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Introduction

Nonlinear Analysis is one of the fields of Mathematics with the most spectacular development in the
last decades of this end of century. The impressive number of results in this area is also a consequence of
various problems raised by Physics, Optimization or Economy. In the modelling of natural phenomena
a crucial role is played by the study of partial differential equations of elliptic type; they arise in every
field of science. Consequently, the desire to understand the solutions of these equations has always
a prominent place in the efforts of mathematicians; it has inspired such diverse fields as Functional
Analysis, Variational Calculus or Algebraic Topology.

The present book is based on a one semester course at the University of Craiova. The goal of this
textbook is to provide the background which is necessary to initiate work on a Ph.D. thesis in Applied
Nonlinear Analysis. My purpose is to provide for the student a broad perspective in the subject, to
illustrate the rich variety of phenomena encompassed by it and to impart a working knowledge of the
most important techniques of analysis of the solutions of the equations. The level of this book is
aimed at beginning graduate students. Prerequisites include a truly advanced Calculus course, basic
knowledge on Functional Analysis and PDE, as well as the necessary tools on Sobolev spaces.

Throughout this work we have used intensively two classical results: the Mountain-Pass Lemma (in
its C! statement!) of Ambrosetti and Rabinowitz (1973, []) and Ekeland’s Variational Principle (1974,
[BHl). We recall in what follows these celebrated results.

Mountain Pass Lemma. Let X be a real Banach space and let F : X — R be a C'-functional
which satisfies the following assumptions:

i) F(0) < 0 and there exists e € X \ {0} such that F(e) < 0.

ii) there is some 0 < R < ||e|| such that F(u) > 0, for all u € X with ||u|| = R.

Put

— inf F(p(t
¢ = Inf max (p(1))

where P denotes the set of all continuous paths joining 0 and e.
Then the number c is an “almost critical value” of F, in the sense that there exists a sequence (x,)
in X such that

lim F(z,) =c and lim ||[F'(z,)||x+ =0.
n—oo n—oo

Ekeland’s Variational Principle. Let (M,d) be a complete metric space and let ¢ : M —

(—o0, +0], ¥ # 400 be a lower semicontinuous functional bounded from below.



Then the following hold:
i) Let € > 0 be arbitrary and let zy € M be such that

U(z0) < inf p(a) +<.

Then, for every X\ > 0, there exists z) € M such that , for all x € M \ {z)},
¥(2a) < ¥(20)
€
TIZ)(CU) > TIZ)(Z)\) - N d(x’ Z)\)’

A
d(Z)\, ZO) < A

ii) For each € > 0 and zy € M, there is some z € M such that, for any = € M,
V() 2 P(z) —ed(z, 2),
P(2) < Y(z0) — ed(z0,2) .

In the first part of this book we present the method of sub and super solutions, which is one of
the main tools in Nonlinear Analysis for finding solutions to a boundary value problem. The proofs
are simple and we give several examples to illustrate the theory. We continue with another elemen-
tary method for finding solutions, namely the Implicit Function Theorem. The main application is a
celebrated theorem due to H. Amann which is related to a bifurcation problem associated to a convex
and positive function. This kind of equations arises frequently in physics, biology, combustion-diffusion
etc. We mention only Brusselator type reactions, the combustion theory, dynamics of population, the
Fitzhugh-Nagumo system, morphogenese, superconductivity, super-fluids etc. We give complete details
in the case where the functional is asymptotically linear at infinity.

In the third chapter we give some basic results related to the Clarke generalized gradient of a
locally Lipschitz functional (see Clarke [26], [27]). Then we develop a nonsmooth critical point theory
which enables us to deduce the Brezis-Coron-Nirenberg Theorem [Ld], the “Saddle Point” Theorem of
Rabinowitz [6g] or the Ghoussoub-Preiss Theorem [[]. The motivation of this study is the following:
some of the strongest tools for proving existence results in PDE are the “Mountain Pass” Lemma
of Ambrosetti-Rabinowitz and the Lusternik-Schnirelmann Theorem. These results apply when the
solutions of the given problem are critical points of a suitable “energetic” functional f, which is assumed
to be of class C'! and defined on a real Banach space. A natural question is what happens if the energy
functional, associated to a given problem in a natural way, fails to be differentiable. The results we
give here are based on the notion of Clarke generalized gradient of a locally Lipschitz functional which
is very useful for the treatment of many problems arising in the calculus of variations, optimal control,
hemivariational inequalities etc. Clarke’s generalized gradient coincides with the usual one if f is
differentiable or convex. In the classical framework the Fréchet differential of a C''-functional is a linear

and continuous operator. For the case of locally Lipschitz maps the property of linearity of the gradient



does not remain valid. Thus, for fixed x € X, the directional derivative f°(z,-) is subadditive and
positive homogeneous and its generalized gradient df(z) is a nonempty closed subset of the dual space.

In Chapter 4 the main results are two Lusternik-Schnirelmann type theorems. The first one uses
the notion of critical point for a pairing of operators (see, e.g., Fucik-Necas-Soucek-Soucek [BJ]). The
second theorem is related to locally Lipschitz functionals which are periodic with respect to a discrete
subgroup and also uses the notion of Clarke subdifferential.

In the following part of this work we give several applications of the abstract results which appear
in the first chapters. Here we recall a classical result of Chang [P4] and prove multivalued variants
of the Brezis-Nirenberg problem, as well as a solution of the forced pendulum problem, which was
studied in the smooth case in Mawhin-Willem [5g]. We also study multivalued problems at resonance
of Landesman-Lazer type. The methods we develop here enable us to study several classes of discontin-
uous problems and all these techniques are based on Clarke’s generalized gradient theory. This tool is
very useful in the study of critical periodic orbits of hamiltonian systems (Clarke-Ekeland), the math-
ematical programming (Hiriart-Urruty), the duality theory (Rockafellar), optimal control (V. Barbu
and F. Clarke), nonsmooth analysis (A.D. Ioffe and F. Clarke), hemivariational inequalities (P.D. Pana-

giotopoulos) etc.

November 2004



Chapter 1

Method of sub and super solutions

Let © be a smooth bounded domain in RV and consider a Carathéodory function f(z,u): QxR — R

such that f is of class C! with respect to the variable u. Consider the problem

—Au = f(x,u), in

u=20, on 0f).

By solution of the problem ([.T) we mean a function v € C?(Q) N C(Q) which satisfies (L.1]).

Definition 1. A function U € C?(Q) N C(Q) is said to be subsolution of the problem ([[_]) provided
that

U<o, on 9.

Accordingly, if the signs are reversed in the above inequalities, we obtain the definition of a supersolution

U for the problem ([i.1).

Theorem 1. Let U (resp., U) be a subsolution (resp., a supersolution) to the problem such that
U < U in Q. The following hold:

(i) there exists a solution u of ([I.]) which, moreover, satisfies U <u < U;

(i) there exist a minimal and a mazimal solution u and w of the problem with respect to the
interval [U, U].

Remark 1. The existence of the solution in this theorem, as well as the mazimality (resp., minimality)
of solutions given by (ii) have to be understood with respect to the given pairing of ordered sub and
supersolutions. It is very possible that ([1.1) has solutions which are not in the interval [U,U]. It may

also happen that ([[.1) has no mazimal or minimal solution. Give such an exemple!

Remark 2. The hypothesis U < U is not automatically fulfilled for arbitrary sub and supersolution of
({i4). Moreover, it may occur that U > U on the whole of Q. An elementary example is the following:



constider the eigenvalue problem
—Au = \u, mn
u=0, on 0f).

We know that all solutions of this problem are of the form u = Cey, where C is a real constant and ey
is not vanishing in 0, say e1(x) > 0, for any x € Q. Choose U = e1 and U = —ey. Then U (resp., U)
is subsolution (resp., supersolution) to the problem (I.14), but U > U.

Proof of Theorem [il. (i) Let g(z,u) := f(x,u) + au, where a is a real constant. We can choose
a > 0 sufficiently large so that the map R > u — g(z, u) is increasing on [U(x),U(z)], for every = € Q.
For this aim, it is enough to have a > 0 and

a > max {—fu(z,u);z € Qand u € [U(z),U(z)]} .
For this choice of a we define the sequence of functions u,, € C?(2) N C() as follows: ug = U and,

for every n > 1, u, is the unique solution of the linear problem

—Auy, + auy = g, up_1), in Q
( 1) (1.2)

U, =0, on 0.

Claim: U < <upyy <up <--- <wup=U.
Proof of Claim. Our arguments use in an essential manner the Weak Maximum Principle. So, in order

to prove that u; < U we have, by the definition of w1,

_A(U_u1)+a(U_u1) Zg(.%',U) —g(l',U) :07 in
U—u; >0, on 0f).

Since the operator —A +al is coercive, it follows that U > wu; in Q. For the proof of U < u; we observe
that U < 0 = uy on 0f2 and, for every z € ),

~AU —w) +a(U —uy) < f(2,U) +al — g(z,U) <0,

by the monotonicity of g. The Maximum Principle implies U < u7.

Let us now assume that

Qg---<un<un,1<---§u0:ﬁ.

It remains to prove that

U <upt1 < uy.

Taking into account the equations satisfied by u, and u,y1; we obtain

_A(un - un-l—l) + a(un - un—i—l) = g($,un_1) - g(xaun) > 07 in Q

Un—un+120, OIIBQ7



which implies u,, > up4+1 in €.
On the other hand, by

_AQ+GQS g(xag)7 in Q
U<o, on O

and the definition of u,; we have

_A(unJrl - Q) + a(unJrl - Q) > g(x,un) - g(x’ U) >0, in

Upy1 —U >0, on 0f).

Again, by the Maximum Principle, we deduce that U < u,11 in , which completes the proof of the
Claim.

It follows that there exists a function w such that, for every fixed = € 2,
Up () \, u(x) as m — 0o.

Our aim is to show that we can pass to the limit in ([.J). For this aim we use a standard bootstrap
argument. Let g,(z) := g(z,u,(z)). We first observe that the sequence (g,,) is bounded in L>(2), so
in every LP(Q) with 1 < p < co. It follows by ([.9) and standard Schauder estimates that the sequence
(u,) is bounded in W2P(Q), for any 1 < p < co. But the space W?2P() is continuously embedded in
Ch(Q), for a =1 — %, provided that p > &. This implies that (u,) is bounded in C1*(Q). Now,
by standard estimates in Hélder spaces we deduce that (uy,) is bounded in C*%(2). Since C>%(Q) is

compactly embedded in C%(Q), it follows that, passing eventually at a subsequence,
Up — U in C*(Q).

Since the sequence is monotone we obtain that the whole sequence converges to v in C2. Now, passing
at the limit in ([LJ) as n — oo we deduce that u is solution of the problem ([L.1]).

(ii) Let us denote by u the solution obtained with the above technique and choosing ug = U. We
justify that 7 is a maximal solution with respect to the given pairing (U, U). Indeed, let u € [U, U] be
an arbitrary solution. With an argument similar to that given in the proof of (i) but with respect to
the pairing of ordered sub-supersolutions (u,U) we obtain that u < u,, for any n > 0, which implies
u <. U

Let us now assume that f is a continuous function. We give in what follows an elementary variational
proof for the existence of a solution to the problem ([[1]), provided that sub and supersolution U and
U exist, with U < U. For this aim, let

Bu) = %/Q | Vu |2 —/QF(x,u)

be the energy functional associated to the problem ([1). Here, F(z,u) = [;' f(x,t)dt.



Set

fz,t), if U(z) <t<U(x)
fo(z,t) =< f(z,U(x)), if t>U(x)
f(z.Ulx)), if t<Ufx).

The associated energy functional is

Bo(w) = 5 [ 190 = [ Rw.w).

with an appropriate definition for Fj.

We observe the following:
- By is well defined on H'(), since fj is uniformly bounded, so Fyy has a sublinear growth;
- Ej is weak lower semicontinuous;

- the first term of Ej is the dominating one at +oo and, moreover,

lim Ey(u) = +oo.

l[ul| =00

Let

a= Inf FEyu).
ueHL(Q) O( )

We show in what follows that « is attained. Indeed, since Ej is coercive, there exists a minimizing

sequence (u,) C H(Q2). We may assume without loss of generality that
Up — U, weakly in H}(Q).

So, by the lower semicontinuity of Ey with respect to the weak topology,

1
—/ | Vuy, 2 —/Fo(x,un) <a+o(l).
2/a Q
This implies Fy(u) = o. Now, since u is a critical point of Ey, it follows that it satisfies
—Au = fo(z,u), in D'(Q).

The same bootstrap argument as in the above proof shows that u is smooth.
We prove in what follows that U < u < U. Indeed, we have

Therefore
AU —u) < f(z,U) = fo(z,u).

After multiplication by (U — )" in this inequality and integration over § we find
J1v@-wt s [ @-w* (@D - itew)

8



Taking into account the definition of fy we obtain
/ [ VU —w)* =0
Q

which implies V(U — u)™ = 0 in Q. Therefore, U < u in Q. O
We can interpret a solution w of the problem (D) as an equilibrium solution of the associated

parabolic problem

vy — Av = f(z,v), inQ x (0,00)
v(xz,t) =0, on J2 x (0,00) (1.3)
v(x,0) = up(x), in .

Suppose that the initial data ug(z) does not deviate too much from a stationary state u(z). Does the
solution of ([.3) return to u(z) as t — oo? If this is the case then the solution u of the problem ([L.])
is said to be stable. More precisely, a solution u of ([[.1]) is called stable if for every £ > 0 there exists
d > 0 such that [[u(x) — v(2,t)| L (@x(0,00)) < & Provided that ||u(z) — uo(z)| 1) < J. Here, v(x,1)
is a solution of problem ([.3). We establish in what follows that the solutions given by the method of

sub and supersolutions are, generally, stable, in the following sense.

Definition 2. A solution u of the problem ([[.1) is said to be stable provided that the first eigenvalue
of the linearized operator at w is positive, that is, A1 (—A — fu(x,u)) > 0. The solution u is called
semistable if Ay (—A — fu(z,u)) > 0.

In the above definition we understand the first eigenvalue of the linearized operator with respect to

homogeneous Dirichlet boundary condition.

Theorem 2. Let U (resp., U) be subsolution (resp., supersolution) of the problem (1) such that
U < U and let u (resp., W) be the corresponding minimal (resp., maximal) solution of ([[-]). Assume
that U is not a solution of ([I.1). Then u is semistable. Furthermore, if f is concave, then u is stable.

Similarly, if U is not a solution then T is semistable and, if f is convex, then T is stable.

Proof. Let Ay = A\ (—A — fu(z,u)) and let 1 be the corresponding eigenfunction, that is,

—Ap1 — fulz,w)p1 = Mgt in Q
p1 =0, on 0f).

We can suppose, without loss of generality, that ¢; > 0 in 2. Assume, by contradiction, that A\; < 0.
Let us consider the function v := u — gpy, with € > 0. We prove in what follows that the following
hold:

(i) v is a supersolution to the problem ([L.I]), for £ small enough;

(ii) v > U.



By (i), (ii) and Theorem [|| it follows that there exists a solution u such that U < u < v < u in €,
which contradicts the minimality of w and the hypothesis that U is not a solution.

In order to prove (i), it is enough to show that
—Av > f(z,v) in Q.

But
Av+ f(z,v) = Au—eAp; + f(z,u—ep1) =
—f(z,u) +elror +efulm, w)pr + fo,u —ep1) =
—f(@,u) + e (A1 + fulz,u)er) + f(2,u) — efulz, u)pr + o(epr) =
edip1 +o(e)pr = p1 (A1 +o(e)) = p1e (M +0(1)) <0,
provided that € > 0 is sufficiently small.
Let us now prove (ii). We observe that v > U is equivalent to u — U > eyq, for small e. But

u—U > 0in Q. Moreover, u — U # 0, since U is not solution. Now we are in position to apply the

Hopf Strong Maximum Principle in the following variant: assume v satisfies

—Aw+aw = f(x) >0, in Q
w >0, on 02,

where a is a nonnegative number. Then w > 0 in 2 and the following alternative holds: either
(i) w=01in Q
or
(ii) w > 0 in Q and %—f < 0 on the set {z € 9Q;w(x) = 0}.
Let w=u—U > 0. We have

—Aw+aw = f(z,u) + AU +a(u —U) > f(z,u) — f(z,U) +a(u—U).

So, in order to have —Aw + aw > 0 in €, it is sufficient to choose a > 0 so that the mapping
R > u +— f(x,u) + au is increasing on [U(z),U(x)], as already done in the proof of Theorem [l.
Observing that w > 0 on 99 and w # 0 in Q we deduce by the Strong Maximum Principle that

ow
v

We prove in what follows that we can choose € > 0 sufficiently small so that ey < w. This is an

w >0 in Q and <0 on {z € 0% u(x) =U(z) =0}.

interesting consequence of the fact that the normal derivative is negative in the points of the boundary
where the function vanishes. Arguing by contradiction, there exist a sequence ¢, — 0 and z,, € {2 such
that

(w—epe1)(zy) <O0. (1.4)

Moreover, we can choose the points x,, with the additional property
V(w —enp1)(zy) =0. (1.5)

10



But, passing eventually at a subsequence, we can assume that x,, — o € 0. It follows now by ([[.4)

that w(zg) < 0 which implies w(xg) = 0, that is, g € Q. Furthermore, by ([.§), Vw(z) = 0, a

contradiction, since g—:f(.%'o) < 0, by the Strong Maximum Principle.

Let us now assume that f is concave. We have to show that Ay > 0. Arguing again by contradiction,
let us suppose that A\; = 0. With the same arguments as above we can show that v > U. If we prove
that v is a supersolution then we contradicts the minimality of u. The above arguments do not apply

since, in order to find a contradiction, the estimate
Av + f(z,v) = ep1 (A1 +0(1))

is not relevant in the case where A\; = 0. However

Av+ f(z,v) = = f(z,u) + € (M1 + fulz,w)pr) + fz,u —ep1) <
5fu(xaﬂ)801 + fu(ﬂ:,g)(—egpl) =0.
]

If neither U nor U are solutions to the problem ([L1)) it is natural to ask if there exists a solution u
such that U < u < U and A\j(—A — f,(z,u)) > 0. In general such a situation does not occur, as showed

by the following example: consider the problem
—Au=\u—u?, in Q
u=0, on 01,

where \; denotes the first eigenvalue of —A in H}(Q). We remark that we can choose U = a and
U = —a, for every a > +/A1. On the other hand, by Poincaré’s Inequality,

Al/uzg/]Vu\Z:)\l/uz—/Qf,
0 0 0 0

which shows that the unique solution is u = 0. However this solution is not stable, since A\;(—A —
fu(0)) = 0.

Another question which arises is under what hypotheses there exists a global maximal (resp., min-
imal) solution of ([[1]), not only with respect to a prescribed pairing of sub and supersolutions. The
following result shows that a sufficient condition is that the nonlinearity has a kind of sublinear growth.

More precisely, let us consider the problem

—Au = f(z,u) + g(z), in

u=20, on 0.

11



Theorem 3. Assume g € C*(Q2), for some a € (0,1) and, for every (z,u) € Q x R,
flz,u)signu <a|u|+C with a < Ay . (1.7)
Then there exists a global minimal (resp., mazimal) solution u (resp., u) to the problem ([1.4).

Proof. Assume without loss of generality that C' > 0. We choose as supersolution of ([[.f) the

unique solution U of the problem
—AU —aU =", in Q2
U=0, on 0N,

where C’ is taken such that C" > C' 4 supg | ¢ |. Since a < Ay it follows by the Maximum Principle
that U > 0.

Let U = —U be a subsolution of ([.§). Thus, by Theorem [I], there exists u (resp., %) minimal (resp.,
maximal) with respect to (U, U). We prove in what follows that u < u < %, for every solution u of the
problem ([.§). For this aim, it is enough to show that U < u < U. Let us prove that u < U. Denote

Qo ={z € Q; u(x)>0}.

Consequently, it is sufficient to show that u < U in €. The idea is to prove that

~A(U —u) —a(U —u) >0, in Qg
U—-u>0, on 08
and then to apply the Maximum Principle. On the one hand, it is obvious that
U—-u=U2>0, ondfy.
On the other hand,
~AU —u) —a(U —u) = —-AU — aU — (—Au — au) >
C'— f(z,u) +au >0, in Qq,

which ends our proof. O

Let us now consider the problem

u=20, on 0 (1.8)

12



where

F(0) =0 (1.9)
lim sup Jw) <A1 (1.10)
u—+00 u
Observe that ([L.1()) implies
fluw) <au+C, for every u >0,

with a < A\ and C > 0.
Clearly U = 0 is a subsolution of ([.§). Choose U the unique solution of the problem

—AU —aU = C, in Q

U=0, on 0.

We then obtain a minimal solution u and a maximal solution @ > 0. However we can not state that

u > 0 (give an example!). A positive answer is given by
Theorem 4. Assume f satisfies hypotheses (I.9), (1.18) and

F(0) > Ay . (1.11)
Then there exists a mazimal solution u to the problem (I.§) such that u > 0 in Q.

Proof. The idea is to find another subsolution. Let U = €1, where 1 > 0 is the first eigenfunction
of —A in H{ (). To obtain our conclusion it is sufficient to verify that for € > 0 small enough we have
(i) e is a subsolution;

(i) ep1 < U.
Let us verify (i). We observe that
flepr) = f(0) + o1 f'(0) + o(epr) = ep1£'(0) + ofeen) .

So the inequality —A(ep1) < f(ep1) is equivalent to

ehp1 < g1 f(0) + o(epr)
that is
A < f/(O) + 0(1) .
This is true, by our hypothesis ([L.11).
Let us now verify (ii). Recall that U satisfies
—AU =aU +C, in Q
U=0, on 0.
Thus, by the Maximum Principle, U > 0 in  and %—g < 0 on 0f). We observe that the other variant,

namely U = 0, becomes impossible, since C' > 0. Using the same trick as in the proof of Theorem

(more precisely, the fact that %—g < 0 on 09) we find € > 0 small enough so that ep; < U in Q. O

13



Remark 3. We observe that a necessary condition for the existence of a solution to the problem (I1.§)

is that the line \ju intersects the graph of the function f = f(u) on the positive semi-azis.

Indeed, if f(u) < A\ju for any u > 0 then the unique solution is v = 0. After multiplication with ¢
in ([.g) and integration we find

/Q(—AU)% = —/QUA% = >\1/QU801 = /Qf(u)sﬁl < )\1/91%01,

a contradiction. O
Remark 4. We can require instead of (I.11) that f € C1(0,00) and f'(0+) = +o0

Indeed, since f(0) = 0, there exists ¢ > 0 such that, for all 0 < e < ¢,

flepr) _ flepr) — f(0)
€p1 ep1 — 0

> .

It follows that f(ep1) > A1 = —A(ey) and so, U = ey is a sub-solution. It is easy to check that
U > U in Q and the proof continues with the same ideas as above. O

The following result gives a sufficient condition for that the solution of ([.§) is unique.

