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Twin universe model and negative energy particles

| - Matter, antimatter and geometry
Il — The twin universemodel : a solution to the problem of negative energy particles
11 — Thetwin universe model, plus electric charges and matter-antimatter symmetry
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Retired
Laboratoire d’ Astrophysique de Marseille
Observatoire de Marseille
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Marseille 13
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Abstract : We introduce a new dynamical group whose coadjoint action on its momentum
space takes account of matter-antimatter symmetry on pure geometrical grounds. According
to this description the energy and the spin are unchanged under matter-antimatter symmetry.
Werecall that the antichron components of the Poincaré group, ruling relativistic motions of a
mass-point particle, generate negative energy particles. The model with two twin universes,
inspired by Sakharov’s one, solves the stability issue. Positive and negative energy particles
motions hold in two distinct folds. The model is extended to charged particles. As aresult, the
matter-antimatter duality holds in both universes.

|- Matter, antimatter and geometry

.1 Introduction.

In 1970 [1] the French mathematician Jean-Marie Souriau introduced the concept of coadjoint
action of a group on its momentum space (or ‘moment map’), based on the orbit method
works [2]. This makes possible to define physical observables like energy, momentum, spin
as pure geometrical objects. In the following we will show how antimatter can arise on pure
geometrical grounds, from dynamical groups theory.

Let us begin to recall the Souriau’s method, applied to the relativistic motion of a neutral mass
point.

Let us start from the Gramm matrix, linked to the Minkowski space:

&1 0 0 Ou

é u
€0 0 -1 ou
e u
a0 0 0 +1
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Introduce the four dimensional motion space-time :
exu
é u
x =&l
ézu
g u
a
The Minkowski’s metric is:
'dx Gdx =dt? - dx* - dy® - dz?
Write the matrix representation of the Poincaré group acting on the space-time :

g & cu
P& 1y

where L isalLorentz matrix and C a space-time translation vector.

Write the element of the Lie algebra of the group, its “tangent vector” :

édL dCu

dg, =a ’
P g0 oy

Following Souriau, the differentiation is performed at the vicinity of the neutral element of
the group (L=1 and C=0).
WewritedC =g and dL = G w wherew is an antisymmetric matrix (see Annex A).
The adjoint action acting on the Lie algebra :
Ag:dgp°{w ,g} 2> :dgy'°{wW,g'}
defined by :
dg'=g, " dg,” gs"
is mapped by (see Annex A) :

w=Lrwlt
g=-LGwL'C+Lg

An element go of the Poincaré group G, is defined by 10 parameters { p; }. This number
corresponds to the dimension of the group. We can write the mapping :

Agp:{dp}>{dp’}

The « coadjoint » action of the group on its momentum space is defined, after Souriau, as the
dual of the precedent mapping.
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Introduce the scalar :

S:é J. dp, :é J,'dp," = congtant

i=1 i=1

whose invariance ensures the duality relationship. The momentum is a set of 10 parameters.
Their number isidentical to the dimension of the group.

\13:{E;pX;p}/lp21lejy1jZ!|Xl|y1|Z}

The first four form the four-vector P (energy-momentum) :

Souriau groups the last six in order to build an antisymmetric (4,4) matrix M in the following
form.

o
1

—  —h
x

.

<
I
o
1
—
<
oc

WD O D D D

Thus the moment writes as :
J={M,p,E}={Mm, P}
The invariance of the scalar product gives the relations (see annex A) :

M' =(LM'L)+ (CP'L)- (LP'C)
P=LP

which define the coadjoint action of the Poincaré group on its momentum space.
CoAg,:J° {M,P}> J°{ M',P}
Following Souriau, we can write the 10 elements of the momentum as :

eM - Pu

J. =g :
PEP 0

and the coadjoint action acts as :

F =0 k'
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Souriau introduces the following vectors | and f , respectively the spin vector and the
‘passage’:

éf,u
_es u
f=af,q

efzf

X

y

I
M M@ O

(w0 N3 enly ey ey

z

The dimension of the spin vector isM L2 T 1

An ad hoc change of co-ordinates makes possible to reduce the M matrix to a single term |
and the 3-momentum vector to a single component p. Then,

¢0 -1 0 0 Oy
é a
gl 0000y
Jpzeoooo-p@
0 0 0 0 -EY
é a
g0 0 p E 04

Using the geometric quantization method [3][4], Souriau showed that the spin should be
guantified. This work gives a geometrical understanding of the spin as a pure geometrical

quantity.

