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Abstract

We consider the problem of estimating an unknown function f in the heteroscedastic white noise
setting under L? risk. We exhibit the minimax rate of convergence over usual Besov spaces and over
weighted Besov spaces for a wide class of variance functions. We show via the maxiset approach
that the natural hard thresholding procedure constructed on warped wavelet bases is close to the
optimal over weighted Besov spaces.

Minimax, Muckenhoupt weights, Maxiset, Heteroscedastic Gaussian noise, warped wavelets, wavelet
thresholding.
Primary : 62G07, Secondary : 62G20, 42B20.

1 Introduction

Consider the heteroscedastic white noise model in which we observe Gaussian processes Y; governed by
the stochastic equation

dY, = f(t)dt + —v(t)dW,, neN*, te[o,1]. (1)

1
—
NG
The variance function v is known, positive and belongs to L.2([0,1]). The process W; is a standard

Brownian motion on [0,1]. The function f is an unknown function of interest. We wish to estimate f
on [0,1] with small IL? risk

Ey( / ) - Fp)

where E; is the expectation with respect the distribution IP; of processes Y; and f denotes a measurable
function on [0, 1] with respect to the observations (1).

In the simplest case where v is constant, we observe the well known Gaussian white noise model
which has been considered in several papers starting from Ibragimov and Has’'minskii (1977). Under
certain assumptions on the smoothness of f, the model (1) becomes an appropriate large sample limit
to more general non parametric models such as probability density estimation (see Nussbaum (1996))
or nonparametric regression (see Brown and Low (1996)). Minimax properties can be found in the book
of Tsybakov (2004).

In the case where v is spatially inhomogeneous, the curve estimation is significantly more com-
plicated. For instance, Brown and Low (1996) have shown that if we consider the model (1) with the
variance function v = -% then it is asymptotically equivalent (in Le Cam’s sense) to the observation of

V3
data (Y1, X1), ..., (Y, X,,) where

Y; = f(Xi) + o(Xi)e. (2)

The variables X; are i.i.d, independent of ¢; and with density g. The variables ¢; are normal i.i.d with
mean zero and variance 1. Other equivalences can be found in Grama and Nussbaum (1998). Quote
also Efromovich and Pinsker (1996) who use the equivalence between the models (1) and (2) in order to
estimate a smooth regression function under L2 risk.

In this paper, we are focused on the model (1) and we consider the problem in the framework of
wavelet analysis. Our study can be divided in two parts.
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In a first part, we investigate the estimation of f over usual Besov spaces denoted Bs (L) under
L? risk. We show that if 7 > p > 1, v belongs to L™ ([0, 1]) for 7’ = maz(r, 2) and 1 belongs to L2([0,1])
then the minimax rate of convergence is of the form
s
1+42s

—ay

n where o =

For other assumptions on the parameters (s, 7, ), we show that if v is bounded from above and % belongs
to L?([0,1]) then the minimax rate of convergence over Bs (L) is of the form
1,1
1 s— =+
n(n) )** where ay = — 55—~
n 2(s — = +35)

s

(

In the case where m > p > 2, the following question naturally arises : can we obtain this minimax
rate over such a space for any v which do not belong to L™? The answer is no. We exhibit such a
function for which the minimax rate over usual Besov spaces is of the form n~? where 3 < a.

This result motivates us to devote a second part in which we investigate other function spaces more
adapted to our model. Our choice will be made on Besov spaces constructed on a wavelet basis warped
by a factor depending on v. Such spaces were introduced in analysis by Qui (1982) and were developed in
statistics by Kerkyacharian and Picard (2004). These authors have established good estimation results
in a regression setting with random design (i.e (2) with o(.) = 1) without assumption of boundedness
from above and below for g. The key of the success of our study rests on the following argument : under
certain conditions on the warping factor which refer to Muckenhoupt theory, the warped wavelet bases
possess some interesting geometrical properties in LP? norm which allow us to consider function spaces
and procedures deeply linked to the model. Using these analytical tools, we show that if m > p > 1, v
and 1 belong to L2([0,1]) and if v is subject to a property of Muckenhoupt type then the minimax rate
over weighted Besov spaces BS_ (L) defined starting from G, the primitive of v—lg, is of the form

S,T,T
s
14 2s°

Thus it is not necessary that the variance functions v are bounded from above or depend directly on 7
to obtain this result.

In a second part, we use this warped wavelet basis to construct a natural procedure which stay as
close as possible to the standard thresholding. In order to measure its performance under LP risk, we
adopt the maxiset point of view. This statistical tool developed by Cohen, De Vore, Kerkyacharian and
Picard (2000) consists in investigating the maximal space (or maxiset) where a procedure has a given
rate of convergence. One of the main advantages of this approach is to provide a functional set which is
authentically connected to the procedure and the model. Thus, by choosing the rate

Sp
1+ 2s

—a

n where oy =

(In(n))**n~*" where «a; =
and considering m > p > 1, we prove that the Bfﬂm(L) introduced in the first part are included into the
maxiset of our procedure. So, we conclude that it is 'near to the optimal’ i.e it attains the minimax rate
of convergence (up to a logarithmic factor) over these spaces.

The paper is organized as follows.

Section 2 defines the basic tools (Muckenhoupt weights, warped wavelet basis ...), inequalities and
function spaces we shall need in the study. In Section 3 we investigate the minimax rate over usual
Besov spaces. Section 4 investigates and discusses the minimax properties over the weighted Besov
spaces. Section 5 is devoted to the performance of a natural hard thresholding procedure when the
unknown function of interest belongs to these weighted spaces. In Section 6, we describe other statistical
models and we explain why we can obtain results similar to those in the heteroscedastic white noise.
Finally, Section 7 is devoted to the proofs of technical lemmas.

2 Muckenhoupt conditions, warped wavelet bases and function
spaces

Throughout this paper, for a weight m (i.e non negative locally integrable function) on [0, 1], we set

L?,([0,1]) = {f measurable on [0,1] | || fI5, ,, = /1 | f(t)[Pm(t)dt < +oo}
0
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where LP([0,1]) = L5 ([0, 1]) denotes the usual Lebesgue space.

2.1 Muckenhoupt condition
First recall the notion of Muckenhoupt weight.

Definition 2.1 (Muckenhoupt condition). Let 1 < p < oo and q such that % + % = 1. A weight m
is said to verify the A, condition (or belong to Ay ) if and only if there exists a constant C > 0 such that
for any measurable function h and any subinterval I of [0,1] we have

=

! ! Pm(x)dx
(i [ h@lide) < €l [ In@)Pm(a)an) ®)

where |I| denotes the Lebesgue measure of I and m(I) = [, m(x)dz.

