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O N cUceN�RTN>SU]^ab¤>SUN�ab`�fhg^®½c¥RTN�O k�]^]
Q$§bceSUN�`1Q���QE`bN>g^S�k�rTceabm�QE`bN�RTgFr^SUk�£^`b¤>m+N�Rpo�k�rTceabmnaLf_Q$ceabk�]�I�M7k�Sefe«�g^N�f_Q
��N>SefUabk�]�RT[-O aLfUabk�]�N-f�c :�� Ç O k�m+r^`b¤ ceN��-`bN�r^SUk�£^`b¤>mnN :���� �$QEgPmnk�ab]�f/QEg�fUfUaJRTab®+O ab`bN�«�g�o�g^]Pr^SUk�£^`b¤>mnN :�� Ç
O k�mnr^`bN c
��N-f�c�RTadc :�� Ç RTab®+O ab`bN�Ipx¢QESUmna/`bN-fir^SUk�£^`b¤>mnN-f :���� «�g^a�fUk�]�c :�� Ç RTab®nO ab`bN-f��pO adcek�]�f%������ "�� �
R .�"�.��#� �
��.�
G�/, +�B ��k�g�N>]�O k�SUNW`1Q¥r^SUk�j�S_QEm+m�Q$ceabk�]�`bab]^["QEabSUNPN>]���QESUa1QE£^`bN-fiN>]�ceab¤>SUN-f I

M7NXr^SUab]�O abr
QE`7ab]�ce[>S�� c�Rpo�N sGr^SUabm+N>S�g^]@r^SUk�£^`b¤>mnNXN>]�ceN>SUm+N-f�Rpo�k�rTceabmnaLf_Q$ceabk�]�N-fhciRpoqQ>��k�abS��vf_QvRTaLfhr�k&Ç
fUadceabk�]��J]^k�]�fhN>g^`bN>m+N>]�c�g^]^N�]^k&ceabk�]�RTN\fhk�`bgTceabk�]�Q&O>O N>rTc�QE£^`bN�� �(k�g�SU["QE`baLf_QE£^`bN���RTg�r^SUk�£^`b¤>mnN��Jm�QEaLf�QEg�fefha
g^]^NW]^k&ceabk�]�RTNP«�g
QE`badce[�Rpo�g^]^NPfUk�`bgTceabk�]�SU["QE`baLf_QE£^`bNPr
QES{SU[>�8[>SUN>]�O N¥�¥`1Q¥��QE`bN>g^SiRTNW`�o�k�£T��N-O¸ceab�ÂI
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x�k�g^S g^]�ceN>`�r^SUk�£^`b¤>mnN��Tk�]�QEr^r�N>`b`bNO%P��>(X.Y$-U# � )� W%48<8VY	X,; � ��g^]�QE`bj�k�SUadcel^mnN�r�k�`d�G]^k�mna1QE`pr
QES S_QEr^r�k�Shc

�X`1Q�c�QEab`b`bN\RTN-f�ab]�fhc�QE]�O N-f��8k�g^SU]^aLfUf_QE]�c
�Gr�k�g^S�cek�gTceN�ab]�fhc�QE]�O N
I
��g^]^N\fUk�`bgTceabk�]�SU["QE`baLfeQE£^`bN�RTN{��QE`bN>g^S

λ(I)
I

 �]=SU[-fhg^`dc�Q$cPRpoqQEr^r^SUk"sGabm�Q$ceabk�] r�N>SUmnN cXRTNvO-QES_Q&O¸ce[>SUaLfhN>SX`1Q�«�g
QE`badce[½RTN�`1Q�fhk�`bgTceabk�]FQEr^r^SUkGO_l^[>N+�n`�oqQEaLRTN
Rpo�g^]^N )O 4"$02Y	 _Ca %$8<8VY	X,+.-/)O%P#Z-�X.6
RT[>�^]^abN�r�k�g^S�O_l
Q&«�g^N�ab]�fhc�QE]�O N�I�M/Q mnN-fUg^SUN�`1Q r^`bg�fngTceab`baLfU[>N=N-fhc+`bN
S_QEr^r�k�Shc

γ(I) = min

{

λ(I)

β(I)
,
β(I)

λ(I)

}

�����
����� �"!�#$� %&#�!('�#*)�+�,��-!�.0/1+
2$,43&�65�%72$%&84.���89'-#�!:� , 2$%&!*� �-8;/�'-�"<:=0> #�!(.�?-8 %&,��6%&)@+A#�8 �-,CBD!0> %&)@+A#�,E� �6<F=0> �-3G3&�68 #�3&=�� %&#�!
�-!*H�%&8 2�I��;2$5�3&�$�

u



k��
β(I)

RT[-fhabj�]^N�`1Q ��QE`bN>g^S/k�rTceabm�QE`bN�RTN�`�o�ab]�fhc�QE]�O N
I
I$­¥oqQEgTceSUN-f/mnN-fUg^SUN-f/RpoqQEr^r^SUk"sGabm�Q$ceabk�]¥r�N>gT��N>]�cG� ceSUN

N>mnr^`bk"��[>N-f���]^k&c�QEmnmnN>]�c�`bN5Y	%$8<8:X.Y�#N_.- � ��Y	 �6�#Z-� ��
«�g^N¥]^k�g�fXQ>��k�]�f�RT[>�^]^a��G��g�f�ceab�^[vN cXRTaLfUO gTce[½R�QE]�f 'dK"�?�
H&¨f��HGK )�I
x�k�g^S�g^]^NWab]�fhc�QE]�O N

I
��ab`7f o�N sGr^SUabm+NWr
QES

δ(I) =
|λ(I)− ω(I)|

|β(I)− ω(I)|

k��
ω(I)

RT[-fhabj�]^NX`1Q 8V-/Y	 S]P%P�! �02Y�RTN�`�o�ab]�f�c�QE]�O N
I
�
δ(I)

mnN-fUg^SUN�RTk�]�O\`1Q�r�k�fhadceabk�]�RTN�`1QW��QE`bN>g^S j�QES_QE]�ceabN
r
QES{`�oqQE`bj�k�SUadcel^mnN�R�QE]�f�`�o�ab]�ceN>Sh��QE`b`bN�N>]�ceSUNW`1Qvr^abSUN���QE`bN>g^SiN ci`1Q¥mnN>ab`b`bN>g^SUN�I

~{N ��N>]^k�]�f<N>]P«�g^N>`L«�g^N-f<`babj�]^N-f<fUg^S7`bN-f7S_QEaLfhk�]�f/«�g^a�]^k�g�f7k�]�c�QEm+N>]^[���RT[>�^]^abS/O N�S_QEr^r�k�Shc-I � `�f oqQEj�aLfef_QEadc
RTN{SU[>r�k�]�RTSUN\�X«�g^N>`L«�g^N-f �\r
QES_Q&RTk"sGN-f@�vO k�]^]Jg�f�RTg+O-Q&RTSUNiO `1Q&fefUaL«�g^N�«�g^a
fUk�]�c�RTabSUN-O¸ceN>mnN>]�c�abm+r^gTc�QE£^`bN-f
�+`1Q+mnN-fUg^SUN�gTceab`baLfU[>N�I�e/k�g�f\SUN �GabN>]^]^N>]�cP�+`1Q+SUN>m�QESe«�g^NvfUg^ad��QE]�ceN¢¡7RTg=r�k�ab]�cWRTN��Gg^N½RTgDS_QEr^r�k�ShcWO `1Q&f�Ç
fUaL«�g^N���RTN-f�ceS_QE]�fh�8k�SUm�Q$ceabk�]�f¢ceSU¤-f�]
Q$ceg^SUN>`b`bN-f¢N c¢ab]�ceg^adcead��N>mnN>]�c�QE]^kGRTab]^N-f�RTN�r^SUk�£^`b¤>mnN-f :���� O_l
QE]^j�N>]�c
S_Q&RTaLO-QE`bN>mnN>]�ci`bN>g^S{O k�mnr�k�ShceN>mnN>]�ciRTg@r�k�ab]�ciRTN��Gg^NXRTNX`�oqQEr^r^SUk"sGabm�Q$ceabk�]�I
 �]�N sGN>m+r^`bNXfUabj�]^ab��O-Q$ceab��RTN
ceN>`b`bN-f\ceS_QE]�fU�8k�SUm�Q$ceabk�]�fXN-fhc�`�oqQ$��k�gTcPRpo�g^]^N½O k�]�fhc�QE]�ceN+��`1Q+�8k�]�O¸ceabk�] k�£T��N-O¸ceab�?�7O N-O a�]^N½O_l
QE]^j�N½SUabN>] RTg
r�k�ab]�cnRTN��Gg^N�RTN�`�o�k�rTceabmnaLfeQ$ceabk�]BN c½r�N>gTcvr�k�g^Shc�QE]�cnm+kGRTab�^N>S¥`bN@O k�mnr�k�ShceN>mnN>]�cnRTg¬r^SUk�£^`b¤>mnN@fUa�k�]
O k�]�fUaLRT¤>SUNW`bNWS_QEr^r�k�Shc\RpoqQEr^r^SUk"sGabm�Q$ceabk�]=O `1Q&fefUaL«�g^N�I

�¢s^QEmnab]^k�]�fW`�o�N sGN>mnr^`bN+RTN A ��
CB �ED�F!��
 �V«�g^a�O k�]�fUaLf�ceN���S_QE]^j�N>SWg^]^Nn`baLfhceNn]^k�m¥£^SUN-fXr�k�fUadceab�(fWab]^�8[ Ç
SUabN>g^SefP�DK¥N>] g^] ]^k�m¥£^SUNvmnab]^abm¥g^m RTNv£�k�adceN-fO��QEr^r�N>`b[>N-f5'4-/6?�\RTN½O-QEr
Q&O adce[½cek&c�QE`bN�K �(`1Q�fhk�mnm+N¥RTN-f
]^k�m¥£^SUN-f\r^`1Q&O [-fXR�QE]�f�O_l
Q&«�g^N½£�k�adceNv]^NvRTk�adcXr
Q&f�N sTO [-RTN>S½K,��I�z���k�gTceN>SW�+g^]^Nvab]�fhc�QE]�O Nvg^] ]^k�m¥£^SUN

k�TsG[PRTN ��K ��]^NXmnkGRTab�^NWab]�ceg^adcead��N>mnN>]�cir
Q&f{`�o�ab]�f�c�QE]�O NPr^g^aLfe«�g^NPO_l
Q&O g^]=RTNWO N-f��@K���Q$��k�gTce[-fiRTN �GS_Q2�
R�QE]�f�cek�gTceN�fUk�`bgTceabk�]���gTceab`baLfhN>S¢g^]^N�£�k�adceN{��`bg^aGcek�gTc�fUN>g^`�I�ª�N-O aGSUN �GabN>]�c���Q$��k�gTceN>S

k
��`1Qi��QE`bN>g^S¢k�£T��N-O¸cead��N

RTNWcek�gTceN¥fUk�`bgTceabk�]DSU["QE`baLfeQE£^`bNvRTN�`�o�ab]�f�c�QE]�O N¥ab]^adcea1QE`bN�I7ª�N cUceNPceS_QE]�fh�8k�SUm�Q$ceabk�]���«�g
Q&fhabmnN>]�c\ab]�fUabj�]^ab�
QE]�ceN��
QXr�k�g^Shc�QE]�c g^]^N�O k�]�fU[-«�g^N>]�O N�abmnr�k�Shc�QE]�ceN\fUg^S�`bNiS_QEr^r�k�Shc�RpoqQEr^r^SUk"sGabm�Q$ceabk�]�O `1Q&fUfUaL«�g^N¢¡Gab`�fhg^®½c�RpoqQEg^j&Ç
mnN>]�ceN>S��½fUk�g^l
QEadc

k
r�k�g^SiSUN>]�RTSUNWcek�gTceNPfhk�`bgTceabk�] �v£�k�]^]^N(�@�(S_QEr^r�k�Shc\r^SUkGO_l^NPRTN�K,��r�k�g^Si`bNWS_QEr^r�k�Shc

