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STRONG RESONANT TUNNELING, LEVEL REPULSION AND SPECTRAL
TYPE FOR ONE-DIMENSIONAL ADIABATIC QUASI-PERIODIC
SCHRODINGER OPERATORS

ALEXANDER FEDOTOV AND FREDERIC KLOPP

ABSTRACT. In this paper, we consider one dimensional adiabatic quasi-periodic Schrodinger operators
in the regime of strong resonant tunneling. We show the emergence of a level repulsion phenomenon
which is seen to be very naturally related to the local spectral type of the operator: the more singular
the spectrum, the weaker the repulsion.

RESUME. Dans cet article, nous étudions une famille d’opérateurs quasi-périodiques adiabatiques
dans un cas d’effet tunnel résonant fort. Nous voyons 'apparition d’un phénomene de répulsion de
niveaux fort qui est relié au type spectral local de I'opérateur : plus le spectre est singulier, plus la
répulsion est faible.

0. INTRODUCTION
In [3], we studied the spectrum of the family of one-dimensional quasi-periodic Schrédinger
operators acting on L?*(R) and defined by

H, .= —% () + (V(x — 2) + acos(ex))(x),

—~
)
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where

(H1): V: R — R is a non constant, locally square integrable, 1-periodic function;
(H2): ¢ is a small positive number chosen such that 27 /e be irrational;

(H3): z is a real parameter indexing the operators;

(H4): « is a strictly positive parameter that we will keep fixed in most of the paper.

To describe the energy region where we worked, consider the spectrum of the periodic Schrodinger
operator (on L*(R))

—
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We assumed that two of its spectral bands are interacting through the per- E—-a E E+a
turbation « cos i.e., that the relative position of the spectral window F(E) := 1
[E — a, E+ ] and the spectrum of the unperturbed operator Hy is that shown
in Fig. 1. In such an energy region, the spectrum is localized near two se-

quences of quantized energy values, say (Eél))l and (Efrl/)); (see Theorem 1.1);
each of these sequences is “generated” by one of the ends of the neighboring
spectral bands of Hy. In [3], we restricted our study to neighborhoods of such
quantized energy values that were not resonant i.e. to neighborhoods of the
points Eff) that were not “too” close to the points (El(,l/)); for {p,v} ={0,7}.
Already in this case, the distance between the two sequences influences the nature and location of
the spectrum: we saw a weak level repulsion arise “due to weak resonant tunneling”.

Similarly to what happens in the standard “double well” case (see [20, 10]), the resonant tunneling
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Figure 1: Bands in
interaction



begins to play an important role when the two energies, each generated by one of the quantization
conditions, are sufficiently close to each other.

In the present paper, we deal with the resonant case, i.e. the case when two of the “interacting
energies” are “very” close to each other or even coincide. We find a strong relationship between the
level repulsion and the nature of the spectrum. Recall that the latter is determined by the speed of
decay of the solutions to (H, . — E)i = 0 (see [9]). Expressed in this way, it is very natural that the
two characteristics are related: the slower the decay of the generalized eigenfunctions, the larger the
overlap between generalized eigenfunction corresponding to close energy levels, hence, the larger the
tunneling between these levels and thus the repulsion between them.

Let us now briefly describe the various situations we encounter. Therefore, we briefly recall the
settings and results of [3]. Let J be an interval of energies such that, for all E € J, the spectral
window F(F) covers the edges of two neighboring spectral bands of Hy and the gap located between
them (see Fig. 1 and assumption (TIBM)). Under this assumption, consider the real and complex
iso-energy curves associated to (0.1). Denoted respectively by I'r and I, they are defined by

(0.3) I'r = {(k,¢) € R? E(r)+a-cos(¢) = E},
(0.4) I:={(x,¢) € C*, E(k)+ a-cos(¢) = E}.

where E(k) be the dispersion relation associated to Hy (see section 1.1.2). These curves are roughly
depicted in Fig. 2. They are periodic both in ¢ and x directions.

Consider one of the periodicity cells of I'g. It contains two tori. They are denoted by 7, and %
and shown in full lines. To each of them, one associates a A

phase obtained by integrating 1/2 times the fundamental K
1-form on I' along the tori; we denote the phases by & :

and @, respectively (see section 1.3).
Each of the dashed lines in Fig. 2 represents a loop on O 5 O i

I' that connects certain connected components of I'g; Yv,0 :" ! \Vo,m
one can distinguish between the “horizontal” loops and e —— S I
the “vertical” loops. There are two special horizontal R Vo C

loops denoted by v, ¢ and 7y ; the loop 7,0 (resp. va.r) Vh0 S Vhm S
connects vy to v, — (2m,0) (resp. o to 7r). In the Q OQO
same way, there are two special vertical loops denoted T §
by Yuo and 7, ; the loop 7,0 (resp. 7,r) connects 7o
to v + (0,27) (resp. v to 7x + (0,27)). To each of
these complex loops, one associates an action obtained
by integrating —i/2 times the fundamental 1-form on I Figure 2: The adiabatic phase space
along the loop. For a € {0,7} and b € {v, h}, we denote

by S, the action associated to v,5. For E real, all these actions are real. One orients the loops so
that they all be positive. Finally, we define tunneling coefficients as

tap =€ Sav/c ae{0,7}, be {v,h}.
Each of the curves 7y and v, defines a sequence of “quantized energies” in J (see Theorem 1.1).
They satisfy the “quantization” conditions
1 1.
(0.5) g<1>0(E(§”) - g tlrto(l), leZ, @ (EM)= g +mr+o(l), mez,
where o(1) denote real analytic functions of E that are small for small e. By Theorem 1.1, for

a € {0, 7}, near each E(gl), there is one exponentially small interval 1Y such that the spectrum of

H,. in J is contained in the union of all these intervals. The precise description of the spectrum in
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the interval 7t depends on whether it intersects another such interval or not. Note that an interval
of type Iél) can only intersect intervals of type I and vice versa (see section 1.3.3).
The paper [3] was devoted to the study of the spectrum in intervals 1Y that do not intersect

any other interval. In the present paper, we consider two intervals Iél) and L(Tl/) that do intersect and
describe the spectrum in the union of these two intervals. It is useful to keep in mind that this union
is exponentially small (when e goes to 0).

There are two main parameters controlling the spectral type:

Lyotor max(t, 7tv7r 2
T =2 Zv,0 fom and p= ) ( 05 b, )
thothx thothx

Here, as we are working inside an exponentially small interval, the point inside this interval at which
we compute the tunneling coefficients does not really matter: over this interval, the relative variation
of any of the actions is exponentially small.

Noting that p > 7, we distinguish three regimes:

o 7> 1,
e p>1land7<K1,
e p K 1.

Here, the symbol > 1 (resp. < 1) mean that the quantity is exponentially large (resp. small) in %
as € goes to 0, the exponential rate being arbitrary, see section 1.5.

In each of the three cases, we consider two energies, say Fy and F,, satisfying respectively the first
and the second relation in (0.5), and describe the evolution of the spectrum as Fy and E, become
closer to each other. As explained in Remark 1.2 in [3], this can be achieved by reducing € somewhat.
As noted above, when moving these two energies, we can consider that the other parameters in the
problem, mainly the tunneling coefficients, hence, the coupling constants 7 and p stay constant; in
particular, we stay in one of the three cases described above when we move Fy and E; closer together.

Assume we are in the case 7 > 1. Then, when Ey and E, are still “far” away from each other,
one sees two intervals containing spectrum (sub-intervals of the corresponding intervals Iy and I,),
one located near each energy; they contain the same amount of spectrum i.e. the measure with
respect to the density of states of each interval is €/27; and the Lyapunov exponent is positive on
both intervals (see Fig. 5(a)). When Ey and E, approach each other, at some moment these two
intervals merge into one, so only a single interval is seen (see Fig. 5(b)); its density of states measure
is ¢/m and the Lyapunov exponent is still positive on this interval. There is no gap separating
the intervals of spectrum generated by the two quantization conditions '. This can be interpreted
as a consequence of the positivity of the Lyapunov exponent : the states are well localized so the
overlapping is weak and there no level repulsion. Nevertheless, the resonance has one effect: when
the two intervals merge, it gives rise to a sharp drop of the Lyapunov exponent (which still stays
positive) in the middle of the interval containing spectrum. Over a distance exponentially small in
g, the Lyapunov exponent drops by an amount of order one.

In the other extreme, in the case p < 1, the “starting” geometry of the spectrum is the same
as in the previous case, namely, two well separated intervals containing each an e/27 “part” of
spectrum. When these intervals become sufficiently close one to another most of the spectrum on
these intervals is absolutely continuous (even if the spectrum was singular when the intervals were
“far” enough). As the energies Ey and F, approach each other, so do the intervals until they roughly
reach an interspacing of size /t;; during this process, the sizes of the intervals which, at the start,

n the present paper, we do not discuss the gaps in the spectrum that are exponentially small with respect to the
lengths of the two intervals Iy and I).
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were roughly of order ¢, + t, and t,, + t;, grew to reach the order of /7, (this number is much
larger than any of the other two as p < 1). When Ej and E, move closer to each other, the intervals
containing the spectrum stay “frozen” at a distance of size v/, from each other, and their sizes do
not vary noticeably either (see Fig. 6). They start moving and changing size again when Ey and E,
again become separated by an interspacing of size at least \/fj,. So, in this case, we see a very strong
repulsion preventing the intervals of spectra from intersecting each other. The spacing between them
is quite similar to that observed in the case of the standard double well problem (see [20, 10]).

In the last case, when p > 1 and 7 < 1, we see an intermediate behavior. For the sake of
simplicity, let us assume that ¢, . > t,. Starting from the situation when Ej, and E, are “far”
apart, we see two intervals, one around each point Ey and E, and this as long as |Ey — Ex| > t,,
(see Fig. 7(a)). When |Ey — E,| becomes roughly of size t, . or smaller, as in the first case, the
Lyapunov exponent varies by an amount of order one over each of the exponentially small intervals.
The difference is that it need not stay positive: at the edges of the two intervals that are facing
each other, it becomes small and even can vanish. These are the edges that seem more prone to
interaction. Now, when one moves E, towards F, the lacuna separating the two intervals stays open
and starts moving with Ey; it becomes roughly centered at Ej, stays of fixed size (of order t5,/t, )
and moves along with Ey as Ej crosses E; and up to a distance roughly ¢, . on the other side of
E, (see Fig. 7(b)). Then, when E; moves still further away from E, it becomes again the center
of some interval containing spectrum that starts moving away from the band centered at E,. We
see that, in this case as in the case of strong repulsion, there always are two intervals separated by
a gap; both intervals contain a /27 “part” of spectrum. But, now, the two intervals can become
exponentially larger than the gap (in the case of strong interaction, the length of the gap was at
least of the same order of magnitude as the lengths of the bands). Moreover, on both intervals, the
Lyapunov exponent is positive near the outer edges i.e. the edges that are not facing each other; it
can become small or even vanish on the inner edges. So, there may be some Anderson transitions
within the intervals. We see here the effects of a weaker form of resonant tunneling and a weaker
repulsion.

To complete this introduction, let us note that, though in the present paper we only considered
a perturbation given by a cosine, it is clear from our techniques that the same phenomena appear as
long as the phase space picture is that given in Fig. 2.

1. THE RESULTS

We now state our assumptions and results in a precise way.

1.1. The periodic operator. This section is devoted to the description of elements of the spectral
theory of one-dimensional periodic Schrodinger operator Hy that we need to present our results. For
more details and proofs, we refer to section 6 and to [2, &].

1.1.1. The spectrum of Hy. The spectrum of the operator Hy defined in (0.2) is a union of countably
many intervals of the real axis, say [Fa,i1, Fonyo] for n € N | such that

E1<E2§E3<E4...E2n§E2n+1<E2n+2§...,

E, — +00, n — 4o0.

This spectrum is purely absolutely continuous. The points (E};); are the eigenvalues of the self-adjoint
operator obtained by considering the differential polynomial (0.2) acting in L?([0,2]) with periodic
boundary conditions (see [2]). For n € N, the intervals [Ey, .1, Ea,12] are the spectral bands, and

the intervals (Es,, Faoni1), the spectral gaps. When Es,, < Fa,.1, one says that the n-th gap is open;
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when [Es, 1, Es,] is separated from the rest of the spectrum by open gaps, the n-th band is said to
be isolated. Generically all the gap are open.

From now on, to simplify the exposition, we suppose that

(O): all the gaps of the spectrum of Hy are open.

1.1.2. The Bloch quasi-momentum. Let x +— 1(z, F) be a non trivial solution to the periodic
Schrodinger equation Hgtp = E1) such that ¢ (x + 1, E) = pt (z, FE), Vo € R, for some p € C*
independent of x. Such a solution is called a Bloch solution to the equation, and u is the Floquet
multiplier associated to 1. One may write p = exp(ik) where, k is the Bloch quasi-momentum of the
Bloch solution .

It appears that the mapping F +— Ek(FE) is analytic and multi-valued; its branch points are the points
{E,; n € N}. They are all of “square root” type.

The dispersion relation k — E(k) is the inverse of the Bloch quasi-momentum. We refer to sec-
tion 6.1.2 for more details on k.

1.2. A “geometric” assumption on the energy region under study. Let us now describe the
energy region where our study is valid.

Recall that the spectral window F(FE) is the range of the mapping ¢ € R — FE — a cos(().
In the sequel, J always denotes a compact interval such that, for some n € N* and for all £ € J, one
has
(TIBM)! [E2n7E2n+1] C f(E) and f(E) C]EQn,hEQnJrQ[.
where F(E) is the interior of F(E) (see figure 1).

Remark 1.1. As all the spectral gaps of Hy are assumed to be open, as their length tends to 0 at
infinity, and, as the length of the spectral bands goes to infinity at infinity, it is clear that, for any
non vanishing «, assumption (TIBM) is satisfied in any gap at a sufficiently high energy; it suffices
that this gap be of length smaller than 2q.

1.3. The definitions of the phase integrals and the tunneling coefficients. We now give the
precise definitions of the phase integrals and the tunneling coefficients introduced in the introduction.

1.3.1. The complex momentum and its branch points. The phase integrals and the tunneling coef-
ficients are expressed in terms of integrals of the compler momentum. Fix E in J. The complex
momentum ¢ — r(¢) is defined by

(1.1) K(C) = k(E — acos(C)). b Cans2
As k, k is analytic and multi-valued. The set I" defined 5 ¢ 5

in (0.4) is the graph of the function k. As the branch - —— e
points of k are the points (E;);en, the branch points of Can g

K satisfy §

(1.2) E —acos(() =E;, j € N T T

As F is real, the set of these points is symmetric with

respect to the real axis and to the imaginary axis, and it is Figure 3: The branch points

2m-periodic in . All the branch points of x lie on arccos(R). This set consists of the real axis
and all the translates of the imaginary axis by a multiple of 7. As the branch points of the Bloch

quasi-momentum, the branch points of k are of “square root” type.
5



Due to the symmetries, it suffices to describe the branch points in the half-strip {¢; Im{ >
0, 0 < Re(¢ < 7}. These branch points are described in detail in section 7.1.1 of [3]. In figure 3,
we show some of them. The points ¢; being defined by (1.2), one has 0 < (2 < (opy1 < T,
0 <ImQopie <Im@apz <+, 0<Im(yy 1 < - <Im(.

1.3.2. The contours. To define the phases and the tunneling coefficients, we introduce some integra-
tion contours in the complex (-plane.

These loops are shown in figures 3 and 4. The loops Yo, Vr, Vh.0, Vh.x> Vo0 and 7, » are simple loops,
respectively, going once around the intervals [—Con, Conls [Cont1s 27— Cont1], [—Cont1, —Con)s [Cons Cont1)s

[C2n717 <2n71] and [C2n+27 C2n+2]-

In section 10.1 of [3], we have shown that, on each of the above loops, one can fix a continuous branch
of the complex momentum.

Consider I', the complex iso-energy curve defined by (0.4). Define the projection II : ((,k) € ' +—
¢ € C. As on each of the loops Yo, Y=, V1,0, Vhx» Yu0 a0d ¥, -, one can fix a continuous branch of the
complex momentum, each of these loops is the projection on the complex plane of some loop in I'.
In sections 10.6.1 and 10.6.2 of [3], we give the precise definitions of the curves o, Y, Yh.0, Yhws Vo0
and 7, » represented in figure 2 and show that they respectively project onto the curves Yo, ¥z, V1.0

;yhﬂ'ﬁ 5/1),0 and f?v,w-

1.3.3. The phase integrals, the action integrals and the tunneling coefficients. The results described
below are proved in section 10 of [3].

Let v € {0,7}. To the loop 7,, we associate the phase l l
integral @, defined as Cont2
1 §2n71 ;)(/71,7'(

(1.3) o, (F) = 57{ kdC, Fho H%,o Const

ol *—o 0 —0— = *—
where £ is a branch of the complex momentum that is con- U Con T
tinuous on 4,. The function E +— &, (F) is real analytic
and does not vanish on J. The loop 7, is oriented so that T T
®,(E) be positive. One shows that, for all £ € J,
(1.4) Py(E) <0 and P (F)>0. Figure 4: The loops for the action inte-

grals

To the loop 7,,, we associate the wvertical action integral
Sy, defined as

(15) SulB)= =5 § i,
Yu,v

where £ is a branch of the complex momentum that is continuous on 7, ,. The function E +— S, ,(E)
is real analytic and does not vanish on J. The loop 4, , is oriented so that S, ,(E) be positive.
The wertical tunneling coefficient is defined to be

1
(1.6) ty(E) = exp <——SU,V(E)) .
€
The index v being chosen as above, we define horizontal action integral Sy, by

(L.7) Su(E) =~ 74 w(C) dC.



where £ is a branch of the complex momentum that is continuous on 4, ,,. The function £ — S, ,(E)
is real analytic and does not vanish on J. The loop 4, is oriented so that Sy, (F) be positive.
The horizontal tunneling coefficient is defined as

(1.8) tho(E) = exp (—éShJ,(E)) .