If m wverifies the A, condition then it is called "Muckenhoupt weights’.
Example 2.1. The weight m(x) = x satisfies the A, condition with p > 1 if and only if —1 < 0 < p—1.

The previous condition has been introduced by Muckenhoupt (1972) and widely used afterwards
in the context of Calderén-Zygmund theory. The A, condition characterizes the boundedness of certain
integral operators on P spaces like the Hardy-Littlewood maximal operator or the Hilbert transform.

m

For the complete theory, see the book of Stein (1993).

2.2 Warped wavelet bases and Muckenhoupt weights

First we introduce the warped wavelet bases which can be viewed as a generalization of the regular
wavelet bases. Second we set some important results that will be useful in the sequel of this paper.

Let N be an integer of the form 2" where u denotes a 'reasonable’ integer. We denote by
&8 ={0rk(T(), k€ Ary ¥j(T()); j 27 ke Ay}, Ay ={0,...,27 —1},
the warped wavelet basis adapted on the interval [0, 1] constructed starting from

e 1) the wavelet associated with a multiresolution analysis on the line V; = {¢; 1, k € Z} such that
Supp(¢) = Supp(y)) = [-N+1,N] and [+ (t)t'dt = 0 for | =0,..., N —1. Let us recall that on the
unit interval there exists an integer 7 such that one can built at each level 7 > 7 a wavelet system

(¢j.ks V1) where
$in(a) =28¢(2x —k), k=N -1, N,N+1,.,2 - N

and v
Yip(x) =282z — k), k=N —1,N,N +1,..,27 — N.

For each functions, we add N — 1 functions on the neighborhood of 0 which have the support
contained in [0, (2N —2)277] and N —1 functions on the neighborhood of 1 which have the support
contained in [1 — (2N —2)277,1].

e a known function 7 : [0, 1] — [0, 1] which is bijective and absolutely continuous.

We associate to this function the weight
w(.) = =— (4)

where T denotes the derivative of 7 and T~ its inverse function. Remark that for any measurable
positive function z, w satisfies

/01 2(T(z))dz = /01 z(x)w(x)dz.

See Meyer (1990) and Daubechies (1992) for wavelet bases on the real line. See Cohen, Daubechies,
Jawerth and Vial (1992) for wavelet bases on the interval.
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Let oo > p > 1. If w verifies the A, condition then, for any v > 7, a function f of LP([0, 1]) can be

decomposed on ¢7 as
f@) =Pl (@) +> Y Blbin(T(x)),

j>v kEAJ‘

= Z Oél:’rvkqsl’vk(T ’ ]k _/ f ¢] k()

keA,

where

and
M—/ ()8t

Let us recall some properties linked to £7.

Property 2.1. Let v > 0. There exists a constant C > 0 such that
S Jginl@) < C2%, zeo,1]. (5)

kEA]‘
This inequality is always true if we exchanged ¢ by .
Property 2.2. If w € A, then there exist two constant ¢ > 0 and C > 0 such that for j > 7 we have
ir
2% 3" ol Pw(l;g) < IPT(HIE < C2% 37 JalPw(l; ).
keA; keA;

These inequalities are always true if we exchanged ¢ by V.

2.3 Function spaces

For any measurable function f defined on [0, 1], we denote the associated N-th order modulus of smooth-

pN(t, f,T,7) = sup (/J |Z( ) T‘l(T(u)+kh))|’Tdu)

|n|<t Nh =0

where Jyp, ={z €[0,1]: T(z)+ Nh € [0,1]}. Let N > s >0, co > ¢,p > 1. We say that a function f
of L™([0,1]) belongs to the weighted Besov spaces BL (L) if and only if

) r i
(/ <pN<th>> 1dt> <L<x.
; e t

These spaces can be viewed as a generalization of usual Besov spaces.
Starting from the warped wavelet basis on the unit interval, if w € A, we have

LTer SLae= (Y @O 18 w(I;n)=))7 < L. (6)

j2r—1 kER;

™

for # > pand N > s > g(w) where

inf,~1{w satisfies the A, condition} if w is not a constant on [0, 1],
(w) = e
0 if w is constant on [0, 1].

Moreover, under the same conditions as previously, we have
j s ry L
e < L= Q"I (f) = fl)")* < L (8)
Jj2T

with the usual modification if r = oo.

For further details on this subsection, we refer the reader to the article of Kerkyacharian and Picard
(2004).

Notations 2.1. If T = I;, we simply denote 7 = &, a;‘fk = ojk, 5ka = Bk, PjT(f) = P;(f) and
BT (L) = Bsn,(L).

S,T,T

Notations 2.2. In the sequel, the constants C, C', C”, ¢, ¢, ¢ represent any constants we shall need,
and can different from one line to one other.
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3 Minimax study over usual Besov spaces

The first part of this section is devoted to the proofs of the two following theorems.

Theorem 3.1. Let oo >p > 1 and co > m > p. Assume we observe model (1) with v satisfying
max(m,2) 1 2
(A1) vel 2)([0,1]) and (A2) - e L*([0,1]).

Then for N > s >0 and oo > r > 1 we have

inf sup  Eg(||f - fl5) = n"P
f fEBs,‘rr,r(L)

where
s

T 1+2s

aq
Theorem 3.2. Let 0o > p > 2. Assume we observe model (1) with v satisfying

(B1) ||v|lec < o0 and (B2) %ELQ([O,l]).

p 2 p—2
Then for N > s > 0, 3T = T > 3577 and 11D >1r >1 we have
. ¢ ln(n) «@
inf  sup  Eg([lf — fIF) =< ( )P
[ f€Bsx (L) n
where
s_ 1,1
Qo = 71'1 I)l .
2(8 ~x + §)

3.1 Proof of Theorem 3.1: upper bound and lower bound
3.1.1 Upper bound

Here, we use the standard method which consists in representing the unknown function f on a regular
wavelet basis and studying the upper bound attained by the associated linear wavelet procedure.