O `1Q&fefhaL«�g^N�I� �] QEgTceSUN@N sGN>m+r^`bN�O [>`b¤>£^SUN@N-fhcn`bN�`babN>]BN>]�ceSUN�`bN�r^SUk�£^`b¤>mnN ������ " � N cn`1Q O k�gT��N>Shceg^SUN�RTN
fUk�mnmnN c_f¥mnab]^abm¥g^m R�QE]�f½g^]
j�S_QEr^l^N��(]^k&ce[ � d � � ��
 + �����)+ ��"DR�QE]�f½O N�«�g^a{fhg^adc4��I� �]Bf�c�QE£^`bN�Rpo�g^]
j�S_QEr^l^N�N-fhc g^]�N>]�fUN>m¥£^`bNXRTN�fUk�mnmnN c_f�RTN>gTs���RTN>gTs�]^k�]�`bab[-f r
QES�g^]^NWQES�� ceN��Tg^]^N�O k�gT��N>Shceg^SUNWRTNXfhk�m½Ç
mnN c_f�N-f�c�g^]@N>]�fUN>m¥£^`bNPRTNPfhk�m+mnN c_f�«�g^a���cek�g�O_l^N(�+cek�gTceN-fi`bN-fiQES�� ceN-f>I � `7N-fhc{ceSU¤-f{� Q&O ab`bNPRTNPfUNXSUN>]�RTSUN
O k�mnrTceN�«�g^NX`bN�O k�mnr^`b[>mnN>]�c�QEabSUNXRTN\cek�gTceNXO k�gT��N>Shceg^SUNPRTN�fUk�mnmnN c_f�N-fhc�g^]@f�c�QE£^`bNXN c SU[-O abr^SUkG«�g^N>mnN>]�c-I
z�ab]�fha���m�Q$sGabmnaLfUN>S�`bN¥O-QESeRTab]
QE`¢Rpo�g^]DN>]�fUN>m¥£^`bNvfhc�QE£^`bNvRTN �GS_QEadcXN s^Q&O¸ceN>mnN>]�c�SUN ��N>]^abSW�+mnab]^abmnaLfUN>S�O N>`bg^a
RTg O k�m+r^`b[>mnN>]�c�QEabSUN�Rpo�g^]¬f�c�QE£^`bN���-��/ ��!�/Rpo�g^]^N�O k�gT��N>Shceg^SUN@RTN+fUk�mnmnN c_f>I<x�k�g^Shc�QE]�c
��RTg�r�k�ab]�c¥RTN+�Gg^N
RTN@`�oqQEr^r^SUk"sGabm�Q$ceabk�]VO `1Q&fefhaL«�g^N��(S_QEr^r�k�Shc

γ
�$�¢`bN@r^SUN>mnabN>SnRTN�O N-f½r^SUk�£^`b¤>mnN-f½N-fhcnSU[>r^gTce[@ceSU¤-fnRTab®nO ab`bN

��QEr^r^SUk"sGabm+N>S��+QE`bk�Sef¥«�g^N+`bN�fUN-O k�]�R¬Q&RTmnN cvRTN-f¥QE`bj�k�SUadcel^mnN-f�k�¹�S_QE]�cvRTN-fPj�QES_QE]�ceabN-f¥O k�m+m¥g^]^[>mnN>]�c
��g^j�[>N-f+O k�mnmnN�£�k�]^]^N-f>I ª�k�]�ceS_QEabSUN>m+N>]�c�QEg O-Q&f½r^SU[-O [-RTN>]�c
��`bN-fv��QE`bN>g^Sef+RTN-fnfhk�`bgTceabk�]�f+]^N�fhg^£^aLfefUN>]�c
r
Q&f�fUN>g^`bN>mnN>]�c�g^]^N�ceS_QE]�fU`1Q$ceabk�] QEgVO k�g^Sef�RTN�`1Q ceS_QE]�fh�8k�SUm�Q$ceabk�]���m�QEaLfng^]^N�ceS_QE]�fh�8k�SUm�Q$ceabk�] QE®n]^N
cek�gTcXQEg�fefha�]
Q$ceg^SUN>`b`bN�Ip­XQE]�fi`�o�N sGN>mnr^`bN¥O_l^k�aLfUa���`1Q½ceS_QE]�fU�8k�SUm�Q$ceabk�] QE®½]^N �

x 7→ n − x
k��

n
RT[-fUabj�]^N¥`bN

]^k�m¥£^SUNnRTNnfUk�mnmnN c_f$�iN-f�cPRT[-O SUk�aLfefeQE]�ceN���O Nn«�g^a¢N sGr^`baL«�g^Nn`1Q�O k�SUSUN-fUr�k�]�R�QE]�O N+N>]�ceSUNng^] r^SUk�£^`b¤>mnNnRTN
m�Q$sGabmnaLf_Q$ceabk�]�N c�g^]�r^SUk�£^`b¤>mnN�RTNWmnab]^abmnaLf_Q$ceabk�]�IpÆJg^Si`1Qv£
Q&fhN¥Rpo�N sGN>mnr^`bN-fiRTN�O NXcÂ�Gr�N���g^]^NPSU[��^N sGabk�]
fUg^Si`1Q½m+N-fhg^SUN�RpoqQEr^r^SUk"sGabm�Q$ceabk�] �½gTceab`baLfUN>S�Q½[ ce[�mnN>]^[>N�R�QE]�f 'dK"�2�pH&¨2��HGK )�I�M7NPS_QEr^r�k�Shc�RTab¹�[>SUN>]�ceabN>`�Q
QE`bk�Sef [ ce[XRT[>�^]^apr
QES g^]^NWQEr^r^SUkGO_l^NPQ$sGabk�m�Q$ceaL«�g^NXabmnr�k�feQE]�c�]^k&c�QEmnm+N>]�c `1Q¥f�c�QE£^ab`badce[WRTg�S_QEr^r�k�Shc��GaLf��
�GaLf�RTN�ceS_QE]�fU�8k�SUm�Q$ceabk�]�f{QE®n]^N-f�RTN\`�o�k�£T��N-O¸ceab�ÂI^��]�k�gTceSUN��^O N cUceN�RT[>m�QESeO_l^N\]^k�g�f�QPO k�]�RTg^adci�WSU[��^[-O_l^abS{�
`1Qv]^k&ceabk�]DRTNWr^abSUNW��QE`bN>g^Si«�g^a/f>o�N-f�c�Q>��[>SU[>NPr
QEShceaLO g^`bab¤>SUN>mnN>]�c\SUaLO_l^N�I�zig&��k�g^SeRpo�lJg^a���`�oqQEr^r^SUk"sGabm�Q$ceabk�]DRTN
r^`bg�fUabN>g^Sef�r^SUk�£^`b¤>mnN-f :���� Q+[ ce[v[ ceg�RTab[>NvfUk�g�f\`bN-f\S_QEr^r�k�Shc_fXO `1Q&fUfUaL«�g^NvN cXRTab¹�[>SUN>]�ceabN>`�I�M7N-f�SU[-fUg^`dc�Q$c_f
mnk�]�ceSUN>]�c�`1Q�O k�mnr^`b[>mnN>]�c�QESUadce[�RTN+O N-fPm+N-fhg^SUN-fWN c�`�o�ab]�ce[>S�� cv«�g�o�ab`���Q���mnN>]^N>S�RTN+�8SUk�]�c¥RTN-fP[ ceg�RTN-f
fUk�g�fPO_l
Q&O g^]^N�Rpo�N>`b`bN-f>I/x�SU[-O aLfUk�]�f�«�g^N+]^k�]�fUN>g^`bN>mnN>]�c�`bN-fWSU[-fUg^`dc�Q$c_f�RpoqQEr^r^SUk"sGabm�Q$ceabk�]¬m�QEaLfPQEg�fefha�`bN-f
mn[ cel^kGRTN-f\RT[>r^`bk"��[>N-fXRTab¹�¤>SUN>]�c�N>]D�8k�]�O¸ceabk�] RTg=S_QEr^r�k�Shc-I�M�o�g^]DRTN-f\r�k�ab]�c_f\�8k�Shc_f�RTN¥O N cUceN¥[ ceg�RTN½Q+[ ce[
Rpo�N>]^j�QEj�N>Svg^]^N�SU[��^N sGabk�]
fUg^S�`bN�O k�]�O N>rTc½RTN�S_QEr^r�k�Shc½RpoqQEr^r^SUk"sGabm�Q$ceabk�]
N cvRTN�mnk�]�ceSUN>S¥O N�«�g�o�g^] ceN>`
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RT[>£
Q$c�r�k�gT��QEadc{QEr^r�k�ShceN>S>ITM7N-f�SU[��^N sGabk�]�f�fhg^S�RpoqQEgTceSUN-f O k�]�O N>rTc_f�«�g^N�]^k�g�f�SUN>`1Q$cek�]�f�aLO a�fUN�fUadceg^N>]�c R�QE]�f
`1Q½O k�]�ceab]Jg^adce[P`bk�j�aL«�g^NPRTNPO N cUceNP[ ceg�RTN�I
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� c�QE]�c�RTk�]^]^[�g^]^N�mnN-fhg^SUN�RpoqQEr^r^SUk"sGabm�Q$ceabk�]��

