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Abstract

In this paper, we are interested in some questions of Greven and
den Hollander [ff] about the rate function I} of quenched large devia-
tions for random walk in random environment. By studying the hitting
times of RWRE, we prove that in the recurrent case, limg_,q+ (I;})"(0) =
400, which gives an affirmative answer to a conjecture of Greven and
den Hollander [ff]. We also establish a comparison result between the
rate function of quenched large deviations for a diffusion in a drifted
Brownian potential, and the rate function for a drifted Brownian mo-
tion with the same speed.

KeEYy WORDS: Random walk in random environment, Large deviations.

AMS (2000) Classification: 60K37, 60F10, 60J60.

1 Introduction

1.1 Presentation of the model

We consider a collection of independent and identically distributed random
variables (w;);ez. A realization of these variables is called an environment.

*Laboratoire de Probabilités et Modeles Aléatoires, Université Paris VI, 4 Place Jussieu,
Case 188, F-75252 Paris Cedex 05, France. E-mail: devulder@ccr.jussieu.fr.



Given an environment w := (w;);ez, we consider the random walk (S,,)nen

defined by Sy = 0 and

P,(Spy1 =k|S, =1) = 1l—w; ifk=1i-—1,
0 otherwise.

The process (S, )nen is called a random walk in random environment, abbre-
viated RWRE. This model has many applications in physics, see for example
Hughes [{]. Let n denote the law of (w;);cz. We call P, the quenched law,
whereas P(.) := [ P,(.)n(dw) is the annealed law. For technical reasons, we
assume that there exists an g > 0 such that

neg <wp <1—¢g) =1 (1.1)
For i € Z, let p; = =%, Solomon [[I] proved that the RWRE (S, )nen is

P-a.s. recurrent if and Zonly if

/ (log po)r(dw) = 0. (1.2)

In order to avoid the degenerate case of simple random walk, we assume in
the following that
Var(log py) := o > 0. (1.3)

Sinai [[0] showed that in the recurrent case, the random environment consid-
erably slows down the walk. More precisely, he proved that if ([.9) and ([.3)
are satisfied, there exists a nondegenerate non—-Gaussian random variable b,

such that

S, c
=, 1.4
(log n)2 n—-+0oo o7 ( )

g

where —= denotes convergence in law under P.

It is moreover known (Solomon [[1]) that the RWRE (.S, ),en satisfies a
law of large numbers: there exists v €] — 1, 1[ such that lim, .., S,/n = v
P-a.s. In addition, v is strictly positive if and only if [ pon(dw) < 1.

The RWRE (5,,)nen satisfies furthermore a quenched large deviation prin-
ciple with deterministic convex rate function I (see Greven and den Hollan-
der [f]). This means there exists a nonnegative convex function I such that
n—a.s. for any measurable set A,

n—oo M zeAe

1
lim inf — log P, (é € A) > — inf I!(z),
n
: 1 Sh :
limsup—log P, | — € A) < —inf I!(z),
n—oo n n TEA
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where A° denotes the interior of A and A is the closure of A.
For more details on RWRE, we refer to Zeitouni [L3.

1.2 Results

In this paper, we are interested in some questions raised by Greven and den
Hollander about quenched large deviations for RWRE. First, we answer their
Open problem 2 (see [B], p. 1389; see also den Hollander [{] p. 80), and prove
that

Theorem 1.1 Under (1), (L.3) and (L.3), the rate function I}l for quenched
large deviations of the RWRE satisfies
Glir(r]lJr(Ig)”(@) = +00. (1.5)

This is what Greven and den Hollander conjectured. Observe that this re-
sult is coherent with the subdiffusive behaviour of Sinai’s walk ([.4)). We men-
tion that the corresponding problem for Brox-type diffusions (see Brox [I]),
for which the rate functions can be explicitly computed, has already been
solved by Taleb (see [12]).