Theorem 3.3. Let oo >p>1 and m > p. Assume (Al). Consider fl the linear estimator defined by
. 1
)= > &Guabimn(®),  Gme= / Dj(n) .k (1)dY. 9)
k€A (n) 0
Then for N > s >0 and oo > r > 1 we have

sup  Ep(||f' — flE) < O
f€Bs,xr(L)

for j(n) the integer satisfying 2" ~ NI
Proof of Theorem 3.3. Using Holder’s inequality, for 7 > p we have
Es(If = flp) < CE(IF' = FIIF)= (10)
Using Minkowski’s inequality and the elementary inequality
(le+y)™ <27 (lz|" + |y|™), =,y €R,
the L™ risk of f can be decomposed as follows:

Er(I/' =7 < CELF = Py (DIF) + 1 Piny (f) = FII7)
= C(S1+5,). (11)
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Since f € Bs (L) C Bs.x,00(L), the equivalence (8) gives us
Sy < L27I(n)sm (12)
Using the definition of fl and Property 2.2, one gets
Sio= Er(l D Gtk — inya)Bicm .k (IF)

kEAJ‘(n)

< CEMED S Ep(|asi s — @i il™))
k€A ;)

= cPMG-Dgx (13)

Pik = \//O v (t)9],,(1)dt. (14)

. 1 [t _ 1
j(n)k = Qj(n)k = %/0 V() Pj(n),k () AW ~ pjn) wen With €, ~ N(0, ﬁ)'

Let us consider p; , defined by

We have clearly

To study S5, we need the following lemma which will be proved in Appendix.
Lemma 3.1. Let n € N*. If V,, ~ N(0, %) then for k > 227 there exists a constant C' > 0 only
depending on p such that

o P(|V| > 54/ < on- 3,

e E(|V,|") < Cn~%.
Using the second point of Lemma 3.1, one gets
kGAj(n)
In the case where 2 > 7 > 1, Holder’s inequality and Property 2.1 yield

1

™

> Gen = (Y [ PO mai Y 0
reRe KA 7 k€Aj(n).k
1
< 0(2“")/ V2 (t)dt)F 2/(M(1=3)
0
< . 1)

In the case where co > 7 > 2, applying Hélder’s inequality with the measure dv = ¢?(n)’ (t)dt and using
Property 2.1, one gets

1
Y Pma < /0 V() Y By a(t)dt

k€A (n) k€A (n)
< 0?M|olg
027, (17)
Thus, considering (13), (16), (15) and (17) we obtain for co > 7 > 1,
S; < CPMsmp =3, (18)

Taking in account that 27/(") ~ nﬁ, the inequalities (11), (12) and (18) imply that
Ey(|f' = £IIF) < "5 0% 427700 m) < ¢,
Considering (10), we deduce that for 7 > p > 1,

sup  Eg(|f' = fIB) < Cn=.
JE€Bs,x (L)

This completes the proof of Theorem 3.3. O
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3.1.2 Lower Bound
Now, introduce a theorem which will be intensively used in the sequel.

Theorem 3.4. Let j a fived integer, (wjr)rer; @ fived sequence and € a sequence such that ¢ =

(ex)rer; € {1, 1}% where

27
R; 2N — 1) - N; 1=1,2,..., 1
= {eN 1) 220 (19)
Consider the functions
ge(@) =5 D winerthjn(T(x)) (20)
kER;
where vy; is chosen in such a way that g. belongs to BT (L)
For such ¢, put €}, = (¢})icr, defined by
E; = Eil{i#k} — Eil{i:k}-
Then for any estimatorf we have
Uj = sup 17)
yeGB; (D)
2 7% oW Py, (An(gep 9e) > e Mg (TC)IIE
KeR, ke e{#i +1}
where /\n(gsz,ge) denotes the likelihood ratio between the laws induced by g.: and g, defined by
d]P)ga*
_ k
/\n(QEZaQE) =GP (21)

Proof of Theorem 3.4. Since T is increasing, for all k belonging to R; we have the S s defined by

k—-N+1 . _ k+N
T)’T ( 57

ST = Supp(v;x(T(.))) = [T7Y( )]

which satisfy
STenNSh =0 for k#FK, kK €R;

and
2N —1

U Sk =10, W]

C [0,1].
]CER]'

Denote by G the set of all g. defined by (20). For any estimator f, let

Whe= [ 15@) = vt (@) Pda

S.?',k

and

Wi = [ 1@+ ey (D).

J.k

Using the fact that the ST,C are disjoint, for any positive sequence (0 x)rer,;, we have

1 £ P

Uj M;EQE(HJC_QEH[))
i 2 LB 1) sty (D) ) (22

kER € Gk

By the definition of €} and the fact that for all k € R;

Card(G) = 2Card(e, ¢; € {—1,4+1}, i # k,i,k € R)),
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we obtain

U = aTd Z Z Eq (W1k+/\ (ga,tage)Wgz,k)
keRJse{ 1+1}

> 2 Z ee{= 1+1}6J kEga(l{Wl >5P }+€ 1{/\ (95* ge)>e—A} {W2k>5pk})

kER itk
> — f E, (1 1 P 1 P . 23
> k; 5 e{lnl o 0 B ( {Anloy g0>e 2y (Lgwz, 2ot 3+ Law or y)) (23)

Now, consider the sequence d; ; defined by

G5k = 5@ k95,6 (T ())lp-
Using Minkowsky’s inequality, we see that

1

1 1
(Wi)® + (W) 7 > 29505k l1056 (T (D)o = 205k

Therefore
I{Wf.,kzé?k} = I{Wy‘l,kﬁéf,k}' (24)

Putting (22), (23) and (24) together, we deduce that

-

U= 5 D W el 1f+1} By (An(gz:96) > € Desn(T I
kER;

O

Theorem 3.4 can be viewed as a generalization of a result which appeared in the book Héardle,
Picard, Kerkyacharian and Tsybakov (1998).

Theorem 3.5. Let co > p > 1. Assume (A2). Then there exists a positive constant ¢ > 0 such that for
N>s5>0,00>m>1and o0 >1r > 1 we have

inf  sup  Eg([|f = fIB) > en =P
f fEBunn(L)

Proof of Theorem 3.5. In the sequel, j denotes an integer to be chosen below. Consider the functions g,
defined by (20) with

wijr=1 and T = I;.
Using the equivalence (6) and the fact than |e;| = 1, one gets

HgE”S,ﬂ',r < ,Yij(s+%)( Z 2*j)% < C’Yij(SjL%).
kER;

Thus, for j large, only the following constraint on v; is necessary to guarantee that g. € Bs . (L):
v < LC~10=i(s+3),
Now, consider the following lemma which will be proved in Appendix.