Theorem 5. Under hypotheses ([.9), ([.10), (.11) assume furthermore that
f(u)

is decreasing . (1.12)
u

the mapping (0,4+00) > u —

Then the problem ([.§) has a unique solution.
f(u)

Example. If f is concave then the mapping - is decreasing. Hence by the previous results the

solution is unique and stable. For instance the problem
—Au = u —uP, in
u=0, on 0f)
u >0, in Q,

with p > 1 and A > A; has a unique solution which is also stable.

Proof of Theorem E Let u1,us be arbitrary solutions of (B) We may assume that u; < us; indeed,

if not, we choose u; as the minimal solution. Multiplying the equalities
—Auy = f(ug), inQ

and

—Auy = f(uz), inQ

by use, resp. ui, and integrating on 2 we find
[ e~ ) =0,
Q

14



or, equivalently,

_f(uu11) = fw) 4 Now, by (|L..12) we conclude that u; = us. O

u2

So, by 0 < u1 < uy we deduce
Let us now consider the problem
—Au = f(u), in Q
u=20, on 0 (1.13)

u >0, in .

Our aim is to establish in what follows a corresponding result in the case where the nonlinearity does
not satisfy any growth assumptions, like ([[.10) or ([.IT]). The following deeper result in this direction

is due to Krasnoselski.

Theorem 6. Assume that the nonlinearity f satisfies (I.13). Then the problem ([.13) has a unique

solution.

Proof. In order to probe the uniqueness it is enough to show that for any arbitrary solutions wuy

and wue, we can suppose that u; < ug. Let
A= {t S [0, 1];tu1 < UQ}.

We observe that 0 € A. Now we show that there exists €9 > 0 such that for every £ € (0,g9) we have
¢ € A. This follows easily with arguments which are already done and using the crucial observations
that

up >0, in Q
%<0, on 0.
v

Let tg = max A. Assume, by contradiction, that tg < 1. Hence tgu; < us in €. The idea is to show the
existence of some £ > 0 such that (¢y + €)u; < ug, which contradicts the choice of ty. For this aim we

use the Maximum Principle. We have
—A(UQ — toul) + CL(UQ — toul) = f(UQ) + auo — 1ty (f(ul) + aul) .
Now we choose a > 0 so that the mapping u —— f(u) + au is increasing. Therefore
—A(UQ — toul) + a(uz — toul) >
f(tour) + atour —tof(u1) — atour = f(tour) —tof(u1) > 0.

This implies either
(i) ue — toug =0

15



or
(ii) ug — toug > 0 in 2 and % (ug — tou1) < 0 on OS.

The first case is impossible since it would imply o f(u1) = f(tou1), a contradiction. This reasoning
is based on the elementary fact that if f is continuous and f(Cx) = Cf(z) for any x in a nonempty

interval then f is linear. O
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Chapter 2

Implicit Function Theorem and
Applications to Boundary Value
Problems

2.1 Abstract theorems

Let X,Y be Banach spaces. Our aim is to develop a general method which will enable us to solve
equations of the type
F(u,\) = v,

where F': X x R — Y is a prescribed sufficiently smooth function and v € Y is given.

Theorem 7. Let X,Y be real Banach spaces and let (ug, o) € X x R. Consider a C'-mapping
F =F(u,\): X xR —=Y such that the following conditions hold:

(i) F(uo, Ao) = 0;

(ii) the linear mapping F,(ug, \o) : X — Y is bijective.

Then there exists a neighbourhood Uy of ug and a neighbourhood Vi of Ao such that for every X € Vj
there is a unique element uw(\) € Uy so that F(u(X),\) = 0.

Moreover, the mapping Vo 3 X — u()) is of class C*.

Proof. Consider the mapping ®(u,A) : X x R — Y x R defined by ®(u,\) = (F(u,\),A). It is
obvious that ® € C'. We apply to ® the Inverse Function Theorem. For this aim, it remains to verify

that the mapping ®'(ug, A\g) : X X R — Y x R is bijective. Indeed, we have

D (ug + tu, g + tA) = (F(up + tu, Ag + tA), Ag + tA) =
(F(uo, M) + Fu(uo, Ao) - (fu) + Fx(uo, Ao) - (EA) + o(1), Ao +EA) .

It follows that

F(ug, A Fy(ug, A
(g, Ag) = (w0, Ao)  F(uo, Ao)
0 I
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which is a bijective operator, by our hypotheses. Thus, by the Inverse Function Theorem, there exist
a neighbourhood U of the point (ug, A\g) and a neighbourhood V of (0, A) such that the equation

®(u, A) = (f; Ao)

has a unique solution, for every (f,A) € V. Now it is sufficient to take here f = 0 and our conclusion
follows. O

With a similar proof one can justify the following global version of the Implicit Function Theorem.

Theorem 8. Assume F: X xR — Y is a C'-function on X x R satisfying

(i) F(0,0) =0;

(ii) the linear mapping F,(0,0) : X — Y is bijective.

Then there exist an open neighbourhood I of 0 and a C* mapping I > X\ —— u(\) such that u(0) = 0
and F(u(X),\) = 0.

The following result will be of particular importance in the next applications.

Theorem 9. Assume the same hypotheses on F as in Theorem {§. Then there exists an open and
mazimal interval I containing the origin and there exists a unique C'-mapping I > X — u(\) such
that the following hold:

a) F(u(N),\) =0, for every A € I;

b) the linear mapping Fy,(u(\), \) is bijective, for any A\ € I;

c¢) u(0) = 0.

Proof. Let uq, us be solutions and consider the corresponding open intervals I; and I on which

these solutions exist, respectively. It follows that u;(0) = u2(0) = 0 and
F(ui(A),A) =0, forevery A €I,

F(ug(A),A) =0, forevery A €ly.

Moreover, the mappings F,(ui(\),\) and Fy(u2(A), A) are one-to-one and onto on Iy, resp. . But,
for X sufficiently close to 0 we have u(A) = ua(\). We wish to show that we have global uniqueness.
For this aim, let

I = {)\ e 1 NIy ul()\) = UQ()\)}

Our aim is to show that I = I; N I5. We first observe that 0 € I, so I # ). A standard argument then
shows that [ is closed in I1 N I5. In order to show that I = I; N I, it is sufficient now to prove that I
is an open set in I1 N I3. The proof of this statement follows by applying Theorem [§ for A instead of 0.
Thus, I = 1 N Is.

Now, in order to justify the existence of a maximal interval I, we consider the Cl-curves wu,(\)
defined on the corresponding open intervals I, such that 0 € I, u,(0) = ug, F(u,(A\),\) = 0 and
F,(un(N), ) is an isomorphism, for any A € I,,. Now a standard argument enables us to construct a

maximal solution on the set U, I,. ]
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Corollary 1. Let X,Y be Banach spaces and let F : X — Y be a C'-function. Assume that the
linear mapping Fy,(u) : X — Y is bijective, for every uw € X and there exists C > 0 such that
| (Fulw) ™" < C, for anyu € X.

Then F' is onto.

Proof. Assume, without loss of generality, that F'(0) = 0 and fix arbitrarily f € Y. Consider the
operator F(u,\) = F(u) — Af, defined on X x R. Then, by Theorem [, there exists a C-function u(\)
which is defined on a maximal interval I such that F(u(X)) = Af. In particular, u := u(1) is a solution
of the equation F(u) = f. We assert that I = R. Indeed, we have

ur(A) = (Fu(u) ™' f,

so u is a Lipschitz map on I, which implies I = R.

The Implicit Function Theorem is used to solve equations of the type F(u) = f, where F' €
CY(X,Y). A simple method for proving that F is onto, that is, Im F' = Y is to prove the following:

(i) Im F' is open;

(ii) Im F is closed.

For showing (i), usually we use the Inverse Function Theorem, more exactly, if F},(u) is one-to-one,
for every u € X, then (i) holds. A sufficient condition for that (ii) holds is that F' is a proper map.

Another variant of the Implicit Function Theorem is given by

Theorem 10. Let F(u,\) be a C'-mapping in a neighbourhood of (0,0) and such that F(0,0) = 0.
assume that

(i) Im F,,(0,0) = Y

(ii) the space X1 := Ker F,(0,0) has a closed complement Xo.

Then there exist By = {u1 € X;|ju1|]| < 0}, Bo ={AN e R;| A |<r}, B3 ={g €Y;|gll < R} and
a neighbourhood U of the origin in Xo such that, for any uy € B1, A\ € By and g € Bs, there exists a
unique solution us = p(u1, A, g) € U of the equation

F(ui 4+ ¢(u1, X, 9),\) =g.

Proof. Let I' = X x R x Y, that is, every element v € T' has the form v = (u1, A, g). It
remains to apply then Implicit Function Theorem to the mapping G : X x I' — Y which is defined by
G(ug,v) = F(u; +ug,\) —g. O

We conclude this paragraph with the following elementary example: let €2 be a smooth bounded

domain in RY and let g be a C! real function defined on a neighbourhood of 0 and such that g(0) = 0.
Consider the problem

~Au=g(u) + fx), inQ .
u=0, on 0f).

Assume that ¢/(0) is not a real number of —A in H{(Q), say ¢'(0) < 0. If f is sufficiently small, then
the problem (P.1) has a unique solution, by the Implicit Function Theorem. Indeed, it is enough to
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apply Theorem [] to the operator F(u) = —Au — g(u) and after observing that F,(0) = —A — ¢'(0).
There are at least two distinct possibilities for defining F":

(i) F: Co*(Q) — C4(Q), for some a € (0,1).

or

(ii) F: W2P(Q) N WO1 P(Q) — LP(Q). In order to obtain classical solutions (by a standard bootstrap

argument that we will describe later), it is sufficient to choose p > %

2.2 A basic bifurcation theorem

Consider a C? map f : R — R which is convex, positive and such that f/(0) > 0. Our aim is to study
the problem

—Au = Af(u), in Q
fw) )
u =0, on 0f),

where A is a positive parameter. We are looking for classical solutions of this problem, that is, u €
C?Q)NC(Q).
Trying to apply the Implicit Function Theorem to our problem (R.9), set

X ={uc C?*(Q);u=0o0n o0}

and Y = C%%(Q), for some 0 < a < 1. Define F(u,\) = —Au — A\f(u). It is clear that F verifies all
the assumptions of the Implicit Function Theorem. Hence, there exist a maximal neighbourhood of the
origin I and a unique map u = u(A) which is solution of the problem (P) and such that the linearized
operator —A — Af/(u())) is bijective. In other words, for every A € I, the problem (R.J) admits a stable
solution which is given by the Implicit Function Theorem. Let A\* := supl < 4o00. We shall denote
from now on by A;(—A — a) the first eigenvalue in H{(Q) of the operator —A — a, where a € L>().

Our aim is to prove in what follows the following celebrated result.

Amann’s Theorem. Assume that f : R — R is a C? which is convex, positive and such that
f/(0) > 0. Then the following hold:

1) \* < +oo;

i) Ai(=A = Af'(u(N))) > 0;

iii) the mapping I 3 A — wu(x, \) is increasing, for every x € §);

iv) for every A € I and x € Q, we have u(z, \) > 0;

v) there is no solution of the problem (2.3), provided that A\ > \*;

vi) u(\) is a minimal solution of the problem (B.2);

vii) u(\) is the unique stable solution of the problem (.2).

Proof. i) It is obvious, by the variational characterization of the first eigenvalue, that if a,b € L ()
and a < b then
AM(—A —a(z)) > M (—A = b(x)).
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Assume iv) is already proved. Thus, by the convexity of f, f'(u()\)) > f/(0) > 0, which implies that
A=A = Af(0)) = M(=A = Af'(u(N))) > 0,

for every A € I. This implies A\ — Af/(0) > 0, for any A\ < \*, that is, \* < A\;/f/(0) < 4o0.

ii) Set p(A) = M (=A — Af'(u(N))). So, ¢(0) = A1 > 0 and, for every A < X*, () # 0, since
the linearized operator —A — \f’(u())) is bijective, by the Implicit Function Theorem. Now, by the
continuity of the mapping A — Af/(u())), it follows that ¢ is continuous, which implies, by the above
remarks, ¢ > 0 on [0, \*).

iii) We differentiate in (B.J) with respect to A\. Thus

—Auy = f(uN) + X/ (u(N)) - uy in Q
and uy = 0 on 0f). Hence
(A = Af(wN)ur = f(u(r)  in Q.

But the operator (—A —\f’(u(X))) is coercive. So, by Stampacchia’s Maximum Principle, either uy =0
in ©, or uy > 0 in Q. The first variant is not convenient, since it would imply that f(u(\)) = 0, which
is impossible, by our initial hypotheses. It remains that uy > 0 in €.

iv) follows from iii).

v) Assume that there exists some v > A* and there exists a corresponding solution v to our problem
(29)2

Claim. u()\) < v in Q, for every A < A*.

Proof of the claim. By the convexity of f it follows that

—A(v—u(A) =vf(v) = Af(u()) =

A(f(0) = f(u(N) = Af (u(N)) (v = u(N)).
Hence

—A(v —u(A)) = Af'(u(N)(v —u(N) =

(=A = Af'(wN))(v —u(A)) 20 in Q,

since the operator —A — Af/(u(X)) is coercive. Thus, by Stampacchia’s Maximum Principle, v > u(\)
in Q, for every A < A\*.

Hence, u(\) is bounded in L*° by v. Passing to the limit as A — A\* we find that u(\) — u* < 400
and v* = 0 on 09Q.

We prove in what follows that
A (=A =X f(u*))) = 0.

We already know that A\; (—A—X*f'(u*))) > 0. Assume that \;(—A—=X\*f"(u*))) > 0, so, this operator is
coercive. We apply the Implicit Function Theorem to F'(u, \) = —Au— \f(u) at the point (u*, A*). We
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obtain that there is a curve of solutions of the problem (R.9) passing through (u*, \*), which contradicts
the maximality of A*. We have obtained that A\ (—A — A*f'(u*))) = 0. So, there exists ¢1 > 0 in ,
w1 = 0 on 92, so that

—Ap — X f ()1 =0 in Q. (2.3)

Passing to the limit as A — A* in the relation
(A = Af' (M) (v = u(X)) =20

we find

(A =X f(u))) (0 —u*) > 0.

Multiplying this inequality by ¢; and integrating, we obtain
—/Q(v —u)Aprdr — )\*/Qf/(u*)(v —u*)prdx > 0.
In fact, by (R.d), the above relation is an equality, which implies that
—A(v —u*) = N f(u*) (v —u*) in Q.

It follows that vf(v) = N f(u*) in Q. But v > A* and f(v) > f(u*). So, f(v) = 0 which is impossible.
vi) Fix an arbitrary A < A*. Assume that v is another solution of the problem (R.2). We have

—A(v = u(N) = Af(0) = Af(u(N) = Af'(uN)(v - u(}) inQ.

Again, by Stampacchia’s Maximum Principle applied to the coercive operator —A — A f’(u(\)) we find
that v > u(A) in Q.

vii) Let v be another stable solution, for some A < A*. With the same reasoning as in vi), but
applied to the coercive operator —A — Af'(v), we get that u(\) > v. Finally, u(\) = v. O

2.3 Qualitative properties of the minimal solution in a neighbour-
hood of the bifurcation point

We assume, throughout this section, that

lim @:a>0. (2.4)

t—o0

We impose in this section a supplementary hypothesis to f, which essentially means that as ¢t — oo,
then f increases faster than ¢%, for some a > 1. In this case we shall prove that the problem (2.2) has a
weak solution u* € H}(Q) provided A = A\*. However, we can not obtain in this case a supplementary

regularity of u*.

22



Theorem 11. Assume that [ satisfies the following additional condition: there is some a > 0 and

w > 1 such that, for every t > a,
tf'(t) = nf(t).

The following hold
i) the problem P has a solution u*, provided that A = \*;
i) u* is the weak limit in HE(Q) of stable solutions u(\), if X /' \*;
iii) for every v € H}(Q),
fu*)?® € LY(Q)

/f 2dx</\Vv\2dm.
Q

Proof. For every v € H}(2) and A € [0, \*) we have, by Amann’s Theorem,

w [ g 2 2
A /Qf (u(N))v2dx < /Q|Vv| dz . (2.5)

Choosing here v = u(\), we find

/f dx</|Vu )|2dx =
z{éfWanﬂdv

So, if for a as in our hypothesis we define

and

Q) = {z € & u(N)(z) > a},
then

A
oo < 5 [ s m<;[9mmmmmw+mw¢m

By our hypotheses on f, we have

Therefore

(b —1) fuN)u(A)dz < C, (2.6)

Q(\)

where the constant C depends only on A. This constant can be chosen sufficiently large so that

/ Fu(\)u(N)dz < C. (2.7)
Q\Q(\)
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By (£.6), (B.7) and u > 1 it follows that there exists C' > 0 independent of A such that

/Q Fu\))u(N)dz < C. (2.8)

From here and from

L/WMMFMZA/ﬂMMMOM%
Q Q

it follows that u(\) is bounded in H}(€2) , independently with respect to A. Consequently, up to a
subsequence, we may suppose that there exists u* € H&(Q) such that

u(A) = u*  weakly in H}(Q) if A — \* (2.9)

u(A) = u* ae in Q if A — AL (2.10)

Hence
fwN) — f(u*) ae in Q if X — A",

By (2.8) we get
/Qf(u()\))dx <C.

Since the mapping A — f(u())) is increasing and the integral is bounded, we find, by the Monotone
Convergence Theorem, f(u*) € L*() and

fu(N) — f(u*) in LYQ) if X — \*.

Let us now choose v € H}(2), v > 0. So,

/Vu()\) -Voudr = )\/f(u()\))vdx.
Q Q
On the other hand, we have already remarked that
fw\)v — f(u*)v ae. in Q, if A— A",

and
A +— f(u(A))v is increasing .
By (.9), it follows that
[ e <c
Q

Now, again by the Monotone Convergence Theorem,
flu(N\)v — f(u*)v in LY(Q) if X — A*

and

/Vu* -Vudz = )\*/f(u*)vdx.
Q Q
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If v € H}(Q) is arbitrary, we find the same conclusion if we consider v = v —v™.
So, for every v € H} (1),
(@) — f(wv in LN Q)

/Vu - Vudx = )\*/f Yodz

and u* € H}(2). Consequently, u* is a weak solution of the problem (2.4). Moreover, for every

v € H(Q),
)\*/Qf’(u()\))dex < /Q\Vv\de.

Applying again the Monotone Convergence Theorem we find that

f'(u*)? € LHQ)

A*/f’(u*)dex < /\VU\de.
) Q

and

The facts that
fw) e LNQ), f(u*)u* € LN(Q)

and
f'(wH? in LYQ), forevery ve HYQ),

imply a supplementary regularity of «*. In many concrete situations one may show that there exists
no such that, if N <ng, then v* € L>*(Q) and f(u*) € L>(Q).
¢

We shall deduce in what follows some known results, for the special case f(t) = e’.

Theorem 12. Let f(t) = e'. Then
f(uQ) = fu*) in LP(Q), if A— X,

for every p € [1,5).
Consequently
u(N) — u* in WAP(Q), if A — A\,

for every p € [1,5).
Moreover, if N <9, then

u* e L) and f(u") e L>®(Q).
Proof. As we have already remarked, for every v € H} (),
/Vu()\) -Vudx = )\/ e"Nydz (2.11)
Q Q
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)\/euo‘)UQdac < /|Vv|2dx. (2.12)
Q Q

In (RI1)) we choose v = @~ DuN) — 1 ¢ H(Q), for p > 1 arbitrary. We find
(p—1) / PN |7y () [Pde = A / N [eP=1uN) _ 1]y (2.13)
Q Q

In (R.12) we put
v=e2"Y _1¢eHY).

Hence

)\/ >\) —u()\ ]de <
p

(2.14)
< eol2 /e<p DuN |y (N)|2dz .
Q
Taking into account the relation (R-13), our relation (2.14) becomes
)\/ PN gy — QA/e%l“(A)dm + )\/ Ny <
Q Q Q (2.15)
< %[)\/ PN dg — )\/ "N dz] .
Q Q

By Holder’s Inequality, our relation (R.15) yields

2
A (1 — E) /epumdx + A <1 + E) / "N dy < 2)\/ Ny < C (/ ep“()‘)dac> ,
4 Q 4 Q Q

where C is a constant which does not depend on A.
So, if 1 — p%l > 0, that is p < 5, then the mapping e“® is bounded in LP(Q).
We have already proved that if A — A\*, then

Moreover

By the Dominated Convergence Theorem, we find that, for every 1 < p < 5,
ev € LP(Q)

and

et et ip LP(Q)

Taking into account the relation (R.) which is fulfilled by w()\), and using a standard regularity

theorem for elliptic equations, it follows that
u(N) — u* in WHP(Q) if X — \*.
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On the other hand, by Sobolev inclusions,
W2P C L>®(Q), if N<2p.

So, if N <9,
u(A) = u* in L™®(Q), if X — A\*.

Hence

u* € L) and ¥ € L®(Q).
O

Remark 5. The above result is optimal, since D. Joseph and T. Lundgren showed in [§}] that if N =10
and Q) is an open ball, then u* ¢ L ().

2.4 Bifurcation problems associated to convex positive asymptotic
linear functions

Throughout this section we assume that f satisfies the same general assumptions as in the preceding

ones and, moreover, f is asymptotic linear at infinity, in the sense that

lim ) a € (0,400). (2.16)

t—oo t

Under these hypotheses, we shall study in detail the problem (2.9), more exactly, we shall try to
ask the following questions:

i) what happens if A = \*?

ii) what about the behaviour of the minimal solution u(\) provided A approaches \*?

iii) the existence of other solutions except the minimal one and, in this case, their behaviour.

First of all we make the following notations:

a) if @ € L™(Q), let \j(a) and ¢;(a) be the jth-eigenvalue (resp., eigenfunction) of the operator

—A — . Moreover, we can assume that ¢1(«) > 0 and

/ p3(0)pr(@)dz = b5
Q

If @ = 0 we denote \; (resp., ;).
b) a solution u of the problem (P) is said to be stable if Ay (Af’(u)) > 0 and unstable, in the opposite

case.

Theorem 13. Under the preceding hypotheses, we also assume that
lim (f(t) —at)=1>0.
t—o0

Then
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i) A=

i1) hm u(A) = oo, uniformly on compact subsets of ).

AL
a -

i11) for every A € (0, %), the problem (B.3) has only the minimal solution.
iv) the problem (£.3) has no solution if X\ = \*.

In the proof of this theorem we shall make use of the following auxiliary results:

Lemma 1. Let a € L®(2), w € H}(Q) \ {0}, w >0, such that \1(a) < 0 and

—Aw > aw, (2.17)
Then
’i) )\1(04) =0.
i) —Aw = aw.

iii) w >0 in Q.

Proof of the lemma. Multiplying (R.17) by ¢1(a) and integrating by parts, we find

/Qﬂwl(a)w +)\1(04)/QSD1(04)1U > /904901(04)1”

Since A1(a) <0, it follows that Aj(a) = 0 and —Aw = aw. But w > 0 and w # 0. Therefore there
exists C' > 0 such that w = C¢;(«), that is w > 0 in Q. O

Lemma 2. If there exist a,b > 0 such that f(t) = at + b for all t > 0, then
i) A=A
ii) the problem (2.3) has no solution if A = \*.

