N

N

Trace theorems and spatial continuity properties for the
solutions of the transport equation
Franck Boyer

» To cite this version:

Franck Boyer. Trace theorems and spatial continuity properties for the solutions of the transport
equation. Differential and integral equations, 2005, 18 no 8, pp.891-934. hal-00004420

HAL Id: hal-00004420
https://hal.science/hal-00004420
Submitted on 11 Mar 2005

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00004420
https://hal.archives-ouvertes.fr

Trace theorems and spatial continuity properties for the solutions of the
transport equation

Franck Boyer'
LATP, CNRS / Université de Provence, 39 rue Joliot-Curie, 13453 Marseille Cedex 13, FRANCE

Abstract. This paper is first concerned with the trace problem for the transport equation. We prove the existence and the uniqueness
of the traces as well as the well-posedness of the initial and boundary value problem for the transport equation for any L” data
(p €]1,+0o0)). In a second part, we use our study of the trace problem to prove that any solution to the transport equation is, roughly
speaking, continuous with respect to the spatial variable along the direction of the transport vector field with values in a suitable L?
space in the other variables.

We want to emphasize the fact that we do not need to suppose any time regularity on the vector field defining the transport. This
point is crucial in view of applications to fluid mechanics for instance. One of the main tools in our study is the theory of renormalized
solutions of Di Perna and Lions.
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1 Introduction

This paper is concerned with the study of some properties of the transport equation:
Op+v-Vp=f, inQ, (1.1

where 2 is a bounded smooth domain in R? (d > 2), v(t, x) is a given vector field, and f (¢, ) is a source term.

In the case where the vector field v is tangential to 02, that is to say when v - ¥ = 0 (v being the unitary outward
normal to 02), the Cauchy problem for (1.1) was studied by numerous authors for a long time. When v is regular
enough (say Lipschitz), the problem can be solved by the characteristics method, that is to say by solving the ordinary
differential equation associated to v.

When v is less regular - and this is crucial in the applications - the transport equation (1.1) was studied by Di Perna
and Lions in [10] by introducing the fundamental theory of renormalized solutions. In particular, they show that if the
vector field v has a bounded divergence and is integrable in time with values in a suitable Sobolev space in z, then any
weak solution p of the equation (1.1) is a renormalized solution. It means that, for a wide class of regular functions [,
B(p) is also a solution to the corresponding transport equation. This result implies many properties of the weak solutions
of (1.1) and in particular, the well-posedness of the Cauchy problem and the continuity of these solutions with respect
to the time ¢ and with values in suitable L9({2) space.

Many variants and improvements of these results were provided by numerous authors, always in the case of a
tangential velocity field (or in the case of the whole space 2 = R?), in particular by weakening the requirements on
the vector field v. For instance, it is shown in [7] that the boundedness of the divergence of v is not necessary and
that a more general assumption on div(v) is sufficient. In [12] the case of “piecewise” W 1 vector fields is adressed.
The uniqueness of solutions in the class L>°(]0, T'[,CY(R?)) for vector fields in L (]0, T'[, (BVjoe(R%))?) with bounded
divergence and suitable behavior at infinity is proved in [6]. Finally, it is shown in [1] that for the same “BV in space”
vector fields the uniqueness of weak solutions still holds in the class L>°(]0, T[xR%).

The aim of this paper is twofold. In a first part, we study the transport equation (1.1) in the case where v-v # 0 on the
boundary of 2. We first give the trace theorems for the weak solutions to this equation, then we solve the corresponding
initial and boundary value problem. In the second part, we prove a new continuity property of the solutions to (1.1) with
respect to one spatial variable with values in appropriate Lebesgue spaces in the other variables. It turns out that the
trace results given in the first part of this paper are the main tools in order to prove this regularity result.
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1.1 Trace problem and Cauchy problem for the transport equation

In the first part of this work, we are interested in the study of (1.1) in the case where the vector field v is not necessarily
tangential to the boundary of €2, that is to say that we do not assume that v - v = 0 on 0f2.

The key of the problem is to define and to study the properties of the trace of the weak solutions of (1.1) on the
boundary 0. In particular, in order to solve the initial and boundary value problem

atp+v'vp:fa inQ7
p(0) = po, (1.2)
p=p', wherev- v <0,

it is needed to give a precise sense to the boundary condition p = p? imposed only on the part of 9 where v - v < 0.

For time independent and Lipschitz vector fields v, this problem has been treated by Bardos in [2] by using the
characteristics method and the semi-group theory. This problem was also addressed by different authors for other
equations: in the case of the neutronic transport equation by Cessenat in [4, 5] using also the characteristics method, and
for the Vlasov equation by Mischler in [13] using the renormalized solutions theory.

The detailed outline of this part is the following. In section 2, we introduce the notations used throughout this work.
We also recall some results concerning the normal and tangential coordinates near the boundary of a smooth bounded
domain, and we give the precise assumptions on the velocity field v and on the data f that we will consider.

In section 3, we prove (Theorem 3.1) the existence and uniqueness of the traces of any solution p € L>°(]0, T'[, L*(Q))
of the transport equation (1.1), for any 1 < p < 4-00. We also prove that these traces enjoy the renormalization property.
The main tool in the proof of this result is a regularization procedure and a commutator estimate originally introduced
by Di Perna and Lions in [10] and generalized for a bounded domain by Mischler in [13] for the study of the Vlasov
equation. We also prove that any such weak solution p is continuous in time with values in L?(Q) for any ¢ < p.

Section 4 is devoted to the proof of the well-posedness of the initial and boundary value problem for (1.1) in the
case of bounded data (Theorem 4.1). We also show the strong convergence of the approximated solutions obtained by a
suitable parabolic regularization of the problem (see (4.2)).

The fifth section is concerned with the description of the precise trace space in which the traces of the solutions
p € L*>(]0,T[, L?(2)) are lying in when p is finite. As it was noticed in [2, 4, 5, 13], it is needed to introduce the notion
of life time associated to a vector field in €2 so that we can characterize the trace space (see Theorem 5.1).

Finally, using the results of the previous sections, we are able to prove in section 6, the well-posedness of the initial
and boundary value problem with L? data, for finite values of p (Theorem 6.1).

We want to emphasize here that one of the main challenge of this paper is to provide results which do not require
any time regularity property for the vector field v just like in the tangential case (see [10]). Indeed, one of the main
applications we have in mind for this problem is the study of outflow boundary conditions for the non-homogeneous
Navier-Stokes equations:

Op+v-Vp=0,
Bulpv) + div(po @ v) — div2u(p) D(v)) + Vp = f,
div(v) =0,

1.3
p(0) = po, v(0) = v, (-3

p=p', wherev-v <0,

+ Boundary condition for v on 9f).

The boundary conditions for v have to be chosen so that the problem is well-posed. We dot not enter the details here,
since the study of this problem is proposed in [3]. Nevertheless, it is clear that weak solutions to (1.3) will classically
lie in the energy space, i.e. v € L2(]0, T, (H(£2))%), and that §;v has no reason to be integrable on |0, T[x ) (see
[8,9, 11]). Hence, it is fundamental to provide results which do not need v to be regular in time.

Notice that if one assumes that v is more regular in time (for instance if v is time independent), some of the proofs
given below can be simplified.



1.2 Spatial regularity of the solutions to the transport equation

In section 7, we investigate the spatial regularity of the weak solutions to the transport equation. More precisely, we
prove that any solution of the transport equation is continuous along the direction of the vector field v in a sense to be
precised.

Let us see on a simple example why such a result has to be true. Let py € L>°(R?) with compact support and let
o(t,z,y) = (p(t),0),V(t,z,y) €0, T[xR?, where ¢ € L'(]0, T) is a positive function such that miny 7 ¢ > 0. We
obviously find that the weak solution to (1.1) in the whole space R? with initial data py is given by

p(t,x,y) - po(l’ - (I)(t)7y)a

with ®(t) = fg ©(s) ds. Tt is clear that p is continuous with respect to ¢ with values in L.  (R?) (this point is well

.y
known since the works by Di Perna and Lions [10]). Furthermore, we see that p is also continuous with respect to x

(which is the direction of v) and with values in L; , (J0, T[xR). Indeed, using the change of variable 7 = ®(¢) we find
T T
| [t = stz aray= [ [ oot =9(0.9) = po(oo = ®(0). )] dtdy
0 0

®(T) 1
:/0 /R|p0(x—7,y)—po(wo—ﬂy)\m

€ L>(]0, ®(T)]), the above quantity tends to zero when = converges to z( thanks to the continuity of the

dr dy.

1
pod—1

translation operators in L'. Notice of course that p is not continuous in any sense with respect to 3 which is transverse
to the vector field v.

Suppose now that ¢ is any function in L1(]0, T[). If ¢ vanishes on an interval |to, [, then for any ¢ €]to, ;[ and
any z,y € R the solution of (1.1) is given by

Since

p(t,l‘,y) = po(x - Ca y)7

with C' = fot ® . Hence, without any regularity assumption on the initial data po we see that p cannot be continuous
with respect to the variable x with values in L%’y.
Nevertheless, the same computations than above show that the function

p(ta €z, y) (U(tv x, y) : e-’/ﬂ) = p(t7 xz, y) ()O(t)7
is continuous with respect to 2 with values in L} , (J0, T[xR) even if ¢ vanishes.

In the general case, where v is integrable in time with a Sobolev regularity in the spatial variables, we will give a
general result which is similar to the one of the previous example. We shall see that the results are slightly different in
the case of bounded solutions (Theorems 7.2 and 7.3) and for L? solutions with finite values of p (Theorem 7.5). Once
more, we emphasize the fact that our proofs are valid without any time regularity assumption on v.

The main idea in the proofs of these results is, roughly speaking, to show that the traces of a solution to the transport
equation (defined in the first part of this paper) depend continuously on the domain we consider (since any solution in
(2 is also solution in any subdomain of €2). Then, such a continuity property of the traces is shown to imply a continuity
property of the solution itself near the boundary of €. Finally, since we can apply all these results to any smooth
subdomain in €2, we can state in fact a continuity property in the whole domain €2 and not only near the boundary.

2 Notations and preliminaries

Throughout this paper, we will denote by C} (R) the set of bounded C! functions with a bounded derivative.



2.1 Elementary differential geometry

We suppose that € is a smooth (say C?) bounded domain in R¢ (with d > 2) and we denote by I" the boundary of {2 and
by v the outward unitary normal to I'. The distance between any z € R? and T is denoted by d(x, T').
For any ¢ > 0, we introduce the open sets

O, ={z€Q, dzT)<¢}, and Q. = {z € Q, d(z,T) > &},
and for any 0 < &1 < &9, we define
Oe, = {2 €Q, & <d(x,T) < &}

Since €2 is bounded and regular, there exists &, > 0 such that the maps d(-,T") (distance to I") and Pr (projection on
I') are well defined and smooth in O¢,,.

