z
|- | N—(x 2)*A<p(:n):)\(N+/\—2)/RN ( ) (z)N+* (z) ()dz
Since # = 1 on B, this gives
‘ . |7N7()\72) % A@(ZE) — )\(N + A= 2) QD(;U + Z) - QO(ZE) - V‘P(m) R dz
B, |2 N+

p(z +2) —p(z) — Vo(z) - 26(2)
N -2 )
+A(N + A )/RN\BT P dz

But 2| V(2 + 2) — ¢(z)) and |z2| N ~*26(2) are integrable on RV \ B,., and thus

p(x+2) — o) = Vo) -20(2) | _ P2 o) 5 o). 20(2)
'/RN\Br ‘Z‘N+)\ dz = ./RN\BT ‘z‘N+>\ d V(p() / dz.

Since z = |2| V"2 6(2) is odd, this last integral vanishes and we deduce

CN—(A— plx+2)—p(xr) —Ve(z) -2
YO Ape) = AWy [ XD EO T TRl 2,
pla+2) — pla)
+)\N+)\72/ — ‘2.
( D Jmn,

Using this formula in (2.6) and taking into account (N + X\ — 2)I(8F2 — 1) = 2(&R2 — T2 —1) =
20 (22, we obtain (2.1) if A €]1,2[.

Notice that, up to now, the reasoning is also valid for any A €]0,2[ if N > 2. To prove (2.1) in the general
case, we must use a holomorphy argument.

Step 3: conclusion.
We now obtain (2.1) in the case A €]0,1]. Let ¢ € S(RY) and x € RY. Since F(p) € S(RY), we have,
for all A in the strip E = {A € C| 0 < Re()) < 2},

- PF@) [ = |- [RVF (@) < 1+ |- P)IF(p)] € L' (RY).

Hence, by holomorphy under the integral sign, the function

Ao alelle) = [P de

is holomorphic on E. For all 0 < a < Re(\) < b < 2, the integrands in (2.1) are bounded by integrable
functions which only depend on a and b: if 2 € B,, we have |[z|*| = |z|Re(V) > pReQN=b120 > ¢ 4 15|b
and, if z ¢ B,, then ||z} > rRe(MV-a|ze > Crol2|%; hence, the two integral terms in this formula are
also holomorphic with respect to A € E. Since A — ¢y () is holomorphic on E (T is holomorphic in the
half-plane {Re > 0} and has no zero), all the functions of A in (2.1) are holomorphic on Ej; this equality
being satisfied for all real A in ]1,2[, it holds in fact for any A € E. In particular, this proves (2.1) if
A €]0,2[.

The special cases 1) and ii) of the theorem are easy consequences of (2.1). Indeed, p(z+2) —p(z) = O(|z])
on a neighbourhood of 0; thus, if A < 1, [2| N "*(p(z + 2) — p(z)) is integrable on RY and we can pass
to the limit # — 0 in (2.1). The function z — @(z + z) — p(2) — Vy(x) - z has a linear growth at infinity;
therefore, if A > 1, |2| V"2 p(z + 2) — p(z) — Vip(z) - 2) is integrable on RV and we conclude by letting
r—ooin (2.1). B



3 Fractal Hamilton-Jacobi equations

3.1 A smoothing effect for ) €]1,2]

We assume here that A €]1,2[ and we consider the Cauchy problem

(3.1)

Oru(t, z) + gafu(t, )|(z) = F(t, z,u(t,z), Vu(t, z)) t>0,z€RY,
u(0,z) = ug(z) z € RV,

where ug € W°(RV) and F € C*([0,00[xRY x R x RV satisfies

VT >0, VR >0, VkeN, 3Cr g such that,
for all (t,z,s,£) € [0,T] x RN x [-R, R] x Bg and all a € N*N+2 gatisfying |a| < k, (3.2)
|6QF(7‘I,,’I:,S,£)‘ S CT,R,k‘,-

We also assume that

VT > 0, there exiq‘rq A7 : [0, +00[—]0, +00[ continuous nondecreasing
such that fo A7) da = +oc and, for all (t,z,s) € [0,T] x RY x R, (3.3)
qgn(‘ )F(t/{r/ 570) < AT(‘SD s

vT >0, VR > 0 there exists I'r g : [0, +00[—]0, +00[ continuous nondecreasing
such that [ & (a) da = +oo and, for all (t,z,s,£) € [0,T] x RN x [-R, R] x RV, (3.4)
|€\a F(t, 2,56 <Trr(), [VoF(t 2,58 <Trr(E])

and we define .

a 1 a
L’T(a):'/o o gT,R(a):/0 v (3.5)

By the assumptions on Aq and I'r g, the functions L1 and Gr g are nondecreasing C'"-diffeomorphisms
from [0, oo[ to [0, co[. Our main result concerning (3.1) is the following.

Theorem 3.1 Let A €]1,2[, ug € WH(RN) and F satisfy (3.2), (5.3) and (3.4). There exists a unique
solution u to (3.1) in the following sense: for all T > 0,

u € Cp(J0,T[xRY), Vu € Cp(J0, T[XRV)N and, for all a €]0,T[, u € C°(Ja, T[xRY), (3.6)

u satisfies the PDE of (3.1) on |0, T[xRN | (3.7)

u(t,-) — ug uniformly on RN, as t — 0. (3.8)

We also have the following estimates on the solution: for all 0 <t < T < o0,

[u(t, ) p=@n) < (L) ](t+£T(H“‘0HL"°(RN))): (3.9)
1 Du(t, )|p=@~) < (Gr.r)"" (t+ Gr,r(|Duol[L=@N))) (3.10)

where L7 and Gr g are defined by (3.5), |[Du(t,")||L~ @~y = 21 Oiu(t, )||L~ @~y and R is any upper
bound Of HUHL"C(]O,T[XRN) .

Remark 3.1 The uniqueness holds under weaker assumptions (see Corollary 8.1) and, with the technique
used in Section 4, it can also be proved if the uniform convergence in (3.8) is replaced by a L™ weak-*
convergence.



3.1.1 Discussion of the assumptions

We assume that F' is regular because we look here for regular solutions to (3.1) (we relax this in Sub-
section 3.2); in this framework, (3.2) is restricting only in the sense that it imposes bounds which are
uniform with respect to 2 € RV, but this is natural since we want solutions that also satisfy such global
bounds.

Assumption (3.3) is used to bound the solution, and (3.4) to bound its gradient. As a simple particular
case of these assumptions, we can take Ar(a) = K¢(1+ a) and I'r g(a) = M7 r(1 + a) with K7 and
My p constants (see (3.20), (3.21) and Remark 3.4). With these choices, (3.9) and (3.10) read

3

Hu(t7 -)HLOC(RN) S (1 + HUOHLOO(RN))GKTt _ 1

|| Du(t, ')HLOO(RN) <@+ HDUOHLOO(RN))62NMT'Rt -1,

which are quite classical estimates. Note that if this choice of I'r g in (3.4) is usual (see [11] for A = 2,
[17] for A €]1,2[ and [3] for the pure Hamilton-Jacobi equation  i.e. without gy), Assumption (3.3)
is, even with the preceding choice of A, less usual in the framework of Hamilton-Jacobi equations. To
ensure global existence, this hypothesis is in general replaced by a bound on F(¢,z,0,0) and by the
assumption that F' is nonincreasing with respect to s (see the preceding references). Assumption (3.3)
with Ay (a) = K¢y (1 + a) however appears in [15] in the case of parabolic equations (i.e. A = 2).

In their general form, Assumptions (3.3) and (3.4) do not seem common in the literature; however, they
are completely natural with respect to the technique we use here. They allow to consider, for example,
F(t,z,u, Vu) = u?In(1 + |[Vul?).

We now turn to the proof of Theorem 3.1.

3.1.2 L™ estimates and uniqueness

The following proposition gives the key estimate, both for Hamilton-Jacobi equations and for scalar
conservation laws; it relies on Theorem 2.2 in an essential way. This estimate still holds true in a
more general case (precisely, in the framework of viscosity solution, with less regular solutions; see
Subsection 3.2 for a definition): see Proposition 5.1 in Appendix. We choose to present below the
estimate in the smooth case because we look here for regular solutions.

Proposition 3.1 Let A €]0,2[, T > 0 and G € C(]0,T[xRY x Rx R™) be such that, for all R > 0, VG
is bounded on 10, T[xRN x [-R, R] x Br. We also assume that

there exists h : [0, co[—]0, 0o[ continuous nondecreasing
such that fooo ﬁ da = +oo and, for all (t,x,s) €]0, T[xRN x R, (3.11)
Sgn(s)G(t, ZT,s, 0) S h(‘S‘)

Ifu € C(Ja, T[xRN) for all a €]0,T[ and satisfies
dpu(t, ) + galu(t, ))(z) = G(t,z,u(t,z), Vu(t,z)) on ]0,T[xRY, (3.12)
then, defining H(a) = foa ﬁ db, we have, for all0 <t' <t < T,

[u(t, M re@ny <H T (E—t + H(|ul', ) L=@n))) - (3.13)

Proof of Proposition 3.1
Let a €]0, T[. Since 6}u is bounded on ]a/2, T[xRN (say by C,), we have, for all t €]a, T[,all 0 < 7 < a/2
and all z € RV,

u(t — 7,2) + 10u(t, x) + Cu7>
suppnr u(t —7,-) + 7G(t, 2, u(t, ), Vu(t, z)) — Tga[u(t, )] (z) + Cor. (3.14)

u(t,z) <
<



Fix t > a and assume that supg~u(t,-) > 0. Let (z,),>1 € RN be a sequence such that u(t,z,) —
suppw~ u(t,-). We have

G(t, 2, u(t, @), Vult, 2,)) < Glt, T ult, 24),0) + M| Vu(t,2,)]

where M; = sup{|V:G(t,z,s,£)|, (z,5,&) € RN x [-R;, R;] x Bg,} with R; an upper bound of u(t, ")
and Vu(t, ). For n large enough, u(¢,x,) > 0 and thus, by (3.11),

G(t, zn, u(t,zn), Vu(t, z,)) < h(u(t, z,)) + M| Vu(t, z,)| < h(suppn~ u(t,-)) + M| Vu(t, z,)|.
Injected in (3.14), this gives, for all ¢t €]a,T[ and all 0 < 7 < a/2,
u(t,z,) < supgn u(t — 7,-) + 7h (suppn u(t, ) + 7M|Vu(t, z,,)| — Tga[u(t, )] (z,) + Cout.

By Theorem 2.2, we have liminf,,_,, gx[u(t, -)](z,) > 0 and Vu(t,z,) — 0 as n — co. Hence, taking the
lim sup,,_, ., of the preceding inequality leads to

suppn u(t, ) < supgpn u(t — 7,-) + 7h (Supg~ u(t, ) + O’

This has been obtained under the condition that suppw~ u(t,-) > 0; defining ®(¢) = max(supg~ u(t, -),0),
we deduce, whatever the sign of suppn~ u(t,-) is, that ®(t) < ®(t — 1) + 7h(®(t)) + C,72, that is to say,
for t €]a,T[and 0 < 7 < a/2,

O(t) — ®(t — 1)

T

< h(®(t)) + Car.

As Oyu is bounded on Ja, T[xRY, it is easy to see that ® is Lipschitz continuous on ]a,T[ and this
inequality therefore implies ®' < h(®) almost everywhere on ]0, T'[. Hence, the derivative of the locally
Lipschitz continuous function ¢ €]0, T[— H(®(t)) (notice that H is C* on [0, oo[) is bounded from above
by 1 and, for all 0 < #' <t < T, H(®(t)) <t —t + H(P(t)). Since H is a nondecreasing bijection
[0, co[— [0, oo, we deduce

supgw u(t,) < @() <HT (' +H(B()) <HT (¢ —t' + H(llult', )l p=(=m))) -

The same reasoning applied to —u (solution to (3.12) with (¢,z,s,&) — —G(t,z, —s,—&), which also
satisfies (3.11), instead of G) gives an upper bound on suppw~(—u(t,-)) = —infrp~ u(t,-) and concludes
the proof. m

We deduce from this proposition the following corollary, which implies the uniqueness stated in Theo-
rem 3.1.

Corollary 3.1 Let A €]0,2[, T > 0 and ug € WH(RY). If F satisfies (3.2), then there exists at most
one function defined on |0, T[xRYN which satisfies (3.6), (3.7) and (3.8).

Proof of Corollary 3.1
Assume that u and v are two such functions. The difference w = u—wv is in C?(Ja, T[xRY) for all a €]0, T
and satisfies

drw(t,x) + gr[w(t,)](z) = G(t,z,w(t,z), Vw(t,z)) on ]0,T[xRY

with
Gt = (/0 OuF (tm, Tult, x) + (1= T)o(t, 2), Vu(t, 7)) dT) s
" (/ VeF(t,a,0(t,2), rVu(t,x) + (1 - 7)Vo(t,z)) dT) 33

By (3.2) and the hypotheses on u and v, G is continuous on ]0, T[xRY x R x RV and V.G is bounded
on |0

10, T[xRN x [-R, R] x Bg for all R > 0. Moreover, & satisfies (3.11) with h(a) = C(k + a) where &



is any positive number (added so that ~ > 0 on R") and C only depends on u, v and the constants in
(3.2). For this h, we have H(a) = £ (In(k + a) — In(xk)) and H ' (a) = ke“® — k; hence, by Proposition
3.1 we find, for 0 <#' <t < T, |[w(t,")||= @) < eCO=) (g + [|w (', Mo myy) — K. Since u(t', ) = ug
and v(t',-) = uo uniformly on RN as ¢’ — 0, we have ||w(t',-)|[=@~y) — 0 as t = 0 and we conclude,
letting ¢’ — 0 and k — 0 in the preceding inequality, that w(¢,-) = 0 for all ¢ €]0,T[. B

3.1.3 W™ estimates and existence

To prove the existence of a solution to (3.1), we first introduce another definition of solution, in the spirit
of [25, chapter 15] or [14].

Definition 3.1 Let X €]1,2[, ug € WH(RY), T > 0 and F satisfy (5.2). A weak solution to (3.1) on
[0,T] is a function u € L°°(]0, T[xRN) such that Vu € L>(]0, T[xRN)N and, for a.e. (t,z) €]0, T[xRY,

u(t,z) = Kx(t,-) * up(x) + /0 Ky(t—s, ) x F(s,-,u(s,-), Vu(s,))(z)ds, (3.15)

where K is the kernel associated with g).

The kernel associated with gy is Ky(t,z) = F (£ — e’”f‘x)(az). It is defined so that the solution to
O1v + gav] = 0 is given by v(t,z) = K,(¢,-) *v(0,-)(z) and (3.15) is simply Duhamel’s formula on (3.1).
Let us recall the main properties of Ky (valid for A €]0,2[) which allow in particular to see that each
term in (3.15) is well-defined.

Ky € 0®(]0,00[xRN) and (Ky(t,))t—o is an approximate unit
(in particular, Ky is nonnegative and, for all £ > 0, [|[Kx(t,-)[|1 @~y = 1),
Vi>0, VH' >0, Kx(t+1,-) = Kx(t-) = Ka(t, ),
I >0, VE>0, [[VEAR )] eny < Kt A

(3.16)

(notice that the nonnegativity of K can be proved from Theorem 2.2 by using the same technique as in
the proof of Proposition 3.1). Using the Banach fixed point theorem, it is quite simple to prove the local
existence (and uniqueness) of a weak solution to (3.1); its regularity is obtained by the same means. We
give in Appendix ideas for the proof of the following theorem and let the reader check the details (see,
for example, [14] and [17]).

Theorem 3.2 Let A €]1,2[, ug € WH°(RN) and F satisfy (3.2).
i) For all T > 0, there exists at most one weak solution to (3.1) on [0, T].
i) A weak solution to (3.1) on [0,T] satisfies (3.6), (3.7) and (3.8).
i1) Let M > |[ug||w1.cmny. There exists T > 0, only depending on M and the constants in Hypothesis
(3.2), such that (3.1) has a weak solution on [0,T].
We now obtain estimates on the gradient of the weak solution, and conclude the proof of Theorem 3.1.

Proposition 3.2 Let A €]1,2[ and ugp € W'°(RN). Assume that F satisfies (3.2) and (3.4). If u is a
weak solution to (3.1) on [0,T] and R > ||ul|pejo,r[xr~) then (3.10) holds for all t €]0,T].

Proof of Proposition 3.2

The proof is very similar to the proof of Proposition 3.1. If ¢ € C;(RY), then a derivation under the
integral sign on (2.1) shows that 9;gx[p] = ga[0i]. Since u satisfies (3.6) and (3.7) (Theorem 3.2), we
deduce that

O (Qiu)(t, ) + ga[Oiu(t, )|(x) = 0. F(t,z,u(t,x), Vu(t,z)) + 0:F(t, z,u(t,x), Vu(t, z))0;u(t, )
+VeF(t,z,u(t, z), Vu(t, x)) - V(Ou)(t, x).
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Let a €]0,T[; the function d70;u is bounded on Ja/2, T[xRN (say by C,;) and thus, for ¢t €]a,T],
0<7<a/2and z € RV,

iu(t,r) < Ot —7,x) + 70 0u(t, x) + Cyir?

< supgpn Qiu(t —7,) + 70, F(t, z,u(t, x), Vu(t, z)) + 70: F(t, z, u(t, z), Vu(t,z))d;u(t, x)
+7VeF (t, v, u(t, x), Vu(t,z)) - V(0iu)(t,z) — Tgr[Ou(t, )] (z) + Cait’. (3.17)

Assume that supg~ G;u(t, ) > 0 and take a sequence (z,,),>1 € RV such that d;u(t, z,,) — supg~ diu(t,-).

Since G;u(t, ) € CZ(RV), Theorem 2.2 gives liminf,,_, o, gr[Oiu(t,)](zn) > 0 and lim, o V(Oiu)(t, z,) =

0. For n large enough, d;u(t,x,) > 0 and we can apply (3.17) to z = z,, use (3.4) and (3.2) to bound
the terms involving F' and then take the limsup,, , . of the resulting inequality; we find

supp~ Oju(t, ) < suppy Oju(t — 7,-) + 2707 & (Suppn |Vu(t,-)|) + Cy i1

(recall that R is an upper bound of ||u|[e 0, 71xr~)). As in the proof of Proposition 3.1, to obtain an
inequality which holds whatever the sign of supp~ d;u(t,-) is, we define w; 4 (¢) = max(supg~ 9;u(t, -),0)
and we have, for all ¢ €]a, T[ and all 0 < 7 < a/2,

wi 4 (1) <wi g (t—7) + 2107 g (|[Dult, )] = @y)) + Coit?.

This reasoning applied to —u (the function —F(-,-, —, —) satisfies (3.2) and (3.4)) leads to the same
inequality for w; _(t) = max(supg~(—0;u(t,-)),0) = max(— infp~ O;u(t,-),0). This inequality is therefore
also satisfied by max(w; 4 (t), w; — (t)) = [|0;u(t, -)|| L~ ®~) and, summingon i = 1,..., N, we deduce that,

for all t €]a,T[and all 0 < 7 < a/2,
N 2
|[Du(t, )| 1,0 @ny < |Dult — 7, )| oo ny + 2NTL g (|[Dult, )| 100 o)) + Zi:l Co, it

Since ¢ — ||Du(t,-)|| g~y is locally Lipschitz continuous (because 9;0;u is bounded on Ja, T[xRY for
all a €]0,T), we infer as in the proof of Proposition 3.1 that, for 0 < #' <t < T,

1Du(t, )| Lo vy < (Grr) ™" (t =1+ Gr.r(||Du(t’, )| L= @) - (3.18)

The function ug being Lipschitz continuous, the definition of the derivative and the dominated convergence
theorem show that 9;(K(t',) x ug) = K(t',-) * O;ug. Thanks to Lemma 5.1 in Appendix and (3.16), we
have 0;[K\(t' — s,-) * F'(s, -, u(s,), Vu(s,))] = ; Kx(t' — s,-) % F(s,-,u(s,"), Vu(s,-)), which is bounded
independently of 2 € RN by an integrable function of s €]0,#[; we can therefore derivate (3.15) under
the integral sign to find

Giu(t',x) = Kx(t',-) * Oyup(z) + /0/ O;K\(t' —s5,°) % F(s,-,u(s,), Vu(s,))(z)ds (3.19)

and, still using (3.16), we obtain

, Kt
O5u(t', )| poe vy < [|Oitto]| Lo mny + |[F (- '=U7VU)|\ooﬁ-
X
This shows that limsup, o |[Du(t',-)|[pee @~y < [|Dug|[gem~) and we conclude the proof by letting
# = 0in (3.18). m

The proof of the existence and estimates in Theorem 3.1 is then straightforward. Indeed, take u a weak
solution to (3.1) on [0, 7] given by Theorem 3.2. By (3.3), F satisfies (3.11) with h = Ar; since u satisfies
(3.6) and (3.7), Proposition 3.1 shows that, for 0 < ' < ¢t < T, [Ju(t,")||pee@y) < (Lr) ' (t — 1" +
Lr([[u(t',)||L~®~))); but (3.8) holds for u, and we can therefore le‘r t' — 0 to deduce that (3.9) is valid.
We have (3 10) by Proposition 3.2. These estimates (3.9) and (3.10) show that the W norm of u(t, -)
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does not explode in finite time; item iii) in Theorem 3.2 then allows to indefinitely extend u ('), which
gives a global weak solution to (3.1), and thus a global solution in the sense of Theorem 3.1.