Lemma 3.2. If we chose v; = n~2 then there exist A > 0 and po > 0 not depending on n such that

inf P, (An(ges,ge) > e ) > po2’.
Z 61’6{{1174_1} 9. (An(gey, 9¢) > €77) = po
k‘ERj itk
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It follows from Lemma 3.2 and Theorem 3.4 that:

sup Eg ffg p > 77 inf An(Gex s ge >67>\ w',kp
oo B (If - gl jEZSHJH} e (Anlgez9) > VIl

> 72*lelp(7

Choosing j such that v; =n~7 ~ 277(+3) (i.e 2/ ~ nT%), one gets

\%

l
2 > C// —(X][)

f P ep )
nf e Bl =11 = ku¢,

This ends the proof of Theorem 3.5. O
Combining Theorem 3.3 and Theorem 3.5, we obtain Theorem 3.1.
Remark 3.1. If v is a positive constant then we obtain the usual minimazx result.

Example 3.1. Let co > 7 > p > 1. Consider v(t) =t~% for -1 < o < % It is clear that conditions
(A1) and (A2) hold. Therefore we can apply Theorem 3.1.

The following subsection proposes to investigate the minimax rate over B (L) under L? loss for

other assumptions on the variance function.

3.2 Proof of Theorem 3.2: upper bound and lower bound
3.2.1 Upper bound

Theorem 3.6. Let oo > p > 2. Assume (B1). Let us consider the following hard thresholding procedure:

= 2 ikl o S Vik(@) (29)

J,keAZ

where we have set

1
Bjk = / Vi x(t)dYs
0
and A2 ={(j,k);j < ja2(n), k € A;} for ja(n) the integer verifying

972(n) < 9d2(n)+1 9
- ln( ) < (26)

p—2

Then for N > s >0 2—D)+1

> > 252+1 and >r > 1, this procedure satisfies

’ 2s+1

N In(1
s Ep(1F° - ) < (2 yeup,

FEBa x.(L) n

Proof of Theorem 3.6. Our strategy is the following : we exhibit the maxiset of the procedure f@ and
we show that Bs » (L) is included into this maximal space. To isolate such a maxiset, five conditions
must be checked.

e Two on them concern the geometrical properties of &,
e one concerns a weight inequality,
e two of them concern the estimator Bj7k.

The proof rests on the article of Kerkyacharian and Picard (2000). For further details on the maxiset
theory see Cohen, De Vore, Kerkyacharian and Picard (2000) and Autin (2004).

It is well-known that the wavelet basis with compact support are unconditional basis of L? (see Meyer
(1990)) and satisfies the Temlyakov’s property (see Temlyakov (2000)) so the geometrical conditions
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hold.
Let us now investigate the weight condition. By definition of ja(n) (see (26)), we have
In(n), » In(n) . » ip In(n), p, datue
(NE S sl < oCRhE ST 0% <o (e < o
keAZ j<j2(n)

The proof of this condition is complete. Now, consider the following Lemma:

Lemma 3.3. For j < jo(n) and k € A, we have the following inequalities:

o E;(1Bjn — Bnl?) < (2,

A K In(n In(n
o Pr(|050 — Bil = 51/ 1) < o(mn

The proof is given in Appendix.

.

Combining all these results, we can apply the maxiset theorem which said that for any co > p > 1,
1> 7 >0 and k a large enough constant, there exists a positive constant C' such that the following
equivalence holds:

. In(n) .- B
Bs(1f - 715) < oMy s f e Mip.)
where
M(p,?) = E1 N By,
By ={f; supu™ " 3" N " 15 suy ()5 < oo}
u>0 J>T—1keA,
and

Ey ={f; lgu;312mTpH Z Z Bk ()lp < oo}

>l ke,

To finish the proof of Theorem 3.6, we use the first point of the following lemma:

Lemma 3.4. Foroo>p>2 N >s>0, 28’% >T > 232+1 and 2(51112)+1 > r we have

Bs,'n',r(L) - ./\/l(p, 042).
Foroo>p>1,N>5>0,7r>#i~_1 and 0o > 1 > 1 we have
Bgr (L) C M(p, ).

The proof is just a slight modification of a proof which appeared in Kerkyacharian and Picard
(2004). O

Remark 3.2. From Theorem 8.1 and the second point of Lemma 5.2, we deduce that the hard thresh-
olding procedure ({5) is "near" optimal (i.e optimal up to a logarithmic factor) over By . (L) in the
case where (B1), (B2) hold and 7 > 557

3.2.2 Lower bound

Theorem 3.7. Let co > p > 1. Assume (B2). Then there exists a positive constant ¢ > 0 such that for

N>S>O,ﬁ27r>ﬁandooZerwehave

. A In(n
inf swp By — S > o2
f feBo (L) n

)04219.
Proof of Theorem 3.7. Let us define the following family
{90 =05 gr = vj¥jk, k € R;}
where R; is defined by (19). Now, introduce a theorem which allows us to prove Theorem 3.7.

Theorem 3.8. Assume the following conditions are fulfilled:
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o Vk € R;, vy, is chosen such that g, € Bs (L),

o There exists a constant py > 0 satisfying

S Py, (Ago, gi) > 2777) > po2? (27)
kER;

for a fized \* such that 1 > \* > 0.

Then for any estimatorf we have

; p_ yy
sup By (|If — f17) 2 2772 E D0 o p
fE€Bg,x r(L)

Proof of Theorem 3.8. For sake of simplicity, let us denote by d the LP metric, i.e. for any f and g which
belong to LP([0, 1])
0 =([ 150 - sorant.

Yiai(l_1
0 = 5 ¥l (28)

Put

From Tchebitchev’s inequality, we see that

077 swp Ef(If - fIB) = &7 sup  Eg (If - gkllp)
feB; (L) keR;U{0}
> sup ng Hf—ngp > 6j)
keR;U{0}
ZI“Xch g;p% (F198) 2 67). By (d(f. 90) 2 7). (29)
Since Card(R;) = (2N)~'27 it suffices to prove that
max(2~7 Y By (d(F,g0) > 6). P, (d(F,90) = 8,)) = 2. (30)

kER;

Assume on the contrary that (30) is false. Then there exists an estimator, say f*, such that

max(27 37 By, (A, 91) 2 8,), By (S 0) > 6,)) < 2.

2
kER;
In particular
Do
Py, (d(f*,90) > 0;) < = (31)
and
- Po
277 )" Py, (d(f*, k) < 6;) > (2N)175. (32)
kER;
Putting (32) and the assumption (27) together, we obtain that for any k € R;
> Py ({d(f*,98) < 63 N {A(go gr) = 2727} = > Py (d(f*, k) < 6))
keER; kER;
+ ) Py (Ago, gr) > 2727) — (2N) 12
kER;
> ((2N)' - %)21 + o2 — (2N) 127
> Dogi. (33)

2
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We now use the d; defined in (28). First for all k¥ € R;

d(gk, 90) = Vi l|1¥j.kllp = 265

and the triangular inequality implies that

R{d(f y9k) < 05} C{d(f*, go) > 6;}.

ke
Second for all k # k' € R; we have
dlgr9x) = v U¥sklly + 150 llp)

Yillvsllp
= 2.

