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Abstract

We consider the problem of estimating an unknown function f in the heteroscedastic white noise setting
under L? risk. We show that the major connection which exists between Muckenhoupt theory and the
geometrical properties of warped wavelet bases {¢; x(G)} allows us to consider spaces over which the
minimax rate is stable for a wide class of variance functions v, contrarily to the usual wavelet approach.
Adopting the maxiset point of view, we show that the hard thresholding rule constructed on such a
warped wavelet basis is close to the optimal over weighted Besov classes.

Key words and phrases: minimax, Muckenhoupt weights, Heteroscedastic Gaussian noise, warped
wavelets, wavelet thresholding.

1 Introduction

Consider the heteroscedastic white noise model in which we observe Gaussian processes Y; governed by
the stochastic equation:

dY; = f(t)dt + (t)dw,, neN*, tel0,]1]. (1)

1
—
NG
The variance function v is known, positive and belongs to L2([0,1]). The process W; is a standard

Brownian motion on [0,1]. The function f is an unknown function of interest. We wish to estimate f
on [0,1] given a realization y = {Y;, ¢ € [0,1]} with small L? risk:

I( / () — F(0) o).

In the simplest case where v is constant, we observe the well known Gaussian white noise model
which has been considered in several papers starting from Ibragimov and Has’minskii (1977). Numerous
results were established in that case under certain assumptions on the smoothness of f, model (1) is
an appropriate large sample limit to more general non parametric models such as probability density
estimation (see Nussbaum (1996)) or nonparametric regression (see Brown and Low (1996)). Minimax
properties can be found in the book of Tsybakov (2004).

In the case where v is spatially inhomogeneous, the curve estimation is significantly more compli-

cated. For instance, Brown and Low (1996) have shown that model (1) with v = - is asymptotically

V9
equivalent to the observation of data (Y1, X1), ..., (Ys, X,,) with:
Vi = f(Xi) + o(Xi)e; (2)

The variables X; are i.i.d, independent of ¢; and with density g. The variables ¢; are normal i.i.d with
mean zero and variance 1. Other equivalence can be found in Grama and Nussbaum (1998). Also let
us quote Efromovich and Pinsker (1996) who use model (1) in order to estimate a smooth regression
function under L2 loss for the case of model (2).

In this paper, we consider the problem in the framework of wavelet analysis. Our goal is to show
that the union of Muckenhoupt theory with warped wavelet bases {1 x(G)} proved themselves powerful
tools which allow us to consider adaptative procedures and spaces over which they reach the minimax
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rate (up to a logarithmic factor) under LP-risk without assumption of boundedness from above and
below for v. This study can be divided into three parts. In a first part, we investigate the estimation
of f from (1) over the usual Besov space B; (L) under L? risk (see Definition 2.4). We show that if
v and 1 belong to L?([0, 1]) then the minimax rate of convergence is of the form n~* where a = T35
So the following question naturally arises : can we obtain this minimax rate over such a space for any v
which does not satisfy the previous assumptions ? The answer is no. We exhibit a function v where the
minimax rate over usual Besov spaces is of the form n~? where 3 < a.

This result motivates us to devote a second part in which we investigate another functional space
more adapted to our model. Our choice will be made on Besov bodies constructed on a wavelet basis
{; x(G)} warped by a factor G depending on v. Such spaces were developed by Kerkyacharian and
Picard (2004) who establish good estimation results in a regression setting with random design (i.e (2)
with o(.) = 1) without assumption of boundedness from above and below for g. The key of the success of
this study rests on the following argument : under certain conditions on v which refer to Muckenhoupt
theory, the warped wavelet basis possesses some interesting geometrical properties in P norm which
allow us to consider functional sets and procedures deeply linked to the model. Using these analytical
tools, we show that if v, % belong to L2 and if v is subject to a property of Muckenhoupt type whithout
assumption of boundedness from above and below then the minimax rate over weighted Besov

spaces B, (L) defined starting from the primitive of % (see Definition 2.4) is of the form n~* where
o =

sp
142s - . .
In a second part, we use such a basis to construct a natural procedure which stay as close as pos-

sible to the standard thresholding. In order to measure its performance under LP risk, we adopt the
maxiset point of view. This statistical tool developed by Cohen, De Vore, Kerkyacharian and Picard
(2000) consists in investigating the maximal space (or maxiset) where a procedure has a given rate of
convergence. One of the main advantages of this approach is to provide a functional set which is au-
thentically connected to the procedure and the model. Thus, by choosing the rate (In(n))*n~% where
a = %, we prove that the weighted Besov space introduced in the first part is included into the
maxiset of our procedure. That allows us to conclude that it attains the minimax rate of convergence
(up to a logarithmic factor) under LP risk over this space.

The paper is organized as follows.

Section 2 defines the basic tools (warped wavelet basis, Muckenhoupt weights...), inequalities and func-
tional spaces we shall need in the study. In Section 3 we investigate the minimax rate over usual Besov
spaces and we show that it truly depends on v. Section 4 investigates and discusses the minimax prop-
erties over a weighted Besov space. Section 5 is devoted to the performance of the associated hard
thresholding procedure where the unknown function of interest belongs to these spaces. In Section 6,
we introduce another statistical model and we explain why we can obtain results similar to those in the
heteroscedastic white noise. Finally, Section 7 is devoted to the proofs of technical lemmas.

2 Muckenhoupt conditions, warped wavelet bases and functional
spaces

Throughout this paper, for a weight m (i.e non negative locally integrable function) on [0, 1], we set:
1
L?,([0,1]) = {f measurable on [0,1] | || f|[5, , = / | f(£)[Pm(t)dt < +oo}.
0
L7(]0,1]) = LY([0, 1]) denotes the usual Lebesgue space.