Remark 3.2 As a by-product of this proof of existence, we see that the solution to (3.1) given by Theo-
rem 3.1 also satisfies (3.15), which was not obvious from (3.6)—(3.8).

Remark 3.3 The preceding technique also works if gy is replaced by a more general operator, provided
that it satisfies Theorem 2.2 (in fact, this theorem is only needed for ¢ € C,;X’(]RN)) and that its kernel
satisfies (3.16) (for small t and some X\ > 1 in the estimate of the gradient) and (5.1) in Appendiz. As
interesting and simple examples of such operators, we can mention:

1) The laplace operator —A (which corresponds, up to a multiplicative constant, to g»). Or course,
the preceding results are known for semi-linear parabolic equations (at least for classical choices of
AT and FT,R)-

2) Multifractal operators such as in [5], that is to say Zl.:1 a;gx; witha; >0, A; €]0,2] and A\, €]1,2].
The kernel of this operator is Ky, (a1t,-) - x Ky, (aut,-), and it satisfies (3.16) with A = \;.

3) Anisotropic operators of the kind Alp] = }—’1(2;\’:] 1€17 F(p)(€)) with v; €]1,2] (it comes to take
a “yj-th derivative” in the j-th direction). This operator is the sum of 1-dimensional operators 9,
acting on each variable, and thus a formula of the kind of (2.1) can be established, which proves that
Theorem 2.2 holds. The kernel of A is vazl k., (t,x;), where k., is the kernel of g, in dimension
N =1, and it thus satisfies (3.16) with X\ = inf;(v;).

We refer the reader to [16] for the kernel properties of other pseudo-differential operators.

3.2 Existence and uniqueness results for \ €]0, 2]

We show here that, under weaker regularity (but stronger behaviour) assumptions on F' and for A €]0, 2|,
we can still solve (3.1), albeit in the viscosity sense. We assume, in the following, that the Hamiltonian F'
is continuous with respect to (¢, , s, £), locally Lipschitz continuous with respect to (z, s, &) and satisfies
(3.3). We replace (3.4) by

VT >0, VR>0, 3075 > 0 such that, for all (£,7,s,¢) € [0,T] x RY x [-R, R] x RV,

aSF(t7Z'7S7€) S G)T7R (320)
VI'>0, VR >0, 3255 > 0 such that, for all (1,2,5,€) € [0.7] x BY x [ R R} xRV, 40
‘va(t,.’IT,S,f)‘ S ET,R(]' + ‘ED '
and (3.2) is relaxed to
VT > 0,YR > 0,3CT.5 > 0 such that, for all (#,z,s,&) € [0,T] x RN x [-R, R] x By, 3.2

\F(t,m,s,f” S CT,R: ‘8SF(t7'T787£)‘ S cT,R: |VEF(t,T,S/£)| S CT,R-

In all the preceding inequalities, the derivatives of F' are to be understood as the a.e. derivatives of a
Lipschitz continuous function; these hypotheses therefore state bounds on F' and its Lipschitz constants.

Remark 3.4 Assumptions (3.20) and (3.21) are stronger than (3.4); they imply this last assumption
with, for example, Tt gr(a) = (O + Er.Rr)(1 + a).

Let us first briefly recall the definition of a viscosity solution to (3.1) (an immediate generalization of the
definition given in [17] in the case A > 1).

1t is the semi-group property of K in (3.16) which tells that, if we glue to u| [0,¢o] @ Weak solution with initial time Zg
and initial data u(to, ), then we construct another weak solution.
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Definition 3.2 Let A €]0,2[, ug € Co(RY) and F : [0, T[xRY x R x RN — R be continuous. A function
w: [0, T[xRN — R is a viscosity subsolution to (9.1) if it is bounded upper semi-continuous, if u(0,-) < ug
and if, for all (t,x) €]0, T[xRY and all (a,p) € Rx RY such that there exists 0 > 0 and rq > 0 satisfying

u(s,y) <u(t,z) +a(s—t)+p-(y—z)+oly—=z*+o(s—t) forye B, (z) and s € [0,T], (3.23)

we have, for all r > 0,

w(t,x + 2) —u(t,x) —p- 2 / u(t,x + z) — u(t, x)
—en(A dz —en (A d
omen [ R () [ ds
< F(tz,u(t,z),p). (3.24)

We similarly define the notion of supersolution for bounded lower semi-continuous functions by reversing
the inequalities (and the sign of o). A function is a viscosity solution of (8.1) if it is both a sub- and a
supersolution of (3.1).

Remark 3.5 1. Sinceu(t,z+2)—u(t,z)—p-z < o|z|? on a neighbourhood of 0, the first integral term
of (3.24) is defined in [—oo,+oc[ (the inequality in fact forbids the case where this term is —oc);
the second integral term is defined in R, because u is bounded. Moreover, since fBr,,\Bb ‘Z")N;ZM dz=10
for all a > b > 0, the quantities in (3.24) in fact do not depend on r > 0; in particular, if X < 1 or
A> 1, we can take r =0 or r = 4o0.

2. In [17], a couple (a,p) € R x RN satisfying (3.23) is called a supergradient. The set of all such
couples is denoted OFu(t,z) and is referred to as the superdifferential of u at (t,z). It is the
projection on R x RN of the upper jet of u at (t,x) (see [11] for a definition of semi-jets).

We can now state our existence and uniqueness result for Lipschitz continuous Hamiltonians and A €]0, 2].

Theorem 3.3 Let A €]0,2] and F be continuous and such that (3.3), (3.20), (3.21) and (3.22) hold
true. If ug € WH(RN), then there exists a unique viscosity solution of (3.1). Moreover, this solution is
Lipschitz continuous with respect to x and satisfies, for 0 <t < T < o0, (3.9) and

|[Dut, )| vy < (L+ Dol e ) 2N OrmtErmt g (3.25)

for any R > |[ul|p o, r[xr")-

Remark 3.6 1. This result can be extended to initial conditions that are merely bounded and uniformly
continuous. It suffices to adapt the classical method used for instance in [11]. Notice that, in this
case, the Lipschitz continuity of the solution is no longer true.

2. As in Remark 3.3, this theorem also holds for more general operators gy.
3. Estimate (3.25) is exactly (3.10) when we take, as in Remark 3.4, Tt gp(a) = (Orr+ZE7.r)(1+a).

4. The conclusions of this theorem are the same as the ones of Theorem 8 and Lemma 2 in [17], but
the assumptions are more general; see the discussion following Theorem 3.1. Moreover, the W1
estimate (3.25) involves a norm that is slightly different from the one used in [17].

5. Perron’s method. As mentioned in the introduction, Theorem 3.3 can be proved by using Perron’s
method. In this case, “natural” barriers are to be considered for large time, namely t — +(L7) " (t+
Lr(|[uollp@ny)). For small time, in order to ensure that the initial condition is fulfilled, classical
barriers of the form t — ug(x) £ Ct can be used for C large enough.
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Proof of Theorem 3.3
We prove the existence result by regularizing F' and using a vanishing viscosity method based on the
solution given by Theorem 3.1.

Step 1: regularization of F'.
Let h. : RY — R? be defined by h.(z) = max(1— ER 0)z. h. is at distance ¢ of the identity function, null

on B and |h.| <|-|—¢e on R?\B.; in particular,
for all z € R? and |2'| <&, |h(z —2')| < |z|. (3.26)

We define F. : R2N+2 5 R by F.(t,2,5,£) = F(h. ()", 2, hoo(5), he (€)); let (¢,2,5,&) = p.(t,z,5,€) be
a classical regularizing kernel such that supp(p.) C B. and define F.=F.x pe. In dimension d = 1, h_
takes its values in [0, 1], and thus F. satisfies (3.20) and (3.21) with the same constants as F' (thanks to
(3.26)). It therefore satisfies (3.4) with I'r g(a) = (O7.r + Z7.5)(1 + a) (see Remark 3.4). We also have
(3.2) for F. with Cppy = SUp| o <k [|0%p<|| L1 SUPo 1 xRN [~ R, B x B [F'] (this quantity, which depends
on g, is finite thanks to (3.22)).

Property (3.3) for F. is slightly less obvious. Let (¢,z,s) € [0, T]x RN xR and |t'| <&, |2'| <&, |s'| <,
|€'| < e. In the case |s| > €, we have sgn(s) = sgn(s — s') = sgn(ha-(s — s')) since |s'| < e, and thus, by
(3.3) and (3.26),

sgn(s)F.(t—t,z —2',s —s',0-¢) = sgn(hs(s—5))F(h(t —t")", 2 —2a' hy(s—5),0)
< Ar(lhe(s = 8))
< Ar(ls]).

In the case [s| < ¢, (3.22) gives

|FE(t - t’,.’l'? - :I:Ias - S’7O - fl)iF(h’E(t o t’)+,.’1,‘ - 'T’7S7O)|
= ‘F(he(f o tl)+7m - '7:/7070) - F(hE(f o tl)+7m - :I:la'qao)‘
< eCrp

and therefore

sgn(s)F-(t —t',x —2',s —s',0-¢) sgn(s)F(h(t — )",z —2',5,0) +eCr

<
< AT(|9|) +eCr1.

In any cases, we have sgn(s)F.(t —t', 2 —z',s — s',0 — &) < Ar(]s]) + eCr,1. Multiplying this inequality
by p-(t',2',s',¢') and integrating on (', 2', s', &) shows that (3.3) holds for F; with Ar(a)+eCr; instead
of Ar(a).

To sum up this step, we have found a regularization F. of F which converges locally uniformly to F' and
satisfies (3.2), (3.4) with I'r g(a) = (O7.r + E1,r)(1 + a) (independent of €) and (3.3) with a function
A% = A7 + eCr,; which uniformly converges, as ¢ — 0, to Ar.

Step 2: passing to the limit.
We take A €]0,2[ and p €]1,2[. Applying Theorem 3.1 and Remark 3.3, we find a smooth solution u® of

{ 8tu5(t, :E) + gA[us(t, )](:E) + 69;1[“5('5: )](:E) = Fs(t7w7u6(t= :E), V’U’E(t= :E)) t>0,z€ RY ’ (327)

us(0,2) = uo() zeRN

this equation). Since, for 0 < ¢ < 1, F. satisfies (3.3) with Az (a) + C7,1 instead of Ar(a), the theorem
gives estimates on 4° and Vu® which do not depend on e.

in the sense of (3.6), (3.7) and (3.8) (notice that, if A > 1, there is no need to introduce the term £g, in

14



These estimates and (3.22) show that F.(-,-,u¢, Vu®) is bounded on 10, T[xRN independently of e. The
integral representation (3.15) reads here (see Remark 3.3)

u®(t,z) = Ky(t,-)* K,(et,-) * up(x)

+ /0 Ky(t —s,) %« K, (e(t — s),-) % Fx(s, -, u(s,-), Vu (s, ) (z) ds

and (3.16) thus gives [|u®(t,-) — Kx(t,-) * K, (et, ) * ug|| L~ @~y < Ct with C not depending on €. Since
(Kx(t,))i—0 and (K,(t,))i—o are approximate units and ug € W1 (RY), we easily see that K, (t,-) x
K, (et,)xug(z) = ug(x) ast — 0, uniformly with respect toz € RN and e €]0,1]. Hence, v (t,z) — uo(z)
as t — 0, uniformly with respect to (z,e) € RN x]0,1], and the relaxed upper limit lim sup® u®(¢,z) =
lim sup, _,q,(5,)—(t,0) ¥ (8, y) coincides with ug at ¢ = 0. So does the relaxed lower limit liminf, u® =
— lim sup™ (—u*).

Remark that u® is a viscosity solution of (3.27). Since F. — F locally uniformly, an easy adaptation of
the stability theorem of [17] shows that lim sup™ u® is a viscosity subsolution of (3.1) and that lim inf, u®
is a viscosity supersolution of (3.1). The assumptions ensure that the comparison principle holds true for
(3.1) (still a straightforward generalization of [17] to the case A €]0, 2[). Thus, limsup® u(0,2) = up(z) =
lim inf, u (0, z) implies lim sup® ©u® < liminf, u® and we conclude that u® locally uniformly converges to
u = limsup” »® = liminf, u®, a viscosity solution to (3.1); the estimates on u stated in the theorem are
obtained by passing to the limit in the estimates on u®. To finish with, we recall that the comparison
principle ensures that the solution we have just constructed is unique in the class of viscosity solutions
which satisfy u(0,-) = ug. ®

Since we have proved in Step 2 that a vanishing regularization gives a solution to (3.1), we can now
wonder if it is possible to obtain a rate of convergence. The next theorem answers this question.

Theorem 3.4 Let (A, ) €]0,2[ and F' be continuous and such that (3.3), (3.20), (3.21) and (3.22) hold
true. Let ug € WH(RN), u be the viscosity solution of (3.1) and, for ¢ > 0, u® be the viscosity solution

of

{ O (t, ) + galu®(t, )] (z) +egulu®(t, - )](z) = F(t,z,u°(t, x), Vu (t,)) t>0, zeRY,

uf (0, 2) = ug () z€RY. (3.28)

Then, for all T > 0,

O(e) ifu<l,
[[u® —ulle, (o, 71xry) = 4 OlelIn(e)])  ifu=1,
O(e'/m) if p> 1.

Remark 3.7 1. As the preceding results, this theorem is valid for more general operators gy, and also
for uw = 2. Moreover, the conclusion still holds if we remove gy from both equations (in this case,
(3.1) is a pure Hamilton-Jacobi equation).

2. These rates of convergence are optimal for any p €]0,2[ (take F = 0, remove gy, choose ug(z) =
max(1—|z|,0) and compare u*(1,0) —u(1,0) = K, (¢, ) *uo(0) — 1 thanks to the formula K, (e, z) =
e N, (1,67 *z) and to the property K,(1,z) ~ Clz|"N"* as |z| = o).

Proof of Theorem 3.4

The proof relies on the same technique as in [17], with modifications due to the presence of gy and to the
fact that p can be equal to or less than 1.

By a classical change of unknown function, (3.20) allows to reduce to the case where F' is nonincreasing
with respect to s. Let M = supjo ppx @2 {u(t, =) —u(t,y) — |z — y|*/2a — Blz[>/2 —nt — /(T — 1)},
where «, (3, 1 are positive and v €]0, 1]. We want to prove that, for appropriate choices of  and v, M is
attained at t = 0.
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Let v > 0 and M, = supjy 72y mvy2{u(t, @) —u®(s,y) — [z —y[*/2a— [t —s|*/2v = Blz|* /2 —nt —~ /(T - 1) }.
Tt is classical that M, is attained at some (t,, S, T,,¥y,) such that, up to a subsequence, (t,, s, T, y,) —
(t,t,7,7) as v — 0, where (t,7,7) realizes M. We now assume that ¢ > 0 and, with good choices of 5
and ~y, we show that this leads to a contradiction.

If £ > 0 then, for v small enough, ¢, > 0 and s, > 0. Let p, = (z, — y,)/; by definition of M,,
(v/(T = t,)* + (t, — s,)/v +n,p, + Bx,) is a supergradient of u at (¢,,z,); since u is a subsolution of
(3.1), we obtain

2 + ty — sy +
(T —t,)? v "
u(ty,x, +2) —u(ty,z,) — (py + Bx,) - 2 / w(ty,x, + 2z) — u(t,, z,)
- A dz — A - d
CN( )/};T ‘Z‘N+)\ z CN( ) RN\BT |Z|N+)\ z
< F(twwwu(twwu):pu + BCUV) (3.29)

Similarly, by definition of M, we can use ((t, —s,)/v,p,) in the equation at (¢,z) = (s,,y,) which states
that u® is a supersolution of (3.28) and we obtain

t, — Sy
v
w (S, Yy +2) —u(Sp,yp) —pv - 2 us (s, yp +2) — u (S, Yv)
—cN(/\)/ = = dz —en(A) . “— dz
B, |2|N+A RN\B, |2|N+A
u (Sp,Yp +2) —u (S0, 40) —pu -2 u (Sy,yp +2) — u (54, 9y)
—een(p) / : = dz —ecn(p) : — dz
JBg |2 |N+u JRM\Bg |z|NFw
> F(sv,Yv,u" (80, Y0), D). (3.30)
We also have, still using the definition of M,,
2 2 2
UE(SV’y”+Z) —UE(Sy,yy)-}-u(t,,,;U,,) _u(tll7wll+z) Z B‘a;”‘ B B|wy2+ Z| = _Bwy'z_ 6|2Z|

and, by the estimate on Vu®, [u®(sy,yy + 2) — u®(sy,y,)| < Clz| (here and after, C' stands for a positive
real number which can change from one line to another but does not depend on ¢, r, R, v, a, 5, n or 7).
Hence, subtracting (3.29) from (3.30) and using the bounds we have on v and u®, we find (for R < 1)

kiR

v B
(T*tl,)2 n+CN(A)2\/BT ‘Z‘N+>\dz

u (Sv, Yy +2) —u(80,90) —pu- 2
+C ———dz —ecn(u) / : : dz
Jrmg, [2[NFTA JBr || N+
|| / 1
+Ce / ———dz+ Ce —dz
JBBR |2[VTH Jrm g, 2|V
> F(sv,yv,u™ (80, 4Yv),pv) — F(tv, w,ulty, z0), py + Bay). (3.31)
Using once again the definition of M, , we write
v — Yv 2 v — Yv — 2 2 v — Yv) "~ 2
U (80,50 + 2) — U (Sus 1) — P 2 > 20 —yol” — |2 —yp — 27 2@y —yw) -2 |2
2 20 2c0
We can therefore bound the integral term containing u® in (3.31) and pass to the limit v — 0 to obtain
g ks 1
——— —n+C —=—dz+C ——dz
T2 " ﬁ/& |2 N rv\B, |2V
£ |22 ]
+C—/ dz + Ce dz + Ce
a /g, |z|NTH JB\By [2INTH

> F(t,7,u"(t,7),p) — F(t,T,u(t,T),p + AT)
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where p = (T —y)/a. Putting t = 0 and x = y = 0 in the definition of M, which is attained at (¢,7,7), we
have u(t,T) —u*(t,7) —v/(T —t) > M > —v/T, and thus u(t,7) > v*(£,9) +v/(T —1) —v/T > vw*(1,7);
the function F' being nonincreasing with respect to its third variable, we deduce

v El

L gt o+ CERT 4O / dz+C
ORIt O] - g.Bl\BR 2N 2T EE
> F(t,7,u(t,T),p) — F(t,Z,u(t,T),p + 7). (3.32)

Using once again the definition of M,, we have B|z,|> < C (because M, > M > —v/T > —1/T), so
that B|z| < Cv/B. Moreover, since p, satisfies the reverse inequality of (3.23) with u® instead of u, and
since we have a bound on the spatial Lipschitz constant of u®, we find |p,| < C and thus [p| < C and
|z — 7| < Ca. Assumptions (3.21) and (3.22) therefore give

gl Ce ||

2—A —A 2—
—gg — N+ CH A Or A 4 — RV 4+ Ce BI\BRWdz+Cez—Ca—C\/B

(we take 8 < 1). Choosing v = (Cv/B + CBr** + Cr=* + B)T? (which is in ]0,1] if 7 is large and 3 is
Kl

small) and n = Ca + %RQ’“ + Ce fBl\BR IERE dz + Ce leads to —f3 > 0, which is the contradiction we
sought.