In O, it is possible to use (d(z,T'), Pr(z)) € [0,&,] x I as a coordinate system. For any function f : Q¢, — R
we will use the notation

f(& o) = flo—¢&w(0)), V(& 0)€[0,8] x T 2.1)

Notice that for any o € T', we have f(0,0) = f(o). The reverse formula obviously reads
f((E) = f(d(xvr)vpr(x))v Vz € Ofsz'
In particular, if f € Wl’q(Ogg) with ¢ > 1, we deduce that

a%f(f,o) = (V) 0) v(o) € LI(0, & [xT),

and therefore we have

§— f(&0) €C([0,&)], LYT)). (2.2)

We remark that (2.2) also holds for any f € W%Jra’q((?gg), with ¢ > 0.
Forany ¢ € [0, &,[, we denote by 'y = {z € Q, d(x,T) = £}. Notice that forany £ € [0,&,] and 0 < &) < & < &,
we have
00, =TUT,, 09, =T,, 00, ., =T, UTL,,.

For any ¢ < &, the manifolds I' and I', are isomorphic through the parallel transport with respect to the vector
field —&w. Let J¢(0), 0 € T be the Jacobian determinant of the isomorphism between the manifolds I" and I",. For any
g € LY(T,), we have

/Fs g(o')do' = /Fg(a —&v(0))Je(o) do = /Fg(g, 0)Je(o) do. (2.3)

Therefore, for any f € L'(O¢,,) we have the following change of variables formula :

o, f(z)dz = /O §Q < /F F(&,0)Te(0) do) de. (2.4)

It is clear that Jy (o) = 1 for any o € I' and that (§, o) — J¢ (o) is smooth for £ small enough. Of course, J¢ (o) can
be computed explicitly depending on the two fundamental forms of I" but it is not useful in this work. We just have to
notice that if &, is small enough we have £ < J¢(0) < 2 forany (§,0) € [0,&,] x I.

Finally, notice that there exists a smooth function D : Q — Rsuch that D = d(-,T) on O¢, so that we can define
for any = € €, the vector field v(x) = —V.D(x) which is regular bounded and which coincides with the normal vector
field near the boundary. More precisely, we have

v(z) =v(Pr(z)), forany z € Og,.



2.2 Regularization procedure in (2

Let us recall now the regularization procedure which extend the classical smoothing method to the case of bounded
domains (see [13]).

Let 1) be a positive radial and regular function with compact support in R, such that / n(xz)dz = 1. For any
Rd
1
e>0,letn.(z) = 'l (g)
For any function f € L'(]0, T[x) we define the following space regularized function :

font) = [ J(tamly—a = 2e0() do. V() 0.T(xe
The properties of this regularization procedure are summed up in the following straightforward result.

Lemma 2.1
e IfQ) is aC? bounded domain, then for any f € L?(]0,T[, L'(Q2)) we have

fHme € LP(J0,T[,CH ().
e Foranyp,q € [1,400], and any f € LP(]0,T[, LY(Q?)), we have

If *u 775||LP(](),T[,L‘1(Q)) < C||f|\LP(]0,T[,LQ(ﬂ))>

C
IV (f % n)llLeqo,rp L)) < ;Hf”LP(]O,T[,L'J(Q))-

Furthermore, if p < 400 and g < 400 then we have

fxu e 6?0 f, in Lp(]O7T[7Lq(Q)),

2.3 Assumptions on the vector field v

In this paper, p denotes any element of |1, +oc0] and p’ = z% € [1,+o0[ its conjugate exponent. From section 3 to
section 6, we are interested in vector fields v satisfying the following assumptions:
ve LMo, T (W ()%,
div(v) =0, (2.5)
(v-v) € L*(0,T[xT), foragivena > 1.
In the case where v - v = 0, the regularity assumption on v is exactly the same than in previous works in this case
(see [7, 10]). In particular, one of the main feature of this paper is that we do not need any additional time regularity
assumption on the vector field v to prove our results.

Notice that most of the results in this paper can be adapted to vector fields such that div(v) is only supposed to be
bounded (see [7, 10]).

For any such vector field, we can introduce the following measures on |0, T'[xT" :
du, = (v-v)dodt,

dud = |v-v|* dodt.

Asusual dut = (v-v)T dodt and du;; = (v-v)~ dodt are the positive and negative parts of dy., so that we have

dpy = dpt — dpy s |dpy| = dpf + dps, .



3 Trace theorem and continuity in time of solutions.

In this section, we prove the existence and the uniqueness of the trace of any weak solution of the transport equation
in the domain €. We also give the renormalization property for these traces.

Theorem 3.1
Let p €]1,+00], v satisfying (2.5) and f € L'(]0,T[,LP(Q2)). Let p € L*(]0,T[, LP(Q2)) be a solution, in the
distribution sense, to the transport equation

Oip+uv-Vp=Ff.

1. The function p lies in C°([0,T], L4(R2)), for any 1 < q < p. Furthermore, p is weakly continuous in time with
values in L?((2).

2. There exists a function yp measurable on 10, T[T such that for any 3 € C}(R), for any test function ¢ €
C([0,T) x ), and for any [to,t;] C [0,T], we have

/I/ﬂwx@¢+wvdex+/ﬁ@%»wmmI—/ﬂ@mwﬂmwx
to Q Q Q

_/t:l/Fﬁ(VP)w(v-V)dth—F/t:l/Qﬁ’(p)fapdtdxzo,

Furthermore, the function ~yp satisfying the above properties is unique in the almost-everywhere sense for the
measure |dy.,| on |0, T[xT.

3.1)

Remark 3.1
Suppose that p = 400 and let us introduce

ax = Su t,x), in = inf t,x).
Prmax ]O’T[I;Qp( )> Pmin ]O,T[xﬂp( )

Let 3 be a regular non-negative function in C} (R) such that 3(s) = 0 if and only if $ € [pmin, Pmax|- For this particular
choice of 3, formula (3.1) gives

/OT /F Blyp)e(v-v)dtdo =0,

for any regular test function , since the first term in (3.1) vanishes. This implies that 3(vp)(v - v) = 0 for almost every
(t,o0) €]0, T[xT'. Hence, we have 3(yp) = 0 for |ds,|-almost every (t,0) €]0, T[xT.

Therefore, we have ppin < Yp(t,0) < pmax for |du,|-almost every (t,0) €]0,T[xI". In particular, we have
vp € L>®(]0, T[T, |du,|). Hence, in this case formula (3.1) is true for any 3 € C'(R) not necessarily bounded. In
particular, taking 3(s) = s, we deduce that

Q

t1 t1
—/ /fyp(u-l/)@d?ﬁdd%—/ fpdtdx =0,
to r to Q

which gives the weak formulation of the transport equation taking into account the trace ~yp of the solution on |0, T[xT".

Notice that (3.2), is not true in general in the case p < 400 since it is possible that vp does not lie in the space
LY(]0, T[xT, |du.,|) (see the counter-example by Bardos in [2]). We will adress the problem of giving a sense to (3.2)
in section 6.

| [ oooro-Teydtdns [ pltaetta)ds ~ [ pler)ott)do
fo /2 @ (3.2)

Proof :



1. By assumption, we have for any » € C}(]0, T[x)

T T
/ /p(é)w—kv-Vgp)dtdm—k/ /fgadtdx:O.
o Ja o Jo

Let ¢ € C(]0,T[x). For any y € Q we choose ¢(t,x) = ¥(t,y)n-(y — x — 2ev(y)) in the following
formulation. Notice that ¢ vanishes on the boundary I". If now we integrate with respect to y € €2 the above
identity, we obtain

T
/0 /Q /Qp(t, 2)0)(t, y)ne(y — x — 2ev(y)) dt dz dy
T
T /0 /Q /Qp(t, x)Y(t, y)v(t,z) - Van.(y — o — 2ev(y)) dt da dy
T
+ /O /Q /Qf(t, 2)Y(t, y)ne(y — x — 2ev(y)) dt dz dy = 0,
which gives after integrations by parts
T
0= /0 /Qp*v ne(t, y) (D) (t, y) + v(t,y) - Vyab(t, y)) dt dy
T
+ /0 /Q/Qp(t, z) (v(t, ) - Vane(y — z — 2ev(9))(t,y) — v(t,y) - Vb (t, y)ne(y — z — 2€V(y))> ot do dy
T
+ /0 /Q I *u Us(E y)d)(t, y) dt dy
T
= /0 /Q,O*u 775(75, y)(aﬂ/}(t y) 4+ U(t, y) . Vyw(t’ y>) dt dy
T
" /0 /ﬂ /Qp(t’ g (U(t’ ) Vane(y — v = 2ev(y)) +v(t,y) - Vyne(y -z — 2eu(y)))¢(t, y) dt da dy
T
+ /O /Q fHu et y)v(t,y) dt dy.

If now we let p. = px, 1. and f. = f *, 1., we have proved that p. is solution in the distribution sense to the
equation

Ope +v-Vpe = R + fe, (3.3)

where

Re(t.) = [ plt.o) (w, 2)-Vonely — 2 — 2ew(y)) + o(tsy) - Vynely — 2 — 2eu<y>>) dr.

The renormalized solutions theory (see [10]) is based on the fact that this remainder term R ., which can be seen

as a commutator, tends to 0 as € goes to 0 in a suitable Lebesgue space. The precise result in our case is the
following.

Lemma 3.1
If p € L>=(]0, T[, LP(Y)) and v € L*(]0, T[, (W (Q))?) with div(v) = 0, then we have

Re — 0, in L'(]0, T[xQ).
E—



Very similar lemmas can be found in [10] and [13] so that we do not give the proof here.

We deduce from (3.3) that p. is W'! in time (and hence continuous) with values in Ll(Q). But since p
lies in L*°(]0,T[, LP(€2)) then for any € > 0, p, lies in L*°(]0,T[x€2) and is bounded independtly of ¢ in
L*>(]0,T[, LP(§2)) (Lemma 2.1). In particular, we see that p. is continuous in time with values in L?(Q) for any
q < +oo.

For any 1,2 > 0, we have

at(psl - Psg) +v- v(p€1 - psz) = (R€1 - REz) + (fsl - fsz)' (34)

Let 3 be a regular function such that |3(s)| < |s| and |5'(s)] < C, for any s € R. Multiplying (3.4) by
B'(pe, — pe,) wWe getin the distribution sense

at/ﬁ(pal - pEz) +tou- vﬁ(pz?l - p€2) = ﬂl(pal - pEz)(R€1 - Rsz) + ﬂ/(pm - pEz)(fE1 - f€2)' (35)
Let h > 0 be small enough and ¢}, be the function in W*>°(Q) defined by ¢;, = 1in €, and @), = +d(z,T) in

Oy, (see section 2.1 for the definitions of 2, and O},). We have Vp, (z) = — }Lu(:zz) forz € Oy and Vyp, = 0in
Q.