2.1 Muckenhoupt condition

Let us first recall the following notion:

Definition 2.1 (Muckenhoupt condition). Let 1 < p < oo and q such that 1 +1 = 1. A non-negative
. . . . . .. . . p P,

locally integrable function m is said to verify the A, condition if and only if there exists a constant C > 0

such that for any measurable functions h and any subintervals I of [0,1] we have:

1 1 , ,
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where |I| denotes the Lebesque measure and m(I f[

Any w which verifies the A, condition are called Muckenhoupt weights.
Example 2.1. The weight m(z) = z° satisfies the A, condition with p > 1 if and only if -1 < o < p—1.

The previous condition has been introduced by Muckenhoupt in (1972) and widely used afterwards
in the context of Calderén-Zygmund theory. The A, condition characterizes the boundedness of certain
integral operators on IL? spaces like the Hardy-Littlewood maximal operator or the Hilbert transform.
For the complete theory, see the book of Stein (1993).

Let us introduce one of the most interesting property related to this theory.

Lemma 2.1. Let 1 < p < co. If w satisfies the A, condition then there exists a constant C' > 0 such
that for any subintervals S C B C [0, 1] we have:

5]

W(B)(E)p < Cw(S)

Proof of Lemma 2.1. Tt suffices to apply (3) with the function h = 1g and the interval I = B. O

2.2 Warped wavelet bases and Muckenhoupt weights

In this subsection we introduce the warped wavelet bases which can be viewed as a generalization of the
regular wavelet bases. Then we state some important results that will be useful throughout the paper.

Definition 2.2 (Warped wavelet bases). Let N be an integer of the form 2% — 1 where u belongs to
{1,2,3,4}. We denote by

= {¢T,k(T())7 ke AT; ’ij,k(T())7 Jj=T, ke Aj}7 Aj = {07 "'72j - 1}7
the warped wavelet basis adapted on the interval [0,1] constructed on

e 1) the wavelet associated with a multiresolution analysis on the line V; = {¢; 1, k € Z} such that
Supp(¢) = Supp(y)) = [-N,N +1] and [(t)t'dt =0 for | =0,..., N — 1. Let us recall that on the
unit interval there exists an integer T such that one can built at beach level j > T a wavelet system
;1 where:

k—N kE+N+1

(@) = 286(2a k), k= NN 41,2 = N =1, Sjp = Supp(tjs) = [~ —;

]

and we add N functions on the neighborhood of O support on an interval of the form [0,C277] and
N functions on the neighborhood of 1 support on an interval of the form [1 — C277 1] where C > 0
denotes a constant.

e a known function T : [0,1] — [0, 1] which is bijective and differentiable.

We associate to this function the weight w(.) = where T denotes the derivative of T. Remark

1
- ) T(T1(.))
that for any measurable positive function z, w satisfies:

/0 () /0 (o)), (@)

See Meyer (1990) and Daubechies (1992) for wavelet bases on the real line. See Cohen, Daubechies,
Jawerth and Vial (1992) for further details on wavelet bases on the interval. The warped wavelet basis
¢T was introduced by Picard and Kerkyacharian (2004).

The following lemmas show that if w defined in (4) verifies a condition of Muckenhoupt type then
¢T behaves quite similarly to a regular wavelet basis.

Lemma 2.2 (Decomposition on 7). Let 1 < p < co. If w verifies the A, condition then, for any
v > 17, a function f of LP([0,1]) can be decomposed on &7 as

S > Alia(T(@),

J>v—1keA;

whereﬂ k_fo £)Yjx(t )dthT]>Va"d5u 1k—o‘uk—fo £)) @k (t)dt
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Lemma 2.3. Under the same assumptions of Lemma 2.2 there exist two constant ¢ > 0 and C' > 0
depending only on ¥, ¢ and w such that for j > 7 we have:

ir ir
2% Y B Pwlin) < | Y BT < C2% Y |67,

keA; keA; keA;

Pw (L k)

and:

ip ip
2% Y ol W Pwlin) < 11D afwdie(TOIE < C27 Y ol y[Pw(l;x)
keA; keA; keA;

where I; ), = [£, 5] and w(I) = [, w(z)dz.

Proof of Lemmas 2.2 and 2.3. See Kerkyacharian and Picard (2004). O

These two lemmas will be in the heart of our minimax study. See Section 3 and Section 4.

2.3 Functional spaces

Let us define the Besov bodies constructed on ¢7 and weighted Besov spaces which play a determinant
role in the sequel.

Definition 2.3 (weighted Besov body). Under the same assumptions of Lemma 2.2, we say that a
function f of LP([0,1]) belongs to the Besov body bl (L) if and only if we have:

S,p,00

I/

i(s+L1 1
tpoo = sup (PCTD(YB] Pw(I;p))7) < L < oo,
jzr—1 keA;

Definition 2.4 (Weighted Besov spaces). For any measurable function f we set:
Arn(f)(@) = f(T7HT(2) + h)) = f(2).
Recursively AQTh(f)(m) = Arn(Arn(f))(z) and identically, for N € N*,

N N-1 Y N k -1
AAA@) = ArnAF @ = X () VR ) + k).

k=0

We denote the associated N -th order modulus of smoothness as:

1

T = sw ([ AN
|h‘§t INR

where Jyp, = {x € [0,1] : T(x)+ Nh € [0,1]}. For s >0, 1 < p,q < 400, fix integer N > s. We say

that a function f of LP([0,1]) belongs to the weighted Besov spaces BL (L) if and only if:

S,p,T

. r :
(/ (pN(thp)) 1dt) <L<c.
O tS t

These spaces can be viewed as a generalization of the usual Besov spaces. The main interest of
such spaces lies in the fact that they can model important forms of spacial inhomogeneity.