Y]

Consequently the events {d(f*, gx) < 0;} are disjoint for k # k' € R;. It follows from (33) that
Pgo (d(f*, 90) = 6;) Py, (U ,d(f*;gk) < 65))

Z]Pgo f gk <6))

kER;

= Z Eg, (A(90, 95)1(acr+,g0)<6;})
kER;

= D Eg(Algo, 1)L {as o) <5,1)
kER;

v

v

277N By (Lgar g0 <5, L (gog) 32-37})
kGR]‘

= 27V 3Py, ({d(f*, 98) < ;3 N {A(g0,gx) =277}
k?ERj
Po 51275

>
2

Then we contradict (31). So, combining (29) and (30), we deduce that for any estimator f we have
D_ p
sup  Ep([If = fIIp) = 27727 G4y |lp 0- (34)
fE€Bs,x.r(L)
Using the equivalence (8), one gets

’ < C%Qj(s'*‘%_%).

[rze
In order to have the functions g which belong to B; » (L), chose
i < LO127ita—n),
Now consider the following lemma:
Lemma 3.5, Let y; = co\/m If there exists a constant ¢ > 0 such that
In(27) > cln(n) (35)
then for a fired 1 > X\* > 0 and a ¢y small enough there exists a constant py > 0 satisfying

S Py (Algos ga) = 2777) > po2. (36)
kER;
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Thus, choosing

In(n) ; n !
;= ie 27 ~ :
V= n ( In(n)

and remarking that for n large enough we have

1 1 1
(In(n) — In(In(n))) + In(c) > m In(n) > IN T2

SR

T

In(n),

the condition (35) and a fortiori, the condition (27) are satisfied. So Theorem 3.8 implies that

~ _ (P p
sup  Ep(|lf = flE) > 2772002y p22

F€Bamr(L) "2
In(n), » n L
> sta—=x
= n ) ln(n))
_ In(n) asp
= (e,
This ends the proof of Theorem 3.7. O

Putting Theorem 3.6 and Theorem 3.7 together, we establish Theorem (3.2)

3.3 When v does not belong to L™([0, 1])

The last part of this section is center around the following question:

Question 3.1. Can we have the same minimaz rate than Theorem 3.1 over B r (L) for any functions
v which do not satisfy the assumption v belongs to L™([0,1])’?

The answer is contained into the following theorem:

Theorem 3.9. Let o0 > p > 2 and oo > 7w > p. Assume that we observe model (1) with
_o 2
v(t)=t"2 for —<o<1. (37)
p

Then for N > s >0 and co > r > 1 we have

n~PZinf  sup  Ep(|f - fIE) 20
f feBS.ﬂ',T(L)

where
, s
O =——-7
2s+14+0— b=
and
_Ss _T—pP _
~ 2s+1 w(op—2) > s,
o = S+l,i
—2 T, g>» T FE_,
2sF1fo—2 n(op—2)

Proof of Theorem 3.9. First, introduce the following lemma which will be proved in Appendix.
Lemma 3.6. Let m > 2. Let us consider p; . defined by (14) and n; 1 defined by

nj,k=\/ | i (39)

where v is defined by (37). Then there exist two constant C > 0 and ¢ > 0 such that

2% <N < S pr <02 (39)
keER; keER;
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3.3.1 Upper bound

Let us consider the linear estimator f' defined in (9) where v is defined by (37). Putting the inequality
(39) in (15), one gets

Sup ]Ef(Hfl_ng) < 0(2] Z p k+2 ]’n)S‘n‘)%
f€Bs,x,r(L) et
< C(2j(7l)(%_1+%)n—% +2—j(n)s¢r)%
< CO'n P

1
for j(n) the integer satisfying 2/(") ~ p1+2eto-2

3.3.2 Lower bound
Consider the functions g. introduced in (20) with
Wik = 77;,1 and T = Iy
where 7, . is defined by (38). Using the the equivalence (6) and the inequality (39), we see that

G(sa 1 Cma—diy L j(s+Ltipao_ 1
1gello e < 3 22CTD(D " myp2) T < Oyt ET),
kERJ‘

1 .
So if we chose the integer j such that ; o~ 277(T3t5-%) (1e n>++7-% ~ 27) then g, belongs to
Bs x+(L). Now, consider the following Lemma which will be proved in Appendix.
Lemma 3.7. If we chose y; = n=% then there exist A > 0 and po > 0 not depending on n such that

inf P, (An(ges,gc) > e ) >po, VkeR,.
Eie{lfll’+1} g ( (Qakg) e ") = po j
i#k

Putting Lemma 3.7 and Theorem 3.4 together, we obtain

sup By (If —g:lp) > 77 inf WP Py, (An(9er9¢) > €M) wkllh
0e€Ban (L) o J k; Eie{;i:“rl} PR g me
> 6_)\23-(% p

kERJ

Using the inequality (39), one gets

inf = sup f(“f‘f”ﬁ) > c(n_éQj(%JFE*; )P
[ f€Bax.(L)

v

O\

S
Q
S

This ends the proof of Theorem 3.9. O
Remark 3.3. Under the assumptions of Theorem 3.9, it clear that for m = p, we have

inf  sup Ef(||f - flIp) < n=P
' f€Bs,p,r(L)

where
s

So we have prove that if the variance function v does not belong to L™ then the mininax rate over
usual Besov bodies under IL? risk can be slower than n™® for a = %. In particular, Theorem 3.9
shows that this rate of convergence can truly depend on the nature of v.

This arises a new question:

Question 3.2. Can we find functional spaces over which the minimax rate under the LP risk stay ’stable’
for any functions v which do not necessarily belong to L™([0,1]) #

The answer is developed in the following section.
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4 Minimax study over weighted Besov spaces

This section is focused on the proof of the following Theorem:

Theorem 4.1. Let co > p > 1 and co > m > p. Assume that we observe model (1). Suppose that v
satisfies

(C1) % e L2([0, 1])

1

is bijective with G(1) = 1. Assume also that

and that G defined by

(C2) v*(G7I()) € A,.
Then for N > s > q(w) (see (7)) and oo > r > 1 we have

inf  sup  Eg(||f — flb) < n™P
f feBE. (L)

where

4.1 Proof of Theorem 4.1: upper bound and lower bound
4.1.1 Upper bound

Here we proceed as in Section 3 by taking in account that we work with the warped wavelet basis .