Let us take (% — 1)¢y, as a test function in (3.5) on J0, T'[x €2, we get

T
| 180000 = patda = 7 [ [ 18000, = ) e

r ¢
T - ' 3.6
+/0 /Q<T 1) B(per — pes)(v - Viop) dt dae 46

T t ,
+/0 /Q(ph (T_l)ﬂ(pm_pfz)(REl_R62+f61_f62)dtd$'

Taking now ¢, as a test function in (3.5), we get

d
E/Qsohﬂ(p& - p€2)dx - /Qﬂ(pﬂ - p52)U : VQPh dr = Aﬂl(p61 - pEz)(R€1 - REz + f61 - faz)@h d{E,

so that:

T
sup / onBper — pey) da < / onB(per (0,) — pey (0,)) dx + C / / R, - R.,|dtdx
Q Q 0 Q

t€[0,T]
T T
+C/ /|f€1 _f€2|dtdm+c/ / |pe, — peyllv - Vor| dt de.
0 Q 0 Q

Using (3.6) and the definition of ¢y, it follows:

sup B(pe, — pe,) dx < Cllpe, — psz”L},‘m + ClR:, — REQ”L%J +C|fey — fsz”L,{m

t€[0,7] J Qp
C T
+E_/ / |pe; — Peyl|v - v| dt dx.
0 On
2

Now we choose ((s) = ﬁ and we perform the limit when § goes to zero so that finally (3.7) holds with

B(s) = |s|. Using the fact that Q2 = ), U Oy, we deduce:

(3.7)

sup | |per — pealdz < sup / 1Pes = peal d+ Clipes — peallzs . + CllRe, — Reyllis
tc[0,T] JQ te[0,7] J Oy, ' '

C T
+CMa = Fallay, + 5 [ [ 1oa = peallo-vldeda.
' 0 On



As |Op| < Ch for any h > 0, and using the bound of (p.). in L>°(]0, T'[, LP(Q2)), we get

1
sup / |pe; — pey|dx < Ch?” + Cllpey, — peslly , + Cl[Rey — Reyll12
te[0,T)JQ ' ' (3.8)

C T
+C| fe, _f52||L%z+E/ / |pe, — peyl||v - V] dt dx.
' 0 Op

Let us denote the last term in (3.8) by 1. We use in Oy, the tangential and normal coordinates introduced in section
2.1 so that we can write

T h
ey [ [ [1oate0) = puteolvftn) vio) — o(t.0.0) (o) Jelo) dodgdi
0 0 r (39)

IR _
w5 [ [eateo) =6 lint0.0) - vio) ele) dods it =1+ 1

The term I can be estimated as follows:

N

1 T rh 1
neg [ [eateor-pasol (e [ 9utgolan) gio)dn dca

1 T h I ) >
< EHpsl —p82||Lw(]07T[,L,,(Q))/ </ // &' |Vo(t,ug, o)) P Jg(a)dudod§> dt
0 0 Jo

1
Y2

< %/OT (/Oh/r%gp'1/05|Vv(t,T,a)|p'JT(o*)d7'dcrd£>p it

gC/OT <% /Oh /og Vv(t,x)v”dmdg)p dt.

Since for almost every ¢ €]0, T'[ we have

-

1 /" , ”
—// Volt, )P dede | < Vo)l Yh>0,
hJo Jo,

and

1 h ’
P
h./o /5 [Vou(t, z)|P dx d§ P 0,

we are able to conclude, using the Lebesgue theorem, that the term I; converges to zero when h goes to 0,
independently of €; and e5.

e In the case p < +00, assumptions (2.5) imply that there exists A > 0 such that
(t,0) = (v(t,0,0) - v(0)) € L]0, T[ W' ¥ () € L1(0,T[, L" *)(T)).

But as we also assume that (v-v) € LY(]0, T[xT) C L*(]0, T[, L*(T)), with o > 1, classical interpolation
inequalities show that there exists & > 1 such that (v - ) € L°(]0, T[, L* (T")). As a consequence, we can
estimate the term I, defined in (3.9) as follows using the Holder inequality:

C
I < FHP& - Paz||L6’(]o,T[,LP(Q))||U ) V||L5(]O,T[,LP’(F))'



e In the case p = +00, we estimate I, as follows
C
I < F||p61 - P62||La'(]o,T[,La’(Q))||” VLo, rr,Le (),

where o’ = —%5 is the conjugate exponent of a, which is finite since o > 1.

Finally, (3.8) gives in any cases

1
sup / |p81 - p<‘:‘2|d'Tj < Ch» + O||p81 — Pes HL% » =+ O”REl - REz ||L% » + OHfE1 - f82 HL% »
te[0, 7] JQ ’ ' ' (3.10)
+ I + C(h)|lpe, — pesllrqo,rr,La@))s

where A < 400 and ¢ < p is finite.

As a consequence, we deduce that (p. ). is a Cauchy sequence in C°([0, T, L1(£2)). Indeed, we can first choose h

so that the terms C'h#” and I; are small enough independently of £; and €5. Using Lemmas 2.1 and 3.1 we know
that (p.). converge in L*(]0, T[, L%(Q2)) and that (R.). and (f.). converge in L'(]0, T[x2). Hence, h being
fixed, all the other terms in (3.10) can be made small as £ and 5 are close to 0.

At this point, we proved that (p.). converges towards p in C°([0, T, L*(£2)). As (p.). is known to be bounded
in L°°(]0, T'[, L?(£2)) we deduce that (p.). converges towards p in C°([0, T, L4(f2)) for any ¢ < p. The weak
continuity in time of p with values in L?({2) when p is finite follows immediatly.

. First of all, the uniqueness property of ~yp is straightforward. Indeed, if v; p and 72 p are two measurable functions
satisfying (3.1), then we have:

/()T/Pﬁ(’hp)(v-uypdtda:/OT/Pﬁ(Wp)(U.V)(pdth’

for any suitable 5 and ¢ which implies that 5(v1p)(v - v) = 8(y2p)(v - v) for almost every (¢, o). It follows that
v1p = Y2p for |du,|-almost every (¢, o).

Now, let us prove the existence of the trace vp. Since p. is regular enough, for any 3 € C}(R) we have

atﬁ(pf) +uv- V/B(ps) = ﬂl(ps)Re + B/(ps)fsv (3.11)

in the distribution sense. Hence, for any €1, 2 > 0, we have
0t (B(pey) — B(pey)) +v-V(B(pe,) — Blpe,)) = ﬁl(Pm)(Rel + fe,) — ﬂ/(Ps2)(R52 + fes)- (3.12)

Let ¢ (t,x) be a smooth function with compact support in time but not necessarily in space. Let us choose
B(pe, — pe, ) as a test function in (3.12). It follows

T
[ 180 = 8000 - v) o =
0 T
T
/0 /Q 1B(pey) = Blpey) *(0rth + v - Vi) dt da (3.13)
T
+ 2/ /(ﬁf(psl)(Rsl + fo) = B (pey)(Rey + f2))(B(pe,) — B(pey )b dt da.
0 Q

Thanks to assumption (2.5), it is now natural to take ¢ = |v-v|*~2(v-v) in this formula, in order for the left-hand

side term to be non-negative. Unfortunately, this is not possible since this function 1 is not smooth enough, in
particular in the time variable.
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Let g, € C.(]0,T[xT) be a sequence of smooth functions such that (g, ), converges towards |v - ¥|* (v - v) in
L (J0, T[xT). Notice that the condition & > 1 is crucial here. For any n > 0, let G,, € CL(]0, T[x) be such
that g,, is the trace of G, on |0, T[xT". Now we take ¢y = G, in (3.13), and we get

T
| [1802) = 8o Plo- il dedo =
0 r

/OT/F 18(pe1) — Bloos)I2(v - ) (|v o2 (vev) — gn) dt do (3.14)

T
+ / 1B(0e,) = B(pes) 2 (BuGn + v - VGo) dt da
0 Q

+2 / / (B (02 (Rer + o) — B'(pes) By + Joa))(B(pe) — B(per))Gn dit i
0 Q

This shows that (3(p.)). is a Cauchy sequence in L2(]0, T[xT, du). Indeed, as /3 is a bounded function, the
first term can be controlled by Cg|lv - v||peqorixm) ||V - ¥|* 72 (v - ) — gy Lo/ (Jo,T[xT)> hence it converges
towards zero when n goes to infinity, independently of €1 and 5. Therefore, we choose n so that this first term
is as small as we want. Then the last two terms are small as soon as €1 and 5 are small enough because G, is
now fixed and regular, (R.). converges to zero in L'(]0, T[x) and furthermore (3(p.)). converges to 3(p) in
Co([0,T7], L4(£2)) for any g < +oo.

Hence, we have shown that the traces (3(p.)). are a Cauchy sequence in L2(]0, T'[xT", du). In particular, there
exists a subsequence (5(pe,))r Which converges du%-almost everywhere and hence |dp.|-almost everywhere.
If we choose now (3 to be injective, we deduce that (p., )r has a limit, denoted by ~yp, for |du,|-almost every
(t,0) €]0, T[xT.

We claim that 7yp is finite |du,|-almost everywhere. Indeed, in the case p = 400, this point follows from Remark
3.1. In the case p < 400, it is more difficult to prove it at this point but it is worth to remark that this claim will
be a straightforward consequence of Theorem 5.1 and Proposition 5.1.

Now we know that for any suitable /3, the traces ((3(pe, ))r converges in L2(]0, T[xT,du) but converges also
dp%-almost everywhere towards (3(yp) since 3 is continuous.

Let ¢ € CL(]0, T[x ) be a function test for (3.11), we get

/j/ﬂﬂ(pgk)(aﬁoﬂ~W)dtdw—/OT/Fm)gk)(v-u)sodtda:/OT/Qﬂ’(pE,J(REk+f€k)dtdx.

The convergences obtained previously as well as Lemma 3.1 allow us to pass to the limit in this formula and we
get exactly (3.1).

4 Initial and boundary value problem in L*°

In this section we show that the initial and boundary value problem for the transport equation (1.1) with bounded
data is well-posed. The existence of a solution is proved by introducing a parabolic approximation of the problem with
mixed boundary conditions whose solutions weakly converge to a solution to our problem. The uniqueness is essentially
a consequence of the our trace result (Theorem 3.1) and more precisely of the renormalization property.

At the end of this section, we prove a posteriori that the solutions (including the traces of these solutions) of the
approximate parabolic problem are in fact strongly convergent towards the solution of the limit problem.
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Theorem 4.1

LetT > 0, f € L'(J0,T[,L>()) and v satisfying (2.5) (with p’ = 1). For any initial data py € L*(f2), and any
boundary data p* € L”(]O,T[XF dp, ), there exists a unique couple (p, p°) € L>(]0, T[xQ) x L>(]0, T[xT, du;)
such that for any ¢ € C1([0,T] x Q) with p(T) = 0, we have:

T
/ / p(Orp +v - Vo) dtde + / pow(0) dx
0o Ja Q

T T T
—/ /pogo(v-u)ertda—i-/ /piw(v-u)_dtdo—&-/ /f(pdtda:zo.
o Jr o Jr o Ja

4.1)

Furthermore, p is continuous in time with values in L(Y) for any ¢ < 400 and (p, p°) is a renormalized solution of
(4.1) which means that for any real function 3 in C1(R), the couple (3(p), 3(p°)) is the unique solution of (4.1) with

data (B(po), B(p")) and source term 3'(p) f.
Proof :

o Existence :

For any € > 0 we consider the following parabolic problem

Oipe +v-Vpe. —eAp. = f, inQ
ﬁe(t = O) = Po, (4.2)

aﬁs ~ i - _
ey + (pe —p")(v-v)” =0, ondN.