Proof of the lemma. For every 0 < A < )‘71, the linear problem

—Au — dau = A\b, in Q
(2.18)

u =0, on 0f)

has a unique solution in H&(Q) , which, moreover, is positive, by Stampacchia’s Maximum Principle.

Since € is smooth and —Au = Xau + A\b € H(Q), we find v € H3(Q). From now on, with a
standard bootstrap regularization, it follows that u € H> (1), that is u € C*(2). So, we have proved
the existence of a smooth solution to the problem (R.9), for every 0 < A < %

For concluding the proof, it is sufficient to show that the problem (B-g) has no solution if A* = &L

a

Indeed, if u would be a solution, by multiplication in (R.4) with ¢ and integration by parts, it follows
that /cpl = 0, which contradicts ¢; > 0 in . O
Q
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Lemma 3. The following hold:
i) A*> A
ii) if (£.3) has a solution for X = \*, then it is necessarily unstable.
iii) the problem (2.3) has at most one solution for A = \*.
iv) u(\) is the unique solution u of the problem (2.3) such that \y(\f'(u)) > 0.

Proof. i) By the theorem of sub and super solutions, it is sufficient to show that, for every
0< A< %, the problem has a sub and a super solution. More precisely, we show that there exists
U,U € C?(Q)NC(Q) with U < U and such that

AU > Af(U), inQ

UZO, on 0f)

and U verifies a similar inequality, but with reversed signs.

Let U be the solution of the problem (B.1§) for b = f(0) and U = 0. From f(t) < at + b, for every
t>0and U > 0 in Q it follows that f(U) < aU + b, which implies —AU > \f(U), in Q.

The fact that U is subsolution is obvious.

ii) Assume that the problem (B.J) has a stable solution u* for A = A\*. Consider the operator

G:{ue 02’%(5); u=0 on 0N} xR — CO’%(Q),

defined by
G(u,\) = —Au— Af(u).

Applying the Implicit Function Theorem to G it follows that the problem (P.2) has a solution for A
in a neighbourhood of A\*, which contradicts the maximality of A*.

iii) Let u be a solution corresponding to A = A\*. Then u is a supersolution for the problem (2.9),
for every A € (0, \*), that is u > u(X), for every A € (0, A*). Since the map A — u()) is increasing, we

obtain, by the monotone convergence theorem, that there exists u* < u such that
u(\) —u* in LY(Q).

Since —Au(A) = Af(u(X)), for every A € (0, A*), it follows that —Au* = X*f(u*). In order to show
that u* is solution of the problem (R.2) for A = \*, it is enough to show that u € H (). Indeed, it
follows then, by bootstrap, that if N > 2, then

~Au* € L*(Q)

and, consequently,
ut e W2 (Q).

(Here we have denoted by 2* the critical Sobolev exponent of 2, that is, 2* = ]\2[—1172)
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If N = 1,2, since u* € H}(Q), it follows that —Au* € L*(Q2) and, by Theorems 8.34 and 9.15 in
12, we find that
ut € C%2(Q).
Applying now Theorem 4.3 in Gilbarg-Trudinger [, it follows that u* is a solution for the problem

2.

Let us show now that u()\) is bounded in H{ () . Indeed, by multiplication in (R:J) with u(\) and

integration by parts, we find
JIvuoP =2 [ fau < [ ufw),
Q Q Q
Hence there exists v € HOI(Q) such that, up to a subsequence,
u(A) = v weakly in H}(Q), if A — \*
and
u(A) — v ae in Q, if X — A",
But u(\) — u* a.e. in . Consequently, v = u*, that is u* € H}(Q) and
u(A) = u* weakly in H(Q), if A — \*.
For concluding the proof, it remains to show that © = uv*. Let w = u — u* > 0. Then
—Aw = N(f(u) = f(u) = N f(u)w. (2.19)
We also have
A\ f(u*)) <0.

By Lemma [ it follows that, either w = 0, or w > 0 and, in both cases, —Aw = \*f'(u*)w. If
w > 0, then, by the last equality and by (R.19) it follows that f is linear in all intervals [u*(x), u(x)],

for every x € ). This implies easily that f is linear in the interval [0, max u], which contradicts Lemma

B
iv) Assume that the problem (R.3) has a solution u # w()\) with A\;(Af’(u)) > 0. Then, by Hopf’s
strong maximum principle, (Theorem 3.5. in []), u > w()\). Put w = u — u()\) > 0. It follows that

—Aw = M(f(1) — F(N)) < A (u)uw. (2.20)
Multiplying (R.20) by ¢ = ¢1(Af'(u)) and integrating by parts, we find
A w0 0f @) [ oo <a ] Fuen.

So, A1(Af/(u)) = 0 and in (R.20) the equality holds, which means that f is linear in the interval

[0, max u]. Therefore
0= (Af'(w) = MM (u(N)),
contradiction. O

The following result is a reformulation of Theorem 4.1.9. in Hérmander [Aj].
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Lemma 4. Let (uy) be a sequence of superharmonic nonnegative functions defined on Q2. The following
alternative holds:

either

i) nanéoun = 00, uniformly on compact subsets of €2

or

i) (un) contains a subsequence which converges in Li () to some u*.

Lemma 5. The following conditions are equivalent:
: * A
i) A=k
ii) the problem (2.4) has no solution if X = \*.

i11) )\lir&l u(A) = oo, uniformly on every compact subset of Q.

Proof. i)==ii) Let us first assume that there exists a solution u provided A = A\*. As we have

already observed in Lemma [J, u is necessarily unstable. On the other hand,
A(Af'(w) = M(Aa) =

Hence A\ (A*f/(u)) = 0, that is f’(u) = a, which contradicts Lemma [J.

ii)==1iii) Assume the contrary. We first prove that the sequence u(\), for 0 < A < \*, is bounded
in L2(€2). Indeed, if not, passing eventually to a subsequence, we may assume that u(\) = k(A\)w(\),
with

20y) — : _
/Qw (A)=1 and )\h/rr)\l*k()\)—oo.

Thus, by Lemma [], going again to a subsequence,
u(\) — u* in LL.(Q), if A — \*.

Therefore

ﬁﬂu(x)) ~0 i Ib.(9),

that is,
—Aw(\) — 0 in Li (). (2.21)

We prove in what follows that (w(\)) is bounded in H}(€) . Indeed,

Lo = [ = sumiee) = [ 25 e <

< )\*/Q(awz()\) + %w()\)) < Xa+ c/w()\) <

Q
<XNa+CV|Q|,

where C' > 0 is a constant independent on A.
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Let w € H&(Q) be such that, passing again to a subsequence,
w(\) = w weakly in  HE(Q), if A — \* (2.22)
w\) —w in L*(Q) if X — \*.
By (R.21)) and (R.29) it follows that

—Aw =0, we H}Q), /w2 =1,
Q
which yields a contradiction. Thus (u())) is bounded in L?(£2). With the same arguments as above,
(u(X)) is bounded in H(Q) . Let u € H}(Q2) be such that, up to a subsequence,

u(A) = u  weakly in H}(Q), if A — A*

u(\) —u in L*(Q), if X — A",

It follows that —Awu = \* f(u), that is u is a solution of the problem (R.9) for A = \*, contradiction.

iii)==ii) As observed, if (2.9) has a solution provided A = \*, then it is necessarily equal to
)\li)n)}* u(A), which is not possible in our case.

[iii) and ii)]=1) Let u(A) = k(A\)w(A), with k(X) and w(A) as above. With the same proof one can
show that, (w())) is bounded in H{(Q) . Let w € H}(2) such that , up to a subsequence,

w(\) = w weakly in HE(Q), if A — \*

w\) —w in LX), if A — \*.

Then
—~Aw(\) — —Aw, in D'(Q)

and

mf(u()\)) — Maw, in L*Q).

It follows that

—Aw = Xaw in Q, we H}Q), w>0 and/wQ:I.
Q

This means that \* = 21 (and w = ¢). O

Lemma 6. The following conditions are equivalent:

i) A*> AL

ii) the problem (2.4) has exactly one solution, say u*, corresponding to A = \*.

iii) w()\) converges uniformly in Q to u*, which is the unique solution of the problem (B.3) provided
A =A%
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Proof. We have already remarked that A\* > % So, this lemma becomes a reformulation of
the preceding one, but with the difference that the limit appearing in iii) is uniform in Q. Since

(u(M\)) converges a.e. in € to u*, it is sufficient to show that w(\) has a limit in C(2) if A — A\*.
Even less, it is enough to show that w()) is relatively compact in C(Q). This follows easily by the
Arzela-Ascoli theorem, if we show that w(\) is bounded in 007%(5)_ From 0 < u(A) < u* we get
0 < f(u()\) < f(u*), which yields a uniform bound for —Au(\) in L2V (Q). The desired bound for

u(A) is now a consequence of the theorem 8.34 and of the remark at the page 212 in [, as well as of

the Closed Graph Theorem. O
Proof of Theorem [L3 By Lemma [, the assertions i), ii) and iv) are equivalent. We shall deduce
that \* = %, by showing that the problem (R.J) has no solution if A = % Indeed, if v would be such

a solution then
—Au = Af(u) > \u. (2.23)

Multiplying (R:23) by ¢1 and integrating by parts, it follows that Af(u) = Aju, which contradicts
f£(0) > 0.

iii) By Lemma [ iv), it is enough to show that if 0 < X < %, then every solution u verifies
A (Af'(u)) > 0. On the other hand,

—A = Mf'(u) > —A = Aa,

which means that

)\1()\f’(u)) > )\1()\0,) =X —Aa>0.

Theorem 14. Assume that
lim (f(t) —at) =1<0.

t—o0

Then

i) A e (A, :\\—é), where Ay = min{@ ; t>0}.

ii) for every A = \*, the problem (2.3) has exactly one solution, say u*.

i11) )\11:&1 u(A) = u*, uniformly in Q.

i) if A € (0, %], then u()\) is the unique solution of the problem (B.3).

v)if A € (%,)\*), the the problem (2.3) has at least an unstable solution, say v(\). Moreover, for
every such a solution v(\),

vi) lirrAl v(A) = 0o, uniformly on compact subsets of Q.

A—=L
a

ii) )\liH)\l* v(A) = u*, uniformly in €.

Proof. i) In order to show that \* < %, we shall prove that the problem (R.3) has no solution if
A= i—(l) Contrary, let u be such a solution. Multiplying (B.2) by ¢ and integrating by parts, we find

)\1/Qg01u = )q/ﬂ@lf(u). (2.24)
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Since A = %, the relation (R.24) becomes

A
>\1/s01u=>\—1/801f(u)2>\1/s01%
Q 0Ja Q

which implies f(u) = Au. As above, this equality contradicts f(0) > 0.

The inequality A* > %, as well as ii), iii) are equivalent, by Lemmas [} and . We shall prove by

contradiction that \* > % In this case,

=2
a
and
)\lin&l* u(A) = oo, uniformly on compact subsets of €.
By (B.24),

0= /Q o1 - Pau() = Af(u()] =
_ /Q o1+ [\ — adu(\) = A(f(u(A) — au(N)] >
> ) /Q o1+ LFu(N) — au(\)].

Passing to the limit as A  A* and taking into account that [ < 0, we find

OZ—Z)\/QD1>0,
Q

a contradiction.
Since \* < 41, and the problem (-J) has a solution if A = \*, it follows that \* < 4L.
0 0
In order to prove iv) we follow the same technique as in the proof of Theorem [[3, iii).

v) Consider the functional

JHNQ) =R, J(u)= %/Q|Vu|2 —/QF(U),

where
F(t) = )\/O f(s)ds.

For A € (%, A*) we shall obtain the unstable solution as a critical point of .J, which is different from
u(A).
We shall make use the following result, which can be found in Brezis-Nirenberg [R1]):

Lemma 7. The functional J has the following properties:
i) J is of class C*.
ii) for every u,v € HE(Q),

(J'(u),v) :/QVU-VU—)\/Qf(u)v

i11) uo = u(N) is a local minimum point of J.
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The idea is to apply the Mountain-Pass Lemma. For this aim we shall modify the functional J,

such that ug would become a strict minimum point. Therefore, for every € > 0, let us define
€
Jo  HY Q) = R, Jo(u) = J(u) + 3 / |V (u — up)|? .
Q

By the preceding Lemma,
i) Jis of class C1.

i) (Jé(u),v):[)Vu-Vv—A/ﬂf(u)v%—e/QV(u—uo)-Vv.

iii) for every e > 0, uyp is a strict local minimum point of J..

Lemma 8. Let ¢y = )“;;1)‘1. Then there exists vg € H}(Q) such that J-(vo) < Jz(ug), for every

e € [0,e0].

Proof of the lemma. We first remark that J.(u) is bounded by Jo(u) and J,(u). Therefore, for

concluding the proof it is enough to show that
lim J.,(tp1) = —o0.
t—o0

But
A1

& g
Jg(ttpl) = 7t2 + EO)th — 80)\1152/(2(,01UQ + EO/Q‘VUO‘Q — /QF(ttpl) . (2.25)

Set a = % < a. It follows that there exists a real number 3 such that f(s) > as+ (3, for every
s € R. Consequently, for every t > 0,

F(t) > %A# + BAL.

;From here and from (2:2) we find
A+ oA — A

1
limsup = Jz, (t1) <

t—o0 2

<0,
by our choice of a. O

Lemma 9. The Palais-Smale condition is satisfied uniformly with respect to €. More precisely, if
(Je, (up)) is bounded in R, for e, € [0,e0] (2.26)

and

JL (up) — 0 in HHQ), (2.27)

then (uy) is relatively compact in HE(S2) .
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Proof of the lemma. It is enough to show that (u,) has a subsequence converging in Hg ().

Indeed, in this case, up to another subsequence, there exist u € H&(Q) and € > 0 such that

u, —u  weakly in H{(Q)

u, —u in L*(Q)
U, — u a.e. in

€p — €.

By (R:27) it follows that

—Aup — M (up) — enA(un —up) - 0 in D'(Q).

By |f(un) — f(u)] < aluy, — u)]| it follows that
flun) = f(u) in L*(Q).
Using now (2.28) we obtain

—(1+en)Au, — Af(u) —eAug in D'(Q),

that is,
—Au — Af(u) —eA(u —up) =0.

Multiplying this equality by u and integrating we find

(1—1—8)/9\Vu]2 —)\/Quf(u) —5)\/Quf(uo) =0.

By multiplication in (R.27) with (u,) and integration we obtain

(1 —i—&?n)/ﬂ\Vun\Q - )\/Qunf(un) — an)\/ﬂunf(uo) — 0,

(2.28)

(2.29)

(2.30)

by the boundedness of (u,). The second term appearing in (2.30) tends to —A / uf(u), while the
Q

last tends to —6)\/ uf(up), by the convergence in L?(f2) of the sequences (u,) and (f(u,)). So, by

Q
comparing the first terms of (2.29) and (R.30), it follows that

u, —u in HH(Q).

At this stage it is sufficient to prove that (u,) contains a subsequence which is bounded in L?(2).

Indeed, the boundedness in L?(2) of the sequence (u,) implies the boundedness in Hg(2) , as follows

by (R.24). Arguing by contradiction, let us assume that
HunHL2(Q) — 0.

36



Put u, = k,w,, with

kn, >0, k, — oo and /wzzl.
Q

We can assume that e, — . So,

Jen(u
0= lim 2t = (2.31)

o1 1 En UQ

_ Moy _ 2, 1 2_Q/
Lot =8 = [190,2+ 5 [ 19 = 2 [ wsu).

Relation (R.31)) becomes

On the other hand,

1+ en 1
ml[zg/wWP—ﬁ/mezo
n—oo Q n JQ

)| = [P (kuton)] < o k207 + Ablaon

But

because |f(t)| < alt| + b, where b = f(0). Thus the sequence

(g fire)

is bounded, which implies also the boundedness of (w,) in Hi () . Let w € H}(Q2) such that, up to a
subsequence,

wy, — w  weakly in H}(Q),
w, — w  strongly in L*(Q),
w, —w a.e. in .

We also remark that [ w? = 1.

Q
We prove in what follows that
—(14¢&)Aw = daw™ . (2.32)

Indeed, dividing in (2:27) by &, we find

(1+en)/an-Vv—)\/
Q Q
for all v € H}(2). We remark that

f(kun)v - 6]Z—)\/Qf(uo)v —0, (2.33)

(1+8n)/an-Vv—>(1+€)/Vw-Vv.
Q Q

Relation (R:33) follows from (R.33) if we show that the sequence (ﬁ f(uy,)) contains a subsequence

which converges in L?() to aw™.
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Since

1 1
Ef(un) = Ef(knwn)a

it is obvious that the needed limit aw™ is in the set
{z €Q; wy(z) — w(zr) #0}.
If w(z) =0 and wy,(x) — w(z), let € > 0 and ng such that |w,(x)| < &, for every n > ngy. So,
k b
M <ea+ —, forevery n > ng,
ky, ky,
that is the asked limit is 0. Hence
f(un) R +

aw™, a.e. in .
kn

Since w,, — w in L?(Q), it follows that (see Theorem IV.9 in Brezis [[[§]), up to a subsequence, (w;,)
is dominated in L?(€2). From

1 1
Ef(un) < alwy,| + Elh

it follows that (é f(uy)) is also dominated in L?(Q). It follows that the relation (R.33) is true.
By the Maximum Principle applied in (R.39), we find that w > 0 and

A
—Aw=-"2
14¢
w >0 (2.34)
/ w?=1.
Q
So, 2% = \; and w = ¢, which contradicts ¢ € [0, o] and the choice of . O
1+

For up = u(\) and vy found in Lemma [, let

P ={p e C([0,1], Hj(Q)); p(0) = uo, p(1) = vo}

and

— inf J.(p(t)).
¢c = inf max =(p(t))

Lemma 10. ¢, is uniformly bounded.

Proof. The fact that J, increases with ¢ implies that ¢y < ¢, < Cegs for every 0 < e < &g. O
Proof of Theorem [[4 v) continued For every € € (0,0, let v. € H}(Q) such that

e
1+e¢

—AUE — LJC(UE) +

— f () (2:35)
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and
Je(ve) = ce. (2.36)

By Lemmas P}, [[J and from (P.36) it follows that there exists v € Hg(Q) such that
ve — v in HE(Q), if e\,0.
Taking into account the relation (R.35) we obtain
—Av=M\f(v).

It remains to prove that v # ug and v € C?(2) N C().
We first remark that v. is a solution of the equation (P.33), which is different from wg, so it is

unstable, that is

A(——f'(ve)) < 0.

Indeed, (2.35) is an equation of the form

1+¢

where ¢ as convex and positive, while h is positive. Therefore, by the results established in Brezis-
Nirenberg [RI]), if this equation has a solution, then it has also a minimal solution u, with A;(¢'(u)) > 0.
By the proof of Lemma fJ iv) it follows that if v is another solution, then A (¢’(v)) < 0. In our case, ug
plays the role of u, while v, plays the role of v. It remains to prove now that the limit of a sequence of

unstable solutions is unstable, too.

Lemma 11. Let u, — u in H}(Q) and p, — p such that Ay (pnf'(u,)) < O0.
Then A\ (nf'(u)) <O0.

Proof of the lemma. The fact that A;(a) < 0 is equivalent to the existence of some ¢ € H}(Q)

such that
/|Vgo|2 < /agpQ and /302 =1.
Q Q Q

This assertion follows from the Courant-Hilbert Principle.
Let ¢, € H(Q) be such that

/ Venl? < / i ()2 (2.37)
Q Q

and

/¢i:1. (2.38)
Q

Since f’ < a, we obtain by the relation (B:37) that () is bounded in H}(2) . Let ¢ € H}(2) such
that, up to a subsequence,

©n — ¢ weakly in HZ(Q)
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©n — ¢ strongly in L?(9).

So, again up to a subsequence, the right hand side of (2.37) converges to u / f'(u)p?. This assertion
Q

can be proved by extracting from (¢,,) a subsequence dominated in L?(£2), as in the proof of Theorem
IV.9 in Brezis [I§]. By the relations

/302 =1 and /|Vgp|2 §liminf/|Vg0n|2

our conclusion follows. O

The fact that v € C%(Q) N C(Q) follows by a standard bootstrap argument:
v € HYNQ) = fv) € L¥ (Q) = v e W2 (Q) = ...

We point out that the main tools are:

a) if v € LP(Q), then f(v) € LP().

b) a standard regularity result for elliptic equations (Theorem 9.15 in Gilbarg-Trudinger []).
c) the Sobolev embeddings.

vi) Assume the contrary. Thus, there exists u, — % and a sequence (vy,) of unstable solutions of

the problem (R.9) corresponding to A = i, as well as v € LL (Q) such that v, — v in LL ().
We first prove that (v,,) is unbounded in H{ () . Indeed, if not, Let w € H}(Q) such that, up to a
subsequence,
v, —w  weakly in H}(Q),

v, —w in L*Q).
Therefore
—Av, — —Aw in D'(Q)
and
flon) = f(w) in L*(Q),
which means that

—Aw = %f(w)

It follows that w € C%(Q) N C(Q), that is w is solution of the problem (2.9).

We prove now that
A1
a

A (= f(w)) <0. (2.39)

Indeed, since v, is an unstable solution, it is sufficient to show that v, — w in HOI(Q) and to apply
then Lemma [[]. But

(o) = L fw) i H(9)

(because the convergence holds in L?(2)).
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The operator —A : H}(Q) — H~(Q) is bicontinuous, so (2:39) holds. Hence w # u(2L), which
contradicts iv).
The fact that (vy,) is unbounded in Hg () implies its unboundedness in L?(2). Indeed, we have

observed that the boundedness in L?(€2) implies the boundedness in H}(Q) . Let v, = knw, with
ky > 0, /w% =1 and, up to a subsequence, k, — co. Hence
Q

—Awy = Fflun) = 0 i L (Q),

so also in D'(2). The sequence (w,,) may be assumed to be bounded, with an argument already done.
Let w be its weak limit in H}(Q) . It follows that

—Aw=0 and /w2:1,
Q

which is the desired contradiction.

vii) As above, it is enough to prove the L?(£2)-boundedness of v()) for A in a neighbourhood of \*
and to apply the uniqueness property of u*. Assuming the contrary, let u, — A* and v, be a solution

of the problem (P.3) for A = y,,, with [vnllL2(q) — oo. Writing, as above, v, = knwy, it follows that

—Aw, = %f(un).

The right hand side of this relation is bounded in L?(), so (wy,) is bounded in H}(2) . Let w € H ()
such that, up to a subsequence,

w, —w weakly in HZ(Q)
w, — w strongly in L*(Q).

With an argument already done it follows that
—Aw = Naw, w >0, /wzzl.
Q

This forces the equality \* = %, which yields a contradiction. O
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Chapter 3

Nonsmooth Mountain-Pass Theory

3.1 Basic properties of locally Lipschitz functionals

Throughout this chapter, X will denote a real Banach space. Let X* be its dual and, for every z € X
and x* € X*, let (z*, z) be the duality pairing between X* and X.