In order to prove Theorem [[]], it is useful to study the hitting times of
(Sn)nen. Let us define, for a € Z,

7, = inf{n > 0,5, = a}.
We show the following estimate:

Proposition 1.2 For each o € R,

1 a+o(1)
E(r'e™™) = (—) : r— 0t
r

We are also interested in Open problem 3 of Greven and den Hollander
([B], p- 1389): they conjectured that in the case [ pon(dw) <1 (i.e., v > 0),
the quenched rate function I of the RWRE is smaller than the rate function
of the simple random walk on Z with the same speed v. That is, they
conjectured that Vo > v, [1(x) < I, (x), where I, is the rate function of a
usual nearest neighbour random walk with speed v.

Unfortunately, we have not been able to answer this question, but we
solve the corresponding problem for Brox—type diffusion (see Brox, [l]). For

k > 0, we define the random potential



where (W (z), x € R) is a standard two-sided Brownian motion. We consider
a diffusion X in the random potential Wy, which is defined as the solution
to the formal stochastic differential equation

{ dX () = dp(t) — gW'(X(1))dt,
X(0) =0,

where (3(t),t > 0) is a Brownian motion independent of W. More precisely,
X is a diffusion process whose conditional generator given Wy is

Lwe@ 9 (e 2.
2¢ ox ox )~

This diffusion can be considered as the continuous time analogue of RWRE
and share many properties with it. See for example Shi [[] for the relations
between these two processes. For instance, Kawazu and Tanaka [ff estab-
lished a law of large numbers for X. That is, lim; .. X;/t = v,, where

V., = ("‘_41)+ is > 0 if and only if k > 1. Moreover, Taleb [J] proved that
X satisfies quenched and annealed large deviation principles. Let J, denote
the rate function of quenched large deviations of X (see (5.4) below for more
details). We compare J,, with the function
1
TE () = 5 = ),

which is the rate function of large deviations of the drifted Brownian motion
(B; + vit, t € Ry). We prove

Theorem 1.3 If k > 1, then
Vo > vy, Jo(z) < JZ ().

Interestingly, we obtain as a by-product an inequality for the modified
Bessel functions which might be new:

Proposition 1.4 Let K, be the modified Bessel function of index v. We
have,

Vv >0, Yy >0, ”iw (\/y Fo2— )

1/+ (y)

The rest of the paper is organized as follows: in Section P we build envi-
ronments F, for which the hitting time of —1 by (S, )nen, denoted by 7_1,
will be large. We give an estimation of 7_; for w € E, in Section J.
Section ||, we prove Theorem [[.1 and Proposition [[.3. Finally, Section [ is
devoted to the proofs of Theorem [.3 and Proposition [4.
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2 Construction of the event E,

In this section we build a set of environments E,,, such that P(E,) is not “too
small” and that for w € E,, 7_1 is almost n (we prove this last assertion in
Section f).

Throughout Sections B and B, we fix an € > 0. The constants C;, 0 < i <
10, depend only on 7 and &, whereas 6 and § depend only on 7. The events
E,, Ein and Ej,, depend on 7 and ¢, but we omit to write €.

We give some notation in Subsection B.1. Subsection .7 is devoted to
the construction of E,. We give an estimation of P(E,) in Subsection P.3,
and study some of the properties of w € E,, in Subsection P.4.

2.1 Some notation

We define the potential V' as follows:

Definition 2.1 Let

n

V(n) = Zlogpi = Zlog w'w : n €7z,
i=1 i=1 ’

where by convention, Z?=1 rp=0and Y (&, = —xg—T_1 — - — Tpyq if
n is (strictly) negative.

We define a valley for the potential (see Sinai, [L0]):
Definition 2.2 Let a <m < b. (a,m,b) is a valley if

Va<i<m, V(m)<V()<V(a),
Vm <i<b,  V(m)<V(i)<V(b).

Its depth is defined as min{V (a) — V(m),V(b) — V(m)}.

2.2 Building E,

In this subsection, we build a valley (0, m,,,b,) for the potential V', so that
the RWRE will stay for a “good” amount of time in this valley with “large
probability”.
As [(log po)n(dw) = 0 and o > 0, there exists a real number § > 0 such
that
P(—20 <logpy < —0) := exp(—0) > 0.