3

Lemma 4.1
For any pg € L®(Q) and p* € L*>(]0, T[T, du, ) there exists a unique solution p. € L*(]0,T[, L*(Q)) N
L2(]0,T[, H*(Q)) to (4.2). Furthermore, we have the estimates

19l Lo qo,11,22(92)) + VeV pell 20,11, L2 (0)) < C, (4.3)

T
/ /\ﬁ5|2(v~u)+ dodt < C, (4.4)
0 r

where C' does not depend on €.

Proof :
The weak formulation of the problem (4.2) reads:

T T
—/ /ﬁg(atgo+v-Vga)dtdx+6/ /VﬁEVgodtdx
0 Q 0 Q
T A T
t [ [etote-dov)ypdids - [ po0)de= [ [ fodias,
0 T Q 0 Q

for any ¢ € CL([0, T[x€2). We can use, for instance, a very classical Galerkin method to solve this problem. The
energy estimate is obtained by choosing ¢ = p. in the formulation, it follows :

T T
/\@(T)Pdw%/ [wapdvies [ [ vt
/ / (v-v)~ dtda</p0dx+/ / (v-v) dadt+2/ /pgfdtdx

12
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Hence, there exists a solution p. € L>(]0, T'[, L?(Q2)) N L2(]0, T'[, H'(2)) N C°([0, T], L?(f2)), and we deduce
the bounds (4.3)-(4.4) and the uniqueness of the solution. [ ]

We can now prove a maximum principle for p.. More precisely we have :

Lemma 4.2
Let us define

Pmax = Max | esssup pg, esssup p |,
Q 10,T[xT,dpy

and

Pmin = min | essinf pg, essinf p* | .
@ 10,T[xT,dpy

We have
t t
Pmin —/ Ilf($)|pee ds < pe(t, ) < prmax —1—/ Ilf(s)||Le= ds, foralmostevery (t,x) €]0, T[x€2,
0 0
and

t t
Prnin — / 1£()lz= ds < pe(t,0) < prnae + / 1£(3)] 2= ds, for du; -almost every (t, o) €]0, T[T
0 0

Proof :
Let us denote by F' the non-decreasing and bounded function defined by

t
F(O) = [ 1)l ds.
The equation being linear, it is enough to prove that if p,,;;, = 0, then we have
pe(t,x) > —F(t), foralmostevery (¢,z) €]0, T[x€, 4.7

pe(t,0) > —F(t), fordu; -almostevery (¢,0) €]0, T[xT. (4.8)

Let 3 be the real function defined by 3(s) = s2 for s < 0 and 3(s) = 0 for s > 0. If we multiply the equation
(4.2) by the function ¢(t,z) = 3’ (p(t,x) + F(t)), we get after integrations by parts

o /Q 8 (e + F(t)) dr — /Q 1B (5= + F(t)) da
+/Fﬁ(ﬁ5+F<t>)<v-u)da+e/96"(ﬁ5+F<t>)|v;35\2dx+/r(ﬁs—pi)(v-um’(ﬁsw(t»do
:Kfmﬂ@+FMMm

Notice that we have f(¢,2) + || f(¢)||r~ > O for almost every (¢, z) €]0, T[x£2, and that 3’ < 0 and 8" > 0. It
follows

o /Q B (5. + F(t) de + / B(pe + F())(w- )" do

<[ (ﬁ(ﬁe L)+ (5 — )8 (5 + F<t>>) (v 1) do,
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and since /3 is a convex function we get:

&e/ﬂﬁ(ﬁeJrF(t)) d:c+/rﬁ<ﬁs+F(t)>(v-v)+ doé/rﬁ(pr(t))(v-v)‘da-

Integrating in time we get for any s € [0, 7]

[ 860+ P@) dat [ [ B+ F@w)Tdoar< [ sdor [ [ s+ FO) ) doat

but since we have assumed that p.,;,, = 0, and thanks to the choice of 3 the right-hand side member of this
inequality is zero. It follows that

Qﬁ(ﬁa(S) +F(s)) de =0, Vs €[0,T],

/0 /Fﬁ(ﬁe@) +F(t) (v-v)" dodt =0.

Since B(y) = 0 if and only if y > 0, inequalities (4.7) and (4.8) follow. [ |

The two previous lemmas show that (5. ). is bounded in L°°(]0, T[x ) and that the trace of p. is bounded in
L>(]0, T[T, dut), hence we can find a subsequence (pe, )k, a function p € L*(]0,T[xQ) and a function
p° € L>=(]0, T[xT,du}) such that

Pey, TP in L*°(]0, T[x ) weak-x,

~ o e e N 4.9)
P =, P n L°°(]0, T[xT, du;") weak-x.

Thanks to these convergences and to the estimate (4.3), it is now straightforward to perform the limit in the linear
equation (4.5) which proves that (p, p°) is a solution to the problem.

The continuity in time of this solution is given by Theorem 3.1.

Uniqueness :

Let (p1, p7) and (p2, p3) be two solutions of (4.1). Let us introduce p = p; — p2 and p° = p§ — p3. Itis clear that
(p, p°) is solution of (4.1) with pg = 0, f = 0 and p’ = 0. Hence, we have for any test function ¢ € C1([0,T]x Q)

T T
/ / p(Orp+v-V)dtde — / p(T)p(T) dx — / / p°p(v-v)tdodt =0. (4.10)
0o Ja Q o Jr

We have seen in Theorem 3.1 (and Remark 3.1) that there exists a unique function vp € L>(]0, T[xT, |dp,|)
such that for any 3 € C}(R) and any ¢ € C([0,T] x Q)

T T
/0 /Q B(p)Brp + v - Vo) dar dt — /Q B(p(T))o(T) da — / / Blvpp(v v)dodi =0,  (411)

in particular, for 5(s) = s, we deduce by comparing (4.10) and (4.11) that

vp(v-v)=p°(v-v)".

Taking now 3(s) = s% and ¢(t,z) = 1, we get for any ¢; € [0, T,

ty
—/ |p(t1)|2dm—/ /|p°|2(v-v)+dadt:0.
Q o Jr

If follows that p°(t, o) = 0, for du -almost every (¢,0) €]0, T[xI and that p(t, z) = 0 for almost every (¢, z) in
10, T[x 2 and the claim is proved.
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e Renormalization :

It is now clear from (4.1) that the trace yp introduced in Theorem 3.1 is nothing but the function defined by

v (v-v)=p°(v-v)t = pi(v-v)7,

that is to say the function equal to p° where (v - v) > 0 and equal to p* where (v - v) < 0. Hence, (3.1) proves
exactly that (3(p), B(p°)) is the unique solution of the transport equation with data (3(po), 3(p*)) and source term

B'(p)f.

|
In fact, the uniqueness property of the solution to the boundary and initial value problem (4.1) is a particular case of
the following comparison result which can be proved in a similar way.

Proposition 4.1
Let py, p§ € L>®(Q), f1, f> € L'(J0, T[, L>()) and pi, py € L>(]0,T[xT,du, ). Let (p1, p?) and (p2, p3) be the
solutions to (4.1) respectively with data (p}, pt, f1) and (p%, pb, f2)-

If we have p} < p3 and fi < fo, almost everywhere for the Lebesgue-measure, and p} < p% almost everywhere for
the measure dy.; , then we have p1 < ps, and p§ < p$ almost everywhere with respect to the Lebesgue measure and to
dut respectively.

We can also prove that the product of two solutions to the transport equation is a solution to the same transport
equation with the corresponding source term and that the trace of the product is the product of the traces.

Proposition 4.2
If py and po are two bounded solutions of the transport equation with source terms f1 and fy in L*(]0, T[x2) then the
product p1ps is solution to the transport equation with the source term p1 fo + ps f1. Furthermore we have y(p1ps2) =

Vp1 - Yp2-

The sketch of the proof consists in taking ¢ (p1 *,, 7)c) as a test function in the equation satisfied by p» and to pass to the
limit when ¢ tends to zero (see [13] for a similar proof).

To conclude this section, we can now describe more precisely the convergence of the parabolic approximations (j¢ )¢
introduced above towards the solution of the initial and boundary value problem for the transport equation. In particular,
we show that the trace of the approximate solution strongly converge towards the trace of the solution to the transport
equation.

Proposition 4.3
If p. is the solution to (4.2) and (p, p°) the solution to (4.1), then we have for any 1 < p < +o00

Pe —6 ~vp in LP(]0, T[xT, |diy]),
pe —2 p inCO([0,T], LP(2)).

Proof :
First of all, since the solution to (4.1) is unique we deduce that the weak convergences (4.9) remain valid for the whole
family (p. ). Furthermore, it is clear that for any ¢ € [0, T}, (p.(t)). converges weakly towards p(t) in L*(Q2).

Using the energy estimate (4.6), we deduce that

T
lim sup </ |ﬁE(T)|2dx—|—/ /ﬁ?(v-u)*‘dtda) S/podx—i—/ / (v-v) dtd0—|—2/ /fpdtd:v
e—0 Q 0 r

but thanks to the renormalization property of the solution of (4.1) we have:

/|p |2daz+/ / (v- V+dtda—/p0dx+/ / (v-v) dtda—|—2/ /fpdtdx
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Hence, we get:

i s (/Qﬁe(T)|2d:1:+/0T/F,5§(v~u)*dtdo) g/ﬂp(T)FdH/OT/F(pO)?(u.u)+dtda.

Using the weak convergences (4.9), it follows that

pe(T) — p(T), in L*(Q),

e—0
pe —2 p°, in L*(]0, T[T, du;).
£—
Furthermore, the energy estimate (4.6) gives:
~ 12 ~ i))2
2e([Vpellz2go,rix0) + 11oe — p ||L2(]0,T[><F,du;) e 0, (4.12)

so that the first claim of the proposition follows.

Let us consider p. = p %, . the family of regularized functions introduced in section 2.2. We have already shown
in the proof of Theorem 3.1 that (p. ). converge towards p in C°([0, T, LP(2)) for any p < +oo. The second claim of
the proposition will immediately follow if we show that

1pe = P elleoqro.m, L2y — 0
Using (3.3), we see that the equation satisfied by p- — p, z is
9 (p= — pﬁ) +v-V(pe — P\/E) —elApe=f—frne— Ry

Multiplying this equation by p. — p, = and integrating in space and time, we get for any s € [0,T]
1, 9 1 9 8 _
Sl1P=(s) = p(3)lliz =5 llpo = po*u m el iz + ; Q(f — [ xwne = Ry)(pe — pye)dtde

S 1 S
e [ [ VoV —pparas— [ [ 15— p e vydras
0 Q 2 0 T
- [ [ =6 = p 00t
0

It follows that

1, . 1

§||Ps — pyelloo.m,r2@) §§||Po —po*u Mzl + CIF = frw nyellorgorixe) + ClIR vl gorixe)
+ el VielF2 + (Vell Vel 2o, rixe) ) Vel Vo2l L2 gorixe))
+ Cllpe = Pl 2o rixr.dusy + Clloe = pyelleqo rixr g -

Using Lemmas 2.1 and 3.1 and the convergence (4.12), we see that the right member of this inequality tends to 0 with €
so that the claim is proved. [ |

5 Trace operator in the L? case (p < +00)

In the case of Lipschitz vector fields v, or in the case of some kinetic equations similar to the transport equation, it
was remarked in [2, 4, 5, 13] that the traces of a solution p € L°(]0, T, LP(Q)) when p < 400 may not belong to
LP(]0, T[xT, |dfy|) but only in a larger space (see in particular a counter-example in [2]). In order to define this trace
space it is necessary to introduce the life time in {2 associated to the vector field v.
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5.1 Life time in ()

By Theorem 4.1, there exists an unique solution 7_ to the problem

OT— +v-Vr_ =1,
7_(0) =0, (5.1
v7— =0, on]0,T[xT where (v-v) < 0.

