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Abstract

We find out for which ¢ shells of selfdual lattices and of theirs shadows
are spherical t-designs. The method uses theta series of lattices, which are
modular forms. We analyse fully cubic and Witt lattices, as well as all selfdual
lattices of rank at most 24.

Introduction

A nonempty finite subset of a Euclidean sphere provides approximations for integrals
of functions defined on that sphere. In this context, such a subset is called a
spherical design and its efficiency is measured by an integer ¢ > 0 called its strength
[DeGoSe77] (precise definitions are given in Section []). We are interested here in
computing (or at least estimating) the strengths of shells in some selfdual lattices.
These problems have natural formulations in terms of vanishing Fourier coefficients
of modular forms which are appropriate theta series of the lattices.

The method used in this article was already used for finding the spherical design
strengths of shells of extremal (even) lattices. (Do not confuse with “extreme
lattice”. The definition of extremal lattices of level 1 is given at the end of Section fj.)

See [[Venk84] and [[VenMar0lf, §16] for unimodular case, and [[BacVenOl] for some

other cases.

Let A be a lattice in the standard Euclidian space R™; we denote by (x | y) the
scalar product of two vectors z,y € R™. For a positive number m, we denote by

Ami={AeA| (A A) =m)}

the shell (or layer) of norm m (that is to say of radius y/m in the usual sense of
Euclidean geometry).

Given a lattice and a positive integer ¢, we would like to single out the three
following questions:

(1) Is the shell of minimal norm a spherical t-design?
(2) Is some shell a spherical ¢-design?
(3) Is every shell a spherical ¢-design?

It is quite easy to show that, if any of these question is true for ¢ = 2 then the
lattice is rational, that is proportional to an integral lattice (see, e.g., [MartVO1|,
Chap. 3, § 1]). It is therefore reasonable to restrict the discussion to integral lattices.



Question (1) with ¢ = 4 (or ¢ = 5 which is equivalent in this case) asks whether a
lattice is strongly perfect, which is the basic question in [ It is motivated
by the classical result of Voronoi characterising extreme lattices as those which
are “eutactic and perfect” [Voro0§]. (A lattice is extreme if the density of the
corresponding sphere packing of R” is a local maximum in the space of all lattices.)
Strongly perfect lattices in dimensions n < 11 have been classified (see
for dimensions n < 9 and n = 11, and ] for n = 10); there are ten
isometry classes, usually denoted by Z, A, Dy, Eg, Ef, E7, EX, Eg, K], and K{,"
(subscripts indicate dimensions).

Whenever Question (2) has a positive answer, it is an experimental fact that
there exists a “rather small” m for which A,, is a spherical ¢-design, but we do not
know any general result in this direction.

For the answer to Question (3) to be positive, it is sufficient that the space
HED (R™)AUA) of Aut(A)-invariant harmonic polynomials on R™ which are ho-
mogeneous of degree 2j is reduced to {0} for every positive integer 25 < t (see
[GoeSei81l, Thm. 3.12]).

Questions (1) to (3) make sense for various sets associated to a lattice A, and
in particular for shadows of selfdual lattices. Recall that, if A is an odd selfdual
lattice with even part Ag = {A € A | (A | A) = 0 mod 2}, its shadow Sh(A) is the
complement of A in the dual Ag of Ag. (Shadows enter naturally the discussion
since they provide efficient tools to compute theta series.)

We denote by Z™ the cubic lattice of rank n. We denote by I, the Witt lattice of
rank n, where n is a multiple of 4 (see Section E for the definition); Iy is the unique
even selfdual lattice of rank 8 (also known as the Korkine-Zolotareff lattice). If R is
a root system of norm 2, we denote by R™ a selfdual lattice of minimal norm 2 with
Ao = R; it happens that, up to rank 23, such a lattice is unique (whenever it exists).
We denote by k1 Ry + - - -+ ks Rs the root system whose irreducible components are
Ry, ..., R, with multiplicity k1, ..., ks respectively; such a root system is called
strongly eutactic if all its components have the same Coxeter number. Recall that
the Leech lattice is the unique even selfdual lattice of rank 24 with minimal norm 4,
and the shorter Leech lattice is the unique selfdual lattice of rank 23 with minimal
norm 3. We say that a noncubic selfdual lattice A of rank n has a long shadow if
o(A) =n—8, where o(A) is the minimum norm of a characteristic (or parity) vector
of A. The definitions of spherical t-design and t!/>-design are given in Section [l.

Theorem A below is partly a reformulation of known results: Claims (i) to (iii)
and some cases of Claims (iv) and (v) follow from results on harmonic polynomi-
als that are invariant by the action of the automorphism group of the lattice, as

explained above ([[GoeSei81, Thm. 3.2]; [[GoeSei7d, Examples 7.6 and 7.7]).

THEOREM A.

(i) All shells of the Leech lattice are spherical 11'/o-designs.
(ii) All shells of the shorter Leech lattice and of its shadow are spherical T-designs.
(iii) All shells of the Korkine-Zolotareff lattice are spherical 7'/>-designs.

(iv) The following special shells of selfdual lattices of rank at most 24 and of their
shadows are spherical 5-designs:

(Z)n, for m = 2a,
(Z) for m = 4%(8b+ 3), a,b > 0,
(Sh(Z16))m form=4a+2,a>1,



(4As5)}, (5Dy)f form = 4%, a >0,
(2Ds);,, form=4a+2,a>1.

(v) All shells of the following lattices and of their shadows are spherical 3-designs:
the cubic lattices Z™, the Witt lattices I,, all selfdual lattices of rank at
most 24, of minimum 2, and with strongly eutactic root system (see Defini-
tion @; that includes all selfdual lattices of minimum 2 with long shadow and
all even selfdual lattices of rank at most 24). Moreover some other selfdual
lattices of rank at most 24 have some shells which are spherical 3-designs.

Our approach provides a setting for numerical computations; so we have checked
that no shell of norm at most 1200 of selfdual lattices up to rank 24 or of theirs
shadows is a spherical t-design for larger values of ¢t than those indicated in the
theorem.

See Theorems @, @, @, @, @, and @ for details.

Let

Ap=¢ [T (=" =3 7(m) ™

m>1 m>1

be the generating series of the Ramanujan numbers 7(m). It is a famous conjecture
of Lehmer that 7(m) is never zero, and it has been verified for m < 10%° ,
§ 3.3]. The following Proposition gives a reformulation of that conjecture in terms
of spherical design strengths of shells of the Korkine-Zolotareff lattice and of the
even selfdual lattices of rank 16. It is Proposition @ in our article.

ProrposiTioN B. For m > 1, the following are equivalent:

(a) T(m) = 0;

(b) the shell of norm 2m of the Korkine-Zolotareff lattice is an 8-design (and
therefore an 11-design);

(c) the shell of norm 2m of any even selfdual lattice A of rank 16, is a 4-design
(and therefore a 7-design);

[Note that, for example, in Condition (c) above, the shells of A are not only
3-designs, but also 3'/o-designs (see Definition []); therefore, if a shell of A is a
4-design, then it is a 7-design.]

Here are other similar equivalences between spherical design strengths of shells
of lattices and vanishing Fourier coeflicients of modular forms. (The definitions of
the series Ag, 6s, 03, and 64 appear in Section E)

ProrosiTioN C. Consider any of the following choice of a selfdual lattice A, a
positive integer t, and a series O(z) = Zm>1 amq™ where g = e"*.

— A =Z" the cubic lattice of rank n > 2, t = 3, © = Ag 0% (Section H);

—~ A =T, the Witt lattice of rank n > 12, n = O0mod 4, t = 3, © = 050307 x

(=05~ + 057 — 0;~") (Section [[Q);

— A the Korkine-Zolotareff lattice, of rank 8, t = 7, © = Ayy (Section );

— A an even selfdual lattice of rank 16, t = 3, © = Agy (Section [11);

— A one of the 23 Niemeier lattice, of rank 24, ¢t = 3, © = Q Agy (Section ;

— A the Leech lattice, t = 11, © = A2, (Section [11);



— A one of the 12 odd selfdual lattices with long shadow and of minimum 2
(with rankn =12 or 14 < n < 22),t = 3, © = AZ05~® (Section [13);

— A the shorter Leech lattice, of rank 23,t =7, © = A203° (Section [[3).

Then, for each m > 1, the shell of A of norm m is a spherical t-design; moreover it
is not a spherical (t + 1)-design if and only if a,, # 0.

It is therefore interesting to look for vanishing coefficients of the series mentioned
above. For example, we ask the following questions:

(1) Consider the series

Ag4 = Z amq2ma Am = Z T(’L) T(j),

m>=2 i+j=m

where 7(i) is the ith Ramanujan number. Is it true that a,, # 0 for every
m=>=27

(2) Consider the series
Ag0f = amg™.
m>1
Is it true that a,, # 0 for every positive integer m not of the form 4%(8b+ 3),
a,b>07

(There are similar questions for the other forms mentioned in Proposition C.)
We have checked numerically that the answers are positive for m < 1200.

In Sections [ to E, we recall standard material on spherical designs, selfdual
lattices, theta series, and modular forms. Section E gives the form of the theta
series of selfdual lattices; this is the centre of our analysis. Some indices of vanishing
Fourier coefficients for modular forms are given in Section ﬂ In Section E, we analyse
the spherical design strengths of root systems of norm 2. Sections E to B contain
the results on the strength of shells of some selfdual lattices, namely the two infinite
series of cubic and Witt lattices, and all selfdual lattices of rank at most 24. Finally,
an appendix contains an alternative proof not using modular forms of the fact that
appropriate shells of Z* and Z” are spherical 5-designs.



A General theory

1 Spherical designs

Let n > 2 be an integer, and let m be a positive real number; we denote by

Stli={z e R" | (v | ) = m}

m

the sphere of square radius m, and by ¢ the probability measure on S?~! invariant
under the action of the orthogonal group O(n). A spherical design of strength t, or
a t-spherical design, is a nonempty finite subset X C S~ ! such that

1
X P = [ Pwdety)

n—1
zeX m

for every polynomial form P on R" of degree at most ¢ [DeGoSe71].

We denote by H)(R™) the set of homogeneous polynomial forms on R” of
degree j that are harmonic. It is classical that X is a spherical t-design if and only
if the condition

(eh) Y Px)=0, VYPeHIR"

zeX
holds for every integer j such that 1 < j < ¢. It is indeed an immediate consequence
of the decomposition

POR?) = HOR") @ wPED(RM),

where P(t)(]R") is the space of homogeneous polynomial forms on R™ of degree ¢,
and w(x) := (z | z); see , §1X.2] and , Chap. 1, §§2, 3].