With these choices of v and 5, M is attained at (0,7,%) and, for all (¢,z) € [0, T[xR"N,

|z gl _z-7P

u(t,x)—ug(t,az)—BT—nt— T 1 < uo(T) — uo(Y) 20 <Ca
(we use the fact that ug is Lipschitz continuous). Thus,
2
u(t,r) < 11,E(t,m)+ﬂ‘m—+ Coz+gR27“+C’€/ |%|+dz+05 T
2 o JB\By 12N
C C 2—A C —A T2
LCVBH OB+ Or 2+ BT
T—1
We now let  — 0 and then r — 4o00:
£ Ce 2— |Z|
u(t,z) <u®(t,z) + Ca+ —RH +Ce —~og 4z + Ce.
a JB\BR 2|V

2|

If u < 1 (respectively u = 1, respectively p > 1), then fBl\BR FbE dz is bounded by C (respectively
C|In(R)|, respectively CR'~#). A simple optimization with respect to R and then « leads to

€ ifpu<i
u(t ) < u(ta) + €4 elne)] it p=1
gl/n if u>1

and we obtain the reverse inequality by exchanging, from the beginning, the roles of u and u°. ®

4 Fractal scalar hyperbolic equations
4.1 Existence and uniqueness of a smooth solution

In this section, we come back to the case A €]1,2[ and we handle

{ Oru(t, z) + div(f(t, z, u(t, x))) + grlu(t,)](x) = h(t, =, u(t, z)) t>0,z€RY, (4.1)

u(0,z) = ug(z) reRV,
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where ug € L2 (RY), f € C®(]0,00[xRY x R)V, h € C°([0, c[xRN x R) and

VYT >0, VR>0, Vk € N,3Cr g such that,
for all (¢t,z,s) € [0,T] x RV x [-R, R] and all a € NV*+2 satisfying |a| < k, (4.2)
0% (t, 2, 8)| +[0%h(t, 2, 5)| < COrRK s

VT > 0, there exists Ay : [0, +00[—]0, +0c[ continuous nondecreasing

such that fooo #@ da = +oo and, for all (t,z,5) € [0,T] x RN xR, (4.3)

sgn(s) (h(t.2,5) = L, 0, filt,@,5)) < Ar(ls]).

The term h— Zl]i] O, fi represents a source for (4.1), and an assumption on this source is not unexpected
if we want global solutions; this hypothesis with Ar(a) = K¢ (1+a) (and K constant), as well as uniform
spatial bounds such as in (4.2), also appear in [20] when dealing with the pure scalar conservation law
(i.e. without g,). Here, we prove the following.

Theorem 4.1 Let \ €]1,2[ and ug € L>®(RN); assume that f and h satisfy (4.2) and (4.3). Then there
exists a unique solution u to (4.1) in the sense: for all T > 0,

u € Cp(J0, T[xRN) and, for all a €]0,T[, u € C°(Ja, T[xRN), (4.4)
u satisfies the PDE of (4.1) on )0, T[xRN | (4.5)
u(t,-) = ug in L°(RN) weak-+, as t — 0.
We also have Estimate (3.9) on the solution, that is to say: for all0 <t < T < o0,

1
Ar(b)

HU(L-)HLM(RN) S (,CT)il (t-'-,CT(HU(]HLm(RN))) with LT(a) :/ db.
0

Remark 4.1 The proof of uniqueness shows that the solution to (4.1) also satisfies (4.7) below. As a

consequence, the convergence in (4.6) also holds in L} (RN') for all p < oco.

As for (3.1), the existence of a solution to (4.1) is obtained via a weak formulation based on Duhamel’s
formula.

Definition 4.1 Let A €]1,2[, ug € L¥(RY), T > 0 and (f, h) satisfy (4.2). A weak solution to (4.1) on
[0,T] is a function u € L]0, T[xRN) such that, for a.e. (t,x) €]0,T[xR",

u(t,m):KA(t,-)*u,g(m)f/O VKX(tfs,-)*f(s,-,u(s,-))(m)ds+'/0 Ky(t—s,-)xh(s,-,u(s,-))(z)ds. (4.7)

Thanks to (3.16), each term in (4.7) is well-defined. As before, a fixed point technique (see [14]) allows
to prove the theorem stated below (Theorem 4.2); we leave the details to the interested reader (notice
that once it has been proved that weak solutions to (4.1) have one continuous spatial derivative  which
is a consequence of a result similar to Proposition 5.2 | the full regularity of these weak solutions can
be seen as a consequence of Theorem 3.2).

Theorem 4.2 Let X €]1,2[, ug € L¥(RY) and (f,h) satisfy (4.2).
i) For all T > 0, there exists at most one weak solution to (4.1) on [0,T].
i) A weak solution to (4.1) on [0,T) satisfies (4.4), (4.5) and (4.6).

i) Let M > |lug||p @~y There exists T' > 0, only depending on M and the constants in (4.2), such
that (4.1) has a weak solution on [0,T].
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We can now prove the existence and uniqueness result for (4.1).

Proof of Theorem 4.1
Let u be a weak solution to (4.1) on [0,T] in the sense of Definition 4.1. By Theorem 4.2, such a solution
exists and satisfies (4.4), (4.5); hence, it satisfies (3.12) with

G(t,xz,s,&) = h(t,z,s) — Zamlflta:s —0sf(t,z,8) - &

Since (3.11) holds for G with h = A¢ given by Hypothesis (4.3), we deduce from Proposition 3.1 that,
forall0 <t <t<T,

lult, ) poe ey < (Lx) 7" (E =+ Lo(|[ult’, ) p=(=n))) - (4.8)

From (4.7) it is easy to see that limsup, o [[u(t',-)|[L~@~) < ||uol|ne @) (the last two terms of (4.7)
tend to 0 in L>(RV) as ¢t — 0, thanks to (3.16)); hence, letting # — 0 in (4.8) shows that u satisfies
(3.9). In particular, the L> norm of u(t,-) does not explode in finite time and, by iii) in Theorem 4.2,
we can indefinitely extend wu; this proves the existence part of Theorem 4.1.

It remains to prove the uniqueness of the solution. Let u satisfy (4.4), (4.5) and (4.6) for all T' > 0; take
to > 0. The function u(ty + -,-) belongs, for all T' > 0, to C°([0, T[xRY); hence, it satifies (3.6) and
(3.8) with ug = u(ty,-). Moreover, if we define

F(t,z,s,6) = h(to + t,z,u(to + t,x)) — div(f(to + t, z,u(to + t,)))

(in fact, F' does not depend on s or ), the function u(tg + -,-) also satisfies (3.7). It is clear that this
F satisfies (3.2), (3.3) and (3.4) (with Ar and I'r g constants) and, therefore, u(tg + -,-) is the unique
solution to (3.1) given by Theorem 3.1; in particular, by Remark 3.2 we have, for all ¢ > 0,

u(to +t,z) = ) * u(to, -)(x)

/ Kx(t —s,-) * [h(to + s,-,u(to + s,-)) — div(f(to + s, -, u(to + s,-)))] (z) ds
= Ky(t,-) xu(te,)(x) — /0 VE\t—s,:)* f(to+s,-,u(te +s,-)) () ds
—|—/ Kx(t —s,-) * h(to + s, u(to + s,-))(x) ds. (4.9)

For t > 0 and z € RV fixed, by (4.6) we have K (t,-)*u(to,-)(x) = Kx(t,") *uo(z) as tog — 0; using (4.4)
and the dominated convergence theorem, we can let to — 0 in the last two terms of (4.9) to see that u
satisfies (4.7). Hence, u is a weak solution to (4.1) and, by i) in Theorem 4.2, is unique.

Remark 4.2 Equation (4.1) can also be solved with more general operators gx, see Remark 3.3.

4.2 About the vanishing regularization

Let us say a few things on the behaviour, as € — 0T, of the solution to

(4.10)

Oput (t,x) + div(f(t, z,u(t,2))) + ega[u® (¢, )](z) = h(t, z,u® (¢, x)) t>0,z€RY,
u®(0,2) = uo(x) reRV,

where we still take A €]1,2[, ug € L>¥(R") and (f,h) satisfying (4.2) and (4.3). It has been proved in
[12] that, if h = 0 and f does not depend on (¢, x), the solution u® to (4.10) converges, as € — 0, to the
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entropy solution u of

(4.11)

Owu(t, z) + div(f(t, =, u(t,x))) = h(t, z,u(t, x)) t>0, z€RY,
u(0, ) = up(z) r e RV,

The key argument is the obtention, via a splitting method, of entropy inequalities for (4.10); this method
can be generalized to some cases where f and h depend on (¢,z) (see [13]) but, in any cases, it is quite
technical.

Thanks to formula (2.1), we have a trivial proof of these entropy inequalities, via the following lemma.

Lemma 4.1 Let A €]0,2[, ¢ € CZ(RY) andn € C?(R) be a convex function. Then gr[n(¢)] < n'(¢)gr[¢]-

Proof of Lemma 4.1
Since 7 is convex, we have n(b) — n(a) > n'(a)(b — a). Hence,

n(e(@ + 2)) = n(e(x) > n'(e(@))(e(z + 2) — (@)

and
n(e(x + 2)) —nle()) = Vn(e)(x) -z > n'(e(@)) ez + 2) — ¢(x) = Vo(z) - 2).

The conclusion follows from these inequalities and (2.1). &

Thus, if n € C%(R) is convex and ¢ is such that 0,¢(t,z,s) = n'(s)0s f(t, z, s), multiplying the PDE of

3

(4.10) by n'(u®(t,z)) gives (recall that all the functions, including u®, are regular)

N
O () (t,) + egaln(u® (1, N](&) < o (u' (1)) (h(um,uf(t,m))Zamfiu,m,uf(t,m)))

—div(g(t, z,u (t,2))) + > _ O pi(t, x,u’ (£, 7)), (4.12)

i=1

which is exactly the entropy inequality for (4.10). Once this inequality is established, the doubling variable
technique of [20] (used in [12]) shows that, for all 7 > 0 and as € — 0, u® = u in C([0,T]; L{, .(RY)).

It is also possible, if the initial condition uy is in L(RV) N L'(RV) N BV(RY), to obtain a rate of
convergence: O('/*) in C([0,T]; L'(RV)); this is well-known for A = 2 (see [21]) and has been done
for A €]1,2[, h = 0 and f(¢,z,u) = f(u) in [12]. However, to obtain such a rate of convergence we
must first establish L! and BV estimates on u®, which demands additional hypotheses on f and h (some
integrability properties with respect to z); we refer the reader to [13] for a set of suitable hypotheses.
Once these estimates are established, the proof of the rate of convergence is made as in [21] or [12] by

using (4.12).

5 Appendix

5.1 A technical Lemma
Lemma 5.1 If f € C'(RV)NWUH(RN) and g € L (RN), then fxg € C'(RN) and V(fxg) = Vfx*g.
Proof of Lemma 5.1

We have not assumed that Vf(x — y) is bounded locally uniformly in 2 by some integrable function of
y; hence, we cannot directly use a theorem of derivation under the integral sign.
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Let n > 1 and define g, = glp,; for all 2 € RN, fxg,(x) = [, fl@ —y)gly)dy — f *g(z) as
n — oc. Since f € C'(RY), a derivation under the integral sign shows that f % g, € C'(RV) with
V(f *gn) = Vf % g But, for all 2] <R,

V5 gn(o) VI xg@)| < lgllomn) [ (9 g)ldy < gl [ V(2| dz
J{ly|>n} J{lz[>n—R}
(if |z] < R and |y| > n, then |z —y| > |y| — |2| > n — R); hence, since Vf € L'(RV), we have
V(f * gn) = Vf * g, = Vf * g locally uniformly on RY, which concludes the proof of the lemma. m

5.2 Generalizations of Theorem 2.2 and Proposition 3.1

In this subsection, we state and prove generalizations of Theorem 2.2 and Proposition 3.1. Roughly speak-
ing, we show that u needs not be in C? but only in Cp; in this case, the operator g\ and Equation (3.12)
must be understood in the viscosity sense.

For usc functions ¢ :]0, T[— R, the notion of viscosity supergradient is used in order to define viscosity
subsolutions of ¢’ = h(¢). The notion of upper semi-continuous envelope of locally bounded functions is
also used in the following. The definitions of viscosity supergradient, viscosity solution of ¢' = h(¢) and
upper semi-continuous envelope can be found in [11].

Theorem 5.1 Let A €]0,2[ and v € Cy(]0, T[xRN). Let ¢ denote the upper semi-continuous envelope of
the function sup,cpn~ v(-, ). Then for any viscosity supergradient o of ¢ at t €0, T, there exist t, — t,
a, = a, and x,,p, € RN such that

O(tn, zn) = 6(t)  and  (an,pn) € 07 v(tp,z,) and p, =0 and liminf g\[v(t,, )](z,) > 0.
n— 00

Proof of Theorem 5.1
By definition of viscosity supergradient, there exists 1y € C'(]0,T[) such that ¢ — ¢ attains a global
maximum at ¢ and a = ¢’(t). Then for any (s,2) €]0, T[xR", we have:

v(s,2) — U(s) < Bs) — ¥(s) < B(t) — B(t).

Next, for any ¢ > 0, consider (¢.,z.) €]0, T[xRN such that ¢(t) < v(t.,z.) +&/2 and t. — t as € — 0.
We can also ensure that (t) > 9(t.) — /2. Combining these facts yields:

sup — (v(s,2) = ¢P(s)) <w(te, xe) —h(t:) + e
(s,2)€]0,T[xRN

We then apply Borwein and Preiss’ minimization principle (see for instance [10]) and get (s.,y.) and
(re,zc) such that

|(re,22) = (te,z)| < e/ and [(8e,ye) — (re,22)| < et/
and sup (1)(87213) - 1/)(8)) < U(ss7ys) - 1/}(86) +e
(s,2)€]0, T[xRN

and such that (sc,yc) is the unique point realizing the maximum of the perturbed function (¢,z) —
v(t, ) —p(t)—/e(t—r.)?—/E|x—2.|?. Thisimplies that (1’ (s.)+2+/2 (5 —72), 2v/E(y- —2:)) € 0P v(s-,y.).
Define o = '(s:) + 2y/e(s. — r.) and p. = 2y/e(y. — 2.). They verify a. = o and p. — 0 as ¢ — 0.
Moreover, v(s.,y:) — ¢(t) and s. — ¢. It only remains to prove that liminf._,q gx[v(se,-)](y:) > 0 by
using Fatou’s Lemma. First, notice that

0(se,Ye +2) —0(8e,Y:) < @(s:) — v(8e, e)
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and since ¢ is upper semi-continuous and v(sc,y.) — ¢(t), the upper limit of the right-hand side is
nonpositive. Secondly,

U(ss7ys +Z) _U(Ss7ys) < 2||U||OO € L](]RN \B])

[N+ = |2V ’
U(Sezy6+z)_v(ss7ys)_ps'z \/E LY(B
BRER = Jz[N+A-2 € L(Bi).

Now choose € = 1/n and (t,, an, Ty, Pn) = (Se, e, , Ye, , D=, ) satisfies the desired properties. B

Proposition 5.1 Let A €]0,2[, T > 0 and G € C(J0, T[xRY x R x RN) be such that (3.11) is satisfied
and G is locally Lipschitz continuous w.r.t. &, locally in (t,s) and uniformly in x. Then any viscosity
solution of (3.12) satisfies for any 0 < t' <t < T:

s Mgy <H (8= 4 H (0l M gem)))

where ||u(s, ')HZm(RN) = limsup, ¢ ||u(7,)|[ o @)

Proof of Proposition 5.1

Let us denote ¢(t) = [|u(t, -)|\2m(RN). Suppose we have proved that ¢ is a viscosity subsolution of
w' = h(w) on ]0,T[. Then the function H(¢(t)) — ¢ is a viscosity subsolution of w' = 0 (recall that H is
C' and nondecreasing). This implies that #(¢()) — ¢ is nonincreasing and, since H is a nondecreasing
bijection [0, +oc[— [0, +oc], we get the desired a priori estimate on w.

It remains to prove that ¢ is a viscosity subsolution of w' = h(w) on ]0,T[. It is a consequence of
Theorem 5.1 applied to v = |u|. Let a be a viscosity supergradient of ¢ and consider ¢, — ¢, a,, — «,
and z,,p, € RN given by Theorem 5.1. We have to prove that a@ < h(¢(t)). We distinguish two
cases. Suppose first that there exists a sequence ny — oo such that v(t,, ,zn,) = w(tn,,Tn,). Then
(Qny, Pny) € OFu(tn, , Tn,) and, since u is a viscosity subsolution of (3.12), we get:

ny + ga[utn,, )(Tn,) < Gtny, Ty u(tng, Ty ), Py )-

As k — oo, we have u(ty, , T, ) = ¢(t) and p,, — 0. We can use the local Lipschitz continuity of G with
respect to £ and find:
g, + GA[ultne; )l (@n,) < B(ultn,, 2n,)) + M|py,|

for M independent of k. As k goes to +00, we conclude in the first case that a < h(4(t)) by using the fact
that u(t,, ,xn,) — ¢(t) and that gx[u(t,,, )] (zn,) = ga[v(tn,, )] (@n,) (because v(t,, , Ty, ) = w(tn, , Tn,)
and v(ty, , Tp, + 2) > u(ty,,Tn, + 2)), so that liminfy_, o ga[u(t,,,)](zn,) > 0. In the second case, for
n large enough, v(t,,xn) = —u(tn, zn). Then (—au,, —pn) € dpu(ty, z,) and we can argue similarly, by
using the fact that u is a viscosity supersolution of (3.12), to conclude that we also have a < h(¢(t)). B

5.3 Ideas for the proof of Theorem 3.2
We need the following additional property on Ky:

t €]0, [~ Kx(t,-) € L'(RY) is continuous. (5.1)

This continuity is a consequence of the regularity of K, and of the homogeneity property K (¢, z) =
t~N/AKy(1,t~'/*z) which shows that, if A is a compact subset of ]0,00[, then (Kx(t,-))ica is equi-
integrable at infinity (that is to say, for all & > 0, there exists R > 0 such that, for all ¢ € A,
Jwsy [ (t,) i < o).

The most difficult task in the proof of Theorem 3.2 is the regularity of the weak solutions. The key result
to prove this regularity is the following proposition.
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Proposition 5.2 Let A €]1,2[, S > 0 and G : (t,2,¢) €]0,S[xRY x RN — G(t,z,() € R be continuous;
we suppose that 8,G, 0;G, 0:0,G and 8:0;G exist and are continuous on |0, S[xRY x RV ; we also
suppose that there exists w :]0,00[— RT such that, for all L > 0, G and these derivatives are bounded on
10, S[xRN x B by w(L).

Let Ry > 0 and R = (2 + K)Ry where K is given by (3.16). Then there exists To > 0 only depending on
(A, Ro,w) such that, if T = inf(S,Ty) and Vo € L=(RN)N satisfies ||Vo||p~@nv < Ry, there exists a
unique V € Cy(]0, T[xRM )N bounded by R and such that

V(t,z) = Kx(t,) * Vo(z) + /0 VEKy(t—s,")*G(s,-,V(s,))(z)ds. (5.2)

Moreover, 8,V € C(10, T[xRN)N" and, for all a €]0,T], 102V le, qa,rpxrvyn2 < Ra~'/*,

)

Sketch of the proof of Proposition 5.2

We define Er = {V € C,(]0, T[xRN)N | 1/28,V € Cy(10, T[xRN )N} and, for V € Er, ®7(V) as the
right-hand side of (5.2).

Thanks to (5.1), the first term K,(¢,-) * Vo(x) of ®1 (V') is continuous in ¢ uniformly with respect to z;
since, for ¢ fixed, it is also continuous in z (it is the convolution product of an integrable function and
a bounded function), it is continuous in (¢, ). The second term of &+ (V') is the convolution product in
Rx RY of the integrable function VK (£, z)1jo7(() and the bounded function G(t,z, V (t,2))1)o,7((t): it
is therefore continuous in (¢,z). By Lemma 5.1 and (3.16), we have 0, (K (¢, -)*Vp) () = 0. K (t, ) xVo(x);
since V € Er, we can differentiate the second term of ®7 (V) under the integral sign to obtain

8,87 (V)(t,2) = 8uKn(t,) * Vo(x)

+/0 VE\(t —s,-) % |0:G(s,-,V(s,")) + 0cG(s,-,V(s, )0V (s, )| (z)ds.