As the cosine is even, one has

(1.9) Sho(E) = Sh.(FE) and tho(E)=th.(E).
Finally, one defines

(1.10) Sw(E) = Sno(E) + Sna(E)  and  in(E) = tho(E) - thx(E).

In (1.3), (1.5), and (1.7), only the sign of the integral depends on the choice of the branch of x; this
sign was fixed by orienting the integration contour.

1.4. A coarse description of the location of the spectrum in J. Henceforth, we assume that
the assumptions (H) and (O) are satisfied and that J is a compact interval satisfying (TIBM). As
in [3], we suppose that
(T): 2« %ur} min(Im (o, o(E), Im (o1 3(F)) > rga?](maX(Sh(E), Svo(E), Spx(E)).
S S

Note that (T) is verified if the spectrum of Hy has two successive bands that are sufficiently close
to each other and sufficiently far away from the remainder of the spectrum (this can be checked
numerically on simple examples, see section 1.8). In section 1.9 of [3], we discuss this assumption
further.

Define

1. :
(1.11) dp = 5 Jgrégmm(Sh(E), Svo(E), Syr(E)) > 0.
One has

Theorem 1.1 ([3]). Fiz E. € J. For e sufficiently small, there exists V. C C, a neighborhood of
E., and two real analytic functions E +— Oo(E,€) and E — . (F,¢), defined on V, satisfying the
uniform asymptotics

(1.12) Oo(E,e) = Bo(E) +o(e), Op(F,e) =(E)+o(e) whene — 0,

such that, if one defines two finite sequences of points in JOV,., say (EL), = (EL (e)), and (EY))y =
(B (), by

1
£

) 1.
bo(EL, ¢) = g +al and  —d(BY),<) = g vl (1) eN?,

(1.13)
then, for all real z, the spectrum of H,. in J NV, is contained in the union of the intervals

(114) [O(l) = Eél) + [_6750/5’ 6750/5] and [7(rll) e E7(rll) _'_ [_6750/67 6750/6]
that is

o(H..)NJNV, C (U 10“’) U (U 179’)) .

7



In the sequel, to alleviate the notations, we omit the reference to ¢ in the functions ®, and @,.

By (1.4) and (1.12), there exists C' > 0 such that, for ¢ sufficiently small, the points defined in (1.13)
satisfy

1 .

(1.15) 5¢ < EY — EY < e,
1

(1.16) 5 < EY — BU-D < Ce.

Moreover, for v € {0, 7}, in the interval J NV, the number of points EY is of order 1/e.

In the sequel, we refer to the points Eél) (resp. Efrl)), and, by extension, to the intervals [él) (resp.

L(Tl)) attached to them, as of type 0 (resp. type 7).

By (1.15) and (1.16), the intervals of type 0 (resp. m) are two by two disjoints; any interval of type
0 (resp. m) intersects at most a single interval of type 7 (resp. 0).

1.5. A precise description of the spectrum. As pointed out in the introduction, the present
paper deals with the resonant case that is we consider two energies, say Eél) and E! ), that satisfy

(1.17) IEW) — V| < 2¢= .

This means that the intervals Iél) and I intersect each other. Moreover, by (1.15) and (1.16),
these intervals stay at a distance at least C~1e of all the other intervals of the sequences defined in

Theorem 1.1. We now describe the spectrum of H, . in the union Iél) U L(rl/).
To simplify the exposition, we set

(1.18) E, = Eél), E. = Effl), Iy = Iél), and [, := I7(rll).

In the resonant case, the primary parameter controlling the location and the nature of the spectrum
is

tool )ty (F _ E.+FE
(1.19) T =2 —U’O( ) f’w( ) where EF=—"_"= + 0
th(E) 2

As tunneling coefficients are exponentially small, one typically has either 7 > 1 or 7 < 1. We will
give a detailed analysis of these cases. More precisely, we fix 4, > 0 arbitrary and assume that either

(1.20) VEeV.NJ, Sp(E)—Suo(E)—Syr(E)> 0., (casewe denote by 7> 1),
or
(1.21) VEeV.NJ, SpE)—Syo(E)—Sy-(FE)<—0,, (casewe denote by 7 < 1).

The case 7 < 1 is more complicated (also less frequent i.e. satisfied by less energies). We discuss it
briefly later.

To describe our results, it is convenient to introduce the following “local variables”
£ tow(E)
8

(1.22) & (E) =

where v € {0,7}.



1.5.1. When 7 is large. Let us now assume 7 > 1. The location of the spectrum in IyUI is described

by

Theorem 1.2. Assume we are in the case of Theorem 1.1. Assume (1.20) is satisfied. Then, there
exist £g > 0 and a non-negative function € — f(e) tending to zero as € — 0 such that, for e € (0, ],
the spectrum of H, . in Iy U I is located in two intervals Iy and I, defined by

L={Eel: [(E)| <1+ fe)} and L ={Eel;: |&E)| <1+ f(e)}
If AN.(E) denotes the density of states measure of H, ., then

(1.23) / dN.(E) = / dN.(F) = % iflonl, =0, and / dN.(E) = £ otherwise.

Iy Ir IV()UL‘- ™
Moreover, the Lyapunov exponent on Iy U I satisfies
€
(1.24) O(E,¢) = ~log (Tv/T+ [G(B) + [&(B)]) + o(1),

where o(1) — 0 when € — 0 uniformly in E, in Ey and in E;.

By (1.23), if I and I, are disjoint, they both contain spectrum of H., .; if not, one only knows that
their union contains spectrum.

Let us analyze the results of Theorem 1.2.

~ 2ty (ELY)

l /
~ 2t,0(EY)) ~ 2ty (EY)) m_

Eél) £ Eél)Efrl)
(a) |Er — Eo| > max(ty r,ty0) (b) |Ex — Eo| < max(ty,r,tv,0)

Figure 5: The location of the spectrum for 7 large

The location of the spectrum. By (1.22), the intervals I and I, defined in Theorem 1.2 are respectively
“centered” at the points Iy and E,. Their lengths are given by

2¢e

= ——— tyo(Eo) - (1+0(1)) and |[I;| = |9 (E)|

o Ba) - (14 0(1)).
where o(1) only depends on ¢ and o(1) — 0 when ¢ — 0. Depending on |E; — Ey|, the picture of the
spectrum in Iy U I is given by figure 5, case (a) and (b).

The repulsion effect observed in the non resonant case (see [3], section 1.6) is negligible with respect
to the length of the intervals Iy and I .

The nature of the spectrum. In the intervals I and I, according to (1.20) and (1.24),Vthe Lyapunov
exponent is positive. Hence, by the Ishii-Pastur-Kotani Theorem ([17]), in both Iy and I, the

spectrum of H, . is singular.
9



The Lyapunov exponent ©(FE, ) on the spectrum. The general formula (1.24) can be simplified in
the following way:

O(E,2) = log (FVIT+T&(E)]) +o(1) when E €Iy,
and

O(E,2) = ~log (FVITH+T&(B)) +o(1) when E el

If |Ex — Eo| > max(t,,, ty0), then the Lyapunov exponent stays essentially constant on each of the
intervals Iy and .. On the other hand, if |E, — Ey| < max(t,r,t,0), then, on these exponentially
small intervals, the Lyapunov exponent may vary by a constant. To see this, let us take a simple
example. Assume that ¢,y < t, ~, or, better said, that there exists § > 0 such that

VEE€V.NJ, Suo(E)> Sur(E)+6.

If Ey and E, coincide, then I, C I, and, near the center of I, the Lyapunov exponent assumes the
value

1 _ _
O(E,2) = Zlog 7 +0(1) = 5= (Su(E) = Sur(E) = Suo(E)) + ().
Near the edges of I, its value is given by

€ € _ _

O(F,e) = - log T+ o log(ty(E)/tuo(E)) + o(1)
_1

21

So the variation of the Lyapunov exponent is given by 5= (Sy0(E) — Sy(E)) on an exponentially
small interval. One sees a sharp drop of the Lyapunov exponent on the interval containing spectrum
when going from the edges of I, towards F,.

(Sw(E) — 25,.(E)) + o(1).

1.5.2. When 7 is small. We now assume that 7 < 1, i.e., that (1.21) is satisfied. Then, the spec-
tral behavior depends on the value of the quantity A, (V') defined and analyzed in section 6.2, see
Theorem 6.1. Here, we only note that A, (V) depends solely on V' and on the number of the gap
separating the two interacting bands; moreover, it can be considered as a "measure of symmetry” of
V. taking the value 1 for “symmetric” potentials V', this quantity generically satisfies

(1.25) Ay(V) > 1,

Below, we only consider this generic case.
There are different possible “scenarii” for the spectral behavior when 7 < 1. Before describing them
in detail, we start with a general description of the spectrum. We prove

Theorem 1.3. Assume we are in the case of Theorem 1.1. Assume that (1.21) and (1.25) are
satisfied. Then, there exists €9 > 0 and a non negative function € — f(e) tending to zero when & — 0
such that, for e €]0, o], the spectrum of H, . in [él) u Il is contained in Y(e), the set of energies E
satisfying

(1.26) |7260(E)éxn(E) + 28, (V)| < (2 +7°|&(B)| + 72[&(B)]) (1 + f(2)).
In section 4.2, we analyze the inequality (1.26) and prove

Proposition 1.1. For sufficiently small , the set () defined in Theorem 1.3 is the union of two
disjoint compact intervals; both intervals are strictly contained inside the (2e=%/%)-neighborhood of

E.
10



The intervals described in Proposition 1.1 are denoted by Iy and I.
We check the

Theorem 1.4. Assume we are in the case of Proposition 1.1. If dN.(E) denotes the density of states

measure of H, ., then
£
dN.(E) = | dN.(E)= —.
[ e = [ anp) - -

0 T

Hence, each of the intervals Iy and I, contains some spectrum of H, .. This implies that, when 7 < 1
and A, (V) > 1, there is a “level repulsion” or a “splitting” of resonant intervals.

As for the nature of the spectrum, one shows the following results. The behavior of the Lyapunov
exponent is given by

Theorem 1.5. Assume we are in the case of Theorem 1.3. On the set X(¢), the Lyapunov exponent
of H, . satisfies

£
(1.27) O(E, ) = 3= log (T (I6(E)| + [&(E)]) +1) + o(1),
where o(1) — 0 when ¢ — 0 uniformly in E and in Ey and E;.

For ¢ > 0, one defines the set

(1.28) It {Eez ) 5log< VIGE) + 6 )|) >c}.
Theorem 1.5 and the Ishii-Pastur-Kotani Theorem imply

Corollary 1.1. Assume we are in the case of Theorem 1.3. For e sufficiently small, the set ()N IF
only contains singular spectrum.

Define

(1.29) I {E € X(e): elog< VI€o(E)| + |&x( )|> < —c}.
Theorem 1.3 implies that, for sufficiently small €, the set I is contained in the set
(1.30) Sac(e) = {B € R: |726(B)&(E) +20,(V)] < 2(1 + g(e))},

where ¢ — g(¢) is independent of ¢ and satisfies the estimate g = o(1) as ¢ — 0. The set Y.c(¢)
consists of Iy and I, two disjoint intervals, and the distance between these intervals is greater than

or equal to C'ev/ty(E) (see Lemma 4.12).

Let 3. denote the absolutely continuous spectrum of H, .. One shows

Theorem 1.6. Assume we are in the case of Theorem 1.3. Pick v € {0,7}. There exists n > 0 and
D cC (0,1), a set of Diophantine numbers such that

[ ]
mes (DN (0,¢))
€
e for e € D sufficiently small, if I” N I, #0, then

mes (I, N Sae) = mes (1) (1 + o(1)),

=140 (e’"/e) when € — 0.

where o(1) — 0 when ¢ — 0 uniformly in Ey and E,.
11



1.5.3. Possible scenarii when 7 is small. As in section 1.5.2, we now assume that 7 < 1 and A, (V) >
1. Essentially, there are two possible cases for the location and the nature of the spectrum of H, ..
Define

max(twr, tv,O) max(tw, tv,O)

Vin e

Note that p > 7. We only discuss the cases when p is exponentially small or exponentially large.

(1.31) pi=

BB min(t, ., ty0)

1. Here, following section 5.2, we discuss the case p < 1. If |E, — Ey| < e\/ty(F), X(¢) is the
union of two intervals of length roughly £+/%; ; they are separated by a gap of length roughly e/,
(see figure 6); this gap is centered at the point £. The length of the intervals containing spectrum,
as well as the length and center of the lacuna essentially do not change as the distance E, — Ej
increases up to ~ £4/t,(E); after that, the intervals containing spectrum begin to move away from
each other.

As for the nature of the spectrum, when p is exponentially small

and |E; — Ey| < ev/ty(E), the intervals containing spectrum =evin <evin  Zevh
are contained in the set I7; so, most of the spectrum in these

intervals is absolutely continuous (if € satisfies the Diophantine
condition of Theorem 1.6).

2. Consider he case when p > 1. This case is analyzed in sec- Figure 6: When p < 1
tion 5.3. For sake of definiteness, assume that ¢, < t, . Then,

there exists an interval, say I, that is asymptotically centered

at F; and that contains spectrum. The length of this interval is of order 5twr(E ).

EO E7T

One distinguishes two cases:

(1) if Ey belongs to I, and if the distance from Ej to the edges of I, is of the same order of
magnitude as the length of I, then (&) consists of the interval I, without a “gap” of length
roughly ety,(E)/t,(F) and containing Fy (see figure 7(b)). Moreover, the distance from Ej
to any edge of the gap is also of order et),(E)/t,.(E).

(2) if Ey is outside I, and at a distance from I, at least of the same order of magnitude as the
length of I, then X(¢) consists in the union of I, and an interval I (see figure 7(a)). The
interval I is contained in neighborhood of Ejy of size roughly £%t,(F)/|Ey — Ex|. The length
of Iy is of size €2ty (E)/|Ey — Ex| + ety o(E).

t
= e(tn/|Eo — Ex| +tup) € h = ~ et
= ety lyx < o )
E, E. Ey Er
(a) When |E, — Ey| > ety (E) (b) When |E, — Ey| < ety (E)

Figure 7: The locus of the spectrum when 7 < 1 and p > 1

When p is exponentially large, the Lyapunov exponent may vary very quickly on the intervals con-
taining spectrum. Consider the case |E, — Ey| < ety (E). For E close the gap surrounding FEy,

72¢(E) is of order 1 whereas 72¢,(F) is exponentially small. Hence, for E near the gap surrounding
12



Ey, Theorem 1.5 implies O(FE,c) = o(1). On the other hand, at the external edges of the intervals
containing spectrum, 72¢y(E) is of size roughly p?; this factor being exponentially large, at such
energies, the Lyapunov exponent is positive and given by

O(E,¢) = %logp +o(1).

This phenomenon is similar to that observed for 7 > 1 except that, now, the Lyapunov exponent
sharply drops to a value that is small and that may even vanish. In fact, on most of 3(¢), the
Lyapunov exponent stays positive and, the spectrum is singular (by Corollary 1.1). Moreover, near
the lacuna surrounding Ey, neither Corollary 1.1, nor Theorem 1.6 apply. These zones are similar to
the zones where asymptotic Anderson transitions were found in [7].

1.6. The model equation. The study of the spectrum of H, . is reduced to the study of the finite
difference equation (the monodromy equation, see section 2.1):

(1.32) Uy = M(kh + 2, E)V,, V,cC? kcZ,

where h = 2Zmod 1, and (z,E) — M(z, E) is a matrix function taking values in SL(2,C) (the
monodromy matrix, see section 2.1.1). The asymptotic of M is described in section 2.2; here we
write down its leading term. Assume additionally that 72(E£) > min,e(or} to,,(E). Then, M has the
most simplest asymptotic (see Corollary 2.1 and Remark 2.4), and, for £ € Iy U I, one has

7290(2)gx(2) + 0,1 Tgo(2)
(1.33) M(z,E) ~ ,
0,79(2) 0,
where
g, =& +sin(2r(z — 2,)), ve{0,7},

0,, is the solution to 2A,, = 6, + 0, in [1,+o0|, and (2,),e{0,-} are constants.

The behavior of the solutions to (1.32) mimics that of those to H, ¢ = E in the sense of Theorem
2.1 from [7]. Equation (1.32) in which the matrix is replaced with its principal term is a model
equation of our system. All the effects we have described can be seen when analyzing this model
equation.

1.7. When 7 is of order 1. When 7 is of order 1, the principal term of the monodromy matrix
asymptotics is the one described by (1.33). If 7 and |&| and |&;| are of order of 1, the principal
term does not contain any asymptotic parameter. This regime is similar to that of the asymptotic
Anderson transitions found in [7]. If at least one of the “local variables” &,(FE) becomes large, then,
the spectrum can again be analyzed with the same precision as in sections 1.5.1 and 1.5.2.

1.8. Numerical computations. We now turn to some numerical results showing that the multiple
phenomena described in section 1.5 do occur.

All these phenomena only depend on the values of the actions Sy, Sy, Sy-. We pick V to be a
two-gap potential; for such potentials, the Bloch quasi-momentum & (see section 1.1.2) is explicitly
given by a hyper-elliptic integral ([12, 14]). The actions then become easily computable. As the
spectrum of Hy = —A + V only has two gaps, we write o(Hy) = [E1, Es] U [E3, E4) U [E5, +00[. In
the computations, we take the values

E, =0, Ey = 3.8571, By = 6.8571, F, = 12.1004, and E5 = 100.7092.