Definition 3. A functional f : X — R is said to be locally Lipschitz provided that, for every x € X,
there exists a neighbourhood V' of x and a positive constant k = k(V') depending on V such that

1f(y) = f(2)] < Klly — =],
for each y,z € V.
The set of all locally Lipschitz mappings defined on X with real values will be denoted by Lip;,.(X, R).
Definition 4. Let f: X — R be a locally Lipschitz functional and z,v € X. We call the generalized

directional derivative of f in x with respect to the direction v the number

fo(w,v) = lim sup fly+ ) = fly) .

y—u A
AN0

It is obvious that if f is a locally Lipschitz functional, then f°(x,v) is a finite number and
| (,0)] < Kol (3.1)

Moreover, if x € X is fixed, then the mapping v — f°(z,v) is positive homogeneous and subadditive,
so convex continuous. By the Hahn-Banach theorem, there exists a linear map z* : X — R such that

for every v € X,
z*(v) < fOz,v).

The continuity of z* is an immediate consequence of the above inequality and of (B.1)).
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Definition 5. Let f : X — R be a locally Lipschitz functional and x € X. The generalized gradient
(Clarke subdifferential) of f at the point x is the nonempty subset Of(x) of X* which is defined by

of (x) = {z* € X*; fOx,v) > (z*,v), forall ve X}.

We also point out that if f is convex then 0f(x) coincides with the subdifferential of f in z in the

sense of the convex analysis, that is

Of(x) ={z" € X% f(y) — f(x) =2 («",y — ), forall ye X}.

We list in what follows the main properties of the Clarke gradient of a locally Lipschitz functional.
We refer to [R6], [R7], 4] for further details and proofs.

a) For every x € X, 0f(z) is a convex and o(X™*, X)-compact set.

b) For every x,v € X the following holds

fO(z,v) = max{(z*,v); z* € df(z)}.

¢) The multivalued mapping = —— 9Jf(z) is upper semicontinuous, in the sense that for every
zo € X, € > 0 and v € X, there exists 6 > 0 such that, for any «* € 9f(x) satisfying ||z — x| < 9,
there is some z, € 0f(xo) satisfying |[(z* — x{, v)| < e.

d) The functional f9(-,) is upper semicontinuous.

e) If x is an extremum point of f, then 0 € Jf(x).

f) The mapping

AMz) = min ||z*
(@)= min [l

exists and is lower semicontinuous.

g)  O(—f)(z) =—-0f(x).
h) Lebourg’s Mean Value Theorem: if x and y are two distinct point in X then there exists a point

z situated in the open segment joining x and y such that

fly) = f(x) € (0f(2),y —x)

i) If f has a Gateaux derivative f’ which is continuous in a neighbourhood of z, then df(z) =
{f'(x)}. If X is finite dimensional, then Of(x) reduces at one point if and only if f is Fréchet-

differentiable at x.
Definition 6. A point x € X is said to be a critical point of the locally Lipschitz functional f : X — R

if 0 € Of(x), that is fO(x,v) > 0, for every v € X. A number c is a critical value of f provided that

there exists a critical point x € X such that f(x) = c.
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Remark that a minimum point is a critical point. Indeed, if x is a local minimum point, then for
every v € X,
) —
0 < limsup fo+Av) = f()

< fO(x,0),
AN0 A

We now introduce a compactness condition for locally Lipschitz functionals. This condition was
used for the first time, in the case of C''-functionals, by R. Palais and S. Smale (in the global variant)
and by H. Brezis, J.M. Coron and L. Nirenberg (in its local variant).

Definition 7. If f : X — R is a locally Lipschitz functional and ¢ is a real number, we say that
f satisfies the Palais-Smale condition at the level ¢ (in short, (PS). ) if any sequence (x,) in X
satisfying f(x,) — ¢ and A(z,) — 0, contains a convergent subsequence. The mapping f satisfies
the Palais-Smale condition (in short, (PS)) if every sequence (x,) which satisfies (f(xy)) is bounded

and N(x,,) — 0, has a convergent subsequence.

3.2 Ekeland’s Variational Principle

Theorem 15. (Ekeland) Let (M,d) be a complete metric space and let 1p : M — (—o0, +00], ¢ # +00,
be a lower semicontinuous function which is bounded from below. Then the following hold: for every

e > 0 and for any zg € M there exists z € M such that
(i) ¥(z) < ¥(20) — e d(z, 20);
(ii) Y(x) > P(z) —ed(z,z), for any x € M.

Proof. We may assume without loss of generality that ¢ = 1. Define the following binary relation
on M:

y<uw if and only if  ¢¥(y) —¥(z) +d(z,y) <O0.

We verify obviously that “<” is an order relation. For arbitrary x € M, set
S(x)={y e M;y <a}.

Let (e,) be a sequence of positive numbers such that £, — 0 and fix 29 € M. For any n > 0, let
Zn+1 € S(zp) be such that

" < inf na1 -
(2 +1)_S1(I;n)1/)+e 1

The existence of z,11 follows by the definition of the set S(x). We will prove that the sequence (z,)
converges to some element z which satisfies (i) and (ii).

Let us first remark that S(y) C S(x), provided that y < x. Hence, S(zp,4+1) C S(z,). It follows
that, for any n > 0,

T;Z)(ZnJrl) - T;Z)(Zn) + d(Zn, ZnJrl) <0,
which implies ¥(zp41) < ¥(2y). Since 9 is bounded from below, it follows that the sequence {1 (z,)}

converges.
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We prove in what follows that (z,) is a Cauchy sequence. Indeed, for any n and p we have

Y(zn4p) = P(2n) + d(zntp, 2n) < 0. (32)

Therefore
d(Znera 2n) < U(zp) — ¢(zn+p) —0, asn— o0,

which shows that (z,) is a Cauchy sequence, so it converges to some z € M. Now, taking n = 0 in

(B-2), we find
Y(zp) — ¥(20) + d(zp, 20) < 0.
So, as p — oo, we find (i).
In order to prove (ii), let us choose an arbitrary x € M. There are two cases:
-z € S(zp), for any n > 0. It follows that ¥ (zp+1) < ¥(x) 4 €,4+1 which implies that ¥ (z) < ().
- there exists an integer N > 1 such that = ¢ S(z,), for any n > N or, equivalently,

() — Y(zn) +d(z,2,) >0, for every n > N .

Passing at the limit in this inequality as n — oo we find (ii). O

Corollary 2. Assume the same hypotheses on M and 1. Then, for any e > 0, there exists z € M such
that

P(z) < i]r\14f1/1 +e

and
Y(x) > P(2) —ed(zx, 2), for any x € M.

The conclusion follows directly from Theorem [L§.

The following will be of particular interest in our next arguments.

Corollary 3. Let E be a Banach space and let ¢ : E — R be a C' function which is bounded from
below. Then, for any € > 0 there exists z € E such that

P(z) < i%fqb +e and I (2)||eg- <e.

Proof. The first part of the conclusion follows directly from Theorem [[§. For the second part we

have

1%/ (2)ll = = sup (¥'(2),u).

[lull=1
But

) — g V) ()

550 O|ul|
So, by Theorem [,
(¥ (2),u) > —e.
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Replacing now u by —u we find
¥'(2),u) <e,
which concludes our proof. U

We give in what follows a variant of Ekeland’s Theorem, whose proof use in an essential manner

the fact that the dimension of the space is finite.

Theorem 16. Let 1 : RY — (—o0, +00] be a lower semicontinuous function, 1 # +oo, bounded from
below. Let z. € RN be such that

infy <(x.) <infep +e. (3.3)
Then, for every X > 0, there exists z. € RV such that

(i) ¥(ze) < P(xe);
(”) Hze - xs” <\
(iii) Y(ze) < Y(x) + 5 [|2e — x|, for every x € RV,

Proof. Given z. satisfying (B.3), let us consider the function ¢ : RY — (—o00, +oc] defined by

o) = wla) + 5 o — .

By our hypotheses on % it follows that ¢ is lower semicontinuous and bounded from below. Moreover,
¢(r) — 400 as ||z|| — +oo. Therefore there exists z. € RY which minimizes ¢ on R¥ that is, for

every x € RV,
Wz + 5 Nz — el < ¥(@) + 5 flo — |- (3.4)
By letting x = x. we find
o) + 5 llze = el < wle),

and (i) follows. Now, since ¥ (z.) < inf1 + €, we clearly deduce from the above that ||z. — x| < A.
We infer from (B.4) that, for every z € RV,

€ €
U(ze) < (@) + 5 (o = 2ell = llee — 2el) < ¥(2) + 1z — ]|
which is exactly the desired inequality (iii). O

The above result shows that, the closer to . we desire z. to be, the larger the perturbation of

that must be accepted. In practise, a good compromise is to take A = /.

It is striking to remark that the Ekeland Variational Principle characterizes the completeness of a

metric space in a certain sense. More precisely we have

Theorem 17. Let (M,d) be a metric space. Then M is complete if and only if the following holds:

for every application 1) : M — (—o00, +00], 1 #Z +00, which is bounded from below and for every e > 0,
there exists z. € M such that

(i) ¥(ze) < infprp + ¢

and

(ii) P(2) > (ze) — e d(2, 2), for any z € M\ {z}.

46



Proof. The “only if” part follows directly from Corollary P
For the converse, let us assume that M is an arbitrary metric space satisfying the hypotheses. Let

(vp) C M be an arbitrary Cauchy sequence and consider the function f: M — R defined by

fw) = lim d(u,v,).

n—~o0

the function f is continuous and, since (v,) is a Cauchy sequence, then inf f = 0. In order to justify
the completeness of M it is enough to find v € M such that f(v) = 0. For this aim, choose an arbitrary
e € (0,1). Now, from our hypotheses (i) and (ii), there exists v € M with f(v) < e and

f(w) +ed(w,v) > f(v), for any w e M\ {v}.

From the definition of f and the fact that (v,) is a Cauchy sequence we can take w = vy for k large
enough such that f(w) is arbitrarily small and d(w,v) < e+, for any n > 0, because f(v) < e. Using
(ii) we obtain that, in fact, f(v) < €*. Repeating the argument we may conclude that f(v) < ", for
all n > 1 and so f(v) =0, as required. O

3.3 Mountain Pass and Saddle Point type theorems

Let f: X — R be a locally Lipschitz functional. Consider K a compact metric space and K* a closed

nonempty subset of K. If p* : K* — X is a continuous mapping, set
P={peC(K,X); p=p" on K*}.

By a celebrated theorem of Dugundji [B4], the set P is nonempty.

Define
c= inf max f(p(t)). (3.5)
Obviously, ¢ > max Fp*(¢)).
Theorem 18. Assume that
¢ > max f(p*(1)) - (3.6)

Then there exists a sequence (x,) in X such that
) lim f(za) = o

n—oo
i) Tim A(w,) =0,

For the proof of this theorem we need the following auxiliary result:

Lemma 12. Let M be a compact metric space and let ¢ : M — 2% be an upper semicontinuous

mapping such that, for every t € M, the set ¢(t) is convex and o(X*, X)-compact. For t € M, denote
y(t) = inf{ [|z*[|; 2" € o(t)}
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and

— inf ~(1).
v tlenMv()

Then, for every fixed € > 0, there exists a continuous mapping v : M — X such that for every
t € M and x* € ¢(t),
@Il <1 and (z%,0(t)) =27 —€.

Proof of Lemma. Assume, without loss of generality, that v > 0 and 0 < &£ < «y. Denoting by B,

the open ball in X* centered at the origin and with radius r, then, for every t € M we have
B’Y*% Ne(t) =10

Since ¢(t) and B,_¢ are convex, disjoint and o(X*, X)-compact sets, it follows from the separation
theorem in locally convex spaces (Theorem 3.4 in [77]), applied to the space (X*,o(X*, X)), and from

the fact that the dual of this space is X, that: for every ¢ € M, there exists v; € X such that
loe]] =1 and  (§,v) < (27, 0),

for any &£ € B«/—g and for every x* € p(t).
Hence, for each x* € ¢(t),

3
(@) 2 sup (€)=
fEB,Y_s

2
Since ¢ is upper semicontinuous, there exists an open neighbourhood V' (¢) of ¢ such that for every
t' e V(t) and x* € p(t'),
<$*,’Ut> > —€.
Therefore, since M is compact and M = (J,c;, V(t), there exists an open covering {Vi,...,V,} of
M. Let vq,...,v, be on the unit sphere of X such that

(%, 0i) >y —¢,

for every 1 <i <n,t eV, and z* € p(t).
If pi(t) = dist(t, 0V;), define

i —7[%(0 an v = i(T)v;
W) =5y md ) ;@(t)@

It follows easily that v satisfies our conditions. O

Proof of Theorem [L§ We apply Ekeland’s Principle to

¥(p) = max f(p(t)),

teK

defined on P, which is a complete metric space if it is endowed with the usual metric. The mapping 1

is continuous and bounded from below because, for every p € P,

¥(p) = max f(p" (1))
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Since

c = inf 9(p),

peEP

it follows that for every & > 0, there is some p € P such that

Y(q) —¥(p) +ed(p,q) >0, forall g€ P; (3.7)

c<yYp)<c+e.
Set
B(p) ={t € K; f(p(t)) =(p)}.
For concluding the proof it is sufficient to show that there exists ¢ € B(p) such that

Ap(t)) < 2e.

Indeed the conclusion of the theorem follows then easily by choosing ¢ = % and z, = p(t').
Applying Lemma [19 for M = B(p) and ¢(t) = df(p(t)), we obtain a continuous map v : B(p) — X
such that, for every t € B(p) and z* € df(p(t)), we have

lv@I <1 and (2", 0(t)) 27—,

where

= inf A(p(t)).
7=t (p(1))

It follows that for every ¢t € B(p),
F(p(t), —v(t) = max{(z", —v(t)); «* € Of(p(1))} =

= —min{(z*,v(t); 2* € df(p(t))} < —v+e.

By (B.6) we have B(p)NK* = {). So, there exists a continuous extension w : K — X of v such that
w =0 pe K* and, for every t € K,
lw®)]] < 1.

Choose in the place of ¢ in (B.7) small perturbations of the path p:

qn(t) = p(t) — hw(t),

where h > 0 is small enough.
It follows from (B.7) that, for every h > 0,

¥(gn) = ()
. 3.8
- (35
In what follows, £ > 0 will be fixed, while h — 0. Let ¢, € K be such that f(gn(tn)) = ¥(qn). We

may also assume that the sequence (ty,,) converges to some ¢y, which, obviously, is in B(p). Observe

het Vlan) —(p) _ blp— hw) —(p) _ Flp(ts) — ho(tn) — f(p(tn)

h B h - h

—& < —¢f|w]loo <
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It follows from this relation and from (B.§) that
o< f(p(tn) — hw(ih)) — f(p(tn)) <

Fp(tn) = hw(to)) = F(p(tn)) | f(p(th) = hw(tn)) = f(p(tn) = hw(to)
h h '
Using the fact that f is a locally Lipschitz map and t5,, — to, we find that

o T@l0) = hato(th,)) = Fp(thn) = huw(to))

n—o00 hn

<

=0.

Therefore

e < tim sup L@ T 20 = huw(to)) = f(p(to) + 20)

)
n—0o0 hn

where z, = p(tp,,) — p(to). Consequently,

—& < fp(to), —w(to)) = fO(p(to), —v(to)) < —7 +e.

It follows that
v = inf{||z*||; =* € df(p(t)),t € B(p)} < 2.

Taking into account the lower semicontinuity of A, we find the existence of some ¢’ € B(p) such that

A(p(t) = inf{[|z"[|; =™ € Of (p(¥'))} < 2e. u

Corollary 4. If f satisfies the condition (PS). and the hypotheses of Theorem [[§, then c is a critical

value of f corresponding to a critical point which is not in p*(K*).

The proof of this result follows easily by applying Theorem [L§ and the fact that ) is lower semicon-

tinuous. 0

The following result generalizes the classical Ambrosetti-Rabinowitz Theorem.

Corollary 5. Let f : X — R be a locally Lipschitz functional such that f(0) = 0 and there exists
ve X\ {0} so that f(v) <0. Set

P ={peC(0,1],X); p(0) =0 and p(1) = v}
c= inf max f(p(t)).

If ¢ > 0 and f satisfies the condition (PS)., then c is a critical value of f.

For the proof of this result it is sufficient to apply Corollary fj for K = [0, 1], K* = {0,1}, p*(0) =0
and p*(1) = v. O
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Corollary 6. Let f: X — R be a locally Lipschitz mapping. Assume that there exists a subset S of X
such that, for every p € P,
p(K)NS #0.
If
. f *
inf f(2) > max f(p"(¢)),
then the conclusion of Theorem [1§ holds.

Proof. It suffices to observe that

inf max f(p(t) 2 inf f(z) > max f (p*(t))-

Using now Theorem [[§ we may prove the following result, which is originally due to Brezis-Coron-
Nirenberg (see Theorem 2 in [[[J]):

Corollary 7. Let f : X — R be a Gdteauz differentiable functional such that f' : (X,||-|]) —
(X*,0(X*, X)) is continuous. If f satisfies (5.4), then there exists a sequence (x,) in X such that
i) lim f(za) = c;
n—oo
i) i [17/(@)]| = 0.
Moreover, if f satisfies the condition (PS)., then there exists x € X such that f(x) = ¢ and
f(z) = 0.

Proof. Observe first that f’ is locally bounded. Indeed, if (z,,) is a sequence converging to xg, then
sup | (f'(zn), v)| < o0,
n
for every v € X. Thus, by the Banach-Steinhaus Theorem,

lim sup || /()] < o

n—oo

For A > 0 small enough and h € X sufficiently small we have
|f(zo +h+ Av) — f(xo + h)| = |Mf (20 + h + Nv),v)| < C||\v]|, (3.9)

where 6 € (0,1). Therefore f € Lip;,.(X,R) and f%(z¢,v) = (f'(x0),v), by the continuity assumption
on f’. In B.9 the existence of C follows from the local boundedness property of f’.
Since f© is linear in v, we get
of(z) = {f'(z)}
and, for concluding the proof, it remains to apply just Theorem [[§ and Corollary [ U

A very useful result in applications is the following variant of the “Saddle Point” Theorem of P.H.

Rabinowitz.
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Corollary 8. Assume that X admits a decomposition of the form X = X1 ® Xo, where X5 is a finite
dimensional subspace of X. For some fized z € Xo, suppose that there exists R > ||z|| such that

inf > ;
J:lénXl f(x * Z) ;IEI?(}E f(CC)

where

K*={z € Xy; ||z]| = R} .

Set
K ={x € Xy; ||z|]| < R}

P={peC(K X); plx) == if |[z]|=R}.
If ¢ is chosen as in ([5.3) and f satisfies the condition (PS)., then c is a critical value of f.
Proof. Applying Corollary [] for S = z + X7, we observe that it is sufficient to prove that, for every

peP,
p(K)N(z+ X1) #0.

If P: X — Xy is the canonical projection, then the above condition is equivalent to the fact that,

for every p € P, there exists x € K such that

P(p(z) —z) = P(p(z)) -2z =0.

For proving this claim, we shall make use of an argument based on the topological degree theory.

Indeed, for every fixed p € P we have
Pop=1Id on K* =0K.

Hence
d(Pop—z,Int K,0) =d(Pop,Int K,z) =

=d(Id,Int K,2) =1.
Now, by the existence property of the Brouwer degree, we may find x € Int K such that
(Pop)(z) -z =0,
which concludes our proof. U

It is natural to ask us what happens if the condition (B.6) fails to be valid, more precisely, if

¢ = max f(p*(t)).

The following example shows that in this case the conclusion of Theorem [[§ does not hold.
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Example 1. Let X = R? K =[0,1] x {0}, K* = {(0,0),(1,0)} and let p* be the identic map of K*.

As locally Lipschitz functional we choose
[+ X =R, flzy)=z+]yl.

In this case,

c=max f(p"(t)) =1.

An elementary computation shows that

ofte.n) = (1) it >0

of(z,y) = (_11> if y<0;

af(x,()):{(i); if —1§a§1}.

It follows that f satisfies the condition Palais-Smale. However f has no critical point.

The following result gives a sufficient condition for that Theorem [[§ holds provided that the condi-

tion (B.G) fails.

Theorem 19. Assume that for every p € P there exists t € K \ K* such that f(p(t)) > c.
Then there exists a sequence (x,) in X such that
) Tim ) = e
n—oo
ii) lim A(z,) =0.
n—oo
Moreover, if f satisfies the condition (PS),, then c is a critical value of f. Furthermore, if (p,) is

an arbitrary sequence in P satisfying

Jim max f(pa(t)) = c,

then there exists a sequence (t,) in K such that
lim f(pn(ty)) =c and lim A(p,(t,)) =0.
n—oo n—oo
Proof. For every € > 0 we apply Ekeland’s Principle to the perturbed functional

Y : P =R, ¢e(p) = max(f(p(t)) +ed(t)),

teK

where

d(t) = min{dist(¢t, K*),1}.
If

= inf
Ce ;gpwe:(p),
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then
c<c.<c+He.

Thus, by Ekeland’s Principle, there exists a path p € P such that, for every q € P,

Ye(q) — e(p) +ed(p,q) >0 (3.10)

c<ce <Y (p) Scete<c+ 2.
Denoting
Be(p) ={t € K; f(p(t)) +ed(t) = ¢e(p)},

it remains to show that there is some t' € B.(p) such that A\(p(¢')) < 2e. Indeed, the conclusion of the
first part of the theorem follows easily, by choosing ¢ = % and xz,, = p(t').

Now, by Lemma [[9 applied for M = B.(p) and ¢(t) = df(p(t)), we find the existence of a continuous
mapping v : B:(p) — X such that, for every ¢t € B.(p) and z* € df(p(t)),

lv@®I <1 and (&%, v(t)) > 1 —¢,

where

= inf Mp(t)).
Y%= Jof (p(1))

On the other hand, it follows by our hypothesis that

Ye(p) > max f(p(t)) .

te K*
Hence

B.(p)NnK*=19.

So, there exists a continuous extension w of v, defined on K and such that
w=0 on K* and ||w(t)]| <1, forany te K.

Choose as ¢ in relation (B.10) small variations of the path p:

qn(t) = p(t) — hw(t),

for h > 0 sufficiently small.
In what follows € > 0 will be fixed, while h — 0.
Let t, € B:(p) be such that

f(a(tn)) + ed(tn) = Ye(qn) -

There exists a sequence (h,,) converging to 0 and such that the corresponding sequence (tp,,) con-

verges to some tg, which, obviously, lies in B.(p). It follows that

Yelan) — Ve(p) _ flan(tn)) +ed(tn) — ¥e(p) _
h

—& < —¢f|wl|oo < = N <
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< Fan(n)) = Fp(tn)) _ f(p(tn) = hw(tn)) = f(p(tn))

< 5 N .

With the same arguments as in the proof of Theorem [[§ we obtain the existence of some ' € B.(p)
such that

Ap(t)) < 2e.