In this article, we study spherical designs which are shells of selfdual lattices or of
their shadows. These designs are antipodal sets, that is sets X satisfying — X = X;
in this case, Condition (C;) is automatically fulfilled for j odd. Therefore we use
the following reformulation for antipodal sets:

1. DEFINITION. A nonempty finite antipodal subset X C S%~! is a spherical
(28 + 1)-design (or, equivalently, a spherical 2s-design) if the condition

(Cyy) Y P(@)=0, VPeHPIR")
rzeX

holds for every even integer 25 such that 2 < 25 < 2s.

Some antipodal spherical (2s 4+ 1)-designs, although not satisfying Condition
(Cas12), do verify Condition (Cas14). Therefore, we define [Venk84]:

2. DEFINITION. A nonempty finite antipodal subset X C S"~! is a spherical
(25 + 1+ £)-design if it verifies condition (Cs;) for 2 < 2j < 2s and 2j = 2s + 4.

2 Selfdual lattices and shadows

For a subset A C R™ and a positive real number m > 0, the shell (or layer) of
norm m of A is

Ap={zcA|(z|z)=m}=ANS" 1.

A lattice of rank n is a discrete Z-submodule of R™ which spans R™ as R-module.
Two lattices are equivalent if there exists an orthogonal linear transformation which



sends one lattice onto the other; we often consider two equivalent lattices as being
the same lattice. We define the minimum (or the minimal norm) of A as

min(A) := min{m > 0| A, # 0}.
The dual of a lattice A is the lattice
A= {yeR" | (y|z) € ZVx € A}.

The lattice A is called integral if A C A%, that is if (x | y) € Z for all 2,y € A.
An integral lattice A is called even if (z | x) € 27Z for all € A; it is called odd
otherwise. An integral lattice is called selfdual (or unimodular) if A¥ = A.

For ACR® and B C R® weset A® B := {(z,y) € R’ |z € A, y € B}. Tt is
easily checked that any integral lattice A of rank n is of the form

A=ZP L,

where L is an integral lattice of rank N = n — p and of minimum at least 2, and
where

7P = {(z1,...,2p) | x; € Z} CRP
is the cubic lattice of rank p. Note that L is selfdual if and only if A is selfdual.

The shadow Sh(A) of a selfdual lattice A is defined as follows: If A is even, we
set Sh(A) := A. Otherwise let

Ao :={z € A|(z|z)=0mod 2},

which is an even sublattice of A of index 2; therefore A is a sublattice of Ag of
index 2. We set
Sh(A) := AB\ A.
An alternative description of the shadow is Sh(A) = {z/2 | x is a characteristic
vector of A}, where a characteristic vector (or parity vector) of A is a vector z € A
such that (x| y) = (y | y) mod 2 for all y € A.
For a selfdual lattice A, we define:

o(A) :=4min{(z | z) | z € Sh(A)},

which is a nonnegative integer. (It is the minimal norm of the characteristic vectors
of A.) We have o(A) = 0 if and only if A is even.

It is easily checked that, if A’ and A” are selfdual lattices, then A’ ® A" is a
selfdual lattice, and

Sh(N @& A”) = Sh(A') & Sh(A"),
oA ®AN")=0a(N)+ a(A").

The following facts are well-known; a proof using modular forms appears at the

end of Section [

3. PROPOSITION. Let A C R"™ be a selfdual lattice. Then
(i) for every x € Sh(A), we have 4(z | ) = n mod &;

(ii) there exists a nonnegative integer k such shat o(A) = n — 8k. In particular,
if A is even, then n = 0 mod 8;

(iii) we have o(A) = n if and only if A ~ Z",

The characterisation of Z" given in Claim (iii) is due to Elkies [Elki95a].

Note that, in the decomposition A ~ ZP & L, if o(A) = n — 8k, then o(L) =
N — 8k, where n is the rank of A, and N is the rank of L.

The list of selfdual lattices of rank at most 24 can be found in [, Chap.
16 and 17] and [Bach97).



3 Theta series

Let us now introduce the tools for analysing the spherical design strengths of shells
of selfdual lattices. Let
H:={zeC|Sz>0}

be the Poincaré half-plane. Recall that a holomorphic function f : H — C is bounded
at infinity if there exists r > 0 such that {f(z) | Sz > r} is bounded.

4. LEMMA — DEFINITION. Let A be a nonempty subset of R™ for which there exists
0 > 0 such that |x — y| > ¢ for all distinct x,y € A. Let P be a polynomial form
on R™. Then the series

O4.p(2):= Z P(z) ei™=(=lz) z € H,
T€EA

converges absolutely to a function on H that is holomorphic and bounded at infinity.
It is the theta series of A weighted by P.

Let us assume moreover that there exists a real number o > 0 such that
alx | x) € 27 for every x € A. Then we have

Oa,p(z+a)=04p(2), Vz € H.

Proof. The condition on the distance of two distinct points of A implies that there
exist a constant C' > 0 such that for every r > 0 the set

{reAlr<{z]a)<r+1}

contains at most C'r"~! points; the absolute convergence of ©4 p follows. The
second claim of the lemma is straightforward. O

Remarks.

(i) For a holomorphic function F' : H — C verifying F(z+«a) = F(z) for all z € H
and for some a > 0, the condition to be bounded at infinity is equivalent to
the condition that there exists a Fourier expansion of the form

F(Z) _ Z ameiﬂzm

me2a— 1N

which converges for Sz sufficiently large. (We use N = {0,1,2,...}.) In this
case, F' is said to be holomorphic at infinity.

(ii) For a real number m and if z € H is understood, we write

m ImTZm

q" =e ,  where z € H.

Thus the theta series of A weigted by P can be written

©a.p(2)= Z P(z) ¢\1® = Z aPgm, where (") := Z P(x).

€A me2a—1N TEA,
(iii) The classical theta series of A is

O4: =041 = Z |Am | ¢™.

m=0



(iv) Let A C R* and B C R?, and let P, respectively @, be polynomial forms on
R®, respectively R®. Then

O4eB,PQ =0A4POB.
Now we reformulate the condition of being a spherical design using theta series.

5. LEMMA. Let A be a nonempty subset of R" such that there exist § > 0 verifying
|z —y| = ¢ for all distinct x,y € A. Then, for m > 0, the shell A, is a spherical
t-design or is empty if and only if

a\l’) = 0 for every P € H®)(R™), 1 < 2j <,

where a,(f; ) are the Fourier coefficients of the theta series

Oa.p(z) = Zag;)qm.

Proof. This follows directly from the definitions. Note that the Fourier coefficients
(P) :
ar,’ are retrieved from © 4 p by the formula

1 B .
(P) —_ - —imm(z+iyo) -
ay, = lim 2R/ e O, p(z +iyo) dz,

valid for any yg > 0. O

4 Modular forms

The interest of theta series of lattices is that they have the following property, which
will help to compute them, at least if the lattice is selfdual. This proposition is a
direct consequence of the Poisson Summation Formula; see for example ,
Prop. 3.1, p. 87].

6. PROPOSITION. Let A C R"™ be a lattice, and let P : R® — C be a harmonic
polynomial of degree 2j. Then

Ons,p(2) = (det A)/2(=1)7 (i/2)"* T Op p(~1/2).

(For the power of i/z, we use the principal branch; observe that —m/2 < arg(i/z) <
/2 for z € H.)

In the case of selfdual lattices, the latter formula gives a relation between O, p(z)
and ©4, p(—1/z). To be more precise, let us give the following definitions. Recall
that N = {0,1,2,...}.

7. DEFINITION.

(i) Let A € {1,2}, w € iN, and € € {+, —}. A modular form of signature (\,w,€)
is a holomorphic and holomorphic at infinity function f : H — C that verifies
[+ = [f(2),
f(=1/z) = e(z/i)* f(2),
for all z € H. The number w is the weight of the form. We denote by M} the
vector space of modular forms of signature (\,w, €); note that ML C M2
We set:
M/\,e — @ M;\}’E, M/\ — M)\,Jr @M/\,f-
we(1/2)N
Observe that M* and MM are algebras, graded by the weight.



(ii) A modular form f is parabolic if

lim  f() =

Jz—+oo

Nonzero modular forms of signature (1,w,¢) exist only for weights w € 4N if
€ = +, and for weights w € 4N 4+ 2 if ¢ = —. Indeed, let S : z — —1/z and
T:z— z+ 1. We have STSTST = idy, therefore f(STSTSTz) = f(z) for every
z € H. On the other hand, it is straightforward to check that, for f € ML€,

F(STSTSTz) = et f(z),

where i must be taken with argument 7/2. Thus ee™™/2 = 1 if f # 0.

Nonzero modular forms of signature (2,w,e€) exist for every weight w € 1N
for example, according to Proposition f§ below, 5 = Oz~ is a modular form of
parameters (1,n/2,+).

Modular forms of signature (1, w, €), are the classical modular forms for SL(2, Z).
Modular forms of signature (2, w, €) are modular forms for the subgroup of index 3
in SL(2,Z) whose elements are the matrices that reduce to (3 $) or (9 ¢) modulo 2
(sometimes noted G(2) or T'y(2)).

Proposition E implies immediately:

8. PROPOSITION. Let A C R"™ be a selfdual lattice, and let P € H(29) (R™). Then

eAPGMn/2+2j if 2j = 0 mod 4,

6AP€Mn/2+2‘ if 27 = 2 mod 4.
If moreover A is even, then

eAPGMn/2+2j if 27 = 0 mod 4,

6AP€Mn/2+2‘ if 27 = 2 mod 4.

Moreover, if 25 > 0 then © p is parabolic.

Let us now look at theta series of shadows of selfdual lattices.

9. DEFINITION. Let f € M2€. The shadow of f is the function Shf : H — C
defined by

Shf(z) = (i/2)*f(=1/z+1).
10. PROPOSITION. Let A be a selfdual lattice, and let P € H()(R™). Then
Osn(n),p = (—1)7ShO4 p.

Proof. If A is even, this follows immediatly from Sh(A) = A and from Proposition E
If A is odd, we observe that

2@1\0713(2’) = @A,p(z) + @mp(z + 1),

where Ag is the even sublattice of A, of index 2. Then we apply Proposition E to
Ao and A to obtain, for P € H)(R"),

Osn(a).p = Opz p(2) — On.p(2)
= 2(=1)7(i/2)"**70,,,p(=1/2) = (1) (i/2)" >0, p(~1/2)
= (=1)2ShO, p(2). O



5 A theorem of classification for modular forms

In order to use Proposition , we need a description of the vector spaces M
defined in the previous section. There are very nice results of classification that we
recall in this section.

Before giving examples of modular forms, it is convenient (although not es-
sential) to formulate a definition of the weight which applies to a larger class of
functions than modular forms:

11. DEFINITION. Let w € R. Let f and g be two meromorphic functions on H.
Assume that there exist a and # > 0 such that

fz+a) = f(2),
g(z+p) = g(2),
f(=1/2) = (2/i)*9(2)

for all z € H. (Note that the last condition is symmetric in f and g.) We say that
f and g are of weight w.