Now we set

g = &, 1, = lelogn],
Con = |logn]?, C3n = 0Cip,
can = (1—10¢)1ogn, [ = 11__1905;, ,
Csp = %/ logn, cen = Z2logn.

Fori € Z, define V(i) = V(i+c1,) = V(cin) and V(i) = V(i+ca2) = V(can).
We consider

Brn = {M0<i<ec, — —20i<V(i) < -8},

EZ,n = {‘7(02,71) S [_ﬁcél,n) _C4,n]}a

By, = {vo <i<ern V()= —V(ean)| < cm} :
Con

E4,n = {‘7(02,71) S [Cﬁ,nazc&n]}a

Bs, = {vo <i<ern V() - —V(en)| < c57n} .
CZ,n

Finally, let
En = El,n N Eg,n N E3,n N E4,n N E5,n'

When w € E,, we say the environment is “good”. On E ,, the potential V (7)
decreases almost linearly for i € [0, ¢, (this will enable the walk (S,,)nen to
go quickly to ¢, before hitting —1 with large probability). On Es, N Es,,
V' stays within a tunnel of height 2¢;5,, and sinks to V(c1,) — c4n. On
Ey4, N Es,, V stays within another tunnel of height 2c5,,, and moves up to
positive values. These comments on E, are represented in the Figure [I] (b,
and m,, are defined in Subsection R.4)).

2.3 Probability of E,

Lemma 2.3 There exists a constant Cy > 0 which depends only on n and €,
such that for n large enough,

P(E,) > Con™%.

Proof: First, observe that

P(Ei,) > PV1<i<c, —25<logp <—0)
> exp(—felogn) > n~%. (2.1)

6



V(CLn + Cz’n) + 206,71'

V(Cl,n + CZ,n) + C6,n+

-1

—C3,nT

C5.n

—2¢3,1

V(Cl,n) —C4 - : o>

V(Cl,n) - 664,71' ””””””””””””””””””””
Figure 1: Example of the potential V' for a “good” environment w € E,

According to the Komlés—Major-Tusnady strong approximation theorem
(see [A]), possibly in an enlarged probability space, there exists a coupling
for w and a standard Brownian motion W, and (strictly) positive constants
C1, Cy and (5 such that for all N > 1,

IP’( sup |V (i) — oW (i)| > C, logN) < ¢, :

1<i<N - NC¢
Define
Eg, = { sup |V (i) — oW (i)| > Cy log[3(log n)Q]} :
1<i<3(log n)?
We have,
Cy
PE;, )< ———r.
Fon) = Gliogmyr)e
We then consider the following events:
g g
Ey, = {UW(CQJL) € {—ﬁ@t,n + 1 logn, —csp — 1 log n] } ,

oW (L) — oW (cs,0)

/
9
< Csn — = logn} :
Con 4

B}, = {vogtgcm,




We notice by scaling that there exists Cy > 0 such that P[£; , N £, ] > 2Cy
for n large enough. Since log[3(logn)?] = o(logn), we have for large n,

]P)(EQJL N E3,7l) > ]P)[Eé,n N Eé,n N (Eé,n)c]

&
> P(Fy,,NE; )— —————
= ( 2n 3,n) [3(10gn)2]03
> Oy (2.2)
Similarly, there exists a constant C'5 > 0 such that
P(Ey, N Es,) > Cs (2.3)

for n large enough. Since E ,, Es, N E3, and Ey, N E5, are independent,
we obtain Lemma .3 by combining (B.1), (.2) and (.3). O

2.4 Properties of a “good” environment
Let w € E,,. We define the integers b,, and m,, such that

by, = mf{keN, k>0, V(k) >0}
m, = inf{k>0, V(k)= ogl?gfbn V(0)}.

Note that (0,my,b,) is a valley (in the sense of Definition P-2) with depth
—V(m,), and that

V(m,) € [=2¢c3, — Bean — Csny—C3n — Canl,
C5,nc2,n C5,nc2,n
m, € Cin + Con — y Cln + Con +
C4,n C6,n

In particular, we have for &' small enough and n large enough,

—0+ (1 —=9¢)logn < —V(m,) < (1-6¢)logn,

(1 —EI)(logn)z ; My ; (1 +€/)(logn)2. (2.4)

3 Probability that 7_; has a “good” length

This section is devoted to the proof of the following result:

Lemma 3.1 There exists a constant Cg > 0, depending only on n and ¢,
such that for all large n,

Yw € E,, P, (nl_loel <7< n) > Cg.