On the figure 8, we represented the part of the (a, E)-plane where the condition (TIBM) is satisfied
for n = 1. Denote it by A. Its boundary consists of the straight lines F = F; + «a, E = Ey + «a,
EF=F;—aand F = E; — a.

13



The computation shows that (T) is satisfied in the whole of A. As n =1, one has Ey, o = —oc0. It
suffices to check (T) for (o,13 = (5. (T) can then be understood as a consequence of the fact that
E5 — Ej is large.

On figure 8, we show the zones where 7 and p are large and small. So, for carefully chosen «, all the

E:E4—Oé

E=E1—|-Oé

Figure 8: Comparing the coefficients 7 and p to 1

phenomena described in section 1.5.1, 1.5.2 and 1.5.3, that is in figures 5, 6 and 7, do occur.

1.9. The outline of the paper. The main idea of our analysis is to reduce the spectral study of (0.1)
to the study of a finite difference equation (the monodromy equation) the coefficients of which, in
adiabatic limit, take a simple asymptotic form. Therefore, we use the first step of a renormalization
procedure. Such renormalization procedure, called the monodromization, was first suggested to study
spectral properties of the finite difference equations (on the real line) with periodic coefficients in [1].
We have understood that this idea can be generalized to study quasi periodic systems with two
frequencies and, in [7], we applied it to the analysis of the differential Schrodinger equation (0.1).
In section 2, we recall the definition of the monodromy matrix and the monodromy equation for the
quasi-periodic Schrodinger equation. Then, we get the asymptotic of the monodromy matrix in the
adiabatic limit in the resonant case. Note that most of the technical work was already done in [3],
where we have got this asymptotic in a general case; here, first, we analyze the error terms in the
general formula and show that, in the resonant case, one can get for them much better estimates,
second we show that, in the resonant case, one can simplify the principal term of the asymptotic.
In section 3, we prove our spectral results for the case of big 7. The analysis made here is quite
standard: similar calculations can be found in [5] and [3].

In section 4, we prove our results for the case of small 7. This is the most complicated case. Though
that we roughly follow the analysis preformed in [7] and [3], we have to develop some new ideas to
be able carry out rather delicate computations. This is due to two facts: first, in the case of small 7,
one observes a rich set of new spectral phenomena, and, second, one has to control simultaneously

several objects having different orders of exponential smallness in e.
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In section 1.5.3, we analyze the results of the previous section and describe the possible spectral
scenarios for small 7.

The main goal of section 6 is to study A, (V'), the quantity responsible for the gap between the two
resonant intervals containing spectrum. In, particular, we show that, generically, it satisfies (1.25).

2. THE MONODROMY MATRIX

In this section, we first recall the definitions of the monodromy matrix and of the monodromy
equation for the quasi-periodic differential equation

d2

da?

and recall how these objects related to the spectral theory of the operator H, . defined in (0.1). In
the second part of the section, we describe a monodromy matrix for (2.1) in the resonant case.

(2.1) (x) + (V(z — 2) + acos(ex))p(z) = EY(x), x€R,

2.1. The monodromy matrices and the monodromy equation. We now follow [0, 7], where
the reader can find more details, results and their proofs.

2.1.1. The definition of the monodromy matriz. For any z fixed, let (¢;(z, 2));eq1,2) be two linearly
independent solutions of equation (2.1). We say that they form a consistent basis if their Wronskian
is independent of z, and, if for j € {1,2} and all x and z,

As (Y;(x, 2))jeq1,2y are solutions to equation (2.1), so are the functions ((z,2) — ¥;(x + 27 /e, 2 +
27 /¢))jeq1,2y- Therefore, one can write

2 V(e +2m/e,z+2m/e) = M (2, B) ¥ (2,2), ¥(o,2)= C/Z% >)) ,

where M (z, F) is a 2 X 2 matrix with coefficients independent of x. The matrix M (z, F) is called the
monodromy matriz corresponding to the basis (¢;);cq1,93. To simplify the notations, we often drop
the F dependence when not useful.

For any consistent basis, the monodromy matrix satisfies

(2.4) det M (2) =1, M(z+1)=M(2), V=

2.1.2. The monodromy equation and the link with the spectral theory of H, .. Set

2
(2.5) h= g mod 1.

Let M be the monodromy matrix corresponding to the consistent basis (¢;);j—12. Consider the
monodromy equation

(2.6) F(n+1)= M (z+nh)F(n), F(n) e C? VYn€Z.

The spectral properties of H, . defined in (0.1) are tightly related to the behavior of solutions of (2.6).
This follows from the fact that the behavior of solutions of the monodromy equation for n — £oo
mimics the behavior of solutions of equation (0.1) for  — Foo, see Theorem 3.1 from [7].
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2.1.3. Relations between the equations family (0.1) and the monodromy equation. Here, we describe
only two consequences from Theorem 3.1 from [7]; more examples will be given in the course of the
paper. One has

Theorem 2.1. Fix E € R. Let h be defined by (2.5). Let z — M(z, E) be a monodromy matrix
for equation (2.1) corresponding to a basis of consistent solutions that are locally bounded in (x, z)
together with their derivatives in x.

Suppose that the monodromy equation has two linearly independent solutions (x+, x—) such that, for
some C' > 0, forn € N, one has ||[x+(n)| + [[x_(—=n)|| < Ce ™. Then, E belongs to the resolvent
set of the operator H, ..

The proof of this theorem mimics the proof of Lemma 4.1 in [7].
The second result we now present is the relation between the Lyapunov exponents of the family of
equations (0.1) and of the monodromy equation.

Recall the definition of the Lyapunov exponent for a matrix cocycle. Let z — M(z) be an SL(C, 2)-
valued 1-periodic function of the real variable z. Let h be a positive irrational number. The Lyapunov
exponent for the matriz cocycle (M, h) is the limit (when it exists)

2.7) oM, 1) = Tim_ Tlog M (= + Lh) - M(= + (L~ D)h) -+ M(= + ) - M(2)].

Actually, if M is sufficiently regular in z (say, belongs to L>), then 0(M, h) exists for almost every
z and does not depend on z, see e.g. [18].

One has

Theorem 2.2 ([0]). Let h be defined by (2.5). Let z +— M(z, E) be a monodromy matriz for equa-
tion (2.1) corresponding to a basis of consistent solutions that are locally bounded in (x,z) together
with their derivatives in x. The Lyapunov exponents O(E, ) and O(M(-, E), h) satisfy the relation

(2.8) O(E,h) = %e(zw(., E),h).

2.2. Asymptotics of the monodromy matrix. Consider the sequences (Eél))l and (Efrl/)) y defined
by the quantization conditions (1.13). Let E, be one of the points (Efrl ))l/, and let Fy be the point
from the sequence (E((]l))l closest to E,. Define

- Ey+ E, Ey— E;
(2.9) E:% and A:OT.
We assume that Fjy and E, are resonant, i.e., that they satisfy
(2.10) A < 2%

We now describe the asymptotic of the monodromy matrix for the family of equations (0.1) for
(complex) energies E such that

(2.11) |E— E| < 4e+,

We shall use the following notations:

(1) the letter C' denotes various positive constants independent of z, E, E,, Fy and ¢;

(2) the symbol O(fi, fo,... fn) denotes functions satisfying the estimate |O(fi, fo,... fn)] <
C(fil + Lol + - [ ful)-

(3) when writing f =< g, we mean that there exists C' > 1 such that C~t|g| < |f| < C|g| for all
e, (, K, E., Eyin consideration.

(4) when writing f = o(g), we mean that there exists € — c(g), a function such that
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o |[f| <cle)lg| forall e, (, E, E, and Ej in consideration;
e ¢(¢) — 0 when ¢ — 0.

We let

(2.12) p(z) = *mlm=l,

Recall that 0y is the constant defined in (1.11). One has

Theorem 2.3. Pick E, € J. There exists Vi, a neighborhood of E., such that, for sufficiently small
e, there exists a consistent basis of solutions of (2.1) for which the monodromy matriz (z, ) —
M™(z, E) is analytic in the domain {z € C; 27|Im 2| < %0} x VE where VE ={E € V,; |ImE| < ¢e}.
Its coefficients take real values for real & and z. Fix J, C V. N R, a compact interval. If E, € J,
and satisfies (2.10), then, in the domain

(2.13) {z € C; 2n|lm 2| < %} X {E €C; |F-E; < 46*%0},
one has

720G + 07! ’f’Tgo) 5 (O (7%[glolglx ) O (r7|glo p))
2.14 M™ = ’ JO) 4 o2 . T P
(214) ’ ( O g 0 ‘ O (Z|g|xp, Thp) O (p)

where 0 < § < g is a constant depending only on J, o is constant in {+1,—1}, and, for v € {0, 7},
one has

(2'15> gu('zv E) = f,/(E) + Sin<2ﬂ-(’z - zl’))v ‘g|u = ‘§V| +p,

Furthermore, T, v, v, 0 and z, are real constants (independent of z and E ), one has

(217) = 2 Tv,O_Tv,w’ r = _T :
Th T’U,T('
o (E)
2.18 , =27
(2.18) W= T,
(2.19) 0 =06,(V)(1+0(1)),

where 0,,(V') is the positive constant depending only on n and V' defined in (6.4). and

(2.20) Th =th(E) (1+0(1)), Too=tuo(E)(1+0(1), Tyr=rtu(E)(1+o0(1)),
We prove this theorem in section 2.3.

Remark 2.1. We shall also need a more detailed description of the error terms for the coefficient
MT,. The proof of Theorem 2.3 (see the part of the proof in section 2.3.2 also yields

(2.21) MJ, = o7%goge + 07" + 7% (72 [O(6oér) + O(6op) + O(&xp) + O(0°)] + O(p)) ,
where all the error terms are analytic in £ and in z.

Remark 2.2. Being a consequence of Theorem 2.2 of[3], Theorem 2.3 stays valid if one swaps the
indexes 0 and 7, and the quantities § and 1/6. One thus obtains M°, a different monodromy matrix.
Though that all the spectral results we have announced can be obtained directly by analyzing the
monodromy equation with the matrix M™ from Theorem 2.3, to simplify the analysis, we use from
time to time the monodromy matrix M? instead of M™.
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Remark 2.3. The notation 7 (resp. &,) in sections 0 and 1 and the notation 7 (resp. &, ) in the rest
of the paper denote different quantities. They differ by a constant factor of the form 1+ o(1) (when
e —0)!

Let us mention a case when, preserving good error estimates, one can get a more symmetric mon-
odromy matrix:

Corollary 2.1. In the case of Theorem 2.3, assume that 7> > H{%H}{Tv’,,}. Then, there exists a
ve0,m

consistent basis of solutions of (2.1) for which the monodromy matriz (z, E) — M™(z, E) is analytic
in the domain {z €C; |Imz| < %"} x VE; its coefficients take real values for real E and z. Fix
K C V.NR compact. If E, belongs to K and satisfies (2.10), then, in the domain (2.13), one has

~ 2909, + 071 7’90) _s (0(72|g|0|g| p) O(T|g|0))
2.22 M™ = 27 2 < ™ .
(2:22) “( brg. 6 )¢ Orlgl) O

Remark 2.4. The principal term in (1.33) is obtained from (2.22) by replacing 7, 6 and g, (more
precisely, the quantity &, from the definition of g,) by the principal terms of their asymptotics (see
also Remark 2.3).

Proof. Let (f1, f2) be the consistent basis for which the monodromy matrix is given by Theorem 2.3.
Then 72 f; and r'/2f, form a consistent basis; the corresponding monodromy matrix is

~ r1/2 0 (20
M :< o »2)M g )

The asymptotic representation (2.22) follows from (2.14) and the observations that

_ Tor _ 4rT, 0Ty x AT,
rip(e) = = p(a) Srlgle, and rTip(e) = =5 () = —Op(2) < Arlgls.
Thus, Corollary 2.1 is proved. OJ

2.3. Proof of Theorem 2.3. The matrix M7™ is introduced in section 3.3 in [3] (M™ was denoted by
MVY); there, its asymptotics are described in Theorem 3.1. Under the hypothesis (2.10) and (2.11),
we improve the estimates of the error terms in the asymptotic of the coefficient M7, and simplify the
leading terms of the asymptotics of all the coefficients of M™. This will give (2.14).

We shall use the following notations. For (z1,---,2,) — ¢(z1, -+, 2,), an analytic function, we
define

(2.23) 9 (21, z) = 9(Z - 7).

For Y > 0, we let

(2.24) Ty = e ¥/,

2.3.1. General asymptotic representation for the monodromy matriz M™. Here, we give the asymp-
totics of MY valid without the hypotheses (2.10) and (2.11). We check

Proposition 2.1. Pick E, € J. There exists V., a complex neighborhood of E,, such that, for
sufficiently small €, the following holds. Let in (2.22),

1 1
(2.25) Y, =— inf min(S,(E),S:.(E)), Yy =— sup max(S,0(E),Sy~(E), Sh(E)).

2T EcJnV. 2T Eesnv.
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Fiz 0 <y < Y,,. There exist Y > Yy and a consistent basis of solutions of (2.1) for which the
monodromy matriz (z, E) — MY(z, E) is analytic in the domain {z € C: [Imz| < £} x V. Its
coefficients are real analytic. One has

(2.26) M™(z,E) = P(z,E)+ Q(2,E) + R(z, E),
where
4 éﬂ(zaE) CO(ZaE) _Sﬂ’(zaE)CO(Za E)

(2.27) P(z,E) = Th ( 0 0 ,

1 q’” 2x=%0 | g cos 2z cos % —Lgin ®==%0 _ g gip CD’* CoS ‘I’O
9.98 ) A * Z :
(2:28) Q@ E) < —9 sin q’o Co(z ) 0 sin CD" sin ‘1’0 ’
and
(229) RH(Z), R12(2), RQQ(Z') = 0 (Th, p(Z)TyT}:l, p(Z)Tv) s

i D,
R21(z) = cos — O (T, p(2)IvT;, * p(2)T,) + cos ~ o (1)
+ O (pTy, pT,Th, Ty}, p*To Ty, 0 To Ty T, ) -

(2.30)

In these formulae,

(2.31) G _ Gact” - Gre e g Gnetelt _2,5‘316‘“1’"/5’
1
iéo/e * —iéo/e
(2.32) Cp = 20° zo‘oe

The functions (z, E) — ag(z, E) and (2, E) — ax(z, E) are analytic in {z € C: [Imz| < £} x V;

they are 1-periodic in z and admait the asymptotics

(2.33) ap(2,0) = 1+ T, 0> C20E) L O(Ty p(2)) =1+ O (Tyop(2)) =1+ o(1),

r(2,0) =1+ T, [cos(2m(z — 27)) + isin(27(z — h — 2:))] + O(P*(2) T2 ., p(2)Ty)
=14+ 0 (T,.p(2)) =1+ 0(1).

The functions E +— ®,(E), E+ T,,(E), E+ 2,(E) and E + T,(E), E + 0(E) are real analytic
in Vi, they are independent of z. In V., one has

(2.34)

(2.35) d,(E) = ®,(E) + o(e),

(2.36) Th(E) =t(E)(1+0(1)), T,,(E)=1t,,(E)(1+o0(1)),

where ®,, and 1y, t,, are the phase integrals and the tunneling coefficients defined in the introduction;
(2.37) 0(E)=0,(V)(1+o(1)),

where 0,(V') is the constant defined in (6.4) (it is positive and depends only on n and V' );
(2.38) 2 (E) = 0(1/e).

In all the above formulae, all the error terms are analytic in E and z. Finally, in the error term
estimates, T,(E) = max{T, o(E), T, ~(E)}.

Remark 2.5. Proposition 2.1 stays valid if one swaps the indexes 0, 7, and the quantities 6, 1/6.
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Proposition 2.1 differs from Theorem 3.1 from [3] by more precise estimate of the coefficient Ry,
and, an additional information provided by Theorem 2.2, formula (2.26) and Lemma 3.4 in [3]. So,
to prove Proposition 2.1, we have only to check the estimate for Rys.

Proof of the estimate for Ryy. We now analyze the structure of the term Ry, in detail. Therefore,
recall the description of the matrix M™ given in section 3.2 of [3] (it was denoted by MY). It has
the form

- Ar(2) Bg(z) _1 B B 1 1 1 v(2) 0
239) a0 =vi+) (500 T v va-va=3(1 1) (7 )
where y(z 4+ h) = Z:—Ezg e~1%x/¢ Here and below, we often drop the dependence on E.

The function (z, E) — ax(z, E) is analytic in {z € C: [Imz| < £} x V; it is l-periodic in z and
admits the asymptotic representations (see Theorem 2.2 and formula (2.26) in [3])

(2.40) p = 14T, > L O (Ty p(2)) = 1+ O(p(2)Tyr) = 1+ 0o(1).

The branch of the square root in the definition of 7 is chosen so that v(z) = e*®/¢(1 4 o(1)).
The coefficients A, and B, are described by the formulae

. P
OZW‘QZT7r CO dr-dy [0+ 1/«9 T O, + OS OW/H + 069 O7r06<

2.41 Ay =2 ———— - e — )
(2:41) 7 Tarae { 5 Ta T T 2 T
and

awei%ﬂ Co o ape' = /6+ age *iq)soﬁ ape' = Oo + age ’Z%OW
(2.42) B, =27 " 704 o i i .

T, 2 Th

where, for v € {0, 7}, the factor O, satisfies the estimate (see formulae (5.18) and (1.10) in [3])
(243) OV - O(Tiv TY p(z)a Tth,Vp(Z))'

Note that formulae (2.41) and (2.42) are respectively the formula (5.52) and, up to a constant factor,
the formula (5.53) in [3]. The constant factor is omitted as it can be removed by conjugation (see
the explanations in the last lines of section 5.3.2 in [3]).