When f is a modular form of signature (A, w, €) (Definition E), the assumptions
of the Definition above are verified for « = 8 = A and g = ¢ f, and so f is of
weight w as expected. However, some functions on H that are holomorphic and
holomorphic at infinity, although not being modular forms, do have a weight in the
sense of Definition [LI]. For example, we have f,(—1/z) = (2/i)/264(z), where 6,
and 0, are the two periodic functions in z defined below. Therefore 5 and 6, are
both of weight 1/2; but they are not modular forms.

It is easily checked that the algebra of meromorphic functions f on H satisfying
the assumptions of Definition @ with some meromorphic function g and some
rational positive numbers a and 3 is an algebra graded by the weight.

We give here a list of functions that have a weight in the sense of the Defini-
tion [L1. Recall that we write g™ := ei™*™,

= Z ¢ = 2¢"4(1+ ¢* + 0(¢°)) of weight 1/2,
meZ+1/2
z) = Z g™ =1+2q¢+2¢" + 0(¢°) of weight 1/2,
meZ
04(2) = Z (fq)m2 =1-2q¢+2¢" +0(¢") of weight 1/2,
meZ

03 + 05 = 03
B(2) = 05(2) — 05(2) = 1 — 24q + 244> — 96¢° + O(¢*)  of weight 2,

Ag(z) = -—%( 01(2) = q — 8¢ + 28¢° + O(q*) of weight 4,
Q(2) = 05(2) — 16Ag(2) = 1 4 240¢° + 2160¢* + O(¢®)  of weight 4,
R(z) = ®(2)(05(2) + 8As(2)) = 1 — 504¢> + O(q") of weight 6,
Aoy(2) = 05(2) AZ(2) = ¢* — 24¢* + 252¢° + O(¢®) of weight 12.

The coefficients of the latter form

Aoy(z) = Z 7(m)g*™

m>1

10



are the celebrated Ramanujan numbers. All the functions listed above can be
expressed in terms of the Jacobi theta function

93(5 | Z) _ Z 62i£m+i7rzm2, ze H;
meZ

indeed, we have
02(z) = ei”/493(7rz/2 | 2), 03(z) = 05(0 | 2), 04(z) = 03(m/2 | 2).

Let M be the algebra generated by 6s, 03 and 64. It is an algebra graded by
the weight, where the weight ranges over the set of nonnegative half-integer. The
elements of weight zero are the constants.

The definition of the shadow of a modular form (Definition []) carries over to
functions having a weight in the sense of Definition @, and provides an endomor-
phism of the graded algebra M. We give here shadows of some functions in M.

Shls = Vibs,  ShOy =03,  Shbz = s,
1
ShAs(2) = =15+ 4" = 74" + 0(¢"),
Shd(z) = 2 + 48¢° + 48¢* + O(¢%),
ShQ = Q, ShR = —R, ShAsy = Asy.
These formulae (and many other useful identities) can be found in [ConSlo99,
Chap. 4, §4.1].

All modular forms of signature (1,w,+) or (2,w, £) are elements of M. More
precisely:

12. THEOREM.

M2,+ = (C[H?n AS]) M1,+ = (C[Qa A24]3
M?>~ = ®C[h3, Ag), MPT =RC[Q, Aa).
For a proof of this deep result, see [Rank77]|, Section 6.1 for Mb*, and Sec-
tion 7.1 for M?%%. The notation of [Rank77] are:
{r(1),w} for MLT when w € 4N, and for ML~ when w € 4N + 2;
{Tv(2),w,va,} for M3+, w € IN, and

{Ty(2),w, v} for M%7, we %N.
Moreover modular forms are called there integral modular forms.

Here is a first application of this theorem:

Proof of Proposition ﬁ For brevity, we write O, Asg, etc. instead of Ox(z), As(2),
etc. By Theorem E and Proposition , for A a selfdual lattice, the theta series

m>1
is a polynomial in 03 and Ag and is of weight n/2; therefore it is of the form
On =05 +c105 B3Ag+ - + 05 BFAE =14 [Ay] g+ [As] ¢® + -,

with ¢ # 0. (There is no coefficient in front of 0%, because the series expansion
in g begins with 14 ---.) By Proposition E, the theta series of the shadow is then

Osn(n) = D [Sh(A)m| g™ = ShOA

=05 + 108 5ShAg + - - - + 03K ShAL
= dygmBR/4 | g q(n—Bk48)/4 4

)
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where dy = (—1/16)%2"=8%¢;, # 0. So, Sh(A),, # ) implies 4m = n mod 8, and we
have o(A) = n—8k. In particular, if A is even, we have o(A) = 0 = n —n, therefore
n is a multiple of 8.

Finally, it follows from the decomposition A ~ ZP @& L, with L a selfdual lattice
of minimum at least 2, that |[A1]| = 2p < 2n with equality if and only if A ~ Z".
On the other hand, if o(A) = n then O = 0% = 1+ 2ng + O(¢?), and therefore
|A1] = 2n. Thus o(A) = n implies A ~ Z". O

Remark. Let w > 0 be a multiple of 4. From Theorem @, we have dim M2+ =
m + 1, where m = [w/12], and there exists a unique ©,, € M?%¥ such that

Ou(q) = 1+ azmi2¢>™ 2 + O(¢*™ ).

Moreover, it is known that ag,,+2 > 0. Such a theta series is called extremal, and
an even selfdual lattice A of rank 2w with ©5 = O, is called extremal (or, more
precisely, extremal of level 1).

The method used in our paper also apply to extremal lattices: see [[Venk84]
and [VenMar01), §16]. See also [BacVen01], where the case of non-selfdual extremal

lattices is also treated.

See [SchSch99| for more informations on extremal lattices.

6 Computing the theta series of a selfdual lattice

We can now give more precisely the general form of the theta series of a selfdual
lattice.

13. PROPOSITION. Let A C R™ be a selfdual lattice with o(A) = n — 8k. Let us
write
A=ZP 3 L, L C RV,

where L is of minimum at least 2. Then there exist ¢; € Z such that
Op =05 + 1 As0y 8 + caA205 710 - AkOT TR,
Some values of ¢; are:

Cc1 = —2N
ca = (h—46 +2N)N, where h:=|Ly| /N
L = (_1)k2—n+12k |8h(A)(n78k)/4‘ .

Proof. As in the proof of Propositionﬂ given at the end of the previous Section, we
can write

@A = 9; + 019;’178A8 + -+ CkegigkAg,
with ¢; € R and ¢ # 0, and k is given by o(A) = n — 8k. The first coefficients of

the Fourier expansion in ¢ = €'™* are

Oa=(1+2¢+2¢" +- )" +er(L+2¢+-)""3(q =84+ --+)
+02(1+...)"‘16(q+...)2+...
=(1+2ng+2n(n—1)¢+-) +ei(qg+2@n—24) + ) + cog® + -+~
=14+ @2n+c)g+ (2n(n— 1)+ (2n —24)e1 +¢2)¢° + - .

12



In particular, we have |A1| = 2n + ¢;. Since |A1] = 2p = 2(n — N), we have
c¢1 = —2N. The second coefficient is then
|Az| =2n(n—1)+ (2n — 24)c1 + c2
=2(p+ N)(p+N —1)— (2p+ 2N — 24)2N + ¢,
=2p(p—1)+ (46 — 2N)N + c.
Since |A2| = 2p(p — 1) 4 |L2|, this gives c3 = (h — 46 + 2N)N where h = |Lo| /N.
By induction on ¢, it is clear that ¢; is integral.
Now, the theta series of the shadow is

Osn(n) = ShO = 05 FShAE + -+ + 105 5ShAs + 03
= Ck(2q1/2 +...)"‘8k(_1/16+ )k N
— Ck2n78k(71)’6274]6(](”78@/4 4.
— (_1)k2n—12kckq(n—8k)/4 + S
this shows that |Sh(A)(n—_sk)a| = (—1)F27 712k ¢y,. O

14. PROPOSITION. Let A C R™ be a selfdual lattice with o(A) = n — 8k and of
minimum m.

(i) For every even positive integer j, there exist linear forms c; : H?)) (R") — C
such that

Orp= Y c(P)AWETTYY yP e HEI(R™).

In particular, if m > k + j/2, then ©4 p = 0 for every P € H2)(R").

(ii) For every odd positive integer j, there exist linear forms ¢; : H(*)(R") — C

such that
k+(j—1)/2 ‘ .
Orp= D c(P)OAWETYTEH P e HE(RM).

In particular, if m > k + (j — 1)/2, then © p = 0 for every P € H)(R™).

Proof. We prove only Claim (i), since the proof of Claim (ii) is similar.
Let j be an even positive integer. By Proposition , for each P € H(*)(R"),
©4 p is a parabolic form of weight n/2 4 2j. By Theorem @, it is of the form

Orp =Y ci(P) AL
i>1

Since O4 p is linear in P, the coefficients ¢; are also linear in P.

Let us now suppose that ¢; # 0 for some index 4, and let a [respectively b] be
the smallest [respectively the largest] index i such that ¢; £ 0. It remains to prove
that @ > m and b < k + j/2. We have

®A,P —_ Ca(P) 9;1+4]-*8aAL81 4.
—cu(P) g -

hence ¢, (P) =5 P(x) is different of zero for some P € H()(R"). So, m < a.

TEAN,
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Now, the theta series of the shadow is

Osnia).p = ShOx p = cy(P) 05 T3 ShAL + ..
— 2n+4j_8b(71/16>be(P) q(n+4j—8b)/4 4. ,
hence 2" (—1/16)"cy(P) = 32, qu(a) rya)-sa (%) I8 different of zero for

some P € HZ)(R™). So, o(A) = n—8k < n+4j —8b, and therefore b < k +
j/2. O

We give now similar statements for even selfdual lattices. (The two propositions
above are naturally true also for these lattices; though less precise.) We do not
give the proofs, since the arguments are essentially the same as for the equivalent
statements for general selfdual lattices.

15. PROPOSITION. Let A C R™ be an even selfdual lattice of rank n = 8N. Then
there exist ¢; € 7. such that

Or = QY + 180 QV P - 4 e AEQN T k= [N/3],

with
c1 =n(h — 30), where h = |Ag| /n.

16. PROPOSITION. Let A C R™ be an even selfdual lattice of of rank n = 8N and
of minimum m = 2M.

(i) For every even positive integer j, there exist linear forms c; : H*) (R") — C

such that
[(N+4/2)/3] _ - _
Oap= Y c(P)ALQNTITH  vp e HE(RM).
=M

In particular, if 3M > N + j/2, then ©5 p = 0 for every P € H)(R™).

(ii) For every odd positive integer j, there exist linear forms c; : H(*)(R") — C

such that
[(N+4/2)/3] , 4 . 4
Orp= Y, c(P)RALQNTUHES - yp e HED(RY).
=M

In particular, if 3M > N + (j — 3)/2, then ©4 p = 0 for every P € H?7) (R™).