ρ(I)
�"g^]�SU[-fhg^`dc�Q$c¢RpoqQEr^r^SUk"sGabm�Q$ceabk�]vf>o�[>]^k�]�O N O k�mnmnN

g^]^Nn£�k�SU]^N½��QE`1QE£^`bN+r�k�g^SWcek�gTceNnab]�fhc�QE]�O N
I
I/ª�k�mnmnNvr�k�g^SW`1Q�r^`bg^r
QEShc¥RTN-f�ceS_Q>��QEgTs�RTNvcel^[>k�SUabN�RTNn`1Q
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QE`badce[¥RpoqQE`bj�k�SUadcel^mnN-f�RpoqQEr^r^SUk"sGabm�Q$ceabk�]=N c�RTN-f�QEmn[>`babk�S_Q$ceabk�]�f\«�g�o�ab`Lf�QEr^r�k�ShceN>]�c-I�ª�NWr�k�ab]�c\RTNW�Gg^N
r�N>SUmnN c+[>j�QE`bN>mnN>]�c�RTN�RT[>�^]^abS+g^]^N�l^ab[>S_QESeO_l^abN=RTN-f+r^SUk�£^`b¤>mnN-f+fhN>`bk�]±`bN-fnr�k�fefhab£^ab`badce[-f�RTN@SU[-fUk�`bgTceabk�]��
m�QEaLf{`bN-f�O `1Q&fefhN-f�QEab]�fha/k�£TceN>]Jg^N-f�]�o�k�]�c\«�g�o�g^]=ab]�ce[>S�� c�RTN-fUO SUabrTceab��«�g^a<N-fhc\RT[h�U�½ceSU¤-fiab]�ce[>SUN-fUf_QE]�c-IpM�N�fUN Ç
O k�]�RvcÂ�Gr�N{r�N>SUm+N c�RTN�mnN cUceSUN{N>]n[ �GaLRTN>]�O NiRTN-f�`babN>]�f¢N>]�ceSUNir^SUk�£^`b¤>mnN-f�ab]�RT[>r�N>]�R�QEmnmnN>]�c�RTN-f¢SU[-fUg^`dc�Q$c_f
RpoqQEr^r^SUk"sGabm�Q$ceabk�]¬O k�]^]Jg�f I�­�gFr�k�ab]�c�RTN½�Gg^N�f�ceSUg�O¸ceg^SUN>`��/`�o�ab]�ce[>S�� c�N-fhcW[ �GaLRTN>]�c7¡/ab`¢r�N>SUmnN c�RTN+RT[>�^]^abS
RTN-fiO `1Q&fefUN-fir^`bg�fiO k�]�fUaLf�c�QE]�ceN-f\«�g^a<SUN>r�k�fUN>]�c\fUg^S�RTN-f{r^SUk�r^SUab[ ce[-f�r^SUk�r^SUN-f�RTN-f{r^SUk�£^`b¤>mnN-f>Ipª�N-f{]^k&ceabk�]�f
k�]�ciRTk�]�O�g^]^N\��QE`bN>g^S{N sGr^`baLO-Q$cead��NPRTN-f�O k�mnr�k�ShceN>m+N>]�c_f�RpoqQEr^r^SUk"sGabm�Q$ceabk�]�N>]@O NXfUN>]�f{«�g�o�N>`b`bN-fiQEaLRTN>]�c��
O k�mnr^SUN>]�RTSUNXO N�«�g^a�� QEadc�`1Q�RTab®nO g^`dce[XRpo�g^]�r^SUk�£^`b¤>mnN\k�g@O N�«�g^a�� QEadc `1Q�RTab¹�[>SUN>]�O N�N>]�ceSUN�r^`bg�fhabN>g^Sef�r^SUk&Ç
£^`b¤>mnN-f>I��DQEaLf�N>`b`bN-f�k�]�c�[>j�QE`bN>m+N>]�c�g^]vN>]&��N>gnk�r�[>S_Q$ceabk�]^]^N>`^ceSU¤-f�abm+r�k�Shc�QE]�c�r^g^aLfU«�g�o�N>`b`bN-f�r�N>SUmnN cUceN>]�c�RTN
ceS_QE]�fU�8[>SUN>S��WRTN�]^k�gT��N"QEgTs+r^SUk�£^`b¤>m+N-f�RTN-f�SU[-fhg^`dc�Q$c_f�k�£TceN>]Jg�f�r�k�g^S�RpoqQEgTceSUN-f��TO k�mnmnN{]^k�g�f�`bN{��N>SUSUk�]�f��
RTNXceN>`Lf�`babN>]�fifhk�]�c\�v`1Qv£
Q&fhNPRTNW]^k�m¥£^SUN>gTs�SU[-fhg^`dc�Q$c_fi]^k�gT��N"QEgTs�I

9�
b© � 5��$'10^#^�"'85 4 �½��5�,<!�; 4 !E'(%
�/'8!�A8;DC�5�!E.F#
A('(�-.�;=6<;DA �b#��/�/!$5J�<' .F#^�"'85 4 ��5�A�� 4 5�.�'(#�A8;
w�k&ceSUN ceS_Q>��QEab`T�GaLfeQE]�c���N>]^SUaLO_l^abS�`bN �8k�SUm�QE`baLfhmnN�O `1Q&fefhaL«�g^N�RTN `�oqQEr^r^SUk"sGabm�Q$ceabk�]nr�k�`d�G]^k�m+a1QE`bN{fhN{fhadceg^N

R�QE]�f�`1Q\O k�]�ceab]Jg^adce[{RTN `1Q�SU[��^N sGabk�]n«�g^N ]^k�g�f¢Q>�Gabk�]�f�N>]^j�QEj�[>N ÇpN c�«�g^aTSUN-f�ceN�RpoqQ&O¸ceg
QE`badce[�Ç�fUg^S�`bN S_QEr^r�k�Shc
RpoqQEr^r^SUk"sGabm�Q$ceabk�]�I

z<��QE]�c¥Rpo�N>]¬QE£�k�SeRTN>S�RpoqQEgTceSUN-fvQ&fUr�N-O¸c_f��/]^k�g�fPN sGr�k�fhk�]�f¥R�QE]�f�O N cUceN�fUN-O¸ceabk�]�]^k�fPr^SUab]�O abr
QE`bN-f�mnk&Ç
cead��Q$ceabk�]�f½��N>]^j�QEj�N>S¥O N+ceS_Q>��QEab`�I¢­�QE]�f�`1Q�O k�]�ceab]Jg^adce[�RTabSUN-O¸ceN�RTN�`1Q@cel^[>k�SUabN�RTN+`1Q�O k�m+r^`bN sGadce[@�(' H&°+)U�$�
`bN-f�RT[ ��N>`bk�r^r�N>mnN>]�c_f¥RTN�`�oqQEr^r^SUk"sGabm�Q$ceabk�]B��j�QES_QE]�ceabN-fvRTN+r�N>SU�8k�SUm�QE]�O N-f�k�]�c¥fUg^Shcek�gTcvO k�]�fUaLfhce[���R�QE]�f
g^]Dr^SUN>mnabN>SiceN>mnr�f��p�n[ c�QE£^`babS\g^]=�8k�]�RDRTN¥SU[-fhg^`dc�Q$c_fXfhg^S\`1Qn£
Q&fhNvRTNv«�g^N>`L«�g^N-f�RT[>�^]^adceabk�]�f\�8k�]�R�Q$ceSUaLO N-f
f_QE]�f¥«�g^N�fUN�� Q&fefhN�fUN>]�ceabS¥`bN�£�N-fUk�ab]
RTN�`bN-f�mnkGRTab�^N>S¥k�g¬RTN�`bN-f�[ ceN>]�RTSUN�I¢z�g&��k�g^SeRpo�lJg^a�g^] ceN>`�£�N-fhk�ab]
QEr^r
QES_Q$§bcPQEgTs���N>gTs=RTN¥]^k�m¥£^SUN>gTs=O_l^N>SeO_l^N>g^SefXfUa/`�o�k�] N>]+��g^j�N¥r
QES\`bN¥]^k�m¥£^SUN¥RpoqQEShceaLO `bN-f�SU[-O N>]�c_f�r^SU[ Ç
fUN>]�c�QE]�c�RTN-f{��QESUa1QE]�ceN-f\RTN¥RT[>�^]^adceabk�]�f�N>]��Gg^N¥Rpo�ab]�ce[>j�SUN>S�RTNP]^k�gT��N"QEgTs�SU[-fUg^`dc�Q$c_f IpM7NP£�N-fUk�ab]DRpo�g^]^ab�^N>S
RTN-f�RT[>�^]^adceabk�]�f{QEgTs½��QESUa1QE]�ceN-f m¥g^`dceabr^`bN-f�N c RpoqQEg^j�mnN>]�ceN>S�`�o�N sGr^SUN-fefUad�Gadce[XRTg��8k�SUm�QE`baLfhm+Nir�k�g^S�ab]�ce[>j�SUN>S
RTNWm�QE]^ab¤>SUN�feQ$ceaLfU� QEaLfeQE]�ceNvRTN-f{SU[-fhg^`dc�Q$c_f�RTNPr^`bg�f{N>]�r^`bg�fi�^]�f�k�g�r�k�g^S{N>]��GaLf_QEj�N>S�RTN-fir^SUk�£^`b[>m�Q$ceaL«�g^N-f
]^k�gT��N>`b`bN-f���`1Q\��k�`bk�]�ce[�RTNifUabmnr^`bab�^N>S�`�o�N sGr^SUN-fefhabk�]�RTN-f�SU[-fUg^`dc�Q$c_f�r�k�g^S�mnabN>gTsvN>]½SUN>]�RTSUN\O k�mnrTceN{N c�N>]^�^]
`�o�ab]�ce[>S�� c�Rpo�N>]^j�QEj�N>S\g^]^NPSU[��^N sGabk�]DfUg^Si`1Q½r�N>Shceab]^N>]�O N¥RTN-fi]^k&ceabk�]�f�N c�`bN>g^S\Q&RT[-«�g
Q$ceabk�] Q>��N-OW`bN-fik�£T��N-O¸Ç
ceab�(f\RTNP`�oqQEr^r^SUk"sGabm�Q$ceabk�] fUk�]�c\`bN-f�m�Q$§bceSUN-fimnk&c_fiRTN�]^k�fim+k&cead��Q$ceabk�]�f Ipwik�g�fiN>]DRTk�]^]^k�]�f\aLO a/«�g^N>`L«�g^N-f
N sGN>mnr^`bN-f>I