Theorem 4.2. Let co > p > 1 and co > 7 > p. Assume (C1) and (C2). Let us consider f' the linear
estimator defined by

1
) ) 1
fz) = ke%:(n) Qj(n) kPi ).k (G(2));  Qjn) ke =/0 ‘bj(n),k(G(t))Tz(t) Y.

Then for N > s > q(w) and oo > r > 1 we have

sup  Ef(If' = fIIp) < CnP
feBS, (L)

for j(n) the integer satisfying 27(") ~ N,

Proof of Theorem 4.2. Starting from the inequality (10), it suffices to consider the L™ risk of f!. Minkowski’s
inequality yields

Es(Ilf = f117) CEs (1" = Py (DIF) + 1Py () = f1I7)

C(Q1+ Q2). (40)

Note that conditions (C1) and (C2) imply that the equivalence (8) holds for T = G and w = v*(G1(.))
(see 4). So

<
<

Q2 < C2—j(n)s7r. (4]_)
Using the definition of fl and Property 2.1, one gets

Q= Eflll D (@gmyn — Sty )i (GO
kGAj(.,L)

j(n)m N -
0(2 2 ( Z ]Ef(|aj(n),k - ajc;(n),k| )w(lj(n),k))
kGAj(n)

IN

RGOk

= 02" Q. (42)
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Using the change of variable y = G~1(t), we obtain

. 1t 1
Qjnyk = Sy ke = ﬁ/o ¢.7(n>7k(G(t))@th

SO
aﬂ(n)k_aj(n NN(O 7)

Applying the second point of Lemma 3.1 we obtain

Qik < nig Z w(lj(n),k) = n*%w([(x 1]) = nig' (43)
k’GAj(n)
Combining (40), (41), (42), (43) and taking in account that 27(") ~ nﬁ, we deduce that

Ef(”fl - f||;) < C(Qj(g)wn_g + Q—j(n)sw) < O,

Using the inequality (10), it comes that

sup  Ef(|lf' = flIp) < Cnmer,
feBE . (L)

s,mT,T

This completes the proof of Theorem 4.2. O

4.1.2 Lower Bound

Theorem 4.3. Let co > p > 1. Assume (C1) and (C2). Then there exists a constant ¢ > 0 such that
for N > s> q(w), co>7m>1and oo >r>1 we have

inf  sup Ef(Hf = flIp) > en™ 1P,
f feBG. (L)

Proof of Theorem 4.3. In the sequel, j denotes an integer to be chosen below. Consider the functions g,
defined by (20) with
wjir=1 and T =G.

The equivalence (6), the fact that |¢;| =1 and w([0,1]) =1 give us

Can 1 N o
IIQEIISM < ’ijJ( +2)( Z lex|"w(L; )™ < ,Yj2j( +3)
kER;

Thus, for j large, only the following constraint on ; is necessary to guarantee that g. € Bf7T ~(L):
v < L2~ i(s+3)
Now, introduce the following lemma which will be proved in Appendix.
Lemma 4.1. If we choosing v; = n=2 then there exist A > 0 and po not depending on n such that

inf P, (An(ger,gc) > e ) >po, Vk € R:, neN-.
ciel141) g (Anlgerr 96) > €77) = po i n
itk

Lemma 4.1 and Theorem 3.4 yield

V

sup E, (
9e€Bs (L)

Foalt) > v Zse{ 1 oy PPt 00 > OV

Y k(@)

kER;
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Since w = v*(G7!(.)) satisfies the A, condition, we have
[V (@IE = (/S |t (2)[Pw(z)di)
> cw(S;, / |hj k()| d)?
J ‘S | Jik
> 2% (2N = 1) 7w j,k)||w|\§'-
Using the fact that ZkeRj w(Sjk) = w([0,en]) where ey = 2=L and that n —3 o~ 27906F2) (fe
2 ~ n77% ), we deduce that
. ; » € e 2% »
inf sup  Ee(lf = fIp) = cw@N = 1) e (=) w((0, en))¥lITpo
f feBS, (L) vn
> cen” P, (44)
O

Finally, by combining Theorem 4.2 and Theorem 4.3 we prove Theorem 4.1.

Remark 4.1. If v is a positive constant then we obtain the usual minimax result.

Remark 4.2. If v is bounded from below, the inequality (44) is an obvious consequence of the following

inequality:

S @E =

kER;

4.2 Remarks and examples

> Y wl?
k‘ERj
> 2%,

The following lemma, proved in Kerkyacharian and Picard (2004), proposes another form for the condi-

tion (C2).

Lemma 4.2. Let p > 1 and q such that % + % = 1. Then v?*(G~(.)) satisfies the A, condition if and

only if there exists a constant C > 0 such that

/o1
1] Jy v?a(x)

for any subinterval I of [0,1].

In order to illustrate our statistical results,

Example 4.1. Observe the model defined in (1) with v(t) = (o + 1)~ 2t~ %.

belongs to 1L2([0,1]). Moreover

Gz) =27, G Nx) =271 | w(z)=0*G " (x)) =z

Then if 1 > o > oo
all conditions are satisfied to apply Theorem 4.1.

dz)7 < C(—

1 1

1 ), @™

consider some examples.

It is clear that v and %

L1 we havep—1> —=Z= > 0 s0 the function w satisfies the A, condition. Therfore,

Let p > 2, s > 1 and m > p. The following table summarizes the results of Example 3.1 and

Example 4.1.
Model (1) where | Space A | Hypothesis || inf;sup;c4 E(lf — fII7)
o Bsp,r(L) 0<0‘<% =n oc7 0171+2g
’U(t) =t 2 Bs,p,r(L) % <o<l1 = n*ﬁ’ 8= H;ﬁ
P
BSG»PJ‘(L) O<o<l1 X’)’I,iOL? a = 1-7—;;3

Thus, remark that for 2
the minimax rate over weighted Besov spaces.

< 0 < 1, the minimax rate over usual Besov spaces is strictly slower than
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Example 4.2. Consider

2 - 2
v(t) = —(lftza)%tlT for —+1l<o<2.
m p
One can show that v satisfies the conditions (C1) and (C2). Remark that this last function is not bounded

from above and below and does not belong to L™([0,1]) for m > p > 2.