7 Zero coeflficients of modular forms

From Lemma E, in order to find spherical design strengths of the shells of a lattice,
we have to look for vanishing coefficients of ©, p for P harmonic homogeneous
polynomials of different degrees. We give here the results concerning vanishing
coefficients of modular forms of the form <I)69§‘Ag , since we will meet them several
times later. Recall that N={0,1,2,...}.

17. LEMMA. Among the coefficients of the modular forms

POFAL = Z amq™ and  Sh(®OFAL) = Z amq™,
mea+N mea/4+2N

where € € {0,1}, a > 0, § > 0, the following are equal to zero:

14



(a) (03Ag)" m—k =1mod 2, Sh((035As)*) : m =2 mod 4;

(b) 03 : m # a?, Sh(63) : m # (a® +b?)/4,
Sh(6s) : m # a?/4, 03 : m=4%8b+7),
03 : m # a® + b2, P oi2 m=1;

(c) O03Ag : m = 4%(8b + 5), D O3Ag : m=4%8b+7),
03Asg : m # a? + b2, D O°Ag : m = 42,
Sh(03As) : m # (a® + b2)/4, Sh(® 06 Ag) : 492,
03As : m =4%(8b+7), Sh(®OPAg) : m =24,

07 Ag : m = 4%(8b + 3);

(d) O3AZ : m =4%(8b+ 1), P OONE : m =3,
012AZ : m = 4%, P OBAZ : m=4,
DOSAZ - m = 4%, Sh(®OFBAZ) : m=49/4,
Sh(®O§AZ) :  m =49

(e) O3A3 : m = 4%2, Sh(®O3A3) : m =27,
D O3NS : m = 2%

Remark. We have checked numerically that, for modular forms of the Lemma with
[ <3 and a < 36, there is no other zero coefficient a,, for m < 1200.

Sketch of the proof. Let ©(z) be one of the series of the Lemma.

If ©(2) is of the form <I>€9aAﬁ or of the form Sh(q)eHMAﬁ) we can express O(z)
as a polynomial function of 93( ) and 04(z). If ©(z) is of the form Sh(®OF Aﬁ) with
« an integer which is not a multiple of 4, we can express ©(4z) as a polynomial
function of A3(z) and 04(z), by using the formulae of [, Chap. 4, §4.1,
p. 104]. In the sequel of the proof, we suppose that we are in the first case; the
second case is treated in a similar way, replacing O(z) by O(4z).

Let be w := /%, For ¢ an integer between 0 and 7, we define

7
Oc(2) == % Z _Ck@(z 1— kj)
k7:
— lz —ck Z am ezﬂ'm(erk
8 k=0 m=0
7
_ l —Ck Z w]k Z eifrmz/4
8= m=0
m=j mod 8
(1N~ ok /4
— (gzw]c ) Z am iTmz
7=0 k=0 m>0

Therefore, whenever ©.(z) = 0, we have a,, = 0 for m = ¢mod 8. Using the
identities given in [ConSlo99, Chap. 4, §4.1, p. 104], we can express

Oc(z) = 02(2)" F(03(2), 04(2)), 0<d<3, d=cmodS8,
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where F' is a polynomial; so we can check whether ©.(z) = 0. (A computer software
like Maple is highly recommended for performing these calculations.)

We have

Oeven(2) := %(6(2:) +0(z+ 1)) = Y g™,
m=0 mod 2
Oodd(2) := %(9(2:) - 0(z+ 1)) = Y g™,

m=1 mod 2

@0(2) _ Z a@ﬂéﬁrmz7 @4(2) _ Z a@ﬂéﬁrmz7

m=0 mod 2 m=1 mod 2

and Oeven, Oodd, ©p and ©4 can be expressed in function of 03 and 4. If Ogyen =0
[respectively ©oqq = 0], then a,, = 0 for m even [resp. odd]. If Ocyen [respectively
Ooad] is a multiple of ©¢ [resp. ©4], we have a relation between a,, and a4, for
m even [resp. odd], which allows to decide whenever ayx,,, = 0.

These considerations suffice for most of the theta series mentioned in the Lemma.
For 03Ag [resp. Sh(03Asg)], we use Lemma P4 below to show that a,,, = 0 whenever
the shell of Z? [resp. Sh(Z?)] of norm m is empty. O

The following lemma provides another method to show that certain coefficients
of modular forms are nonzero.

18. LEMMA. Let (9 and 1) be two formal series in q with integral coefficients such
that

<p( = a,(co)qk + Z a(o)q , a,(co) > 1, a;_o) €7,
j=2k+1
¥ =bo+big+ D bigd,  bobi =1, b >0,
j=2

and let ‘
(p(n) — 80(0) P = ZGE”)QJ

izk

Then the sequence M,, n > 0 defined by
M, ::max{m€N|a§»")>0, k<j<m}
is nondecreasing and unbounded.
Proof. We have My > k. For every n > 0, we have p("t1) = (" thus, for

k<j< My,
(n+1) (n)b + Z a(") b; ;n)bo > 0.
izl

Consequently, M,,+1 > M,,. Moreover, for M = M,,, we have

oty — () n) (n) ) n) (n)
Ay = Appyrbo + a‘]M by + ZG’J\Z-{-l i aﬁ+1b0 + a‘]M b1 > ay -
22
Consequently, agwﬁ) > ag\zzrl + 1, since all coefficients are integers. Similarly,
h h—
E\Zil) > GSZL Y41 Z E\Z)H + h.

Therefore, for h large enough, we have a%}i}f) > 0, and then M, > M,, +1. That
shows that the sequence M,, is unbounded. o
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8 Root systems of norm 2

For analysing selfdual lattices of rank at most 24, we need some informations on
the first shells of a selfdual lattice A. The decomposition A = Z? & L gives us the
exact form of the shell A;; we give now the form of As.

Let us first recall that a root system is a subset R C R™ such that
(i) R is finite and does not contain 0;
(ii) for every z,y € R, we have r,(z) € R, where 1, is the reflection of axis Ry;
(iii) for every x,y € R, the number 2(z | y)/(z | z) is an integer.

Warning. In the usual definition, it is required that R span R™ as a vector
space. Here, we leave out this condition in order to simplify the formulation of our
results; in particular, we consider the empty set in R™ as a root system.

19. LEMMA — DEFINITION. Let A be an integral lattice. Then A5 is a root system,
called the root system of A.

Proof. For x and y € Ag, we have ry(z) = x — (z | y)y. Therefore, since (z | y) is
an integer, we have r,(z) € Aa. Moreover, 2(z | y)/(z | z) = (z | y) is clearly an
integer. o

If A is a selfdual lattice of minimum at least 2 and of root system R, we write
sometimes A = R*. (It happens that this notation is unambiguous up to rank 23,
that is there is at most one selfdual lattice of minimum at least 2 whose root system
is a given root system in R", n < 23.)

Let us now recall some classical facts on root systems. If R C RP and S C R?
are root systems, their orthogonal union is the root system in RPT4 defined by

R+S:=(Rae{0})u({0}®S) CR @R

We write kR for R+ --- + R, k terms. A root system is called irreducible if it
is not an orthogonal union of smaller root systems. Clearly, any root system can
be written uniquely (up to permutation of the terms) as an orthogonal union of
irreducible root systems. Note that a nonempty irreducible root system always
spans its ambient space. The only empty irreducible root system is of dimension 1,
and is noted O;.

An important number for an irreducible root system R is its Cozeter number,
which is the integer h satisfying the relation

|R| = nh.

If R is empty, we have h = 0.

The list of irreducible root systems is well known. We give here the list of those
of norm 2, that is those root systems R that verify (z | ) = 2 for every z € R
(they are also called simply laced root systems by some authors). In the notation,
the index indicates the dimension of the space where the root system lies.

0,4, h = 0; Es, h=12;
A,,n>1, h=n+1; E;, h =18;
D,,n>4, h=2n-1); Es, h = 30.

We denote by O,, :=n O; the empty root system in R".
The following definition, justified by the next lemma, is inspired by the corre-

sponding notion for lattices (see [MartV01|, pp. 28ff]).
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20. DEFINITION. A root system R is called strongly eutactic if, in its decomposi-
tion in irreducible root systems, all irreducible components have the same Coxeter
number. In this case, we define the Cozeter number of R as the Coxeter number of
any of its irreducible components.

A nonempty strongly eutactic root system spans its ambiant space. Note that
the equality |R| = nh holds for strongly eutactic root systems.

21. LEMMA. Let R be a root system of norm 2 that is a spherical 3-design. Then
R is strongly eutactic.

The converse is true also: see Proposition RJ.i.
Proof. Let us write a root system R C R" as
R=Ri+Ro+---+ Ry,

where the R;’s are irreducible. Let V; be the subspace of R™ where R; lies (thus
R*=V1®Vad- - -®Vy), and let n; = dim V;. Any point 2 € R”, is written uniquely
as
T=x1+T2+ -+ Ty, z; € V;.
Let us consider the harmonic polynomials of degree 2 defined by
1 1
fii(x) = 2—m<~’0i | i) — ﬁj@j | ).

We have

3 _2|Ri| _ 2|Ry| _
fz,] (‘T) - 2nz - 2”] - hz - h]'
TER

So, if R is a spherical 3-design, we must have ) . fij(z) = 0 and therefore
h; = hj; in other words, R is strongly eutactic. o

We recall now the notion of reproducing kernel, which will help us to analyse
strongly eutactic root systems:

Let H be a complex (or a real) finite-dimensional Hilbert space of functions
on a nonempty set {2. We use the convention that hermitian scalar products are
antilinear in the first variable. There exists a unique function ® : 2 x — C, called
reproducing kernel, such that ®(x,-) € H for all z € Q, and

flx) = (®(x,-) | f), VfEH, VzecQ.

This kernel verifies ®(y, z) = ®(x,y). It is of positive type; that is, for any finitely
supported function 2 — C, y — A,

z,y€eN

Moreover, the set {®(z,-) | © € Q} generates H. For all this, see for example
[BekHar02].