Finally, we recall that the functions «,, and &, are related by the formula

(2.44) ir(2) = L5 0 (2)

which is formula (3.16) in [3].

Now, we are ready to prove the estimate (2.30) for Rs;. For an analytic function f, we let I(f) =
f;—lf*. Representation (2.39) implies that

T=3 where :M 2 _e%aw(z) *(z
ME=9(D), where D= TEEH g ) - 2 28 .

Substituting representations (2.41) and (2.42) into this formulae, we get
Ml =cCp+ 1+ ca+c3+cy,

where

j

id T i(Pr— & 20 ¥
co=—-0C,< (aoe%> , = Zh Q) (&Wage o %)) , Gy = T, (aoe T O;) ,
1 )
(0./0+ O} 9)) (=79 (aoaw 0 0)
h

7«(‘1’77 ‘I’O)
Cx * 5 -
R (aoaﬂe

N —

C3 —
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Using the representations (2.33) and (2.34) for oy and &, we get

Py ~ P
co = —0Osin ¢+ cos—= O(pTy0) + OW°Ty 0T r),
€ €

o, — P O, o
c1 =sin ?0 Ty/4 + O(pT, Ty, p°T?T},) = cos — O(Ty,) + cos ?0 O(Ty) + O(pT, 1),

where, in the last step, we have also used that O(pT,) = o(1) for |[Im(| < y < Y,,. In view of the
estimate (2.43) for O,, we get also

O
C2 = €08 — O (T, pTy /T, pTyx) + O (0T xTh, p°Tox Ty /Th, p°T5 ) -

Finally, as |ag| + |@x| = O(1), in view of (2.43) and as [Imz| <y <Yy <Y, we get
C3 = ) (Tifu pTY7 pTvTh) y G4 = 0] (T]§7P2T)2//Th7p2Ty2Th) .

These estimates imply the announced representation for MJ;, and complete the proof of the estimate
for Rgl. ]

2.3.2. Asymptotics of the monodromy matriz in the resonant case. We now simplify the asymptotics
for the coefficients of the monodromy matrix given by Proposition 2.1 in the resonant case.
In this section, J, always denotes a compact interval in V, N J.
For v € {0, 7}, we let
d,(E,)

(2.45) 0, = —sin , and o0 = 0y0o,.
£

Note that, by the definition of E,, one has o, € {+1,—1}, and 0 € {41, —1}.
Define

(2.46) T,, =T,,(E), T,=T,(E), and 0=0(F).

Clearly, these quantities satisfy (2.20) and (2.19).
First, for later use, we recall

Lemma 2.1 ([3], Lemma 2.1). There exists a neighborhood of J., say V., and C > 0 such that, for
sufficiently small €, for E € V, and v € {0,7}, one has
1

[@L(E) +[PU(E)| < C, and = <|

&, (B)].
Now, we check two simple lemmas.

Lemma 2.2. Pickv € {0,7}. FizC > 0. Fore sufficiently small, if E, € J, and |E—FE, | < Ce™%/¢,
one has

d,(E (B
(2.47) cos (E) _ o, AE) (E-E,) (1+0 (et )
€ €
d,(E
(2.48) sin (E) =—-0,+0 (67267250/6) .
€

Proof. Both estimates follow from Lemma 2.1 and the definition of E,. We note only that to
get (2.48) one uses (2.47). This completes the proof of Lemma 2.2. O
Estimate (2.47) implies that

d,(E _ d,(E
(2.49) coS L =0,T1,,& (1 + O (8716750/5)) , and |cos ( )' < Cete /e,

£ €
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where &, are the local variables defined in (2.16).
We now prove

Lemma 2.3. Let £ € J,. For ¢ sufficiently small, for E satisfying (2.11), one has
TWE) =T, (1+0(E"e ), ToolE)=Toy(1+0(E"e®)), Ton(E) =T (1+0(E e ?),
B=0(1+0( %),  2(B)=z(E)+0(E e ?)

Proof.  Prove the representation for 7j,. Recall that, in V,, a neighborhood of E, independent of
e, T, admits the asymptotics from (2.35). This and the Cauchy estimates for the derivatives of
analytic functions imply that, for £ in any fixed compact of V;, one has |d% logTy| < Ce™!. So, for
E satisfying (2.11), we get Tj,(E) = T,,(1 + O(e~te~%/¢). The estimates for T, and T, are proved
similarly.

Furthermore, (2.37) implies that, for £ in any fixed compact of V., one has |#'(F)| < C. This implies
the asymptotic representation for . The asymptotic representation for z, follows from (2.38) in the
same way. This completes the proof of Lemma 2.3. U
We now derive simplified asymptotic representations for the functions Cy, Sy and Cy defined in (2.31)
and (2.32). Redefine 2y := 2o(F), and z; := z;(E) — 2wh. We prove

Lemma 2.4. Let E, € J,, let (2.10) hold. For e sufficiently small, for all (z, E) in the domain (2.13),
one has

Co = UoTv,Ogo + 5716750/€Tv,0 O (§o,p) + O (Typ),

2.50 - _ _ -
(2:59) Cr=0:Tyngn+ e 2T, .0 (&r,p) + O (Typ),  Sx=—0r+0 (™).
Proof. Prove (2.50). From (2.32) and (2.33), we get
do(E do(E
Cy = cos Oi ) + T, cos <27T(Z —20) + Oi )) + O(pTy)

with the “old” zy. By means of Lemmas 2.2,and 2.3, this yields
Co = 00T, 0(& + sin(2m(z — 29)) + 8716750/57?@,0 O(&,p) + O(Typ)

already with the “new” zy. This result and (2.15) imply (2.50).

The asymptotic representations for C and S, are proved similarly; we only note that one uses the
estimate pT,, < e~%/¢ which follows from the definitions of p and &y (as 27|Imz| < &y/¢). This
completes the proof of Lemma 2.4.

Now, we are ready to derive Theorem 2.3 from Proposition 2.1. Begin by computing M, for E and
E, € J, satisfying (2.11) and (2.10). By (2.26), we have

(2.51) M, = P11 + Qi + Ru.
By (2.27) and Lemmas 2.4 and 2.3, for sufficiently small €, we get

4
P =090, = (1 + O<8_1€_60/€)) .
T

(Tv,Ogo + 5_16_6O/€Tv,00 (§07 p) + O (TYp)) (TU,T(gW + 5_16_60/6Tv,7r0 (gﬂ’a p) + O (TYp)) .

Now, recalling the definitions of 7 and g,, see (2.17) and (2.15), we get

L T, L
Py = 0005 T2 gogx + 77170 (&0br, 0, PEr, D7) + O <p?y (e e+ (Tom + Top)p + Typ))
h
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Note that, by (1.11), for 27|Im z| < §y/e, one has
(2.52) (T 4 Too + Tyr)p < Ce™20/5p < Ce/e,

Recall that Y > Y}, (see Theorem 2.1) and note that T}, > e~2™M/¢ see (2.25). Let §; = 27(Y —Yay).
Then,

(2.53) TY/Th < Ce /e,

Therefore, we get

(2.54) Piy = 0005 Tgogr + 771”070 (€0, plo, P, ) + O (pe )
Furthermore, by (2.28) and Lemmas 2.2 and 2.3, we have

q)ﬂ - q)ﬂ ) -~ -
Q11 = 07" cos ———2 46 cos — cos — = 0 o0 + O(e=/%).
£ £ £
Finally, by (2.29) and estimates (2.52) and (2.53), we get
Riy = O (Th, p(2)Ty T}, ", p(2)T,) = O(pe /%, e=%/%).

Fix 0 < § < min(dp, d1). Substituting the estimates obtained for Py;, 1; and Ry; into (2.51), and
using the notation ¢ = ogo,, we get the representation for M{; announced in Theorem 2.3. The
representations for the other coefficients of the matrix M™ are proved with the same technique.

We only briefly comment on how to derive the representation for MY . By (2.26) and (2.27), one has

Mz{{ = Q2 + Ry
First, one shows that
Qo1 = 007g, )1+ e e 0 L O(&r, p) + O(e™ e Thp).
The representation for MY, follows from the one for (Q3; and the estimate
Ry = e 77 O(p&r, p*) + €%/° O(Typ)

which follows from (2.30) and the estimates

cm%omw@mzeww%mm<m%0wwm=eww%wwa

d _
cos — O (Th) = 6_16_60/60(Th), 0] (pQTvTM) = 6_60/67'7“_10(}7),
€

Ty
We omit further details of the proof of Theorem 2.3. O

T, T e - r
Ocﬂ’ Y):e&kwlOQﬂ, O (pTy, pT,Th, Tj) = e O (pTh).

3. THE CASE OF LARGE T

In this section, we prove Theorem 1.2. We fix F, € .J, assume that ¢ is so small that Theorem 1.1
holds, and systematically use notations from this theorem.
In this section, we work under the condition 7 > 1; by (1.20), this means that, for some §, > 0,

(3.1) T > efr/e,

Let V={E €C: |E— E| <4e %/¢}. Here, we study the spectrum of H,.in R =V NR.

As 7> 1, we shall use the monodromy matrix M described by Corollary 2.1.
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3.0.3. Intervals containing spectrum. Fix N > 0. For each v € {0, 7}, we let
L(N)={E € J; |&(B)| <1+"}.
We prove
Theorem 3.1. For sufficiently small , the spectrum of H, . in R is contained in Iy(N)U I.(N).
The proof of this theorem is based upon

Proposition 3.1 ([1], Proposition 3.1). Fiz E € R and define h by (2.5). Let z — M(z, E) be a
monodromy matriz for equation (2.1) corresponding to a basis of consistent solutions that are locally
bounded in (x, z) together with their derivatives in x.

Define
(32) p(z) = Mia(2)/Mia(z — h),  v(z) = Mii(z) + p(z) Maz(2).
Suppose that

. - o .
(3.3) r;1€1H£1|M12(z)| > 0, I?Eaﬂidp(z)\ < (5 r:gﬂr@ﬂv(z)\) , indp=indv =0,

where ind g is the index of a continuous periodic function g.

Then, E is in the resolvent set of (0.1).

Note that the proof of this proposition is based on Theorem 2.1.

Proof of Theorem 3.1. It suffices to prove that, for ¢ small enough, for £ in R\ (Io(N) U I (N)),
the monodromy matrix M described in Corollary 2.1 satisfy the assumptions of Proposition 3.1.
Below, we always assume that z € R.

1. In terms of the coefficients of M7 (see Corollary 2.1), define the function p by (3.2). We prove
that, for sufficiently small ¢, for £ € R\ Io(N) and z € R, one has

(3.4) M5 >0, and |p| < CeV.
By Corollary 2.1, we have
(3.5) M7y = o7go(1 + e~ 0(|glo/g0))-
By (2.15), for E € R\ I4(N), one has

9o ol +1 -N N 9o(2) ’ N N
3.6 g ZeN, 1< |— <<z 24+¢"), |———|<¢ 1+¢e").
(3.6) 0l 9o |[§of — 1 ( ) go(z — h) ( )

For ¢ sufficiently small, (3.5) and (3.6) imply (3.4). )
2. Here, we assume that £ € R\ ([o(N) U I:(N)). In terms of the coefficients of M™, define the
function v by (3.2). Check that

(3.7) v=072g0g,(1+0(1)) and |v] > Ce?Ne?r/e,
We have

R ] (<3 a8 D113 Bt RO
B8 oogel = (0ol =D =0 = <8 and S = el - (el - =7 G

Using the asymptotics of M™ given by (2.22), estimates (3.8) and (3.4), we get

v =072g0gn + 0 + 72 O(|glolglas 1) + p(2)(F + O(e™2)) = 072goga(1 + O(eNe 2, eV 12)),

In view of (3.1), this implies the first estimate in (3.7). The latter, (3.1) and the first estimate

from (3.8) imply the second estimate in (3.7).
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3. Steps 1 and 2 imply that, for sufficiently small ¢ and E € R\ (Io(N) U I(N)), the matrix M
satisfies the conditions of Proposition 3.1 (note that the equalities ind v = ind p = 0 follow from the
inequalities |v], |M7,| > 0 and the fact that the coefficients of the monodromy matrix M™ are real

valued). This implies the statement of Theorem 3.1. U
One has

Corollary 3.1. Fiz N > 0. For sufficiently small e, the interval Io(N) (resp. I.(N)) is contained
in the (Cety, o(E))-neighborhood (resp. (Cet,(E))-neighborhood) of the point Ey (resp Ey).

Proof. The result follows from Theorem 3.1, the definitions of I,,(N), the definitions of &,, see (2.16)
and (2.18), Lemma 2.1 and (2.20). O
We shall also use a rougher result

Corollary 3.2. For sufficiently small e, in the case of Theorem 3.1, Iy(N) (resp. I.(N)) is contained
in the (Cee™2%/%)-neighborhood of the point Ey (resp. Ey).

Proof. This follows from the previous statement as, for each v € {0, 7}, one has t, ,(E) < e 2%/, [

3.1. Computation of the integrated density of states. We now compute the increment of the
integrated density of states on the intervals Iy and I, described in the previous subsection. We prove

Theorem 3.2. Fix N > 0. For sufficiently small ¢,

(3.9) / n(dE) =2, and / n.(dE) = / ne(dE) = — if I,(N) N I,(N) = 0,
Io(N)UI(N) Io(N) Ir 2m

T
where n.(dE) denotes the density of states measure of H, ..
Proof. The proof of this theorem is based upon

Proposition 3.2 ([3], Proposition 4.2). Pick two points a < b of the real azxis. Let ~y be a continuous
curve in Cy connecting a and b.
Assume that, for all E € v, there is a consistent basis such that the following holds.

o The basis solutions are locally bounded in (x,z) together with their first derivatives in x.

o There exists V (), a neighborhood of v such that the monodromy matriz is continuous in
(2, F) € R x V(v) and analytic in E € V(7).

e On 7, the coefficients of M, the monodromy matriz, satisfy the conditions (3.3) in which p
and v are defined by (3.2) with h from (2.5).

o the coefficients of M are real for real E and z.

Then, the increment of the integrated density of states on the interval |a,b] is given by

)
0

(3.10) /bna(dE) S 1 argv(z, E) dz

2
2m2 o

where f|, denotes the increment of f when going from a to b along .

The proof of Theorem 3.2 consists of the following steps.
1. First, we assume that Iy(N) N I;(N) = () and prove that fIO(N) n.(dE) = ¢/2m.
By (1.22), & is a non constant affine function of E. To apply Proposition 3.2, as v we choose the
half circle
y={EecC: |&E)=1+"" ImE >0}
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Recall that a < b denote the ends of v. Now, [a, b] = Io(N). So, Io(N+2) Cla,b], and [a,b)]N I (N) =
(). So, by Theorem 3.1, a and b are in the resolvent set of H, ..
Note also that, for sufficiently small ¢, for E' € ~, one has

(3.11) |E — E| < 2e7%/5,
Indeed, by (2.10), one has |Ey — E| < e7%/¢, and, for sufficiently small ¢, for £ € vy, we get
|E — Eo| = T,,0|®4(E)| " [€o(E)| < Cetyo(E) < Cee /",

where we have used the definitions of &;, of 7, Lemma 2.1, (2.20) and the definitions of d, and ¢, .
By (3.11), (2, E) € R x ~ is in the domain (2.13), so, we can use the matrix M™ from Corollary 2.1
and its asymptotics (2.22). Define p and v in terms of M™ by (3.2). To apply the Proposition 3.2,
we need only to check that, along v, condition (3.3) is satisfied. This follows from the

Lemma 3.1. For sufficiently small ¢, for E € v and z € R, one has
MIWQ 7& 07 anp = 07 |p| S C€7N717

3.12
(3.12) v = 072gogx(1 + o(1)), indv =0, jv| > Ce2N+1) 20/,

Proof.  When proving this lemma, one uses almost the same arguments as in the proof of The-
orem 3.1 with N replaced by N + 1. The only difference is that now one deduces the equalities
indp = indv = 0 from the asymptotic M7, = o7go(1 + o(1) and the asymptotics of v from (3.12).
We omit further details. 0J
As the integrated density of states is constant outside the spectrum, formula (3.10) and the repre-
sentation for v in (3.12) give

272

€ JIo(N)

1 1
ne(dE)I—/ argv(z, E) dz =—/ arg(gogx)dz
0 0

v Y

where, in the last step, we have used the fact that, for z and E real, the functions v, gy and g, take
real values, and, therefore, the last two integrals coinciding up to o(1), they are equal. As, for F € ~,
one has |g,/¢, — 1| < 1, v € {0,7}, and as &, and g, are real for real z and F, we get finally

- 1
/IO(N) ne(dE) = —ﬁ/o arg(§oér)dz

where we have used the fact that only Ej is located between the ends of v and F is not.

2.  Now, to complete the proof of Theorem 3.2, it suffices to check the first equality in (3.9).
Therefore, we use the same techniques as in the previous step. So, we only outline the proof.

Now, we take

€
o’

- % rarg((E — Eo)(E — Ex))

~ Y

y={EcC: |E—E|=2¢%* ImE > 0}.

Now, both Fy and E; are between the ends of 7. Moreover, by Corollary 3.2, both Fy and E; are
between the ends of v. Define p and v in terms of M™ by (3.2). One proves

Lemma 3.2. For sufficiently small ¢, for E € v and z € R, one has
M5 #0, p=1+o0(1), indp=0, v =072 (14+0(1)), indv=0, || >C/e%

Proof. One uses essentially the same analysis as when proving Theorem 3.1 and Lemma 3.1. We
omit the details, noting only that, now, for sufficiently small ¢, for each v € {0, 7} and E € 7,

&(E)| = Ce 't L(E)|E - E,| > Ce e /¢(|[E — E| — |E — E,|) > Ceted/e. O
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This lemma immediately implies that the conditions of Proposition 3.2 are satisfied. The points Ej
and F, being between the ends of 7, one obtains

€
/ n.(dE) = — 53 carg((F — Eo)(F — Er))| =
Io(N)UIx(N) m

v

S

This completes the proof of (1.23).