Furthermore, if f satisfies (PS). then ¢ is a critical value of f, since A is lower semicontinuous.
For the second part of the proof, applying again Ekeland’s Variational Principle, we deduce the

existence of a sequence of paths (g,) in P such that, for every ¢ € P,
Ve2 (q) = Vo2 (qn) + €nd(q; gn) > 0;

%gl (Qn) < %gl (pn) - End(pm Qn) s

where (g,,) is a sequence of positive numbers converging to 0 and (p,) are paths in P such that
ez (pn) < e+ 2¢ .
Applying the same argument for g,, instead of p, we find ¢, € K such that
c—e2 < flan(tn)) < c+2e2;

Agn(tn)) < 2en .

We shall prove that this is the desired sequence (¢,). Indeed, by the Palais-Smale condition (PS),,
there exists a subsequence of (g, (t,)) which converges to a critical point. The corresponding subse-
quence of (p,(t,)) converges to the same limit. A standard argument, based on the continuity of f and
the lower semicontinuity of A shows that for all the sequence we have

lim f(pn(tn)) =cC

n—oo

and
lim A(p,(t,)) =0.
O

Corollary 9. Let f : X — R be a locally Lipschitz functional which satisfies the Palais-Smale condition.

If f has two different minimum points, then f possesses a third critical point.

Proof. Let zp and z; be two different minimum points of f.

Case 1.  f(z9) = f(z1) = a. Choose 0 < R < 1|lz1 — x| such that f(z) > a, for all z €
B(xo,R) U B(z1, R).

Set A = B(zo, &) UB(21, %).

Case 2. f(wo) > f(x1). Choose 0 < R < ||z1 — || such that f(z) > f(=zg), for every x € B(xg, R).
Put A = B(zo, &) U {z1}.

95



In both cases, fix p* € C([0,1], X) such that p*(0) = x¢ and p*(1) = z1. If K* = (p*)"1(A) then,
by Theorem [[9, we obtain the existence of a critical point of f, which is different from zg and x1, as

we can easily deduce by examining the proof of Theorem [L9. O

With the same proof as of Corollary [] one can show

Corollary 10. Let X be a Banach space and let f : X — R be a Gateaux-differentiable functional such
that the operator [’ : (X,| -||) — (X*,o(X*, X)) is continuous. Assume that for every p € P there
exists t € K\ K* such that f(p(t)) > c.

Then there exists a sequence (xy,) in X so that

i) lim f(z,) =c;

n—oo
i) i 1) = 0.
If, furthermore, f satisfies (PS). , then there exists x € X such that f(x) = c and f'(x) = 0.

The following result is a strengthened variant of Theorems [L§ and [Lg.

Theorem 20. Let f : X — R be a locally Lipschitz functional and let F' be a closed subset of X, with

no common point with p*(K*). Assume that
f(x) >¢, forevery x€F (3.11)

and
p(K)NF#0, forall.peP (3.12)

Then there exists a sequence (xy,) in X such that
i) lim dist (z,, F') =0;

n—oo
ii)  lim f(x,) = ¢;

n—oo
i11) lim A(z,) =0.

n—oo
Proof. Fix ¢ > 0 such that

e < min{l; dist (p*(K*),F)}.

Choose p € P so that

2

rtrg;(Xf(p(t)) <c+ %-

The set
Ky ={t € K; dist (p(t),F) > ¢}

is bounded and contains K*. Define
Po={¢q€C(K,X); ¢g=p on Ky}.

Set
n:X —>R, n(r)=max{0; e — ¢ dist (z,F)}.
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Define ¢ : Py — R by
¥(q) = max (f +n)(q(t)) .

teK
The functional v is continuous and bounded from below. By Ekeland’s Principle, there exists pg € Py

such that, for every ¢ € Py,
Y(po) < ¥(q),

€
d(po,q) < 3 (3.13)
€
Y(po) < ¥(q) + 3 d(g,po) - (3.14)
The set
B(po) ={t € K; (f+n)(po(t)) = ¢(po)}
is closed. For concluding the proof, it is sufficient to show that there exists ¢t € B(py) such that
. 3e
dist (po(?), F) < = (3.15)
5e?
€
Alpo(t)) < = (3.17)
Indeed, it is enough to choose then € = % and x, = po(t).
Proof of (B.18): It follows by the definition of Py and (B.19) that, for every q € Py, we have
q(K\ Ko)NF #90.
Therefore, for any q € Py,
Y(g) Zcte’
On the other hand,
g2 9 5e?
¥(p) Sct e =ct
Hence
5 5e?
ct+e” <9P(po) <Y(p) <c+ R (3.18)

So, for each ¢t € B(po),
c+e” < P(po) = (f +n)(po(t)).

Moreover, if t € K, then

(f +m)(po(®) = (f +0)(p(t)) = f(p(t))

INA
o
4
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This implies that
B(po) C K\ Ko.

By the definition of Kj it follows that, for every ¢ € B(pg) we have
dist (p(t), F) <e.

Now, the relation (B.13) yields
dist (pO(t)aF) <

Proof of (B.16): For every t € B(pg) we have
¥(po) = (f +n)(po(t)).

Do ™

Using (B.1§) and taking into account that
0<n<e,

it follows that )

c< fpo(t)) <c+ 5%-

Proof of (B.17): Applying Lemma[[J for ¢(t) = 8f(po(t)), we find a continuous mapping v : B(py) —
X such that, for every ¢t € B(pp),

[o(®)[ < 1.

Moreover, for every t € B(pg) and z* € df(po(t)),

(@%,0(t) 2 v —e,

where

= inf M\ t)).
7=t (po(t))

Hence for every t € B(pp),
FO(po(t), —v(t)) = max{(z", —v(t)); 2" € f (po(t))} =

= —min{(z*,v(t));2* € If(po(t))} < —vy +e¢.

Since B(po) N Ky = 0, there exists a continuous extension w of v to the set K such that w = 0 on
Ky and ||Jw(t)|| <1, for all t € K.
Now, by (B.14) it follows that for every A > 0,

Y(po — Aw) — 1(po)
3 .

13 g
< = oo < (3.19)

-5 <

For every n, there exists ¢, € K such that
1 1
Y(po = —w) = (f +0)(po(ta) — ~w(tn)).
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Passing eventually to a subsequence, we may suppose that (¢,) converges to to, which, clearly, lies in
B(pg). On the other hand, for every t € K and A > 0 we have

f(po(t) — Aw(t)) < f(po(t)) + Ae.

Hence
nli(po — ) — (po)] < nlF(poltn) — ~u(ta) + =~ F(polta))]

Therefore, by (B.19) it follows that

1

_% < n[q/}(po(tn) — Ew(tn)) - f(pO(tn))] <

< nly(o(tn) — ~ulte)) = Fpoltn))}+

1 1
+nlf(poltn) = ~w(tn)) = f(po(ta) — —w(to)).
Using the fact that f is locally Lipschitz and ¢,, — tg we find

limsupn [f(po(tn) — %w(tn)) — f(po(tn) — %w(to))] =0.

n—oo

Therefore 5 )
_EE < limsupn [f(po(to) + 2n — Ew(to)) — f(po(to) + zn)],

n—oo

where z, = po(tn) — po(to). Hence

—Z < Prolto), (o)) < —y+2.
So .
v = inf{[la" ;2" € Of (polt)).t € Blpo)} < 5

Now, by the lower semicontinuity of A\, we find ¢t € B(py) such that

5e

Apo(t)) = inf 5| < =,
() e < 3

z*€df(po(t

which ends our proof. O

Corollary 11. Under hypotheses of Theorem 20, if f satisfies, (PS)., then c is a critical value of f.

Remark 6. If

inf _
J:lénXl f(x * Z) gél?()i f($),

then the conclusion of Corollary [§ remains valid, with an argument based on Theorem [14.
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Corollary 12. (Ghoussoub-Preiss Theorem). Let f : X — R be a locally Lipschitz Gateauz-differen-
tiable functional such that ' : (X,| -||) — (X*,0(X*, X)) is continuous. Let a and b be in X and
define

— inf /
c ;Ielptren[%f(p( )

where P is the set of continuous paths p : [0,1] — X such that p(0) = a and p(1) =b. Let F be a closed
subset of X which does not contain a and b and f(x) > ¢, for all x € F. Suppose, in addition that, for

every p € P,
p([0,1]) NP # 0.

Then there exists a sequence (xy,) in X so that
i) lim dist(x,, F) =0;

i1) nlznoof(xn) =c;
iii) lim ||f'(z,)] =0.
Moreover, if f satisfies (PS)., then there exists x € F such that f(x) = ¢ and f'(x) = 0.

Proof. With the same arguments as in the proof of Corollary [] we deduce that the functional f is

locally Lipschitz and
0f () = {f'(x)}.
Applying Theorem R( for K = [0,1], K* ={0,1}, p*(0) = a p*(1) = b, our conclusion follows.

The last part of the theorem follows from Corollary [L1]. O
3.4 Applications of the Mountain-Pass Theorem

The simplest model

Let 1 <p< %, if N >3, and 1 < p < 400, provided that N = 1,2. Consider the problem

—Au = uP, in Q
u>0, in Q (3.20)
u=0, on 00).

Our aim is to prove in what follows the following

Theorem 21. There exists a solution of the problem ([3.2Q), which is not necessarily unique. Further-

more, this solution is unstable.

Remark 7. If p = % then the energy functional associated to the problem (|3.2() does not have
the Palais-Smale property. The case p > % is difficult; for instant, there is no solution even in the
simplest case where Q = B(0,1). If p =1 then the existence of a solution depends on the geometry of

the domain: if 1 is not an eigenvalue of (—A) in HY(Q) then there is no solution to our problem (3.20).
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If 0 < p < 1 then there exists a unique solution (since the mapping u — f(u)/u = uP~! is decreasing)
and, moreover, this solution is stable. The arguments may be done in this case by using the method of

sub and super solutions.

Proof. We first argue the instability of the solution. So, in order to justify that A; (—A—puP~1) <0,

let ¢ be an eigenfunction corresponding to A;. We have
—Ap —puP o =\, in Q.

Integrating by parts this equality we find

(1—p)/up<p=/\1/<pu7
Q Q

which implies A\; < 0, since v > 0 in Q2 and p > 1.

We will prove the existence of a solution by using two different methods:

1. A variational proof. Let
m = inf{/ | Vo |2 v € HE(Q) and |Jv][gpsr = 1}.
Q

First step: m is achieved. Let (u,) C H}() be a minimizing sequence. Since p < {2 then H}(Q) is
compactly embedded in LP*1(€. Tt follows that

/ | Vuy, |2—> m,
Q

[un| o = 1.

So, up to a subsequence,

Uy — U, weakly in H}(Q)
and
Up — U, strongly in LPT1(Q).
By the lower semicontinuity of the functional || - |2 we find that

/ | Vu |2< liminf/ | Vuy, |*=m
9] n—oo 0O

which implies / | Vu |?=m. Since ||u||zp+1 = 1, it follows that m is achieved by w.
Q

We remark that we have even u,, — u, strongly in H&(Q) This follows by the weak convergence of

(un) in Hg(Q) and by [[unl gz — [lull -

2. u>0, ae. in ). We may assume that u > 0, a.e. in 2. Indeed, if not, we may replace u by

| w|. This is possible since | u |€ H}(£2) and so, by Stampacchia’s theorem,
V| ul|= (signu) Vu, ifus#0.
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Moreover, on the level set [u = 0] we have Vu = 0, so

|V |ul|l=| Vul, a.e. in Q.

3. u verifies —Au = uP in weak sense. We have to prove that, for every w € H&(Q),

/Vqu:m/upw.
Q Q

Put v = w4+ ew in the definition of m. It follows that

/|Vv|2:/|Vu|2+2e/Vqu+62/|Vw|2
Q Q Q Q

and
/ | u+ew [PH= / | u [P +e(p+1) /upw +o(e) =
Q Q Q
1+a(p+1)/upw+0(a).
Q
Therefore
2/(p+1)
(V)12 41 = <1 +e(p+1) /upw + 0(5)) =1+ 2€/upw +o(e).
Q Q
Hence

m+2¢ [ VuVw + o(e)

m:/]u\Qg X =m+ 2e </Vqu—m/upw>+o(a),
) ) Q

1 +2€/upw+0(a)
)

which implies
/Vqu = m/ uPw, for every w € HJ(Q).

Consequently, the function u; = m“u = %) is a weak solution of our problem (B.20), that is

u=wuym~“ is weak solution to (B.2(]).

4. Regularity of u. We know until now that u € H&(Q) C L?(Q). In a general framework, assuming
that u € L9, it follows that w? € L%/P, that is, by Schauder regularity and Sobolev embeddings,

w e WP c L5 where L = 2 — 2. So, assuming that ¢ > (p — 1) N

o, we have v € L%, where
s q 2 s

q% = qﬁl — % In particular, go > ¢1. Let (g,) be the increasing sequence we may construct in this
manner and set ¢oo = lim, .o ¢ Assuming, by contradiction, that ¢, < % we obtain, passing at the
N(p 1)

limit as n — oo, that ¢, = < q1, contradiction. This shows that there exists r > % such that
w € L"(€2) which implies u € W2 T(Q) € L®(2). Therefore u € W2T(Q) C C*()), where k denotes the
integer part of 2 — % Now, by Hélder continuity, u € C?(€).

2. Second proof (Mountain-Pass Lemma). Set
=5 [ 1VuP g [t wen@).
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Standard arguments show that F is a C'! functional and v is a critical point of F' if and only if u is a
solution to the problem (B:20). We observe that F’(u) = —Au — (u™)? € H71(Q). So, if u is a critical
point of F then —Au = (u™)? > 0 in 2 and hence, by the Maximum Principle, u > 0 in Q.

We verify the hypotheses of the Mountain-Pass Lemma. Obviously, F(0) = 0. On the other hand,

+1 +1
Larys< [rapsi= gl < o

Therefore
¢ p+1

g el

>2p>0,

1 2
Flu) = 5 Jully - il >

provided that ||lul|z; = R, small enough.
Let us now prove the existence of some vy such that ||vg|| > R and F(vg) < 0. For this aim, choose

an arbitrary wg > 0, wy Z 0. We have

tp+1
p+1

t2
Ftuwn) =5 [ 19w P~ [ iy <o,

for ¢t > 0 large enough. O

A bifurcation problem

Let us consider a C! convex function f : R — R such that f(0) > 0 and f/(0) > 0. We also assume
that there exists 1 < p < % such that

| f(u) | CO+[ul?)

and there exist y > 2 and A > 0 such that

,u/ fdt <uf(u), for every u > A.
0

A standard example of function satisfying these conditions is f(u) = (1 + u)P.

Consider the problem

—Au = Af(u), in Q
u >0, in (3.21)
u=20, on 0f).

We already know that there exists A* > 0 such that, for every A < A\*, there exists a minimal and
stable solution u to the problem (B.21)).

Theorem 22. Under the above hypotheses on f, for every A\ € (0,\*), there exists a second solution

u > u and, furthermore, u is unstable.
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Proof. We find a solution u of the form u = u + v with v > 0. It follows that v satisfies

—Av = A(f(u+v) = f(u), in Q
v >0, in Q (3.22)
v=0, on 0f).

Hence v fulfills an equation of the form
—Av + a(x)v = g(z,v), in Q,
where a(z) = =\ f'(u) and

g(@,v) = M(f(u(@) +v) - fu(@))) - Af'(u(@))v.

We verify easily the following properties:
(i) g(x,0) = gu(x,0) = 0;
(i) | g(z, ) [< C(1+ | v )
111 z,t)dt < wvg(x,v), for every v > arge enough;
(itt) p fy g(z, t)dt < wvg(x,v), f y v > Alarg gh
iv) the operator —A — u) is coercive, since A\j(—A — u)) > 0, for every A < Ap.
iv) th A= \f'(u) i i i M(=A =\’ 0, f A< A
So, by the Mountain-Pass Lemma, the problem (B.21) has a solution which is, a fortiori, unstable.
O

3.5 Ciritical points and coerciveness of locally Lipschitz functionals
with the strong Palais-Smale property

The Palais-Smale property for C! functionals appears as the most natural compactness condition.
In order to obtain corresponding results for non-differentiable functionals the Palais-Smale condition
introduced in Definition [] is not always an efficient tool, because of the nonlinearity of the Clarke
subdifferential. For this aim, we shall define a stronger Palais-Smale type condition, which will be very
useful in applications. In many cases, our compactness condition will be a local one, similar to (PS).
in Definition [. The most efficient tool in our reasonings will be, as in the preceding paragraph, the
Ekeland variational principle. As we shall remark the new Palais-Smale condition is in closed link with
coerciveness properties of locally Lipschitz functionals.

As above, X will denote a real Banach space.

Definition 8. The locally Lipschitz functional f : X — R is said to satisfy the strong Palais-Smale
condition at the point ¢ (notation: ( s-PS).) provided that, for every sequence (x,) in X satisfying

lim f(z,)=c (3.23)

and 1
f(n,v) = —=|lvll, for every v e X, (3.24)

n
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contains a convergent subsequence.
If this property holds for any real number ¢ we shall say that f satisfies the strong Palais-Smale
condition (s — PS)).

Remark 8. It follows from the continuity of f and the upper semicontinuity of fO(-,-) that if f satisfies
the condition (s-PS). and there exist sequences (z,,) and (g,,) such that the conditions ([5.23) and (5-24)

are fulfilled, then c is a critical value of f. Indeed, up to a subsequence, x,, — x. It follows that f(x) = ¢

and, for everyv € X,
fO(a,0) > limsup f°(z,,v) > 0,

n—0o0

that is 0 € Of (z).

Definition 9. A mapping f : X — R is said to be coercive provided that

| 1”1m f(z) = 4o0.

For each a € R and f : X — R, we shall denote from now on
[f =al ={z € X; f(z) = a};
[f <al={z e X;f(z) <a};
[f =z al ={z € X; f(z) = a}.

Proposition 1. Let f : X — R be a locally Lipschitz bounded from below functional. If a = igl(ff and
f satisfies the condition (s-PS), , then there exists a > 0 such that the set [f < a + o] is bounded.

Proof. We assume, by contradiction, that for every a > 0, the set [f < a 4 ] is unbounded. So,
there exists a sequence (z,) in X such that, for every n > 1,

1
agf(zn)§a+ﬁ7
[znll = n.

Using Ekeland’s Principle, for every n > 1 there is some x,, € X such that, for any x € X,
aﬁf($n) Sf(zn)a

F(@) = Flon) + - e = zall 20,
1

|20 — znll < =
n
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Therefore

and, for each v € X,
1
FOan,v) =~ ol

Now, by (s-PS), , it follows that the unbounded sequence (z,) contains a convergent subsequence,

contradiction. O

The following is an immediate consequence of the above result

Corollary 13. If f is a locally Lipschitz bounded from below functional satisfying the strong Palais-

Smale condition, then f is coercive.

This result was proved by S.J. Li [p4] for C! functionals. He used in his proof the Deformation

Lemma. Corollary [[3 also follows from

Proposition 2. Let f: X — R be a locally Lipschitz functional satisfying

a = liminf f(z) < +o0.

llz[|—o00

Then there exists a sequence (x,,) in X such that
[zn]l = 00, flan) —a

and, for every v € X,

1
0
> —— .
1) 2 == o]

Proof. For every r > 0 we define

m(r) = inf f(z)

Obviously, the mapping m is non-decreasing and lim m(r) = a. For any integer n > 1 there exists
T—00

ry, > 0 such that, for every r > r,,,

>a— —.
m(r) > a =

Remark that we can choose 7, so that r, > & + % Choose z, € X such that ||z,|| > 2r, and

Flzn) < m(ran) + % <a+ % (3.25)

Applying Ekeland’s Principle to the functional f restricted to the set {z € X; ||z|| > 7} and for e = 1

n’

z = zp, we get z, € X such that ||z,| > r, and, for every x € X with ||z| > ry,
1
f@) 2 f(an) = = o = zall, (3.26)
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1 1
a_ﬁ <m(r,) < f(zn) Sf(zn)_g [E (3.27)

It follows from (B.29) and (B.27) that ||z, — 2,|| < 2, which implies

2
lzn|| > 21, — - — +00.

On the other hand, f(z,) — a. For every v € X and A > 0, putting z = z,, + Av in (B.26), we find

f(xn+)\v) B f(xn) > _l ”U”
n

fo(xn,v) > lim sup 3 >
AN0

which concludes our proof. O

Proposition 3. Let f : X — R be a locally Lipschitz bounded from below functional. Assume there
exists ¢ € R such that f satisfies (s-PS). and, for every a < ¢, the set [f < a] is bounded.
Then there exists o > 0 such that the set [f < ¢+ «] is bounded.

Proof. Arguing by contradiction, we assume that the set [f < ¢+ «] is unbounded, for every a > 0.

It follows by our hypothesis that, for every n > 1, there exists r,, > n such that
1
[f <c— ?] - B(Oﬂan)'

Set
, = inf >c— —.
= Fzem0s

Since the set [f < c+ #] is unbounded, we obtain the existence of a sequence (z,) in X such that

1
l2nll > 7 +1+ =
n
and )
f(zn) < c+ w2
So, zp, € X \ B(0,r,) and
2
f(zn) <cp+ ﬁ
Applying Ekeland’s Principle to the functional f restricted to X \ B(0,7,), we find z,, € X \ B(0,r,)
such that, for every z € X with ||z|| > r,, we have

cp < f(xn) < f(Zn),

F@) 2 fan) == o=zl

1
|20 — znll < =
n
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Hence

[zall 2 lznll = lzn — 20l = 70 +1 — +o00,
f(@n) —c
and, for every v € X,
2
Foan,0) = 2 o]

Now, by (s-PS). , we obtain that the unbounded sequence (z,,) contains a convergent subsequence,

contradiction. O

Proposition 4. Let f : X — R be a locally Lipschitz bounded from below functional. Assume that f
is not coercive. If

c=sup{a € R; [f <a] is bounded},
then f does not satisfy the condition (s-PS). .

Proof. Denote
A={a eR; [f <a] is bounded}.
It follows from the lower boundedness of f that the set A is nonempty. Since f is not coercive, it follows
that
c=sup A < 4oo.

Assume, by contradiction, that f satisfies (s-PS). . Then, by Proposition J, there exists o > 0
such that the set [f < a + o] is bounded, which contradicts the maximality of c. O

Remark 9. The real number ¢ defined in Proposition [} may also be characterized by

c=1inf{b € R; [f < b] is unbounded} .

Proposition 5. Let f: X — R be a locally Lipschitz functional satisfying (s-PS). Assume there exists
a € R such that the set [f < a] is bounded.

Then the functional f is coercive.

Proof. Without loss of generality, we may assume that a = 0. It follows now from our hypothesis
that there exists an integer ng such that f(x) > 0Ofor any x € X with ||z|| > ng. We assume, by
contradiction, that

0 < ¢ =liminf f(z) < 4o0.