For tg > 0 and ¢t > 0, we have 9, (K (to+t, )% Vo) (z) = Kx(t, ) * (9, Kx(to, ) * V) (z), which is continuous
in (¢, z) (same proof as the continuity of K (¢,-) * Vo(x)); hence, the first term of 9, ®7 (V') is continuous
on ]0,T[xRN. The continuity the second term is proved first by replacing 0,V (s, -) with 0,V (s, -)1(57((s)
(since this function is bounded, the continuity is obtained as for the last term of (5.2)), and then by letting
§ — 0 (the convergence is uniform in (t,z) € [to, T[xRY for all t, > 0).

A simple application of (3.16) then allows to prove that, for T' small enough, ® is contracting from
the ball in E7 of radius R into itself, which proves the existence of a solution to (5.2) in Ep. The
uniqueness of the bounded solution comes from the fact that, if 7" is small, ®7 is contracting on the ball
in L>°(]0, T[xRY) of radius R. m

The spatial regularity of any weak solution u to (3.1) is then quite easy. Indeed, from (3.15) and the fact
that u and Vu are bounded, we see as in the proof above that u is continuous on ]0, T[xRY; moreover,
the gradient of u satisfies (3.19) which proves, still using the same technique, that it is continuous. Since
(u, Vu) € Cp(]0, T[xRY), these equations (3.19) can be written in the form of (5.2) (with G taking into
account u); hence, Proposition 5.2 says that the second spatial derivative of u is continuous on |0, T[x RN
and bounded far from ¢t = 0. We can also write an integral equation satisfied by this second derivative,
provided that we begin at an initial time tyg > 0 instead of 0; this equation is of the kind (5.2). An
induction process, using Proposition 5.2 on the successive equations satisfied by the spatial derivatives of
u, then proves that (3.6) holds for spatial derivatives (all the regularities and bounds we obtain are local
in time, but since the time span on which they hold is controlled, we also obtain global bounds).

To prove that u is differentiable w.r.t. ¢, we first notice that, if ¢ € CZ(RV), then t — K\(t,-) x () is
derivable and %(KA(t, Y xo(z)) = —ga[Ka(t, ) * ](z); this is quite obvious on (1.1) if ¢ € S(RV) and
can be deduced for general ¢ by a density argument (same technique as in the proof of Proposition 2.1).
With this result, it is possible to derivate (3.15), written at an initial time tq > 0 and with initial data

u(to,-) € CZ(RN), with respect to ¢ (to derivate the integral term, we first replace it by fotia and then
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let § — 0); this proves that u satisfies (3.7). The spatial regularity of u and (2.1) then show that u is
also regular in time.

The proof of (3.8) is immediate on (3.15) (the integral term tends to 0 in L>(RY) as t — 0, and since
ug is bounded and uniformly continuous and (K (t,-))i—o is an approximate unit, Ky (¢,-) x ug — ug
uniformly on RY as ¢t — 0).

The uniqueness i) and existence iii) in Theorem 3.2 are straightforward applications of a contracting fixed
point on (3.15) in the space {u € L>®(]0, T[xRN) | Vu € L>(]0, T[xRY )N} (the uniqueness is first local
in time, and can then be extented to any time interval in the same way global uniqueness for ODEs is
proved).
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Annexes

A A propos d’holomorphie

A.1 Théoreme d’holomorphie sous ’intégrale

Le théoreme que nous utilisons pour prouver I’holomorphie des fonctions intervenant dans (2.1) est le
suivant,.

Théoreme A.1 Soit (X, A, u) un espace mesuré et Q@ un ouvert de C. Soit f:Q x X — C telle que:
e pour tout z € Q, f(z,-): X = C est mesurable,

e pour tout K compact de (), il existe g € L'(X) telle que, pour presque tout x € X et pour tout
2 € K, |f(2)| < gxe(s).

e pour presque tout © € X, f(-,x) : @ = C est holomorphe.
Alors F: z € Q — [ f(z,x) du(z) est holomorphe sur Q et F'(z) = [ %(z,x) du(z).

Preuve du théoréme A.1
Soit zq € et B(zg,r) une boule compacte centrée en zq et incluse dans Q. Par le théoreme de Cauchy,
on a, pour presque tout z € X et tout z € B(zg,r/2)

3

of 1 flw,z)

a .r)=— 7d
0z (z,2) Sin R w
et donc y
sup — (&, S 2g 0. ().
2€B(z0,7/2) 82( ) B(z0,r)(Z)

Le théoreme des accroissements finis donne donc, pour presque tout = € X, lorsque h € B(0,r/2),

f(z0 + h,x) — f(20,7)
h

S 29}3(2077‘) ("Ij)

Puisque w — %(zo, x) lorsque h — 0, le théoreme de convergence dominée montre alors

que
lim

h—0

F(Zo‘f‘h}z/_F(ZO) :/X%(zm;ﬂ) du(x):

ce qui conclut la preuve. &

A.2 Zeros de la fonction I'
Par le théoréme A.1, la fonction I'(z) = [ #*~'e~* dt est holomorphe sur C* = {z € C | Re(z) > 0}.

Nous désirons voir ici, le plus simplement possible, qu’elle n’a pas de zéro dans C*.

On commence par rappeler la formule bien connue: si on pose §(a,b) = f] 77 1(1 — 1)~ dr, alors, pour

tous (a,b) € CT, ’
['(a)T'(b) = B(a,b)T(a + b). (A.1)

Pour cela, on écrit, par Fubini:

['(a)T'(b) = (/ t* et dt) (/ st le s ds) :/ 11 st te () dids.
0 0 R

2
+
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Les changements de variables (u,v) = (t,t + s) (de RS dans {(u,v) | 0 < u < v}) et u = v7 donnent

/ e*”/ u (v —u)" " dudv
0 0

o] 1
/ e’ / @ el - 1) ydrdo
J0 J0
(o]

</0 vt le du> </017‘“(1 —7)*! dT>

Supposons que I' ait un zéro zg € C* et prenons a €]0, Re(zo)[; alors b = 29 — a est valide dans (A.1) et
on a donc I'(a)T'(z0 — a) = B(a, zg —a)l'(zp) = 0. Comme a est réel strictement positif, I'(a) # 0 et on en
déduit T'(z9 —a) = 0. Ceci étant vrai pour tout a €]0, Re(zo)[, on a prouvé que I' s’annule sur le segment
JiTm(z0), z0[ de C*, ce qui prouve par holomorphie de T' qu’elle est nulle sur C* en entier et nous donne
une contradiction.

['(a)T(b)

ce qui conclut la preuve de (A.1).

B Preuve du théoréme 3.2

La preuve de ce théoreme est totalement identique & ce qui est fait dans [17] et [14]. Beaucoup de choses
qui apparaissent ci-dessous sont, des copiés-collés, avec des modification principalement syntaxiques, de
[14].

B.1 i): Uniqueness

Lemma B.1 Let 0 <ty < T, ug € WH(RY) and assume that F satisfies (3.2). If u is a weak solution
to (3.1) on [0,T], then u(to + -,-) is a weak solution to (3.1) on [0,T — to] with u(te,-) instead of ug and
F(to+-,-,-,) instead of F.

Proof of Lemma B.1
The proof relies on the semi-group formula Ky (t,-) * Kx(t',-) = Kx(t + t',-) (which can be checked by
Fourier transform). By (3.15) we have

to
U(to, ) = K)\(t07 ) * Ug + K)\(t() -5, ) * F(S7 '7’11,(87 ')7 VU(S, )) ds.
0
Thanks to (3.16), we have |Kx(to — s, ) * F'(s, -, u(s, ), Vu(s, )| < |[F(, -, u, V)| e (jo,71xr~) and thus,
still using (3.16), we see that the function (s,y) = Kx(t,z —y)Kx(to — s,-) * F(s, -, u(s,-), Vu(s,-))(y) is
integrable on ]0,#o[xRY (z is fixed). Hence, by Fubini,
to

Ky(t,") xu(to,-) = Ka(to +1t,) *xug + Ky(to+t—s,-) x F(s,-,u(s,-), Vu(s,-))ds (B.1)
Jo

We also have, for t €]0,T — t],

t to+t
/0 Kx(t—s, )% F(to+s,-,u(to+s,-), Vu(to+s,-)) ds = / Kyx(to+t—7,)xF(r,-,u(r,-), Vu(r,-)) dr

and therefore

Ky (t,-) *u(to,-) + /Ot Kx(t—s, ) * F(tg + s, u(to+ s,-), Vu(to + s,-)) ds

to-t
= Kyx(to+t,-)*xuo+ / Ky(to+t—s,-) x F(s,-,u(s,-), Vu(s,-)) ds
Jo

U(to + t, )
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which proves the lemma. B

Theorem B.1 Letug € W"*°(RY) and T > 0. There erists at most one weak solution to (3.1) on [0, T
in the sense of Definition 3.1.

Proof of Theorem B.1
Step 1: we first prove a local uniqueness result.
Let Ty > 0 and u, v be weak solutions to (3.1) on [0,T}]; let R such that

ull=qo,rixryy < B, [[0][L o, 1ixr™) < R, [|[Vullpegorixry) < B, |[Vol[pego,rixry) < R
By (3.15), (3.16) and (3.2), we have, for ¢t €]0,T1],
u(t, ) = v(t, )L o, 1 xR V)
/ HF )VU(S7)) _F(S7'77)(5:'):VU(SJ'))HL‘X’(RN) ds

CT,R,] (HU - UHLoc(]mT][xRN) + HVU - V'UHLOC(]O,T][XRN)) T. (B.2)

IN

IN

As in the proof of Proposition 3.2, we can use Lemma 5.1 and (3.16) to derivate (3.15) under the integral
sign and find

Vu(t,z) = Kx(t,-) * Vug(z / VENt—s,:)* F(s,-,u(s,-), Vu(s,-)) () ds
and thus, subtracting the same equation satisfied by Vv,
[IVu(t, ) =Vo(t, )| L= @n)

< / Kt — )Y (s, u(s, ), Vs, ) — F(s, 005, ), Vols, Dl e o

K 1
Crra(||u—vllL=go 7 xey) + [[Vu — VUHL"O(]O,Tl[xR’V))l_—lT] x (B.3)
A

where K is given by (3.16). Adding (B.2) and (B.3), we conclude that u = v provided that

IN

K _1
CrpiTh +Cr.pa 1—]1T1] Y <1,
DN

i.e. that T is small enough.

Step 2: proof of the uniqueness result.

Let u and v be two weak solutions to (3.1) on [0,T]. By Step 1, u = v on |0, T1[xR" for some Ty > 0.
Let T' = sup{t €]0,T[ | u = v on ]0,¢[x RN} > Ty, and suppose that T’ < T. By definition of 7", and
since u and v are continuous on |0, T[xRY (see the end of subsection B.2.1), we have u(T",-) = v(T",")
on RY. By Lemma B.1, u(T" + -,-) and v(T" + -,-) are two weak solutions to (3.1) on [0, — T"] with
the same initial condition u(T",-) = v(T",-) and F(T' + -,-,-,-) instead of F. Step 1 shows then that
w(T' + ) = v(T' +-,-) on |0, T{[xR" for some T] > 0, which is a contradiction with the definition of
T. =

B.2 ii) : Regularity

B.2.1 Spatial regularity

We need the following property on Kjy:

t €]0,00[— Ky(t,-) € L*(RY) is continuous. (B.4)
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This is a consequence of the regularity of K and of Ky(t,z) = t N/ K,(1,t~'/*z) which shows that,
if A is a compact subset of |0, co[, then (K)(¢,-))ica is equi-integrable at infinity (that is to say, for all
€ > 0, there exists R > 0 such that, for all t € A, fRN\BR | K\(t,x)| dz < €).

The key result to prove the regularity result of Theorem 3.2 is the following.

Proposition B.1 Let S > 0 and G : (t,z,¢) €)0,S[xRY x RN — G(t,z,() € R be continuous; we
suppose that 0,G, 8:G, 0:0,G and 8:0:G exist and are continuous on 10, S[xRN x RN ; we also suppose
that there exists w :]0,o0c[— RY such that, for all L > 0, G and these derivatives are bounded on
10, S[xRN x By, by w(L).

Let Rg > 0 and R = (2 + K1)Ro where K is given by (3.16). Then there exists Ty > 0 only depending
on (Ry,w) such that, if T = inf(S,Ty) and Vy € L®(RN)N satisfies [[Vol| Lo mvyn < Ro, there exists a
unique V € Cp(]0, T[x RN )N bounded by R and such that

V(t,x) = Ka(t,:) x Vo(z) + /0 VENt—s,)*xG(s,,V(s,-))(z)ds. (B.5)

Moreover, 0,V € C’(]O,T[X]RN)N2 and, for all a €]0, T, |0V, qa.7xrr)v? < Ra~ '/,

Proof of Proposition B.1

The idea is to use a fixed point theorem. Let, for T €]0,S[, Er = {V € Cy(]0, T[xRV)N | 9,V €
C(10, T[xR¥)N" and £1/20,V € C(]0, T[xRY )N}, endowed with its natural norm ||V||g, = ||V ||e +
[t/28,V ||0o. We define ¥ : Cy(J0, T[xRNY)N — C4(]0, T[xRV)N by

Ur(V)(t,z) = Ka(t,-) x Vo(z) + /0 VE)\t—s,)*G(s,, V(s,-))(z)ds.

We will see that U+ is well defined.

Step 1: the first term of ¥ (v) belongs to E7.

By (B.4), the function (t,2) €]0,00[xRN — K\ (t,-) * Vo(x) is continuous in ¢, uniformly for z € RY;
since it is also continuous, for each ¢ €]0, co[, with respect to z (it is the convolution of an integrable
function and a bounded function), we deduce that it is continuous with respect to its both variables.

Young’s inequality also gives, with (3.16)

3

HK)\(t,-)*V()HLm(RN)N S HV()HLOQ(RN)N (BG)

By Lemma 5.1 and (3.16), we see that 0,(Kx(t,-) * Vo)(x) = 0,Kx(¢,-) * Vo(z). For all t5 > 0 and
t > 0, we have 9, Kx(tog + t,-) = 0. (Kx(t,-) * Kx(to,)) = Ka(t,-) * 9, Kx(to,-) (this is still Lemma 5.1,
since K (t,-) is bounded as the Fourier transform of an integrable function). Hence, 0, (Kx(tg + -,-) *
Vo) = Kx(+,+) * (0, Kx(to, ) * Vi) is continuous on ]0, co[ xRN (this is proved as at the beginning of the
step, replacing Vi by 0,Kx(to,-) * Vo € L®(RY)). Since this is true for all t; > 0, we deduce that
(t,2) = 0. (Kx(t,-) * Vo) (z) is continuous on ]0, co[ xRV . With (3.16), we find

18 (KA (8, ) % Vo)l o wywe < KtV Vol | oo ey (B.7)
This proves that (¢, z) €]0,T[xR — Kx(¢,-) x Vo(z) belongs to Ep.

Step 2: if V € Ep, the second term of U (V) belongs to Er.
Define

Z(t,x) = /0 VENt—s,))*G(s,,V(s,))(x)ds = /0 i VEN\t—s,9)G(s,2 —y,V(s,x —y))dsdy.
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If we let f(t,x) = VK(t,2)1)07(t) € L'(R x RY) (see (3.16)) and g(t,z) = G(t,z,V(t,z)) 1o 7((t) €
L>®(Rx RM) (see the hypotheses on ), then Z = fxg on |0, T[xRY , where % is the convolution product
in R x RV. Since f g is continuous (it is the convolution of an integrable function and a bounded
function), we deduce that Z is continuous on ]0, T[xRY and that

1—1

T
1Z1lz=qo,rixrmyy < I fllellgllee < K=g G, V(D= o rix). (B.8)

A

Let ¢ €]0, T and s €]0,¢[. The function z € RN — G(s,z,V (s, 7)) isin Cf (RY). We can thus differentiate
under the integral sign to see that VK, (t — s,-) * G(s,-,V(s,-)) is C' with derivative VK, (t — s,-) *
(0:G(3,,V(s,")) + 0cG(s,-,v(s,-))0:V (s,)). Moreover, for all x € RV,

IVE(t —s,-) * (0:G(s,-,V(s,-)) + 0cG(s,-,V(s,)0:V(s,"))(z)]
> (t— )/ St — )1/ :

(B.9)

This last function is integrable with respect to s €]0,¢[, and we can thus apply the theorem of derivation
under the integral sign to see that

0. Z(t,x) = ’/0 VE(t —s,) % (0:G(s,-,V(s,")) + 0cG(s, -, v(s,))0,V(s,))(x)ds. (B.10)

If 9,V was bounded, the continuity of 9, Z would be as simple as the continuity of Z. We thus approximate
0,V by bounded functions to conclude. Take 0 < § < T and define W; € L>(]0, T[xRN)N by

Ws(t,x) = 0.G(t,x,V(t,x)) + OcG(t,x, V(t, )0, V(t, )15 1(t).

Denoting As(t,z) = fot VK, (t—s,)*W;s(s, ) (z) ds, (B.10) allows to see that, for all ty €]0,T[, A5 — 8,72
uniformly on [tg, T[xRN as § — 0; since A4 is continuous on |0, T[x RN (same proof as the continuity of Z,
since 9,V (t,x)157((t) is bounded), we deduce that d,Z is continuous on |0, T[xR. Moreover, by (B.10)

and (B.9) and the change of variable s = ¢7 in the integrals on ]0, ¢[, we have, for all (t,z) €]0, T[xRY,
1 _z2
0:2(1,2)] < GOk (|18 GC.-V (DIt 410GV (o V]t F) (B.11)

where Cy = max(fol (1 —7)" "7 dr, fol 7=1/X(1 = 7)="/* dr), which proves that Z € Er.
If V4, is bounded by Ry and V' is bounded by R, the properties of G and (B.6), (B.7), (B.8) and (B.11)
give

1@z (V)||zr < Ro+ KRo +

T 3w(R) + CoKw(R) (T+T1*%\|V|\ET). (B.12)

1
1=x
Step 3: fixed point.

Let R=(24+ K)Ry > (1 + K)Ry. We denote, for T' > 0, Br(R) the closed ball in Er of center 0 and
radius R. Let Ty > 0 be such that

K _1 1
Ro + KRy + 1—]T01 *w(R) + CoKw(R) (T0 +T, *R) <R (B.13)
DY
T T, L 1
’Cl 1 W(R) + ’CW(R) 1—1 + OOT() *R+ C(]TO M <1 (B14)
DY DY

(by definition of R, such a Ty exists and only depends on (Rg,w)).
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Let T = inf(S,Ty). Take Vy € L>°(R"Y)" bounded by Ry. Thanks to (B.12) and (B.13), ¥ sends Br(R)
into By (R). Let (U,V) € Br(R). U and V are bounded by R and we have thus, for all (t,z) €]0, T[xR",
by (3.16) and the properties of G,

1—

M=

W (U) (1, 2) — U (V) (1, 2)] < K-

(B = Voo (B.15)

>|=

By (B.10) and the properties of G, we also have, for all (¢t,z) €]0, T[xRY,

"0, 07 (U)(t,2) — 0, U7 (V)(t, 2)|
T

< Kw(R) <1 T + CoT" ¥ ||U| |y +COT]1> U = V||, (B.16)
pY

The properties (B.15), (B.16) and (B.14) ensure that ¥ is contracting on By (R). Therefore, ¥, has
a unique fixed point V in By (R); V is a continuous and bounded solution to (B.5) such that 9,V
exists and is continuous on ]0, T[xRN. Moreover, since V € Br(R), we have, for all a €]0,T[ and all
(t,x) €la, T[xRN, |8,V (t,z)| <t~ |V||g, < a '/*R, which is the estimate on 8,V stated in the
proposition.

The inequalities (B.15) and (B.14) ensure that ¥ is contracting on the ball in Cp(]0, T[xR) of center
0 and radius R (notice that (B.15) only demands that U and V be bounded by R, nothing on their
gradients). Thus, U7 can have only one fixed point in this ball, which is the uniqueness result of the

proposition. B

We prove now the spatial regularity of the weak solutions.