.2 The geometrical nature of the electric charge.
Back again to Souriau ( [1] and [5] ), who adds afifth dimension z to space-time x :

éxu eu
IR
x=gu P XTev
& ezu
du &l

Souriau builds the following non-trivial extension of the Poincaré group.

6 0 fu @y ez+f y

u- u_ u
O L Gy exgmex Oy
€0 0 1¢ ey & 1 H©

The element of the Lie Algebra can be written as

O 0 dy
dngo Gw gg
@0 0 04

w being an antisymmetric matrix.
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The adjoint action of this group, acting on the Lie algebrais defined by :

A dpe{df ,w,g}®dp* {df',w,g}
with

dp'=p " dp’p

The extension of the Poincaré group is a 11 dimensions group, whence the new momentum
owns an extrascalar q :

J:{q’E,px,py’pz’jX1jy:jZa|x1|y,|z}:{q’JP}

The coadjoint action, acting on momentum space, dual of the adjoint action acting on the Lie
algebra, is mapped as (see Annex B):

P’
M=LM'L +(C'P'L-LP'C)

The charge q is conserved. In addition we refind the relations of the Poincaré momentum
coadjoint action.

The charge q can be identified as the electric charge, considered as a new geometrical
guantity.

The spin features are unchanged.

As shown by J.M.Souriau [1] when the additional dimension z is defined modulo 2 the
charge g is quantified.

.3 Antimatter and geometry.
Introduce now the eight connected components matrix group.
@ 0 nfy é&u énz +nf
& u- g u_é a : —
go L Cl:J g>(ljj—(§Lx+Cl;I with n==x1
€@ 0 1lgpelg e 1 ¢
Why eight ? Because Poincaré's group is a four connected component one, as the Lorentz
group. The inverse matrix is:

@ 0 -nf

-1 -1~ U
gt)L -Licy

A,

0 0 1 d

Here again, write the element of the Lie agebra :
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0 n
Gw
0

f
dp=

('8) D>, )(8
o Q o
[e o XN ey ey end

The coadjoint action of this new group is the dua of the mapping :

A {df ,w,g}® {df',w,g}
with

dp'=p dp’  p™
Weget:

df’ =ndf

w ="Ltw Lt
g=-LGwL'C+Lg

Like in the precedent section the momentum owns eleven components, including the electric
chargeq:

J={q,M,p,E}

Here again we use the following scalar, to build the dual mapping.

S=mf+%ﬁ(Mvﬂ+‘PGg
using the same techniques, we get :

q=nq
P=LP
M=LM'L + (C'"P'L-LP'C)

14 Conclusion:

After Souriau [5], antimatter corresponds to the inversion of a fifth dimension.
We have shown that it could be linked to the following dynamical group :

@ 0 nfy é&u énz+nf

2 u. é u_ée u : _
go L Cl:J %@“@LX'FC@ with n=+1
@ 0 1y gl € 1 4

The associated momentum is still 3= { q, » }, where q is the electric charge and J, the
momentum associated to the Poincaré group:

eM - Pu

Jp =& ,
PEP 04

with
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<
1
O
<
1
x QO -
1
— —h
N x
(oY e

WD O D D D
—r — N
1
-
1
—_ o
—
(o NaN e

x
<
N

But, in this new dynamical group, when n = - 1 the element reverses the fifth dimension and
the electric charge.
aq® -q
z® -z

which corresponds to C-symmetry (charge conjugation) of a couple matter-antimatter. The
spin features are unchanged. Antimatter becomes geometrized.

Given aparticle with
» electric chargeq
» agiven energy E, assumed to be positive
» 3-momentum p

» spins
&1 0 Oy
Using the C-symmetry matrix : go 1 03
g0 0 1§

and referring to the momentum laws from the coadjoint action mapping, we get an antiparticle
which owns

» areversed electric charge—q

» the same energy E

» the same 3-momentum

» unchanged spin

Antimatter owns definitively a positive energy.