The positivity of ® implies the following result:

22. LEMMA. Let Q — C, y — Ay be a finitely supported function. Then

> XAy ®(z,y)=0  ifandonlyif Y XA, f(y)=0, VfEH.
z,yeN yeN
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Proof. Let € be the vector space of finitely supported functions on 2. We define a
hermitian form A on Q' by:

h(pA) = D T ®y),  pAed.
z,ye

For z € Q, let §, € Q' denote the function on € that takes value 1 at x and value 0
elsewhere. Let € be the set of A € € such that (i | \) = 0 for every u € /. Then
A € € if and only if h(dz, A) = 0 for all x € X, if and only if

D> N®(zy) =0, VzeQ.
yeN

But since {®(z,-) | € Q} generates H, the last condition is equivalent to

SN fy) =0, VfeH.

yeN
Now, the positivity of ® implies that
h(A,A) =0 if and only if A€ Q.
This is exactly what is claimed by the Lemma. O
Let us now consider the following special case:
Q=s""1' H=HIR"Y,
Ulo)= [ Tagwdo. f.9en @)

where ¢ is the probability measure on S"~! invariant by rotation. Let ®U) be the
corresponding reproducing kernel. It is known that

(%) oW (z,y) =QY((x|y))  Va,yesS",

where Q(j)(t) is an appropriate Gegenbauer polynomials, with the normalisation

QW(1) = dim(H9(R™)); see [DeGoSe7q] and [Vile6d, §IX.3]. We have, for exam-
ple,

QU =1, QW) =nt, Q)= ”T”(m:? ~1),
Q@ (1) = w ((n + )8 — St),
QW(t) = W ((n +2)(n+ Dt* — 6(n + 2)t + 3).

We can now prove:

23. PROPOSITION. Let R be a nonempty strongly eutactic root system of norm 2.
Let us consider the conditions

(C;) Y f@)=0, VfeHPIRM.

TER

Then:

(i) Condition (Cs) always holds (equivalently, nonempty strongly eutactic root
systems are spherical 3-designs);
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(ii)) Condition (Cy4) holds if and only if R is equivalent to one of the following
systems:
A17 A27 D47 E67 E77 Eg,

(iii) Condition (Cg) holds if and only if R is equivalent to one of the following
systems:
A17 2A1; ES) 2E87 DIG;

(iv) Condition (Cs) holds if and only if R is equivalent to one of the following
systems:
Ala A2’

(v) Condition (Cho) holds if and only if R is equivalent to one of the following
systems:
Ala 2A17 A2 D4; ES’

(vi) Condition (C2) holds if and only if R is equivalent to the system
A;.

Proof. For z and y € R, we have (z | y) € {0,£1,+2}. Let € R, and let, for
a € {0,+1,£2},
No:=[{yeR|(z]y)=a}].

We have the evident relations N_, = N,, No = 1, and Ny 4+ 2N; 4+ 2Ny = nh.
Moreover, it is known that N, is independent of x and that

Ny =2h—4

(see Bourbaki [Bour81], Lie VI, § 1.11, prop. 3.2, where it is stated for (nonempty)
irreducible root systems; but it immediately extends to nonempty strongly eutactic
root systems).

Now, we renormalize R by R= %R, so that R C S* !, By Lemma @ (applied
with A, = 1if # € X and A\, = 0 otherwise) and equation (*), Condition (Cy;) is

equivalent to _
> Q¥ ((z |y)) =0.
z,yeﬁ

However, since for every = € R we have [note that Q) (—a) = Q®)(a)]:

QP ((x [ y) =D NaQ®(a/2)

yeé
=2Q@)(1) + (4h — 8)QP)(1/2) 4 (nh — 4h + 6)Q*)(0),

Condition (Cy;) is equivalent to
2Q3) (1) + (4h — 8)QP)(1/2) + (nh — 4h + 6)Q>)(0) = 0.

This condition is linear in h and polynomial in n (since Q®) is polynomial in n).
It is, for 25 < 12:

(C2) 0=0
(Cy) n(n+4)(n+6)((n—10)h+6(n+2)) =0

(Co) n(n+2)(n+ 6)(n+10)((n* — 48n +272)h + 30(n — 4)(n+4)) =0
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n(n+2)(n+4)(n+8)(n+ 14)
x ((n —4)(n — 30)(n — 50)h + 42(n + 6)(3n* — 14n +40)) = 0

(n—=2)n(n+2)(n+4)(n+6)(n+10)(n + 18)
x ((n—24)(n — 28)(n — 76)h + 30(n + 8)(17n* — 8n + 336)) = 0
)

n(n+2)(n+4)(n+6)(n+8)(n+12)(n + 22)
(C12) x ((n® — 186n* + 10852n® — 228504n” + 1659232n — 967680)h
+ 66n(n — 2)(n + 10)(31n* + 130n + 1144)) = 0

We can now explicit the positive integral solutions of these equations. Let us take
for example (Cy): we have (n — 10)h + 6(n + 2) = 0, hence

6 2
p= St
10—n
Since h > 0, we have n < 10. Now, if we introduce n = 1,2,...,9 in the last

formula, we obtain the integral solutions
(TL, h) - (17 2) ) (2a 3) ’ (47 6) ) (6a 12) ) (77 18) ) (87 30) ) (97 16)

It is now easy to list all strongly eutactic root systems having one of these param-
eters. o

B Application to some selfdual lattices

9 The cubic lattices
Let
7" ={x=(x1,...,2p) ER" |2, €2, i=1,--- ,n}
be the cubic lattice of rank n. It is an odd selfdual lattice whose shadow is:
SWZ")={z eR" |2; €Z+ 3%, i=1,--- ,n}.
In particular, o(Z™) = n.

24. LEMMA. We have

0y ifP=1,

0 if P € H®(R"),
c1(P)Aghy  if P € HH(R™),
co(P)® Aghy  if P € HO(R™),

@ZnP:

)

where c¢1 is a nonzero linear form if and only if n > 2, and cy is a nonzero linear
form if and only if n > 3.

Remark. The theta series of Sh(Z™) are given by Proposition [L].

Proof. The equality ©z» = 0% follows directly from ©z» = (Oz)" and Oz = 0.
Proposition IE gives the form of ©z. p for P € HZ)(R"), j = 1,2,3.

It remains to show that ¢; and ¢y, are not identically zero for n large enough,
i.e., there exists P € H®(R™) (if n > 2) such that Oz p # 0, and there exists
Q € HO(R") (if n > 3) such that Oz~ o # 0. We can chose for example

P(:E) :xéll"'-rg 6171172, GZ”',P(Z) :4q+ ,
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and

Q(z) = (2§ + 2§ + 2§) — 15(21a3 + x523 + 2527) + 90(aiz323),
Ozn.q(z) =6g+---.

Finally, the fact that ¢; = 0 [respectively co = 0] if n = 1 [respectively if
n =1 or 2] is an easy exercise. O

The zero coefficients of the Fourier expansion of the series of the last Lemma
are given in Lemma . Therefore, by Lemma E, we have:

25. THEOREM.

(i) For n > 2, all nonempty shells of Z™ and Sh(Z™) are spherical 3-designs.

(ii) The following shells are spherical 3'/>-designs:

Z? and Sh(Z?) : every nonempty shell,

(Z19),, : m=492 ¢ >0
Sh(Z'9),, : m=4%2,a>1
Sh(Z*°),, : m = 24.

(iii) The following shells are spherical 5-designs:

(Z*),, m=2a,a>1
(Z")p m=4%8b+3), a,b >0
Sh(Z'9),, : m=4a+2,a > 1.

Note that the zero coefficients of series Agfy for n = 2,3, and ® Aghy for n = 3,
that are mentioned in Lemma E, correspond to empty shells of the lattices Z2 and
Z3. Zero coefficients of Agf% for n = 1 and ® Agh¥ for n = 1,2 are irrelevant for our
purpose, because they correspond to cases where ¢; and ¢y are zero in Lemma, @
Similar remarks hold for the shadows of these modular forms.

We give in Appendix an alternative proof that some shells of the cubic lattices
of rank 4 and 7 are 5-designs.

26. PROPOSITION.

(i) Forn > 2 and 1 < m < 1200, the nonempty shells of norm m of Z™ are not
spherical 5-designs, except those mentioned in Theorem @

(ii) For n > 2 and n/4 < m < n/4 + 1200, the nonempty shells of norm m of
Sh(Z™) are not a spherical 5-designs, except those mentioned in Theorem @

Proof. (1) We check first numerically that the statement holds for n < 408. Then,
we apply Lemma [[§ with ¢(©) = Ag(2) = ¢+ O(¢?) and ¢ = 03(2) = 1+2¢+O(g*).
Numerical computations give Mygs > 1200, and thus the coefficients aj" of

P = Bs() ()" = 3 ol

jz1

are positive for 1 < j < 1200 and n > 408. By Lemma @ and Lemma E, the
corresponding shells (Z™); are not spherical 5-designs.
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(if) We check first numerically that the statement holds for n < 426. Then, we
apply Lemma B to

e = —16 ShAg(2/2) = 1 — 16¢+ O(¢?),
Y =q Y805(2/2) = 24 2¢ + O(¢%).

(The substitution z — 2/2 is equivalent to the substitution q +— ¢'/2.) Numerical
computations give Mys6 = 600. It follows that the coefficients a§") of

e = —16 ¢"/® ShAg(2/2) 02(z/2)" Za("
7=0

are positive for 0 < 7 < 600 and n > 426. In other words, the coefficients c( ") of

ShAs(z Z (n) 2]+n/4

7=0

are negative for n/4 < 25 +n/4 < n/4+ 1200 and n > 426. The proof is achieved
by invoking Lemma @ together with Proposition E and Lemma E O

10 The Witt lattices

Let n be a positive multiple of 4. The Witt lattice of rank n is the lattice

T, —x1 €74 Vi,

2¢;, € Z Vi, }
Ty 4+ To+ -+ x, € 27Z

T, = {1‘ (1,...,2,) € R"

It is selfdual, and it is even if n = 0 mod 8 and odd otherwise. When n =4 mod 8,
the shadow of T, is

2zZ€Z Vi,
Sh(Ty,) = {x:(xl,...,xn) ER" | z; —x1 €Z Vi, }
ZE1+£E2+ otz €22 +1

The lattice Ty is equivalent to the cubic lattice Z* and is thus analysed in the
previous Section; therefore, we assume that n > 8. The lattice I's is analysed more
precisely in the next Section.