M�o�N sGr^`bk�fUabk�] RTgF]^k�m¥£^SUNnRTNnRT[>�^]^adceabk�]�fPN cP`bNnRTN>j�SU[+RTN½ceN-O_l^]^aLO adce[�QEg�«�g^N>`�N>`b`bN-f�QE£�k�gTceaLfefhN>]�c¥mnk&Ç
cead��N�`1Q@��k�`bk�]�ce[�RTN�`bN-f�g^]^ab�^N>S���]^k�g�f�`�o�ab`b`bg�fhceSUN>SUk�]�fvN>]¬r
QEShceaLO g^`babN>S¥r
QES¥`�o�N sGN>mnr^`bN�RTN-f�SU[-RTg�O¸ceabk�]�fvN>]
QEr^r^SUk"sGabm�Q$ceabk�]@� fUN-O¸ceabk�]��<��I�M�o�g^]^ab��O-Q$ceabk�]�RTN-f�]^k&ceabk�]�f�r�N>SUmnN c�]^k�]+fUN>g^`bN>mnN>]�c�RTN{`bN-f�fUabmnr^`bab�^N>S���m�QEaLf
QEg�fefha
RTN�mnabN>gTs�`bN-f�O k�mnr
QESUN>S>IJª�N�ceS_Q>��QEab`�r�N>SUm+N c�QEg�fefha
RTN�SU[>r�k�]�RTSUN�QEgTs¥£�N-fUk�ab]�f�Q&O¸ceg^N>`Lf�RTgnRTk�m�QEab]^N
N c�Rpo�N>]��GaLfeQEj�N>S¥RTN-fWr^SUk�£^`b[>m�Q$ceaL«�g^N-f�«�g^a�]^N½ceSUk�gT��N>]�c�r
Q&fW`bN>g^SWr^`1Q&O N�R�QE]�fW`bNn�8k�SUm�QE`baLfhm+N½g�fUg^N>`�I/�¢]
N>¹�N c
��£�N"QEg�O k�g^r RTN@O k�]�O N>rTc_f½RpoqQEr^r^SUk"sGabm�Q$ceabk�] r�k�`d�G]^k�mna1QE`bN@k�]�cv[ ce[@O k�]�� g�f�����`�o�k�SUabj�ab]^N���R�QE]�fvg^]
O-Q&RTSUN�SUN>`1Q$cead��N>mnN>]�c SUN-f�ceSUaLO¸ceab�/O k�SUSUN-fhr�k�]�R�QE]�ciQEgTsn£�N-fUk�ab]�f�N c QEgTsnSU[-fUg^`dc�Q$c_f RTNi`�o�[>r�kG«�g^N�IT �]+N sGN>mnr^`bN
fUabj�]^ab��O-Q$ceab��N-fhc�`1Q+RT[>�^]^adceabk�] k�SUabj�ab]^N>`b`bN �(' H&°*)U�iRTgDS_QEr^r�k�ShcWRpoqQEr^r^SUk"sGabm�Q$ceabk�]`�7Q>��N-O¥`bN-f�]^k&c�Q$ceabk�]�fX«�g^N
]^k�g�f�Q>��k�]�f�Q&RTk�rTce[>N-f���ab`^[ c�QEadc�RT[>�^]^a�O k�m+mnN�`1Q\£�k�SU]^N{ab]^�8[>SUabN>g^SUNiRTN

γ(I)
r�k�g^S

I
RT[-O SUad��QE]�c�`�o�N>]�fUN>m¥£^`bN

RTN-f ab]�fhc�QE]�O N-f I�ª�N cUceNXRT[>�^]^adceabk�]�N-f�c�Q&R�QErTce[>NPQEg�O-Q&f�Rpo�g^]@S_QEr^r�k�ShciRpoqQEr^r^SUk"sGabm�Q$ceabk�]�ab]�RT[>r�N>]�R�QE]�c�RTN
`�o�ab]�fhc�QE]�O N+m�QEaLfWRTN �GabN>]�cPcek&c�QE`bN>mnN>]�c�ab]^k�r�[>S_QE]�ceN�r�k�g^SPRTN-fWS_QEr^r�k�Shc_f�RpoqQEr^r^SUk"sGabm�Q$ceabk�] ]^k�]Fmnab]^k�SU[-f
r�k�g^S�`bN-fU«�g^N>`Lf�`�o�ab]^�^m¥g^m N-f�c@]Jg^`�I{y�S�`bND£�N-fUk�ab] RTNDr^SUN>]�RTSUN N>] O k�m+rTceNDRTN-f�S_QEr^r�k�Shc_f@RT[>r�N>]�R�QE]�c
RTN+`�o�ab]�fhc�QE]�O N�f>o�N-f�c¥� QEadc�ceSU¤-fP�GadceN�fUN>]�ceabS¥r^g^aLfU«�g^N�r�k�g^S¥O N>Shc�QEab]�f�r^SUk�£^`b¤>mnN-fPceN>`Lf�«�g^N �����! #"�� � , +�B �
R .�"�.��#� �
��.�
G�$N c_O&I!�$g^]¥S_QEr^r�k�Shc�RpoqQEr^r^SUk"sGabm�Q$ceabk�]½O k�]�f�c�QE]�c¢]^N�r�N>gTc � ceSUN�j�QES_QE]�cea���r
QES�g^]vQE`bj�k�SUadcel^mnN
r�k�`d�G]^k�mna1QE`�I�ª�N>r�N>]�R�QE]�c
��`1Q½fUabmnr^`bN�Q&R�QErTc�Q$ceabk�]DRTN-f�RT[>�^]^adceabk�]�f1� O N�«�g^a/Qnfhk�gT��N>]�c\[ ce[PgTceab`baLfh[���]�o�N-f�c
�
fUN>`bk�]�]^k�g�f��Tr
Q&f O k�mnr^`b¤ ceN>mnN>]�c{feQ$ceaLfU� QEaLf_QE]�ceN�I��¢]�N>¹�N c
�G`bNXO-Q&f�RTN-f S_QEr^r�k�Shc_f�RT[>r�N>]�R�QE]�ciRTN\`�o�ab]�fhc�QE]�O N
fUk�g^`b¤ ��N�RTN-fPr^SUk�£^`b¤>mnN-f�fUr�[-O ab��«�g^N-fPceN>`Lf�«�g^N�`bNncÂ�Gr�N�RTN�r
QES_QEmn¤ ceSUN-f¥�@r^SUN>]�RTSUN�N>]¬O k�mnrTceN�R�QE]�fP`bN
S_QEr^r�k�ShcXRpoqQEr^r^SUk"sGabm�Q$ceabk�]=N c\`1Q½m�QE]^ab¤>SUN�RTk�]�c\[ ��k�`bg^N�`1QnRTab®+O g^`dce[¥RTN-fiab]�f�c�QE]�O N-f�N>]=�8k�]�O¸ceabk�]DRTN�O N-f

� ���F#�=�8�=�!�� 		�F+ #$��	 (-8�� .�� '-#�)@+�3&����%G� ?��

�



r
QES_QEmn¤ ceSUN-f>I�M�o�N sGN>mnr^`bN¥RTN �����! #"�� ��RT[ ��N>`bk�r^r�[½QEg�r
QES_QEj�S_QEr^l^Nn}GILKP��ab`b`bg�fhceSUNPcek�gTcX�n� QEadc�O N cUceN¥«�g^N-f�Ç
ceabk�]�I�­\N>gTs�� QEmnab`b`bN-f{RTNWSU[-fUg^`dc�Q$c_f�RpoqQEr^r^SUk"sGabm�Q$ceabk�]=k�]�ci[ ce[W[ c�QE£^`babN-fiN>]�r
QES_QE`b`b¤>`bN¢¡�O N>gTs�N sGr^SUabmn[-f{N>]
�8k�]�O¸ceabk�]�RTg�]^k�m¥£^SUN\RTN\fhk�m+mnN c_f�RTg�j�S_QEr^l^N\N c O N>gTsnN sGr^SUabm+[-f�N>]��8k�]�O¸ceabk�]�RTN\fhk�]�RTN>j�SU[\m�Q$sGabm¥g^m�I
M7N-f �8k�SUmnN-f RTNXS_QEr^r�k�Shc_f{RpoqQEr^r^SUk"sGabm�Q$ceabk�]�m+aLf�N>]v��N>g�r�k�g^S{O_l
Q&«�g^NXr
QES_QEmn¤ ceSUNWfhk�]�c�ceSU¤-f�RTab¹�[>SUN>]�ceN-f>I
M/QX«�g^N-fhceabk�]�RTNif_Q>��k�abS�fUa^cek�gTc�S_QEr^r�k�Shc�N sGr^SUabmn[iN>]+�8k�]�O¸ceabk�]�RTNi`�o�g^]�RTN-f�r
QES_QEmn¤ ceSUN-f�r�N>gTc � ceSUN{ceS_QE]�f�Ç
O SUadc�N>]+g^]�S_QEr^r�k�Shc��8k�]�O¸ceabk�]@RTNi`�oqQEgTceSUN\SUN-f�ceN�k�gT��N>ShceN\r�k�g^S�O Nir^SUk�£^`b¤>mnN�QE`bk�Sef�«�g^N�]^k�g�f��½SU[>r�k�]�RTk�]�f
r
QES¥`�oqQE®nSUm�Q$cead��N�r�k�g^SbR("��UT�* � �(`bN�r^SUk�£^`b¤>mnN�RTN�`1Q�O `baL«�g^N�m�Q$sGabm¥g^m5��I�­�N�mO�>mnN��/O N>Shc�QEab]�fvSU[-fhg^`dÇ
c�Q$c_f{Rpo�[-«�g^ad��QE`bN>]�O NWN>]�ceSUNWr^SUk�£^`b¤>mnN-f�]^NXfUk�]�c{r^`bg�f ��QE`baLRTN-f{R�QE]�f�`bNXO-Q&RTSUNPRTN-f S_QEr^r�k�Shc_fiRT[>r�N>]�R�QE]�c�RTN
`�o�ab]�fhc�QE]�O N���`1�vN>]�O k�SUN�`bN-f{N sGN>mnr^`bN-f�RTN	��� �� " ��N c\RTN�R("��UT�* ��fhk�]�c\fUabj�]^ab��O-Q$ceab�(f I�M�NP�8k�SUm�QE`baLfhm+NP«�g^N
]^k�g�f�r^SUk�r�k�fUk�]�f�ab]�ce¤>j�SUN\`bN�r�k�ab]�c�RTNi�Gg^N\RTN-f�r
QES_QEmn¤ ceSUN-f��W`�o�N>]�fhN>m¥£^`bN�RTN-f�O k�]�O N>rTc_f��Tab`�r�N>SUmnN c�QEab]�fha
Rpo�N>]��GaLf_QEj�N>S{O N-f�RTab¹�[>SUN>]�ceN-f�«�g^N-fhceabk�]�f{RTNXm�QE]^ab¤>SUNXf��Tfhce[>m�Q$ceaL«�g^N��^]^NXfUN>S_QEadcUÇ O NWRT[h�U�¥«�g^NXr
QES `1Q�r�k�fefhadÇ
£^ab`badce[PRTNX`bN-f r�k�fUN>S>I
x¢QESiQEab`b`bN>g^Sef���RTN-f�ceS_Q>��QEgTs�m+N cUc�QE]�c{N>] 
XgT�GSUNWRTN-fiQE]
QE`d�TfUN-fiRTNXr^`bg�f�N>]@r^`bg�f��^]^N-f
]^N¥r�N>gT��N>]�c � ceSUNvRTabSUN-O¸ceN>m+N>]�cXN sGr�k�fU[-fXR�QE]�f\`bNvO-Q&RTSUNvg�fUg^N>`�I�� `�N>]DSU[-fhg^`dceN½g^]^N½RTab®nO g^`dce[½Rpo�N sGr^SUabmnN>S
`bN-f�SU[-fUg^`dc�Q$c_f��G��k�abSUN\m��>mnN�RTN�`bN-f�aLRTN>]�ceab�^N>S N c�`bN-f�SU[>r�N>Shcek�SUabN>S�RTN\m�QE]^ab¤>SUN�r^SU[-O aLfhN�I^M<�PN>]�O k�SUN��TO k�mnm+N
]^k�g�f�`bN{��N>SUSUk�]�f��������� "��½�8k�g^SU]^adc�g^]�N sGN>mnr^`bNik��+`bNim�QE]�«�g^N�RTNi�8k�SUm�QE`baLfUmnN�QX£^`bkG«�g^[�`bN-f�r�k�fefhab£^ab`badce[-f
RTNWSUN>]�RTSUNPO k�mnrTceNPRTNXSU[-fUg^`dc�Q$c_fiR�QE]�f�`bN>g^Sij�`bk�£
QE`badce[WN c�RTNW`bN-fiQEmn[>`babk�SUN>S>I
M�N-f�ceS_Q>��QEgTs@fUg^S{`bNXS_QEr^r�k�Shc
RTab¹�[>SUN>]�ceabN>`�k�]�c¥[ ce[�RTabSUN-O¸ceN>mnN>]�cvm+k&cead��[-fPr
QES¥`1Q�«�g^N-fhceabk�]
RTN�`1Q�r�N>Shceab]^N>]�O N@RTN�`1Q�mnN-fUg^SUN�g�fUg^N>`b`bN�I
 �] QEgTceSUN¥N sGN>m+r^`bNv«�g^N¥]^k�g�f\mnN>]�ceabk�]^]^k�]�f�R�QE]�f�O N cWQEShceaLO `bNvN-fhcXO N>`bg^a�RTN¥`1Q�RT[>�^]^adceabk�] Rpo�g^] Y	%48<8:X.Y4#
%." �.)�8 #&XP#Z-�M�0�  I�ª�NXceN>SUmnNXSUN-O k�gT�GSUN�RTN-fiQE]
QE`d�TfUN-fi«�g^a<]^NWfUk�]�c{��QE`1QE£^`bN-fi«�g^NP`bk�SefU«�g^N �v`�o�ab]�f�c�QE]�O NPceN>]�R
��N>Sef{`�o�ab]^�^]^a � ��N>]�g^]�fhN>]�f\�½r^SU[-O aLfhN>S>I�w�k�g�f{mnk�]�ceSUN>SUk�]�f�R�QE]�f{`1QnfUN-O¸ceabk�]�u^IYHvr�k�g^Se«�g^k�a/`1QnRT[>�^]^adceabk�]
g�fUg^N>`b`bNW]^NW]^k�g�fifhN>mv£^`bNXr
Q&f�r
Q&f�cek�g&��k�g^Sefif_Q$ceaLfh� QEaLf_QE]�ceN�N c{N>]�r^SUk�r�k�fUN>SUk�]�fig^]^N�QEgTceSUN�I