Thus we have shown that weighted Besov spaces give us stable minimax results for certain variance
functions v which does not belonging to L™ for m > p > 2. Starting from these results, we propose to
investigate the performance of an adaptative procedure constructed on ¢¢ over Bfm,.(L) in the case
where 7 > p, r > 1 and N > s > g(w).

5 Hard thresholding procedure and warped wavelet bases

Among other things, we showed in the previous part that linear procedure (40) are optimal over weighted
Besov spaces. This procedure is not adaptative, i.e achieve substantially slower rate of convergence if
the smoothness of the function that we wish to estimate is misspecified. In recent years, a variety of
adaptive procedures have been proposed. Among them, let us quote the wavelet thresholding methods
introduced by Donoho and Johnstone which enjoy excellent statistical results for numerous risks (see
Donoho and Johnstone (1995) and Johnstone (1998)).

The following section is focused on the performance of a hard thresholding procedure constructed
on £ over weighted Besov spaces BS_.(L).

s,m,T

Theorem 5.1. Let p > 1. Assume (C1) and (C2). Let us consider the following hard thresholding
estimator

J@y= 2 Pl o g YarlG@)
JkEAT
where
. 1 1
Bjk = /0 @/’j,k(G(t))UT(t)dYta
and A2 ={(j,k);j < ja(n), k € A;} for ja(n) the integer verifying

972(n) <«

< 972(m)+1 (45)

In(n)

Then for k > 0 a large enough constant, N > s > q(w), co > r > 1 and co > 7 > p, we have

feBE (D)= E(If - flny<C (

where
s

T 1+2s

Proof of Theorem 5.1. Here, we adopt the maxiset approach in the same way than the proof of Theorem
3.6.

aq

The geometrical properties of the basis are a consequence of the following lemma.
Lemma 5.1. Under the conditions (C1) and (C2), the basis £

o satisfies Temlyakov’s property i.e there exist two positive constants ¢ and C such that for any finite
set of integer F C NU {7 — 1} x A, we have

¢ D s GIE < ICY 1 GEID2 L < C D7 [ GE)E,

J,kEF j.keF J.keF

e is unconditional for the LP norm i.e there exists an absolute constant C such that if |uj k| < |v, |
for all (4,k) e NU{r — 1} x A, then

1D D wintiuGONE <CI Y0 D vjwthsu(GO)IE.

j>T—1keA; j2T—1keA;
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Proof of Lemma 5.1. The first point was shown by Garcia-Martell (1999) and the second point was
shown by Picard and Kerkyacharian (2003). O

Property 2.2 and the definition of ja(n) (see (45)) yield

In(n), » ip , In(n) p_dae ,
5 Y @Ol < cPhE S 0% <o ynyg on

n =
keA2 J<j2(n)

Thus, the weight condition holds.
Since In(n) > 1 for n > 3, Lemma 3.1 yields

o Pr(1Bn — 65| = 51/ < o(2lyp,

o BrlBn = B5[™) < O(HE)".

We deduce that the statistical conditions are satisfied.
Combining all these results, we can apply the maxiset theorem which said that for any co > p > 1,
1 > 7 > 0 and k large enough, there exists a positive constant C' such that the following equivalence
holds
In(n)

n

Es(|If - fI2) < O(—2)#F = f e M(p,7,G)

where we have set
M(p,f/ G) = E1 N Ey,

By ={fi supu™" 3} Lyjag, oy 0sa(GO)IE < oo}
j>T—1kEA;

and

By ={f; sup 23" 3T 85k (GO)IE < oo}

j>l keEA;
The following lemma allows us to conlude:

Lemma 5.2. For N > s > q(w) and m > p > 1, we have the following embedding

2s

G
Bsn’r( )CM(p72 +1

,G)
One part of the proof is given in Appendix.
O

Finally, we have proved that hard thresholding procedure defined in (45) achieves the minimax rate
of convergence up to a logarithmic factor over the weighted Besov space B o (L)

6 Extension of the results to other statistical models

This section introduces two statistical models on which we can reproduce our previous study.

6.1 Model extension
Consider the Gaussian white noise model in which we observe Gaussian processes Yt(l) governed by the

stochastic equation

1
%th, nEN*, te [0, 1],
where v is a function submited to the conditions (C1) and (C2). 4.1, H, denotes the operator defined
by
f(t)
H’U t) = 5 t 0,1
(D) =1 reb.

and W, is a standard Brownian motion on [0, 1]. The function f is an unknown function of interest.

Ayt = H,(f)(t)dt +

By remarking that dY;(l) = ﬁdY} where dY; is defined in (1) we can establish results similar to those
obtained in Theorem 4.1 and Theorem 5.1.
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6.2 Warped Gaussian noise model

Consider the Gaussian white noise model in which we observe Gaussian processes Yt(2) governed by the
stochastic equation

1
ﬁth, TLGN*, t e [0, 1],

where G is a known differentiable and bijective function with G’ = g, K¢ denotes the warped operator
defined by

av,? = Kq(f)(t)dt +

Ka(f)(t) = fF(GTH(), te(0,1]

and W, is a standard Brownian motion on [0, 1]. The function f is an unknown function of interest.

If we suppose that g belongs to L'([0,1]) with ||g][y = 1 and 1( 57 satisfies the A, condition
then we can show results similar to those obtained in Theorem 4.1 and Theorem 5.1 by using the warped
wavelet basis € and by considering ﬁj(zk) = fol z/Jj,k(t)dYt(z) instead of 3 .

Remark 6.1. Such a function g is not necessarily bounded from above and below. See for instance

1
g(x) = gawaflcos(gmo‘), > <a<l, ze€]0,1].

7 Appendix: Proofs of technical Lemmas

Proof of Lemma 8.1. It is well known that if N ~ A (O, 02) then we have the concentration inequality
P(|N| > z) < 2exp(—%). Therefore, for k£ > 24/2p and n > 3, we have

1 2, rln(n) 2
P <|Vn| > g n(n)) < Qexp(_w) =2n" 8 < 2n7P,
n

8
Moreover, it is well known that if N ~ N(0,0?) then E(|N|??) = Ko where K = \/1: o0 pp—z ey,
We deduce the existence of a constant C' > 0 which satisfies E(|V;,|P) < Cn~%. O

Proof of Lemma 3.2. For h such that ||h||s < 00, the condition (C2) implies that

Eyexn (5 [ 5dn) < exp(G IS 1) < o0

Following Novikov’s condition and Girsanov’s theorem, the likelihood ratio defined by (21) can be written
as follows: 1 i o
(9e; (1) — ge(t)) n 1 (g2 (t) — g2(t
An ,0e) = R TN Y, — = e JeN
o0 e o || S maw 5 1 S
Under Py_, we see that

/\n(gez,ge):exp(—%/o w{im(dt+f/ gek—ge())dwf)

1

Since gex (t) — ge(t) = —27;€xt;k(t), by choosing 7; =n~2 we obtain

/\n(9627ge) = eXp(—2\/O lijék(ii)dt—zek/o ’(/};’éct()t)

Let

——2/ %" dt and V) = Qek/ wf’“ th.