[[]|—o0
Applying Proposition B, we find a sequence (z,,) in X such that ||z,| — oo, f(z,) — c and, for every
veX,

1
Fenv) > == ol
Using now the condition (s-PS) , we obtain that the unbounded sequence (z,) contains a convergent

subsequence, contradiction. So, the functional f is coercive. U

68



Corollary 14. Let f : X — R be a locally Lipschitz bounded from below functional which satisfies (s-PS)
Then every minimizing sequence of f contains a convergent subsequence.

Proof. Let (x,) be a minimizing sequence of f. Passing eventually at a subsequence we have

. 1

By Ekeland’s Principle, there exists z, € X such that, for every x € X,

£(@) 2 ) = e = 2l

Flen) < Flon) =l = 2l

With an argument similar to that used in the proof of Proposition f] we find

2
lzn = zall < = (3.28)

. 1
flzn) smf f+ -5,
and, for every v € X,
1
FOen) =~ o]
Using now the condition (s-PS) ,we find that the sequence (z,) is relatively compact. By (B.2§) it

follows that the corresponding subsequence of (z,) is convergent, too. ]

Define the map
M :[0,40) =R,  M(r)= inf f(z).

llzll=r

We shall prove in what follows some elementary properties of this functional.

Proposition 6. Let f: X — R be a locally Lipschitz bounded from below functional which satisfies the
condition (s-PS). Assume there exists R > 0 such that all the critical points of f are in the closed ball
of radius R.

Then the functional M is increasing and continuous at the right on the set (R,400).

For the proof of this result an auxiliary one. First we introduce a weaker variant of the condition

(s-PS) for functionals defined on a circular crown.

Definition 10. Let 0 < a < b and let f be a locally Lipschitz map defined on

A={zeX; a<|z| <b}
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We say that [ satisfies the Palais-Smale type condition (PS)4 provided that every sequence (xy)
satisfying
a+0 < |xy|| <b—=196, for some 6 >0,

sup | f(zp)| < 400,
n

1
fo(xn,v) > —— ||, for some ve X,
n

contains a convergent subsequence.

Lemma 13. Let A be as in Definition (I and let f be a locally Lipschitz bounded from below functional
defined on A. If f satisfies (PS)4 and f does not have critical points which are interior point of A then,

for every a < ry <r <rg <b,
M(r) > min{M (r1), M(ra)}. (3.29)

Proof of Lemma. Without loss of generality, let us assume that f takes only positive values.
Arguing by contradiction, let 71 < 7 < 73 be such that the inequality (B.29) is not fulfilled. There exists

a sequence (x,) such that ||z,| = r and
1
flzn) < M(r)+ ot
Applying now Ekeland’s Principle to f restricted to the set
B={xe X; r <|z| <ra},

we find z,, € B such that, for every x € B,

£(@) > ) = o = 2l

1
f(zn) < flon) — EHxn — znl|-

Moreover, 71 < ||zp] < 72, for n large enough. Indeed, if it would exist » > 1 such that ||z,| = 71,
then 1 )
M) € F(@0) = Sl — 2l € M) + 25 = S — 2l <
< M)+ 5 = (0 =) < M) +— — (0 —11)
r+———=(r—r r — — =(r—mr).
< R 1) < )+ - 1

It follows that r —rq < %, which is not possible if n is sufficiently large. Therefore
sup | f(zn)| = sup f(zn) < M(r)
n n

and, for every v € X,
1
0
> —— .
72 0) = = o]
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Using now (PS) 4, the sequence (z,) contains a subsequence which converges to a critical point of

f belonging to B. This contradicts one of the hypotheses imposed to f. O
Proof of Proposition g If M is not increasing, there exists 1 < r9 such that M(ry) < M(rq).
On the other hand, by Corollary [[J we have
lim M(r) = +oo.

r—00

Choosing now r > rg so that M(r) > M(ry), we find that r < ro <r and
M (rg) < M(r1) = min{M(ry), M(r)},

which contradicts Lemma [I3. So, M is an increasing map.

The continuity at the right of M follows from its upper semicontinuity. O

There exists a local variant of Proposition [ for locally Lipschitz functionals defined on the set
{z € X; ||z|| < Ry}, for some Ry > 0.
Assume f satisfies the condition (s-PS) in the following sense: every sequence (z,) with the prop-
erties
|| < R < Ro,

sup | f (zn )| < 400
n
and )
foxp,v) > —=|jv||, forevery v€ X and n > 1,
n

is relatively compact.

Proposition 7. Let f be a locally Lipschitz functional defined on ||x|| < Ry and satisfying the condition
(s-PS) . Assume f(0) =0, f(z) > 0 provided 0 < ||z| < Ry and f does not have critical point in the
set {x € X; 0 < ||z]| < Ro}.

Then there exists 0 < rog < Ry such that M is increasing on [0,rq) and decreasing on [rq, Rp).

Proof. Let (R,) an increasing sequence of positive numbers which converges to Ry. It follows by
the upper semicontinuity of M restricted to [0, R,,] that there exists 7, € (0, R,] such that M achieves
its maximum in r,. Let r¢ € (0, Rp] be the limit of the increasing sequence (r,,). Our conclusion follows

now easily by applying Lemma [L3- O
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Chapter 4

Critical point theorems of
Lusternik-Schnirelmann type

4.1 Basic results on the notions of genus and Lusternik-Schnirelmann
category

One of the most interesting problems related to the extremum problems is how to find estimates of
the eigenvalues and eigenfunctions of a given operator. In this field the Lusternik-Schnirelmann theory

plays a very important role. The starting point of this theory is the eigenvalue problem
Ax =Xz, NeR, zeR",
where A € M,,(R) is a symmetric matrix. This problem may be written, equivalently,
F'(x) =Xx, MeR, zeR"

where
1 n
F(z) =3 Z @ij Ty,
i,j=1
provided that A = (a;;) and z = (x1, ..., zy,).

The eigenvalues of the operator A are, by Courant’s Principle,

A
Ar = max min (Az, z) = 2 max min F(z),
MeVyzeM ||z||? A€V, zeM

for 1 < k < n, where V. denotes the set of all vector subspaces of R™ with the dimension k.

The first result in the Lusternik-Schnirelmann theory was proved in 1930 and is the following:

Lusternik-Schnirelmann Theorem. Let f : R®™ — R be a C' even functional. Then f’ has at

least 2n distinct eigenfunctions on the sphere S™~1.

The ulterior achievements in mathematics showed the signifiance of this theorem. We only point out

that the variational arguments play at this moment a very strong instrument in the study of potential
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operators. Hence it is not a coincidence the detail that the solutions of such a problem are found by
analysing the extrema of a suitable functional.

L. Lusternik and L. Schnirelmann developed their theory using the notion of Lusternik-Schnirelmann
category of a set. A simpler notion is that of genus, which is due to Coffman [R§], but equivalent to
that introduced by Krasnoselski.

Let X be a real Banach space and denote by F the family of all closed and symmetric with respect
to the origin subsets of X \ {0}.

Definition 11. A nonempty subset A of F has the genus k provided k is the least integer with the
property that there exists a continuous odd mapping h : A — RF \ {0}.

We shall denote from now on by v(A) the genus of the set A € F.

By definition, v(0) = 0 and v(A) = +o0, if v(A) # k, for every integer k.

Lemma 14. Let D C R™ be a bounded open and symmetric set which contains the origin. Let f : D —
R™ be a continuous function which does not vanish on the boundary of D.

Then f(D) contains a neighbourhood of the origin.

Proof. By Borsuk’s Theorem, d[f;D,0] is an odd number, so different from 0. Now, by the
existence theorem for the topological degree, it follows that 0 € f(D). The property of continuity of
the topological degree implies the existence of some ¢ > 0 such that a € f(D), for all a € R™ with
lla|| < e. O

Lemma 15. Let D be as in Lemma and g : 0D — R™ a continuous odd function, such that the set
g(0D) is contained in a proper subspace of R™.
Then there exists z € 0D such that g(z) = 0.

Proof. We may suppose that g(0D) Cc R""!. If g does not vanish on dD, then, by Tietze’s
Theorem, there exists an extension h of g at the set D. By Lemma [4, the set h(D) contains a
neighbourhood of the origin in R”, which is not possible, because h(D) C R*~!. Thus, there is some
z € 0D such that g(z) = 0. O

Lemma 16. Let A € F a set which is homeomorphic with S™~' by an odd homeomorphism.
Then v(A) = n.

Proof. Obviously, v(A) < n.

If v(A) = k < n, then there exists h: A — R¥\ {0} continuous and odd.

Let f: A — S"! the homeomorphism given in the hypothesis. Then ho f~1:87"~1 — RF\ {0} is
continuous and odd, which contradicts Lemma [I§. Therefore v(A) = n. O

The main properties of the notion of genus of a closed and symmetric set a listed in what follows:
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Lemma 17. Let A,B € F.
i) If there exists f : A — B continuous and odd then v(A) < v(B).
it) If A C B, then v(A) < ~(B).
i11) If the sets A and B are homeomorphic, then v(A) = v(B).
iv) Y(AUB) <~(A)+~(B).
v) If v(B) < 400, then
+(A) —+(B) <A(AVB).

vi) If A is compact, then y(A) < +oo.
vii) If A is compact, then there exists € > 0 such that

where

V:(A) ={z € X; dist(z,A) <e}.

Proof. i) If v(B) =n, let h : B — R™\ {0} continuous and odd. Then the mapping ho f: A —
R™\ {0} is also continuous and odd, that is v(A) < n.

If v(B) = 400, the result is trivial.

ii) We choose f = Id in the preceding proof.

iii) It follows from i), by interventing the sets A and B.

iv) Let v(A) =m, v(B) =nand f: A — R™\ {0}, g: B — R™\ {0} be continuous and odd. By
Tietze’s Theorem let F': X — R™ and G : X — R" be continuous extensions of f and g. Moreover,

let us assume that F' and G are odd. If not, we replace the function F' with

F(z) — F(—x) .
2

T ——

Let
h=(F,G): AUB — R™™"\ {0}.

Clearly, h is continuous and odd, that is v(A U B) < v(A) + v(B).

v) follows from ii), iv) and the fact that A C (A\ B) U B.
vi) If x # 0 and r < ||z||, then B,.(z) N B.(—xz) = 0. So,

¥(By(z) U By(—x)) =1.

By compactness arguments, we can cover the set A with a finite number of open balls, that is
v(4) < 4o0.

vii) Let v(A) = n and f: A — R™\ {0} be continuous and odd. With the same arguments as in
iv), let F': X — R" be a continuous and odd extension of f.

Since f does not vanish on the compact set A, there is some ¢ > 0 such that F' does not vanish in
Vo(A). Thus 7(V2(4)) < n = ~(A).

74



The reversed inequality follows from ii). O

We give in what follows the notion of Lusternik-Schnirelmann category of a set. For further details
and proof we refer to Mawhin-Willem [57] and Palais [p3].

A topological space X is said to be contractible provided that the identic map is homotopic with a
constant map, that is, there exist u € X and a continuous function F' : [0,1] x X — X such that, for
every ¢ € X,

F(0,z) =2 and F(l,z)=u.

A subset M of X is said to be contractible in X is there exist v € X and a continuous function
F :]0,1] x M — X such that, for every x € M,

F(0,z) =2 and F(l,z)=u.

If A is a subset of X, define the category of A in X, denoted by Catx(A), as follows:

Catx(A) =0, if A= 0;

Catx(A) = n, if n is the smallest integer such that A may be covered with n closed sets which are
contractible in X;

Catx(A) = oo, if contrary.

Lemma 18. Let A and B be subsets of X.
i) If A C B, then Catx(A) < Catx(B).
it) Catx(AUB) < Catx(A) + Catx(B).
i11) Let h: [0,1] x A — X be a continuous mapping such that h(0,x) = z, for every x € A.
If A is closed and B = h(1,A), then Catx(A) < Catx(B).

4.2 A finite dimensional version of the Lusternik-Schnirelmann the-
orem

The first version of the celebrated Lusternik-Schnirelmann Theorem, published in [BJ], was gener-
alized in several ways. We shall prove in what follows a finite dimensional variant, by using the notion
of genus of a set. Other variants of the Lusternik-Schnirelmann Theorem may be found in Krasnoselski
[E9], Palais [63], Rabinowitz [(g], Struwe [BJ].

Let f,g € CY(R™,R) and let a > 0 be a fixed real number.

Definition 12. We say that the functional f has a critical point with respect to g and a if there exist
x € R™ and X € R such that , )
{f () = Ag'(x)

9(z) =a.
In this case, x is said to be a critical point of f (with respect to the mapping g and the number a),

(4.1)

while f(x) is called a critical value of f.
We say that the real number c is a critical value of f if the problem (2.1) admits a solution x € R"

such that f(x) = c.
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Lemma 19. Let g : R” — R be an even map which is Fréchet differentiable and such that
1) Ker g = {0}
2) (¢'(x),z) >0, for every x # 0;
3) | lim g(z)=o0.

||| —o0

Then the sets [g = a] and S™~' are homeomorphic.

Proof. Let
x
h:lg=a] —S", hz)=".
[l
Evidently, h is well defined and continuous. We shall prove in what follows that h is one-to-one and

onto.

Let y € S"~!. Consider the mapping

fi[0,00) =R, f(t) =g(ty).

Then f is differentiable and, for every ¢ > 0,

f'(t) = (g (ty),y) > 0.

Since f(0) > 0 and tlim f(t) = oo, it follows that there exists a unique ty > 0 such that f(ty) = a,
—00
that is g(toy) = a. Thus, toy € [g = a] and h(tpy) = y. Therefore h is surjective.
Let now x,y € [g = a] be such that h(x) = h(y), that is

z Yy
B
If © # y, then there is some ty > 0, t # 1 such that y = tgz.
Consider the mapping

Y :[0,00) = R, () = g(tw).
It follows that ¥ (1) = ¥ (tp). But, for every ¢t > 0,
W) = (g (tx), ) > 0,

which implies that the equality ¢ (1) = 9(¢) is not possible provided ¢ # 1. Thus, x = y, that is h is
one-to-one.

The condition 3) from our hypotheses implies the continuity of A~!. Moreover, h~! is odd, because

g is even. Thus, h is the desired homeomorphism. ]

For every 1 < k < n define the set
Vi ={A; A C[g=a], Acompact, symmetric and y(A) > k}.

Let F be a vector subspace of R" and of dimension k. If S, = F N S™ !, it follows by Lemma [[g
that the set A = h=1(S}) lies in V, that is Vi, # 0, for every 1 < k < n. Moreover,
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Theorem 23. Let f,g: R" — R be two even functionals of class C' and a > 0 fized. Assume that g

satisfies the following assumptions:
1) Ker g = {0}:
2) (J(x),z) >0, for every x € R™\ {0};
3)  lim g(z)=o0.
[lz[|—o0
Under these assumptions, [ admits at least 2n critical points with respect to the application g and

the number a.

Proof. Observe first that the critical points appear in pairs, because of the evenness of the mappings
f and g.

Step 1. The characterization of the critical values of f.

Let, for every 1 < k <n,

¢, = sup min f(x).
A€V, TEA

We propose to show that ¢ are critical values of f. This is not enough for concluding the proof,
since it is possible that the numbers ¢ are not distinct.

If ¢ is a real number, let
Ac={zelg=a]; f(z)=c}.
We shall prove that, for every 1 < k <n,

cr, = sup{r € R; y(A,) > k}.

Set
zp, = sup{r € R; y(4,) > k}.

JFrom v(A,) > k it follows that inf{f(z); = € A,} < ¢, that is xx < ck.
If 2. < ¢, then there exists A € V}, such that

> inf =a> Ty,
Ck :;IEIAf(x) a > T

Thus, A C A, and k < v(A) < y(A,), which contradicts the definition of z;. Consequently,
Ck = Tk.
Using now the fact that, for every € > 0, it follows that

'Y(Ack—e?) > k.

Let K. be the set of critical values of f corresponding to the critical value c¢. By the Deformation
Lemma (Theorem A.4 in [6g]), if V' is a neighbourhood of K, there exist ¢ > 0 and n € C([0, 1] xR™, R™)
such that, for every fixed ¢t € [0, 1], the mapping

x +— n(t,x)
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is odd and
77(1, Acfe \ V) C Ac+€ .

Now, putting for every x € R",
s(z) = n(1,z),

we get
$(Aec\ V) C Acse . (4.2)

In particular, if K. = (), then
S(Ac_g) C AC+5 .

Step 2. For every 1 < k < n, the number ci is a critical value of f.

Indeed, if not, using the preceding result, there exists € > 0 such that
5(Agy—c) C Agye -

(From y(Ag, <) > k. By Lemma [[7 ii), it follows that
V(8(Aey—c)) > k.

The definition of ¢ yields
c, > inf  f(x). (4.3)

Z'ES(Ackfs)

By ([:9) and (£3) it follows that ¢, > ¢ + €, contradiction.
Step 3. A multiplicity argument.

We study in what follows the case of multiple critical values. Let us assume that

Cht1 = ooo = Clgp = G, p>1.

In this case we shall prove that v(K.) > p.
If, by contradiction, v(K.) < p — 1, then, by Lemma [L7 vii), there is some ¢ > 0 such that

Y(Ve(Ke)) <p—1.
Let V = Int Vo(K,). By ([9) it follows that
S(Acfe \ V) - Ac+€ .

Observe that
B=A..—V.(K.) =A._c\Int V.(K,).

But y(A._.) > k + p. Using now Lemma [[] v), we have

V(B) = v(Ac—e) =y (Ve(Ke)) 2 k+1.
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By Lemma [ 1), it follows that
Y(s(B)) > k+1.

The definition of ¢ = ¢x41 shows that

xei?(%) flx) <ec. (4.4)

The inclusion s(B) C Acte implies

inf >
melgl(B)f(uv) >c+e,

which contradicts ([.4). O

4.3 Critical points of locally Lipschitz Z-periodic functionals
Let X be a Banach space and let Z be a discrete subgroup of it. Therefore

inf |z|| > 0.
z€Z\{0}
Definition 13. A function f : X — R is said to be Z-periodic provided that f(x+z) = f(x), for every
r€X and z € Z.

If the locally Lipschitz functional f: X — R is Z-periodic, then, for every v € X, the mapping
x +— fO(x,v) is Z-periodic and Of is Z-periodic, that is, for every z € X and z € Z,

Of(x+2) = 0f(z).

Thus the functional A inherits the property of Z-periodicity.
If : X — X/Z is the canonical surjection and x is a critical point of f, then the set 7—!(7(z))
contains only critical points. Such a set is said to be a critical orbit of f. We also remark that X/Z

becomes a complete metric space if it is endowed with the metric
d(m(z),m(y)) = nf [z —y — z|.
z2€Z

A locally Lipschitz functional which is Z-periodic f : X — R satisfies the Palais-Smale (PS)z con-
dition provided that, for every sequence (x,) in X such that (f(x,)) is bounded and A(x,) — 0, there
exists a convergent subsequence of (m(x,)). Equivalently, this means that, up to a subsequence, there
exists z, € Z such that the sequence (z, — z,) is convergent. If ¢ is a real number, then f satisfies the
local condition of type Palais-Smale (PS) . if, for every sequence (z,,) in X such that f(z,) — c and

A(xy) — 0, there exists a convergent subsequence of (7(xy,)).

Theorem 24. Let f: X — R be a locally Lipschitz functional which is Z-periodic and satisfies the

assumption (B.4).
If f satisfies the condition (PS)yz. , then c is a critical value of f, corresponding to a critical point

which is not in 71 (7(p*(K*))).

79



Proof. With the same arguments as in the proof of Theorem [[§ we find a sequence (z,,) in X such
that

lim f(z,) =c¢ and lim A(z,)=0.
n—oo n—oo

The Palais-Smale condition (PS)z . implies the existence of some z such that , up to a subsequence,
m(x,) — m(x). Passing now to the equivalence class mod Z, we may assume that z, — x in X.
Moreover, x is a critical point of f, because

f@) = lim_ faa) = c
and
A(z) <liminf A(z,) =0.

n—oo

O

Lemma 20. If n is the dimension of the vector space spanned by the discrete subgroup Z of X, then,
for every 1 <i<n+1, the set

Ai ={A C X; Ais compact and Catrx)7(A) > i}
is nonempty. Moreover
A1 DA D ...D An+1.

The proof of this result may be found in Mawhin-Willem [57)].

Lemma 21. For every 1 <i <n+1, the set A; becomes a complete metric space if it is endowed with
the Hausdorff metric

0(A, B) = max{supdist(a, B),sup dist(b, A)}.
acA beB

The proof of this result may be found in Kuratovski [p(].
Lemma 22. If f : X — R is continuous, then, for every 1 <i < n+1, the mapping n : A; — R defined

by
n(A) = max f(z)

€A

1s lower semicontinuous.

Proof. For any fixed i, let (A4,,) be a sequence in A; and A € A; such that §(4,,,A) — 0.

For every « € A there exists a sequence (x,) in X such that z,, € A, and z,, — z. Thus,
f(x)= lim f(x,) <liminfn(A,).
n—oo n—oo
Since x € A is arbitrary, it follows that

n(A) < liminfn(A,).

n—oo
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O

In what follows, f : X — R will be a locally Lipschitz functional which is Z-periodic and satisfies
the condition (PS)z . Moreover, we shall assume that f is bounded from below. Let Cr(f,c) be the

set of critical points of f having the real number ¢ as corresponding critical value. Thus,
Cr(f,e)={z € X; f(r)=c and A(z)=0}.

If n is the dimension of the vector space spanned by the discrete group Z, then, for every 1 <i <
n—+1, let

; = Inf n(A).
¢ AlélAin( )

It follows by Lemma P( and the boundedness from below of f that

—o<c << < cpy1 < +o0o.

Theorem 25. Under the above hypotheses, the functional f has at least n + 1 distinct critical orbits.

Proof. It is enough to show that if 1 <i < j <n+1 and ¢; = ¢; = ¢, then the set Cr(f,c) contains
at least j — i+ 1 distinct critical orbits. Arguing by contradiction, let us assume that there exists ¢ < j
such that the set Cr(f,c) has k < j — i distinct critical orbits, generated by 1, ..., x. We first choose
an open neighbourhood of Cr(f, ¢) defined by

k

VT:U U Bz +z,7).

l=1z€Z
Moreover we may assume that 7 > 0 is chosen so that 7 restricted to the set B (z;,2r) is one-to-one.
This contradiction shows that, for every 1 <[ < k,

Caty(x) m(B(x,2r)) = 1.

In the above arguments, V,. = ) if k = 0.
Step 1. We shall prove that there exists 0 < e < min{%,r} such that, for every x € [c —e < f <
c+¢]\'V,, we have

Az) > Ve (4.5)

Indeed, if not, there exists a sequence (z,,,) in X \ V;. such that, for every m > 1,

c——<f(gzcm)<c—i-i
m m
and
Az )<L
m) = m-



Since f satisfies the condition (PS)z , passing eventually to a subsequence, 7(z,,) — m(z), for
some z € V \ V.. By the Z-periodicity property of f and A, we may assume that z,, — x. The
continuity of f and the lower semicontinuity of A imply f(x) =0 and A(z) = 0, contradiction, because
xeV\V,.