Last remark : Additional extensions of the group can be performed as follows .

gn »x 0 0 nf,u &0

-

é ua é&°u
eO »xx n 0 nfng E:Zan
€0 »x 0 L CU exu
e u e u
g0 »x 0 O 1g élq

Each adds a new dimension and provides a new physical observable, which could be
identified to another quantum charge. This dynamic group generalizes the concept of charge
conjugation. Antimatter corresponds to the action of C-symmetry terms, corresponding to n =
-1
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&1 0 0 0 Oy
é v
é-.- . e en ...l:l
80 .. -1 0 0 0d
€0 .. 0 -1 0 o
e u
g0 .. 0 0 1 0g
€0 .. 0 0 0 1

The matter-antimatter symmetry goes with the inversion of quantum charges and additional
dimensions:

Qi®'Qi
z, ® -2z,
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Il - A geometric solution to the problem of negative energy particles

II.LL Negative energy particles.
Consider the Gramm matrix :

&1 0 0 Ou

é a
:éO -1 0 0y
€0 0 -1 od
e u
e0 0 0 +1j

The matrixes of the Lorentz group obey :
‘LGL=G

The following matrixes belong to the group :

él 0 0 Ou &1 0 0 Ou
& u é u
@ 0 1 0 €0 0 -1 04
D 00 1 €0 0 0 +1f
u e
el 0 0 Ou &1 0 0 Ou
é u é a
€ 0 1 O0u e0 0 -1 Ou
€ u € u
& 0 0 -1 g0 0 0 -1

The firg is the neutral element
The second reverses space, but not time

exu €& Xu
eu é .u
A &i=¢ Y
ezu e zu
eu e,
etu et u

The third reverses time, but not space

éxu éxu
éu é,u
i=e” ¢
ézu ézu
éu é .u
éta et
The last one reverses space and time

D> (D!
(e e

A
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N X
[en]eny an any any end
(p> (‘D)l D (‘P\
N < X
oo\.o\no\noNno

—

D:D D D D> (D
<
1
p—

D:D

Notice than the Gramm matrix G = As belongs to the group.

These matrixes each belong to one of the four connected components of the group. The first,
which contains the neutral element is called the neutral component and is a sub-group, called
Ln.

The set Lo, ={ L, , Ls}is made of matrixes which do not reverse time. Souriau cal it the
orthochron set, which is also a larger sub-group.

Let us introduce a Gramm matrix :

éa 0 0 O0u
% a o0 oY .

w==¢ u with a=+1 and b=%+1
€ 0 a 00
é U
g0 0 0 by

Noticethat :
W(-1,1)Ly=Ls
W(1,-1)Ln=L

W(-1,-1)Ln=Lg

The set of matrixes which reverse time does not form a sub-group. Souriau cals it the
antichron subset [1].

La={ Lt,Ls}
The genera matrix of the Lorentz groupis L=W(a,b )L,
Noticethat: L& =-Ln and Li=-Ls
More generaly : Lag=-L o
We can writethe whole group through: L=mL, withm=%1
In the beginning of this paper the coadjoint action of the Poincaré group (following)

g & cu
-y
on its momentum space was derived :

P=LP
M=LM'L +(C'"P'L -LP'C)
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With :
ep, U
é. u
p=éPra
€p, U
é_u
éEQ
Wecan write :
P=mL,P

From which we see that the antichron components (m = - 1, corresponding to motions with
reversed time’ ) reverse energy.

m=-1p E=-E

Particles are supposed to be peculiar movements of relativistic “mass points’. If these motions
are ruled by the complete Poincaré group, this one includes antichron, negative energy
motions known to be problematic in quantum field theory. As shown before, antimatter owns
positive energy. When a particle of matter and a particle of antimatter collide they annihilate
into photons. But what would happen if two particles + E and — E could collide? They would
completely annihilate resulting in a vacuum state (notice that this includes the case of
negative energy photons!). The problem is that nothing could also prevent the vacuum to
catastrophically decay into an infinity of possible states with zero energy resulting in a very
dangerous instability.