3.2. Computation of the Lyapunov exponent. Here, we compute the asymptotics of the Lya-
punov exponent O(F, ) on the intervals Io(/N) and I;(N) and prove

Theorem 3.3. Fiz N > 0. For sufficiently small €, for E € Io(N) U I:(N), one has (1.24).

To compute O(E, ¢), we use Theorem 2.2 and the matrix cocycle (M7, h). In the next two subsections,
we get an upper and a lower bound for Q(J\Zf ™ h). They will coincide up to smaller order terms, and,
thus, lead to the asymptotic formula for ©(FE, ¢).

In sections 3.2.1, 3.2.2 and 3.2.3, we always assume that £ € [o(N) U I;(N).

3.2.1. The upper bound. We now prove that

(3.13) O(M™, h) < 2log (Ml +1é(B)| + |£7T(E)I) +C.

Therefore, we first note that (2.22) implies that
IM7 (2, E)l| < C7*(1&] + 1)(&| + 1), =z €R.

Note that to get this estimate, we have used that 7 > 1.
As E € (In(N)UI;(N)), then, by Theorem 3.1, for sufficiently small ¢, at least one of the inequalities

‘&]‘ < 27 and |€7T| < 2.
is satisfied. Therefore, we get
IM7 (2, B)|| < CT*(|&| + & +1), z€R.

Now, this estimate and the definition of Lyapunov exponent for matrix cocycles (2.7) imply (3.13).

3.2.2. The lower bound for the Lyapunov exponent. Here, we prove that
(3.14) O™, ) = 21og (73/T+ [&(E)] + [&(B)]) + O(1).

Therefore, we use the following construction.
Assume that a matrix function M : C — SL(2,C) is 1-periodic and depends on a parameter € > 0.
One has

Proposition 3.3. Pick g > 0. Assume that there exist yy and yy satisfying the inequalities 0 <
Yo < y1 < 0o and such that, for any e € (0,g9) one has
e the function z — M/(z,¢€) is analytic in the strip S = {2z € C; 0 <Imz <y, /e};
o in the strip S = {z € C; yo/e <Imz <y /e} C S5, M(z,¢) admits the following uniform in
S representation

(3.15) M(z,¢) = Ae)e2™m= . (((1) 8) + 0(1)) o0,

where A(g) and m are independent of z, and m is an integer independent of €.
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Then, there exists €1 > 0 such that, if 0 < & < g1, one has

(3.16) O(M, h) > log|\(e)| + o(1);

the number €1 and the error estimate in (3.16) depend only on e, Yo, y1 and the norm of the term
o(1) in (3.15).

This proposition immediately follows from Proposition 10.1 from [7]. Note that the proof of the
latter is based on the ideas of [21] generalizing Herman’s argument [11].

Consider the case where E € I(N). Then, one has || < 2 (for e < 1). Fix 0 < yo < y1 < 2, where
d is the constant from (2.22). We shall describe the precise choice of 3y and y; later. For sufficiently
small € and £ < [Im z| < %, representation (2.22) implies that

o 0-7—2 —2mi(z—2z0 gﬂ'(l + O<1)) =+ %Q_QM(Z_ZW)<1 + O<1)> 0
(3.17) T (z=20) . [( & o1) 0) +0(1)] .

We have used (3.1). Now, let y = o~ log(1 + |£:(£)]). Fix 0 < A < d/2m.
To compute the Lyapunov exponent for £ € [o(N) such that y < A, we choose yo > A. Then, for
sufficiently small ¢, for such F, we get

2
M™ = —% 6_2ﬂi(2z_zo_z”) . |:<(1] 8) + O(l):| ;

and so, Proposition 3.3 implies that #(M, h) > log(72/4) + o(1).
On the other hand, to compute the Lyapunov exponent for all £ € I5(V) such that y > A, we choose
y1 < A. Then, for sufficiently small €, for all such E, we get

2
rmo_ 0T —2mi(z—zy) | 10
M iy Ere [(0 0 +o(1)],

and so, Proposition 3.3 implies that §(M, h) > log(72[&x|/2) + o(1). )
For sufficiently small € and for E € I4(N), the obtained lower bounds for §(M™, h) imply (3.14).
For E € I;(N), one proves (3.14) similarly.

3.2.3. Completing the analysis. Theorem 2.2 and estimates (3.13) and (3.14) imply that, for suffi-
ciently small €, on Iy U I, one has (1.24). This completes the proof of Theorem 3.3.

4. THE CASE OF SMALL T
We now turn to the case 7 < 1; by (1.21), this means that, for some 4, > 0,
(4.1) T < e 0/

We shall assume that (1.25) holds. As before, we fix E, € J, assume that ¢ is so small that
Theorem 1.1 holds, and we systematically use its notations.

Let V={F € C: |E— E| <4e%/?} and study the spectrum in R = V N R. Now, we use the
monodromy matrix M™ described by Theorem 2.3.

4.1. The location of the spectrum. In this section, we prove Theorem 1.3. The central point of
its proof is the a priori estimate provided by

Lemma 4.1. Under the above conditions, for sufficiently small e, if E € RNo(H,.), then
(4.2) T (16(E) + 1)(|&:(E)] + 1) = C(1 + o(1)),

where o(1) depends only on e, and C' depends only on 6, (V).
28



First, in sections 4.1.1 and 4.1.2, we prove Lemma 4.1. Then, in section 4.1.3, by means of this
lemma, we get a description of the resolvent set of H, . inside R = {E € R satisfying (4.2)}. This
will yield Theorem 1.3.

4.1.1. Proof of the a priori estimate. The proof of Lemma 4.1 is based on the following construction.
Consider the finite difference equation

(4.3) P(z+h) = M(2)P(z2), z€eR,
where h is a fixed positive number, and M, a fixed matrix function in L>*(R, SL(2,C)). One has

Proposition 4.1. Suppose that, for z € R, M(z) can be represented as

01 0 ~
(4.4) M(z) = 0 0 + M(=),
where 0 is a real number, and this number and the matriz valued function z — ]\2/(2) satisfy
(4.5) 0467 >2 and |0—07'>4 sup sup|M;(z).
1<i,j<2 2€R

Then, there exists 1, and 1_, two vector solutions to (4.3) in L (R, C?), such that, for z € R,

loc

lo+6— 1|

(46)  det(t(2)4-(2)) >0 and [y (2l + oo (=2)llee < Ce 85 i 2> 0.

Let us first derive Lemma 4.1 from Proposition 4.1 applied to M = M™ and h defined by (2.5). We
represent M7 in the form (4.4) with § = 0. Then, for z € R, by Theorem 2.3, one has

3110l < 7ol + 1)(1&] + 1)1 +0(1)) + O™2),  |Tn] < O,
(4.7) | Mo Moy | < 07%(16] + 1) (|&:] + 1) (1 + 0(1)) 4+ O(e~%).
Only the last estimate requires to be checked. From (2.14), for z € R, we get
il < (6l + 11+ (1)) + Ce™) (Br~'r(ls] +1)(1 + (1) + Ty
< 07(1%] + 1)(|&] + 1) (L + 0(1)) + Ce = (T 0((|&0] + 1) + Tor((|&| + 1) + €< T},)
<072 ((|€0l + 1)(|&] + 1) (1 + 0(1))
+ Cee (e E = Byl + Too + 7 |B = Ex| + Ty + e7°T),)

which implies (4.7). )
The estimates for the coefficients of the matrix M show that M™ is similar to a matrix of the
form (4.4) for which

sup sup |]\;[U(z)| < max{a, \/%} where a = 7'2((|§0| + )&+ D) (1+0(1)) + Ce 9=,

1<i,j<2 z€R
This and Proposition 4.1 imply that, if
(4.8) 0+607"'>2 and a<C(H)=min{(§—0")/4,(0—60")%/(166)},

then, there exist (1y,1_), the two solutions to (4.3) for M = M7, that have all the properties
described in Proposition 4.1. Define functions x+ : Z +— C? by x+(n) = ¢4 (nh + 2). The functions
X+ and x_ are solutions to the monodromy equation (2.6) satisfying the conditions of Theorem 2.1.
So, E is in the resolvent set of H, ..

Finally, discuss the conditions (4.8). Fix 0 < ¢ < 1. Recall that § admits the asymptotics (2.37), and
that 0,,(V)+0-1(V) = 2A,,(V) > 2. Therefore, if 72((|€o]| +1)(|&:| +1) < ¢C(0), then, for sufficiently
small €, the conditions (4.8) are satisfied. This implies Lemma 4.1. So, to complete the proof of this

result, we only have to check Proposition 4.1.
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4.1.2. Proof of Proposition 4.1. Set

(4.9) m = sup sup|M;(2)|.
1<4,j<2 2€R

Note that, if 1/ is a solution to (4.4), then e™*/"i)(2) satisfies the same equation with M replaced

by —M, and for o = (1) (1)

suffices to consider the case 8 > 1. The proof then consists of five steps.

1. We begin by the following elementary observation. Let G be a solution of the equation
My (2)G(2) + Mia(2)

4.10 G(z+h) = , 2z €R,

( ) ( ) M21 (Z)G(Z) + MQQ(Z)

and let 1,(z) be a solution of the equation

(4.11) Uz + h) = (Myy (2)G(2) + Moo (2))a(2), 2 € R

, o1 satisfies equation (4.4) with M replaced by o Mo. Therefore, it

Then, the vector function defined by ¥(z) = 19(2) (G(f:)) is a solution to (4.3). The proof of this

observation being elementary, we omit it.

2. Let
—_p! _p-1 2
2m 2m

Recall that 6 > 1 and satisfies conditions (4.5). One has

60— 61
4.12 2_9 -1 1=0:;
(4.12) ¢-2 (- 1)g+1=0
0<qg<l;
-1+ 6
(4.13) p=60—-—m(g+1) > 2+ > 1.

The first relation is obvious; the lower bound follows from the second condition in (4.5); the upper
bound follows from the facts that the second solution to (4.12) is greater than ¢ and that the product
of the solutions is equal to one; (4.13) follows from the equality

-1 _ p—1 2
9—m@+D=9 ;9+m¢<9£i-4)-4

and the first condition in (4.5).
3. Let us construct a bounded solution to (4.10). For z € R and k > 1, let

My1(2)Gr(2) + Mia(2)

4.14 G z+h) = , and Ggy(z) =0.
( ) k+1( ) MQI(Z)Gk(Z)+M22<Z) 0( )
One has

(4.15) sup |Gri1(2)] <gq, ke N~

z€R
Indeed, this estimate is valid for Gy. Assume that it has been proved for a positive integer k;
using (4.14) and (4.12), we get
0" +m)g+m

z€R e_m_mq
30

sup [Gr1a(2)] <




Now, check prove that {Gj(-)}72, converges in L. It suffices to prove that, for k € N*,

m
(4.16) sup |Grin(2) = Ge(2)] < PRl

Here, p has been defined in (4.13). In view of (4.15) and (4.9), we get
sup |G1(z + h) — Go(z + h)| <m/(0 —m) < m/p;

zeR

and for k > 1 and 2 € R

det M(z — h) - (Gg(z — h) — Gr_1(2 — h))
(M1 (2)Gr(2) + Maa(2)) (Mo (2)Gr-1(2) + Maa(2))
1
P|Gk<z - h) - kal(z - h)‘
Here, we have used det M = 1; this is the only place in the proof of Proposition 4.1 where we use
this property. The above estimates then imply (4.16).
Denote by G the limit of {G(+)}72,. Clearly, G is a solution to (4.10) and satisfies |G(2)| < q.
4. Consider equation (4.11) with G constructed in the previous step. To construct a solution to this
equation, it suffices to define it on the interval [0, h) and continue it outside this interval by induction
using equation (4.3); that is, for n > 1 and z € [0, h), one sets

oz +nh) = (M (z+ (n—1)h)G(z + (n — 1)h) + Moy (2 + (n — 1)h))ibe(z + (n — 1)h),
Vo(z — nh) = (My (2 — nh)G(z — nh) + My(z —nh)) a(z — (n — 1)h).

Note that, for all z € R, one has |M;(2)G(2) + Mae(2)| > 6 —m(qg+ 1) =p > 0, and, so, forn > 1
and z € [0, h), the second formula correctly defines 15 for negative z.

Let 19(z) = 1 for z € [0,h). Then, by construction, for z € [-nh,—(n — 1)h) and n € N, one has
[1a(2)] < p~™. In terms of 19, we construct a vector solution to (4.3) as described in step 1. We
denote the thus constructed solution by v _; it satisfies

Y_(z) = (ng)) for z € [0,h) and |[Y_(—2)|| < /14 e 8P/ <\ /1 + 2 7*/M for 2 > 0,

where v = log %.

5. Construct the solution 1, . Therefore, consider the equation (4.3) with the matrix oM~ (—z—h)o
replacing M(z). The matrix oM ~!(—z — h)o can be written in the form (4.4) with the old § and the
matrix oM~ (—z— h)o instead of M(z). Clearly, with the matrix M, it satisfies all the hypotheses of
Proposition 4.1. So, as when constructing v_, we can construct @Z)_, a solution to the equation (4.3)
for the matrix e M~!(—z — h)o. When constructing this solution, in the last step, we normalize it
by setting 122 = 1 on the interval (—h,0]. Then, we get

V_(z) = (éiz)) for z € [=h,0) and |[U_(—2)|| < /1+ q2e7EW/A for 2 > 0.

|Gria(z +h) = Gi(z + h)

<

Here, G is a function satisfying the estimate |G(2)] < q for all z € R. )
Having constructed _, we define 1, : R — C? by the formula 1, (2) = 0¢_(—z). The function v
satisfies (4.3) for the matrix M, and one has

Yy(z) = (é(l_z)) for z € [0,h) and |1y (2)]| < €'\/1+ q2e /" for z > 0.
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6. To complete the proof of Proposition 4.1, we need only to check that det(¢y,?v_) # 0. From
equation (4.3), it follows that this determinant is h-periodic. So, it suffices to consider z € [0, h).
Then, one has det(i,,1_) = 1 — G(2)G(—=2), and so, |det(1o,1_) — 1| = |G(2)G(—=2)| < ¢* < 1.
This completes the proof of Proposition 4.1. O

4.1.3. Completing the proof of Theorem 1.3. The proof of Theorem 1.3 consists of three steps. In
the first two steps, we apply Proposition 3.1 to the monodromy equations with the matrix M™ and
M° (see Remark 2.2). When we can do it, E is outside the spectrum of H,.. In this case, we see
that, if F is in the spectrum of H, ., then, it satisfies (1.26). In the third step, we analyze the case
when one can not apply Proposition 3.1; using the a priori estimate from Lemma 4.1, we see that
then F is outside the spectrum of H. ..

Below, we consider only z € R. Fix ¢ > 0. The precise choice of this constant will be described
later using the a priori estimate (4.2).

1. By Theorem 2.3, one has

M7, = or7(& + sin(2m(z — z0)) + et . O(rr (&) + 1), 1).
Assume that F satisfies

(4.17) &(E) > €%/ - max{1, (TT)’le’g}.
Then, we get
(4.18) M7, =orT1&(1+0(1)).

So, we have MT, # 0.
In terms of the monodromy matrix M7, define the functions p and v by (3.2). By means of (4.18)
and Theorem 2.3, for sufficiently small ¢, we get

(4.19) p=1+0(1),

(4.20)  v=0 (7" (& +sin(2m(z — 2))) (& +sin(2m(z — 27)) + o(|&| + 1)) + 24, (V) + o(1);
when deriving the representation for v, we have also used (2.37) and (6.4).

As the coefficients of M™ are real when E and z are real, one has ind p = indv = 0 as soon as |p|
is bounded away from zero, and v satisfy the second condition in (3.3). By (4.1), (4.19) and (4.20),

there exists a function € — fy(¢) that is o(1) when ¢ is small such that the first bound in (3.3) is
satisfied when

(4.21) 172608 + 20,(V)| = (2 + 7%|&0| + 72(&]) (1 + fo)-
So, for sufficiently small ¢, if E satisfies (4.21), it is outside the spectrum of H, ..
2. Now, assume that E satisfies

(4.22) &:(E)| > €%/ - max{1, rr e < Ty}

In this case, for sufficiently small ¢, there exists a function ¢ — f(¢) that is o(1) for £ small such
that, if F satisfies

(4.23) |T260&r + 20,(V)| = (2 + 7%|60| + 72|&]) (1 + fr).

then E is outside the spectrum of H., ..

Though this result can be obtained by using directly the matrix M, , the proof becomes immediate if,
instead of M™, one uses the matrix M°, see Remark 2.2. Note that the conditions (4.17) and (4.22)
are equivalent respectively to

&o(E) > €%/ - max{1, Qe_gTh/Tv,o} and  &;(E) > €%/° - max{l, Qe_gTh/Tvm},
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and when one swaps the indices 0 and 7, one swaps these two conditions. So, the proof of (4.23) is
obtained from the one of (4.21) just by swapping the indices. This completes the second step.
3. We prove

Lemma 4.2. Fiz 0¢ so that
(4.24) 0 < d¢ < max{0,,dp}.

For sufficiently small €, in the case of Theorem 1.3, all the energies E that satisfy neither (4.17)
nor (4.22) are outside the spectrum of H, ..

Proof. Pick E that satisfies neither (4.17) nor (4.22). Then, one has

2(&(B)| + D(lG(B)] +1) < Or2ee/e - (147771 0 ) (14 (rr) e ?)