Lemma 2.4. Under the assumptions of Lemma 2.2, for s > 0, 7 > p and r > 0 we have the embedding
BT (L) cbl (L).

S,mT,T S,p,00

Proof of Lemma 2.4. See Kerkyacharian and Picard (2004) O

Notations 2.1. If T = I;, we simply denote T = &, oijJC = Qjk, ﬁjTJc = Bk, bST’p’OO(L) = bs p.oo(L)
and BL (L) = Bs,(L).

S,p,T

Remark 2.1. In the sequel, the constants C, C', C”, ¢, ¢/, ¢’ represent any constants we shall need,
and can different from one line to one other.
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3 Minimax study over the usual Besov spaces

Let us state the main result of this section:

Theorem 3.1. Let 2 < p < co. If v and L belongs to LP([0,1]) then for s > 0 we have the following
minimax result:

inf sup  Eg(|f - ) =0
I f€bsp,oo(L)

where
sp

T 1t2s
The sequel is devoted to the proof of this theorem.

3.1 Proof of Theorem 3.1: Upper bound and Lower bound
This subsection is devoted to establishing the following upper bound.

3.1.1 TUpper bound

Here, we use the standard method which consists in representing the unknown function f on a regular
wavelet basis and studying the upper bound attained by the associated linear wavelet procedure.

Theorem 3.2. Let 2 < p < oo. Assume that v belongs to LP([0,1]). Let us consider ft the linear
estimator defined by:

1
fHx) = Z Qj(n)kPj(n) & (T), @j(n),kZ/o Gjny k()Y

k€A(n)

where j(n) verifies 27(") ~ n% . Then for s > 0 we have the following upper bound:

sup  E(|f' = fIp) < Cn.
fE€bs p,oo (L

Proof of Theorem 3.2. Expanding the function f on the basis £ with v = j(n) and considering Lemma
2.3, one gets :

IF = £E < CUf' = D amadimrOIE+1 D @ rdior() — FIB)

KEA(n) k€A ()
< Ol DD @amr — ) bimaOIE+1 D D Biwtbin(IE)
kGAj(n) j>j(n) k€A
; p_ ~ (L_ 1 1
< CEMETNT e — eyl + (Y 2@ (8PP
KEA, (n) 23(n) ke,

If f€bspoo(L), then:

Z 2j(7_5 Z |ﬁj klp % Z 9—Js — L2—j(n)sz2—js < Cc92—i(n)s.

jzj(n) kel jZj(n) j=0

Using these inequalities, we deduce:

sup  E(If' = fIB) < C@MED " B(|l6m)0 — @jmil?) +277M0). (5)
febep oo (L) kA

1
Pik = \//O v (1)9] (1) dt. (6)

Qj(n)k — Xji(n) b = \f/ £)P5(n) (1) AWs ~ pj(ny k€n With €, ~ N (O, ﬁ>

Let us consider p; ) defined as:

We have clearly

Let us now consider the following lemma:
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Lemma 3.1. If V,, ~ N(0, %) then for kK > 2/2p and n € N* there exists a constant C' > 0 only
depending on p such that:

o P(|V,| > 5/ < o5
o E(|V,|P) < Cn~5.
The proof is given in the Appendix.

Using the second point of the previous lemma, the Holder inequality with the measure dv = (b?(n) R()dt
and the fact that there exists a constant C' > 0 such that ZkeAj qﬁ?(n) L(H) < €270 for all t € [0,1]
(since ¢and 1 are compactly supported), one gets:

1
S Easmk - agonsl”) € CnE S g < Onh / () S Fatidt (7)

keAj(n) kEAj(n) keAj(n)
C'n=22i™M|y||p = ¢~ E 23, (8)

IN

Putting this inequality into (5) and taking in account that 27(") ~ nﬁ, one gets:

sup  E(|f'— flI7) < C"F nE 4279y < o'y,
f€bs p,oo(L)
This completes the proof of Theorem 3.2. O

3.1.2 Lower Bound

This subsection is devoted to establishing the following lower bound.

Theorem 3.3. Under the assumptions of Theorem 3.1, there exists a positive constant ¢ > 0 such that
for s > 0: R

inf sup  E(|f — f2) = en.

f f€bsp,oo(L)

The proof of this Theorem rests on the Assouad’s lemma.

Proof of Theorem 3.3. In the sequel, j denotes an integer to be chosen below and ¢ denotes a sequence

such that € = (ex)rer,; € {—1,+1}2<13+1> with R; ={@N+1)|-N-1;1=1,2,.., 2(]\2,7;1)} This set
have been chosen in such a way that S; i (see Definition 2.2) verifies S;, N S; = 0 for k, k' € R; with
k # k" and Uger,Sjr = [0, %} C [0,1]. Let us set:

9:(x) =75 Y njpertik(@) (9)

kER;

Nk = \//O v%(t) 2 (t)dt. (10)

In the sequel, we denote G the set of all such g.. Let us now consider the following proposition:

where 7; 1 is defined by:

Proposition 3.1. Let 2 < p < co. If we assume that v and % belongs to ILP then there exist two constant
C >0 and ¢ > 0 such that:

@<y up<CY.
kER;

The proof is given in the Appendix.
Using the definition of b , (L), Proposition 3.1 and the fact than |¢;| < 1, one gets:

o o i o
”95”;1)700 < 'Yj?j(SJrz)( Z 771‘,1132 ) < C”’Yj2j(5+2).
keER;

Thus, for j large, only the following constraint on ; is necessary to guarantee that g. € bi’p,oo(L):

vy < LCT2790648) i > 1

Let us now consider the following lemma.
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Lemma 3.2. Here and later, we denote Py(= ]P”J}) the law of the process defined in (1) and E;(= E%)

J
the associated expectation. Fore € {—1, —|—1}2(A2’+1> , put € = (€})icr,; such that €)= ;1 —€ili=p}-
If there exist A > 0 and py > 0 such that

Py, (An(gez,ge) > € ) > po, n €N

where we wrote:
d]PgE;z

/\n(gal’;7ge) = d]P)

then for any estimatorf there exists a constant ¢ > 0 depending only on ¢, ¥ and N such that :

mag, By, (If = g:|5) = ce™72% po.