Theorem B.2 Let ug € WH(RY) and F satisfy (3.2). If u is a weak solution to (3.1) on [0,T],
then u is infinitely derivable in space and all its spatial derivatives are in C(]0, T[xRN). Moreover, if
a €]0,T[ and M > ||u|| e qo, 7xr~) + ||[VUl| oo (j0, 71 xR )5 then all the spatial derivatives of u are bounded
on Ja, T[xRN by constants only depending on a, M and the constants in Hypothesis (3.2).

In the following proof, we do not explicitely indicate the dependence on the constants in Hypothesis (3.2),
but any real number which depends on M also depends on these constants.

Proof of Theorem B.2
Notice first that u is continuous on ]0, T[xRY. This can be seen on (3.15) by the same technique as in
the first two steps of the proof of Proposition B.1 (with VK (t — s, -) replaced by Ky (t — s,-)).

We now prove by induction on n that: for all @ € NV of length less or equal to n, 92Vu exists,
is continuous on ]0, T[xRY and bounded on Ja, T[xRY by C(a, M,n) (for all a €]0,T]), that, for all
to €]0,T[ and ¢ €]0,T — to],

09Vu(ty +t, ) = Kx(t,-) % O5u(te,-)

+ /t VE)\(t—s,-) %« 05 (F(to + s,-,u(to + s,-), Vu(to + s,-)))(x) ds (B.17)

and that

OF(F(t,-,u(t,), Vu(t, ) (z) = (1—10n0)0:F(t, z,u(t,z), Vu(t,z))0s Vu(t,z)
+onoF (t, x,u(t,z), Vu(t,z)) + F,(t, x, (857/,)‘5‘@1) (B.18)

where d,, o is Kronecker’s symbol, Fy = 0 and, for n > 1, F}, is regular and has all its derivatives bounded
on |0, T[xRN x Bpg for all R > 0.
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The case n = 0 is quite simple. Indeed, we easily see that V(K (t,-) x ug) = Kx(t,-) *x Vug (since ug is
only derivable a.e., we cannot directly use a derivation under the integral sign but, since it is Lipschitz
continuous, we can use the definition of the derivative and the dominated convergence theorem); thanks
to Lemma 5.1 and (3.16), we can then derivate the second term of (3.15) under the integral sign, and
we find (B.17) for @ = 0 and #9 = 0 (which gives the continuity of Vu as in Steps 1 and 2 in the proof
of Proposition B.1). The deduction of this formula for any to €]0, T is made exactly as in the proof of

Lemma B.1. We also have the simple bound ||Vul|~qo,7[xr~) < M and (B.18) with Fy = 0.

We now assume the induction hypothesis up to rank n and we prove it at the rank n + 1; let o’ of length
n + 1 and write 8% = 820; with a of length n. Let by €]0, T and b €]bg, T'[; define

G(t,z,() = (1—10p0)0:F(b+t,z,uldb+t,z), Vulb+t,x))(
400 0F (b +t,z,ub+t,2),0) + Fo(b+t,x, (8%u(b + t,2))13/<n)

By induction hypothesis, G satisfies the hypotheses of Proposition B.1 with w only depending on by, M
and n (if n = 0, we have an estimate on Vu and, if n > 1, we have estimates on 9, Vu). We also have
105 Vul| oo by, 71xrY) < Ro with Rg only depending on by, M and n. Take Ty only depending on (Rg,w)
(that is to say on bg, M and n) given by Proposition B.1.

The function 8% Vu(b+ -, -) is continuous, bounded by Ry < (2+ K)Ry and, by (B.17) at rank n, satisfies
(B.5) with V5 = 0%u(b,-) (which is bounded by Ry) and the preceding G. Hence, by Proposition B.1,
9;0%Vu exists, is continuous and bounded by (2+K)Roa~/* on |b+a, inf(T, b+ T)[x RV ; this is true for
all b €]bp, T[ and all a €]0,inf(T — b, Tp)[. Since Tp does not depend on a or b, taking to €]0, T, bo = to/2
and a = inf(tg/2,Ty/2) < T — by, we notice that the intervals {]b + a,inf(T,b + To)[, b €]bo, T — a[}
cover |bg + a, T'[D]to, T and we deduce that, for all i € [1, N], ;0% Vu has the regularity and satisfies the
estimates we wanted to obtain.

We deduce then Formula (B.18) at rank n + 1 by derivating this formula at rank n; we also prove (B.17)
at rank n + 1 by derivating it, under the integral sign, at rank n. These derivations are possible thanks
to the regularity we have just proved on 9;03Vu. R

B.2.2 Temporal regularity

Proposition B.2 If ¢ € CZ(RY) then, for all x € RY | t €]0,00[— K\(t,") * p(z) is derivable and, for
all t > 0, we have %(KA(-, ) k() (t) = —ga[ K (L, -) * o](x).

Proof of Proposition B.2
We notice that g\[K (¢, ) * ] makes sense since K(t,-) * ¢ € CZ(RV).
Suppose first that ¢ € S(RV). The functions K(t,-) and ¢ are integrable on R" | so, by definition of K,
Kx(t,)xp = F (e " F(p)). A derivation under the integral sign shows that ¢ €]0, co[— K (t,-) ()
is C'! and that, for all t > 0 and all z € RV,

d 1 A~ -1 A
UG ) p(@) (@) = —F (- e Fe) (@) = —F (|- PF (KA ) * 9)) (@) (B.19)
Since p € S(RV) and K (t,-) € L' (RY), we have Ky(t,-) ¢ € W>1(RV); there exists thus ¢,, € S(RY)
such that 1, — Kx(t,-) * ¢ in W (RV); it is then obvious that, for all k& > 0,

| PRF(n) = (—47°) P F(AR,) — (—4n?) TEF(ANEA(, ) x 9)) = |- PPF(EA(E ) * ¢)
in L=(RN). We deduce that |- [ F(1,) — |- Y F(K(t, ") * @) in L'(RY); thus, applying (1.1) to 9, and

passing to the limit n — oo, we see that it also holds with K\ (,-) * ¢ intead of ¢, and (B.19) concludes
the proof for p € S(RY).

Take now ¢ € CZ(RY). We can find a sequence (¢n)n>1 € S(RY) whose derivatives up to order 2 are
bounded in L>(R") and locally uniformly converge to the corresponding derivatives of ¢. Fix 2o € RV
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and define v, (t) = Kx(t,-) * pn(xo). Since K(t,-) is integrable, we have v, (t) — Kx(t,-) * ¢(xo) for all
t > 0. We know that v is derivable with v}, (t) = —gx[Kx(t, ") * @n](z0).

The sequence (Kx(t,-) * ¢n)t>0, n>1 is bounded in L (RY) (see (3.16)). Let us study the convergence of
O2(Kx(t,-) * pn) = Kx(t,-) * D%p, to 02(Kx(t,) * p) = Kx(t,-) * D?p; we write, for |z| < R and r > 0,

K (t) * D%ou () ~Kn(t.-) * D¥o(x),

< /B K (t, )| D?pn(z — ) — Dol —y)|dy

n <|D2<P|L°°(RN) +SUP|D2<Pn|LOC(RN)> [ Eend
n>1 RN\B,

1D?>0n — D?@l| 1o (8,4 ) (B.20)

+(|D%o|Lm(RN>+sup|D%on|Lm(R~)) [ . B2
n>1 JRN\B,.

IN

For A compact subset of ]0,00[, (Kx(t,"))ica is compact in LY(RY) (see (B.4)) and thus (B.21) is
small, uniformly for ¢ € A, if r is large; with r fixed, (B.20) is small if n is large. This shows that
O2(K\(t,-) * ©n) = O2(Kx(t,-) * ¢) as n — oc, locally uniformly with respect to ¢ €]0,0c[ and z € RV .
Hence, as in the proof of Proposition 2.1, we see that gx[Kx(t, ) * ©n] = gr[K (¢, ) * ¢] locally uniformly
with respect to z € RV and t €]0, oc[ (when reproducing the proof of this proposition with K (t,-) * ¢,
all the bounds do not depend on ¢ provided that it is in a compact subset of ]0, oo).

In particular, this proves that v, (t) = —gx[Kx(t,-) * ¢](wo) locally uniformly for ¢ €]0, cc[; we deduce
that K (t,-) * ¢(z0) is derivable with respect to t €]0, oo[, with derivative —gx[Kx(t,-) *x ¢](xo). W

3

Proposition B.3 If ¢ :]0,T[xR"Y — R has its spatial derivatives up to order 2 continuous and bounded
then, for all z € RV,

t €]0,T[— /0 Kx(t—s,)xp(s,-)(z)ds

is derivable and

%/OlKA(t—s,) x (s, )(x)ds = p(t,x) — ga |:/O/K)\(t_87') xo(s,-) ds| (2).

Proof of Proposition B.3

Let &9 €]0,T[ and § €]0, dg[. For ¢ €]dg, T'[, define Zs(t) = fotia Ky\(t —s,-) *¢(s,")(x) ds. We also define

Z(t) = [Of Ky(t — s,-) = p(s,-)(x)ds. We have |Zs(t) — Z(t)| < (5H(pHLoo(]01T[XRN) ds, so that Zs — Z
uniformly on ]dg, T as 6 — 0.

The function ¢ : (¢,s) € {(t',s") €]9,T[x]0,T[| s <t'—§/2} = Kx(t—s,-)*p(s,-)(z) is continuous (use
(B.4)) and bounded. By Proposition B.2, ¢ is derivable with respect to ¢t and 9;¢(t,s) = —ga[Ka(t —
s,-) x (s, )](z). By (3.16) and the hypothesis on ¢,

(s,2) €]0,t[xRN — Ky(t —s,-) * ¢(s,-) and its spatial derivatives up to order 2

are continuous and bounded on ]0, #{{xR" | independently of ¢ €]0,T[ (B.22)

(to prove the continuity, we write || Ky (t' —s',-) xp(s',-) — Kx(t —5,°) ¥ ©(s, )| Lo ey < [[KA(H —8',) —
Kx(t —s,) i @emllelleo + 1[EA(E —5,°) * (@(s', ) — @(5, )| Lo (m~), then we use (B.4) on the first term
and the technique in the proof of Proposition B.2 on the second term). Hence, by continuity under the
integral sign on (2.1), 8;¢ is continuous and bounded. These properties show that Zs is derivable on
100, T[ and that

t—6
Z5(t) = Kx(d,°) x p(t — 8, -)(z) — /0 IAEA(t —s,-) xp(s,)](z) ds.
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Since ¢ is continuous bounded and (K, (4, ))s—o is an approximate unit, we see that, as 6 — 0, K (4, ) *

o(t — 9,-)(z) = @(t,z) uniformly with respect to ¢ €]dp, T[. (B.22) and (2.1) show that the function
(5,2) €]0,t[xRYN — gA[Kx(t — s,-) * ¢(s,-)](x) is bounded independently of ¢ €]dy, T[. We deduce that
Zj uniformly converges on ]dy, T'[ to

Y :t€]0,T[— ¢(t,x) — /0 IAEKA(t —s,-) (s, )](x) ds.

Since this is true for all §y €]0, T, this proves that Z is derivable on |0,7[ with Z' = Y. Thanks to
(B.22), Fubini’s Theorem gives

t t
/ IAEA(E = s,-) % (s, )] (2) ds = gx [/ Ka(t—s,) xp(s,)ds| (z),
0 0

which concludes the proof of the proposition. B

We can now conclude the proof of ii) in Theorem 3.2. We already know that w is regular in space

(with estimates on its spatial derivatives far from ¢ = 0). By Lemma B.1, for all a €]0,T[, we have, on
]07T - to[X]RN7

ula +t,x) :KA(t=')*U(G7')($)+/O Ky(t—s,))*F(a+s,-,u(a+s,-),Vula +s,-))(x)ds.

Hence, by the regularity already known on wu, Propositions B.2 and B.3 show that u is derivable with
respect to ¢t and that

Orua + t, )

—ga\[K(t, ) xu(a,)](z) + Fla+t,z,u(a +t,z), Vula + t,))
—gx {/0 Kx(t—s, )« Fla+s,-,u(a+s,), Vula+s,-))ds| (z)
= Fla+tz,u(a+t,z), Vula+t,x)) —grlula+t,)](z).

This proves (3.7). Since all the spatial derivatives of u(a + -,-) are continuous and bounded on ]0,T —
a[xRN | some derivations under the integral sign on (2.1) show that the same holds for g[u(a + -,-)]; an
induction allows then to deduce (3.6).

To obtain (3.8), we use (3.15) to write, since u and Vu are bounded,
u(t,-) — Kx(t,-) % uol|poe ey <HF(, -, u, Vu)l|poqorixeyy =0 as  t—=0,

and we conclude by noticing that, since ug is bounded and uniformly continuous, Ky (,-) * ug — ug
uniformly on RY as ¢t — 0 ((K(t,-))s—o is an approximate unit).

B.3 iii) : Local existence

Theorem B.3 Let ug € W">°(RY) and F satisfy (3.2). If M > ||ug||w1. ) then there exists T > 0,
only depending on M and the constants in Hypothesis (3.2), such that a weak solution to (3.1) on [0, T
exists and satisfies: ||u|| oo o, Txr~) + [[VU|[ Lo o, 7[xrY) < M + 1.

Proof of Theorem B.3
Let T <1, By = {u € L=(]0,T[xRY) | Vu € L*(]0,T[xRN)} and ¥7 : E — E defined by

t
Ur(u)(t,z) = Kx(t, ) * uo() +/ K\(t—s,7) x F(s, -, u(s,), Vu(s,))(z) ds.
0
We simultaneously prove that W is well defined and obtain estimates on this operator.
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Since ug € L>(RV), (3.16) shows that the function (t,2) — Ky(t,-) * ug(z) belongs to L>(]0, T[xRY)
and that |[Kx(t,) * uo||pemy) < [|uol|poemyy. If w € Er and |[ul|p, < R, then F(-, -, u(s,"), Vu(s,-))
is bounded by C; g (the constant appearing in (3.2)  recall that T' < 1); hence, still using (3.16), we
see that Wr(u) € L®(]0, T[xRYN) and that, for u € Er bounded in this space by R,
@7 (w1 qo,r(xr™)y < [0l @yy +TC1 R0 (B.23)
Since ug € WH®(RY), we have V(K (t,-) x ug) = Kx(t,-) * Vug € L>°(RY) and
[|[V(Ex(t, ) * uo) || poe mmy < |[Vtol|poe mvy-

As in the proof of Proposition 3.2, Lemma 5.1 and (3.16) show that

v (/ CKa(t— 5,) % Fls, uls, ), Vus, ) ds) - / CEAE ) % F(s, - uls, ), Vuls, ) ds.

Thus, Uy (u) € Ep and, if ||ul|p,. < R,

|‘V‘PT(7L)HLOO(]07T[XRN) < HVUOHLoc(RN) + 1 Ci,Rro0- (B24)

If (u,v) € E7 are bounded in this space by R, we have, on |0, T[xR"
|E(-y-,u,Vu) — F(-,-,0, V)| < C1 g1lu— v+ Crr1|Vu —Vu| < 2C g1llu —v||B,

Hence, if ||u||g, < R and ||v||g, < R,

7' %
[|@r(u) — Or(v)|le, < 201,1%,1”“*UHETT*‘QCLRJHU*UHET1 T (B.25)
DY
Let M > |[ug||w1.0(r~) and choose T' > 0 such that
1-3
M + TCl,M+1,0 + 1—101,M+1,0 <M+1 (B26)
DY
1-%
201,M+1,1T+201,M+1,11 T < 1. (B27)
DY

Such a choice of T' only depends on M and the constants in (3.2). Let Bg,. (M + 1) be the ball in Ey of
center 0 and radius M + 1. By (B.23), (B.24) and (B.26), ¥, sends Bg,. (M + 1) into itself; by (B.25)

and (B.27), it is strictly contracting on Bg, (M + 1). Hence, U7 has a fixed point in Bg, (M + 1), which
concludes the proof of the theorem. m

C Construction de la solution globale, une fois les estimations
prouvées

Une fois les estimations (3.9) et (3.10) obtenues pour les solutions faibles sur [0, 7] de (3.1), la preuve de
Pexistence d’une solution sur [0, co[ est standard.

Soit (u;)ier 'ensemble des solutions faibles de (3.1); chaque u; est solution sur un certain intervalle [0, T}].
Soit T = sup;¢; T;. Par i) dans le théoréme 3.2, on a u; = u; sur ]0,inf (7}, T;)[x RV ; on peut donc définir
u 3]0, T[xRY — R par: pour tout i € I, U)o, 1;[xr~ = ;. La fonction u est solution faible de (3.1) sur

35



[0,T;] pour tout i € I (et vérifie donc (3.6)—(3.8) sur chacun de ces intervalles); il suffit de montrer que
T = +oc pour conclure.
Supposons 7 < oo. On commence par constater que F' satisfait (3.3) et (3.4) avec, au lieu de Ar et I'r g,

A _ AT(G’) siT < T: ™ _ FT7R(a) siT < T:
Ar(a) = { Ar(a) siT>T Lr.r(a) = { Trp(a) siT>T.

Pour tout i € I et t < T;, par (3.9) on a donc

[[ut, M) < (£1) 7" (84 L

|“0HL°C(IRZN)))

avec ET; (a) = foa ﬁ(b) db = foa #(b) db = Lr(a) puisque T; < T. Ainsi, pour tout i € I et t < Ty,

[t Moo ey < (L) (4 Lol e geny) < (£7)1 (T + Lo ([l ) = Ba.

Par le méme raisonnement en partant de (3.10), et puisque Ry > |[u]|p~qo,7,[xr~) Pour tout i € I, on a,
lorsque i € T et t < Tj,

| Dut, =@ < G7.8) " (T + G, (Dol o ) = R

Les fonctions (F(7+-,-,+,-))r¢[o,77 Vérifient (3.2) avec des constantes indépendantes de 7 € [0, 7] (il suffit
de prendre les constantes correspondant a F' et d’ajouter 7 & leur premier argument). Soit 7" > 0 donné
par iii) dans le théoréme 3.2 pour ces constantes et M = Ry + Ro. Prenons ¢ €]T7 — 1", T[; il existe
T; > to et donc ||u(to, -)|[w1.cmvy < M. On peut alors construire une solution faible v a (3.1) sur [0,7"]
avec u(tp,-) comme condition initiale et F'(to+-,-,-,-) au lieu de F. Puisque u(tg+ -, ) est solution faible
de ce méme probleme sur [0, 7 — to[ (voir le lemme B.1), on a u(tg + -,-) = v sur |0, 7 — to[ et on peut
donc définir % :]0, ¢ + T'[xRY — R par: @ = u sur J0, T[xRY et & = v(- — to,-) sur Jtg, to + T'[xRV. 1l
est aisé de voir que @ est une solution faible de (3.1) sur [0,%9 + T']: pour tout ¢ €]tg, to + T"'[, on écrit

/0 Ka(t — 5,) % F(s, - (s, ), Vii(s, ) ds

to

= Ky(t—s,)x F(s,,u(s,-), Vu(s,))ds

+ / Kx(t—5,) % F(s,-,v0(s — to,"), Vo(s — to,)) ds
o[ K Bl Tt )

+ /Otto Ka(t —to —s,-) x F(to + s, v(s,-), Vo(s, -)) ds
= Oto Kx(t —s,-) * F(s,,u(s,-), Vu(s,)) ds + v(t — to) — Kx(t — to,-) * u(to, ")
_ O“J KA(t = 5,7) * F(s,- u(s, ), Vu(s, ) ds + a(t) — Kx(t - to, ) * u(to, )

et on utilise (B.1). Cette solution est donc un des u; précédemment considérés, et on doit avoir to+7" < T,
ce qui est la contradiction recherchée.

D Notes sur la preuve du théoreme 4.2

D.1 i): Unicité

Le pendant du lemme B.1 pour les solutions faibles de (4.1) est valide et se démontre de la méme maniére:
la présence du terme VK, ne géne absolument pas, puisqu’il a suffisament de propriétés d’intégrabilité.
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L’unicité de la solution faible se prouve alors comme le théoréme B.1; c¢’est méme en un sens plus facile
(il n’est pas nécessaire d’estimer l’écart entre le gradient des solutions), méme si la présence de VK,
complique les choses d’un autre c6té (Pestimation (B.2) sur ||u(t, ) — v(t, )|/ ne fait pas intervenir

; . . 1—1/A
qu’'un terme en T4, mais aussi un terme en T} / ).