Using the comparison principle (see Proposition 4.1) we easily get that
0 <7_(t,z) <t, foralmostevery (t,z) €0, T[xQ,

0 <~7_(t,0) <t, for|du,|-almost every (¢,0) €]0, T[xT.

If v is regular enough, then 7_ can be computed explicitly using the characteristics of the velocity field v. Indeed, in this
case 7_(t,x) is exactly the time that a material point evolving with the flow of v, being at position x at time ¢ has spent
in ]0, T[x €2 since it enters the domain. Hence, 7_ (¢, z) = ¢ if the material point has not touched the boundary between
times 0 and ¢.
Similarly we are able to solve the following final value problem (by reverting the time and changing v in —v for

instance)

8t7+ +v- VT+ = 71,

+(T) =0,

~v7+ =0, on]0,T[xT where (v-v) >0,
and we have

0<7y(t,z) <T —t, foralmostevery (t,z) €]0,T[xQ,

0 <~y7y(t,o) <T —t, for|du,|-almost every (¢, o) €]0, T[T

Once again, if v is regular enough, then 7, is the time that a material point at the position x at time ¢ will spent in 2
before reaching the boundary of |0, T'[x 2.
Finally we will denote by 7 = 7 + 7_ the total life time in 2. It satisfies

0<7(t,z) <T, foralmostevery (¢,z) €]0,T[x1,

0 <~7(t,o) <T, for|du,|-almostevery (¢,0) €]0, T[xT.

Hence, 7(t,x) is the total time that the trajectory passing through (¢,z) in the phase plane has spent in  without
reaching the boundary of |0, T'[x .
In fact, we can show that 7 and 7 are positive almost everywhere. More precisely, we have the following result.

Proposition 5.1
We have
T+ (to, ) >0, Vit € [0,T[, foralmosteveryz € Q,

7_(to,x) > 0, Vio €]0,T], foralmostevery x € ,
~v7(t,0) > 0, for|du,|-almost every (t,o) €]0, T[xT.

As a consequence, the non-negative measures |di,

, dus and ~y7|dpu,| have the same zero measure sets on |0, T'[xT".

Proof :
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1. Suppose that there exists ¢y < 7" and a set £ C {2 of positive Lebesgue measure such that 7 (to, ) = 0 for any
x € E. Let us consider ¢ the unique solution on [tg, T to the problem

X +v-V(E=0,

((to) = 1,
~¢ =0, on |tg, T[T where (v-v) <0,

where 1 stands for the characteristic function of the set E.

Using Proposition 4.2 and since 7 (to) vanishes on the set £, we know that the function 7 ¢ is solution of the
problem

O(r4¢) +v - V(740) = =¢,

T+((to) =0,

7+((T) =0,
~v(7+¢) =0, on]tg, T[T where (v-v) > 0,
¥(7+¢) =0, on]ty, T[T where (v-v) < 0.

We deduce that we have

T
——/ /(d:pdt,
to Q

and so ¢, which is non-negative, must be identically zero. This is impossible since ((to) = 1g and F has a non
zero Lebesgue measure. The second point is proved in the same way.

2. Let us prove that y7(t,0) > 0 for du, -almost every (t,0) €]0,T[xI. If we suppose that it is not true, then
there exists £ C]0, T[xI" such that du,, (E) > 0 and y74(t,0) = 0 for all (¢,0) € E.

Let ¢ be the unique solution of the following problem

3,5C +uv- VC = 0,
¢(0) =0,
v¢ =1pg, on]0,T[xT where (v-v) < 0.

Since, y7+ = 0 on the set E/, we can see that the function 7,.¢ is solution to the problem

O(14:Q) + v - V(13.0) = —(,

7+¢(0) = 0,

(1) =0,

¥(74¢) =0, on]0,T[xI" where (v-v) > 0,
¥(7+¢) =0, on]0, T[xI" where (v-v) < 0.

If we integrate the previous equation on |0, T'[x {2, we find that

T
0:/ /gda:dt,
0 Q

which implies that ¢ = 0. Theorem 3.1 implies that the trace of ¢ on |0, T[xT" is zero |dy,|-almost everywhere.
This is impossible since by construction this trace is equal to 1 on £ which has a positive dy  -measure.

Using the same method one can show that y7_ (¢, o) > 0 for du; -almost every (¢, z) €]0, T[xT.
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5.2 Trace space for finite values of p

In the case p = +oco, we have shown that the trace ~p lies in the space L>°(]0, T[XT, |d,]). In the case p < +oo, we
only know at that time that yp is measurable. We can now define the space in which the traces vp are lying as follows.

Theorem 5.1
Suppose that p < +oc and that v satisfies the assumptions (2.5). For any f € L'(]0,T[, LP(Q)) and any p €
L*>(]0,T[, LP(£2)) solution to

Op+v-Vp=f,

the trace ~yp lies in the space L?(]0, T[xT, y7|du,|) and we have
IvellLeqo,rixraride.)y < CUlpllLgorre@) + 1 f Lo, L)),
where C' depends only on T and p.

Notice that, thanks to Proposition 5.1, this theorem implies in particular that yp is finite |du, |-almost everywhere as
claimed during the proof of Theorem 3.1.
Proof :
We choose ¢ = 7— — 74 as a test function in (3.1). Notice that this function satisfies

Op+v-Vo=2.

Furthermore one can easily check that we have yo (v - v) = 7 |v - v|. Hence, we get
T T
| [seonrto-vidzie=2 [ [ s@ydeai= [ iy ) do= [ soT)r (1) da
o Jr 0

" /0 ' /Q B'(p) fip da dt.

[s]”

which satisfies
1+L1s|p

For any n > 0 we choose (3,,(s) =

B ()| < Cls|P, 1B8,(s)] < Clarf™".

The previous estimate gives, since |¢| < T,

T T T
/ /5n(7p)77\v-u|dadt§C/ /\p\pdxdt—&—C/ /|p|p_1fdacdt
o Jr o Jo o Jo

< Cllolze oo + O IZ 0,71, L0(0)-

When n goes to infinity, 3,,(s) is non-decreasing and converges toward |s|P. The claim follows using the monotone
convergence theorem.
|

6 Initial and boundary value problem in L”

We are now able to solve the initial and boundary value problem in the case p < +oo. Notice that even though in
general it is not true that vp € LP(]0, T[xT,|du,|) (see the beginning of section 5), we show in the following result
that if the inflow data p lies in LP(]0, T[T, du,, ) then the whole trace vp lies in L?(]0, T[xT, |du,|). This fact was
already pointed out in similar situations in [4, 5, 13].
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Theorem 6.1

Letp €]1,+00], v a vector field satisfying (2.5) and f € L'(]0,T[, L?()). For any initial data py € LP(f2) and any
boundary data p* € LP(]0, T[xT, du, ) there exists a unique couple (p, p°) € L>(]0,T[, LP(Q2)) x LP(]0, T[xT, du;")
such that for any ¢ € CL([0, T[x€)) we have

T
/ /p(0t<p+v~V<p)dtd:U+/pogo(O)d:v
o Jo Q

T T T
—/ /p“@(v-u)+dtda+/ /pigo(v~u)_dtda+/ /fgodtdx:(). 6.1)
o Jr o Jr 0o Ja

Moreover, p is continuous in time with values in LP()) and the solution is a renormalized solution: for any regular
function (3 such that |3(s)| < C(1+|s|P) gnd |3 (s)] < C(1+|s[P~1), with p = min(p, &), the couple (53(p), B(p°))
is a solution to (6.1) with data (3(po), B(p*)) and source term 5'(p) f.

Notice that, without any additional regularity assumption on the vector field v, we do not know in general whether

the solution of (6.1) with data (3(po), 3(p")) and source term 3'(p) f is unique.
Proof :

o Existence :

For any n > 1, we consider the truncature function 7}, (s) = min(max(s, —n), n). Thanks to Theorem 4.1, there
exists a unique solution (p,,, p2) € L*(]0, T[, L>°(Q)) x L>=(]0, T[xT, du;") to (4.1) with data (T, (po), T (p?))
and source term T, (f).

Since this solution is a renormalized solution, we have the following estimate, for any s € [0, T

[eracs [ [ 1w vyt arde= [ mporaes [ [ mere- v do
Q 0 Iy Q
—|—p/ /|pn‘p pnTn(f) dx dt
< [P iz [ [1oP@0) doa
Q 0 r

+pAHmﬁIUQNﬂ)MuQ

Using the Gronwall lemma, this estimate shows that (p,,), is bounded in L°°(]0, T, L?(2)) and that p? is
bounded in L?(]0, T'[xT', dps;" ). Hence, we can find subsequences (py,, p5, )x Which x-weakly converge towards
a couple (p, p°) in the spaces L>(]0, T'[, LP(2)) x LP(]0, T[xT, du).

Since T},(po), T, (p*) and T, (f) respectively converge towards pg, p° and f in the corresponding spaces, it is
easily seen that we can perform the limit in the weak formulation satisfied by the solution p,,. Therefore, the
couple (p, p°) is a solution to the problem.

o Identification of the trace :

Using Theorems 3.1 and 5.1, we know that there exists a unique trace yp € L?(]0, T[xT, y7|du,|) such that we
have (3.1) for any test function  and any function 3 in C}(R).

We want to find the relationship between (p*, p°) satisfying (6.1) on the one hand and ~p in the other hand. This
is not so obvious since we cannot choose 3(s) = s in (3.1) contrarily to the case p = 400 (see Remark 3.1).

Let 3 be a smooth positive function such that 3(s) = ﬁ for all |s| > 1, and let us define (B2(s) = sf(s). Itis
easily seen that 3, 3, 3> and 3} are bounded on R.
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Lett € C1([0, T[x ). We can take ¢ = (3(p. )1 as a test function in (6.1), where p. = p+, 7). is the regularization
of p. Using the convergence properties of the sequence (p. ). and of its traces established in the proof of Theorem
3.1, as well as Lemma 3.1, we can perform the limit when ¢ — 0. We get:

/ /pﬁ (Opp +v - Vl/))dtdm—i-/poﬁ 00)V dx—/ / (v-v)Tdtdo

(6.2)
/ /pﬂ’yp v-v) dtdo—!—/ /f p) + pB'(p))Ydtdx = 0.
Now let us take 1 as a test function in (3.1) used with the function 35 instead of (3. It follows:
T T
| [ oo +o-viyaas+ [ mpuede— [ [ p6e) vi-v)dras
o Ja o Jr 6.3)
/ /f p) + pB (p))dtdx = 0.
By comparison between (6.2) and (6.3), we obtain for any
/ / (vp)Y(v-v)t dtdo—/ /pﬁwp Y- -v)” dtda—/ /7p6 (vp) ¥ (v - v)dtdo.
This implies: 4
10 B(yp) (v-v) = p°Blyp)e(v-v)T = p'Blyp)(v-v)~,
but as 3 does not vanish, we deduce that
yp(v-v)=p°(v-v)t —piv-v)". (6.4)

This proves that the trace ~yp in the sense of Theorem 3.1 is given by vp = p° where (v - v) > 0 and vp = p°
where (v-v) < 0.