Proof of Lemma 3.2. As the S;; are disjoint, for any positive sequence (J;x)rer; We have:

. ) h
m;:XEgs (If —gellp) > cm,d Z Z E,. (5]‘,1«1{]&_ . |f(x)—wjekn;_,§¢j,k(m)|pdz25;k})
keR eie{—1,4+1},i#k 7 '

o Anl0ep 9T )ty ety )zl ))-

For precise mathematical statements see the book of Hérdle, Picard, Kerkyacharian and Tsybakov (1998)
and the book of Tsybakov (2004). Now let us consider the sequence §;  defined as:

Sik =72 L ]l

The Minkowsky inequality yields:

([ 1@+ pmtas@rant + ([ 1f@ = yntodari

> ([ Punles@lPds? =26
gk
So :
LJs, , 1@ ms bevpsn@irdzor ) 2 L 7@ iy fenss o) lrde<a? )
Using the Markov inequality, we have:
min(Ege (/\n(geSnge))’ 1) > e_AP!Je (/\n(gf,t.)ge) 2 6_)\), VA > 0. (11)
Since Proposition 3.1 implies:
ip_ _
3ot =ar2E|pln Yk > b2 (12)
kER; kER;

and Card(G) = 2Card(e; € {—1,+1},i # k), we deduce:

mazg. By (|[f = gclp) =

-
_ - ——
Z > 8 e Py, (An(ger, 9e) > ) ZC’yfTQJ;pO.

keR e;€{—1,+1},i#k

card

O
Proposition 3.2. If we chose v; = n~% then there exist A > 0 and po > 0 such that:
Py, (An(gers ge) > e ) > po, Vee {-1,1}, neN".

The proof is given in Appendix.

1

Injecting the result of this proposition in Lemma 3.2 with v; = n72 ~ 9-i(s+3) (ie 2/ ~ nﬁ), one
gets:
1

-
inf  sup  E(|f— fIB) > eyt 2% py = ¢ (—=28)P > ' T
F f€bsp.o(L) 2

This ends the proof of Theorem 3.3. O

§
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Combining Theorem 3.2 and Theorem 3.3, we obtain Theorem 3.1.

Remark 3.1. Thanks to Proposition 2.4, we can extend the result of Theorem 3.1 to Bs (L) for
Tm>p,r>0ands>0.

Remark 3.2. If v is a positive constant then we obtain a traditional minimaz result.

The following subsection proposes to investigate the minimax rate over by p (L) under L? loss for
other assumptions on the variance function.

3.2 When v or : does not belong to LL” for p > 2
This part is center around the following question:

Question 3.1. Can we have the same minimaz rate than Theorem 3.1 over bs p oo (L) for any functions
v which does not satisfy the assumptions v and % belong to ILP forp > 2’ %

The answer is contained into the following theorem:

Theorem 3.4. Let 2 < p < cc. Let us consider the function v(t) =t~% for % <o <1. Then for s >0
we have the following minimazx result:

inf sup  Ep(|[f - fl5) =n®
I f€bs,p,oo(L)

where
Ssp

a=—>r

Proof of Theorem 3.4. Let us introduce the following lemma:

Lemma 3.3. Let p > 2. Let us consider n; i defined in (10) and p;  defined in (6) where the function
v is defined in Theorem 3.4. Then there exist two constant C' > 0 and ¢ > 0 such that:

CEE DI ED D TG EE (13
keR; kER;

The proof is given in the Appendix.

3.2.1 TUpper bound

Let us consider the linear estimator f! defined in (5) where v is function defined in Lemma 3.3 and where
1

2
2541
sHlto—2

j(n) is the integer such that 2/(") ~ n . Putting the inequality (13) into (7), one gets:

Sp

+ 279 (Mspy < 'y o2

p
2

sup  E(|[f' — fIB) < C(@IMWEHF) -
FEbe e (L)

3.2.2 Lower bound

Let us consider the function g, defined in (9) where v; = n~2 and v(t) = t~% with 2 <o <1 Using
the inequality (13), we have:

192300 < 0™ 2DCFD(Y 7 p2d)s < O a2l TR,
kERJ‘
1

So if we chose the integer j such that n=3 ~ 279(s+3T5-3) (i.e n*T*°"% ~ 27) then g, belongs to
bs p.oo(L). Injecting inequality (13) into (12) and using arguments similar to the proof of Theorem 3.3,
we justify the existence of a constant ¢ > 0 such that:

; P 193 H5-2)yp 5 o FEIE T

inf  sup  Ep(|f — f12) > c(n~ 223Dy > en 7.

[ f€bspoo(L)

This ends the proof of Theorem 3.4. O
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So we have prove that if the variance function v is not submit to the assumptions > v € LP(][0, 1])
and L € LP([0,1]) for p > 2, then the mininax rate over usual Besov bodies under L” can be slower than
n~% where o = $25-. In particular, Theorem 3.4 shows that this rate of convergence can truly depends
on the nature of v.