� � ����� ��� ����������� ��� � � � ���u�����
� ������� � ���7�E�&��� � ����� � � 	�� 
����

M/Q=]^k&ceabk�]±RTN�SU[-fUk�`bgTceabk�] N-fhcnabmnr^`baLO adceN@R�QE]�f½`1QDRT[>�^]^adceabk�]±m��>mnN�Rpo�g^]Br^SUk�£^`b¤>mnN�I�y\]
]^N@r�N>gTc
N>]¬N>¹�N cvRT[>�^]^abSvO N�RTN>SU]^abN>S¥k�g���r^`bg�f¥j�[>]^[>S_QE`bN>mnN>]�c
��g^]^N�«�g^N-f�ceabk�]B«�g^N�r
QES�S_QEr^r�k�Shc+QEg
O k�]�O N>rTc½RTN
SU[>r�k�]�fUN�«�g�o�k�]@Q&RTk�rTceN�IT­¥o�g^]�r�k�ab]�c RTN��Gg^N�l^aLfhcek�SUaL«�g^NXRpoqQEab`b`bN>g^Sef��T`bN�mnk&ceN>g^SS�(m�QEaLf�QEg�fefha�`bN��8SUN>ab] ��RTN-f
ceS_Q>��QEgTs�fUg^S/`1QiRT[-O aLR�QE£^ab`badce[���`1QiO k�m+r^`bN sGadce[�k�g¥r^`bg�f/j�[>]^[>S_QE`bN>mnN>]�c¢RTN�cek�gTceN�RT[>m�QESeO_l^N��GaLf_QE]�c��{[ ceg�RTabN>S
`bN-fi`babmnadceN-f�RTN�`�oqQE`bj�k�SUadcel^mnaL«�g^N½Q½[ ce[�`1Q½mnkGRT[>`baLf_Q$ceabk�]DRTN�`1Q½]^k&ceabk�]DRpoqQE`bj�k�SUadcel^m+N	�XSUN>r^SU[-fUN>]�c�QE]�cXg^]^N
�8k�SUmnNnRTNnSU[-fhk�`bgTceabk�]¬fhg^SP`1Q&«�g^N>`b`bNnSUN>r�k�fUN�QE`bk�SefW`1Q@RT[>�^]^adceabk�] RTN-fWO `1Q&fefhN-f�RTNnO k�m+r^`bN sGadce[�I<­\N½m��>m+N��
R�QE]�f�`bNXO-Q&RTSUNXRTN\`�oqQEr^r^SUk"sGabm�Q$ceabk�]�r�k�`d�G]^k�mna1QE`bN��^`1QP]^k&ceabk�]@RTN\r^SUk�£^`b¤>m+N�Rpo�k�rTceabm+aLfeQ$ceabk�]@]^N�f>o�abmnr�k�fUN
«�g�oqQEg�ceN>SUmnN�Rpo�g^]^N�SU[��^N sGabk�]@fUg^S�`bN-f £^gTc_f�RTNXO N cUceN�cel^[>k�SUabN��^]^k&c�QEmnmnN>]�c{�Pr^SUk�r�k�f�RTN\`1Q�fUabj�]^ab��O-Q$ceabk�]
�nRTk�]^]^N>S��n`1Q Y���"�XP�L0:#Z-�X.6 %$8(8VY	X,; � �^  I�­XQE]�f�`�oqQEShceaLO `bN ' HGK ) �
]^k�g�f\Q>��k�]�f\ab]�fhaLfhce[¥fhg^S�`bN¥O_l^k�ads�RTg �½cek�gTc
R�QE]�fX`1Q��8k�SUm¥g^`1Q$ceabk�] �D«�g^a�O k�]�fhaLfhceN+��ab]�ce[>j�SUN>S�R�QE]�f�`bN½r^SUk�£^`b¤>mnN½mO�>mnN¥`bN-fWO-QES_Q&O¸ce[>SUaLf�ceaL«�g^N-f¥RTN½f_Q
SU[-fUk�`bgTceabk�]�I w�k�g�f�Q>��k�]�f�QE`bk�Sef�mnk�]�ceSU[ ��«�g^N>`�r�k�ab]�c
��]^k�]�fUN>g^`bN>mnN>]�c�`1QF�8k�]�O¸ceabk�]�k�£T��N-O¸cead��NDN c�`bN-f
O k�]�ceS_QEab]�ceN-f��Tm�QEaLf�QEg�fefha�`bN-f���QE`bN>g^Sef�N sJceSU[>m�QE`bN-f`�(k�rTceabm�QE`bN\N c�r^abSUN���RTN\`�o�ab]�fhc�QE]�O N�fUk�]�c ab]�RTaLfhr�N>]�f_QE£^`bN-f
r�k�g^S�O `1QESUab�^N>S�`bNXO k�]�O N>rTciRTNO'^X.6�6  Y���"�XP� 0f#Z-�X.6½N>]��Gg^N�Rpo�g^]^NX[ ��QE`bg
Q$ceabk�]@r�N>Shceab]^N>]�ceNWRTN-f{QE`bj�k�SUadcel^m+N-f I

M7N�O_l^k�ads�Rpo�g^]=S_QEr^r�k�ShcXRpoqQEr^r^SUk"sGabm�Q$ceabk�] O k�]�RTadceabk�]^]^Nv`1Q½m�QE]^ab¤>SUN¥RTk�]�c\`1Qn«�g
QE`badce[vRTNPSU[-fUk�`bgTceabk�]
Rpo�g^]^N+ab]�f�c�QE]�O N+N-fhcPr^SUaLfUNnN>]�O k�mnrTceN�I<x�k�g^SW[ ceg�RTabN>SP`1Q�«�g
QE`badce[�Rpo�g^]¬QE`bj�k�SUadcel^mnNnr�k�g^SWg^]�r^SUk�£^`b¤>mnN
RTk�]^]^[��<ab`�� QEgTc�RT[>�^]^abSPg^]Fmnk"��N>]�RpoqQEj�SU[>j�N>SP`bN-fWab]^�8k�SUm�Q$ceabk�]�fPr�k�g^SW`�o�N>]�fUN>m¥£^`bN�RTN-fXab]�fhc�QE]�O N-f>I/x�k�g^S
O N>`1Q2��`1Q=ceS_Q&RTadceabk�]^]^N>`b`bN=]^k&ceabk�]±RpoqQE`bj�k�SUadcel^mnN=QEr^r^SUkGO_l^[�j�QES_QE]�ceaLfef_QE]�c�g^]^N�r^SUk�r�k�Shceabk�]±O k�]�fhc�QE]�ceN=RTN
`1Q ��QE`bN>g^S�k�rTceabm�QE`bN=]^N fUg^®vc�r^`bg�f�O k�m+mnN�`�o�ab`b`bg�f�ceSUN>]�c@`bN-f�N sGN>mnr^`bN-f�RT[ c�QEab`b`b[-f�R�QE]�f�O NDRTkGO g^mnN>]�c-I
M�o�ab]�ce[>S�� cnRTN-fvSU[-fhg^`dc�Q$c_f½k�£TceN>]Jg�fnQ>��N-O�O_l
Q&«�g^N@S_QEr^r�k�Shc½N cv`bN-fvr�k�fUfUab£^ab`badce[-fnRpoqQE]
QE`d�TfUN-f½«�g�o�ab`Lfvk�¹�SUN>]�c
]^k�g�f�O k�]���QEab]�«�g^N>]�c=RTNFO k�]�O N ��k�abS�g^] �8k�SUm�QE`baLfUmnN g^]^aL«�g^N r�N>SUm+N cUc�QE]�c�RTN ceS_Q>��QEab`b`bN>S=Q>��N-O `�o�g^] k�g
`�oqQEgTceSUN�RTN-f�S_QEr^r�k�Shc_fvRpoqQEr^r^SUk"sGabm�Q$ceabk�]�I¢­\N�m��>mnN��<]^k�g�fvQ>��k�]�fvRT[h�U��[ ��kG«�g^[�`bN�£�N-fUk�ab]
RTN�r^SUN>]�RTSUN
N>]DO k�mnrTceN¥RTN�m�QE]^ab¤>SUN¥fh�Tfhce[>m�Q$ceaL«�g^NvRTN-f�SU[-fhg^`dc�Q$c_fXRpoqQEr^r^SUk"sGabm�Q$ceabk�] �8k�]�O¸ceabk�] RTN�`�o�ab]�f�c�QE]�O N�I<ª�N cUceN
aLRT[>N�]�o�N-fhc½r
Q&fv]^N>gT��N@N>]
N>`b`bN Ç�m��>m+N�m�QEaLf¥]�oqQ=[ ce[@«�g^N�ceSU¤-fvr
QEShceabN>`b`bN>mnN>]�c+ab]�ce[>j�SU[>N�QEg¬�8k�SUm�QE`baLfhmnN
N sGaLfhc�QE]�c{Q>��N-Oi`bN-f�O k�]�fU[-«�g^N>]�O N-f�«�g^N�]^k�g�f Q>��k�]�f�RT[h�U��fhabj�]
QE`b[>N-f��TN>]�r
QEShceaLO g^`babN>S fUg^S�`1QWmnaLfUNiN>]�SUN ceS_QEadc