D.2 ii): Régularité

Il faut commencer par citer un équivalent de la proposition B.1 lorsque ’on rajoute un terme de la
forme fot Kx(t —s,-)« H(s,-,V(s,-))(z)ds a (B.5). La preuve n’est pas plus compliquée que celle de la
proposition originelle puisque ce terme ajouté est plus sympathique que le terme en VK déja présent
dans (B.5).

A partir de ce résultat, on voit immediatement qu’une solution faible u de (4.1) est C} en espace des
que t > 0. On écrit alors (4.7) & partir d’un #o > 0 (grace a I’équivalent du lemme B.1) et on a assez de
régularité sur u pour transformer cette expression en

t,-) x u(to,-) ()

>\
/K)‘ffg

—0sf(to + s, u(to +s,7)) - Vu(to + s,-)| (z) ds

u(to +t,2) = Ky(

N
h(to + s, u(to +5,-)) — Z@nifi(to + 5, u(to +5,7))

i=1

La fonction u(ty + -, -) est donc solution faible d’un probleme (3.1) avec ug = u(to, ) € CL(RY) et F qui
vérifie (3.2). Le théoreme 3.2 nous donne alors toute la régularié voulue sur u, et nous montrer qu’elle
vérifie son EDP au sens classique.

Tl reste a voir (4.6), ce qui est assez évident: on a, par (4.7) et en utilisant le fait que u est bornée,

Ju(t,) — Kx(t,) * ug|| o vy < CHTF +Ct =0 lorsque t — 0,
et, puisque (K (t,-))s—o0 est une approximation de I'unité, K(¢,-) * ug — uo dans L= (RY) faible-x.

D.3 iii): Existence locale

La preuve est similaire & celle du théoréme 3.2, sauf que l'on fait un point fixe sur (3.15) dans ’espace
L>(]0, T[xRN) pour T assez petit.
E Solutions de Viscosité

Cette partie correspond a l'extraction/adaptation des définitions et résultats de [17] nécessaires ici.

E.1 Sous-gradients

Définition E.1 Soit u )0, T[xRY — R semi-continue supérieurement. On dit que (o, p) € " u(t,x) (le
sur-gradient de u en (t,x)) s’il existe r >0 et 0 > 0 tels que, pour y € B.(z) et |s —t| <,

u(s,y) <u(t,z) +a(s —t)+p-(y —z) +oly — x> +o(s — ).

On définit, de maniere similaire, le sous-gradient de u semi-continue inférieurement et on a dpu(t,z) =
—9P(—u)(t,z). Nous allons prouver un résultat concernant les sur-gradients des semi-limites relaxées;
avant cela, un lemme technique est nécessaire.
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Lemme E.1 Soit f : [-r,7] = R* telle que f(t) = o(t) en 0. Il eziste h € C'([-r,7]) telle que
h(0) =h'(0) =0 et h(t) > f(t) sit #0.

Preuve du lemme E.1

On étend f en dehors de [—r,7] et on pose f(t) = sup|s<; f(s) + [t|*. La fonction f est paire, croissante
sur RT, strictement supérieure & f sur R\{0} et c’est un o(t) en 0.

On prend p € C2°(]0,1[) positive d’intégrale 1, on pose p;(s) = $p(%) et on définit, pour ¢ > 0,

) = ) = [ Fomts = 0a /f p(5) as (E.1)

On voit que h est O sur ]0, 00| (p est réguliere et f est bornée). De plus, comme f est croissant,

h(t) = %/ fow(2) s>+ fp () as= it > 10

(rappelons que p est d’intégrale 1) et, de méme, h(t) < f(2t) (ce qui prouve que h se prolonge par
continuité en ¢ = 0 par 0). Par dérivation sous l’intégrale. on a

%'Omf()< )dq_/ f(s dt (5-1) de_/ ()6 (3 -1) = ds.

Or p'(§ — 1) # 0 uniquement lorsque s €], 2t[, auquel cas ;5 est majoré par %; ainsi,
C 2t B N
/ f(s ( ) ds| < " f(s)ds < Cf(2t). (E.2)
L Jt
(E.1) et (E.2) montrent ainsi que h' est majorée par
C - 2C »
o[ dw (2 -1) as+ Sien < 2 fan,

On constate donc que h'(t) — 0 lorsque ¢+ — 0 (puisque f = o(t) au voisinage de 0), ce qui permet
d’étendre h en une fonction C! jusqu’en t = 0, qui vérifie bien h'(0) = 0. On prolonge ensuite h & R~
par parité (ce qui concerve son caractére C! puisque sa dérivée s’annule en 0) et la preuve est achevée. B

Proposition E.1 Soit u, :]0,T[xRY — R une suite localement bornée supérieurement de fonctions
semi-continues supérieurement et

u(t,z) = (limsup* u,)(t,z) = lim sup un(8,y).

n—oo, (s,y)—=(t,z)

Alors u est semi-continue supérieurement et, si (a,p) € 0P u(t, ), il existe r > 0, 0 > 0, k, — oc et
(tn, Tn,n, pn) = (t,x,a,p) tels que ug, (tn, n) = u(t,z) et, pour tout n > 1, y € B.(zy) et |s—t,| <7,

Uk, (S: U) < ug, (tnamn) + an(s - tn) + Pn - (U - Tn) + (7|l/ - Tn‘2 + O(S - tn) (E3)
(autrement dit, (a,,p,) € 0Fuy, (t,,T,) “uniformément pour la partie spatiale”).

Preuve de la proposition E.1

Prouvons que u est semi-continue supérieurement. Soit (tx,zr) — (t,2) et € > 0. Il existe M > 1 et
n > 0 tel que u(t,z) > —&+sup,>y SUD| (5,)— (t,2)|<n un(s,y). Soit K > 1 tel que |(tg, zx) — (t,x)| < n/2
lorsque k > K; on a alors, des que k > K,

u(ty,zp) = lim sup sup un(s,v)
M’—)OO,HHOH>MI‘( y)—(tr,ar)|<n’

< sup sup Un(s,y)
n>M |(s,y)—(tn,ai)| <n/2

< sup sup  up(s,y)
n>M |(s,y)—(t,z)|<n
< e+u(t )
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ce qui prouve le caractere semi-continu supérieurement de u.

Montrons maintenant la propriété concernant les sur-différentiels. Par définition, il existe k, — oo et
(Sn,yn) — (t, ) tels que uy, (Sn, yn) — u(t, z); il existe de plus 7’ > 0 et o’ > 0 tels que, si y € B (z) et
ls —t| <,

u(s,y) <ult,z) +a(s—t)+p-(y—z)+0o'|ly —z|* + o(s — t). (E.4)

Soit h € C*([—r,r]) strictement supérieure au o(t) de (E.4) sur [—r',7']\{0} et telle que h(0) = h'(0) =0
(voir le lemme E.1). Comme uy,, est semi-continue supérieurement,
sup fun(5,9) —als — 1) —p- (y —7) — 20"y — 2> — h(s — 1)} (E.5)
ls—t|<r', y€B,: (x)

est atteint, disons en (¢,,,). Dés que y,, € B, (z) et |s, — t| < r' (ce qui est vrai pour n grand), on a
donc

Uk, (Sn: Un) < ug, (tnamn) + (I(Sn - tn) +p- ('Un - Tn) + 20’(|yn - m‘Q - ‘Tn - T‘Q) + h(qn - t) - h(fn - t)'

3

Quitte & extraire une suite, on suppose que (t,,T,) = (£,T) € [t—7r',t+7'] X B, (z); par choix de (s, yn)
la limite inférieure de l'inégalité précédente donne

u(t,z) < liminfug, (ty,z,) +a(t —1) +p-(x —F) — 20'|T — x> — h(T — 1)

n— oo

< limsupug, (tn,zn) +a(t —7) +p-(z —F) — 20'[F — 2> — h(f — 1)

n—o0

ut,T)+at—1) +p-(x —T) —20'|[T — x> — h(t —t).

IN

Par (E.4), on a
uwt, @) <ult,z)+al—t)+p - (T—z)+0'|T— x> +of — 1)

et donc
u(t,r) < linrlrl)i;l)fukn (tn,xp) +a(t —1) +p- (x —F) —20'|T — z|> — h(t - 1)
< lim_)sup ug, (tnyzn) +alt =) +p-(x —7) — 20'|7 —z|” — h(T — 1)
< u@az) —od[T—zP +of—t)—h(E—1t). (E.6)

Cela prouve que T = z et ¢t = t (par choix de h); en particulier, toute la suite (¢,,,z,) converge vers (¢, ).
D’autre part, on a égalité partout dans (E.6), ce qui prouve que uy,, (t,,, Zn) — u(t, z). Prenons n tel que
t, —t| < 7'/2 et 2, € Byp(x); par définition de (¢,,2,) (voir (E.5)) on a, pour tout |s —t,] < 7'/2 et
Y € By ja(zn) (auquel cas |s —t] < r' et y € By(x)),

ur, (8,y) < up, (tn,2a) +als = tn) +p- (y —2a) + 20" (Jy = 2” — |z — 2[*) + h(s — 1) = h(t, — t). (E.T)
Orly—z|>— |z, —z* =y —z,* +2(y — z,) - (z, — T) €t
B(s — 1) — Bty — 1) = h(s — o +tn — ) — Bltn — 1) = (5 — t)W (tn — 1) + 0(5 — 1),

Ainsi, (E.7) montre que (E.3) est vérifiée pour (s,y) € [tn — r'/2,tn + 1'/2] X By 5(xn) avec a, =
a+h'(th —t), pp =p+4o'(x, —x), r =71'/2 et 0 = 20'. Puisque (t,,z,) — (t,2) et h'(0) = 0, cela
conclut la preuve. B

E.2 Définition des solutions de viscosité

Définition E.2 On suppose que F :]0, T[xRY x Rx RV — R est continue et que A €]0,2[. Une fonction
u )0, T[xRY — R semi-continue supérieurement et bornée est sous-solution de viscosité de

Oru(t, ) + gafu(t,)](z) = F(t,z,u(t,z), Vu(t, x)) (E.8)
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si, pour tout (t,z) €]0, T[xRN et (a,p) € OFu(t, ), on a

oo [

ot r > 0 est donné par la définition E.1 (en fait, on peut prendre n’importe quel r > 0, cela ne change
pas la valeur de Dexpression,).

u(t,z + z) — u(t, z)
ERER

u(t,x +z) —u(t,z) —p- 2

dz — en(X) /
|z|N+A JRN\B,

dz < F(t,z,u(t,z),p)

r

Remarque E.1 Si (a,p) € Pu(t,z) et |z| <7, on au(t,z+2) —u(t,z) —p-2 < o|z|?, et |2|?/|z|V T €
LY(B,); ainsi, fBr "(t’m+z‘l‘7,\f‘+(§’m)7p'z dz est bien définie, éventuellement égale & —oo (mais dans le cas

ot l'on demande que u soit sous-solution de (E.8), ce cas est exclus par l'inégalité qui doit étre vérifiée).

Remarque E.2 J’ai un peu changé la définition par rapport a [17] (qui remplace le terme u(t,z + z) —
u(t,r) — p-z par o|z|* et garde p dans le deuziéme terme intégral), ceci afin de coller davantage a la
formule (2.1) et de pouvoir traiter le cas X < 1.

De méme, une fonction u semi-continue inférieurement et bornée est sur-solution de (E.8) si —u est
sous-solution de la méme équation avec F' remplacé par —F(-, -, —-, —-) (cet hamiltonien vérifie les mémes
propriétés que F'); cela revient & prendre des sur-différentiels et & inverser I'inégalité de la définition. On
étend de plus sans probleme cette définition au cas de combinaisons linéaires positives d’opérateurs du

type ga.

E.3 Stabilité

Théoréme E.1 Soit (A, i) €]0,2[ et b > 0. On suppose que F,, € C(J0,T[xRY x R x RY) converge
localement uniformément vers F et on prend (bn)n>1 une suite de réels positifs qui convergent vers b.
Soit (un)n>1 une suite bornée sur 10, T[xRN . Si, pour tout n > 1, u, est une sous-solution de viscosité

de
atun(t7 ZE) + g)\[un(t= )](:E) + bngu[un(t= )](:E) =F, (t7 T, Un(t7 213)7 Vuy, (t7 ZE)) )

alors u = limsup™ u,, est une sous-solution de viscosité de

Owu(t, z) + galu(t, )](z) + bgu[u(t, )](z) = F(t,z, u(t,x), Vu(t, x)).

Remarque E.3 Ce résultat est aussi valable avec des opérateurs gy et g, plus générauz (en particulier,
on peut aussi supprimer gy ou prendre y = 2 mais ce dernier cas demande d’établir le lemme E.3 pour
des sous-différentiels d’ordre 2).

Preuve du théoréme E.1

On sait que u est semi-continue supérieurement; comme (uy),>1 est une suite bornée sur |0, T[xRY, u
est bornée sur |0, T[xRN. Soient (t,z) €]0,T[xRN et (a,p) € 0Fu(t,z). Soient (r,0, kn,tn, Tn,tn, pn)
donnés par la proposition E.1. Par (E.3) et I’équation satisfaite par ug, , on a

ik, (tn, T —up, (tn, Tpn) — Dn -
Oén—CN(/\)/ ug, (tn, Tn + 2) — ug, (tn, Tn) — Dn Zdz
B

|Z|N+)\
ug, (tn, Tn + 2) — ug, (tn, Tn)
*CNO‘)/ BRER dz
JRN\B,
g, (tn, Tn + 2) — U, (tn, Tn) — Dn - 2

76 - n n d

n(’N(,U) '/BT ‘Z‘N+u z

ug, (tn, Tn + 2) — ug, (tn, Tn)

b (:N(,u)/ = = dz

" JRN\B, |2 N+u

S F;L(truajfruuk,l (tx)pn) (Eg)
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Comme (ty,, Tn, ug, (tn, Tn),Pn) = (t, z,u(t,z),p) et F,, = F localement uniformément, on a
E,(tn, xn,ug, (t,2),pn) = F(t,z,u(t,z),p) lorsque n — oc.
De plus, par définition de u et de (¢, T, kn, Pn),

lim Sup(ukn, (tn: Tn + Z) — Ug,, (tn: xn)) S U(t7ﬂf + Z) - U(t7ﬂf)
n—oQ
et
lim sup(ug, (tn, Tn + 2) — g, (tn, Tn) — Pn - 2) <ult,z+2) —u(t,z) —p- 2.

n—oo

On a, pour z € RN\ B,, puisque (u,)n>1 est bornée sur |0, T[xRN,

g, (tn, Tn + 2) — Ug, (tn, Tn) C

1N
2| N+ = 2| N+ € L (R\B,)

et, pour z € B,., par définition de (¢, Zn, kn, Pn),
ug, (tn, Tn + 2) — ug, (tn, Tn) — Pn - 2 olz|?

1
ERER S 2V €L (B,)

(remarquons explicitement que o et r ne dépendent pas de n); le lemme de Fatou donne donc

g, (tn, T —ug, (th, T W(t, —u(t,z
limsup/ ug, (tn, Tn +z}\){+)\uk"( nsTn) iz < / u( ,T+Z]\)[+)\’U( ,T) s < +oo.
n—oo JRN\B, |2 JRN\B, 2|
et
g, (tn, —ug, (tn,Tn) — . 1(t, x —u(t,z) —p-
limsup/ Uk (tns Tn + 2) ;\llk"h( nTn) ~Pn 2 dz < / ult,z +2) ,\1,1(; ") Pz dz < +o0.
n—oo JB ‘Z‘ + B ‘z‘ +

r r

En faisant le méme raisonnement avec le terme en u, on peut prendre la liminf, ,~, de (E.9); la seule
difficulté lors de ce passage a la limite est dans le traitement des termes impliquant b,,, et elle est réglée
par le lemme E.2 qui suit. &

Remarque E.4 Si A ou u sont différents de 1, on peut aussi utiliser, dans la définition E.2, les formules
i) ou i) du théoréme 2.1, et le théoréme E.1 reste valable.

Lemme E.2 Soit (b,),>1 une suite de réels positifs qui converge vers b et (X,)n>1 une suite de réels.
Si limsup,, . X, = X < 400 (éventuellement X = —o0), alors limsup,,_, . (b,X,) < bX (avec la
convention usuelle 0 X (—oc) =0).

Remarque E.5 Ce lemme est fauz si l’on ne suppose pas X < +oo: considérer b, = 1/n et X,, = n.

Preuve du lemme E.2

Posons Y,, = sup;s,, Xr. Comme b, > 0, on a b, X,, < b,Y,; de plus, ¥V, - X. Si X > —ocoou b > 0,
alors lim, o b, Y, = bX (la forme n’est pas indéterminée) et le lemme est prouvé. Si X = —oc et b =0
alors, pour n assez grand, Y, <0 donc b,Y,, <0 = bX (par convention) et on peut conclure. B

E.4 Comparaison

Théoréme E.2 Soit A €]0,2[. On suppose que F € C([0, T[xRY x R x RY) vérifie:

VR >0, 3Op tel que, pour (t,z,s,s", &) €]0, T[xRY x [-R, R]*> x RV,

sis <s' alors F(t,x,s',§) — F(t,x,s,§) < Or(s’' — s), (E.10)
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VR >0, 3Cx tel que, pour (t,z,z',s,£) €0, T[x(RV)? x [-R, R] x RV,
|F(t,.’IJ,S,£) - F(t,,’l,‘/,s,f)‘ S CB(I + |£D|7’l - :I’ll‘ )

VR >0, 3C% tel que, pour (t,x,s,£,¢") €0, T[xRN x [-R, R] x B%,
‘F(t,x,s,g) - F(t=$:S:£I)| S O’R|§ - €’|

(E.11)

(E.12)

On prend ug bornée et uniformément continue. On suppose que u : [0, T[xRN — R etv : [0,T[xRY — R
sont bornées et respectivement sous- et sur-solutions de

atw(t7 ZE) + g)\[’LU(t7 )](ZE) = F(t7 z, w(t7 213)7 vw(tz CE))
Siu(0,-) < ug et v(0,-) > ug, alors u < v sur [0, T[xRN.
Remarque E.6 Ici ausst, on peut remplacer gy par un opérateur plus général.

Par soucis de simplicité, nous noterons dans la suite, lorsque ceci a un sens (éventuellement +o0c ou —oc),

w(t,z+z2) —w(t,z) —p-z w(t,z+z2) —w(t,x
Galw(t, ), pl(2) = —en (V) / (hotz) —wllo) bz gy / (o t2) —wits)
JB, |2| JRN\B, |2]

Cette expression ne dépend pas de r > 0 et est définie lorsque (@, p) est dans le sous- ou sur-différentiel
de w en (¢, ).

Preuve du théoréme E.2
On se ramene pour commencer au cas d'un hamiltonien décroissant en s. Pour cela, on fixe Ry qui majore
lu| et |v] sur [0, T[xRN et on pose

ﬁ(t,x,s,f) = eieROtF (t7w7TR0 (e®pots)7e(~)30t€) - (;)ROS:

u(t,x) = e Orotu(t,z) et v(t,x) = e Orotu(t,x) (Tg, est la troncature usuelle & la hauteur Rp). On
constate que F' vérifie (E.11) et (E.12) (avec des constantes qui changent eventuellement); de plus, pour
tout (t,z,s,s',€) €]0, T[xRY x R? x RN, (E.10) donne, si s < s,

F(ta €z, SI: f) - F(t/ €T,s, f)
67®R0t630 (TRO (eeROtsl) - TRO (eeROts)) - G)Ro (SI - S)
e Orot@p (eProls' — Prots) — Op, (s' — )

= 0. (E.13)

IN N

Enfin, u et ¥ sont sous- et sur-solutions de viscosité de

8tw(t= 37) + g)\[’LU(t7 )](ZE) = F(t T, w(tz :U), V’LU(t7 ZE))
(car e®Protii(t,z) = u(t, x) et %oty (t,2) = v(t,x) sont bornées par Ry).