Step 2. For € found above and taking into account the definition of ¢;, there exists A € A; such
that

max f(z) < ¢+ 2.
€A

Putting B = A\ V,, and applying Lemma [1§ we find

J < Catrx)m(A) < Catr(x)(m(B) U (Vay)) <

< Catﬂ(x)ﬂ'(B) + Catﬂ-(x)ﬂ'(VQT) < CatW(X)TF(B) + k<
< Catﬂ(x)ﬂ'(B) +5—1.

Thus
Ca‘tﬂ(X)ﬂ—(B) > 1,

that is, B € A;.
Step 3. For € and B as above, we apply Ekeland’s Principle to the functional 7 defined in Lemma
P2 Thus, there exists C' € A; such that, for every D € A;, D # C,

n(C) <n(B) <n(A) <c+e?,

§(B,C) <e,

n(D) > n(C) — £8(C, D). (4.6)

Since BN Va,. = () and §(B,C) < e < r, we have C NV, = (. In particular, the set F' = [f > ¢ — €]
is contained in [c —& < f < c+¢] and F NV, = 0. Applying now Lemma [[ for ¢ = df defined on F,

we find a continuous map v : F' — X such that, for every x € F' and z* € 9f(x),
[o(z)]| <1
and

* > inf Mz) —e > inf A(z) —& > vE —
(2% 0(z)) 2 If Az) —e 2 nf A(z) —e 2 Ve —e,

the last inequality being justified by the relation (f.F). Thus, for every z € F' and z* € df(z),

fOz, —v(x)) = Jmax (2%, —v(@)) = = min (", 0(z)) <

Sa_\/g<_€7

by the choice of €.
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By the upper semicontinuity of f° and the compactness of F there exists § > 0 such that, for every
reF, yeX, |ly—z[ <5 we have

Py, —v(@)) < —e. (4.7)

Since C' N Cr(f,¢) =0 and C is compact and Cr(f,c) is closed, there exists a continuous extension
w : X — X of v such that the restriction of w to Cr(f,c) is the identic map and, for every z € X,
@) < 1.

Let a: X — [0, 1] be a continuous function which is Z-periodic and such that « = 1 on [f > ¢| and
a=0on[f <c—c¢]. Let h:[0,1] x X — X be the continuous map defined by

h(t,z) = z — tda(z)w(zx)
If D = h(1,C), it follows by Lemma [[§ that
Catﬂ(X)ﬂ'(D) > CatW(X)ﬂ'(C) > 1,

which shows that D € A;, because D is compact.
Step 4. By Lebourg’s Mean Value Theorem we find that, for every = € X, there is some 6 € (0,1)
such that

f(h(1,2)) = f(R(0,2)) € (Of (M0, x)), —da(x)w(x)) -
Thus, there exists * € df(h(,z)) such that
f(h(1,z)) = F(W(0, 2)) = alz)(z", —ow(x)) .

It follows now by ([.7) that if z € F, then

f(h(1,2)) = f(R(0, 7)) = da(z)(z”, —w(z)) <

< da(x)f(z — 05a(z)w(x), —v(z)) < —eda(z). (4.8)

Thus, for every z € C,
f(h(1,2)) < f(z).
Let oy € C be such that f(h(1,z9)) = n(D). Therefore

¢ < f(h(1,20)) < f(x0)-
By the definitions of o and F it follows that a(zg) = 1 and zg € F. Thus, by ({.g), we have

F(h(1,20)) = f(wo) < —<d.

Hence

n(D) +¢ed < f(xo) < n(C). (4.9)
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Now, by the definition of D,
0(C,D) <§.

Thus
n(D) +é(C, D) < n(C),

that is, by ([L.6), we find C' = D, which contradicts the relation ([.9).
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Chapter 5

Applications to the study of
multivalued elliptic problems

5.1 Multivalued variants of some results of Brezis-Nirenberg and
Mawhin-Willem

Let © be an open bounded set with the boundary sufficiently smooth in RY. Let g be a measurable
function defined on 2 x R and such that

lg(z,t)| < C(A+|t]P), ae (x,t) €QxR, (5.1)

where C is a positive constant and 1 < p < X2 (if N > 3) and 1 <p < oo (if N = 1,2).
Define the functional 1 : LPT1(Q) — R by

Y(u) = /Q /0 " g(z, t)dtdz .

We first prove that v is a locally Lipschitz map. Indeed the growth condition (5.I]) and Holder’s
Inequality yield

p
p+1

p_
() —y(v)| < C" (| + Thax HwHLerl(Q)) = vl e+ @)

where U is an open ball containing u and v.
Put

g(x,t) = limessinf{g(z,s); |t —s| < e},
e\0

g(z,t) = lim esssup{g(z,s); [t —s| <e}.
e\.0

Lemma 23. The mappings g and g are measurable.

Proof. Observe that

g(z,t) = li\n%esssup{g(x, s); sEft—e,t+el} =
£
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= lim esssup{g(z,s); s €[t — L, t+ 1]}.
n—oo
Replacing, locally, the map g by g + M, for M large enough, we may assume that g > 0. It follows
that

= nlggo rr%gnoo ”g(xa ')”Lm([t _ %775 + %])

= lim lim gpn(x,1),
n—oo m—oo

where

o+ 1
g, 8) = ( / (g(z, 5))"ds)

t —
Thus, it is sufficient to prove that if h € L2 (2 x R

loc

L 5=

and a > 0, then the mapping

t+a

E:QxR—>R, k(z,t)= / h(zx,s)ds
t—a

1

and a = =.
n

m

is measurable and to apply this result for h(z,s) = (g(z,s))

Observe that, assuming we have already proved that
QxR xR> (z,s,t) - h(z,s+1)

is measurable, then the conclusion follows by

k(x,t) = /a l(x,s,t)ds

and Fubini’s Theorem applied to the locally integrable function [ (the local integrability follows from
its local boundedness). So, it is sufficient to justify the measurability of the mapping [. In order to
do this, it is enough to prove that reciprocal images of Borel sets (resp. negligible sets) through the
function

QxRXxR3 (z,t,5) — (z,s+1) € A xR

are Borel sets (resp., negligible). The first condition is, obviously, fulfilled. For the second, let A be a

measurable set of null measure in 2 x R. Consider the map
RY x R xR 3 (z,t,5) — (z,5 +t,t) € RN x R x R.
We observe that 7 is invertible and of class C''. Moreover
nw(4) C AxR,
which is negligible. So, w™!(A) which is negligible, too. O

Let G: Q x R — R be defined by

G(z,t) :/0 g(x,s)ds.
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Lemma 24. Let g be a locally bounded measurable function, defined on € x R and g,g as above.

Then the Clarke subdifferential of G with respect to t is given by
0G(z,t) = [g(x,1),g(w,1)], ae. (x,t)€QxR.

The condition “a.e.” can be removed if, for every x, the mapping t — g(z,t) is measurable and

locally bounded.

Proof. We show that we have equality on the set
{(z,t) € A xR; g(z,-) is locally bowhered and measurable} .

In order to prove our result, it is enough to consider mappings g which do not depend on x. For

this aim the equality that we have to prove is equivalent to
GO(t;1) =g(t) and GY(t;—1) = g(t). (5.2)
Examining the definitions of G°,g and g, it follows that
g(t) = —(g)®) and GO(t,—1) = —(~G)°(t,1).

So, the second equality appearing in (5.9) is equivalent to the first one.
The inequality G°(¢,1) < g(t) is proved in Chang [R4]. For the reversed inequality, we assume by
contradiction that there exists € > 0 such that

GOt 1) =g(t) — .

Let 6 > 0 be such that

G(r+\)—-G(r) _ 5
t) — —
3 <g(t) -3,
if0<|r—t|<dand 0 <A< d. Then
1 T+A €
X/ g(s)ds < g(t) — 2 if |[7—t|<d, A>0. (5.3)
We now justify the existence of some A, “\, 0 such that
1 T+An
)\—/ g(s)ds — g(1), ae. TE(t—0,t+50). (5.4)

Assume, for the moment, that (f.4) has already been proved. Then by (5.3) and (5.4) it follows
that for every 7 € (t — d,t +9),
g9(r) <g(t) -

DO ™

Thus we get the contradiction

g(t) < esssup{g(s); s €[t —6,t+ 0]} <g(t) -

[N Q)
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For concluding the proof it is sufficient to prove (p.4). Observe that we can “cut off” the mapping
g, in order to have g € L N L!. Then (F.4) is nothing else that the classical result

Ty — g, if A\0. (5.5)

in £(LY(R)), where
1 t+A
Ty u(t) = —/ u(s)ds,
AJi

for A\ >0, t € R, u € LY(R).

Indeed, we observe easily that T} is linear and continuous in in L'(R) and that
lim T\ u = in D(R
JmTyu=u in (R),

for u € D(R). The relation (f.§) follows now by a density argument. O

Returning to our problem, it follows by Theorem 2.1 in Chang [R4] that

Oy ey (u) C OY(u). (5.6)

For obtaining further information concerning 0v, we need the following refinement of Theorem 2.1

in [24].

Theorem 26. If u € LP*1(Q) then

in the sense that if w € 0y (u), then
g(z,u(z)) <w(r) <g(r,u(r)), ae xe. (5.7)
Proof. Let h be a Borel function such that h = g a.e. in 2 x R. Then
A=0\{z € Q; h(z,t) =g(x,t) a.e teR}
is a negligible set. Thus
B = {x €Q; thereexists t € R such that g(x,t) # h(z,1)}

is a negligible set. A similar reasoning may be done for § and h.

It follows that we can assume ¢ is a Borel function.

Lemma 25. Let g : Q2 x R — R be a locally bounded Borel function. Then g is a Borel function.
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Proof of Lemma. Since the restriction is local, we may assume that g is nonnegative and bounded
by 1. Since

g=lim lim gn,,
n—oo Mm—oo

where

t+ﬁ 1
o) = ([ 1" @ s)lds)

n
it is enough to show that g, , is a Borel function.
Set
M={g: QxR —=R; |g <1and g is borelian},

N ={g € M; g is borelian}.

Evidently, N' C M. By a classical result from Measure Theory (see Berberian [[L], p.178) and the
Lebesgue Dominated Convergence Theorem, we find M C N. Consequently, M = N. O

Proof of Theorem R continued. Let v € L>°(Q). There exist the sequences A; \, 0 and h; — 0
in LP*1(Q) such that

z)+Av(x)
¥0(u,v) = lim —/ /( e g(x, s)dsdzx .

i—oo A

We may assume that h; — 0 a.e. So

u(z)+hi(z)+Av(z)
¢ (u,v) = lim —/ / g(z, s)dsdr <
i—oo A [v>0] u(x)+hi(z)

1 w(x)+hi(z)+Av(x)
g/ (limsup—/ g(z,s)ds)dx <
[v>0] - Ju(

1—00 w(x)+hi(z)
<[ gl ua)@d.
[v>0]

So, for every v € L>®(Q),
0 (u,v) §/ g(z,u(x))v(x)dx (5.8)

[v>0]
Let us now assume that (p.7) is not true. So, there exist € > 0, a set E with |E| > 0 and w € 99(u)

such that, for every x € F,
w(z) > gla,u(z) + <. (5.9)

Putting v = xg in (F.§) it follows that

W@ZLwSWWWSLWMMW%

which contradicts (5.9). O
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We assume in what follows that

t
g(z,0) =0 and 11{1(1) esssup {\g(i’ )\, (x,t) € 2 x [—8,8]} < A1, (5.10)
3

where A1 is the first eigenvalue of the operator (—A) in HZ () . Furthermore, we shall assume that
the following “tehnical” condition is fulfilled:

there exist p > 2 and r > 0 such that

tg(z,t), ae.z € Qt>r

dglz,t)>1ae zeQt>r. 5.11
tg(z,t), ae. x € Qt < —r and g(a,1) 2 1 a.e. @ =" (5:11)

HG(a, 1) < {
It follows from (@) and () that there exist some constants 0 < C; < A1 and Cy > 0 such that

lg(z,t)| < Chlt| + Colt?, a.e. (z,t) € Q2 xR. (5.12)

Theorem 27. Let o = )\1);—101 > 1 and a € L*°(Q) be such that the operator —A + aa is coercive.
Assume, further, that the conditions (b.1), (5.10) and (p.11) are fulfilled.
Then the multivalued elliptic problem

—Au(z) + a(z)u(z) € [g(z,u(r)),g(z,u(r))], ae z€Q (5.13)

has a solution in H(Q) N W24(Q) \ {0}, where q is the conjugated exponent of p + 1.

Remark. The technical condition imposed to a is automatically fulfilled if @ > 0 or, more general,

if Ha_HLoo(Q) < )\104_1.

Proof. Consider in the space H&(Q) the locally Lipschitz functional
1 2 1 2
p(u) = 5lIVulliz) + 5 [ al@)u’()de —p(u).
Q

In order to prove the theorem, it is enough to show that ¢ has a critical point ug € H& (Q) corresponding

to a positive critical value. Indeed, it is obvious that
_ _ : -1
Op(u) = —Au+ a(x)u a¢\H&(Q) (u), in H ' (Q).
If ug is a critical point of ¢, it follows that there exists w € (91/)| H1(Q)(u0) such that
0
—Aug + a(z)ug = w, in H Q)

But w € L4(f2). By a standard regularity result for elliptic equations, we find that ug € W24(Q) and

that ug is a solution of (5.13).
In order to prove that ¢ has such a critical point we shall apply Corollary | More precisely, we

shall prove that ¢ satisfies the Palais-Smale condition, as well as the following “geometric” hypotheses:

©(0) =0 and there exists v € H}(Q2) \ {0} such that ¢(v) < 0; (5.14)
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there exist ¢ >0 and 0 < R < ||v|| such that ¢ > ¢ pe 9B(0, R). (5.15)

Verification of (.14)). Evidently, ¢(0) = 0. For the other assertion appearing in (p.15) we need

Lemma 26. There exist positive constants C and Co such that

glz,t) > C1tF=t — Cy, a.e. (x,t) € Qx [r,00). (5.16)

Proof of Lemma. We shall show that
g<g<g, ae in Qx][ro00). (5.17)
Assume for the moment that the relation (f.17) was proved. Then, by (b.11)),
pG(zr,t) <tg(z,t), ae. (x,t) e QxR, (5.18)

where

Q(w,t):/o g(z,s)ds.

Consequently it is sufficient to prove (5.16) for g instead of g.
Since g(z,-) € Ly (R), it follows that G(z,-) € WL(R). if we choose C' > 0 sufficiently large so

loc loc
that
pG(z,t) < C+tg(z,t), ae. (x,t) € Qx][0,00). (5.19)
We observe that (5.19) shows that
G(z,t) C
0, St =t
(0, +00) — m i

is increasing. So, there exist R large enough and positive constants K7, Ko such that
G(z,t) > Kith — K%, ae. (z,t) € Qx[R,+00).

Relation (f.16) follows now from the above inequality and from (p.1§).
For proving the second inequality appearing in (5.17), we observe that

g= limg, in Lj5(Q), (5.20)
n—oo

where 1
gu(w,t) = esssup {glx,s); [t—s| <~}
n

For fixed = € Q, it is sufficient to show that for every interval I = [a,b] C R we have

/Iy(x,t)dtz/I g(z, t)dt

and to use then a standard argument from Measure Theory.
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Taking into account (f.2(), it is enough to show that

liminf/gn(:v,t)dt > /g(m,t)dt.

We have
[ onta it = [ esssup {glers): s € =L+ d) =
I I

to (S

n t+ % b+—
> /—/ g(x,s)ds = (Fubini) / / g(x,s)dtds =
r2Jt-1 ti(s)

b+1 n
N / 5 (t2(s) —t1(s)) g(x, 5)ds =

_1
n

b+1

/ (z,5)ds + = /l(s—l—a)g(x,s)ds—l—

n

g/ (b—s—%)g(x,s)ds—>/abg(x,s)ds.

We have chosen n such that % <b-—a, and

:b—‘

§\>—‘

a, if a—L<s<a+i

s—%, if a—i—%gsgb—i—%

(&) S—{—%, ifa—%gsgb—%
t28:

b, if b—1<s<b4i

O

Proof of Theorem R7 continued. If e; > 0 denotes the first eigenfunction of the operator —A

in H} () , then, for ¢ large enough,
Ait? t2
plter) < 2 ler ey + 5 [ ack — witer) <
2 2 /o

A
< (71|]61HZLQ(Q) + /Qae%)t2 + Cgt/ﬂel — C{t“/ﬂe‘f <0

So, in order to obtain (p.14) it is enough to choose v = teq, for t found above.
Verification of (5.17). Applying Poincaré’s Inequality, the Sobolev embedding theorem and (p.19),

we find that, for every u € H}(),
1

Cl 2 1 l +
vl < G [t -2 [t < SVl o)+ OVl
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Hence

1
1 2 - 2 p+1 >
(1= IVula g + 2/ﬂau C'Iull g =

1 Ch 1

> - 2 el p+1 >
> 50— 57— =l Vulfz )~ CIVullh o) = O >0

L* (%)
for € > 0 sufficiently small, if HVuHLg(Q) = R is close to 0.

Verification of the Palais-Smale condition. Let (u) be a sequence in HE(€2) such that

o(ug) is bounded

and
lim A(ug) =0.

k—o0

The definition of A and (f.§) imply the existence of a sequence (wy) such that

Li(Q2
Wk € 0 () < O
and
—Auy + a(z)up —wp — 0 in HHQ).

Since, by (b.1]), the mapping G is locally bounded with respect to the variable ¢ and uniformly with
respect to z, the hypothesis (b.11]) yields

u(m)g(x,u(x)) +C, ae. infu>0]

pG(m,u($)) < {u(m)g(m,u(ﬂﬂ)) +C, a.e.in [u < 0]

where u is a measurable function defined on €2, while C is a positive constant not depending on u. It
follows that, for every u € H} (),

(u) = /[u > 0 G(z,u(x))dx + /[u <0 G(z,u(z))dx <

1 1 B
< u /[u >0 u(z)g(z,u(x))dr + " /[u <0 uw(z)g(z, u(z))dz + C|Q|

This inequality and (f-7) show that, for every u € HZ(Q) and w € 9v(u),
Y(u) < —/u(x)w(x)dac +C'.
Q

We first prove that the sequence (uy) contains a subsequence which is weakly convergent in Hol(Q)

. Indeed,
1 1
o(ug) = 5/ \Vug|* + 5/%% —P(ug) =
Q Q

11 1
=(5 - —>/ (IVun* + aug) + — (= Aug + aug — wp, up)+
2 ujg H

93



+i<wk,uk> ) >

1 1 1
>4 / (V] + @) + = (= Ay + au — wyug) — €' >
2 pa Iz

1
> C”/ Va2 — 2 o(1) /\Vuk\Q e
Q H Q

This implies easily that the sequence (uy) is bounded in H{(92) . So, up to a subsequence, (uy) is
weakly convergent to u € Hg(Q). Since the embedding H}(Q) € LPL(Q) is compact, it follows that,
up to a subsequence, (uy) is strongly convergent in LP*1(Q). We remark that (uy,) is bounded in LI(€2).
Since 1 is Lipschitz on the bounded subsets of LP*1(€2), it follows that (wy) is bounded in L4(£2). From

Vgl :/VukVu—/aukuk—u—l—
IVl s = | [~ )

—i—/wk(uk —u) + (—Auk + augp — Wy, ug — u>H71,H%(Q)
Q

it follows that
”VUk”L2(Q) - HVU”L2(Q)-

Since H}(f2) is a Hilbert space, and

a = ol ) = g1 )

we deduce that (uy) converges to u in HE(Q). O
A stronger variant of Theorem P7 is

Theorem 28. Under the same hypotheses as in Theorem 27, let b € L(Q)) such that there exists § > 0

so that
6]l oo () < 0

Then the problem
—Au(x) + a(z)u(z) + b(z) € [g(z,u(z)),g(x,u(z))], ae x€ (5.21)

has a solution.

Proof. Define

1 1 u(z)
u) = =||Vul? —|——/au2—|—/bu—// x, t)dtdr .
o) = 5IVul 2 g +5 [+ [bu= [ [T gt

We have seen that if b = 0, then the problem ([.21) has a solution. For [|b|| (g sufficiently small,
the verification of the Palais-Smale condition and of the geometric hypotheses (f.14) and (f.17) follows
the same lines as in the proof of Theorem P7. O
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As a second application of the abstract theorems proved in the first two chapters, we shall study

the multivalued pendulum problem

1
(41 o) a6 522)
2(0) = =(1),
where
ferLr0,1), forsome p>1, (5.23)
g € L*(R) and there exists 7> 0 such that g(x +7T) = g(z), a.e. z € R, (5.24)

T 1
/ g(t)dt = / F(t)dt = 0. (5.25)
0 0

The smooth variant of the problem (f.29) was studied in Mawhin-Willem [5{].

Theorem 29. If f and g are as above then the problem ([5.29) has at least two solutions in the space
X = H;(O, 1) = {z € H(0,1); z(0) = x(1)}.

Moreover, these solutions are distinct, in the sense that their difference is not an integer multiple of T'.

Proof. As in the proof of Theorem P7, the critical points of the functional ¢ : X — R defined by

x):—%/olx/2+/olfx—/olG(x)

are solutions of the problem (5.29). The details of the proof are, essentially, the same as above.

Since p(z +T) = ¢(x), we may apply Theorem RJ. All we have to do is to prove that ¢ verifies the
condition (PS)z., for any c.

In order to do this, let (z,,) be a sequence in X such that

lim ¢(x,) =c (5.26)
lim A(z,) =0. (5.27)

Let
wy, € Op(x,) C L°(0,1) (5.28)

be such that
Map) =2l +f—w, —0 in HY0,1).

Observe that the last inclusion appearing in (p.2§) is justified by the fact that

goTy < Wy < GO Ty,
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and g,g € L=(R).
By (b.27), after multiplication with x,, it follows that

1 1 1
[ = [ ot [ s = o) el

g [ [ e [ G —e.

So, there exist positive constants C and Cs such that

Then, by (5-26),

1
/ (2,)° < C1 + Collznl 3 -
0

We observe that G is also T-periodic, so bounded.

For every n, replacing x, with xz,, + k,T for a convenable integer k,, we can assume that
x,(0) € [0,T7].

We have obtained that the sequence (z,) is bounded in H; 0,1).
Let z € H;(O, 1) be such that , up to a subsequence,

xn —=x and z,(0) — x(0).

Thus .
/ (@) = (—a! — f + wp2n — )+
0

1 1 1 1
+/ wn(xn—x)—/ f(xn—x)+/ x%x’—»/ z?,
0 0 0 0

since z, — x in LP, where p is the conjugated exponent of p.
It follows that @, — x in H}, so (PS)z, is fulfilled. O

5.2 Multivalued problems of Landesman-Lazer type with strong res-
onance at infinity

In [pl] Landesman and Lazer studied for the first time problems with resonance and they found
sufficient conditions for the existence of a solution. We shall first recall the main definitions, in the
framework of the singlevalued problems.