On the other hand, presently the behavior of the universe makes difficult to resist the idea that
some negative energy matter (so-called dark energy) could contribute and repel the matter,
creating the observed phenomena at large red shifts.

II.2 How to solve the problem.
Let us consider a new motion space composed by the two folds cover of a V4 manifold:

N
—h

et
& u
e*i efu
X=a¥go a g with f=#1
€20 el
e u
ety

We give the two folds the same Gramm matrix :
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&1 0 0 Ou

é G
_g0 -1 0 o
€0 0 -1 0d
e u
g0 0 0 1§

i.e. the same Minkowski metric :
ds? = 'dxGdx=- dx*- dy?- dz® + dt?

Call L, the orthochron sub-group of the Lorentz group. We know that the whole group
corresponds to :

L=mL, withm==x1
Cdl C lethe four-vector (space-time trandations) :
Dxi
a
- &Y
&2
€~. U
ébtg

C

Introduce the following new dynamical group :

gn 0 Ou efu ¢ mf u
é a- é u_é a
D M Cf eg=dmtx +C
0 0 1p e e 1 ¢
The inverse matrix is given by :
én 0 OU ém 0 0 U
€ u _¢€ 1 1~ U
eo ITLO Cl;l —eo rTLO -rTLOCu
g0 0 1 e O 1 g

Now, let us build the coadjoint action of the group on its momentum space.

Starting from the adjoint action of the group on the Lie Algebra :
g'dgmqf glzdgurh

with the following elements of the Lie Algebra:

é 0 Oug & 0 Oy

_é Uo & a
dg= go ndL, dCg° go Gw gj
& 0 0 é @ O Og
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where w being an antisymmetric matrix.

g, dg(g:l), g-l :dgl (9=1)

gives
€@ 0 Oyém O Oy & 0 Oy ém O 0 o
& G_é 0 é 0. é 1 1 AU
D Gw gg=g0 nm, Cy ® Gw gi 0 mi,' -nmi'Cj
@ 0O Ofg0 O 1 & 0 O g0 O 1§
é0 0 0 u
=0 nfLGwL' mLGwL'C+nrl,gyj
€& 0 0 é
with m? =1 thisis:
O 0 0y & 0 0 v
0 Gw gp=d LGwL' LGwL'C+mi,gy
@0 0 0y & 0 0 g

which leads to the following mapping :

w="'LwL !
g=-G'L;'wL'C+nlL,g

As for the Poincaré Group, to deal with duality, introducing the following invariant
scalar quantity:

s=% T, (MW)+tPGg:% T (M'w )+ 'P'Gg

gives the desired mapping for the coadjoint action of the group on the momentum space :

P =mL,P
M =LoM'L, + m(C'P'L, -LoP'C)

Weknow that P isthe energy-impulsion following four vector :

m=-1 (antichron elements) gives E' = -
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Let us start from a «normal » motion, where the particle goes forwards in time, from past to
future. A (m=-1 ) element, from the antichron set reverses both space ( P-symmetry ) and
time ( T-symmetry ) after :

en 0 Ou efa e mb u

u- u_ u
m, Cp &= gr.x +Cy
O 1g elg & 1 ¢

B

but the “fold index” f is changed into —f .

The (f =+1) fold is devoted to positive energy, orthochron movements.

The “twin fold” ( f = - 1) contains the negative energy particles, in reversed time. They
cannot collide. They cannot interchange electromagnetic energy for these two folds contain
their own null geodesic systems.

» Inthefirst fold, supposed to be ours, positive energy photons cruise forwards in time
» In the second fold, the twin one, negative energy photons cruise in reversed time.

This is an expression, though group theory, of the well-known Sakharov’theory [6]. In 1967
the Russian introduces his twin universe model, composed by two twin universes owing
reversed time arrows.

This action is identica to the coadjoint action of the (complete) Poincaré group on its
momentum space.