This arises a new question:

2

Question 3.2. Can we find functional spaces over which the minimax rate under the ILP risk stay ’stable
for a wide class of variance functions v?

The answer is developed in the following section.

4 Minimax study over weighted Besov spaces

This section is focused on the proof of the following Theorem.

Theorem 4.1. Let 2 < p < co. Assume that the functions v and 1 belongs to L*([0,1]) with ||1]]3 =
1, the primitive function G(t) = fot U%(y)dy is bijective and the function v*(G~(.)) satisfies the A,
condition. Then for s > 0 we have the following minimaz rate:

inf sup Ep(|f - flp) =n=*
I febg, (L)

where
Ssp

“ T 1 s

As we shall see in the following proof, the A, condition is truly at the heart of this result.

4.1 Proof of Theorem 4.1: Upper bound and Lower bound
4.1.1 Upper bound

Here we proceed as in Section 3 by taking in account that we work with the warped wavelet basis £¢.

Theorem 4.2. We follow the assumptions and the notations of Theorem /.1. Let us consider fl the
linear estimator defined by:

A ' 1
fiz) = Z &j(n) kP (n).k(G(2)), CAYJ'(n)JC:/O ¢j(”)’k<G(t))vT(t)dYt

k€A ;(n)
where j(n) verifies 27" ~ n=% . Then for s > 0 we have the following upper bound:

sup  E(||f' - f|B) < Cn@
febsc,pyoc(L)

Proof of Theorem 4.2. Since conditions of Lemma 2.2 are satisfied with T'= G and w = v*(G~1(.)), we
can expand f on the warped wavelet basis ¢& with v = j(n). Using Lemma, 2.3, the L? risk of f! can be
decomposed as follows:

IFf =1 < CUf = D ajmrdimr GONE+1 D ajmrbims(G)) = fIB)
k‘GAj("> keAj(n)
< Cll Y2 @itk = a5y )0ims GO+ D Y B GO)IE)
kGAj(n) Jj2j(n) kEA;
i()p ~ i 1
< CRTE Y 1&mk — O slP0ma) + (Y 250 1B IPw(Lin) 7))
KEAj(n) jzj(n) k€A

So iff € b¢ (L), then:

S,p,00

Do 25 1BGIPwIe)r S LY 2790 = L7y e < oI,

J=j(n) kel J=j(n) =0
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Therefore:

2 i(n)p R —ilm)s
sup B = fI5) CRTE" D7 Bk — i 4w ) +277007).
fevs, (L) .

Using the change of variable y = G~1(t), one gets :

1
s = 05 = 7= [ G5 (GO 5 Wi~ N0, ).
From the second point of Lemma 3.1 and the fact that ZkeAj(n) W(Lj(ny,k) = w([0,1]) < 0o, we obtain:
A i(n)p 1 ) 2@ )
sw  B(If 78 <MY ) +27900m) < O a0,

febs,p‘oo(L) k)EA]‘(n)

By definition of j(n), we deduce that:
sup  E(|f' - fII2) < C(n~ G 7o0m) 4T ) = On T,
FEbSH oo (L)

This completes the proof of Theorem 4.2. O

4.1.2 Lower Bound

This subsection is devoted to establishing the following lower bound.
Theorem 4.3. Under the assumptions of Theorem 3.1, there exists a constant ¢ > 0 such that for s > 0:

inf sup  E(|[f—f[5)>en "
forebs, (L)

The technique of the proof is similar to Section 3. As we shall see, the Muckenhoupt condition is
determinant to proof this theorem.

Proof of Theorem 4.3. In the sequel, j denotes an integer to be chosen below and ¢ denotes a sequence
such that € = (ex)rer,; € {—17—1—1}2(13“) with R ={2N+1)|-N—-1; 1 =1,2,..,, 2(1\2,711)} Since G

is increasing, for all k belongs to this set we have S = Supp(v;x(G(.)) = [GH(*5N), GTH (AL

which verifies 57, NS, = 0 for k # k" and Uyer, S = [0, %] C [0,1]. Let us consider
9:() =75 > exthin(G(x)).

kER;

Let us denote by G the set of all such g.. The definition of ¥ _ (L) and the fact that |¢;| < 1 give us:

8,p,00

. 1 1 (sl
191,00 < %27 CTH (7 lePw(Iin)) 7 <7272 w([0,1)).
kER;

Thus, for j large, only the following constraint on 7; is necessary to guarantee that g. € bgpm(L):

v < Lw([0,1]) "' +2),
Let us now consider the following lemma.

i
Lemma 4.1. Fore € {71,+1}2U§+1>, put €5 = (€)ier, such that €) = 121y — €ilyi—py. If there
exist A > 0 and py > 0 such that

Py, (An(ger,ge) > € ) > po, n €N

where we wrote:
d]P)gs;;

dPg,

/\n(gal*c 1 ge) =

and if w verifies the A, condition then for any est’imatorf there exists a constant c > 0 depending only
on w, ¢, Y and N such that :

mazg, B(|| f — gel|B) > ce™ 472 po.
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Proof of Lemma 4.1. As the Sjcfk are disjoint, for any positive sequence (0 )rer; we have:

max By, (|1f = gllf) > Car;(g)g: Eq. (IIf — g:]12) > _Card ZZ 0 / (2) — vjertsn(G(x))[Pdx)

keR €

\%

S D DD SRR A NE O ELRRINEITETS

card keR ei€{—1,+1},i#k 55,
+ An<g€;,ge> /S PG () + vyerths () Proa) der)
J.k
z Card Z Y. Eu (@l s, 1F(G 1@~ en g () Pw(@)dz 8 })

keR, eie{—1,+1},i#k

o Anlgep 905l \f(Gfl<m>>+wswj,k(m)\pw(m)d@éﬁﬁ'