27. LEMMA. Let n be a multiple of 4 greater than or equal to 8. Then
2(03 + 05 +67) ifP =1,
0 if P € H?(R"),
Orp = a1(P) 030301 (—05 " + 057" —077")  if P e HW(R"),
es(P) 030303 (03 + 0)03

(03 — 0)on — (03 + 9;1)93*4) if P € HO(R™).

where ¢; and cy are nonzero linear forms on H)(R™) and H(®)(R") respectively.
Proof. Let G the subgroup of O(n) containing the transformations of the form

(X1, yp) — (€121, .o, EnTn)
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where ¢; = +1 and €165 - - - €, = 1. It is clear that G leaves I}, invariant. We denote
by H (29 (R™) the set of elements of (%7 (R") which are invariant under the action
of G given by (yP)(z) = P(y~'z). Let

7 HED)(R™) — HED(R™)E, m(P) = ﬁ Z ~P
yEG

be the projection on the invariant part of (/) (R"). Since for all v € G
Or, ,p = Oy, .p = Or, P,

we have Or, p = Or, r(p). Therefore, it suffices to prove the Lemma for P €
HED)(RM)C,
Let

r;—x1 €7Z Vi,

2z; € Z Vi, }
71‘14’1‘24’4’1}1622

I‘,’lz{x:(xl,...,xn)eR”

which is a lattice equivalent to I,. Let D,, := {a € Z" | (z | ) € 2Z}; we have, by
definition, Sh(Z") = D% \ D,,. We have the following inclusions of lattices, where
labels indicate indices of sublattices:

Expressing D¥ as the union of its classes modulo D,,, we obtain
D! = (I, \D,)U(Z"\D,)U(T, \D,)UD,.
Hence, since Sh(Z") = D¥ \ Z",
S(Z") = (T \ Dy) U(T, \ Dy),
from which we deduce,
Osn(zn),p = Or,,p + Or;,p — 20D, P.
As 20p, p(z) = Ozn p(2) + Oz p(z + 1), we have
Or,.p(2) + Or: p(2) = Ozn p(2) + Ozn p(2 + 1) + Ogp(zn), p(2).
Let o be the orthogonal transformation of R™ defined by
o(x1, T2, .., on) = (—21,%2,...,Tpn);

we have oI = T),. Let P € H)(R™)% where 0 < 2j < 6. It is easily checked
that, since 2§ < n, P is a polynomial which is even in x1, x2, ..., ,, and therefore
P is invariant under the action of ¢. Thus, @I‘y/ﬁp =0Or,-r =01, P, and

1
91“”,13(2) = 5 (GZ",P(Z) + @sz(Z +1)+ 9$h(zn),P(2))-

We use Lemma P4 and identities found in [ConSlo99, Chap. 4, §4.1, p. 104] to
conclude. O
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Now, using Lemma ﬂ, we have:
28. THEOREM. Let n be a multiple of 4 greater than or equal to 8.

(i) All nonempty shells of T}, and Sh(T,,) are spherical 3-designs.
(ii) All nonempty shells of Ty are spherical T-designs.

(iii) All nonempty shells of T are spherical 3/o-designs.

We do not know if any shell of I,, for n > 12 is a spherical 5-design; however,
as in the case of cubic lattices, we can show:

29. PROPOSITION. Formn > 12 and 1 < m < 1200, the nonempty shells of norm m
of I, and of their shadows are not spherical 5-designs.

Proof. For m < n/4, we remark that (I},).,, = (Z™)., when m is an even integer and
(T;)m = 0 otherwise. If moreover n = 4 mod 8, then we have (Sh(I‘n))m = (Z")m
when m is an odd integer and Sh(l"n))m = () otherwise. Therefore, for n > 4800, it
suffices to apply Proposition é For n < 4800, we content ourself with a numerical
verification. O

The case of Ty is considered in more details in the next Section.

11 Even selfdual lattices of rank at most 24

We recall here the classification of these lattices, due to Niemeier. Note that we
already know by Proposition B that their rank is a multiple of 8.

30. THEOREM.

(i) There is exactly one even selfdual lattice of rank 8, that is the Korkine-
Zolotarev lattice
I = EJ.

(ii) There are exactly two even selfdual lattices of rank 16, that is

Fg D Fg = (2 E8)+ and I‘lﬁ = D-li_ﬁ

(iii) There is a bijection between the even selfdual lattices of rank 24 and the
twenty-four strongly eutactic root systems of norm 2 and of rank 24, given by
A — Asy. These root systems are (in parentheses is the Coxeter number of the
system):

00 (0),  24A, (2), 12A5(3), 8As (4),
6A, (5), 4A;+Dy(6), 6Dy (6), 4Ag(7),
2A;+2Ds (8), 3As (9), 9Ag + Dg (10), 4 Dg (10),
A +Dr+ B (12),  4Eg (12), 241, (13),  3Dg (14),
A+ Do (16), Dy +2E; (18),  Air +E; (18), 2Dy (22),
Asy (25), Dig+Eg (30), 3Es (30), Doy (46).

Claims (i) and (ii) are consequences of Claim (iii), since A = R* is an even

unimodular lattice of rank 8 [respectively 16] if and only if A@Ts® Ty = (R+2Eg)™
[resp. A @ Ty = (R + Eg)™] is an even unimodular lattice of rank 24.
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The lattice corresponding to Oy is the famous Leech lattice, and those corre-
sponding to nonempty strongly eutactic root systems of rank 24 are the the Niemeier
lattices; those corresponding to the three last root systems listed are I'g @ T,
Is & TIs @ Iy, and Iy respectively.

There exist several proofs of Claim (iii); a proof explaining the bijection is found

n [Venkry.

31. LEMMA.

(i) Let A =Ty = E{ be the Korkine-Zolotareff lattice. Then

Q ifP=1,
0 if P € H)(R®), 25 = 2,4,6,10,
c1(P) Aoy if P € H®)(RS),

8

(P)

Oap =4 c2(P)QAy  if P e HI2D(RS),
cs(P)RAyy  if P e HIY(RY),
cs(P)Q2Nyy  if P e HUO(RS)
cs(P)RQ2Ay,  if P € HUI®(RY),

?

where ¢1, ¢a, 3, ¢a, and c5 are nonzero linear form on H® (R®), H(12) (R®),
HOD(R®), HIO(R®), and H('®) (R®) respectively.

(ii) Let A be one of the two even selfdual lattices of rank 16. Then

Q2 if P=1,

0 if P € HZ)(R), 25 = 2,6,

(P) Agy if P € HW(R),

Oap =1 c2(P)QAyy if P € H® (R'Y),
c3(P)RAyy  if P e HUO(R!S),
ca(P)Q?Agy  if P € HUD(R'S),
es(P)RQ?Ayy  if P € HUD(R'S),

where ¢1, ¢z, 3, ¢4, and cs are nonzero linear forms on H® (R'6), H®)(R0),
HOAO(RIG), HO2(R), and H(H (R6) respectively.

(iii) Let A be the Leech lattice. Then

Q3 — 7207y, ifP=1,
0 if P € HZ)(R*), 25 = 2,4,6,8,10, 14,
c1(P)A if P € HU2)(R?),
Orp =14 c(P)Q if Pe H(16)(R24),
cs(P)R if P e HUI®)(R?),
ca(P) Q?A if P € H2O(R*),
cs(P)RQ2Agy  if P € H?D (R,

where c1, ca2, c3, ¢4, and cs are nonzero linear forms on the corresponding
spaces.

(iv) Let A be an even selfdual lattice of rank 24 and of minimum 2. Let h :=
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|A2| /24. Then

Q® —24(30 — h)Agy iIfP =1,

0 if P € H(R"),

c1(P) Q Agy if P € HW(R"),
®A,P = . (6) n

CQ(P)RA24 ifPeH (R ),

c3(P) Q2 Aoy if P € H®(R"),

cs(P)RQ2Agy if P € HIO(R),

where ¢y, ca, c3, and ¢4 are nonzero linear forms on the corresponding spaces.

Proof. Tt suffices to apply Propositions @ and . In order to see that the linear
forms ¢;, i = 1,2,..., are nonzero, we apply Lemma E and Proposition @ to Ag if
A is not the Leech lattice, and to A4 if A is the Leech lattice. (Note that, since
{z | y) | z,y € Ay} = {0,£1,+2, 44}, the shell Ay is a tight 11-design: see
[DeGoSeT7, Theorems 5.12 and 6.8] or [[GoeSei7d, Theorems 5.3 and 5.4]. It follows
that A4 cannot be a 12-design.) O

Remark. In fact, Propositions and show that the root system of an even
selfdual lattice of rank 8 [respectively 16, 24] is nonempty and a 7'/>-design [resp.
is nonempty and a 5'/2>-design, is strongly eutactic]. Theorem B( says that, for each
root system in dimension up to 24 which satisfies the above condition, there exists
exactly one even selfdual lattice with such a root system. But in higher dimensions,
there can be more than one even selfdual lattice with the same root system.

As in the preceding case, Lemmaﬁ give:
32. THEOREM.

(i) All shells of Ty = Eg are spherical T'/o-designs.
(i) All shells of the two even selfdual lattices of rank 16 are spherical 3'/o-designs.
(iii) All shells of the Leech lattice are spherical 111/>-designs.

(iv) All shells of any even selfdual lattice of rank 24 and of minimum 2 are spherical
3-designs.

Remark. We have checked numerically that the shells of norm at most 1200 of these
lattices are not spherical designs of higher strength.

Claims (i) to (iii) of the Theorem above are special cases of Theorem 16.4 of

[VenMar01]] (see also [Venk84]), since the lattices mentioned in these claims are

extremal. See the remark at the end of Section E

Another consequence of our analysis is a reformulation in terms of spherical
design strength of shells of lattices of a famous conjecture of Lehmer, which states
that the Ramanujan numbers 7(m) are never zero for m > 1. This conjecture has
been verified for m < 10 [, § 3.3].

33. PROPOSITION. Let 7(m), m > 1, be the Ramanujan numbers defined by

Noy(2) = Z 7(m)g*™.

m21

For m > 1, the following are equivalent:

(a) T(m) = 0;
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(b) (I8)2m is an 8-design (and therefore an 11-design);

(c) for any even selfdual lattice A of rank 16, As,, is a 4-design (and therefore a
7-design);

Therefore, Lehmer’s conjecture is true if and only if no shell of I'y is an 8-design,
and if and only if no shell of any even selfdual lattice of rank 16 is a 4-design.

Similar conjectures could be stated for other modular forms than Asy, and have
an equivalent formulation in terms of spherical design strength of shells of lattices
(see Proposition C in the Introduction).

12 Selfdual lattices with long shadow

In this section, we consider selfdual lattices with o(A) = n—8. We begin with those
of minimum at least 2. We recall here their classification [[Elki95h].

34. THEOREM. There is a bijection between the selfdual lattices with o(A) =
n — 8 of minimum at least 2 and the 14 strongly eutactic root systems satisfying
h = 2(23 —n), given by A — Ay. These root systems are (in parentheses are the
corresponding values of n and h):

Es (8,30), Dy (12,26), 2E; (14,18),  Ays (15,16),
2Ds (16,14), A +Eg (17,12), 2 Ag (18,10),
3Dg (18,10), 2A;+Dj5 (19,8),  4As (20,6),

5Dy4 (20,6),  TAs (21,4),  22A; (22,2),  Oos (23,0).

Recall that we denote by R the (unique up to dimension 23) selfdual lattice A
of root system R = As. Apart from Iy = EJ, which is even, all these lattices are
odd. They are of minimum 2, except 033 which is of minimum 3 (it is the so-called
shorter Leech lattice).

The theta series of such lattices are now easy to calculate (we exclude here the
theta series of Iy = EJ, which have been given in Lemma B1).

35. LEMMA. Let A be an odd selfdual lattice with o(A) = n — 8 and of minimum
at least 2.

(i) If A is of minimum 2, then

03 —2n 0y SAg ifP=1,

0 if P ¢ HA(R"),
c(P)0378AZ  if P € HO(R"),
ca(P) @O 8A2  if P € HO(R™).