F={ M,p,E}={M,P}
The momentum owns ten components (the dimension of the group) :
‘13:{EipX!p}/lp21jX!jy!jZ!|X!|y1|Z}

Refering to J.M.Souriau and introducing his two vectors :

éf,u d,0
The «passage » : f =gfygandthe«spinvector»: Izgyﬂ
efzg g.6

The M matrix can be written as :

€0 -1, I, fa
" :glz 0 -l yb‘
&1, I, 0 U
ef -t -f 0f

A suitable change of co-ordinates makes possible to transform M into
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o

-1 0 0 Oy
oooog
0 0 -py
00 -EU

u
p E 0f

(]

o

I
(gCD>8> ('Dé('D>_('D> N
o © o

From which the spin s appears. See [1].

From above the spins of «antichron twin particles» are identical to the spin of their
orthochron sisters, from which our world is made of.

.3 Conclusion.

If the dynamic group of Poincaré rules the movement of mass-point particles, its antichron
elements describes reversed time motions. As shown by Souriau in 1970 [1] such motions
correspond to negative energy particles, for the T-symmetry reverses the energy E. On
another hand, today’s astronomical observations for large redshifts tend to include “dark
energy”, in order to explain the observed acceleration. A simple solution is to develop an idea
initially expressed by André Sakharov in 1967 [6]. The Russian suggested that two
interacting twin folds could compose the Universe. It is possible to include the Poincaré group
in this modd if one assumes that the negative energy motions hold in a twin fold, which has
been developed in this section |1 through a new dynamical group acting on a two folds space
time, two fold cover of a manifold V4.
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- The twin universe model, including matter-antimatter symmetry

.1 Introduction

Following Souriau (and Kauza) [5] the electrically charged particles move in a five
dimensional space(t,x,y, z, z), thelast one being close. Antimatter corresponds to :

z® -2z
which goes with electric charge inversion :
q® -q

In the part 1l of this paper we have built a dynamical group acting on a two-folds motions
space. Let us now add the matter-antimatter symmetry.

.2 A dynamical group associated to atwo-folds movement space, including
matter-antimatter symmetry.

Introduce the following non-trivial extension of the group with its corresponding action on its
momentum space, considered as the two-folds cover of aV5 manifold :

éfg gm 0 0 O u (i}fu § mf u
U é U u é U
gzu:éo nm 0 mnfu U:émnz+rmfu
§xu (EJO 0O m, CuU @xl] §rrL0x+Cl:J
é.u é u é.u é u
elg 0 0 O 14 elg é 1 i
withm=zxlandn =+1
The inverse matrix is:
én 0 0 0O u
s U
‘:9 nm 0 - nmf i
€ 0 m -mg'Cd
@ 0 0 1 8
The Lie algebraelement is :
@ 0 0 O u é& 0 O O u
s ua é U
@ 0 0 mdfu:§ 0O O mdfg
€ 0 mdL, dC U & 0 Gw g U
00 o0 0 g &0 0 0 g
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We form :

g’ dg(g:l), g_l :dgl (g=1)

Weget :
@0 0 0 0 u 6 0 0 0 v
00 0 nmdf'y 50 0 0 df i
@ 0Gw ¢ U & 0 L!GwL, mL'GwC +mi;'gl
@0 0 0 g3g&o o0 0 i
therefore,
df * = mn df

W = tLo-l w Lo-l
g = -mL,Gw Lo'C+mLog

The duality, defined by the scalar

S=qdf +%Tr (Mw)+'PGg
gives:

q=mngq
P=mLo,P
M =LoM'Ly + m(C 'P'Lo -Lo P 'C)

We see that afold change ( m=- 1) goes with a C-symmetry (antimatter).
Last remark : Additional extensions of the group can be performed as follows .

gn O 0 0 0 u éfu
& ua é, u
H m .. 0 0 rmflu &1
é. .. 0, é..0
€0 0 m 0 nmf U € U
é a é"a
a0 O 0 i, C g éxy
€0 0 0 0 1 H &4

Each add a new dimension and provide a new scalar, which could be identified to another
guantum charge. This dynamic group generalizes the concept of charge conjugation.