For further details, see the book Hérdle, Picard, Kerkyacharian and Tsybakov (1998) and the book of
Tsybakov (2004). Let us consider the sequence §; ;, defined as:

8i =7 (2N 4+ 1) 7125 (w(S; 1) 7 |11

Using the Minkowsky inequality in L? -norm, one gets:

=

(/ F(G7 (@) + vyewthjn(@)Pwl@)de)s + (/ [F(G (@) — viertdyn(@)|Pw(x)de)
Sk Sk

‘d\'—‘

> o / ysextdy i () P()da)

3
Since w satisfies the A, condition, we have:

1

(a1 Jy,, oo (@) 2 2528 N + 17 (8303 [ = 83

=
o =

([ ovsn@Puds) = 5 (w(S;)

ik

Starting from these previous inequalities, we deduce:
1 flag—1 . ] P ) > 1 flg—1 e ) P )
{fsj)k [F(G= (@) tvjenths e () [Pw(z)de>6Y , } {fsj,k [F(G= (@) —vientji(z)[Pw(z)de <oy }

Using the inequality (11), the fact that 3, . oy = (2N+1)_p’y§’2j7pw([0, 22(%1%)])”1/)\\’1’ and Card(G) =
2Card(e; € {—1,+1},1 # k), one gets:

maxgsEga(”f - gEHZ) Z card Z Z 61?,]@6_)\]P)95 (/\n(QEZ?gE) Z e_k)

keR, ei€{—1,+1},i#k

T gk 2N +1 Po o= AaPoiE
> (2N +1)7Pe 22 w([0, m])”ﬂ’”ﬂo =ce ;272 po.
O
Proposition 4.1. If we choosing v; = n~z then there exist A > 0 and po such that:
Pge (/\TL(QEZLQE) > 6_)‘) > po, Ve, ne€ N*.
The proof is given in the Appendix.
. . 1
Thus, by taking v; = n=% ~ 2-d(s+3) (i.e 27 ~ nT+2), Lemma 4.1 gives us:
; ¢ P, Aol o [
inf  sup  Ef(|f = fl}) = erfe 22 pg = /(—=22)" > 'n” T
forevg, (L)
O

Finally, by combining Theorem 4.2 and Theorem 4.3 we deduce the minimax bound of Theorem
4.1.
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Remark 4.1. Thanks to the Proposition 2.4, we can extend the minimaz result of Theorem 4.1 over
BSGJ’T(L) form>p,r>0ands>0.
Remark 4.2. If v is a positive constant then we obtain a traditional minimaz result.

The following lemma proposes another alternative of the assumption "v*(G~!(.)) verifies the A,
condition’.

Lemma 4.2 (About the Muckenhoupt property of Theorem 4.1). Let p > 1 and q such that

% + % =1. v*(G7Y(.)) verifies the A, condition if and only if there exists a constant C > 0 such that:

1 1 1 1 1
7 | iy’ < U ), 2™

for any subintervals I of [0, 1].
Proof of Lemma 4.2. See Kerkyacharian and Picard (2004). O
In order to illustrate our statistical results, consider some applications.

Example 4.1. Let us observe the model defined in (1) with v the function defined in Lemma 8.3 up to the
constant (o + 1). It is clear that v and 1 belongs to L2([0,1]). Moreover G(z) = z° ™!, G(z) = el

w(z) = ¢2(G1(x)) = 2757 with —557 €l = L,0[ for 1 > o > 0 so the function w satisfies the A,

condition. Thus all conditions are satisfied to apply Theorem 4.1. For p > 2 and s > 0, the following
table summurizes our results:

Model Space A Hypothesis || inf psup e 4 E(|lf — fI)
B;,p,oo(L) 0<o< % =n"% a= b5

dY, = f(t)dt +n=2t=5dW, | Bl, (L) | 2<o<1 | <n? B= szﬁ
BY, (L) | 0<o<1l | xn™® a= Tios

Example 4.2 (Other interesting function). We can apply Theorem 4.1 with functions more ’com-
plicated’ such as v(t) = (In(2)) "+t (1+1)2(In(1+¢))~ % for % <o <1 orelse, v(t) = 2(1 —tz”)%tl%ﬁ
with % + 1 < 0 < 2. Remark that this last function is not bounded from above and below and does not
belong to LP([0,1]) for p > 2.

In the sequel, we propose to investigate the performance of an adaptative procedure constructed
on £ over BS,_ (L) when 7 > p, r > 0 and s > 0.

s,m,T

5 Hard thresholding procedure and warped wavelet bases

Among other things, we showed in the previous part that linear procedure (14) are optimal over weighted
Besov spaces. This procedure is not adaptative, i.e achieve substantially slower rate of convergence if
the smoothness of the function that we wish to estimate is misspecified. In recent years, a variety of
adaptive procedures have been proposed. Among them, let us quote the wavelet thresholding methods
introduced by Donoho and Johnstone which enjoy excellent statistical results in various risks (see Donoho
and Johnstone (1995) and Johnstone (1998)). The following section focused on the performance of a
hard thresholding procedure constructed on £ over weighted Besov spaces.
Let us state the main results of this section:

Theorem 5.1. Assume that assumptions of Theorem 4.1 holds. Let us consider the following hard
thresholding estimator:

1
_ R N 1
= el k(G(x)), ik = ik(G(t)—5—~dYs,
Fo)= 3 Boad g, (Gl i | st ay
where A2 = {(j, k);j < ja(n), k € A;} with ja(n) is the integer verifying
2]2(71) < n < 2j2(n)+1' (14)

In(n)
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Then for k > 0 a large enough constant and s > 0, we have the following upper bound:

fetS, (L) > E(f - fI5) <C (ln(m)a

n

where
sp

1+2s

o =

Proof of Theorem 5.1. Our strategy is the following : we exhibit the maxiset of the procedure f and we
show that bfp oo (L) is included into it. To isolate such a space, we must verify five assumptions. Two
on them concern the geometrical properties of €T, one concerns a weight inequality and finally, two of
them concern estimator (3; . The proof rests on the article of Picard and Kerkyacharian (2000). For
further details on the maxiset theory see Cohen, Picard and Kerkyacharian (2000) and Autin (2004).