We have clearly

{An(ger,96) = € 2{Ujk + Vik = =AY 2 {|Uj + Viil < A}
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Applying Tchebitchev’s inequality, one obtains

_ 1
Py (An(9e;r90) =€) = 1 =Py ([Ujs + Vigl > A) > 1 - 3 Eo (1Ujinl) + Eq. (Vi x])
1 2
= 1—)\(|Uj7k|+\/; |Uj.k])-
The condition (A2) and Property 2.1 imply that
> Ukl = c(t)dt < C||f||22f ' (46)

kER; keR

and

> Ukl = \/Z Uil | Y 1<C. (47)
kER; kER; kER;

Thus, for A large enough we have

inf Py (Aa(ger,90) > ) = 2 =S¥
kERJ‘ 616{;%4‘1} A
> (197,
This ends the proof of Lemma 3.2. O
proof of Lemma 3.3. Since ||v]|s < 00, it is obvious that
1
mi =) [ 03 < ol
We conclude by applying Lemma 3.1 and the fact that In(n) > 1 for n large. O

Proof of Lemma 3.5. Following Girsanov’s theorem, under Py, we have

/\n(907gk) = eXp( Z/ (go(t)’v(g)k(dt_k\/»/ go—(t))th)

= exp( /wﬂ’“ dt — jf/ wﬂ’“ th)

1,2 1
L) Y5 dt and V/, = —C()\/M/ wi?t()t) AW,
0

gk = % 2 o v3(t) Js

Set

we have clearly
{Anlgosgi) = 2739} D UL + V1o = =X In(27)} D {[UL), + Vil < A" In(27)}.
Applying Tchebitchev’s inequality, one obtains

e L 1
Py, (An(g0,gk) >2727) > 1 — Py (U + Viel > A" In(27)) > 1 - W(E%UUJ{,H) +Eq, (IV]1])

1 2
= 1-—— (Ui, \/>@/ U, ).
2* 1n(2j)(| J,k| + T | ]7k|)

Choosing v; = 4/ ln(" and using the inequalities (46) and (47), we show that

Z IEJ>go gO».gk:) 2—)\*j) > Z (1 Y 1i(27)( go(' |) \/EEQO(\/ |UJI,k|)))

keER, kER,
; 2
> 2 — — (c21n(n) + co/In(n))
A In(27)
29 In(n)

2 — 7(0(2) + ¢p).

>
- A*1In(27)
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Using assumption (35), for cg small enough we see that

. 27
Z Pyy(An(go,gx) = 2727) > 27 — : )C\Z
kER;
> po2’
and this ends the proof of Lemma 3.5. O

Proof of Lemma 8.6. Upper bound: Since t~7 is decreasing and ZkZI k=P < oo for B > 1, we have

2N -1

) 27 . 1 -
Z(/ ()2 (1dn)E < ||¢Hz:o2%</o eant e Y </0 7 (1) (1)) F

keRr; Y Sik keR;|{N—1}

< CET 42T Y (k-N+1)77)
kER;|{N—1}
< 02T,
Cauchy-Schwartz’s inequality gives us

1 11)
1= / G2, ()T = ( / Uggwj,ka)wj,k(t)dt)ﬂ < T

SO

POETED S e

kER; kER;

Lower bound: Since t~7 is decreasing, we have

om k on
A IR S (48)

kER; kER;

Since —1 < —o < —% < 0, t77 verifies the As condition (see Example 2.1). So the inequality (3) with
h =17 yield

; ]- jusy 1 o jusy
e < W [ Laie [ eai<c (19)
Sj,k Sj k
Combining (48) and (49), we deduce that
dmized przd2E
kER,; kER,;
This ends the proof of Lemma 3.6. O

Proof of Lemma 3.7. Following Girsanov’s theorem, one gets

L (ger — Ye n [t g*t — gt
An<gs;;age):exp(n/o dez/o Wdt).

Under Py_, we have

(95 (t) — ge(1)) dtJr\/—/ gek 96( ))th)'

/\n(gez7ge) eXp( 2/0 v ()

1

Since ger (t) — ge(t) = —anf,ivjekz/zjyk(t), by choosing v; = n~2 we obtain

w [t
/\n(gs’,;vge) = exp dt - 261677]'7]1 / Z)é:f) )

= exp( 2—2n /1/)]’ dWh).
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Since

1
- Y.k (t)
20} L2 AW ~ N(0,4
jkek/o ’U(t) t N( s )a
if we chose A = 2, we have clearly
Py, (An(gey, 9c) > ) = 5.

This finishes the proof of Lemma 3.7. O

Proof of Lemma 4.1. Following Girsanov’s theorem, under P, we obtain

(9e; (8) — ge(#))?
v3(t)

Since gex (t) — ge(t) = —27v;€x1;,k(G(t)), by choosing v; = n~z it follows that

An(Gey,9e) = exp(— /d) /%k th)

= exp( 272ek/ d)]k ))de)

ge(t))

95
An(ger s ge) = exp (— 2/ dt+f/ k—th).
0

Since L @)
Y u(G(t
-2 L AWy ~ 4
ek/o o(0) W, ~ N(0,4),
if we chose A = 2, we have clearly

1

]P)ge (/\n(gc‘;;vge) > 67/\) = 5

This finished the proof of Lemma 4.1. O

Proof of Lemma 5.2. For the following embedding

Blroo(L) CAS supu™™ 30 Y g, i [95k(GO)IF < o0}

j>T—1keA;

see Kerkyacharian and Picard (2004).

Assume that f belongs to BS "noo (L) for all s > 0. Using Property 2.1 and Property 2.2, for any [ > 7—1
one gets
1Y BGaGONR2m7 < ST BGa k(G 277
>l keA, > keA;
< CY 2 BRI wI))F e
>l kea,
< oLy omE i< ory alms < o,
g>l g=>l
So:
B (L) CHS sup2” (=30 BG4 s(GO)T < oo}
7>l kEA
This completes the proof of Lemma 5.2. O
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