Oprp =

where ¢; and cy are nonzero linear forms on HY(R"™) and H(®) (R™) respec-
tively.

(ii) If A = O3 is the shorter Leech lattice, then

033 — 460Ny if P =1,

0 if P ¢ H2)(R?3), 25 =2,4,6,
c1(P)OPAS  if P e H®(R?),
co(P)®OPAE  if P e HIO(R?3),

Opp =

where ¢; and cy are nonzero linear forms on H®) (R™) and H1%)(R") respec-
tively.
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Proof. Propositions E and E give the forms of the theta series (incidently, they
show that As is strongly eutactic and that h = 2(23 —n) as stated in Theorem @),
except the fact that the linear forms ¢; and ¢y are nonzero.

If A is of minimum 2, by Proposition E applied to the root system of A, the
linear forms ¢; and ¢y are nonzero.

Consider now the case A = O3;. Let z € As, and set No = [{y € Az | (z | y) =
a}]. It is known that

Ny=N_3=2 N, =N_, =891, N,=2816,

and N,, = 0 for other a’s. (This follows from he fact that Ag is a tight 7-design: see

[DeGoSe7, Theorems 5.12 and 6.8] or [GoeSei7d, Theorems 5.3 and 5.4].) From
this, using Lemma RJ (with A, = 1 if 2 € As, and A\, = 0 otherwise), it is easy to
see that ¢; and ¢y are indeed nonzero. O

The zero coefficients of the Fourier series for the modular forms of the Lemma
are given by Lemma E We deduce:

36. THEOREM.

(i) Every nonempty shell of any selfdual lattice with o(A) = n— 8 of minimum 2,
and every nonempty shell of its shadow, is a spherical 3-design.

(ii) The following shells are spherical 3'/>-designs:
(2Dg)* : m=4% a>1
(iii) The following shells are spherical 5-designs:

(4A5)T, 5Dyt m=4"a>1
(2Dg)* : m=2a+1,a>1

(iv) All nonempty shells of the shorter Leech lattice OF; and of its shadow are
spherical 7-designs.

Remark. We have checked numerically that the shells of norm at most 1200 of these
lattices and of their shadows are not spherical designs of higher strength.

Let us now turn to selfdual lattices of minimum 1.
37. LEMMA. Let A be a selfdual lattice with o(A) = n — 8 of minimum 1.
(i) If A =Z' ®Ef = Z' ® T, then

09 — 16 03As ifP=1,
A (P) ®03A¢ if P € H®(RY),
’ c2(P) (030s +8605A2)  if P € HM(RY),
ca(P) (B0 As — ®O3AZ) if P € HO(RY),

where c1, ¢o and ¢4 are nonzero linear forms on H®*(R?), H*(R?) and
HO)(RY) respectively.
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(i) If A = Z' @ OF;, then

03* — 46 03° Ay ifP=1,

c1(P) @030 Ag if P € H?(R?),
co(P) (03 Ag — 40 35 A2) if P € HD(R?),
ca(P) (P02*Ag — 16 POICA2)  if P € HO(R?Y),

O p =

where c¢;, ¢y and ¢4 are nonzero linear forms on H® (R?*), H*Y(R?**) and
HO) (R?*) respectively.

(iii) Otherwise, we have

03 — 2n 05 % Ag ifP=1,

c1(P) @05 8 Ag if P € HA(R"),
ca(P) 05 Ag + c3(P) 058 A2 if P € HW(R"),
cs(P) @03 Ag + c5(P) @057 8A2  if P € HO(R"),

Oap =

where c; is a nonzero linear form on H®) (R™), ¢y and c3 are linearly indepen-
dent linear forms on H*¥ (R™), and ¢4 and c5 are linearly independent linear
forms on H(®(R™).

Proof. Let A =ZP @ L, where L is a lattice of minimum 2 and of rank N, and let i
be the Coxeter number of the strongly eutactic root lattice Ly. Let Vi [respectively
V4] be the space generated by ZP [resp. L], so that R® = V; @ V4. For z € R™, let
x; € V; (i =1,2) such that © = 1 + z2. Let w;(x) := (x; | x;).

First, Proposition E gives the exact form of ©4.

Now, by Proposition @, we have Op p = c1(P) @05 %Ag for P € HP(R").
The polynomial

P —% 1—%(@67‘[(2 (R™)

verifies O p(2) = ¢ + O(q?) # 0; thus ¢; is not identically equal to zero.

Then, we have Ox p = co(P) 03 Ag + c3(P) 05 2 AZ for P € HW(R™). Let be
the polynomial

_ 1 5 p+2 p+ 2 4) (pn
Q 72pw1 N w1 2+2N(N+2)WQEH (R™).
We have
h(p+2)
= 4 -1 —_—
Ona() = q+4((p—1) + (N+2)) +0(d")
2h(p+2
<q+(2n 8)¢* + O(q < 2p — 2N+4+%)q2+0(q3)>

LD g5-52) A3 2).

If L is neither OF; nor E, then, by Lemma Bj, there exists a R € H®(V3) C
HW(R") such that O, p # 0. So we have

Oa,r(2) = Ozr1(2) OL,r(2) = ca(R) ¢* + O(¢*) = ca(R) 05 °(2) A3 (2),

with c4(R) # 0; that shows that cs and ¢4 are linearly independant.

If A =27 ®EJ and if p > 2, we can find a S € H® (V) € H®(R™) such that
Ozr,s = 05 Ag. So we have

=03 (z) Ag(z) + (Qp— 2N +4 +

Ozrant s = Ozr sOmi 1 = 0585(05 — 16 Ag) = 03 Ag — 166" As.
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Therefore, if we compare

Ozrors,@ = 05(2) As(z) + 8p 05 %(2) Ai(2).,
Ozror:,s = 05As — 16 05 5As,

we find that co and c3 are linearly independent.

IfA=2Z" EBE;', it can be shown that ¢y and c3 are not linearly independent. We
do not prove it, since it has no effect on the conclusions of the following Theorem.

If A =ZP @ O4;, we proceed as for Z¥ & E7 .

A similar method is used for computing ©4 p for P € H(G)(R"). Note however
that in the cases Z? @ EJ and Z? @ EJ, the polynomial corresponding to S is a
polynomial of the form

S =(Nwi—(p+8)ws) f € HO(R™), where f € H® (7).
and such that ©z: ; # 0, since Oz:z p = 0 for every P € H® (). O

Again, Lemma E describes indices of vanishing coefficients for the series of the
previous Lemma. Therefore, we have:

38. THEOREM.

(i) Let A be a selfdual lattice of rank 24 with o(A) = 24 — 8 = 16. Then the
shells Ay, and Sh(A)y, are spherical 3-designs for m = 42, a > 0 (except the
shells Sh(A)y and (Z' © OF;)2, which are empty).

(ii) Let A = Z3®Ty. Then the shells A, are spherical 3-designs for m = 4%(8b+7),
a,b>0.

Remark. We have checked numerically that the shells of norm at most 1200 of these
lattices and of their shadows are not spherical designs of higher strength.

13 0Odd selfdual lattices of rank 24 and of minimum at least 2

We need to know the precise form of the shell of norm 2 of these lattices and their
shadows:

39. PROPOSITION. Let A be an odd selfdual lattice of rank 24 and of minimum 2.
Then there exist a root system R, and strongly eutactic root systems S and T of
Coxeter number hg and hrp respectively, such that

-R=5NT,
— hs + hr = 3hg + 2 where hg := |R| /24,
~s€ES\R, teT\R = (s|t)=+3,
— A2 =R, and Sh(A)2 = (S\ R)U (T'\ R).
Moreover, T'= R or S = R if and only if R is strongly eutactic.

Sketch of the proof. Let A be an odd selfdual lattice of rank 24 and of minimum 2.
Let Ag be the even sublattice of index 2, and let Ag be its dual. Then Ag/AO ~
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Z/27 @ 727, and we have the following diagramm (integers indicate indices of

sublattices):
J

N A A
\ , /
2 2
Ao

where A’ and A” are even selfdual lattices. We have Sh(A) = (A’ \ Ag) U (A" \ Ap).
The root systems of the Proposition are

A

R=MAy, S=A, T=Al

and, according to Theorem .iii, S and T are strongly eutactic. By Proposition B,
the theta series of A is

On = 05 + c1 A58 + e AZ0F 1,
where
co = 24(|Ao| /24 — 2) = 24(hp — 2)
= |Sh(A)2| = 24(h5 + hr — QhR),

hence hg + hr = 3hgr + 2.
For z € R* and a € R, let N4 := [{y € A|(x|y) =a}|. Let s € S\ R; it
can be shown that (see Lemma [i(] below):
(%) NiF = N> = N3T = N = 3hg — hy = hg — 2,
s, T __ s, T __
N1/2 - N—1/2 =12(hr — hg),
Ny = Ny" = 8hr + 6hs — 12.

Let us suppose that R is strongly eutactic and that S\ R # (). Let s € S\ R; since
the polynomial function z +— (s | )% — 2(z | z) is harmonic, we have the equality

> (s|7)? =4hg,

reR
hence
2hg —4 =Ny N2 =3 (s | r)? = dhp.
reR
Using the equality hg + hr = 3hg + 2, we deduce that hr = hpg, therefore T = R
and hg = 2hr + 2. Conversely, if T'= R, then R is strongly eutactic. O

To complete the proof, we establish formulae (x) above:
40. LEMMA. In the proof of the preceding Lemma, formulae (x) hold.

Sketch of the proof. Let s € S\ R. The scalar product on Ag reduces to a bilinear
form on Ag /Ao with values in (%Z) / Z, which is easy to explicit. In particular, for
t € T, we have:

+1/2 ifteT\R,
(s|t) = :
0,+£1 ifteR.
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(The values +3/2 are excluded in the first case by computing the norm of s F ¢.)
From this, we deduce Ni’lT/Q = 12(hr—hg), and N>% = N7 for e = 0, 4+1. Finally,
N&T is deduced from the strongly eutaxy of 7. For example, we have

FENSE N = ST (s | )+ 1) (s | £) = 2

1 s, T
— N 4771/2
teT

47 —1/2

The last equality follows from the fact that T is a spherical 2-design (use The-

orem 3.2 and Formula 3.6 in [VenMar0O1], or Proposition 1.13 in [HarPac04}]).
Therefore Ni*" = 3hg — hy. O

There are 156 odd selfdual lattices of rank 24, classified in [[Borc84] and listed in
. We give here the list of those with strongly eutactic root system, because
it is the occasion to point out a remarkable bijection between two sets (compare
with Theorems B(.iii and B4).

41. THEOREM. There is a bijection between the set of odd selfdual lattices A of
rank 24, of minimum 2, and of strongly eutactic root system, and the set of pairs
of embedded strongly eutactic root systems R C S in R?** satisfying hg = 2hr + 2.
The bijection is given by R = Ay and S = Sh(A)s. The list of pairs R C S is given
below. (The numbers in brackets refer to Table 17.1 of 1 and Table III of
. These lattices correspond to bold edges in the neighbourhood graph of

Figure 17.1 in [BorcCY].)