F��� #$��2$)@)��-!*��+
2$,�3 > #�=�� %&30.��-8�)@2�'
	�%&!��-8 .�����
�������� �

°



RTN `1Q�«�g^N-fhceabk�]½RTN-f�r
QES_QEm+¤ ceSUN-f¢RTN�`�o�ab]�f�c�QE]�O N�N c�RTN�`bN>g^S�S���`bN�R�QE]�f�`bN-f�SU[-fhg^`dc�Q$c_f�RpoqQEr^r^SUk"sGabm�Q$ceabk�]�I� i]^N
ceSUk�aLfUab¤>mnN�]^k�gT��N"QEgTce[{O k�]�O N>SU]^N�RTN-f/j�[>]^[>S_QE`baLfeQ$ceabk�]�f�RTN-f�QE`bj�k�SUadcel^mnN-f¢RpoqQEr^r^SUk"sGabm�Q$ceabk�]X¡�R�QE]�f�`1Q{`babj�]^[>N
RTN-f�feO_l^[>m�Q&f RpoqQEr^r^SUk"sGabm�Q$ceabk�]=«�g^aG��g�fe«�g^NX`1��fUNXfUab]^j�g^`1QESUaLf_QEabN>]�c�R�QE]�f `�o�k�gTceab`b`1QEj�NPRTN�`�oqQEr^r^SUk"sGabm�Q$ceabk�]
r�k�`d�G]^k�mna1QE`bN��$]^k�g�f<ab]�ceSUkGRTg^aLfUk�]�f�`�o�aLRT[>N�Rpo�[ ceg�RTabN>S�`bN�O k�m+r�k�ShceN>mnN>]�c�RTN�fUg^adceN-f/RpoqQE`bj�k�SUadcel^mnN-f ��QEr^r�N>`b[>N-f
; � %+�/6  �"�_Ea %$8<8 Y	X
+P-/)�%P#Z-�X.62��«�g^a
r�N>SUmnN cUceN>]�c QE`bk�Sef�RTNiSUN>]�RTSUN�O k�mnrTceN�RTN{SU[-fUg^`dc�Q$c_f�RTN�O k�]���N>SUj�N>]�O N�IT i]
£^SUN>��l^aLf�cek�SUaL«�g^NDRTN�`�oqQEr^r^SUk"sGabm�Q$ceabk�]�RTN ��� �� " � �(r
QES_QEj�S_QEr^l^N }GILK,�vr�N>SUmnN c�Rpo�ab`b`bg�fhceSUN>S�`bN-fn£�N-fUk�ab]�f
RTN SUN-O k�g^SUabS=�¬O NDcÂ�Gr�NFRpo�k�gTceab`Lf>I{­XQE]�f�`1Q
fhg^adceNFRTNFO N cUceNFfhN-O¸ceabk�]���]^k�g�f�RTaLfUO gTcek�]�f�`bN-f�]^k&ceabk�]�f�RTN
O_l
Q$§L]^N�RpoqQEr^r^SUk"sGabm�Q$ceabk�]�N c�RTNi]^ad��N"QEg�RpoqQEr^r^SUk"sGabm�Q$ceabk�]�IG­XQE]�f�`1QXr
QEShceabNiuW]^k�g�f�O SUN>g�fhk�]�f QE`bk�Sef�`�o�aLRT[>N
RTN½SU[-fUg^`dc�Q$c_fW`babmnadceN-fXN>]�QEr^r^SUk"sGabm�Q$ceabk�]�I/wik�g�fWRTaLfeO gTcek�]�fXN>]Fr
QEShceaLO g^`babN>SP`bN-f�]^k&ceabk�]�f�Q&fh�GmnrTcek&ceaL«�g^N-f
r^SU[-fUN>]�ce[>N-f�O k�mnmnN�g^]^NW�8k�SUmnNWRTN �v`babmnadceNXr
QES{S_QEr^r�k�Shc\QEgTs�ab]�fhc�QE]�O N-f ��I

��
 2 � 4 ;��7;G.F��A8;�¾+, 4 ;¿�/!$��0�; �/'(�>�-5�'8!$;|6<;|A �b#��/�/!$5J�<' .F#^�"'85 4 6/, �/!$5
��A8�G.�;¿6<;|� �"#���A8;
.F#^�<'(. ,/.

 �] £^SUN>��fUg^Sh��k�`�RTN-fXSU[-fUg^`dc�Q$c_fWRpoqQEr^r^SUk"sGabm�Q$ceabk�]�r�k�g^S �����! #"��DmnN cXN>] [ �GaLRTN>]�O Nn`�o�ab]�ce[>S�� c�RTN½SUN Ç
O k�g^SUabS\�nRTNW]^k�gT��N>`b`bN-f�]^k&ceabk�]�fiN c\RTNPr�k�fhN>S�RTNP]^k�gT��N>`b`bN-fir^SUk�£^`b[>m�Q$ceaL«�g^N-f I7ª�N>Shc�QEab]�f�fhN>SUk�]�c\SUN>r^SUaLfik�g
r^SU[-O aLfU[-f g^`dce[>SUabN>g^SUN>mnN>]�c�QE�^]�Rpo�ab`b`bg�fhceSUN>S�g^]�O k�]�O N>rTc{k�g�g^]^N�r^SUk�£^`b[>m�Q$ceaL«�g^N�I^~�QEr^r�N>`bk�]�f�N>]�N>¹�N c�«�g^N
`bN�£^gTc½RTN@O N�ceS_Q>��QEab` N-fhc½RTN�mnN>]^N>S¥g^]^N�RTaLfeO g�fUfUabk�] fUg^S¥`bN-fvO k�]�O N>rTc_f��¢`bN-f¥SU[-fUg^`dc�Q$c_fv]^N�fhN>Sh��QE]�c+«�g^N
Rpo�N sGN>mnr^`bN-f>I

 �]^N{r^SUN>mnab¤>SUNi� QEmnab`b`bNiRTNiSU[-fhg^`dc�Q$c_f�O k�]�O N>SU]^N\RTN-f�S_QEr^r�k�Shc_f�RpoqQEr^r^SUk"sGabm�Q$ceabk�]��8k�]�O¸ceabk�]�RTg+]^k�m¥£^SUN
RTNvfUk�mnmnN c_f

n
RTN¥`�o�ab]�fhc�QE]�O N�I � `�N-f�cX[ �GaLRTN>]�cW«�g^N���r�k�g^S�`bN¥r^SUk�£^`b¤>mnNv]^k�]TÇ�r�k�]�RT[>SU[���`bN¥S_QEr^r�k�ShcWRpoqQErTÇ

r^SUk"sGabm�Q$ceabk�]
k/n

r�N>gTc5� ceSUN=j�QES_QE]�cea\N>]±ceN>m+r�f+r�k�`d�G]^k�mna1QE`�r�k�g^S�cek�gTceN O k�]�f�c�QE]�ceN
k
¡�ab`�fUg^®½c�RTN

O_l^N>SeO_l^N>S�RTNXm�QE]^ab¤>SUNXN sGl
QEg�f�cead��N�g^]@mnN>ab`b`bN>g^S{fhc�QE£^`bNWr
QESUmna�`bN-f{N>]�fhN>m¥£^`bN-fiRpoqQEg�r^`bg�f
k

fhk�mnm+N c_f I�M�N
r^SUab]�O abr
QE`7SU[-fhg^`dc�Q$ci�8k�]�O¸ceabk�]�RTN

n
r�k�g^S�`bNXO-Q&f ]^k�]TÇ�r�k�]�RT[>SU[WmnN c�N>]v��N>g �('dK-¨+)U��g^]@S_QEr^r�k�ShciRpoqQEr^r^SUk"sGadÇ

m�Q$ceabk�]�RTN�`1QP�8k�SUmnN
O(log2 n/n)

IGx�k�g^S�`bN\O-Q&f�r�k�]�RT[>SU[��G]^k�g�f�mnk�]�ceSUk�]�f R�QE]�f ' H&}+)pO k�mnmnN>]�c�RT[-RTg^abSUN
RTNPO NXSU[-fUg^`dc�Q$c�g^]�QE`bj�k�SUadcel^mnNPj�QES_QE]�ceaLfUf_QE]�c\`bNXS_QEr^r�k�Shc

O(log2 n/(n log logn))
�(r^SUk�r�k�fhadceabk�]¬K�K,��I

x¢QES_QE`b`b¤>`bN>mnN>]�c½�@O N-fPSU[-fhg^`dc�Q$c_f���RTNn]^k�m¥£^SUN>gTs ceS_Q>��QEgTs k�]�c�r�k�Shce[�fUg^S�RTN-f�QE]
QE`d�TfUN-fP�8k�]�O¸ceabk�]¬RTg
RTN>j�SU[@m�Q$sGabm¥g^m

∆
k�g RTgBRTN>j�SU[�mnk"��N>]