In our fold of the universe, antimatter corresponds to the action of C-symmetry terms :
with m=1land n=-1
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&1 0 0 0 Oy
é v
é... . e en -.-l'J
80 .. -1 0 0 0d
€0 .. 0 -1 0 o
e u
g0 .. 0 0 1 0g
€0 .. 0 0 0 1

In the twin universe, antimatter correspondsto m=-l1and n=+1

.3 Conclusion

In 1967 André Sakharov introduced the concept of twin universe model [6]. In this part 111
we have shown that the duality matter-antimatter ( n = - 1 and charge conjugation ) holds in

the twin universe.
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ANNEX A : CO-ACTION OF POINCARE GROUP

Matrices of the Poincaré group, write as
_& cu
7o 1
where C is a space-time trandation vector :
DXy
ua
-y
€D 24
é..u
éDtg

C

and L isaLorentz matrix defined axiomatically with the metric matrix G by :
'LGL=G (A-1)

We have the following simple formulas :

GG=1 (A-2)
LG=G 'L* (A-3)
'L'=GLG (A-4)

The inverse matrix is:

L 6 cu_éat -ric
e,

v
9, =&, .U a
" & 1lg g0 G

Write the element of the Lie agebra of the group, its “tangent vector” at the vicinity of the
neutral element :

édL dCu

dg, =& ’
" g0 o0y

Let us differentiate the equation (A-1)

'dL GL+'LGdL=0

IntroduceL =1and 'G=G
dL'G+GdL="(GdL)+GdL =0

Whence G dL isan antisymmetric matrix. We call it w .
From thiswe get :
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dL=Gw

Write :
dC=g

The adjoint action, Ag, , acting on the Lie algebrais:
Ag,(dg,)°dg, =g, " dg.” g,

dg. = GwW gu_é Cu, 6w gu, eL1 I_1C

»"€0 of & 1§ o of o

_eGwL" - LGwL'C+ Lgu
0 0 B

u
y
a

D: (D

We can write this mapping for Ag, :dg,°{w ,g} = dgy'°{w, g} :
Gw=LGwL"

Using (A-2) and (A-4), we get :

w=LtwlL? (A-5)
and

g=-LGwL'C+Lg (A-6)
or else

g=-GwC+Lg (A-7)

An element ge of the Poincaré group G, is defined by 10 scalars { pi }. This number
corresponds to the dimension of the group. We can write the mapping :

Agp:{dp}>{dp’}

The « coadjoint » action of the group on its momentum space is defined, after Souriau, as the
dual of the precedent mapping.

Introduce the scalar :

s=8 J. dp, =a J,'dp," = congtant

i=1 i=1

whose invariance ensures the duality relationship.

The momentum is a set of ten parameters. Their number is identical to the dimension of the
group.

Souriau groups six of them in order to form an antisymmetric (4,4) matrix M.

The last four form the four-vector P (impulsion-energy)
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ép, U
é. 0 ...

3=e%a= 2P
gpzﬂ éEu
éEq

Thus the moment iswritten as :
J={m, p.E}={M, P}
We can now write the scalar as :

:%Tr(MW)+tPGg

T, means « trace » which is the sum of the matrix diagonal €lements.
The invariance of the scalar S gives::

S=%Tr(MW)+tPGg= %Tr(M'vv‘)+ P'Gg
Using the precedent mapping relations (A-5) and (A-7) :
S:%Tr(M'W)#P'Gg':%Tr(M'tl_‘le'l)+tP'G(- Gw C+Lg)
=%Tr (M LtwL)- P Gew e+ PG LY
with GG =1, weget:
1

:%Tr (Mw)+PGg=2Tr (M L*wLt)- PwWC+'PGLg

Identifying the g (w' doesnot depend of g) :

‘PGg="'P'GLg
o)
‘PG=P'GL
»)
‘('PG)=GP="'("P'GL)="'(G L)P'=GL P’
o)
P'=(GL")'GP=LGGP =LP
Thus :

P=LP

We can recognize in this formula, the mass conservation :
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P20 P'GP' ='P'LGLP ='PGP° P2
Consider the remaining termsin (A-8) and using (A-9), we get :

1

%Tr(M w) =§Tr(M'W )- ‘P'W'C:%Tr(M'W )- P'LWC (A-10)