= Ce¥e/e. (7‘2 te ¢ (Tor + Top) + 6_2§Th> < CePele. <6_% + 6_5+:50> ;

where, in the second step, we have used (2.17), and, in the last step, we have used (2.20) and (1.11).
In view of the last computation and (4.24), we get that 72(|&:(E)| + 1)(|&(E)| + 1) = o(1), and, in
view of Lemma 4.1, for sufficiently small €, this implies, that E is outside the spectrum of H, .. This
completes the proof of Lemma 4.2. O
Now, let f(e) = max{fo(e), fz(¢)}. Clearly, for sufficiently small e, the function f is well defined
and satisfies f = o(1) near 0. By Lemma 4.2 and the first two steps, we see that, if F' in R is in the
spectrum of H, ., then, it satisfies |72&&, + 20, (V)] < (2 4+ 72|&| + 72|&:]) (14 f). This completes
the proof of Theorem 1.3. O

4.2. Properties of the set defined by (1.26). We now analyze (1.26) and prove Proposition 1.1.
Let

(4.25)  G(E) = 7°6(E)&x(E) +20,(V), and  F(E) = (2+7°|&(E)] + 7*[6x(E)]) (1 + f(€)),
where the function € — f(¢) is defined in Theorem 1.3. So, the condition (1.26) takes the form:

(4.26) IG(E)| < F(E).

4.2.1. Individual properties of F' and G. We first discuss various properties of the functions G and
F without comparing their graphs, i.e., without analyzing (4.26).

Lemma 4.3. One has

(1) G is a quadratic polynomial in E;

(2) it reaches its mazimum at E;

(3) G(Eo) = G(Ey) = 24,(V) > 2;

(4) F is affine except at the points Ey and E,;

(5) F is strictly increasing for E > max{Ey, E.}, strictly decreasing for E < min{Ey, E,};

(6) between Ey and E., the absolute value of the derivative of F is smaller than it is for E >
max{Ey, E;} or E < min{Ey, E.};

(7) F(Ey) = (2 + Pl6o(En))(1 + f) and F(Ey) = 2+ P|ea(Eo))(1 + f).

Proof. Lemma follow from (2.16) and (4.25). To prove point (2) one also uses (2.18) and (1.4). O
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4.2.2. The intervals I, and I,. Now, we begin the analysis of condition (4.26). First, we describe
the set {£ € R; G(E) > F(E)}.

Corollary 4.1. For sufficiently small ¢, the set I,, = {E € R; G(E) > F(FE)} is a compact interval
of positive length. It is located strictly between the zeros of the polynomial G.

Proof. Lemma 4.3 implies that G is concave (points (1) and (2)). As F'is positive, [;, (if not empty)
is located between the zeros of G. By the points (4) — (6) of Lemma 4.3, F' is convex. So, now, it
suffices to prove, that for sufficiently small , there exists a point £, where G(E) > F(E). Therefore,
note that 0 = |{o(Ep)| < |€:(Ep)|, and that 0 = | (Ex)| < |$o(Ex)|. This implies that, between Ej
and E,, there is E, a point where & (E) = &,(E). Denote this common value by €. At E, one has

G(E) = F(E) = T°[¢]* + 20,(V) = 2(1 + 7€) (1 + f)
=€l = 1= )P +2(0,(V) = 1= f) = (1 + f)?
> 2(Aa(V) = 1= f) =7 (1+ f).
Therefore, for sufficiently small e, one has G(E) — F(E) > A, (V) —1 > 0. This completes the proof

of Corollary 4.1. O
We now prove

Corollary 4.2. The set I,y = {F € R; G(E) > —F(E)} is a compact interval of positive length.
Moreover, I, is contained in L., the interior of Iyy.

Proof. Let € be so small that [;,, exists and that F' > 0 for all £ € R. On the compact interval
bounded by E, and Ej, the function G is positive (see points (2) and (3) of Lemma 4.3), whereas
—F is negative. This, the facts that G is a concave quadratic polynomial and —F' is piecewise affine
and concave (by Lemma 4.3) imply that I, is a compact interval of positive length. The inclusion
Iy C Loy follows from the inequality G(E) > F(E) > —F(E) valid for E € I,. O

4.2.3. The intervals I, and I,. Let X(¢) be the set where condition (4.26) is satisfied. One has
Y(e) = Lout \ fin. Corollaries 4.1 and 4.2 imply

Corollary 4.3. For sufficiently small €, the set 3(g) consists of two disjoint compact intervals of
positive length.

We denote these intervals by I} and I, so that I be to the left of I,. We finally check
Lemma 4.4. For ¢ sufficiently small, both I, and I, are inside the (2e%/)-neighborhood of E.

Proof. It suffices to check that outside the (2e~%/%)-neighborhood of E, one has |G(E)| > F(E).
By (1.11) and Lemma 2.1, for E such that |E — E| > 2e7%/¢ and v € {0, 7}, one has

.- 50 = s, =
O, (E)(E—-E)| _es 4| Do (E£) D7 (E)(E — Eo)(E — Er)| 1
= - > — = — > .
()| = A2 > i) o >
For sufficiently small ¢, these estimates imply that, for |E — E| > 2¢7%/¢ and v € {0, 7},
1
IG(E)| = F(E) 2 7%(|&(B)] = 1= )|&(E) =1 = f) = 2(An(V) = 1= f) = (1 + f)* > o
This completes the proof of Lemma 4.4. O

Corollary 4.3 and Lemma 4.4 prove Proposition 1.1.
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4.3. Computing the density of states. We now compute the increments of the integrated density
of states on each of the intervals defined in Proposition 1.1 and, thus, prove Theorem 1.4.
We assume that

(427) T’Uﬂl’ Z TU,O'

The complementary case is treated similarly, but instead of working with M™, one uses the mon-
odromy matrix M° mentioned in Remark 2.2. For sake of definiteness, we assume that ¢ = 1 in (2.14)
and that

(4.28) E, < E,.

The cases where E, > Ey or 0 = —1 are analyzed similarly.
Our main tool is Proposition 3.2. First, we compute the increment of the integrated density of states
on the whole set ¥, and, then, we compute it on one of the intervals of this set.

4.3.1. The increment of the IDS on the set .. As the curve used to apply Theorem 3.2, we choose
(4.29) y={E€C; |[E—-E|=2e%¢ ImFE >0}.

Lemma 4.4 implies that the set Y. is strictly between the ends of ~.

The analysis of the increment of the integrated density of states between the ends of v is standard,
see section 3.1. We omit details and note only that, first, in terms of M™, one defines v and p by (3.2),
and, then, one checks that for v defined in (4.29), the statements of Lemma 3.2 hold. As in part 2
of section 3.1, this implies that the increment of the integrated density of states between the ends of
7 is equal to /.

4.3.2. The increment of the IDS on one of the intervals of ¥.. To complete the proof of Theorem 1.4,
we pick F,, a point in between the connected the components of the set Y., and prove that, between
E, and a point located on R outside the (2e7%/¢)-neighborhood of E, the increment of the integrated
density of is equal to ¢/(27).

We define E, = Ey — T}, — Tu,o and

v, ={E €C; ReE = E,, F is between R and ~}.

Now, let 7. be the curve going from FE, along v, to v and, then, along v to R in the clockwise
direction. This is the curve we use to apply Theorem 3.2.
Let us study v and p on the curve v,. We shall use

Lemma 4.5. For sufficiently small e, for z € R and F = F,, one has

(4.30) |€o] =< 5‘1(1 + Th/Tv,o),
(4.31) |&o| > Ce™t, |rr&| > Ce™?,
(4.32) 7%&| = o(1).

Proof.  Estimate (4.30) follows from the definitions of E, and & and the bounds & =< 1, see
Lemma 2.1. The other estimates follow from (4.30) and the definitions of r and 7. U

Now, we can easily check
Lemma 4.6. For sufficiently small €, for z € R and E € v,, one has

(4.33) M7, #0, p=1+o0(1), indp=0.
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Proof. By (2.14), for z € R, we have M, = r7&y(1+0(1))+O(r7)+0(1). Note that estimates (4.31)
are valid as at £ = FE, so on the whole curve v,. Therefore, under the conditions of Lemma 4.6,
M7, = r7&y(1 + o(1)). This implies all the statements of Lemma 4.6. O

Now, we turn to the function v. We prove

Proposition 4.2. For sufficiently small €, for z € R, one has

o if £ €y, then Rev > 2A, + o(1);
o if E=FE,, thenv = (726 & +2M,)(1 + o(1)).

Remark 4.1. When proving Proposition 4.2, we shall see that, for sufficiently small ¢ and E = F,,
7_260 = 0(1)7 7_2$71’ - 0(7_2&-# 60)7 and 7_2$0$7r Z 0(1)7

see (4.36) and (4.39). This implies that, for sufficiently small €, the point F, is inside the interval
Iy, i.e., between the intervals of the set 3. described by (1.26).

Proposition 4.2 immediately follows from the next two lemmas.

Lemma 4.7. For sufficiently small €, for z € R and E € v,, one has
(4.34) Rev = 7?Re &y Re & (1 + 0(1)) — 72Im & Im &, (1 + o(1)) + 2A,, + o(1).

Proof. Recall that 7 is small. Using (2.21), the representation M3, = 6 + o(1) following from (2.14),
and the asymptotics p = 1 + o(1), see Lemma 4.5, we get for z € R and E € 7,
Rev = 7% (Re& Re&, — Im & Im &,) + 2A,,
(4.35) + 7°Re (&) sin(27(2 — 20)) + 7*Re (&) sin(27(2 — 2;))
+ e~ Re (O(&oén) + O(&0) + O(&)) + o(1),
where the terms O(&&,), O(&) and O(&;) are analytic in E. Let us study the terms in the second
and the third lines of this formula.
First, we prove that
(4.36) 7 Re (&) = o(1), 7°Re (&) = o(T?Re &z Re&y).
Clearly,
Re (§0) = SO(E*)a Re (&r) = SF(E*)
As |&(EL)| > 1 and 72&(F,)| < 1, see (4.31) and (4.32), this implies (4.36).
Now, prove the estimate
(4.37) ReO(&&r) = O(Re&yRe &) + O(ImépIm &y ).
Note that as in (2.21), the term O(&p&,) is a real analytic function of E bounded by C'|£p&,| uniformly
in the (46_6?0)—neighborhood of E. Therefore, it can be represented in the form

O<§O§W> = §O§7r f7

where ¢ is a real analytic function of F satisfying the estimates

lg(E)| < C for \E—E| < 46—5?0;
l9'(E)| < CG%Q, for |E — E| < 367%1;
Img(E)| < C|Im E| e, for |E — B < 3¢~
As

[Re O(&oéx)| < [Re (EofggRe gl + m (§o&x)Im g,



the estimates for Im g and |g| imply that
Re O(&éx) = O(Re&yRe&y) + O(Im & ImEy) + €%/2 (O(Im &y Re &, Im E) + O(Imé, Re&yIm E)) .
Using the definitions of & and &, on v, we get
Im&Re& Im B =Im&Im &L (Fy — Er) and Im &, ReépIm B = Im &gIm &, (F, — Ep).

As both |E, — Ey| and |E, — E,| are bounded by Ce™%/¢, we finally get (4.37).
Using the same techniques, for each v € {0, 7}, one also proves that

ReO(£,) = O(Re&,) + 2/¢0(Im &, Im F)
= O(Re&,) + T,,,,” 0(Im & Im &) = O(Re&,) + o(Im & Im &),

where g is the index complementary to v in {0, 7}. In view of (4.36), this implies that

(4.38) 7Re (0(&) + O(&)) = o(1) + o(T?Re &Re &) + o7 Im & Tm &),
Substituting estimates (4.36) — (4.38) into (4.35), we come to (4.34). This completes the proof of
Lemma 4.7. U

Lemma 4.8. For sufficiently small ¢ and E € 7, , one has

(4.39) Im&Imé, <0, 7°Re&Reéy > o(1).
Proof. 1t follows from the definitions of &, and &, that
Oy (E) P (E) > 40y (E) P, (E)
(440) Im §OIm gﬂ = m (Im E) s 7°Re fORe §7r = T (E* - EQ)(E* - Eﬂ)

For each v € {0, 7}, one has & (E) = & (E) + o(1) (which follows from (1.12) and the Cauchy
estimates). So, in view of (1.4), we get ®,(E)®’ (F) < 0. Therefore, (4.40) implies that Tm & Im &, <
0, and that, if £, < E, < E;, 7™Re&Re&, > 0. To complete the proof of Lemma 4.8, we need only
to check that, if F, < E; < Fj, one has 72Re&Re &, = o(1). But, for such values of E,, the second

formula in (4.40) and the definition of E, imply that
c - — C = - . C _ _
[Re&oRe &, | < =7, (Ty0 + Tp)* = = (Tjo/Th + 27,0+ 1) < = (72 + 2T, 0 + Tj)
which implies the needed estimate. This completes the proof of Lemma 4.8. U

Now, we are ready to prove

Lemma 4.9. For sufficiently small £, the matriz M™ and the curve v, satisfy the assumptions of
Theorem 3.2. One has

(4.41) /Oargv(a:,E)da: =argG(E)

Y

where  G(E) = 7260€, + 2A,,.

Y
Proof. The assumptions of Proposition 3.2 are satisfied as

e as we have already mentioned, on v, N+, the statement of Lemma 3.2 holds;

e on v, Ny, the function p is described by Lemma 4.6 and, in view of the first point of
Proposition 4.2, one has indv = 0, and |v|/2 > A,, + o(1) (recall that A,, > 1 is a constant
depending only on V' and n, and that we consider the case where A,, > 1).

Now, let us prove (4.41). As both v and G are real analytic, the left and the right hand sides
of (4.41) coincide modulo 7. So, it suffices to prove this equality up to o(1). This follows from the

observations:
37



e in view of Lemma 3.2, on 7, N, one has v(z, F) = G(E)(1 + o(1));

e in view the previous point and the second point of Proposition 4.2, at the ends of v.Ny, = v,
one also has v(z, E) = G(E)(1 + o(1));

e in view of the first point of Proposition 4.2 and as v is real analytic, one has

<7/2.
7L

1
—7T/2</ argv(x, E)dz
0

e in view of Lemma 4.8, on 7, , ReG(F) > 2A,, > 0, and so, as G is real analytic, one has

/2 < argG(E)|, <m/2.

o

This completes the proof of Lemma 4.9. U

Now, we note that arg G(E)|, = —n. This follows from Remark 4.1 and the statement of Lem-
ma 4.2.3 saying that [, is located strictly between the zeros of the polynomial G. So, Theorem 1.4
follows from (3.10) and (4.41). O

4.4. Computing the Lyapunov exponent. We now prove Theorem 1.5. The computations are
essentially the same as in section 3.2, but, instead of working with the matrix cocycle (M™, h), we
pass to an auxiliary one.

Below, we always assume that £ € Y., i.e., that it satisfies (1.26). Note that this implies that

(4.42) T*[&oll&x] < O(r?|&] + 721&x] + 1),
Fix a constant ¢ satisfying
(4.43) 0 < d¢ < min(d, é;, do).

Then, by Lemma 4.2, for any E satisfying (1.26), one has either (4.17) or (4.22). We prove The-
orem 1.5 assuming that E satisfies (4.17). The other case is treated similarly, but, instead of the
matrix M™, one uses the monodromy matrix M introduced in Remark 2.2.

4.4.1. Auziliary matriz cocycle. We use the following

Lemma 4.10 ([3], Lemma 4.7). Let M € L>*(R,SL(2,C)) be 1-periodic, and let h be an irrational
number. Assume that there exists A > 1 such that

(4.44) Ve e R, A1 < Mp(z) <A

In terms of M and h, construct v and p by formulae (3.2). Set

(@@ /@
N) (1/\/p<as> 0 )

Then, the Lyapunov exponents for the matriz cocycles (M, h) and (N, h) are related by the formula
(4.46) O(M,h) = 0(N,h).

Now, for M = M7™ and h defined by (2.5), we construct N by formula (4.45). Under the condi-
tion (4.17), Theorem 2.3 implies that

(4.47) MT, = or7é(1 + O(pe%/%)).

(4.45)

So, we are in the case of Lemma 4.10.
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4.4.2. The coefficients of N. Here, we check
Lemma 4.11. For sufficiently small ¢, if E satisfies (4.17) and if 2n|Im z| < d¢/e, one has

(4.48) N - <072(£0 sin(27(z — zw)())—l— Ersin(2m(z — 29))) 8) L0 (P&l + &) +1)-

Proof.  For sufficiently small €, for z and F as in Lemma 4.11, representation (4.47) implies that
p =1+ o0(1). This, (2.14), (4.43) and (4.42) imply that (for sufficiently small ¢, for z and E we
consider)

v=07(sin(2m(z — 2)) + & sin(27 (2 — 20))) + O(7*(|&o] + [&x]) +1).
This representation and the representation p = 1+ o(1) imply (4.48). O

4.4.3. An upper bound for ©(N,h). Lemma 4.11 implies that, for sufficiently ¢, for z € R and for F
satisfying (4.17), one has

INT < C(r* (18] + [&) + 1)

This and the definition of the Lyapunov exponent for a matrix cocycle imply that
(4.49) O(N, h) < log(7*(|&o| + [&x]) + 1) + C.

4.4.4. A lower bound for ©(N,h). Let us now show that, for sufficiently small €, for all E satisfy-
ing (4.17) and such that

(4.50) T2 ([&l + &) > 1,
one has
(4.51) O(N, h) > log(T*(|&| + &) + C.

The proof consists of two steps.
1. For sufficiently small ¢, for all F satisfying (4.17) and (4.50), one has either

(4.52) |6 > C/7* and |&] < O,
or
(4.53) €| > C/7* and |&] < C.

Indeed, (4.42) and (4.50) imply that [£o|&:| < C(|€o| + [éx]), and, for sufficiently small 7, this
inequality and (4.50) imply the above alternative.