Oz C 24A,[1], 24A; C 6D, [6], 8A3 C 4Dg [32],
6D, C 3Dg[74], 2A;+Ds C Dyg+2E;[105], 4Dg C 2Dy, [130],
3Ds C 3Eg [145], 3Dg C Eg+ Dy [146], 2Dy C Doy [154].

We are now ready to give the theta series for selfdual lattices of rank 24:

42. LEMMA. Let A be an odd selfdual lattice of rank 24, and of minimum at least 2.
(i) If Ay is not strongly eutactic, and if h := |A3| /24, then
03" — 48035 Ag + 24(h + 2) B5A% if P =1,
Oa,p = { c1(P) POSAZ if P € H®(R*),
ca(P) 036 AZ + c3(P) 05A3 if P € HW(R?),

where ¢; is a nonzero linear form on H) (R?*), and cy and c3 are linearly
independent linear forms on H* (R?4).

(ii) If Ay is nonempty and strongly eutactic of Coxeter number h, then

034 — 48035 Ag +24(h +2)05A2 if P =1,

0 if P € H®(R*),
ca(P) 036 AZ + c3(P) 05A3 if P € HD(R?),
cs(P) 010 A2 + c5(P) ®OSAE  if P € HO(R?Y),

Oap =

where ¢y and cs are linearly independent linear forms on H*(R?*), and c,
and cs are linearly independent linear forms on H(®) (R?%).

1There are some errors in that table in the two first editions, which have been corrected in the
third edition.
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(iii) If Ay is empty, then

03* — 4803 Ag + 4805A% if P =1,

0 if P € H?(R?),
Orp = 8 A3 : (4) (Tp24

c3(P) 05A% if P e H®(R**),

c5(P) POSAS if P € HO(R*),

where c3 and c5 are nonzero linear forms on H™®) (R?*) and H(®) (R?*) respec-
tively.

Idea of the proof. We use Proposition B for computing the theta series. The main
difficulty is to show that, for example, in case (ii), the coefficients ¢y and c3 are
linearly independant. (Similar cases are treated in the same way.) The main idea
is to look at the theta series of the shadow (Proposition [L)):

Oa,p = c2(P) 03° AF + c3(P) 0345 = e2(P) ¢* + O(¢°),
®Sh(A),P = CQ(P) 9%6 ShAg —+ Cg(P) QEShAg = 724 Cg(P) q2 —+ O(q4)

So, we have

©(P)= Y Px) and cs(P)=-2"" > P(a)

€A zESh(A)2

The shape of Ay and Sh(A)z is given by Proposition @ Finally, one can find two
harmonic homogeneous polynomials of degree 4 which give linearly independent
values of co(P) and c3(P). O

We can now conclude:
43. THEOREM. Let A be an odd selfdual lattice of rank 24 and of minimum 2.

(i) If Ay is strongly eutactic, then all nonnempty shells of A and Sh(A) are 3-
designs.

(ii) If A is not strongly eutactic, then the shells Ay, and Sh(A),, are 3-designs
form =4% a > 1.

Remark. We have checked numerically that the shells of norm at most 1200 of these
lattices and of their shadows are not spherical designs of higher strength.

14 Other selfdual lattices up to rank 24

According to their classification ([ConSlo99, Chap. 16 and 17] and [Bach97)), the
remaining selfdual lattices of rank at most 24 enter in one of the three cases of the
following Lemma:

44. LEMMA. Let A = ZP @ L C R™ be a selfdual lattice with o(A) = n — 16, where
L CRY is of minimum 2.

(i) If p = 0 and if Lo is not strongly eutactic, then
Oap =c(P) DO A2 if P e HP(R"),

where c is a nonzero linear form on H? (R™).
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(ii)) If p > 1 and if Ly is strongly eutactic of Coxeter number h, then
Opp = c(P) (905 5As + (46 — 2N — h) @03 10A2)  if P e HP(R™),
where ¢ is a nonzero linear form on H® (R™).

(iii) If p > 1 and if Ly is not strongly eutactic, then
Orp = c1(P) DO 5 Ag + co(P) @5 10A2  if P e HAO(R™),
where ¢; and co are linearly independent linear forms on HP (R™).

We have checked numerically that the shells of norm at most 1200 of these
lattices and of their shadows are not 3-spherical designs.

Appendix: The cubic lattices of rank 4 and 7

The aim of this section is to prove the following result, without the use of modular
forms:

45. THEOREM.

(i) Let Z* = {x = (z1,...,24) € R* | ; € Z} be the cubic lattice of rank 4, and
let m be an even positive integer. Then the shell (Z*),, is a 5-design.

(ii) Let Z7 = {x = (z1,...,27) € R" | 2; € Z} be the cubic lattice of rank 7, and
let m be a positive integer of the form m = 4%(8b + 3), a,b > 0. Then the
shell (Z7),, is a 5-design.

We begin with the proof of Claim (i). Let C' C (Z/2Z)* be the even weight code
of length 4, which is defined by

c=(c1,02,¢3,¢4) EC <= c1+ca+c3+ca=0€7Z/2Z.

For y = (y1,...,y4) € Z* we write § € (Z/2Z)* its class modulo 2 Z*. Let A be the
sublattice of Z* consisting of elements = € Z* such that T € C. It is a sublattice of
index 2, which is equivalent to the root lattice of Dy.

All shells of A are 5-designs. This follows from the fact that A is invariant
under the Weyl group W(F,), and there is no nonconstant harmonic polynomial of
degree at most 5 that is invariant under the action of W(F,) ([GoeSei7d, Thm. 6.1],
[GoeSei81], Thm. 3.12]; see also [HarPac044), Sect. 4]).

Finally, for m an even positive integer, we have (Z*),, = A,,; therefore (Z*),,
is a spherical 5-design. This proves Claim (i) of the Theorem.

Let us now show Claim (ii). Let H C (Z/2Z)7 be the Hamming code of length 7.
Recall that it is a linear code of minimal Hamming distance 3, containing

one codeword 0 := (0,0,0,0,0,0,0) of weight 0;

seven codewords of weight 3;

— seven codewords of weight 4;
— one codeword 1 := (1,1,1,1,1,1,1) of weight 7.
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The set S of codewords of weight 3 forms a Steiner system S(2,3,7), and the set of
codewords of weight 4 is S 4+ 1. See for example [, Sect. 1.2, p. 7].

Let A be the sublattice of Z7 consisting of elements x € Z” such that T € H. It
is a sublattice of index 8, which is equivalent to \/§Eu7, the rescaled weight lattice
of E7.

As in the previous case, all shells of A are 5-designs, because A is invariant under
the Weyl group W(E7), and there is no harmonic polynomial of degree at most 5
that is invariant under the action of W(Er7).

But contrarily to the previous case, no shell of Z7 is equal to any shell of A.
Therefore, we need to look at the effect of the action of some finite subgroup of the
orthogonal group of rank 7 on the shells of A.

We recall first what is a weighted spherical design.

46. DEFINITION. A weighted spherical t-design or spherical cubature formula of
strength t is the data consisting of a nonempty finite subset X of S7~! and a
positive function w : X — Rsq, * — w,, such that > w; = 1 and such that
the condition

;) > w.P(z)=0, VPeHIR")

rzeX

rzeX

holds for every integer j with 1 < j < t.

(For more on cubature formulae on spheres, see for example [HarPac04H].)
Occasionaly, we allow the weight function w : X — R to take the value zero.

A spherical design is a weighted spherical design with constant weight function
wy =1/ |X|.

47. LEMMA. Let X C S™! be a spherical t-design and let G be a finite subgroup
of the orthogonal group O(n). Then GX is a weighted spherical t-design for the

weight function

’{aeG|ay€X}‘
= X.
“y ED A

Proof. For P € HU)(R™), 1 < j < t, we have

1 1
5 WP = g 3 Pl = e S (S (Pooio))

yeGX zeX
oeG

The last term is zero, because P oo € HU)(R") and X is a spherical t-design. [

We apply the previous Lemma to the subgroup G' = Aut(Z") ~ (Z/2Z)" x &
of O(7), which consists of transformations of the form

(T1, .., m7) = (1T (1)s - - 7T (7))
where €; € {+1} and 7 is a permutation of the set {1,2,...,7}.

Let ¢ € {0,1,...,7}, and let m be a positive integer such that m = ¢ mod 8.
For y = (y1,--.,y7) € (Z7)m, let W(y) be the weight of § € (Z/27Z)7, that is the
number of coordinates ¢ such that y; is odd. (Caution: the word “weight” has two
different meanings in this Appendix.) The condition y? +- - -+ 42 = ¢ mod 8 implies
that W (y) takes the values indicated in the following table:
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Now, the quantity
{0 €G|oyeAn}

depends only of W (y); it is given by the following table:

for y € (Z")m,

Applying Lemma @, we find that

— for m = 0 mod 8 and m = 4 mod 8, the shell (Z"),, is a weighted spherical
5-design for the weight function

Wy it W(y) =4

it W(y) =0, and w, =

_ 1
A 5|Aml

— for m = 3 mod 8, the shell (Z7),, is a spherical 5-design;

— for m = 7mod 8, the shell (Z7),, is a weighted spherical 5-design for the
weight function

1

- if W(y) = 3.
T 2

Wy

1
if W(y) =7, and wy = ——
if W(y) and wy = ¢ T
In order to achieve the proof of Theorem [i§, Claim (ii), it remains to show the
following statement:

Let m be a positive integer. If (Z7),, is a 5-design, then (Z")4,, is also
a 5-design.

The proof is the following. We write (Z7)4,, as
(Z7)4m =2 (Z7)m uQ
where 2 (Z"),, is the shell of norm m rescaled by a factor 2, and @ contains the

elements y € (Z") 4, such that W (y) = 4. We have shown that (Z7)y,, is a weighted
5-design for the weight function

1 1
wy = —— if y € 2(Z"),n, and w, = ——— if y € Q.
Y [Am] Y5 [Am]
But since (Z7),, is a 5-design by hypothesis, then (Z7)4y, is a weighted 5-design for
the weight function

Wy = 1 if y €2(Z7),, =0, and @, =0if y € Q.
[(Z7)m|
It is evident that, if X is a weighted ¢-design for two weight functions w and w,
then it is a weighted ¢-design for every convex linear combination of w and w.
In particular, since, in our case, there is a suitable convex linear combination of
w and @ which is constant on (Z7)4,,, the shell (Z7)4,, is indeed a 5-design.

Remark that our proof also shows that the shells of Z7 of norm m = 7 mod 8
and those of norm m = 0 mod 4 are weighted spherical 5-designs, although they are
not spherical 5-designs in general.
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