µ
�
µ = 2|E|/n

��k��
E

RT[-fhabj�]^N�`�o�N>]�fhN>mv£^`bN-f½RpoqQES�� ceN-fnRTg
j�S_QEr^l^N���I�M/Q O k�mnr
QES_QEaLfhk�]VRTN�O N-fnRTN>gTs¬cÂ�Gr�N-f+RTN@SU[-fUg^`dc�Q$c_f+mnk&cead��N@g^]^N@SU[��^N sGabk�]VRTN��8k�]�R fUg^S½`bN-f
r
QES_QEmn¤ ceSUN-f�N>]+�8k�]�O¸ceabk�]�RTN-fe«�g^N>`Lf�N sGr^SUabmnN>S�`bN-f�SU[-fhg^`dc�Q$c_f�RpoqQEr^r^SUk"sGabm�Q$ceabk�]�ITx�k�g^S�[ ceg�RTabN>S�O N cUceN\«�g^N-f�Ç
ceabk�]���g^]^N¥r^SUN>m+ab¤>SUN¥O k�]�RTadceabk�] N-fhcXRTN�r�k�gT��k�abS�`�o�N sGr^SUabmnN>SXR�QE]�f�`bN¥�8k�SUm�QE`baLfUmnN���]^k�g�f���SUN �GabN>]�RTSUk�]�f��
]^k&c�QEmnmnN>]�ciR�QE]�f{`1Qvr
QEShceabN��vN c�QEg�r
QES_QEj�S_QEr^l^N¥}GIq}GI

M7N-fnr^SUN>mnabN>SefnSU[-fUg^`dc�Q$c_f�RpoqQEr^r^SUk"sGabm�Q$ceabk�]Vr�k�g^S ������ "��
�8k�]�O¸ceabk�]VRTgVRTN>j�SU[�r^SUk�r�k�fUN>]�c�`bN�S_QErTÇ
r�k�Shc

1/∆
�(' H&°*)U�½j�QES_QE]�cea\r
QES�g^] QE`bj�k�SUadcel^mnN=j�`bk�gTcek�]�I w�k�g�f+SUN>r^SUN>]^k�]�f�� R�QE]�f�`bN=r
QES_QEj�S_QEr^l^N u^IYH?�

g^]^N�QE]
QE`d�TfUN�RTNnO N c¥QE`bj�k�SUadcel^mnN�I�ª�N>r�N>]�R�QE]�c
�<g^]FSU[-fhg^`dc�Q$c¥RTN , * ����
 �(' µ&¦+)U�\£^abN>] QE]�ce[>SUabN>g^SP�8k�g^SU]^adc
`bNnS_QEr^r�k�Shc

1/(µ + 1)
r�k�g^S�O NnmO�>mnN+QE`bj�k�SUadcel^mnN��<k�gT�GS_QE]�cvQEab]�fUa�`1Q���k�abN�RTN-fWS_QEr^r�k�Shc_fP�8k�]�O¸ceabk�] RTg

RTN>j�SU[Wmnk"��N>]�I���abN>]�«�g^NWO N-f�SU[-fUg^`dc�Q$c_f{� Q&fefUN>]�ciRT[-fUk�SUm�QEaLf�r
QEShceabNPRTg@`babN>g�O k�mnm¥g^]��^ab`Lf k�]�ci`bk�]^j&ceN>mnr�f
[ ce[�`bN-f¥fhN>g^`LfvO k�]^]Jg�f¥N c¥SUN-fhceN>]�cvSUN>`1Q$cead��N>m+N>]�c½O k�mnr�[ ceadceab�(f>I�M/Q�r^SUN>mnab¤>SUN@QEmn[>`babk�S_Q$ceabk�]
fUabj�]^ab��O-Q$cead��N
Q�[ ce[n`bN½S_QEr^r�k�Shc

2/∆
�('�}��*)U�i��QE`baLRTNn[>j�QE`bN>m+N>]�cWr�k�g^SW`bNnO-Q&fXr�k�]�RT[>SU[�� + ���� " ��I � r
QEShceabSPRTN�K-¦�¦Eu:�

`�oqQEr^r^SUk"sGabm�Q$ceabk�]FRTN ������ " ��N>]DceN>SUmnN-f\RTNvRTN>j�SU[nQ�O k�]^]Jg g^]^N¥[ ��k�`bgTceabk�] S_QEr^aLRTN�I7 i]^N½QE]
QE`d�TfhN½�^]^N
RTN{`�oqQE`bj�k�SUadcel^mnN{j�`bk�gTcek�]�Q\r�N>SUmnaLf�Rpo�k�£TceN>]^abS��('�}�}+)U�$��r�k�g^S�`bNiO-Q&f¢]^k�]TÇ�r�k�]�RT[>SU[��J`bN-f¢S_QEr^r�k�Shc_f

3/(∆+2)N c
2/(µ + 2)

�8��k�abS�[>j�QE`bN>mnN>]�c¥`1Q@r^SUk�r�k�fhadceabk�]
u=RTg�r
QES_QEj�S_QEr^l^N�u^IYH�� ��O N�RTN>SU]^abN>S�S_QEr^r�k�Shc¥r�N>gTc¥� Q$Ç
O ab`bN>mnN>]�c � ceSUNFQEmn[>`babk�SU[ N>]

5/(2µ + 3)
j�S��&O NF��`1QFceSU¤-f�[>`b[>j�QE]�ceN mn[ cel^kGRTN �8��k�abS�r^SUk�r�k�fhadceabk�] H�µ��

RTg^NW��$%��&(')�
* + ����N c , � . �)�
�����(' µGK )U��r�N>SUm+N cUc�QE]�ciRTN�RT[ ceN>SUm+ab]^N>S g^]^NXfUk�`bgTceabk�]�fUN>mnadÇ�ab]�ce[>j�S_QE`bNWRTg
r^SUk�j�S_QEmnmnN+`bab]^["QEabSUN�Q&fefhkGO ab[�� ������ "��pI<x�k�g^S¥Q$cUceN>ab]�RTSUN�g^]^N�QEr^r^SUk"sGabm�Q$ceabk�]
fhabm+ab`1QEabSUNnr�k�g^S�`bN�O-Q&f
r�k�]�RT[>SU[���ab`�Q�� QE`b`bg�RT[ ��N>`bk�r^r�N>S�g^]^N�cek�gTceN�QEgTceSUN�RT[>m�QESeO_l^N���`bN{S_QEr^r�k�Shc

3/(∆+2)
N-f�c�[ c�QE£^`ba�R�QE]�f '�}TK )

r
QESXg^]^NvceN-O_l^]^aL«�g^N�RTN½r
QEShceadceabk�]^]^N>mnN>]�c�RTg j�S_QEr^l^N�I<­\¤-f�`bk�Sef���`1Q���N>SefUabk�]Fr�k�]�RT[>SU[>N+f o�N-fhcP�8k�ShceN>mnN>]�c
RT[>m�QESe«�g^[>N��GSUN>`1QE]��-QE]�c{`1QP«�g^N-fhceabk�]@RTN-f�`babN>]�f�N>]�ceSUN\`bN-f���N>SefUabk�]�f r�k�]�RT[>SU[>N�N c�]^k�]TÇ�r�k�]�RT[>SU[>Nb�8��k�abS fUN-O¸Ç
ceabk�] �GIYµ���¡<r�k�g^S	� + ���! #"�� `bN½S_QEr^r�k�Shc

3/(∆ + 2)
N-fhcP`bk�]^j&ceN>mnr�fWSUN-fhce[n`bNnmnN>ab`b`bN>g^S�QEg�mnk�mnN>]�cXk��

¦



`bNPO-Q&fi]^k�]TÇ�r�k�]�RT[>SU[�£�[>]^[>��O a1QEadc�RTNPr^`bg�fUabN>g^Sef\QEmn[>`babk�S_Q$ceabk�]�f>I���N>]�ceabk�]^]^k�]�f�N>]�r
QEShceaLO g^`babN>S�`bNPS_QEr^r�k�Shc

5/(∆ + 3) − ε
�(' �#)U�{N cXm��>mnNP`bN¥S_QEr^r�k�Shc

O(log log ∆/∆)
�('�}Eu )U� � I e/k�gTceN>�8k�aLf��pO N-f�RTN>gTs QEr^r^SUk"sGabm�Q$Ç

ceabk�]�f�]^N�fUk�]�c�r�k�`d�G]^k�mna1QE`bN-f�«�g^N�r�k�g^S�RTN-f�ab]�f�c�QE]�O N-f RTNi� QEab£^`bN\RTN>j�SU[¢¡J`bN-f�QE`bj�k�SUadcel^mnN-f�O k�SUSUN-fhr�k�]�R�QE]�c
RTN �GabN>]^]^N>]�c�N sGr�k�]^N>]�ceabN>`Lf�r�k�g^S�RTN-f�j�S_QEr^l^N-f�«�g^N>`LO k�]�«�g^N-f IJx�k�g^S�`bN{O-Q&f�j�[>]^[>S_QE`���`�oqQEShceaLO `bN '�}Eu )
Q�[ ce[�g^]^N
[ c�QEr�N+O SUg�O a1QE`bN¢¡�fhk�]Fr^SUab]�O abr
QE`�SU[-fUg^`dc�Q$c�N-fhcWg^]¬QE`bj�k�SUadcel^mnN+RTN+O k�mnr^`bN sGadce[

O(n∆k−1)
j�QES_QE]�ceaLfUf_QE]�c
�

r�k�g^S�g^]^NXO k�]�fhc�QE]�ceN
k
�Tg^]�S_QEr^r�k�Shc�RTN�`1Q��8k�SUm+N

(6/∆)− ε(k)− η(∆)
Q>��N-O

ε(k)→ 0
«�g
QE]�R

k →∞N c
η(∆)→ 0

«�g
QE]�R
∆→∞

IGª�N>r�N>]�R�QE]�c
��`bN{SU[-fUg^`dc�Q$c�N-fhc�N sGr^SUabmn[iRTNim�QE]^ab¤>SUN�ceSU¤-f�O k�]^�8g�fUNiN c�m��>mnN
abmnr^SU[-O aLfUNWQE`bk�Sef�«�g^N�]^k�g�f���N>SUSUk�]�f{«�g�o�ab`7Q2�^R�QE]�f�`bN��8k�SUm�QE`baLfUmnN�«�g^NX]^k�g�f r^SU[-fhN>]�cek�]�f��^g^]^N��8k�SUmnN\ceSU¤-f
fUabmnr^`bN �(r^SUk�r�k�fUadceabk�]±¦<��I � `�f oqQEj�adc+Rpo�g^]
N sGN>mnr^`bN@fhabj�]^ab��O-Q$ceab�\k��¬`�o�ab]
Q&RT[-«�g
Q$ceabk�]±RTgBO-Q&RTSUN@O `1Q&fefUaL«�g^N
r�k�g^S\N sGr^SUabmnN>S\O N-f\SU[-fhg^`dc�Q$c_fWQ+O k�]�ceS_QEab]�c�`bN-fXQEgTceN>g^Sef��+]�o�N>]Dr^SU[-fhN>]�ceN>SX«�g�o�g^]^N¥�8k�SUmnN�r
QEShceabN>`b`bN�I<ª�N-f
RTab¹�[>SUN>]�ceN-f�QEr^r^SUk"sGabm�Q$ceabk�]�f�O k�SUSUN-fUr�k�]�RTN>]�c���RTN-f�QEmn[>`babk�S_Q$ceabk�]�f�Rpo�g^]�� Q&O¸ceN>g^S m¥g^`dceabr^`baLO-Q$ceab�/O k�]�fhc�QE]�c
«�g^a�fUk�]�c\k�£TceN>]Jg^N-f�r
QES\RTN-f�QE]
QE`d�TfUN-f\RTN�r^`bg�fiN>]=r^`bg�f��^]^N-f>I��¢`b`bN-f�r�k�fUN>]�c\abmnr^`baLO adceN>m+N>]�c\`1Qn«�g^N-fhceabk�]
RTN¥`1Q ��mnN>ab`b`bN>g^SUN½O k�]�f�c�QE]�ceN ��RTN ��QE]�cW`bN�ceN>SUmnN