Renormalization :

Using (6.4), the formulation (3.1) gives, for any ¢ € C*([0, T[xQ),

/OT/Qﬁ<p>(at<P+U.V<p) dtdx+/ﬁ(p0)¢(0) dx
/OT/F[?(PO) (v- y*dtda+/ /5 pv-v) dtda+/ /,6 Vfpdtdr =0,

forany 8 € C{(R). In fact, since p € L>(]0, T[, LP()), p* € LP(]0, T[xT, duy ), p° € LP(J0, T[xT',dp), and
v e LY(]J0, T[, (Wb (Q))9) itis easily seen that we can extend the formulation above using a truncature argument
to functions 3 € C'(R) such that |3(s)| < C(1+ |s|?) and |#(s)| < C(1+|s|P~1), with p = min(p, Z£¢). This
value of p ensures that the term 3(p)v - Vi which appears in the weak formulation of the equation is 1ntegrable
on |0, T[x € for any smooth test function ¢.

(6.5)

Uniqueness :

Since the equation is linear, it is enough to prove that, if po = 0, f = 0 and p* = 0 then p = 0 and p° = 0. This
claim is an straightforward consequence of (6.5) with 3(s) = Trse
Time continuity :

We already know that p lies in C°([0, 77, L9(f2)) for any ¢ < p and that p is continuous in time with values in
LP(§2) for the weak topology (since p € L>°(]0, T, LP(Q2))).
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Let tg,t1 € [0, T, with tg < 1. Let . (¢, z) be defined by . (t,2) = 0 fort < tgand t > 1, p.(t,z) = 1 for
to + ¢ <t <t; — € and which is linear on [tg, tg + €] and on [t; — &, ¢1].

Let 8 € C*(R). If we take o (,z) as a test function in (6.5), we can perform the limit when € goes to zero, since
B(p) is continuous in time with values in any L?(€2), ¢ < 400 and we get

| Aot da = [ Bio(er) do / [ 8w vy dao

+/t:1/Fg(pi)(v-u)-dtdﬁ/t:l/fo'(p)fdtdxzo,

Since p(to), p(t1) € LP(2), we can easily extend this formula to the function 3(s) = |s|?.
Finally, since p* € LP(]0, T[T, du; ), p° € LP(J0, T[xT,dut), and p € L>(]0, T, LP(£2)), we deduce that

Jim (lp(t) e = [lp(to) |l o-
1—to

Hence, the continuity of p with values in LP((2) for the strong topology follows.

7 Space continuity of solutions to the transport equation

We pointed out in section 1.2 of the introduction an example of the kind of spatial regularity property we can expect
for the solutions to the transport equation. Let us now consider the following more general situation for which a simple
proof is available.

Let v = (v1,v2) € C*°(R x R?)? be a bounded smooth vector field with div(v) = 0, and f € C*(R x R?) be a
smooth bounded source term. Let p be a bounded solution to the transport equation

Otp + 010z, p + V202,p = [, (7.1)

for any ¢ € R and x € R? with an initial data p(0) = po € L>°(R?). Suppose that we have vy (¢t,z) > § > 0 for any

(t,z), then (7.1) reads
v v
O (p_1) + Oz, (pv1) + O, (—QPM) =f.
U1 U1

Hence, this equation can be seen as a transport equation for the new unknown R = pvq, in which x; is the “time”
variable and (¢, z5) are the “space” variables. More precisely, we have

Oz, R+ woOi R + w20, R+ cR = f, (7.2)
where 1
v
wo = —, wy=—, ¢=dwo+ dyws.
U1 V1

The vector field (wg, wo) and the scalar function ¢ are smooth and bounded. Hence the results of Di Perna and Lions [10]
apply for this equation, at least locally, and we deduce that R = pv; is continuous with respect to the “time” variable
(that is to say 1) with values in any L} (IR?) in the variables (¢, z2), for any ¢ < +o0. Since v; is smooth and does not
vanish, we deduce that p itself is continuous with respect to z; with values in some local Lebesgue space in the (¢, z2)
variables.

If we want to make this proof rigorous for less regular vector fields v, we know that the study of (7.2) requires at least
that (wg, ws) is integrable with respect to the “time” variable z; with values in a Sobolev space W ! in the “space”
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variables (¢, z2). In particular, we see that it is needed to suppose some integrability condition on 9;v. Unfortunately,
we have seen that in the applications J;v may not be integrable and we wish to avoid such an assumption.

The aim of the present section is to prove such continuity in space results for the weak solutions of the transport
equation without any time regularity assumption on v. The proof we propose is very different from the one above in the
case of smooth vector fields. It fundamentally relies on the properties of the traces that we established in the previous
sections of this paper.

We consider here a vector field v satisfying (2.5) as well as the additional assumption

(v-v) € C[0,&], L]0, T[xT)), (7.3)

for a given o > 1. As it was remarked in section 2.1, this last assumption is satisfied in particular by any v lying in
1 . . . . . . . .

L]0, T[, (Wa+(Q))9). In the applications to the study of incompressible viscous fluids for instance, the velocity

field is known to lie in the energy space L2(]0, T'[, (H'(£2))%) and then satisfies this additional assumption (see [3]).

7.1 Space continuity of bounded solutions

Notice that for any £ small enough, €2, (defined in section 2.1) is a regular domain whose boundary is I',. Thanks to
(7.3), the velocity field v satisfies the assumptions (2.5) in each domain 2. Hence, one can apply all the results of the
previous sections for each domain 2., and in particular we know that any function p, solution to the transport equation
in Q, has a trace denoted by v, p, on |0, T[T defined almost everywhere for the measure |v(t, &, 0) - v(0)| dt do.

The purpose of the first result below is to show that if we are given a family of solutions to the transport equation in
each domain €2, and if this family of solutions depends continuously on ¢ then, the family of the traces on I', of these
solutions also enjoy a continuity property with respect to £. The precise statement is the following.

Theorem 7.1
Let f € L'(]0,T[,L>(Q)) and v satistying (2.5) and (7.3). For any & € [0,&,][, let p, be a bounded solution to the
transport equation (1.1) in the domain €2.. We extend p, by zero in O, = Q\Q,.

Suppose that the family (p, )¢ is bounded in L>°(]0, T'[x ) and continuous with respect to { with values in the space
C°([0,T), L4(S2)) for any ¢ < +oc. Then, the family of functions ~y.p. (v(.,&, .) - v) is continuous with respect to £ with
values in L*(]0, T[xT").

Thanks to this theorem, we are able to prove that any bounded solution of the transport equation in {2 enjoys a
continuity property with respect to the normal coordinate near the boundary I'.

Theorem 7.2
Let f € LY(]0,T[,L>(2)) and v satisfying (2.5) and (7.3). Let p be any solution in L>°(]0, T[x2) to the transport
equation (1.1) in €.
The map
(t,€,0) €10, T[X[0, &[T 1= p(t, &, ) (0(t, €, 0) - v(0)),

is continuous with respect to & € [0, &, [ with values in L(]0, T[xT).

Actually, the previous theorem let us deduce in a straightforward way a more general continuity in space result for
any solution of the transport equation which is the main result of this section. Roughly speaking, the following result
shows that the solution is continuous across any smooth hypersurface in {2 which is not characteristic for the vector field
v.

Theorem 7.3
Let f € LY(]0,T[,L>(Q)) and v satisfying (2.5) and such that v € L*(]0,T[, (W =*+=(Q))) withe > 0. Let p be
any solution in L>°(]0, T[x <) of the transport equation in ).

Consider any regular domain w € €) with boundary S = Ow and normal vector field N defined in a neighborhood

of S. The function p(v - N) is continuous with respect to the normal coordinate relative to S and with values in
L2(]0,T[xS) in a neighborhood of S.
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In particular, if there exist §1, 02 > 0 and Jto, t1[C]0, T'[, such that
[v(t,z) - N(x)| > 61, foralmost every (t,z) in Uy, 4, 5.6, =Jto, t1[x{z € Q, d(x,5) < d2},
then p is continuous in Uy, ¢, s.5, With respect to the normal coordinate relative to S and with values in L?(]to, t1[xS).

Notice that this result also applies for bounded solutions of the transport equation in unbounded domain (with ap-

propriate assumptions on the behavior of v and f at infinity, see [7, 10]) if we restrict ourselves to bounded subdomains
in 2.

Let us now prove Theorems 7.1 and 7.2.
Proof (of Theorem 7.1):
Since (v - v) lies in Cg([O, &al, L¥(]0, T[xT)), we can add any constant to each p, so that we can suppose that p, > 0

and y¢pe > 0. Let ¢ € C*°([0,T7] x ) be a smooth function and 0 < &y < & < &, (the case & < & can be treated in
the same way). For any ¢ € [1,4-o00[, let us take ¢ as a test function both for the equation satisfied by p{ in Q. and for
the equation satisfied by pf, in Q. . We get for i € {0,1},

T T
/ / (Ve pe;) (v - V) dt do =/ /Q (P2 (Brp+v - Vo) +qpl~ fo) dt da
o Jrg, 0 Jag,

+/Q€i pe;(0)9¢9(0) do — /Qgi pe,(T)%(T) da.

Using the fact that p., = 0 outside ), it follows that

T T
/ / (eue )1 (0 )t dor — / / (e, e )1 (0 ) dt do
0 FEo 0 FEl

T
= / /Q ((pd, = P2 ) (Do + v - Vo) + qlpl "t — pt ") fop) dt da
0

+ / (9o (0)7 — pe, (0)7)(0) d — / (peo(T) = pey (T))p(T) di.

Thanks to the continuity assumption of the family (p.)¢ with respect to £, we deduce that the right member of this
identity tends to zero when &; converges towards &y. Using the change of variables (2.3), we deduce:

/ / (oo )1 (1 0) (0(t, €0, @) - w(0)) (1, €0, 0) Jey (o) dt dor
o Jr (7.4)

T
_/0 /F(%lpgl)"(tva)(v(tafly0)~V(U))w(t,&,a)Jsl(U)dth — 0.

&1—&o

Since (¢, 0) +— Je(o) is smooth and bounded from below by + for £ < &, (see section 2.1), we can take

o(t..0) = Hopd),

extended smoothly to the whole domain 2, where 1) is any function in C°°([0, 7] x Q). We get

T
/ / (eu e )7 (1, ) (0t £0,0) - (@))(t, 9, 0) dit do
o Jr (7.5)

T
_/0 /r*(’yflpﬁl)q(t7U)(U(t7£170)'V(U))w(mflaa)dﬁda — 0.