On suppose que supyy g~ (2 —v) > 0 et on souhaite arriver & une contradiction. Prenons ¢ € C?(RM)

‘k/z

positive telle que ¢(z) = |z au voisinage de l'infini. Soient (e, @, v,7) dans ]0,1] et

N )
M. oy = s W(t,x) —o(s,y) — — —ap(r) — —=—— .
wo= i) <3 - EEEE B ) -

Comme wu est semi-continue supérieurement, v est semi-continue inférieurement et ces fonctions sont
bornées, ce supprémum est atteint en (t , o, Se.v.0sTew.arYewa) € [0, T[2x(RV)? lorsque v est assez
petit (la présence de ¢ et |z — y|? empeche la fuite a l'infini de (z,y), la présence de v/(T — t) empéche
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que t ne s’approche de T — indépendamment de v — et, lorsque v est assez petit, le terme |s — t|?/(2v)
oblige s a rester proche de t et donc loin de T'). On a de plus

Ms,ry,u > sup {ﬁ(t,’l) - /5(7‘/7“) - Q¢(T) o L} > 0
(0, T[xRN -1

lorsque «y et a sont assez petits (il existe un couple (¢, z) tel que u(t,z) — v(t,z) > 0, par définition), ce
que l'on suppose a partir de maintenant.

Etape 1: quelques propriétés sur (tc v.a; Se,v.a> Te,v,as Ye,v,a)-
On constate pour commencer, en prenant t =s =0et x =y = 0 que M, .0 > —||8]|oc —||0]]0c — a(0) —
~v/T > ¢ avec ¢ indépendant de (e, «, v). En particulier,

_ _ - 2 —t 2
c S HuHoo + HUHOO _ ‘xe,am 283/6,057u| _ |357a,l/ 5 e,a7u| _ a¢($e,a7u) _ #

et on en déduit que

2 2
|wE7Q,II - y57a,l/ < C’ ‘SE,(XJI - ts7a,l/

, <cd, ad(z.o,) <c et
el o Pmaw Zleadll co g, <

<c (E.14)
avec ¢ indépendant de (e, a, v).

La fonction v — M, o, est croissante et minorée; elle converge donc lorsque v — 0. On a de plus

Ms7a,2u_Ms7a,u (E15)

‘SE,(XJI - te,om/

2e 2 x (2v)

|Ze,0w = Yeaw

2 ﬁ(ts,a,uams,a,u) - ;17(55,(1,1/:.116,(!,1/)

7O‘¢(ms,m,u) - #
£,0,V

2 2
‘ms,rx,u - ys,m,u| |SE,(1,V - ts,rx,u|

2e 2v

- (ﬂ(ts,a,u; ms,m,u) - ;17(55,&1/: ys,m,u)

—0p(Te ) — %)

- te,om/

S —t 2
e,V e, v

4v

Comme (E.15) tend vers 0 lorsque v — 0 (puisque M, o, converge lorsque v — 0), on en déduit

|357a,l/ - ts,a7u|2 - 0.

lim (E.16)
v—0 14
Soit )
~ - T —
Ms7a = sup {'LL(LZE) - U(tzy) - & - CM(;S(ZE) - L} S ME;‘LV‘
[0,T[x (RN)2 2¢e T t
Par (E.14), (tc,av, Se,0,v Te,a,v: Ye, a0 )v>0 €8t bornée et on peut extraire une suite telle que
(ts,a,u’ 9 SE,(I,V’ 9 :I:E,(I,l/’ 9 ys,a,u’) — (ts,m; ts,a; ms,m; ys,a) lOrSCllle VI — O
avec te o € [0,T[. On peut aussi se débrouiller pour que
2 2 2
x - T v — v! . T v v
‘ e, a0 — Ye,a — lim ‘ €,q, Ye,a, ‘ = lim sup | 1] 7:1/570" X (El?)
2¢e v'—0 2¢e v—0 2¢e
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Puisque @ est semi-continue supérieurement et ¥ est semi-continue inférieurement, (E.16) donne

hn}] M, o, = limsupM, , .
v v’ =0
|Te.ow — 2 — teow|
- I ~ ~ Le a,v’! Ye, a0’ Se,a,v! e, a v’
- 1 sup “‘(ts,a,u’:ms,a,u’) - 7}(55,(1,1/’:ys,m,u’) - - ;
V50 2e 2v
Y
7Oz¢(.’175’m,,/) o Ti
- tE,()(7III
< ~ ~ ‘ms,m - ys,m 2 7
=~ U(ts,a;ms,m) - U(ts,m;ys,m) - a. = a¢(ms,m) 7T .
2e T - te,a
< M.
Cela prouve que lim, g M o, = M. o (on avait M., < M. ,,), et que ce supremum est atteint en

(ts,m:ms,a:ys,a)-

La fonction @ — M, , est décroissante et majorée (par ||u||oo + ||0]]|o0); S0it Me = limg_so M: 4. Comme
M. o est bornée indépendamment de (g, a) et croissante par rapport a ¢, il en est de méme pour M..

Ainsi, lim,_,o M, existe dans R. On a de plus

2
~ . Te,a — Ve, v
MQe,oz - Me,a Z u(ts7a7ws7a) - v(ts7a:ye,a) - % - ad)(xe,a) - m
- - |Tea — Ye.al® Y
- <u(te,a7ws7a) = 0(te,as Ye,a) — m2786m — a(ze,a) — Tt
|:I:E,(I - ys,m 2
4e ’
donc, en prenant la limsup,,_,q,
2
_ — Teq —
M. — M. > limsup M
a—0 4e
Puisque lim,_,o M, existe dans R, on obtient finalement, par (E.17),
2
Teq — T —
lim lim sup M = lim lim sup lim sup M =0.
e=0 a0 € e=0 a0 v—0 €
Finalement, comme M. ., > 0, on a
~ ~ ‘msmufysmup |SE(IV7tE(IV|2
u(t , T — (s , = M, + — o -
(E,(!,V, E,(!,V) ( E,x,V yE,(I,V) E,0,V 26 21/
v
+ap(x +———2>0.
¢( EJI,V) T_tg’(Ly -

)

(E.18)

(E.19)

Etape 2: on suppose que, pour tout g9 > 0, il existe € < g¢ tel que, pour tout g > 0, il existe a < aqg

tel que, pour tout vy > 0, on puisse trouver v < vy satisfaisant t. o, = 0 o 54,0
Sitcq,=0,0na

0 < Ms,ry,u
2
u l Le,a,w = Ye,aw Yy
< u(0,2c0,0) — UV(Se,aws Ye,aw) — % -1
|w57a,l/ — yE,a7u|2 ~
< wo(Ze,a,w) — o (Ye,aw) — T V(Sc.ams Ve o) + o (Yeraw) —
2
r—y . ~y
< sup {uo(az) —up(y) — T} — U(Se,a,v,Ye,aw) + U0 (Ye,a,0) — 7

(RN)2

NI

= T(E) - %7(55,(1,1/: ys,m,u) + U()(ys,a,u) -
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En prenant x = y, on voit que Y (g) > 0; de plus, si |z —y| > \/4¢€||uo||oc, On & ug(z) — ug(y) — % <0
et donc

o= s fw@-wm -T2 s e fule) - w) 0
o —y|<+/2e [un oo c o —y|<y/2=Tuoll

lorsque € — 0, par uniforme continuité de ug. Par hypothese, on peut donc trouver ¢ et a tels que
Y(e) —v/T < 0 et tels qu'il existe v, — 0 vérifiant, pour tout n > 1, t. »,, = 0; par (E.14), on a
Seavn = Se,aum — te.aw, — 0 lorsque n — oo et, quitte & extraire une suite, ye 4.0, — Ye,o (voir 'étape
1). Puisque v est semi-continue inférieurement, on en déduit

lim sup(=0(8e, 0,0 s Ye,0vvm ) + U0(Yera,0,)) = —Hminfo(se o, Ye a0, ) + Uo(Ye,a)
n— oo n—oo

S _T)(O: ye,a) + 'U/O(y57a) S 0

et on obtient une contradiction, vu le choix de g, avec (E.20). On raisonnerait de méme si 1’on suppose
Se,a,0 = 0.

Etape 3: on suppose qu’il existe €y > 0 tel que, pour tout € < gg, il existe a. > 0 tel que, pour tout
a < ag, il existe v, > 0 tel que, dés que v < v,, on a t. 4, > 0 et s. 4, > 0. En pratique, cela signifie
donc qu’on va pouvoir faire tendre v — 0 puis o — 0 puis € — 0 dans cet ordre.

Pour simplifier les notations, on pose a partir de maintenant t. o, =, Se,a,0 = 5, Zea0 = T €t Ye a0 = T

Par définition de M., ,, on a

<ﬁ + t_Tg,ﬁ—l— an)(f)) coPu(t,z) et <t_T§7ﬁ> € 0p0(3,y), avecp= L
Ainsi, o
ﬁ + f*Tg + GAli(E, ), P+ aVe@)| (@) < F(1,7,04(,7), P+ aV(T)) (E.21)
et -
L3 GG, ) () > F5.5.5.5).5)- (E.22)
On a

’U(S,y—FZ) —’U(§7§) ﬂ(ii_'_z) _’U’(Z:j)
—cn(A — d
en( )/RN\BT BLER ERER z
_ 05, y+2)—0(5,9) —ult,T+z2)+u(t, ) —aVe()-z
= e ) B T

(5, 7+2) -0,y —ult,T+2) +ult,T)
— A dz.
en )/RN\B,‘ R ?

Or, par définition,

_ _ |a: - |2 |§—t\2 Y
. - |w+z—y—z\2 |s—|2 ¥
> t - - - - B —
w(t,T+2z)—0(E,7+2) % 2 ad(T + z) ;
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et donc

i
Sl
Vv
|
2
<
—~
8|
+
N
|
IS
§/I

(3, y+2) —0(3,9) —u(t,T + z) + ult,
On en déduit que
A3, ), 51(@) — GA[A(E, ), B+ aV@)](7) < —ag:ld](@)
(remarquons que, bien que ¢ ne soit pas dans CZ(RY), gx[¢] est bien défini puisque ¢(z) = M2 a
linfini). En retranchant (E.21) & (E.22), on trouve alors

7 enldl@) 2 s + GAlIE, ), PIm) — GAliE ) P+ aVe(@))(@)
> F(35.06.9).5) - FE7.0(,7),5+aV(®)). (E.23)
Par (E.14), on a |p| < \/2¢/e et, puisque ¢ = | - |*/? a Pinfini, V¢ est bornée sur RV . Les propriétés

(E.11) et (E.12) pour F donnent alors
|F(5.9,0(.9). )~ F(1.7,5(5,9).p + aV ()|
(L+[Bl) + | (5, 7,53,

< Clr-7] ;
< Clr 5101+ p1) + aC(0) + 1F(s.7,75.9.7) ~ FE.7,5(5.9). 7

~nI
<
=
\
o
=
&
“l
S
w3l
+
2
<
=
= &l

e
&
=
—
=
—
Ne)
-
]
=}
<
=)
A
ﬂ-
)%
=
vV
=
—~

5,7) donc en injectant ceci dans (E.23) et en utilisant (E.13), on obtient
v _ —_ _ _ o~y — T — o~ —y —

— =5 + A [B](@)| > —CF —7|(1 +[p]) — aC(e) — |F(5,7,5(5,9),p) - F(L.7,5(5,9),D) .
Lorsque v — 0, T et p restent bornés et 5 —% — 0 avec  qui reste dans un compact de [0, T'[ (voir (E.14));
par uniforme continuité de F' sur les compacts de [0, T[xRY x R x RN (rappelons que ¥ est bornée), on
en déduit que lim, o |F'(5,%,0(5,7),p) — F(t,Z,v(5,7),p)| = 0 et donc que

— =+ aliminf [g\[¢](F)| > ~C limsup(|F — F|(1 + 7)) — aC ().
T v—=0 v—0
Puisque ¢ = | - [*/? & Dinfini, il n’est pas dur de voir que gx[¢] est bornée sur RN (D?@ est bornée
sur RN et, comme A\/2 < 1, on a |z + z|? < [z*? 4 |2|/? donc, lorsque z est grand et |z| < 1,

\p(z+2) — p(x)| < |2|*?). On peut alors successivement prendre la limite inférieure quand a — 0 puis la
limite quand & — 0 pour conclure, grace a (E.18), que —ﬁ > 0, ce qui donne la contradiction recherchée.

|

Remarque E.7 Cette démonstration s’adapte directement auz cas ou l'on considére des combinaisons
linéaires a coefficients positifs d’opérateurs gy. Il suffit de prendre un ¢ qui vaut, au voisinage de l’infini,
le plus petit des | - |*? apparaissant.

E.5 Lemme technique concernant la condition initiale

Nous prouvons ici un fait qui a été énoncé dans I’étape 2 de la preuve du théoreme 3.3.

Lemme E.3 Si (\, ) €]0,2] et ug € WH(RV) alors Kx(t,-) * K, (et,") * ug(x) — uo(x) lorsque t — 0,
uniformément par rapport a x € RN et ¢ €]0,1].

Preuve du lemme E.3
Soit v € Wh(RN) et § €]0,2]; on a, pour n > 0,

Kot ) #ole) =ola) < [ Kt =) = o)l dy

IN

[[Vol[ 1o vy + 2[[0]| Lo (m ) . Ks(t,y) dy. (E.24)
yizn
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On déduit de ceci que

IN

[Ku(et, ) x uo(x) — uo()] IVl poe )1 + 2[[uo|| Lo () Ky(et,y) dy

Jly[>n

IN

Vo[ 1,00 (mnyn + 2ol o (mv) sup Ky (s,y) dy.
0<s<t Jly|>n

De plus, comme V(K (et,-) xug) = K, (et,-) * Vug, (E.24) et (3.16) donnent
[EOA(t, ) * (Kyu(et, -) * uo) (z) — Kyu(et, ) % uo ()]

< IV(K (et ) * uo)l| oo mmyn + 2| | Ku(et, +) * uol| noo (m) y Ki(t,y)dy
yl>n

IN

HVUOHLM(RN)U+2\|U0|\Lm(mfv)/ Kx(t,y)dy.

lyl=n
Ainsi,

EA(t, ) % Ku(et, ) % uo(@) — uolw)| < 21[Vuol o vyn + 2ol (v sup / K, (s, y) dy
0<s<t J|y|>n

+2|[uo || oo (m ) Ki(t,y) dy.
Jly|>n

Comme (K (t,))i—o0 et (K, (t,-))i—o sont des approximations de l'unité, cela conclut la preuve. B

Remarque E.8 Ce lemme est aussi valable si on supprime Ky, donc la preuve du théoréme 3.3 marche
aussi quand on considére une pure équation de Hamilton-Jacobi.

E.6 Estimation d’erreur
E.6.1 Preuve du théoréeme 3.4

Par la transformation usuelle (voir le début de la preuve du théoreme E.2: on a des estimations sur u*
indépendantes de €), on se raméne au cas ol F' est décroissant en s.

Posons ) 5
T — T
M = su u(t,z) —u®(t 7&7&7 PR
P ; 'Y n
[0,7[x (RN)?
(avec a, B, n strictement positifs et v dans ]0,1]). Comme u et u® sont continues et bornées, ce supremum

est atteint.

Etape 1: nous montrons qu’on peut choisir n et v tels que M soit atteint en ¢ = 0.

Soit ) ) )
—_ t —_
RS T T T Sy

Ml/ = sup {U(LZE) - u5(87y) 2 2 9 - T — ¢

[0, T2 x(RN)?

Pour v assez petit, ce supremum est atteint en (¢,,5,,7,,y,) € [0, T[2x(RY)?. En prenant t = s = 0 et
x =y = 0, on voit que M, est minoré par —= > f%, donc

1 ‘.’17,, B UV|2 |tV B SV|2 B‘ml’P v
—— <||lu 1 — : — — —nt, —
7 < lulloe + [l oo — 22 5 I s
et 2 2 2
Ty — ty — x
|’I'1/ yu| <e, |V ql/| <c, 6|T"| <c et il <ec (E25)
2c 2v 2 T—t,
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avec ¢ = 7 + | ||| + [|u||oo. La fonction v — M, est croissante minorée: elle converge donc en 0; on a
de plus

2 2 2
Ty, — Y t, — s Bz
Mo My 2 ultn) o sy - 2B (22|) AL - T
2o — 9> |t —s? Bla|? v
- tl/-l/_El/7l/_ - - _tl/_
<“( @) = (s, 5) 20 2 2 Ty,
_ [t, — s,
4v
et donc (L — 0 lorsque v — 0. Par (E.25), quitte & extraire une suite on peut supposer que
(ty,sv,Tv,yp) — (£,,T,7) avec t € [0,T[ et on a alors, par continuité de u et u®,
2 2 2
. . Ty — Y t, —s Blx
g My, =l <“‘(t”’m”) —u(swaye) - | V2a LB 2UV| a ‘21,‘ ~ e thu>
o EoWP pEE o
= wut,z)—u(ty) ——  —— — gt — ——
u(t, ) — u®(t,7) 5 5 n 73
< M.

Comme on avait M, > M, cela prouve que M, — M lorsque v — 0 (en fait & une sous-suite pres, dont
on peut se débarasser puisque 1’on sait que (M,),~q converge en 0) et que M est atteint en (Z,7,7).

Si I'on suppose que ¢ > 0, alors pour v assez petit on a ¢, > 0 et s, > 0. La définition de M, implique
que

t, — 8 t, — s
((T jty)Q + = P : + 1, Py +637u> € 8Pu,(t,,,m,,) et ( - ” V:pu> € dpu(sv,yv),
avec p, = =¥ On a donc
¥ t, — Sy
T—0)p o T
w(ty,x, + 2) —u(ty,x,) — (pp + Bz,) - 2
ch()\)/ dz
B || N+A
u(ty, z, + 2) — u(ty,, x,)
—cN(/\)/ : dz
RN\B, |2 N+
< F(ty,zy,ulty, z,),p, + Bz,)
et
t, — Sy
v
u(Sy, Yy +2) —u(Su,yp) —pv - 2
ch()\)/ o L dz
B, 2| N+A
“‘E(SV: Yv + Z) B “‘E(SV: 'Uu)
ch()\)/ . “— dz
JRN\B, 2| N+A
£ . £ . .
fsczv(ll)/ LG TRk ]7\1[1+(‘;9,,,y,,) Pv 24,
JBgr 2|

U’E(SlnyV + Z) B U’E(SlnyV)
*E(ZN(/I,)/ dz
JRN\Bpg | 2| N+u

> F(50,Y0,u" (S,Y0v), Pv)-
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En retranchant ces deux équations, on trouve

B T
(T —t,)?
UE(Suayu + Z) B UE(SmZ/u) B u(tl/:xu + Z) + U(t,,,;l?,,) +B$u Tz
—en(A) N dz
B, Ed
U (S, Yy +2) —u(Su,yy) —ulty,x, + 2) + u(t,, x,
Y P S BB R )ttty z)
RN\B, |z
UE(Suayu+2)_UE(Suzyu)_pu'Z
—z—:cN(u)/ dz
Br 2|V
‘E(, + 7‘517 (s, + — ut(s,.
_ECN(N)/ u (c"u Yv 21374_”“ (c"u yu) dz—z—:cN(,u)/ u (qu,yu 21374_”“ (qu,yu) dz
Bi\Bn |2 RN\ B, |2
> F(sv,yv,u" (50, Y0),pv) — Ftv, mv, ulty, 20), pv + ) (E.26)
(on prend R < 1). Par definition de M,, on a
2 2 2
Ty — yu tu — Sy B Ty ’Y
b )~ (s % - % = ‘2‘ R —
Ty +2—y, — 22 t, — 8,12 Blr, + 2|2
27‘(tuamu+2)7“‘5(51/:1/1/4‘2)7| - 2a” | 7|V2VV| B ‘ VQ | 7ntV7T’—ytu.
Ainsi,
x, |2 z, + z|? z|?
u(sy,yp +2) —u(sp,yp) +ulty,z,) —u(ty,z, +2) > Blav| — El | =Bz, z— M

2 2 2

et on déduit de (E.26), en utilisant le fait que u et u® sont bornées (indépendamment de €) et que u® est
lipschitzienne en espace avec une constante uniforme en temps et indépendante de €, que

N B
(T —ty)?
B Els
+CN(A)§ . ‘Z‘TH dz
+C ! d
—y a4z
RN\B, 2| V+X
UE(SV:yV + Z) B uE(suzyu) —PvZz
— d
ECN(N) /BR, ‘Z‘N+“ z
2| / 1
+Ce / ————dz+ Ce ——dz
JB\BR |2IVTH Jrm g, 2|V
> F(sv,yv,u" (50, 40),pv) — Fty, my,ulty, 20), py + ) (E.27)

(ici et dans la suite, C' désigne des constantes, qui peuvent changer d’une ligne & I’autre, qui ne dépendent
pasde e, r, R, v, a, B, n et ). La définition de M, donne encore, pour z € RV,

2o —y®  |tw =5 Blau|® gl
tV7 v) c vsYv ) — - — — y— ————
ulty, o)~ (50, 30) 2a 2u 2 T—t,
2y —yo =27 |ts —s[? Bz’ v
> tu7 v) ¢ vy Jv - - - - tu_
> u(ty,zy) —u (50, Yy + 2) 50, 5 5 e = 7
et donc
|:I:V B 1/1/‘2 — ‘.’17,, —Yv — 2‘2 Q(TV - Uu) i |Z|2
,E Sy, — ,E Sy. — . > - . — - = ——
u (gl//yl/+2) u (9,,,_1/,,) Dv-2z 2 2 Yer %0
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Ainsi, on peut borner le terme en u® de (E.27) et passer a la limite v — 0 pour trouver, en posant

— Ty _1:
p= o *hmuﬁ()pln

v e 1
[ —— C dz +C ——d
@ TP / P E T fog, TR

en(p) / 2|2 / el / 1
+e dz + Ce dz + Ce —dz
2a Jp, |z|NTH JB\Br J2|N+u rM\ B, 2|V TH

> F(t,5,u(t,7).Dp) — F(t,T,u(t,T),p + AT).