In Subsection B.1l, we show that when w € E,, with a large quenched
probability, the RWRE goes quickly to the bottom m,, of the valley (0, m,,, b,,)
without hitting —1. In Subsection B.3, we prove that with a large quenched
probability, after hitting m,,, the RWRE stays in N during almost n units of
time and then hits —1 for the first time.

3.1 Going to the bottom m, of the valley

Lemma 3.2 There exists a constant C; > 0, depending only on n and ¢,
such that
Yw € E,, P, (T, <T7.1) > C5.

Proof: Let w € E,. Since £, C E,,

cl,n_l “+o0
1

3 exp(V (i) < Zexp(—éi) < (3.1)

Furthermore,
/
Vern Si<m, V() < —der, + o5 < —5 logn +0.
Then, for all large n,
mp—1
0< Z exp(V (i) < 2c5,m /%% < 1 (3.2)
i=c1,n+1

Accordingly (see Zeitouni [[J] p. 196),

col(-1) i
S ep(VR) T SR st

P(Tmn<7—_) —C7>O

O

We denote by P* and E* the probability and expectation of (S, )nen,

starting at site x and conditioned on the environment w. We have (see
Zeitouni, [[J], p. 250)

Fact 3.3 Ifa <z <,

f=a

-1 k
B2 (1a ATy) < ZeXp W”. (3.3)

r l=a

T



We can now give an upper bound for the hitting time of m,, if the RWRE
hits m,, before —1:

Lemma 3.4 There exists a constant Cy > 0 such that

Yw € E,, P, (T, <71 and 7, < n45/) > (k.

Proof: According to Fact B.3 and (R.4)), we obtain for w € E,,,

Eo(To1 ATmy) < mnzl S exp[V(’zL— [40)

k=0 f=—1
1

< 5_<m" + 1)2 exp(csn + 2¢5.0)
0

1 / /
< —[(1+¢&)(logn)? +1*n* < n* .
€o

Now, by Chebyshev’s inequality,

/

Py(T_1 ATy, > 1) <n ¥ E (11 AT, ) <075

As a consequence, recalling Lemma B.3,

P, (Tm, <71 and 7, < n4€/) = P,(tm, <T-1)— Pw(n4€/

Z 07 — 77,_8/ Z 07/2 = Cg

< Tm, < 7',1)

for n large enough. OJ

3.2 Leaving the valley

First, we give a majoration of the exit time from the valley (0, m,,, b,).

Lemma 3.5 There exists a constant Cy > 0, depending only on n and ¢,
such that
Yw € En7 PLT"(T_l S 7’L1_55 ) Z Cg.

Proof: Let w € E,. The probability to leave the valley (0,m,,b,) on the
left is

1
! exp(V (k)

)
o exp(V (k)
1

(1+ s+ ) 2 41

€0

P:)nn(’?',l < Tbn) =
+1

v

= 209, (34)
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due to (B.J]) and (B.2), and since exp(V (b,)) > 1.
Moreover, Fact B.3 gives (by symmetry), recalling (R.4),

B (m Ary) < mz Z exp[V(k—=1) = V({—1)]

€
k=0 (=Fk 0

1 1—

< —(ba+ 12— exp[V(0) — V(m,)]
€0 €0

< (3log®n)?exp[(1 — 6¢") log nley?