&1—6o

Since the family (p,)¢ is uniformly bounded in L>°(]0, T[xI') and (v - v) € Cg(Lffo), the expression in the left-hand
side of (7.5) is uniformly bounded by the norm of ¢ in Cg (10, &al, L?'U (]0,T[xT)). Therefore, it is easily seen that the
convergence (7.5) still holds for any ¢ € C2(]0, &, Lg;(]& T[xT)). Let us now consider two different choices for .
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1. We take ¢(t,£,0) = ¢(t,0) € L (J0, T[xT") independent of . The convergence (7.5) for ¢ = 1, proves that

YarPe (005860 V() = Veoleo (v 0,) - v()), in L0, T[T,

2. Since (v-v) € CJ(Lf,) with @ > 1, we can choose ¢ = v - v|*?(v-v) € Cg(ij:,) as a test function in (7.5)
with ¢ = a. It follows

T T
/0 A(V£1p£1)a(t70)|v(tvglaU)'V(U)|adtd0 — /0 /F(%Opgo)“(t,a)|v(t,§o,a)-u(a)|“dtdg.

&1—&o

The weak convergence of the first point together with the convergence of the L“ norms obtained in the second point
imply that the convergence is strong in L*(]0, T[xT") and the claim is proved.

|
Proof (of Theorem 7.2):

Thanks to assumption (7.3), the claim is clearly unchanged if we add a constant to p so that we can assume that

p > 0, which implies that vp > 0. For any h > 0 small enough, let ¢;, be defined by 9, (z) = 1 — @ in O, and

which is zero in ,. Let ¢ € C*([0,T] x Q), and let us take ¢(t, z) ¥, (z) as a test function in the transport equation
satisfied by p9, for any ¢ > 1

T T T
/0 /F(’yp)q(v-l/)godtdaz%/o /Oh pq(v-v)godtdﬂc—i—/o /Oh PR (Orp +v - V) dt de
T
va [ [ o revdiart [ @ 0)nde— [ pT)e(Tyda,

Oy, Oy,
Since |¢5,| < 1 and |Oy,| — 0 when h — 0, we deduce:

T T
/ /(’yp)q(v -V)pdtdo = lim 1 / / pl(v-v)pdtde. (7.6)
o Jr h=0h Jo Jo,

Since for any £ € [0,&,[, §2¢ is a smooth domain and p is a solution to the transport equation in 2., we can apply
formula (7.6) with ¢ = 1 and replacing the initial domain (2 by each €2.. It follows that

d%/oT/oE p(v~u)gpdtda:_/OT/Fg'ygp(v'l/)@dtdm V€ € (0,4

é“H/OT/ng(v-V)wdtd:a

is absolutely continuous and vanishes for £ = 0, we deduce that, for any ¢, we have

T € 4T
/0 /OE p(v-l/)godtda::/o /0 /FE Yep (v-V)pdtdodE, V€ € [0, (7.7

Since the map

Hence, we get

P(t, 3 O’)(’U(t, & 0) : V(U)) = ’YEP(L (T)(’U(t, & U) ' V(U))7 for almost every (ta 3 0) E}Oa T[X]Ov gﬂ[XF' (7.8)

For any £ > 0 small enough, let p, be the restriction of p to the domain §2.. Obviously, p, is solution to the transport
equation in €2, and is uniformly bounded in L>°(]0, T[x2). It is easily seen that this family (p.)¢ is continuous with
respect to £ in any space C°([0, T, L4(£2)) with ¢ < +oc.

Using Theorem 7.1 with this particular family (p, )¢, we deduce that the right-hand side of (7.8) is continuous with
respect to £ with values in L2(]0, T[xT'), which proves the claim.

|
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7.2 An additional property of the trace of bounded solution

We show here that the trace yp of any bounded solution p to the transport equation can be expressed as the limit of the
mean-values of p along the normal direction to I'.

Proposition 7.1
Let f € L'(]0,T[, L>=(Q)) and v satisfying (2.5) with p’ = 1 and (7.3). For any bounded solution p to the transport
equation and any 1 < q < +o00, we have

1 h
((t70) = EA p(tafv ) §> —>’Yp7 in Lq(]O,T[XF,d,ug).

Notice that the convergence obviously still holds in L2(]0, T[xT', |djiy|).
Proof :
Without loss of generality, we assume that p > 0. Using the change of variables (2.4) in (7.6), we get:

/OT/FW)"(”'”)WW—hm /// (1,€,0)(0(t,€,0) - w(0))p(1, €, 0)Je(o) di d do.

»(t.8,0)

Since the Jacobian J¢(o) is smooth and satisfies Jo(c) = 1 for any o € T, we can take ¢(t,{,0) = e

smooth 1. It follows

/OT [ ot vypdeds = Jim / / [ e ogo) vyt s ) dticds 19

Furthermore we have the following estimate, which is uniform with respect to & > 0,

/// (t,€,0)(v(t,€,0) - v(0)e(t,€, 0) dt dE do
/ /b“p< (1€, )”(t’gva)"’(a)|1/)(t,§,0)|)dtda

< 1P| o= qo, rix v - V”CE(L;{(,)”Q/}Hcg(Lg;)'

for any

This estimate shows that we can extend by density the formula (7.9) to any function ¢ € C¢([0, &/, L% (]0, T[xT)).

e We apply (7.9) with ¢ = 1 and (¢, &, 0) = (t,0) € L* (J0, T[xT") which does not depend on &. We get

/OT/F'yp(t,J)(v(t,a)- (0))o(t, o) dt dor — hm/ /w (t,o (-/0 (t,§,a)(v(t,£,0)-u(o))df) dt do.

Hence, the family
1 h
(t0) = fulte) = 5 [ plt.& )0t 6,0) v
0
weakly converges towards yp (v - ) in L*(]0, T[xT).

e Thanks to the assumption (7.3), we can take ¢ (¢, &, 0) = [v(t,&,0) - v(0)|*2(v(t, €, 0) - v(0)) as a test function
in (7.9) with ¢ = «. It follows that

[ o= [ [ 3 oo a) s
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Therefore we have

T T
limsup/ / | fr(t, 0)|“ dtdo < / /(7p)°‘|v~l/|°‘dtd0.
h—0 Jo Jr o Jr
It follows that the family (f,)s strongly converges when h — 0 towards vp (v - v) in L(]0, T[xT").

e Finally we have the following estimate

[

[0

1 h
vp(t, o) — E/o p(t, & 0)dE| |v(t,o) v(o)|“dtdo

T
<c [ [ hottoott.o) (o) - fult.o)” dido

c (T ) )
+E/o /F/o l(t,€,0)|*[v(t,€,0) - v(0) — v(t,0,0) - v(0)|* dt dE do.

As we have seen just before, the first term converges to zero when h — 0 and the second one is bounded by
Csupg<e<y V(- €,.) - v —v(,,0,.) - VH%“(]O,T[XF) which converges also to zero since we have assumed that

(v - v) liesin C([0, &q[, L*(]0, T[xT)).

We proved the claim for ¢ = « but since p and yp are bounded functions, the general case follows immediately. B

7.3 Continuity of the life time with respect to the domain

Our goal now, is to investigate the spatial continuity properties of any solution p of the transport equation lying in
L*>(]0, T, LP()) for finite values of p. As we have seen before in the trace Theorem 5.1, the notion of life time with
respect of the domain €2 is crucial to define the spaces in which the traces of such solutions are lying. Therefore, in order
to use a similar strategy than in section 7.1 for the case of bounded solutions (i.e. by considering p as a solution of the
transport equation on a family of domains €2,), it is crucial to investigate how the life time 7 depends on the domain 2.
More precisely, in this section we will prove that the life time 7 introduced in section 5 (and in fact both 7 and 7_) is
in some sense continuous with respect to the domain 2 we consider.

The proof of continuity properties of solutions of the transport equation in L°°(]0, T'[, LP(£)) is then postponed to
the next section.

Let us introduce some notations: as €. is a regular bounded domain (for £ € [0, £, ]) and the trace of (v - v) lies in
L*(]0, T[xT) thanks to (7.3), we can define the life time 7, (as well as 7, . and 7_ ) associated to the vector field v
and to the domain €2, as we did in section 5 for the initial domain 2. Furthermore, we extend each 7., 7, . and 7_ . by
the value 0 so that they are defined on the whole initial domain 2.

Theorem 7.4
1. The families (7¢)e, (T, )¢ and (T_ )¢ are continuous with respect to & € [0, &, [ with values in C°([0, T, L9(f2))
forany 1 < q < +o0.

2. The families (ve7_ . (v(.,&,.) -1/))&, (VeTy.e (0(., &, .)-u))5 and (v,7e (v(., &, .)-1/))5 are continuous with respect
to & with values in L*(]0, T[xT").

Proof :
We only give the proof of the claims concerning 7_ . since the proofs for 7, . are similar and the results for 7, will follow
from the definition 7, =7, . +7_ ..

1. Since all the functions (7_ )¢ are uniformly bounded (by the final time T'), it is enough to show the result for
g=1 Let0 < & < & < &q. By definition of 7_ . and 7_  , we deduce that 7_  — 7_ , is solution to the
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problem
at(vaﬁo - T*vﬁl) tu- V(T7e§0 - T*a§1) =0, in Q&N

T—-,ﬁo (0) - T—yﬁl (0) = 03
Ver (Toeg = Torey) = Vey Toeg» 0N )0, T[xT; where (v-v) < 0.

Notice that, thanks to Proposition 5.1 and to Remark 3.1, we know that ., 7_ ., > 0 almost everywhere on
10, T[xT;, for the measure |v - v| dt do. Therefore, using the comparison principle (Proposition 4.1), we get that
T_ ey — T_.e, = 0almost everywhere in 0, 7'[x 2, which is of course quite natural.

If we integrate the equation above on |0, s[x€2,, forany s € [0, 7], we get

/ (-6 (8) = 7_ ¢, (8)) d + / / Ve, (Toeg = Ty ) (v - V)T dtdo < / / Ve, T ey (V- V)™ dt do.
Qe 0 Pey 0 Ley

The boundary term in the left-hand size of this inequality is non-negative so that we deduce
T
swp [0 -7 @l <T00el+ [ [ aarqow) dtde @10
sclo, 1] Ja 0 Jrg,

Applying the continuity Theorem 7.2 to the bounded function 7_ . on the domain €2, we easily get

T T
/ / Ve, T-eo (V- V)" dtdo — / / VeoT-reo (V- V)~ dtdo =0,
0 JI¢, §&1—% Jo Te,

thanks to the boundary condition on 7_ . in (5.1). Since |O¢, ¢,| — 0 when & — &, the estimate (7.10) gives
the first claim of the theorem.

2. The second claim is a consequence of Theorem 7.1 applied to the family (7_ .)¢ since we just have shown the
continuity of this family of solutions with respect to £ in every space C°([0, 7], L4(£2)), ¢ < +oo.