The geometrical properties of the basis are a consequence of the following lemma;:
Lemma 5.1. Under the assumptions of Theorem 4.1, the basis £€¢

o satisfies the Temlyakov property i.e there exist two positive constants ¢ and C such that for any
finite set of integer F C NU {7 — 1} x A; we have:

e 3 @O < [ (X WGP it < 3 @Ol

j,keF j,keEF j.keEF

e is unconditional for the LP norm i.e there exists an absolute constant C such that if |u; k| < |v; k]
for all (j,k) e NU{T — 1} x A;, then:

SN it GOIE <Ol Y DT viain(GO)E-

j>T—1kEA; Jj>T—1kEA;

Proof of Lemma 5.1. The first point was shown by Garcia-Martell (1999) and the second point was
shown by Picard and Kerkyacharian (2003). O

Proposition 2.3 and definition of ja(n) (see (14)) yield:

n). » In(n),» ir , In(n) p_dae
e S hesalcly < oI5 S 9% < oM rpne < o
keAZ j<j2(n)

Thus, the weight condition holds.
Since In(n) > 1 for n > 3, Lemma 3.1 yields:

B(IB — B > 51/200) < o(eyp,

o E(|3j% — BS,7) < ("™,

We deduce that the statistical conditions are satisfied.
Combining all these results, we can apply the maxiset theorem : For any 1 < p < 00, 0 < 7 < 1 and
k a large enough constant, there exists a positive constant C such that the following equivalence holds:

~ 11'1 op
B(17 - f15) < 02 e mips.G)
where we have set:
M(p,7,G) =
{f; supu LYY Lis6, > up 95k (GOIE < 00} {f; S 2% f- SN B x(GO))E < oo}

j>T—1keEA; j>l kel
We conclude by the following lemma:

Lemma 5.2. For s > 0 we have the following embedding:

G 2s
bspoo( )CM(paQ _|_1G)
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The proof is given in Appendix.
O

Remark 5.1. Using Proposition 2.4, this result can be extended to the weighted Besov spaces BSmT(L)
with m > p, r >0 and s > 0.

Finally, we have proved that hard thresholding procedure defined in (14) achieves the minimax rate

of convergence up to a logarithmic factor over the weighted Besov space ngvoo(L).

6 Extension of the results to other statistical model

This section introduces two statistical models using linear operators over which we can reproduce the
same study than previously.

6.1 Simple model extension

Consider the Gaussian white noise model in which we observe Gaussian processes Yt(l) governed by the
stochastic equation:

1
—dW,, eN*, tel0,1],
\/’ﬁ t n [ ]
where v is a function submits to the assumptions of Theorem 4.1, H, denotes the operator defined by
H,(f)() = % and W; is a standard Brownian motion on [0, 1]. The function f is an unknown function
of interest.
By remarking that dY;(l) = ﬁdY}/ where dY; is defined in (1) we can establish results similar to those
obtained in Theorem 4.1 and Theorem 5.1.

ay,\" = H,(f)(t)dt +

6.2 Warped Gaussian noise model

Consider the Gaussian white noise model in which we observe Gaussian processes Yt( )

stochastic equation:

governed by the

1
—dW, N*, tel0,1
\/ﬁ ty nec ) S [ 9 ]7
where G is a known differentiable and bijective function with G’ = g, K¢ denotes the warped operator
defined by K¢ (f)(.) = f(G1(.)) and W; is a standard Brownian motion on [0, 1]. The function f is an
unknown function of interest.

dy? = K (f)(t)dt +

If we suppose that g belongs to L'([0,1]) with ||g][; = 1 and m satisfies the A, condition

then we can show results similar to those obtained in Theorem 4.1 and Theorem 5.1 by using the warped
wavelet basis € and by condering ﬂj@k) = fol wj,k(t)dYt(z) instead of 3; .

Remark 6.1. Such a function g is not necessarily bounded above or below. For instance, let us consider

1
g(x) = gaxo‘_l cos(%xo‘), ’ <a<l, x€]0,1]

7 Appendix

This section contains proofs of Lemma 3.1, Proposition 3.2, Lemma 3.3, Proposition 4.1 and Lemma 5.2.
Proof of Lemma 38.1. It is well known that if N ~ A (0, 02) then we have the concentration inequality
P(|N| > x) < 2exp(— £z ). Therefore, for £ > 2v/2p and n > 3, we have:

202

P ('Vn| > g hl(’l’L)) < 2exp(_w

K2
)=2n"§ <2n7P
n

Moreover, it is well known that if N ~ A(0,0?%) then E(|N|??) = Ko?? where K = \2/—; 0+Oo aP" e g,

We deduce the existence of a constant C' > 0 which satisfies E(|V,,|?) < Cn~%. O
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Proof of Proposition 3.1. Upper bound: Using Cauchy -Schwartz inequality and Holder inequality with
the measure dv = 92, (t)dt, one gets:

1 1 1
1= ( / U2 ()t < ( / P2 () o, < / P02 ()t

Since ¢ and v are compactly supported functions, there is a constant C' > 0 satisfying ZkeAj 1/’]2k(t) <
C?27 for all ¢ in [0, 1]. Then,

S < Z/ P92 dt</ () S 92 (0t < C2ollp = €2,
kER; kER; keA;

Lower bound: Cauchy-Schwartz inequality yields:

VAN +1)72 = (Card(R;) = (Y m iz ) < 2 mk D e

kGR k‘ERj kERj
Proceeding as previously, the fact that l belongs to L? implies:

Z 777,k =

kER; kGA

i (t)dt < 2JC’II [

We deduce the existence of a constant ¢ > 0 such that ¢2/ < ZkeRj nj_’,f. This completes the proof of
Lemma 3.1. O

Proof of Proposition 3.2. Following Girsanov’s theorem, one gets:
1 ( . _ 1 2* t) — 2 t

9e; (1) — g(1)) n (g () —gz(t))

An(Gex s ge) = —k =2 dY; — = —k  ——dt).

(91, 9e) = exp (n /0 v2(1) £ /O 0] :

Under P,_, we have :

1 * — n 1 g* £ — gt
An(9e9¢) = exp(n/0 90 UQ!E)( Vo) dt+f/ gskge())dwt—Q/o (gk(v)z(t)g())dt)

. _n ! (QEZ(t) ( gek ge( ))
= exp( 2/0 —v() dt—!—f/ —th).

Since ge: () — ge(t) = —QU;;i’ijkl/Jj,k(tL by choosing v; =n 2 we obtain:

— L d () bt
- k - k
/\n(gs;;vge) exp( 277”3/ ]2 gt — 2%%; / Z;(t())

= exp(— / w]k dWy).
Since 277]ka ! w:}(’“t()t dW; ~ N(0,4), this entail the existence of A > 0 and py > 0 such that
Py, (An(ge;, 9e) > € ) > po- O
Proof of Lemma 8.3. Upper bound: Let v? fs t)dt. Since v? verifies the A, condition,

Lemma 2.1 implies the existence of a constant C >0 such that v%(Sj %) < Cv%(1; ). Using the following
elementary inequality
(14+2)*—-1<azforzel0,1], 0<a<l

and the fact that >, -, k=P < oo for 3> 1, one gets:

1
Z(/ o2 mdnE < A2 YT (0(S))E <02 Y (0¥ (L)E
keRr; V0 kER, kER,
- 7 Jp J( 1)17 —o+1)2 1 —o+1 _ 1\2
= C'(—o+1)7! >k +2) 1)
kER,;
< 02 Y kT <o

kER;
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The Cauchy -Schwartz inequality gives us:

_ v(t) P '
1= ([ uanay = ([ O uomaar < ([ outaomnts,

Sk Z/ 2 (Ddt)E < 025
ER;

kER;

Lower bound: Since —1 < —o < f% < 0, v? verifies the Az condition (see Example 2.1). Using the

Muckenhoupt inequality (3) with the weight v?, one gets:

1

4 1 i i
RCTTINY 2(6)2 ,(t)dt)F > / R(B)dt = c(2N — 1)712% |||, = 23
50 /s]k“(wwk” 2 e [ WaaOldt = c@N — )72l = c

2N+1
Since v? is decreasing, we have SUPjeR, v2(S;k) = [o ¥ t77dt =c27("D. We deduce:

> ( / V(O (0)d)F > 2% 3T (02(8;0))F 2 2% (sup v2(S;))F = 2FpIE = '
keR; 7 Sik kER; keR;
Using the compacity of 1, ¢ and the A, condition with the function h = v=2, one gets:

1

07 / VP2 ()d)E < [ly|2(27 / V(B> (2 /gj,ma)d”

S se T ([ Aot s

kER; kER;

ks

<C

SO:

Proof of Proposition 4.1. Following Girsanov’s theorem, we have:

b (g2 () — ge(t) n (192 (t) = g2(t))
An(9ez, ge) = exp (n/o %d}’t — 5/0 UQ—(t)dt)'

Under P, we have :

"o n 1 (g% (t) — g2(t
Au(9es9e) = exp (n/o (96,0 v;ét)( Jge(®) dt+\f/ —ge())th - 5/O W
= exp(— 2/0 Wdt+f/ gek—ge())dwt)'

1

Since gex (t) — ge(t) = —27v;€x%;,k(G(t)), in choosing v; =n~2 we obtain:

exp(—2/0 vi ( dt—Qk/ ‘/’J’“ th)

= exp(—2 — 2¢ / dj]k ))th)

An (gs,*; » ge)

Since —2e¢ fl Mth ~ N(0,4), this entail the existence of A > 0 and py > 0 such that

(t)
Py (An(Gez, ge) > e ) > po.

Proof of Lemma 5.2. For the following embedding

bipeo(D) C A s UpuT® D 6, 1oy [5G < o0}

j.keA

dt)
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see Picard and Kerkyacharian (2004).
Assume that f belongs to b5, (L) for all s > 0. Using Lemma 2.3, for any [ > 7 — 1 one gets:

s,p,00
_ls s
1Y B G2 < DD B k(G277
J>l ke, =1 rea,
i 1 s
< 0222( Z |85 Pw(I; 1)) P 2755
izl keA;
< oLy orE it <oy 2t < o,
izl 3>l
So: .
el D) €17 sup2 5 = 37 3 S0iu( GO < oo
>0 =1 ke,
This completes the proof of Lemma 5.2. 0
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