< pl-1e2

for n large enough. Then Chebyshev’s inequality yields
P (n1’5€/ < Ty, NT_1) < n=</2
Consequently, for all environment w € E,,, recalling (B.4),

P (1 < nl™5) P (r_y <7, and 7_; < n'7%)

>
> 20y —n"/2 > Cy

for n large enough. O
Now we give a lower bound for 7_;.
Lemma 3.6 We have,

. _ !

inf P™(7_y >n'1%) — 1.
w

wek, n—00

Proof: Let w € E,. To establish Lemma B.(, we use another argument of
Sinai’s proof. When the RWRE is located at m,, — 1, the probability that it
hits —1 before going to m,, is

exp(V(m, — 1))
L exp(V (k)

P:)nnil(’?',l < Tmn) =

< eXp<V<mn - 1))
< 1-— €0 66 ,
— €0 n1—95
due to (R.4). Similarly, we have
1—¢ e° C
mp+1 0 R 10
Pw (Tbn < Tmn) S ( 80 ) nl—ge’ T n1*9€/ :

11



As the RWRE is recurrent, we can consider the |n'~1%'| first excursions

away from m,, which are independent under P,. More precisely, let us
define recursively

T7§117)L - Tmn7
T,%:I) = inf{l > 7'7%) Sp=m,}, k>1,

mn )

and consider the set
Er, = {‘v’l <k< Lnl_loelj, 7'75,]2 <71 A Tbn}.
We obtain
Pr(EE,) < (0! PN (o AT, < Tin,) < Chon

Now, on E7,, the RWRE (S;)i>-, stays in [0,b,] during the first [n!=10¢'|

excursions away from m,,, hence 7_1 > n'~1%’". Therefore,
Vw € E,,  P"™(r>n""1%)>P™(E;,)>1—Cion .
]
Combining Lemmas B.J and B.G, we get
M (1 1—10¢" 1-5ey < C9
Yw € E,, P (n <7171<nm )2?

for n large enough. Recalling Lemma .4, this ends the proof of Lemma B.1].
O

4 Proofs of Theorem -1 and Proposition =2

In this section, we use the results of the previous sections to prove Theo-

rem [[.1] and Proposition [.9.

4.1 Proof of Proposition -2

Let o € R7 and
M, := sup (z% ") € (0, +00).
zeRy
Then,
Vr >0, E[r%, exp(—r7_1)] < Myr—«. (4.1)

12



Now we give a lower bound for E,[7% exp(—r7_1)]. For any 0 < a < 1

and any w,
E, [t exp(—7-1/n)] = e 'n®P,(n" < 71 < n).
Thus, by Lemma B.1], for any € > 0, taking a = 1 — 10’ = 1 — 104,

Yw e B, E,[m, exp(—7_1/n)] > Cge~'n*(1-10%),

Integrating this inequality on E,, and in view of Lemma P.3, we get, for all

large n,
E[r? exp(—7_1/n)] > CeCe~ Ino(1—100)=0

Since € > 0 can be arbitrary small, this, together with (.1, yields

1 a+o(1)
E(r%e 1) = (—) , r— 07,

r

By symmetry, we can replace 71 by 7_1, which gives Proposition [1.4.

4.2 Proof of Theorem [1]
It is known (see den Hollander [f], p. 80), that ([[.]) is equivalent to

1/
lim [log A" (r

)
A Tog (e~

where

log A(r) = Ellog E,(e"™)].
Note that
[log A} ()
{{log AJ'(r)}?
E (Ew(rfe”l))

ELIJ (e’I‘TI )

E.(11e"1)
(55

IA

3 = g(T).

Moreover, due to assumption ([.1]), we have, for all =1 < r < 0 and for all

environment w,
goe t < wpe” < Ey(exp(rm)) < 1.

As a consequence, for —1 < r < 0,
E[72 exp(r7)]
{E[r exp(rm)]}’

13
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Furthermore, f(r) > 0 (by the Cauchy—Schwarz inequality). Now, according
to Proposition [[.3,

h(r) = [0 — o,

which proves (.4) and thus Theorem [L.1]. O

5 Comparison between rate functions

In this section we consider the diffusion X in the random potential W, and
assume r > 1. In this case, v, = (k — 1)/4. We know (see Taleb [[J]) that
the rate function J,, of quenched large deviations for X can be written as
Jo(z) = xI,(1/x) for z > 0, where

I (u) = sup(T'x(X) — Au), (5.4)

A>0

and ', can be expressed in terms of modified Bessel functions (see (5.3)
below).
Let

Do (A) =2\ + 1.2 — .