En prenant ¢ = 0 et « = y = 0 dans la définition de M, on a M > —Z et donc u(t,T) — u®(t,7) =

M + @ + %ﬂz +nt + 7= > 7= — 7 > 0; la décroissance de F' par rapport a sa troisitme variable
implique alors
g ks 1
- —n+C dz +C ——dz
R B/Br |2 VA rV\B, |2V
Ce 2
+— ‘AL dz +Cs/ |N|+ dz + Ce
a Jgy, 2|Vt Bi\Bg |2|NTH
2 F(t.7,u(t,7),p) — F(t,7,u(t,7),p + 7). (E.28)

Par (E.25), on a B[z| < Cy/B; de plus, comme (=% p,) € dpu(s,,y,) et u® est lipschitzienne en
espace (uniformément en temps et en € €]0, 1]), on a |p,,\ < C, donc |p| < C et [T — 7| < Ca. Par (3.21)
et (3.22), on obtient donc (en prenant § < 1)

F(t,7,ut.?),p) - F(t,7,u(t.7),p+67) > —ClZ-7l+F{E7,ul7),p) - FE 7, ult7),p+57)
> —Ca-Cy/B.
Ré-injecté dans (E.28), cela conduit a
1
C’a-l—C’\/_-{-C’B/ P |N+)\d z+C Jan, B dz
C 2
+—6 |i|,+ dz + Ce |]'\Z,|+ dz + Ce
a Jp, |z[NtH Bi\Bg |2V
g Y
> — > —
= T2 +n 2 T2 + 7.
On a )
/ —"fVL dz:/ w2 NTHRTNTERN dw = CR* T,
Br [2[NHH B1
1
——dz = / Jw| "N NZAN Gy = O
-/RN\BT || N+A J By
et
12| 1 C sip<l,
/ N dz:C/ p Hdp<A,(R):=< C|In(R)] sip=1,
Bi\Bxn 12|V TH Jr CR'™M  sip>1

donc on arrive a

C\B+CBr* A +Cr + Ca + %R“‘ + CeA,(R) + Ce > ﬁ + 1.

s s 1 1
On prend alors r tel que fr2~* = /B (par exemple), c’est & dire r = 3~ 22 | et on trouve

C\/B_l_cﬂz(gi,\) +CQ+%R27H+C€AH(R)+CE Z %"‘n
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En prenant 7 = Ca + SSR*~# + CeA,(R) + Ce et v = (C/B + 062(21*) + B)T?, on aboutit & 0 > 3, ce
qui est une contradiction.

Etape 2: conclusion.
On a montré ci-dessus que, pour tout (g, a, 3, R) €]0,1]*, en posant n = Ca + %R2’” + CeA,(R) + Ce

et v=(CvB+ 062(21*) + B)T? (si B est assez petit,  est bien inférieur a 1), M est atteint en (0,7, 7).
Par définition de M cela signifie que, pour tout (t,z) € [0, T[xRY,

2 = ]2 =2 = =2
u(t,x) —u(t,x) — B‘;‘ —nt — TL—t < up(T) — uo(y) — % - @ - % < ug(T) —uo(y) — %
Comme ug est lipschitzienne, on a ug(T) — ug(y) — M <Clt—y|- ‘575‘2; le maximum de la parabole
2a0 2a
X—>CX - )2(—; est % et donc ug(T) — ug(y) — @ < % Ainsi, pour tout (t,z) € [0, T[xRY,

7y (OVB+CBT™ + BT |

Ca.
Tt @

2 C
u(t,z) < u®(t,z) + @ + <C’a +ZERH 4 CeA,(R) + Cz—:)
!
On fait maintenant tendre 3 vers 0:
3 CE 2—
u(t,z) <u(t,z)+ Ca+ —R*" + CecA,(R) + Ce
!
et il faut ensuite étudier la situation selon la position de p par rapport a 1.

Sip < 1alors A,(R) = C et u(t,z) <u(t,z) + Ca+ SER*7# + Ce. On fait alors tendre R puis a vers
0 et on trouve u(t, ) < u®(t,z) + Ce.

Si p =1 alors A, (R) = C|In(R)| et u(t,z) < u®(t,2) + Ca + SR + Ce|In(R)| (on a pris R < 1/2 par
exemple). En optimisant en R on va prendre R = «a et obtenir u(t,z) < u®(t,z) + Ca+ Ce+ Ce|ln(a)| <
u®(t,z) + Ca + Ce|ln(e)| (on prend @ < 1/2). Le choix optimal est alors & = &, ce qui conduit a
u(t,x) < uf(t,z) + Ce|ln(e)].

Si g > 1alors A,(R) = CR'™# et u(t,z) < u'(t,z) + Ca + %R%” + CeR'™* (on prend toujours
R < 1/2). Une optimisation en R donne comme choix R = a (& une constante multiplicative pres),
d’ott u(t,z) < u(t,z) + Ca 4+ Cea'~#; optimisant en «, on est amené a prendre a = £!/# et on trouve
u(t,z) < u(t,z) + Ce'/m.

Dans tous les cas, on obtient bien la moitié de I'inégalité souhaitée et on conclut en intervertissant, des
le début, les roles de u et u®. W

E.6.2 Optimalité de ’erreur

On commence par prouver la chose suivante.

Lemme E.4 Soit u €]0,2[. Il eziste C,, > 0 tel que, au voisinage de Uinfini, on a K,(1,z) ~ C,|z|~N~#.

Preuve du lemme E.4

Soit § € C°(RN) paire d’intégrale sur RN égale & 1. On pose x = F(#) € S(RV); puisque 6 est d’intégrale
1, on a x(0) = 1 et, puisque 6§ est paire, Vx(0) = —2im [, 5 z0(x) dx = 0. Ainsi, x(§) — 1 = O(|¢]*) au
voisinage de 0.

Soit n > 1 et

f© =" —x(©) (1 f|ﬂ+%+--.+<1>+fl’“‘>.
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Clairement, toutes les dérivées de f sont intégrables & I'infini. Sur B(0,1), on a

f 2u —_1)n f nuy
1O =1 x@) (11 + S+ EEE) 6
avec G(€) = D>t kiwku Comme les séries dérivées convergent uniformément sur 0 < a < [£| < 1,

onad°G(€) = ¥ ponsr “EOE™ qur B(0,1)\{0}; mais, pour k > n+ 1, [9°[¢]#] < (kp)l°|e]ku-lol <
(kp)leljg|ntDe=lal sur B(0,1). Pourvu que (n+1)u—|a| > —N, cette expression de G sur B(0,1)\{0}
est intégrable sur B(0,1), et coincide donc avec 9°G sur B(0,1) en entier. Comme 1 — x(&) = O(|¢]?)
et Vx(§) = O(|¢]) au voisinage de 0, la formule de Leibniz montre que 9% ((1 — x(&))|£|P*) est intégrable
sur B(0,1) pourvu que pu — |a| +2 > —N.

Si on prend donc n > 1 tel que (n+1)u > [u] + 1, alors 0° f € LY(RY) pourvu que |a| < N + [u] +1 (car
onaalors (n+1)p—|a] > [u]+1-N—[u]—-1=—Net,pourp € [1,n], pp—|a|+2 > pu—N—[u]—1+2>
—N + 1> —N); en particulier, cela signifie que

Co

|F(f)(z)] < T o(jz|"N#) & Vinfini (E.29)
(puisque [u] +1 > p).
Pour tout p € [1,n], on a
Flxl- 7)) = 0= F(| - [P) () = (F(| - ["),0(x = ) s mn),smm); (E.30)

pour voir cela, il suffit de prendre ¢ € C>(RV), de noter que

(FOd-17),0) = (- P xF (@) = (- [P F(FT) * 9)) = (F (|- [7),0Y % )

puis d’utiliser la définition de la convolution d’une distribution F(| - [P#) par une fonction § € C°(RV).
On sait que F(| - [P#) = My,| - |~V ~7* dans D'(RV\{0}). Soit Bgr qui contient le support de #; pour
z| > R, 8(z —-) € C°(RN\{0}) et (E.30) donne donc

FOd-1P) = My, [ 8=l "y
= Mpu/ Y|z —y| NP dy
Br
N Yy —Noem
= Myal M [ Cp)| L (.31)
e
La fonction |- |~V ~H est réguliere sur la couronne {1/2 < |z| < 3/2}, qui contient le segment [‘ el ‘—ZT"]

des que |z| > 2R et |y| < R; dans cette situation, le théoréme des accroissements finis donne donc

—N—pu —N-—pu

A
r_ Y =2y - = SAMS—R
ol ~ Tal o]~ Jal o] 1 = Jof
—N—pu
L — % converge uniformément sur By, vers 1 lorsque |z| — oo
t (E.31) montre que
\x\N+p“f(x\ . ‘pu)(m) N Mpu 9( )dy = pu lorsque \:U\ — 0. (E32)

Br

Prouvons M, # 0. Si ce n’était pas le cas, F(| - |*) serait une distribution portée par 0, donc une combi-
naison de dérivées de masses de Dirac: F(|-[*) = 3", B10% 5. Comme F~1(0%8)(§) = (—2im)lelgan,
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on en déduirait que |¢[* = Y7, Bi(—2im)letl¢2 | done que | - |* est une fonction C* en 0, ce qui n’est
pas le cas puisque u €]0,2[.

Comme

u ~ (=1)”

Ku(1,)=Fe ") =F(H+F)+D—
= P

et M, #0, (E.29) et (E.32) donnent C,, # 0 tel que K,(1,-) ~ Cy|-| N "# (le terme dominant & l'infini

est celui correspondant & p = 1 dans la somme ci-dessus, et (E.32) exprime que ce terme est équivalent

a M, puisque ce réel est non-nul), et la positivité de C), vient du fait que K, est lui-méme positif. B

Fxl-17%)

On considére maintenant I’équation 0yu®+¢eg,[u] = 0 (i.e. F' = 0 et sans gy), avec up(z) = max(1—|z/,0).
L’équation limite est dyu = 0, donc u(t,z) = uo(z). On a u®(1,z) = K,(e,-) * uo(x) avec K,(e,z) =
e N/HEK, (1,67 ), donc

u®(1,0)

[ eV 1 ) ) dy
JB,

/ K, (1,2)(1 — e¥/#|z]) dz.
B

e=1/n

Mais u(1,0) = ug(0) =1 = [, K,(1,2)dz, don

uf(1,0) — u(1,0) = fgl/ﬂ/ KN(LZ)\Z\dzf/ K,(1,2)dz. (E.33)

IB_ 1/, JRN\B__1,,

Si p < 1, on ne garde dans le membre de droite de (E.33) que le deuxiéme terme et on écrit, pour & assez
petit, en utilisant le lemme E.4,

C
u®(1,0) — u(1,0) < —/ K,(1,2)dz < ——£ 2| TN THdz < —C(e7 /") TH = —Ce
RY\B, 1/, 2 Jyzzemiiny

(avec C > 0 indépendant de €), ce qui prouve que 'estimation en O(e) est optimale.
Si p =1, alors c’est le premier terme du membre de droite de (E.33) qui va étre dominant: pour € assez
petit et R assez grand (indépendant de ¢), par le lemme E.4,

u®(1,0) —u(1,0) < —s/ Kq(1,2)|z| dz
B,

*E/ Ki(1,2)|z| dz

JB_-1\Br

fﬁa/ 2|7 N dz
2 JB_-1\Br

-1

IN

IN

< *CE/ rldr
Jr

= —Ce(ln(e™') — In(R))

(C > 0 ne dépend pas de ), ce qui prouve que l’estimation en | In(e)| est optimale dans ce cas.
Si p > 1, on conserve toujours le premier terme du membre de droite de (E.33):

uf(1,0) — u(1,0) < fgl/ﬂ/ K,(1,2)|z| dz.
b BE*1/H
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Par le lemme E.4, K(1,2)|z| est intégrable sur RV (puisque p > 1) donc, lorsque & — 0,

J

ce qui prouve que u°(1,0) — u(1,0) < —Ce'/* pour ¢ petit. Ce raisonnement est aussi valable lorsque
i = 2 (le lemme E.4 ne s’applique pas, mais il est bien connu que K»(1,z)|z| est intégrable puisque
K5(1,-) est une gaussienne).

Ku(l,z)\z\dz—)/ K,(1,2)|z|dz > 0,
Jr~

e=1/n

F Quelques notes sur la sous-section 4.2

Lemme F.1 Soit A €]0,2[, u € CZ(RV) et p € C(RN). Alors

/ oa[u) (2)p () de = / u(@)ga L] (z) de.
RN

RN

Preuve du lemme F.1
Comme ¢ € C>®(RV), on peut Fubiniser (car |u(z + 2) — u(x) — Vu(z) - z| < C|z|? avec C indépendant
de z et z) pour écrire

/ / u@+z) —ule) = Vul@) 2, oo e

|Z|N+)\

= '/B \z\% '/RN u(z + z2)p(z) —u(x)e(z) — Vu(z)p(z) - zdx dz. (F.1)

Or, pour tout z € RN, puisque u € C'(RY) et ¢ € CF(RV)

'/RN u(z + z)p(x)—u(z)p(r) — Vu(z)e(x) - zde

u(z + z)p(z) doe — / u(z)p(r)de — z - Vu(z)p(z) dx

N JRN JRN

u(z)p(r — z)de — / u(z)p(r)de + z - Vo(r)u(z) dx

N JRN JRN

u()(p(x — 2) — p(@) — V() - (—2)) do

N

Il
T~

et (F.1) donne donc, toujours par Fubini (on utilise le fait que ¢ a un support compact),

/RN /B S _|Z|(§lf VU2 oo dr
= /B ‘Z‘% /RN u(z)(p(x — 2) — p(x) — V(z) - (—2)) drdz
(x —2) —p(z) — V() - (=2)
/ u(az)/ - dz dz.

|Z|N+)\

r

On effectue ensuite le changement de variable z — —z puis la méme manipulation sur le deuxiéme terme
de (2.1) pout conclure. B
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Grace a ce lemme on peut, lorsque ¢ € C°([0, 00[xRY) est positive, multiplier (4.12) par ¢ puis intégrer
sur £ € RY pour trouver

[ ot oetnds+e [t oglet )@ ds
JRN

JRN

< / ' (u®(t,2))H(t,z,u"(t,x) + ®(t, 2,0 (t,2))] o(t,z) dx
Jr~

+ i o(t,x,u®(t,z)) - V(t,z) de (F.2)

ou H(t,z,s) = h(t,x,s) — Zfil Oz, fi(t,x,s) et ®(t,x,s) = Zfil Oz, 0i(t,x,s). On a, pour ty > 0,
[ aae et = [ g oot [ [ o t)oe) ds
Jtg JRN JRN Jtg JRN

et, par la Remarque 4.1, puisque (uf).sq est bornée dans L>®(RY), n(u®(to,-)) — n(uo) dans Li (RV)

s loc
lorsque tg — 0. On peut donc intégrer (F.2) sur |tg, oo et passer a la limite to — 0 pour trouver

/DO / n(u®(t, x))0rp(t, ) dtde + /°° o(t, z,u®(t,z)) - Vo(t, z) dtde
Jo JRN Jo JRN
+ /RN n(uo(z))p(0,z) de + /0 /RN ' (u®(t,z))H (t, z,u(t,z)) + ®(¢t, z,u" (t,2))] p(t, x) dtdx
> [ o a)alett o) do. (F3)
JRN

ce qui est la formulation entropique intégrale de (4.10). Si x € R, il existe une suite (7,)n,>1 € C*(R)
de fonctions convexes qui converge localement uniformément vers s — |s — k| et dont la dérivée converge
partout vers sgn(s — k) (= —1f,cu} + 1fs54}) en étant bornée par 1; les flux ¢,(t,,s) correspondants
convergent vers f(t,z,sTk) — f(t,x,sLk). En utilisant ces fonctions dans (F.3), on peut passer a la
limite n — oc pour trouver

./ooo ./RN |u®(t, ) — k|Osp(t, ) dtdx
+/0°° /RN(f(t,x,uE(t,x)Tn) bt (1 2) LK) - Voot z) didz
+ /RN lug(z) — Klp(0,z) dx
+/o /RN [sgn(u(t,z) — K)H (t,z,u (t,2)) + U (t, 2,u° (t,2))] @(t, ) dtdz
> z—:/RN |u®(t, z) — klgalp(t,)](z) dz, o

ou ¥, (t,z,s) = ZZI\;] Ou, fi(t, @, sTK) — Oy, fi(t, x, s LK) vérifie, grace a (4.2),

VR>0,VYT >0, |¥.(t,z,s)] < My rls — K| (F.5)
avec M7 g indépendant de (t,,s,x) € [0,T] x RV x [-R, R]>. '

On peut alors raisonner comme dans [12], en combinant (F.4) avec I'inégalité entropique pour (4.11). Les
termes nouveaux qui apparaissent a droite sont alors:

e En facteur de Vo: f(t,z,u(t, ) Tu(s,y)) — f(t,z,u®(t,z)Lu(s,y)) et f(s,y,uls,y)Tu(t,z)) —
f(s,y,u(s,y)Lus(t, z)), qui ne pose pas de probleme puisque chaque terme s’estime en C|u® (¢, z) —

u(s,y)|.
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e En facteur de ¢: Wy, ) (t,2,u(t, 7)), Uye(r,0)(5,y,u(s,y)), sgn(u®(t,z) —u(s,y))(H(t, z,u(t,z)) —
H(s,y,u(s,y)); les deux premiers termes s’estiment, par (F.5), en Clu®(t,z) — u(s,y)|; le dernier
terme, par (4.2), en C(|t — s| + |z — y| + |u°(¢t,z) — u(s,y)|). Comme ¢ contient p,(y — z) et
0,(s —t), le terme |z — y| + |t — s| donne en fin de compte un O(v + p) et il reste finalement des
lus(t, z) — u(s,y)|-

En utilisant ensuite les propriétés de continuité de u, on transforme comme dans [12] les u(s,y) en u(t, x)
et on obtient finalement

./ooo ./RN [ (t, 2) — u(t, z)|(0p(t, x) + CIV(t, )| + Clo(t, z)|) dide > A

avec A bien estimé. En prenant alors ¢(t, z) = war(|z]| + Ct)O(t) (avec wys et © décroissants et a valeurs
dans [0,1]), on a

—Cuwhy(Jz] + Ct)O(t) + Cwpr(|z]| + Ct)O(2)

Cw'y (x| + Ct)O(t) + war(Jz| + C1)O'(t)
= wu(|z| + Ct)O'(t) + Cwn(|z| + Ct)O(t)

et on arrive, une fois que 'on a fait tendre —©' vers une masse de dirac en # (et donc © vers 1), &
quelque chose comme

to
/ [u® (to, ) — u(to, =) |wa (|| + Cto) dz < A" + C’/ / |u®(t, z) — u(t, z)|wm (|z| + Ct) didz
RN 0 RN

avec A’ qui est bien estimé. Ceci étant vrai pour tout to, Gronwall sur ¢ — [, [u (¢, z) —u(t, ) |wp (|| +
C't) dt donne alors

/ |uf (to, x) — u(to, =)|war (|z| + Cto) dz: < A'eCt
Jr~

(rappelons que u®(0,-) = u(0,-)), ce qui conclut la preuve.
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