7.4 Space continuity for finite values of p

First of all, let us notice that if p €]1,+oo[ and p € L>°(]0,T[, L?(?)) is a solution to the transport equation in €2,
the renormalization property (3.1) shows that for any 3 € C}(R), 3(p) is a bounded solution to the transport equation
with source term 5’(p) f. Hence, we can apply Theorem 7.2 to 5(p). In particular we deduce that, near I, the function
B(p)(v - v) is continuous with respect to & with values in L2(]0, T[xT).

Since we are restricted to bounded functions £, this first approach does not allow to prove a continuity result for the
solution p itself. Of course, this obstruction follows from the fact that the trace space is not the L? space on |0, T'[xT'
for the measure |dy,,| but only for the measure y7|dg,|, 7 being the life time in {2 as we saw in Theorem 5.1.

Using the results of the previous sections, we can prove a more specific result for such solutions which reads as
follows.

Theorem 7.5
For p €]1, +o0], let us define p = min(p, #), where d is the space dimension. For any 3 € C'(R) such that

1B(s)| < C(1+|s]), and |B'(s)| < C(1+|s]©27Y), Vs €R, (7.11)
with 1 < P, g2 < p, and any p € L*°(]0,T[, LP(£2)) solution to the transport equation, the map

(tvaa) G}Oa T[X[O,EQ[XF = 6(P)(t>£; U)’yﬁTﬁ(ta U)(U(t,f,o’) : V(U))a

is continuous with respect to & with values in L" (|0, T'[xT") for any r < m.
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Notice that m > 1 since we have ¢; < p. Obviously, the identity function 5(s) = s satisfies the as-

sumptions of the theorem so that we have proved, as a particular case, the continuity with respect to £ of the function
(& et (v(., &, .) - ) in suitable spaces.

Furthermore, one can prove a result similar to Theorem 7.3 in the present case. In particular, if it happens that
[(v(.,&,.) - N)yeTe| > 61 > 0 on a neighborhood of ]¢g, t1[x.S where S is a smooth hypersurface in {2 whose unitary
normal is N, then the solution p itself is continuous with respect to the normal variable to .S with values in a suitable
local Lebesgue space in the transverse variables.

Let us give a simple example. We consider the domain 2 =]0, 1[xR and v(¢,z,y) = (v1(y), v2(t, z)) such that
v € L2(]0,T[, H} .(Q)?) for instance. The fact that 2 is unbounded is not a problem here since we are concerned
with local properties. Suppose that there exists a, a2 € R such that 0 < a3 < v1(y) < ao,Vy € R. Then, any
solution p € L>(]0,T[, L*(2)) to the transport equation is continuous with respect to the variable = and with values in

L2(]0,T[, L% .(R)) in the variables (¢,y). Indeed, using the notations of the theorem, we have v - v = v - e, = v >
a1 > 0 and we can also prove (using Proposition 4.1 for instance) a bound from below for the life time
Cc(1-
YeTe Z M > O7
Q2

e being the trace operator on the halfplane I', = {(z,y) € Q,z = £} and 7, the life time associated to v and to the
domain Q. = {(z,y) € Q,z > £}.

Let us now give the proof of the previous theorem.
Proof :

e Step1:
Let 3o € C(R) be an injective function. We have seen that 3y(p) is a bounded solution of a transport equation in 2
so that we can apply (7.8) to this solution. It follows that

Bo(p(t, & 0))(v(t, & o) v(o)) = Bo(yep(t, o)) (v(t, &, 0) - v(o)), forae. (t,& 0) €]0, T[x]0,Eq[XT.

Since [y is injective, we deduce that, for any ( satisfying (7.11), we have

Blp)(E,€,0)77e(t, 0)(0(t, €, 0) - v(0)) = B(rep(t, 0))veTe(t, 0)(v(t, €, 0) - v(0)),

for almost every (¢, &, 0) €]0, T[x]0,£o[xT. Hence, it is enough to show that the right-hand side above is continuous
with respect to & with values in L"(]0, T'[xT).

e Step2:

Let F'(s) be a smooth non-negative function such that F'(s) = 0, for s < 0 and F(s) = s for s > 1. For any
B € CH(R) satisfying (7.11), we can write 3 as a sum

B=(Fopf+1)—(FoB—-p+4+2)+1.

It is easily seen that the functions F'o 3+ 1 and F o 3 — 3+ 2 are in C! (R), satisfy (7.11) and are bounded from below
by 1. Furthermore, when [ is a constant function, the result is already proved in Theorem 7.4. Hence, the claim of the
theorem being linear with respect to 3, it is enough to restrict ourselves to the functions § which satisfy

B(s) > 1, VseR. (7.12)

e Step 3 :
Using Theorem 5.1 in each domain Q. for £ € [0, &,[ and the assumption (7.11), we find that

(t,€,0) = B(Yep(t, 0)eTe(t, o) (v(L, €, 0) - v(9)),

lies in Lg® (10, &ql, Ltlﬂ (0, T[xT)).
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In particular the function 3(v.p)# (ye7e)#|v(.,€,.) - |4 lies in L (]0, &, L, (0, T[T)). Hence, & € [0, &ql

being fixed, there exists L., € L%(]0, T[xT) such that, up to a subsequence, we have
BOEP) T (em) o€ ) - vl = ey in L0, T[xT). (7.13)

Let us introduce ﬂ~ =0 a. Using (7.11) and (7.12), we easily see that ﬂ~ lies in C*(IR) and satisfies
8(s)| < C(L+1s4), and |5'(s)| < C(L+|s]P71), Vs €R,

so that, thanks to Theorem 6.1, we know that B( p) is a solution to the transport equation with the corresponding data
and source term. Therefore, for any & € [0, q[, the function 3(p)(7_ . — 7, ) satisfies in €, the equation

Oy (B(P)(Tas - T+,5)) +v- V(B(P)(Taa - T+,§)) =(T_¢— T+,§)B/(P)f + QB(p), (7.14)

with the corresponding initial data and boundary conditions. Let us choose the restriction to {2, of a smooth function
w € C>®([0,T] x Q) as a test function in (7.14). We get

/ Bwﬂawvwﬁw—/ B(o) (e — 72.0) (Bup + v Vo) dt da
I

¢
/ /Q — 7.0 (0)f +28(p)] dt da
— [ Bp(0)p(0)7, (0) dz — . Bp(T))p(T)r_o(T) dz,

We deduce that for any 0 < £y < & < &, we can write

/ /8(,7&) )’7507_50|U V|80dtd0-7\/ ﬂ(’Yﬁ] )V51TE1|U l/|g0dtd0'
Fgo Ffl

/ /F1<T 0 = Toa) = (Theo = Tre >dtda:+/ /Ofm Fydtdx (7.15)
_ /Q (Gl(mo(o) — 7 (0)) + Go(r o (T) — 7, (T))> de.

where G1,Gy € L'7¢(Q), Fy, Fy € L'(]0,T[, L' T¢(2)) for some suitable £ > 0, are functions depending only on
@, f and p. The fact that these functions are in a slightly better space than L' is due to the fact that in (7.11), we have
supposed g1 < p and g2 < p. Thanks to Theorem 7.4, we know that 7_ ., and 7, . converge respectively towards 7_
and _, in C°([0, 7], L 25 (2)) when & goes to &. Therefore, we can pass to the limit in the right-hand side member
of (7.15) and deduce that, ¢ being fixed, we have

T T
/ ﬁ(%op)%n%ow'V|<Pdtd0—/ B(Ye, P)Ve, Te, |V - V] dt do £ 0.
Leq 0 1—&o0

ey

Using (2.3), we write both terms above as integrals over I', and choose ¢(t,£,0) = w(t(g ‘)7) for any smooth ¢ since the
Jacobian J¢ (o) is smooth and does not vanish. It follows

T ~
/ /5(751p)751751|v(t7£170—) 'V(O—)‘w(taglvo—) dtdo —
0 r

&1—8o

r (7.16)
/0 AB(V&00)750750|U<t7 507 U) : V(U)|T/’(t> an 0) dtdo.
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Let us introduce d’ = 5% Using Theorem 7.4 and the Lebesgue theorem, we know that (¢, 7e, ) 7 |v(t, &1,0)-v(o)] v

converges, up to an extraction of a subsequence, towards (7., 7, ) o [v(t, &0, 0) - v(0o)] @ almost everywhere but also for
the strong topology of L% (]0, T[xT"). Using the weak convergence (7.13) we deduce that

~ 1 1
ﬁ(7§1p)’7§17—£1 |U(t7 617 U) : V(U)l 51:\50 L&o (7&07-50) af |U(t7 507 U) : V(U)l a’ )

weakly in L@ (]0, T[xT). If we compare this result to (7.16), we deduce that
1 L ot
LE() (’onTEo) a’ |'U(t’ 603 0) . V(U)l @ = 6(7£op)7£0750 |U(t7 607 O) : V(U)‘
Hence, the weak limit L, introduced in (7.13) has necessarily the following form
~ 1 1 =
Ley = B(Yeo) (Veo Teo) [0, 80, 0) - (@) |7 + L, (7.17)

where L., is in L%(]0, T[xT") and has its support in the set {(t,o) €]0, T[xT, wv(t,&,0) - v(c) = 0}. Notice that we
used here the fact that ., 7¢, # 0 for almost every (¢, o) such that v(t, &y, o) - v(0) # 0 (see Proposition 5.1)

We now remark that (7.16) also holds if we replace B by (3, thanks to the assumptions (7.11). Choosing ¢ = 1 in
this case, we deduce that

T
/ / B e, ol €1,0) (o) dedor — / / B(YeoVes o |0(, 60, 0) - w(0)] dt o
0 I

1_> 0
Since § = ﬁ%, the convergence above reads
> 1 1 1d
Hﬁ(’}/&p)(ryﬁTh)d|U(t7£170) | HLd(OT[XF) &1—80 Hﬁ 750 )(rygngO) | (t 607 ) (U)|dHLdG0:T[XF)

= [ Leo | Zagorixry = eI Tago rinry < e I Lago rixry:

where we used the decomposition of L as a sum of two functions with disjoint supports obtained in (7.17).

Therefore, we proved that the convergence of 3(7e, p) (Ve e, )i lv(t, &1, ) v(0)|# towards L., isstrongin L4(]0, T[xT),

and that L., = 0. As a consequence, we have shown that ﬁ(’y£1 )(7517'51) lu(t,&1,0) - v(o)|7 converges strongly in
L(10, T[xT) towards 3(7e, p) (Yey ey ) @ |0 (2, €0, 0)-v(0)| @ when &; — &. Since 3 = 3, it follows that (v, p)yee |v(., €
v| is continuous with respect to & with values in L*(]0, T[xT).

Using the fact that (v-v) € Cg(L;fa) and Theorem 5.1, we deduce that 5(y.p)v.7|v(., &, .) - v| is in fact bounded in

LE(L{ ;(5’1’ “1). Therefore, we proved that this function is continuous with respect to £ and with values in L" (]0, T[xT")
for any r < m.

Finally, it is easily seen that the result still holds for the function 5(vep)ve7:(v(.,&,.) - V), that is to say without
absolute values. Indeed, one can prove the continuity for the weak topology of L”(]0,T[xT") by the same kind of
arguments than above and the continuity of the norms in L"(]0, T[xT") follows from the previous results concerning
BOvep)veTelv (., &) - vl

|
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