The second term of the second member of this equation is the produce of a line-matrix by a
column-matrix, which can be written as :

‘PLwC=Tr(wcC P L)

In the trace we can operate a circular permutation :
Tr(wc P L)=Tr(C P 'Lw)

(A-10) becomes :

%Tr(M w) ==Tr(M'w )-Tr (W'CtPtL):%Tr(M'W )-Tr (C'P'Lw)

N

Using (A-5) we get :

%Tr (Mw) == Tr(M" ‘L*wL? )-Tr (CP'L'L wL™)

I
N

%Tr(M w) :% Tr(L™ i w )- Tr(LAC'P w)

w isan antisymmetric matrix. We can identify the antysymmetric factor in front of w .

AsM and M’ are antisymmetric, we can see than L™ M’ 'L is antisymmetric too, so we only
need to anti- symmetrize the last factor.

antisym(L‘lctP)zé[L'lc‘P . t(L'lc‘P)]:%[ L'C'P - PC'LY
then we get :

M =(L*M L) - (LPCP) +(PCLY) (A-11)
This formulais related to the conservation of the global kinetic moment (spin + orbital).

Finally, we get the mapping of the coadjoint action of the group on its momentum space :

CoAgy:J° {M,P} > JOo{ M",P}
M'=(LM'L)+ (CP'L)- (LP'C)
P=LP

(A-12)
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Let us express the co-action CoA in such away that the action nature is explicit.
Let us get back to the Poincaré matrix :
_d
TE 1l
Itstransposed is :

. _¢éL ou
FTec 1f

Consider the following antisymmetric matrix

3 =M -Pu
" EP o0
Form :
b g Cu M -Pu sl 0
08 af e oof o o
We get :
9.3 'g _eLM'L+CP'L-LP'C - LPU
pvp P g tp L OH

Which can be identified to the matrix :

;M - P
" EP 04

Therefore, the co-adjoint action of the Poincaré group can be put in amatrix form :

F =0 F o

where it is how evident to see that thisis atrue action of the Poincaré group.
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ANNEX B : CO-ACTION OF EXTENDED POINCARE GROUP

Let us add afifth dimension z to space-time x.

éxul 223
ey &%
x=€U pb X =ayy
ezl eru
= ez(
&g & u
cu et

We can build the following non-trivial extension of the Poincaré group :
gL 0 fu &u éz+f
. e u_§ a
C X0~ éLX'*'Ca

g €8 6 1 #H

B TP
o
o\

Whose inverse matrix is:

gl O -f o
2 -1 -1 l:l
go L' -L'Cy
@ 0 1

The element of the Lie Algebraiis :

O 0 dfy
& 0
go dL dCy
@ 0 o4y

Here again, lets write :

GdL=w ad dC=g

w being an antisymmetric matrix.

Whence :
€ 0 du
dngo Gw gg
O 0 0§

As for the Poincaré group (cf Annex A), in order to build the coadjoint action, we write :
A dpe{df ,w,g}® dp” {df',w,g'}

with
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dp'=p " dp’p
ie. :
@ 0 dfué 0 fu & 0 dfg é 0 -f |
& 0_é 0 é & -1 1.0
goew g ;=8 LCUgOGW QOSOL -L'Cy
@0 O Og& 0 1g & O o0 &0 O 1 g
@ 0 df U
=go LGwL* -LGWI_'1C+LgH
O 0 0 :

This gives the following mapping :

df* = df
w ="tw Lt
=-LGwL'C+Lg

The non trivial extension of the Poincaré group is a 11 dimensiona group, whence the new
momentum owns an extra parameter q :

J={q,M,p,E}
J={d,E,p, Py, Pz ix dy Jz, k,ly, L} ={d,%k}

Introducing the scalar :
1 t
S=qdf +§Tr(MW)+ PGg
Using the same calculation techniques, we get :
1 t — A~ 1 1 ! tpo ]
qdf +ETr(Mw)+ PGg=qdf +ETr(M w )+ P'Gg

The identification term to term gives the coadjoint action mapping :

'=LM'L + (C'"P'L -LP'C)
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