We first show that I';(A) < ¢,,.(A) for large A. Then we use a differential
equation satisfied by I'; to prove that this inequality is true on R7. Finally,
we prove Theorem [[.3 and Proposition [[.4.

5.1 Study in the neighbourhood of +oo

According to Taleb (we mention that in Taleb [I2], p. 1178, the expression
F,.()\) should be 2(2))*/2K . [4v/2)], see for instance Magnus et al., [§] p. 85;
this misprint has no consequence on the results of [[[J]), we have

\/ﬁm (5.5)

K. (4v2))

Using the “series of the Hankel type” (see Magnus et al. [§], p. 139), we
obtain

1 1

T.(\) = V2 — i </< - 5) +0 (ﬁ) A — +o0. (5.6)

This yields
1
Le(X) = 0u,(A) — —2.

A—-+o0 8

14



Consequently, there exists B > 0, such that

YA>B, T\ <, (N). (5.7)

5.2 Using a differential equation

According to Taleb [[Z], I, is a solution of the differential equation zy’ —
2y? — ky = —4x on (0, +00). It is natural to introduce

— — V2 + v/ 22 + 02 (5.8)
V22 4 v2 o

A2) = 26, (2) — 262, () — Ko, (1) + 42 =

In particular, A(z) < 0 for all z > 0.
Let us consider the set

E:={x>0, T.(x)>d,(z)}.

We prove that £ = (). Indeed, let us assume that FE # (). According to (B.7),
EN[B,+c) = (). Consequently, E would have a supremum z, € (0, B]. By
continuity, T'x (o) = ¢y, (70). Now, (b.§) would yield

&, (x0) = xiowxo) 1962 (0) + by, (o) — 4o
= ll?io[A(xO) + ZFi(xo) + KT (20) — 4]
= A 41 ) < D).

Consequently, there would exist an € > 0 such that
Vo € [zg, o + €], bu, (1) < Ty(x).

Therefore, [xg, 2o + €] C E, which contradicts zp = sup E. Hence F = ),
which means that

VA>0, T\ < (N). (5.9)

5.3 Proofs of Theorem and Proposition [[.4

It is easily seen that

1 2
YA >0, inf {)\qu%(——vH) }:w/Z)\Jrvk?_v,i:gbv,ﬁ()\).
u

0<u<i

15



Thus (B.9) yields

1 1 ?
VO <u< —, YA >0, (A = du < g <——vﬁ> : (5.10)

Uy U

Notice that (b.I0) remains true for A = 0 since I',(0) = 0. Now, fix u €
(0,1/v,). Recalling (B.G), it follows that

Ce(A) — Au T oo

As the function A\ — [['(\) — Au] is continuous on R, it has a maximum

on, say, \, € R,. Hence, by (b.10),

Sup(Ta(A) — Aur) = Tu(Au) — Ayt < & (1 - )

A>0 2 \u

which can be written as, recalling (5.4):

1 u (1 2
VO <u < —, Iﬁ(u)<§ —— v | -

Vg

This is equivalent to
1 B 1 2
Vo > v, Jo(x)=al, (=) < J (z) = 5(3: — V)%,

proving Theorem [[.3.

We notice that (B.9) can be written in terms of modified Bessel functions,
using (p-J), which gives Proposition [[4.

5.4 Remarks

Recall that the rate function of large deviations of the standard Brownian
motion is z +— 2%/2. By the same arguments as in the case k > 1, we obtain
for the transient case with zero speed (0 < k < 1),

Proposition 5.1 (zero speed case),
If k € (0,1/2), thenVx >0, J.(x) > 2?/2;
If k=1/2, thenVx >0, J.(z) = 2%/2;
If k€ (1/2,1], thenVz >0, J.(z) < x?/2.

16



(The case k = 1/2 was obtained by Taleb, [[2]).

We also notice that Proposition [.4 together with the formula K, (z) —

K,1(2) = —%’“K,,(z) also give a lower bound for K, /K, 1:

y K 1 v o
Vv > 0,Vy > 0, KV+1(y)>y sy RO 2v+1)
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