Below, we consider only the case of (4.52). The second case is treated similarly.

2. Fix y so that 0 <y < J¢. Lemma 4.11 implies that, for sufficiently ¢, for y < 2me|Im 2| < J¢ and

for all F satisfying (4.17) and (4.52), one has

O-TQ —2mi(z—z Lo
(4.54) N = ——&oe 2miz=2r) KO 0) —|—0(1)} :
This, Lemma 3.3 and (4.52) imply (4.51).

4.4.5. Completing the proof. From (4.49) and (4.51), we conclude that 0(N, h) = log(7%(|&| + [&4]) +
1) + O(1). This and Theorem 2.2 imply (1.27). This completes the proof of Theorem 1.5. O

4.5. Absolutely continuous spectrum. Here, we prove Theorem 1.6. The proof consists of two
main steps. As when computing the density of states, we work under the assumptions (4.27)

and (4.28).
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4.5.1. Properties of the set I . Let us discuss properties of the sets I and %2¢(¢) defined in (1.29)
and (1.30). Recall that A = |E; — Ey|/2. Let

(4.55) M(A) = min {e\/ﬁ, SZZ*L} .

First, we check

Lemmg 4.12. The set f]ac(s) consists of two disjoint intervals fo and I~,T such that I~0 1s to the right
of Ey, I is to the left of E; for each v € {0,7}, one has

(4.56) II,| < M(A) and dist (I, E,) =< M(A),
where |I| denotes the length of an interval I.

Proof.  Using definitions of § and &, see (2.16), and the ones of e, see (1.30), one obtains
Yac(€) = Iy U I, where

I, =|E—bE—a], Iy=[E+a,FE+1],
a= \/A2+52Th7(/\n—1—g), b= \/A2+52Th7(/\n+1+g),

3= =5 (B(E) ()

Note that, by (1.4) and (1.12), one obtains v =< 1; furthermore, recall that A, > 1.

The above formulae already imply that Iy and I are disjoint and their length satisfy (4.56). Moreover,
as By = E+Aand E; = E — A, see (4.28), they also imply the statements on the positions of the
intervals I, and I,. This completes the proof of Lemma 4.12. O

We shall use
Corollary 4.4. Let dy = %dist (Eo, I~0). On the dy-neighborhood of I,

-1

M(A) A+ M(A)
B =x——= d [&(F)| x —————=.
Go(E) = ) and e (B) = S
Let d, = %dist (Ex, I;). On the d,-neighborhood of I,
A+ M(A) M(A)
E))=x—— d &(F) = ——.
(B = S = and () =
Proof. Corollary 4.4 follows from Lemma 4.12 and the definitions of &y and &;. O

The following property of I plays important role:

Lemma 4.13. Fizc > 0 and v € {p,w}. There is a positive constant C' such that, for sufficiently
small € the following holds. If I NI, # 0, then, for all E € I,,, one has

(4.57) (|6 (B)] + [&(B)]) < Ce™".

Proof. Consider the case when I N Iy # (. The complementary case is analyzed similarly.
The statement of Lemma follows from the observations:

e at a point of Iy, one has 2 (|€0(E)| + [&-(E)]) < e (as I7 N Iy # 0);

e simultaneously for all £ € Iy, one has |£(F)|+|&:(F)| < ¢ where ¢ is positive and independent
MA) | A+M(A)y
ETU’O ET'U,‘rr ’

The proof of Lemma 4.13 is completed. U

of E (Corollary 4.4 gives ¢ =
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4.5.2. The monodromy matriz for £ € 1. When proving our results on the absolutely continuous
spectrum, we use Ishii-Pastur-Kotani Theorem, i.e., we control the Lyapunov exponent for the family
of equations (0.1) using the matrix cocycle N defined in Lemma 4.10. We now study the matrix N
constructed by formula (4.45) in terms of the matrix M.

Fix 0 < d,c < min{c, d,6,}. We prove

Proposition 4.3. Fizy > 0. Pick v € {0,7}. For sufficiently small ¢, the following holds. If
I-N1,#0, then, for E in the d,-neighborhood of I, and for z in the strip |Im z| <y, one has

(4.58) N — (0<T2§0§7r +19n +1/6,) —01) L O(e ey,

Proof. The cases where v = 0 and v = 7 are treated in one and the same way. We only consider the
case of v = (. Below, we always assume that E and z are as described in Proposition 4.3. Construct
the functions p and v in terms of the matrix M™. It suffices to prove that

(4.59) p=14+0(%%), v=0(1%l +0n+1/6,) + O(e /7).
The asymptotic representation for p follows from (2.14) and the estimates
(4.60) |&o| > Ce®/ and  |r7&o| > 1.
Let us prove these estimates. By Corollary 4.4, we get

M(A) M(A)
4.61 >(C— d > (C————=.
(4.61) S0l = T, o (&l = T,

We consider two cases. First, we assume that A < ey/T;,. Then, M(A) = e+/T},, and we get the
estimates (using also (4.27)),
VT C
&0 > C 7 L> Ot >0 and rlé| > —=
v,0 h

which imply (4.60). Now, assume that A > e1/T},. Then, M(A) = &*T},/A, and we get the estimates

ey, Ce
. > — > —.
(4.62) |€o| > CTU,OA and  7r|&| > A

In view of (2.10), the second of these estimates implies the second of the estimates in (4.60). Now,
note that Lemma 4.13 and Corollary 4.4 imply that

ETh
T,0A

Therefore, the first of the estimates in (4.62) implies the first estimate in (4.60). This completes the
proof of the asymptotic representation for p.

Prove the asymptotics for v. The representation (2.14) and the already proved representation for p
imply that

el* <Ol < C

(4.63) 0= 0760&r + O, + 1/0, + O (e7°%/5(7*|&0&x| + 1) + T2(|&0] + &x])) -
Now, note that, for all E € I, one has (4.57) and 72|¢0&,| < C (as Iy C ae). Therefore, (4.63)
imply the representation for v from (4.59). This completes the proof of Proposition 4.3. U
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4.5.3. Completing the proof. Using the representation (4.58), one completes the proof of Theorem 1.6
as in section 4.5 of [3]: using standard KAM techniques, see [7], section 11, one proves that, under the
conditions of Theorem 1.6 the Lyapunov exponent for the matrix cocycle (NN, h) vanishes on the most
of the interval I, i.e., the interval in the neighborhood of which the representation (4.58) holds. By
Lemma 4.10 and Theorem 2.2, this implies that the Lyapunov for the equation family (0.1) vanishes
on most of this interval. Then, by the Ishii-Pastur-Kotani Theorem, this implies that most of this
interval is covered by absolutely continuous spectrum.

To complete the proof, we first transform the problem to a form suited to apply the standard KAM
techniques, then, we complete the analysis as in [3]. The last part being standard, we only outline
it.

Step 1: New parametrization. One introduces ¢ — E(p), the multivalued analytic function defined
by the relation

2 cos p = Tr( leading term of N) = o72y(E)éx(E) + 0, +1/0,,.

One picks four positive constants ¢, ¢a, ¢; < 1 and ¢y < 1 —¢; and considers the function ¢ — E(p)
on V(ecq, ¢2), the complex (¢y)-neighborhood of the interval [—14¢1, 1 —¢1]. Using (2.16), one proves
that, if ¢; and ¢y are sufficiently small, then, for sufficiently small ¢,

e there exists a real analytic branch of the function ¢ +— FE(p) that maps the interval [-1 +

c1, 1 —¢] into [, so that L[ — |p((=1 +c1, 1 —c1))| < aaM(A);

e it conformally maps V' (cq, ¢2) into the go M (A)-neighborhood of 1,,;
From now on, one considers N as a function of (z,¢) € {z € C: |[Imz| <y} x V(eq, ).
Step 2. Diagonalization of the leading term of N. Let

~ 1 eiSD e_iw

(4.64) N=S5"NS where S= 1)

Clearly, together with N, the function N is unimodular, 1-periodic in z and analytic in (z,¢) €
{z € C: |Imz| <y} x V(ey,c2) (by the previous step, provided that ¢; and ¢y are chosen small

enough). Furthermore, as N is real analytic, N has the form (gi ;*) (see (2.23)). Finally, for
(z,0) €{z€C: |[Imz| <y} x V(cy,cz), one has

0 e

- ip
(4.65) N = (6 ¥ ) +O()\)  where )= e %/

(by Proposition 4.3 and the previous step, provided that ¢; and ¢y are chosen small enough).

3. Standard KAM theory result. Clearly, 0(N,h) = 6(N,h). Applying a standard KAM theory
construction from section 4.5.2 of [3] to the cocycle (N, h), one proves that, if the number A satisfies
a Diophantine condition (see Proposition 4.4 in [3]), and \ is sufficiently small, then (N, h) vanishes
on [—1+¢1,1 — ¢1] outside P, a set of measure of order A.

Finally, arguing as in the end of section 4.5.3 in [3], one proves that the number h satisfies the
required Diophantine condition if € belongs to the set D described in Theorem 1.6.

4. Coming back to E. The above results imply that, for ¢ € D sufficiently small, the Lyapunov

exponent for the equation family (0.1) vanishes on the interval E([—1 + ¢;,1 — ¢;]) outside a set of

the measure m =

dE
d—’ dy. By the Cauchy estimates for analytic functions and the first step, on
oo | AP

[—14c1, 1—cq], we get % = O(M(A)). So, m = o(M(A)) = o(|L,]) (which is obtained using (4.56)).
As ¢; can be taken arbitrary small, this completes the proof of Theorem 1.6. U
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5. POSSIBLE SPECTRAL SCENARII FOR SMALL T

Consider p defined by (1.31). Being expressed in terms of the tunneling coefficients, p is typically
either exponentially large or exponentially small. In both cases, the results on the spectral properties
of (0.1) for small 7 take a very explicit form. In this section, we assume that, for some positive 9,,
one has either

(5.1) p<e e, Su(E)<min{S,,(E)} —d,,
or
(5.2) p>e%c e, Su(E)>min{S,,(E)}+d,,

and describe the spectral results for these two cases. These results easily follow from Theorems 1.3—
1.6. So, we only outline the analysis omitting most of the elementary calculations.

5.1. Preliminaries. We assume that ¢ is sufficiently small so as to be in the case of Corollary 4.3.
The functions & and &, being linear in E, one can explicitly describe the intervals defined by (1.26).
For sake of definiteness, we assume (4.28). We denote then the leftmost interval defined in Proposi-
tion 1.1 by I; and the rightmost by I;,. We use the notations

I = [ES™ E™, and Iy = [EX E™].
Define also

(5.3) ol (

v 2

1 1 e E))

cE ) (1), o =
70l |%r|) " 72| Y0 Vx|

7o and 7y, being defined in (2.18), and € — f(e) is the function introduced in (1.26). Note that,
th+t, < ey, tf —t, <l .

Furthermore, as f tends to zero when ¢ — 0, for sufficiently small ¢, one has

(5.4) tf < Cemax,T,, and t; < &),

Then, we get

Lemma 5.1. Let t, > 2(tF +t)A and t, > 2(tF —t,;)A. Then, one has

EM =FE—tf — \/(tj)Q —20t; + A2+ tf, Er=E+t; - \/(tj)2 +2At; + A%+,

EMr=FE—tf+ \/(tj)Q — 20t + A2+t E" =FE+tf + \/(t;j)Q + 2At; + A2+t

Ift, <2(tF —t,)A, then

BN =Bty —\J(t) =20 £ + A2 4

v

ift, <2(tf +t,)A, then

E'gl:E—t;Jr\/(t;)2—2A-tg+A2+t,;.

This lemma easily follows from (1.26) and (2.16).
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5.2. Small p. Now, let us discuss the intervals Iy and I, and the spectrum in them for small p. Let

(5.5) M(A) = min{e/Ty, 2T /AY,  D(A) = max{A,ev/T,}.

Level repulsion. In view of (5.4), Lemma 5.1 implies

Corollary 5.1. For sufficiently small e, under the condition (5.1), one has

(5.6) |Io] < M(A), |I;|=< M(A), and dist(ly, ;)= D(A);

the interval Iy is to the right of Ey, the interval I is to the left of E,, and for v, € {0,7}, one has

M(A)v if p=v,

(5.7) dist (EV,IM)X{ D), if it

This corollary in particular shows that there is always a repulsion between the intervals Iy and I ;.
The nature of the spectrum. Corollary 1.1 and Theorem 1.6 show that the nature of the spectrum
depends on the value of the quantity

(5-8) A = elog(r*[&o] + 7*[¢xl).-
Corollary 5.1 and the definitions of £, and &, imply

Corollary 5.2. Pickv € {0,7}. Fixc; > 0. Define A, =T, /T,,. One has:

o There exists cy > 0 such that, for sufficiently small , if A < e /A, then A < —cy for all
Eel,.
o For sufficiently small ¢, if A > e“/°A,, then A = elog (A/A,) + o(1) uniformly in E € I,.

Remark 5.1. Let A, = e\/T},. By Corollary 5.2, for A < A,, on the intervals I, and I, one has
A < —C < 0. Indeed, for v € {0, 7}, one has A, < epA,, and p < e~%/¢ for some positive .-

5.3. Large p. Now, turn to the case of large p. For the sake of definiteness, we assume that Too <
T, ». Note that

e

(5.9)

2
0 7_2 < e~ Oo+dn)/e
v, P
so that tF < eT,, and 0 <t +t; < T,0 < T, .
We consider two cases when the formulae of Lemma 5.1 take the simplest form. Simple computations
imply
Corollary 5.3. Fizx 0 < ¢ < 1. Let the conditions (5.2), (4.27) and (4.28) be satisfied. For
sufficiently small €, one has

o if A <ctl, then

N

_ _ T
L] =2(t5 + A) 4+ 0(eT, ), || =2(t7 — A) +o0(eT, ), dist (Ip, ;) < ¢ h

v,

Moreover, Ey is between E™ and EY, E°" is to the left of Er, and

. i T; _
Ey—E"  EM—Ey= gTh . B — B =21t + o(eT, ).

v,

o if A>c 7ttt then

T; _ _
“hpeT,y,  dist (Ig, Iy) = 2(A — ) + o(eT) ).

|I| = 4tF + o(eT, ), | Iy| < & A
14



Moreover, Ey is to the right of E™, E°" is to the left of E,, and

Ey— EM =2(A —t) +o(eT, ),  E.—EM =2t +0(cT,.),
Aty +t) T,
T) g where ¢ = 5TM,
As ¢ in Corollary 5.3 can be fixed arbitrarily close to one, it gives quite a complete picture of what

happens in the case of large p. The parameter A governing the nature of the spectrum (see (5.8)) is
now described by

(5.10) Ey— EM = (1 —2 g>0.

Lemma 5.2. In the case of Corollary 5.3, one has
o if A <ctf, then

E— E®
Az, = ¢elog(1+5,p*) +O(e) where s, = % for ve{0,r}
o if A >cth, then
Tyr T, T,
Alr, = elog (ThA) +0(e), and M\, =elog (T:AjLT’) +0(e)

6. PERIODIC SCHRODINGER OPERATORS

The aim of this section is to give the precise definition of #,, and to study its properties. Recall that
A, = 1(6,+6,") is responsible for the gap between the “interacting” intervals Iy and I, in the case
of small p.

The constant 6, is defined by the periodic Schrédinger operator (0.2). First, assuming that V' is a 1-
periodic, real valued, L? -function, we recall well known results on this operator (see [3, 2, 13, 15, 22]).

loc
Then, we define #,, and analyze its properties.

6.1. Analytic theory of Bloch solutions.

6.1.1. Bloch solutions. Let v be a nontrivial solution of the equation
2

——5 (@) +V (@)U (2) =€ (x), z€R,

satisfying the relation ¢ (z+1) = A (x) for all z € R with A € C independent of z. Such a solution
is called a Bloch solution, and the number A is called the Floguet multiplier. Let us discuss properties
of Bloch solutions (see [3]).

(6.1)

As in section 1.1, we denote the spectral bands of the periodic Schrodinger equation by [Ej, Fs],
[Es3, Ey), ..., [Eopi1, Fongal, . ... Consider Si, two copies of the complex plane cut along the spectral
bands. Paste them together to get a Riemann surface with square root branch points. We denote
this Riemann surface by S. In the sequel, 7. : & + C is the canonical projection, and £ denotes a
point in § and F a point in C.

For any E € C, one can construct a Bloch solution ¥(z, ) of equation (6.1). Normalized by the
condition ¥ (0, F') = 1, the function &€ — (-, £) is meromorphic on S. All its poles are projected by
7. either in the open spectral gaps or at their ends. More precisely, there is exactly one simple pole
per open gap. The position of the pole is independent of z (see [8]).

Let *: & — S be the canonical transposition mapping; for any point £ in mathcalS different from
the branch points, the point £ is the unique solution to the equation 7.(€) = E different from €&.
The function x — 9 (z, &) is another Bloch solution of (6.1). Except at the edges of the spectrum

(i.e. the branch points of 8), (-, &) and (-, €) are linearly independent solutions of (6.1).
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6.1.2. The Bloch quasi-momentum. Consider the Bloch solution ¢ (z, ). The corresponding Floquet
multiplier £ — A (&) is analytic on S. Represent it in the form A(£) = exp(ik(€)). The function
E — k(&) is the Bloch quasi-momentum.

The quasi-momentum is defined modulo 27. It can be regarded as single valued analytic function
from S to the cylinder C/(27Z). Then, the quasi-momenta of ¢ (z, ) and ¥ (x, E) differ only by the
sign. The imaginary part of the complex momentum vanishes only if 7.(£) belongs to the spectrum
of the periodic operator.

Below, we denote the derivative with respect to the local coordinate E = 7.(£) by the dot ". The
derivative of the quasi-momentum is a single valued analytic function on . One has

~

(6.2) () = —k(E).