Let © be an open bounded open set in RY, and f : R — R a C! map. We consider the problem

{—Au:f(u), in Q

we HY(Q). (5:29)

For obtaining information on the existence of solutions, as well as estimates on the number of

solutions, it is necessary to have further information f. In fact the solutions of (f.29) depend in an
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essential manner on the asymptotic behaviour of f. Let us assume, for example, that f is asymptotic

f(t)

linear, that is e has a finite limit as || — co. Let

a= lim /) . (5.30)
[t|—o00 t
We write
f(t)=at—g(t),
where .
im 90 _
[t|—o0 T

Let 0 < A1 < A2 < ... < A, < ... the eigenvalues of the operator (—A) in H(Q) . The problem
(b.29) is said to be with resonance at infinity if the number a from (p.3() is one of the eigenvalues of
Ak. With respect to the growth of g at infinity there are several “degrees” of resonance. If g has a
“smaller” rate of increase at infinity, then its resonance is “stronger”.

There are several situations:

a) t_lgcnoog(t) =y €R and (I4,1-) #(0,0).

b) lim ¢(t) =0 and lim tg(s)ds = +o0.

|t|—o0 ltl—~c0 Jo

t
c) ‘llim g(t) =0 and |l‘im / g(s)ds = p € R.
t|—o0 t|—oo Jo

The case c) is called as the case of a strong resonance.

For a treatment of these cases, we refer only to [B1], [H], [I4], [A], H], [Eg], [R3], Bd], [E4).

We shall study in what follows a multivalued variant of the Landesman-Lazer problem.

{—Au(x) — Mu(z) € [f(u(®@)), flu(z)) ac zeQ

we HY)\ {0} (531

where

i) © ¢ RY is an open bounded set with sufficiently smooth boundarys;

ii) A1 (respectively e;) is the first eigenvalue (respectively eigenfunction) of the operator (—A) in
Hy ();

i) f € L®(R);

iv) f(t) = limessinf{f(s); |t — s| < e}, f(t) = limesssup{f(s); |t —s| < e}.

= e\.0 e\.0
Consider in H}(£2) the functional ¢(u) = ¢1(u) — p2(u), where

o1 () = %/Q(|Vu|2 “au?) and  o(u) :/QF(u).

Observe first that ¢ is locally Lipschitz in H}(2) . Indeed, it is enough to show that ¢ is locally
Lipschitz in H}(£2) , which follows from

v(x)
o1 () — pa(u)] = | /Q ( / [z <
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< fllpe - flu = vl < Crffu = vl[L2 < Caflu = vl -

We shall study the problem (p.31]) under the hypothesis

f(+00) := tli?oof(t) =0, F(+o00):= lim F(t)=0. (5.32)

t—-—4o0

Thus, by [BI] and [[[4], the problem (b.31)) becomes a Landesman-Lazer type problem, with strong
resonance at -+oo.
As an application of Corollary § we shall prove the following sufficient condition for the existence

of a solution to our problem.

Theorem 30. Assume that f satisfies the condition (f1), as well as
—00 < F(—o0) <0. (5.33)
If F(—o0) is finite, we assume further that
there exists n > 0 such that F is nonnegative on (0,n) or (—n,0). (5.34)

Under these hypotheses, the problem (p.31) has at least one solution.
We shall make use in the proof of the following auxiliary results:

Lemma 27. Assume that f € L>°(R) and there exists F'(£o0) € R. Moreover, assume that
i) f(400) =0 if F(400) is finite.
ii) f(—o0) =0 if F(—o0) is finite.
Under these hypotheses,

RC {a|; a=—-F(£o0)} C {ceR; ¢ satistace (PS).}.

Lemma 28. Assume that f satisfies the condition (f1). Then ¢ satisfies the condition (PS). , for
every ¢ # 0 such that ¢ < —F(—o0) - |Q].

Assume, for the moment, that these results have been proved.

Proof of Theorem B0 There are two distinct situations:
Case 1. F(—oo0) is finite, that is —oco < F(—o0) < 0. In this case, ¢ is bounded from below,

because

ol =5 [ (9uf =) - [ P = - [ Fw

and, in virtue of the hypothesis on F(—o0),

sup /F(u) < +00.
weHL(Q) JQ
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Hence

—o0<a:= inf »p<0=p(0).
0 <a I;ﬁm@_ ©(0)

There exists a real number ¢, sufficiently small in absolute value and such that F(ce;) < 0 (we
observe that ¢ may be chosen positive if F > 0 in (0,7) and negative, if F' < 0 in (-n,0) ). So,
¢(ce1) <0, that is @ < 0. By Lemma P§, it follows that ¢ satisfies the condition (PS),.

Case 2. F(—o00) = —oo. Then, by Lemma P7, ¢ satisfies the condition (PS). , for every ¢ # 0.

Let V be the orthogonal complement with respect to H&(Q) of the space spanned by e, that is

HYQ) =Sp {ei} B V.

For some fixed tg > 0, let
Vo := {toer +v; v €V}

ag = inf .
Vo ¥

We remark that ¢ is coercive on V. Indeed, for every v € V,

(3.36) () = %/qu? —ae?) - /QF(U) >

A2 — A .

> 222 ol — [ P) = 400, it ol — o0, (5.35)
Q

because the first term in the right hand side of (5.35) has a quadratic growth at infinity (o being fixed),

while /F(v) is uniformly bounded (with respect to v), by the behaviour of F' near +o0o0. So, ag is
Q

attained, because of the coercivity of ¢ in V. Taking into account the boundedness of ¢ in HZ(Q) , it
follows that —oco < a <0 = ¢(0) and a < ayp.

At this stage, there are again two possibilities:

i) a < 0. Thus, by Lemma P§, ¢ satisfies (PS),. So, a < 0 is a critical value of ¢.

ii) a=0<ap. If a9 =0, then, by a preceding remark, ag is achieved. So, there exists v € V' such
that

0= ap = ¢(toe1 +v).

Hence u = tgey +v € HE(Q) \ {0} is a critical point of ¢, that is a solution of the problem (F.31).

If ap > 0, we observe that ¢ satisfies (PS); for every b # 0. Since t£+mm@(tel) = 0, we can apply
Corollary B for X = H}(Q), X1 =V, Xo =Sp {e1}, f =, 2z = toe1. Therefore, ¢ has a critical value
c>ag>0. O

Proof of Lemma R7 We shall assume, without loss of generality, that F'(—oco) ¢ R and F(+00) € R.
In this case, if ¢ is a critical value such that ¢ does not satisfy (PS). , then it is enough to prove that
¢ = —F(400) - |Q]. Since ¢ does not satisfy the condition (PS). , there exist ¢, € R and v, € V such
that the sequence (u,) C H&(Q), where u,, = t,e1 + vy, has no convergent subsequence, while

lim p(u,) = ¢ (5.36)

n—oo
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lim A(u,) =0. (5.37)

Step 1. The sequence (vy,) is bounded in H}(S) .

By (£:37) and
dp(u) = —Au — Aju — dpa(u),

it follows that there exists w, € d¢a(uy,) such that

—Au, — Muy, —w, — 0 in Hﬁl(Q).

(—Aup — MUy — Wy, Uy) = / |an|2 — )\1/2},21 — /gn(tnel + vn) = o(||vnll 1),
0 0 0 0

as n — oo, where f < g, < f. Since f is bounded, it follows that

lonllZs = Allonlzz = OClvnllmy) -

So, there exists C' > 0 such that, for every n > 1, ||Un||H3 < C. Now, since (u,) has no convergent
subsequence, it follows that the sequence (u,) has no convergent subsequence, too.

Step 2. t, — +oo.

Since |lvp|[gr < C and the sequence (tne1 + vn) has no convergent subsequence, it follows that
|tn| — 4o00.

On the other hand, by Lebourg’s Mean Value Theorem, there exist 6 € (0,1) and z* € 9F (te;(x) +
Ov(x)) such that

pa(ter +v) — pa(ter) = /Q(x*,v(x)>dx <

< /QFO(tel(x) +v(x),v(x))dx =

= / lim sup Fly+ M) - Fy) dr <
Q

y—tey (@)+v(2) A
AN0

< fllze - /Q\v(x)\dw = [[fllzee - [0l < Cul|vll g -

A similar computation for ps(te1) — pa(te; +v) together with the above inequality shows that, for every
teRandv eV,
[pa(ter +v) — pa(ter)] < Collv gy -

So, taking into account the boundedness of (v,,) in Hg(Q) , we find

lpa(tner + vy) — wa(tner)| < C.

Therefore, since F(—o0) ¢ R and
P(un) = p1(vn) — @2(tner + vn) — ¢,
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it follows that ¢,, — +oo. In this argument we have also used the fact that o1 (v,) is bounded.
Step 3. anHHg — 0 if n — oc.
By (f1) and Step 2 it follows that
lim [ f(tpe1 +vp)v, =0.

n—oo [¢)

Using now (5.37) and Step 1 we find
lim anHH& =0.
n—oo

Step 4.
i gs(ter +v) = F(+00) <[], (5.39)

uniformly on the bounded subsets of V. Assume the contrary. So, there exist » > 0, ¢, — +00, v, € V
with ||v,|| < r, such that (3.39) is not fulfilled. Thus, up to a subsequence, there exist v € H}(2) and
h € L?(Q2) such that

v, = v weakly in H}(Q), (5.39)
v, — v strongly in L*(9), (5.40)
vp(z) —v(z) ae x€Q, (5.41)
|vp ()| < h(z) ae. x €. (5.42)

For any n > 1 we define
Ay, = {x € tnel(x) + vn(x) < 0},

hn(z) = F(tper + vn)xa,,

where x4 represents the characteristic function of the set A. By (p.43) and the choice of ¢, it follows
that |A,| — 0 if n — oo.
Using (p.41)) we remark easily that

hn(z) =0 ae. x€Q.

Therefore
tner(x)+vn(x)
ha(@)] = x, (@) - | /O f(s)ds| <
< X (@) - [l - [tner (@) + 0n(@)] < Clon(@)] < Chz) ae. z €.

So, by Lebesgue’s Dominated Convergence Theorem,

lim F(ther +v,) =0.

n—oo A
n
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On the other hand,

lim F(tner + vy) = F(+00) - Q.

So
nlirrolocpg(tnel +v,) = lim [ F(the; +v,) = F(+00) - |9,

n—oo [¢)

which contradicts our initial assumption.

Step 5. Taking into account the preceding step and the fact that ¢(te; + v) = p1(v) — pa(ter + v),

we obtain
lim ¢(t,e; +v,) = lim p1(v,) — lim pao(ther +v,) = —F(400) - €],
n—oo n—oo n—oo
that is ¢ = —F(+00) - ||, which concludes our proof. O

Proof of Lemma R§ It is enough to show that for every ¢ # 0 and (u,) C H}(£2) such that

p(un) = ¢,

Mup) — 0, (5.43)

we have ¢ > —F(—0) - |Q].
Let t, € R and v, € V be such that, for every n > 1,

Uy = tphel + vy .
As we have already remarked,
@(un) = p1(vn) — @2(un) .
Moreover,

1
2

A1

1 .
¢1(v) /(!Vv!2 - A?) > =) o] — +o00 if [Jv]lg1 — oo.
Q 2 0 0

So, 1 is positive and coercive on V. We also have that 9 is bounded from below, by eqfl. So, again
by (b.39), we conclude that the sequence (v;,) is bounded in Hg () . Thus there exists v € H}(2) such
that, up to a subsequence,

v, = v weakly in H}(Q),

v, — v strongly in L*(Q),

vp(z) —v(z) ae x€Q,

lvn(x)] < h(z) ae z€,
for some h € L?(Q).

Since ||un||Hg — 00 and (vy,) is bounded in H}(Q) , it follows that [t,| — +oo.
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Assume for the moment that we have already proved that |lvp|[g1 — 0, if ¢, — +o00. So,

o(un) = @1(vn) — p2(up) — 0 if n— oo.

Here, for proving that 2 (u,) — 0, we have used (f1). The last relation yields a contradiction, since
o(uy) — ¢ # 0. So, t, — —oc0.
Moreover, since p(u) > —@o(u) and F' is bounded from below, it follows that

¢ = liminf @(u,) > iminf(—py(uy,)) =

n—oo

= —limsup/F(un) > —/ lim sup F(u,,) = —F(—o00) - 9],
Q Q

n—oo n—oo
which gives the desired contradiction.

So, for concluding the proof, we have to show that
||Un||Hg -0 if ¢, - 4o0.

Since

0p(u) = —Au — A\u — Opa(u),

it follows from (p.43) that there exists wy, € dpa(uy) such that

—Auy, — Muy, —w, — 0 in H_l(Q).
Thus

(—Aup — Ay — Wy, vy) = / Vo, |* - Al/vi—
) Q
—/gn(tnel + vp)vn = o(||up]])  if n— oo,
Q

where f < g, < f.
Now, for concluding the proof, it is sufficient to show that the last term tends to 0, as n — oc.
Let € > 0. Because f(400) = 0, it follows that there exists T > 0 such that

If(t)| <e ae t>T.

Set
Ap,={z€Q; ther(x) +vp(z) >T} and B, =Q\A4,.

We remark that for every = € B,
[trer (2) + v (@)] < Jon()] + T
So, for every = € B,
|gn(tner(z) + vn(z))on(2)] - xB, (2) < || flLoe - h(2) .
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By
XB,(r) =0 ae z€Q

and the Lebesgue Dominated Convergence Theorem it follows that
/ gn(tner + vp)vy, — 0 if n— 0. (5.44)

On the other hand, it is obvious that

| / gn(te1 + vn)va] < & / o] < & 1l - (5.45)
A, An
By (b.44) and (p.49) it follows that

lim [ g, (un)v, =0,
n—oo Q

which concludes our proof. O

5.3 Multivalued problems of Landesman-Lazer type with mixed res-
onance

Let X be a Banach space. Assume that there exists w € X \ {0}, which can be supposed to have

the norm 1, and a linear subspace Y of X such that

X =Sp{w}aY. (5.46)

Definition 14. A subset A of X is called to be w-bounded if there exists r € R such that
AcCc{z=tw+y, t<ryeY}.

A functional f: X — R is said to be w-coercive (or, coercive with respect to the decomposition
[B4)) if
Jim f(tw +y) = oo,
uniformly with respect toy € Y.

The functional f is called w-bounded from below if there exists a € R such that the set [f < a] is
w-bounded.

All the results from 1.3 can be extended in this more general framework. For example, we shall give

the variant of Proposition J:

Proposition 8. Let f be a w-bounded from below locally Lipschitz functional. Assume that there
exists ¢ € R such that f satisfies the condition (s-PS). , and the set [f < a] is w-bounded from below
for every a < c.

Then there exists o > 0 such that the set [f < ¢+ «] is w-bounded.
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Proof. Assume the contrary. So, for every a > 0, the set [f < ¢+ a] is not w-bounded. Thus, for

every n > 1, there exists 7, > n such that
1
[fgc—ﬁ] CA,={z=twt+y; t<r, yeY}.

Therefore

1
n = inf f>c— —. 5.47
=gl 20 647

Since the set [f < ¢+ n—12] is not w-bounded, there exists a sequence (z,) in X such that z, = t,w+y,

and )
thTn+1+—7
n

Flo) < o4 % . (5.48)

It follows that z, € X \ A, and, by (f.47) and (f.43), we find

2
f(zn)gcn‘}'ﬁ

We apply Ekeland’s Variational Principle to f restricted to the set X \ A,,, provided ¢ = % and

A= % So, there exists x, = t,w + y,, € X \ A,, such that, for every z € X \ A4,

¢ < flan) < f(2n),

Fl@) > flen) = = o=l (5.49)
|27 — 20l < % : (5.50)

Let P (||P|| = 1) be the projection of X on Sp {w}. Using the continuity of P and the relation
(b.5() we obtain

\tn—zt’\<l
n —n'

So,
lth] >rp+1.

Therefore z,, is an interior point of the set A,. By (p.49) it follows that, for every v € X,

2
0
> —— .
1) 2 = o]

This relation and the fact that f satisfies the condition (s-PS). imply that the sequence (z,) contains

a convergent subsequence, contradiction, because this sequence is not w-bounded. O

As an application of these results we shall study the following multivalued Landesman-Lazer problem

with mixed resonance.
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Let © c RY be an open, bounded set with the boundary sufficiently smooth. Consider the problem

(5.51)

—Au(z) — Mu(z) € [f(u(®)), flu(z))] ae z€Q
u € H(Q).

We shall study this problem under the following hypotheses:
(1) fe L®R);
(f2) if F(t) = [, f(s)ds, then lim F(t) = 0;
t—-+oo

(f3)  lim F(t) = 4o0;

t——o00
(f4)  there exists a < 2(A2 — A1) such that, for every t € R, F(t) < at?.
Define on the space H}(£2) the functional ¢(u) = @1 (u) — p2(u), where

1

pr(w) = 5 [ (Val? = M),

po(u) = /QF(u)dx

As in the preceding section, we observe that the functional ¢ is locally Lipschitz.

Let Y be the orthogonal complement of the space spanned by ey, that is

HOI(Q) = Sp{€1} aY.

Lemma 29. With the above notations, The following hold:
i) there exists rog > 0 such that, for every t € R and v € Y with ||U||Hg > ro,

p(ter +v) > —pa(ter);

i) i p(ter +0) = 1 (v),

uniformly on the bounded subsets of Y.

Proof. i) We first observe that, for every t € R and v € Y/,

v1(ter +v) = ¢1(v).
So,
p(ter +v) = p1(v) — @a(ter +v). (5.52)
On the other hand,

ter (z)+v(x)
(/t f(s)ds)dx = (5.53)

e1(x)

pa(ter +v) — pa(ter) = /

Q
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- /Q (F(te:(2) +v(x)) — F(ter(x)))de.
By the Lebourg Mean Value Theorem, there exist § € (0,1) and z* € 0F (tei(x) + 6v(z)) such that
F(tei(z) +v(z)) — F(tei(x)) = (x*,v(x)) .

The relation (5.53) becomes

pa(ter +v) — pa(ter) = / (x*,v(x))de < /QFO(tel(x) + 0v(z),v(x))dr =

[ i Fly +dv(a) = Fly) , 50
Q

y—teq (2)+00(x) A
AN

< [ fllee -/le(fﬂ)ldw = [[fllzee - [l < Clloll gy -

By (p.52) and (p.54) it follows that
p(ter +v) = @1 (v) = Cllol gy — @2(ter) .
So, for concluding the proof, it is enough to choose rg > 0 such that
p1(v) = Cllollgg = 0,

for every v € Y cu [[v| g1 = ro. This choice is possible if we take into account the variational charac-

terization of Ao and the fact that A; is a simple eigenvalue. Indeed,

1
p1(v) = Cllvllgy = 5(IVolLz = Mllvlze) = ClIVYl e >

1 A1
> (5= 2)IVeld = ol =
2 2
1 A1
> (5 = Dallols - Zvl: 2 0,

for £ > 0 sufficiently small and [[v]|z2 (hence, ||v][f1) large enough.

ii) By (b.59), our statement is equivalent with
lim @y(te; +v) =0, (5.55)
t——+o0

uniformly with respect to v, in every closed ball.

Assume, by contradiction, that there exist R > 0, t, — 400 and v, € Y with ||v,|| < R such
that (5.59) does not hold. So, up to a subsequence, we may assume that there exist v € HOI(Q) and
h € LY() such that

v, = v weakly in H}(Q), (5.56)

v, — v strongly in L*(Q), (5.57)
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vp(x) = v(z) for ae. z €, (5.58)

lon(x)] < h(z) ae. z€. (5.59)

For every n > 1, denote
n=A{x € Q; ther(zr) + vy(x) <0},

gn = F(ther +vn)xa, -

By (5.59) and the choice of t,, it follows that |A4,| — 0.
Using now (p.5§), it is easy to observe that

gn(x) =0 ae. €.

y (f1) and (5.59) it follows that

tnel +vn J:
|9n(2)] = XA, (2 I/ f(s)ds| < xa, () - [|fllzee - [tner(z) + va(2)] <

< Clop(z)] < Ch(x) ae. z€Q.

Thus, by Lebesgue’s Dominated Convergence Theorem,

lim F(tper +vy)dz =0.

n—oo A
n

By (£2) it follows that F' is bounded on [0, 00). Using again (f2) we find

lim F(tper +vy)dx =0.
n—00 Jo\A,,
So
hm 802(75 e1 +v,) = lim F(t e1+ vp)dx = 0,
n—oo
which contradicts our initial assumption. O

Remark 10. As a consequence of the above result,

lim ¢(te;) =0,

t—+oo

I;Ln_:{.gf ggf o(tey +v) > 0.

Thus, the set [ < a] is ep-bounded if a < 0 and is not ej-bounded for a > 0. Moreover, ¢ is not
bounded from below, because
lim ¢(te;) = —tlim pa(ter) = — lim [ F(te;) = —o0.

t——o00 ——00 t——o00 Jq

Thus, by Proposition [§, it follows that ¢ does not satisfy the condition (s — PS)o.
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Theorem 31. Assume that f does not satisfy the conditions (f1)-(f4). If the functional ¢ has the
strong Palais-Smale property (s — PS),, for every a # 0, then the multivalued problem (p.51) has at

least a nontrivial solution.

Proof. It is sufficient to show that ¢ has a critical point uy € H}(2) \ {0}. It is obvious that
dp(u) = —Au — M\u — dpo(u) in HHQ).
If ug is a critical point of ¢, then there exists w € dpa(up) such that
—Aug — Mug =w in H Q).

Set
Yi={e1+v; veY}.

We first remark the coercivity of ¢ on Yi:
1
pler+0) = 5(IVIE: = Mllolz) = M [ ervde — [ e+ o >
Q Q

> (VeI = MlelRa) = Mlollz2 = a1+ oz +2 [ ervda) >
Q

A2 — A
> (5= = a)llllZ: = (a +2laDlvlf: — o,

DO | —

which tends to 400 as [[v|2 — o0, so, as [[v]| g — oc.
Putting

mq =1inf o > —00
1 YISD )

it follows that m; is attained, by the coercivity of ¢ pe Yj. Thus, there exists ug = e; + vy € Y7 such
that ¢(ug) = my. There are two possibilities:
1) my > 0. It follows from (f1) and (f3) that

li =— 1 =
t—g-noo (tel) t—g-%o w2 (tel) 0,

lim ¢(te;) = — lm @a(te;) = —o0.
t——00 t——00

Since my > 0 = ¢(0) and ¢ has the property (s — PS), for every a > 0, it follows from Corollary
that ¢ has a critical value ¢ > mj; > 0.
2) my <0. Let
W={tey+v; t>0, veY},
c= 1‘1;1Vf ©.
So, ¢ <my <0.
If ¢ < 0, it follows by (s-PS). and the Ekeland Principle that ¢ is a critical value of .

If ¢ = m1 = 0, then ug is a local minimum point of ¢, because

¢(uo) = p(e1 +vo) = 0 < p(te; +v),

for every t > 0 and v € Y.
So, ug # 0 is a critical point of ¢. O
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