We note that k& vanishes only inside intervals projecting onto the spectral gaps.

6.2. Constants #,, and A,,. These constants are defined in terms of a meromorphic differential on

S.
6.2.1. Meromorphic differential 2. On the Riemann surface S, consider the function
Jy (. &) (U, €) = ik(E)w v(w,€)) da
Jo ()0 (x, €)dx '

where k is the Bloch quasi-momentum of ¢. This function was introduced in [5] (the definition given
in that paper is equivalent to (6.3)). In section 1.4 of [1], we have proved:

(6.3) w(&) =

(1) the differential 2 = w d€ is meromorphic on S; its poles are located at the points of P U @,
where P is the set of the poles of 1(z, &), and Q is the set of points where k(€) = 0;

(2) all the poles of 2 are simple;

(3) res,2 =1, VYpe P\ Q, res,Q=—1/2, Vge Q\ P, res,Q2=1/2, Vre PNQ.

6.2.2. Constants 0,, and A,,. We let

(6.4) A (V) =< <0n(V) +

where
(6.5) W)= [ 96,

and g, C § is a simple closed curve on S such that

e g, is located on C\ o(Hj), the sheet of the Riemann surface S where, for Im7.(€) > 0, the
Bloch quasi-momentum of ¥ (z, £) has positive imaginary part;
e 7.(g,) is positively oriented and going around the n-th spectral gap of the periodic operator
H,.
The functional [, : V +— [,(V) is defined on L?*(T), the vector space of locally square integrable, real
valued 1-periodic functions. One has

Theorem 6.1. The functional l,, has the following properties:

(1) it is real valued;
(2) it vanishes at all even periodic potentials V' ;
(3) for any fized real s, it is invariant under the transformations V(-) — V(- + s).
(4) 1,(+) is non-zero on a dense open set in L*(T);
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Point 1 in Theorem 6.1 is Lemma 6.1 from [3]. The remaining part of section 6 is devoted to the
proof of the other points.
We shall use the representation

(6.6) (V) = }’{ Q&) — Q(8).

gn
This representation follows from the equality fgn Q) =— §gn Q(€) which follows from formula (6.5)
in [3], and the fact that [,,(V) € R.

6.2.3. The functional l,, on even functions. We now assume that V' is even and prove that /,,(V') = 0.
In view of (6.6), it suffices to prove that

(6.7 Q(E) = (&),
which follows from the relation

(68) ?/J(—%g) :’g/)(l‘,é)

Indeed, making in (6.3) the change of the variable x — —z and using (6.8) and the relations
V(x—1,E) = e *E(z, &) and Y(x — 1,E) = e*E(x, £), we come to (6.7).

Finally, check (6.8). Both functions in (6.8) are Bloch solutions of (6.1). Their quasi-momenta
coincide modulo 27r. Therefore, these solutions are linearly dependent, and, as 1/(0,&) = 1 = ¢(0, & ),
they coincide. This completes the proof of the point 2 of Theorem 6.1.

6.2.4. The translation invariance of l,,. Let s be a real number. And let ¢(z, &, s) and k(&, s) be the
Bloch solution and the Bloch quasi-momentum for the potential Vi(z) = V(v + s). Then, for £ € S,
one has

(6.9) b(z, &, 5) = %,

The proof of (6.9) is similar to that of (6.8), hence, we omit it. Substituting (6.9) into (6.3), one
sees that

k(E,s) = k(£,0).

Q(E,s) = QE,0) +dlogy(s, £,0),

where d is the external derivative with respect to £. This, the definition of [, and the first point in
Theorem 6.1 imply the point 3 in Theorem 6.1.

6.2.5. For generic V, 1,,(V') does not vanish. To prove the last point of Theorem 6.1, we use

Lemma 6.1. One has

e the functional l,, is continuous on L*(T) endowed with the natural topology;
o for any (Vy, Vi) € L*(T) x L*(T), the function t — 1,,(Vy + tVy) is real analytic.

Proof. Let Vi € L*(T). Let K be a compact set containing no branch point and no pole of the
Bloch solution &€ — v (z, &, V). It suffices to check that

(1) there exists V, a neighborhood of Vj, such that the functions (£,V) — k(g, V), (,E,V) —
U(x,E,V) and (x,E,V) — ¥(x,E,V) are continuous in (z,&,V) € [0,1] x K x V;
(2) for any € € K and z € [0, 1], the functions t — ¢ (x,&, Vo + tVh), t — lb(x,S,VO + tV1) and
t— k(E, Vo +tV4) are analytic in a neighborhood of 0.
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This easily follows from the classical construction of the Bloch solutions and the Bloch quasi-
momentum presented, for example, in [22]. We omit the elementary details. (]

Now, to prove point 4 of Theorem 6.1, we need only to prove that V + [,(V) is not identically
zero. The facts that [, vanishes on even potentials and that it is translation invariant implies that [,,
vanishes at one gap periodic potentials (as well as on many other “simple” potentials). In section 6.3,
we prove

Proposition 6.1. The functional Iy does not vanish identically on the set of two gap potentials.

This proposition implies that [,, does not vanish identically for any integer n. Indeed, let V' be a two
gap potential such that {;(V') # 0. The potential V,,(z) = n?V (nz) is also one periodic. Denote the
corresponding Bloch solution and its Bloch quasi-momentum by ¢ (z, £, V) and k(€,V,). Clearly,
one has

(6.10) U(x, E,V,) = w(nw,n 28, V1) and k(E,V,) =nk(En"2 V).

The second relation from (6.10) implies that, up to scaling by n=2, the n-th gap for V,,(x) coincides
with the first gap for V; thus, it is open. The definition of w (see (6.3)) and (6.10)) imply also that
(Vi) = 1:(V); hence, [,,(V},) does not vanish. This completes the proof of Theorem 6.1. O

6.3. The functional /,, on two gap potentials. We now prove Proposition 6.1. Let V be a two gap
potential. Then, the spectrum of the periodic operator is the disjoint union of two compact intervals
and a closed half-axis going up to +oo. To the Riemann surface & constructed for this spectrum
according to the prescriptions in section 6.1.1, we add the point co. Near to oo, we introduce the
standard local coordinate 7 = E~'/2. Then, S becomes compact of genus 2. The idea of the proof
of Proposition 6.1 is to express the differential Q(€) in terms of standard Abelian meromorphic
differentials associated to §; for those, the integrals along the closed curve g; can be controlled. The
proof is naturally divided into several steps.

The behavior € at infinity. We prove

Lemma 6.2. The function w is holomorphic in a neighborhood of co and admits the Taylor formula:

(6 11) . iT3 ! d r ’ 7‘4 1 31'7_5 1 T ) , ) .
1) w=—— | dd{V+— | (V(2)=V(0)do+—— [ dz [ da'{V"=V?}+0(7")
4 Jo 0 4 Jo 16 Jo 0

where, for f(x), a 1-periodic function of x € R, we write {f}(x) = f(z) — fol f(z)dz.

We prove Lemma 6.2 in section 6.3.1. It implies that ) is holomorphic near infinity.

Decomposition of Q0 in terms of standard Abelian differentials. First, following [16], we recall some
information on Abelian differentials. The surface S being hyperelliptic of genus two, there are only
two linearly independent holomorphic differentials on §. Away from the branch points, in terms of
the local coordinate E = 7.(£), they have the form

EdE dE -
6.12 W(F)= ———, NW(F)= where R(FE E—FE;).
(6.12) B) = s ) = e B -1E-E5)
Fix P € S. Let P = 7.(P). Define a meromorphic differential by the formula

VR(P) dFE
6.13 Q&E,P) = )
(6.13) EP =Y
The differential Q(F,P) has on S only two simple poles located at the points P and P. For a suitable

choice of the branch of v/R, the residues at these points are equal to +1 and —1 respectively.
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Consider the differential Q(E€) — Q(E). As the periodic operator has only two open gaps, the Bloch
solution ¢ (z, £) has only two (simple) poles P; and Py located respectively in the closure of the first
and the second gaps. The description of the poles of €2 and the analyticity of €2 at oo imply that
the differential Q(E) — Q(E) — (UE, Py) + QE,P,)) is holomorphic on S. Therefore, there exists
(C1,Cy) € C? such that

(6.14) QE) — UE) = QE, P1) + QUE, Py) + C1(E) + Cr2(E).

Comparing (6.14) with (6.11), one easily obtains

5

. 1 T . 1 T
(6.15) Cy = —%/ d:p/ A {V}(z)), C) = %/ dx/ dx'{V”—VQ}(x')—%CQ, o= B,
0 0 0 0 j=1

Dependence on Py and P,. The two gap potentials with a given spectrum depend only on two
parameters, namely, P; and Py, the poles of the Bloch solution (see [16]). To prove Proposition 6.1,
we fix the spectrum and study the dependence of I; on P; and P,. The representation (6.14) imply
that

6.16) I = 7{ (QUE. Py, E) + QE, Py, E)) +c*1<7>1,7>2)f O, +02<7>1,7>2>j§ Q.

g1 g1

Note that the number fgl (), is not zero. So, the fact that [; does not vanish identically will follow
from

9%Cy

o5 does not vanish

Lemma 6.3. Let ¢; # 0 and ¢y be two constants. The expression ¢, 8221(571?2 +c23
identically.

Lemma 6.3 is proved in section 6.3.2. This completes the proof of Proposition 6.1. O

6.3.1. The proof of Lemma 6.2. First, following [16], we explain how to describe the behavior of 1
near oo on S. Consider the logarithmic derivative, x(z,&) = —ia% log(z,&). It is 1-periodic in z;
for finite gap potentials, £ — £(+,€) is a meromorphic function on §; in a neighborhood of oo, its
Laurent series has the form

(6.17) X:T_l—%T—iT‘//TQ+—V//gv273+....

The Laurent series for y(z, E) is obtained from that of x(x, E) by changing the sign of 7 in (6.17).

In the neighborhood of oo, the representations of 1) and k can be obtained by substituting (6.17) in
the formulae

(6.18) bz, E) = exp (z /:X(a;,g) d:p), k(E) :/le(x,é') dz.

We now derive (6.11). Compute the numerator and the denominator in (6.3). One has

7_2

1 1 A 1
(6.19) / o, €V (x, E)d — / GO N gy =1 4 T / (V(z) — V(0))dz + O().
0 0 0
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Furthermore, using (6.18), we also get

/ @/)xé' U(x, E) — ik(E)x @/J(x,f))) dx:z'/l iy (@’ 5)+X($5)dx' 0 (/ {x(, €}dx)dx

0

_T/o dx/o dx'{V}(x')—}j/;(V(x)—V(O) dx——( / dx/ da'{V" = V*}(a')

_/0 dx(V(x)—V(O))/O dx’{V}(x')) +0(79%),

where the operator {-} was defined in Lemma 6.2. Substituting (6.19) and the result of the last
computation into the definition of w, we obtain (6.11). This completes the proof of Lemma 6.2. [

6.3.2. The proof of Lemma 6.3. We prove the lemma by studying the analytic extensions of the
functions (Py, P2) — C1(P1, P2) and (P1, Pa) — Ca(Py, Ps). The proof is divided into “elementary”
steps.

1. Following [16] (chapter II, sections 6 and 5), we describe the set of the two gap potentials giving
rise to the spectrum [E}, Es] U [E3, E4] U [Ej5, 0o].

Pick P, and P, so that Fy < P < E3 and Ey; < P, < Fs5. Recall that R(FE) is defined in (6.12). Let
&= A (&) and € — Ay (&) be the solutions to the Cauchy problems

A\ Do
(6.20) ds —Rh), and dc (%),
)\1<0>:P1 )\Q(O)ZPQ

The solutions of these equations are smooth real valued periodic functions of ¢ € R. The range of
A1 is [Es, E3], and the one of Ay is [Ey4, E5]. The periods of A; and Ay are equal respectively to

Bz g\ _ s d\

== ——— and =, = _—
B VIR(A)] RRVANLOY]

One has = > =4. Set

3
(6.21) z= / (MalE) — A (6)) de.

then a two gap potential giving rise to the spectrum [Ey, Ey] U [E3, E4] U [Es5, 00) is described by the
formula

(6.22) V(r) = =2 (M(8) + X (8)) + co,

where ¢y is a constant depending only on (E;)i<;<s.

The potential V' is periodic if Z; and =, are rationally dependent, i.e., there exists [ and m mutually
prime such that (=) = mZ,. As = > s, this can happen only for [ < m._

Assume that IZ; = mZ,. The period of the potential V' is equal to [ (A2(&) — Ai(€)) d€, where
= = [Z; = mZ,. For the periodic operator with the potential V| the gaps [F2, F3| and [Ej, E5] are
respectively the [-th and the m-gaps. The points P, and P are the projections on the complex plane
of the poles of the Bloch solution ¢ (x,£). The sheets of the Riemann surface where these poles are
are determined by the choice of the branches of the square roots in (6.20). The poles of the Bloch
solutions are the parameters indexing the family of the periodic potentials with the fixed spectrum.
Finally, we note that the potential V' satisfies the relation

(6.23) Vi(x) = V"(z) = =8 (M(6) + M(é)kgéf) +23(6) + e (A(€) + A2 (8)) + 2.



where ¢; and ¢, are constants depending only on (E;)i<j<s.
In the sequel, we assume that

(6.24) / Ta(€) - M(E)dE=1, =25, =%,

i.e., that V is 1-periodic two gap potential whose the first two gaps are open. Note that the condi-
tions (6.24) are satisfied for a suitable choice of the points (E});=1, 5.

We complete this discussion with the formulae expressing C'; and C5 in terms of A\; and A,. Formu-
lae (6.15), (6.22), (6.23) and (6.21) imply that

Cl(Pl,PQ) :3iF(P1,P2)+03G(P1,P2) and CQ(Pl,PQ) :ZG(Pl,PQ)
where P; = m.(P;) for j = {1,2}, ¢3 is a constant depending only on (£};)i<;<5, and

= 13 =
F(ALP) = [ dsta=n)(© [ 08 -M€) 5 [ dend—aneo).

(6.25) 0

= 3 1 [F

G(PLFe) = [ dsa=2() [ de03- X))~ [ de0d - (o)
0 0 0

2. To study A; and A, for complex Py and Ps, in (6.20), we consider the

branch of y/— R(u) analytic in C, fixed by the condition y/—R(u) < 0

for u < E;. We introduce the mapping A : C, — C defined by the A(E5) A(Ey)
formula

A

A(A):/ 2 dg( ) /D/2
[oe} - u =
. . A(E) g 3

and study its properties. _
The Christoffel-Schwarz formula (see [19]) shows that A conformally -7
maps C, onto D, the domain shown on Fig. 9. In the same figure, we !

have shown how A(\) goes along the boundary of D as A moves along

the real axis from —oo to +00. Note that A(Es) A(E3)

Figure 9: The domain D
(6.26) ReA(E;) =ReA(E;) =-Z/4, ReA(E;3) =ReA(E,) =Z/4.

Consider the inverse of A on D i.e. the function £ € D — A(§) € C, defined by the relation
A(N(€)) = & Tt takes real values on the boundary of D. Therefore, using the Riemann-Schwartz
symmetry principle, one can extend it analytically to the strips So = {0 < Im ¢ < 2Im (A(FEy))} and
S1 ={2Im (A(E3)) < Im¢ < 0}. In result, we obtain a function satisfying the relations

(6.27) AME+T/2) = NE) for £€ 8,

(6.28) AME+E)=AE) for ANE+ZE/2)=A=E) for &€ 5.
Discuss the singularities of . Let D be the rectangle {—Z/4 < Re¢ < =/4, ImA(F3) < Im¢ <

Im A(E,)} cut along the real axis from —Z/4 to zero. For £ € D, X satisfies the uniform estimates
(6.29) AE) + e BB < € and [N(§) +2¢77R(B¢) ] < CleIT

Here, the branches of the functions & — (3¢)72/3 and ¢ + (3¢)~%® are chosen so that they are both
positive when & € R,
3. For j € {1,2}, the solution & — X;(&) to (6.20) is given by the formulae:

(6.30) 2i(€) = A€+ &) SYVhere & = AP)).




From now on, instead of P;, we shall use the parameter &;. From (6.30), it is clear, that £ — \;(¢)
is analytic in the strip S; —¢;.

4. Now, we consider the functions (&;,&) — F(&1,&) and (&1,&) — G(&1,&). To complete the
proof of Lemma 6.3, it suffices to check that, for sufficiently small positive 9, their partial derivatives
satisfy the estimates

(6.31) |02 o, F(—=6,40) — o6 3 < C6% and |07, .,G(—0,+6)] < C5 2,

where Fy # 0 and C > 0 are independent of 9.
Prove the first of these estimates. Representation (6.25) and (6.30) and relations (6.27) and (6.29)
imply that

852152F(_5’ 5) == /H()‘IQ)‘? + Xl)‘g)dg
0

=/4
== [ DHOGHEO + A+ 2/2) + ON(©) + Mg + E/2)N(e)] e

[1]
~
~

_ _/ V(€ +iB)(N(E — i6) + (€ — i0)) + (N (€ — i6) — N(—€ — D) N (€ +i6)] de.
—=/4
Then, by means of the estimates (6.29), we get
0F ¢, F(—6,46) = Fy 6% + 0(57?),

Fy=—2.3113 / (273t +40) (8 = i) — e (= i) R+ 0) 7R dt

o0

where the branches of the functions ¢ — (¢ £4)~°/3 are fixed by the condition arg((¢ +1)7%/3) — 0
as t — +o0o. The constant F can be computed by means of the Residue theorem. This gives
Fy = —5im371/3272/3 which completes the proof of the first estimate in (6.31). The second one is
proved similarly. This completes the proof of Lemma 6.3. O
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