1/∆
k�g

1/µ
Ipw�k�g�fi� Q>��k�]�f\SU[>r�k�]�RTg R�QE]�f ' H�H*)�N>]

r^SUk�r�k�f_QE]�c
��r�k�g^S�cek�gTceN{O k�]�fhc�QE]�ceN
k
��g^]+QE`bj�k�SUadcel^mnN�RTN{O k�mnr^`bN sGadce[

O(nk/2)
j�QES_QE]�ceaLfefeQE]�c�g^]½S_QEr^r�k�Shc

RTNv`1Q��8k�SUmnN
k/∆ − o(1/∆)

QEab]�fUa¢«�g�o�g^]FQE`bj�k�SUadcel^m+N½RTN½O k�mnr^`bN sGadce[
O(nk)

j�QES_QE]�ceaLfefeQE]�cP`bNvS_QEr^r�k�Shc

min{k/µ, k′ log log ∆/∆}− o(1/µ)
k��

k′
N-fhc�g^]^N���QE`bN>g^S{RT[>r�N>]�R�QE]�ciRTN

k
ITM/��N>]�O k�SUN��^]^k�g�f ��N>SUSUk�]�f

O k�mnmnN>]�c�N sGr^SUabmnN>S O N-f�SU[-fUg^`dc�Q$c_f r^`bg�f�fUabmnr^`bN>mnN>]�c �(r^SUk�r�k�fhadceabk�]�¦<��ITM/QP«�g^N-f�ceabk�]@]
Q$ceg^SUN>`b`bN�[>m�QE]
QE]�c
RTN�O N-f�ceS_Q>��QEgTs½O k�]�O N>SU]^N{`1Q\r�k�fUfUab£^ab`badce[{RTN{RT[>r
Q&fefUN>S¢`�o�k�SeRTSUN{RTN�j�S_QE]�RTN>g^S

O(1/∆)
I&��`b`bN SUN-fhceNi��`�o�[ ceg�RTN

m��>mnNWfha<g^]^NWSU[>r�k�]�fhNPr�k�fUadcead��N¥Q½RT[h�U�½[ ce[W[ c�QE£^`babN5�8cel^[>k�SU¤>mnNvH���I
��]@� QEaLf_QE]�c�QE£�fhceS_Q&O¸ceabk�]DRTN-fiRT[ c�QEab`Lf
R�QE]�f�`�o�N sGr^SUN-fefUabk�]�RTN�O N-f�RTN>SU]^abN>Sef�SU[-fUg^`dc�Q$c_f��J`bN>g^S��8k�SUmnN{j�[>]^[>S_QE`bN\fUNiRTaLfhceab]^j�g^N�r
QES�`bN{S���`bN�«�g^N���k�g^N

k
I

� `�QEr^r
QES_Q$§bc�O k�m+mnNXg^]=r
QES_QEmn¤ ceSUN�RTN�`�oqQE`bj�k�SUadcel^mnN�N>]��8k�]�O¸ceabk�]DRTg�«�g^N>`/k�]=r�N>gTc\mnkGRTg^`bN>Si`1Qn«�g
QE`badce[
RTN�`�oqQEr^r^SUk"sGabm�Q$ceabk�]±Q>��N-O�g^]^N�ab]�O aLRTN>]�O N�RTabSUN-O¸ceN�fhg^Sv`1Q=O k�mnr^`bN sGadce[�I � ` ]^N�f oqQEj�adcnr^`bg�fvRTN�`�oqQE]
QE`d�TfUN
Rpo�g^] QE`bj�k�SUadcel^mnN+m�QEaLfWr^`bgTc	�&c�Rpo�g^]^N�fUg^adceN+RpoqQE`bj�k�SUadcel^mnN-f¥��`�o�abm�QEj�N+Rpo�g^]�feO_l^[>m�Q@RpoqQEr^r^SUk"sGabm�Q$ceabk�]
r�k�`d�G]^k�mna1QE`�I�M�o�aLRT[>N�RTN-f+O_l
Q$§L]^N-f+RpoqQEr^r^SUk"sGabm�Q$ceabk�]VN-f�c�RTN@�8k�SUm�QE`baLfUN>S+O N@cÂ�Gr�N=RTN�fUadceg
Q$ceabk�]���m��>m+N
r�k�g^SXRTN-f�O-Q&f�k��D`bN-f\S_QEr^r�k�Shc_fWRpoqQEr^r^SUk"sGabm�Q$ceabk�]FO k�SUSUN-fUr�k�]�R�QE]�cW]^N½fUk�]�c�r
Q&fXRTg=cÂ�Gr�N

1 − ε(k)
Q>��N-O

ε→ 0
«�g
QE]�R

k → +∞
I

��
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� c�QE]�cXRTk�]^]^[¥g^]Dr^SUk�£^`b¤>mnNvRpo�k�rTceabm+aLfeQ$ceabk�] :�� Ç O k�m+r^`bN c
��]^k�g�f�Q>��k�]�f�RT[h�U�+r^SU[-O aLfU[vR�QE]�f\`1Q+r^SUN Ç

mnab¤>SUN�fUN-O¸ceabk�] `1Q�]^k&ceabk�]¬Rpo/%P� >(X.Y4-U# � )� %$8<8VY	X,; � �P«�g^a��/r�k�g^SPcek�gTceN�ab]�f�c�QE]�O N
I

RTNnc�QEab`b`bN
n
�/O k�]�fhceSUg^adc

N>]=ceN>mnr�f\r�k�`d�G]^k�mna1QE`�r
QES\S_QEr^r�k�ShcP�
n

g^]^N½fhk�`bgTceabk�] SU["QE`baLf_QE£^`bN�I7M<Qn��QE`bN>g^S�k�£T��N-O¸cead��N
λ(I)

RTNvO N cUceN
fUk�`bgTceabk�]BQEab]�fha�«�g^N�`bN-fP��QE`bN>g^Sef¥k�rTceabm�QE`bN@�

β(I)
�XN c �([ ��N>]�ceg^N>`b`bN>mnN>]�c4�Pr^abSUN �

ω(I)
�WRTN

I
fUk�]�cvN-fUfUN>]TÇ

ceabN>`b`bN-f�r�k�g^S�`�o�[ ��QE`bg
Q$ceabk�] �(r
QES�`bN{£^a1QEaLf�Rpo�g^]nS_QEr^r�k�Shc�RpoqQEr^r^SUk"sGabm�Q$ceabk�] ��RTN�`1QX«�g
QE`badce[�RTN{`�oqQE`bj�k�SUadcel^mnN�I
x¢QESUmna `bN-fnS_QEr^r�k�Shc_fngTceab`baLfU[-f���]^k�g�f+Q>��k�]�f+RT[h�U� mnN>]�ceabk�]^]^[

γ(I)
N c
δ(I)

m�QEaLfv`�o�[ ceg�RTN=«�g^aifhg^adc+N-fhc
QEr^r^`baLO-QE£^`bNn�n]�o�abmnr�k�ShceNv«�g^N>`b`bN�mnN-fUg^SUN¥Rpo�[ ��QE`bg
Q$ceabk�]�I�w�k&ceSUNvfhN>g^`bN¥SUN-f�ceSUaLO¸ceabk�] N-fhc�RTN¥O k�]�fUaLRT[>SUN>S�g^]^N
mnN-fUg^SUN

ρ : I 7→ ρ(I)
�\��QE`bN>g^Sef�N>]�ceSUN\¨�N c\K{RpoqQEgTc�QE]�c�r^`bg�f�r^SUkGO_l^N�RTNPK{«�g^N

I
N-fhc�£^abN>]nSU[-fUk�`bg^N�IJz�ab]�fUa��

g^]�SU[-fUg^`dc�Q$cXRpoqQEr^r^SUk"sGabm�Q$ceabk�] O k�]�fUaLf�ceN½�½j�QES_QE]�ceabS���r�k�g^Sicek�gTceN�ab]�fhc�QE]�O NvRTg�r^SUk�£^`b¤>mnN���g^]=mnab]^k�S_QE]�c
RTN
ρ(I)

I
M/Q ]^k&ceabk�]VRTN ; � %��/6  %P� >(X.Y4-U# � )K-�M�0� +j�[>]^[>S_QE`baLfhNDO N>`b`bN=RpoqQE`bj�k�SUadcel^mnN QEr^r^SUkGO_l^[�I�M7N�r^SUab]�O abr�N=N-fhc

Rpo�[ ceg�RTabN>Sij�`bk�£
QE`bN>mnN>]�c�`bNWO k�m+r�k�ShceN>mnN>]�ciRpo�g^]^NP� QEmnab`b`bNWRpoqQE`bj�k�SUadcel^m+N-f I
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 ÆJk�adc

Π
g^]Dr^SUk�£^`b¤>mnNvRpo�k�rTceabmnaLfeQ$ceabk�] O k�mn£^ab]
Q$cek�abSUN � RT[>�^]^adceabk�] K,� ��k�]D]^k&ceN

I
`�o�N>]TÇ

fUN>m¥£^`bN�RTN-f¥ab]�fhc�QE]�O N-f½RTN
Π
I�ÆJk�adc

f : I × N →]0, 1[; (I, k) 7→ f(I, k)
g^]^N@QEr^r^`baLO-Q$ceabk�] O SUk�aLfefeQE]�ceN

N>]
k
I< �]^N+O_l
Q$§L]^N ��QE`bj�k�SUadcel^mnaL«�g^N��WRpoqQEr^r^SUk&sGabm�Q$ceabk�] r�k�`d�G]^k�mna1QE`bN��½RTN+S_QEr^r�k�Shc

f
r�k�g^S

Π
N-fhc�g^]^N

fUg^adceN{RpoqQE`bj�k�SUadcel^mnN-f
(
�

k)k∈N

ceN>`b`bN{«�g^N���r�k�g^S¢cek�gTc
k ∈ N

� �
k
N-f�c�g^]+QE`bj�k�SUadcel^mnNiQEr^r^SUkGO_l^[{r�k�`d�G]^k�mna1QE`

r�k�g^S
Π

j�QES_QE]�ceaLfef_QE]�c�`bNWS_QEr^r�k�Shc�RpoqQEr^r^SUk&sGabm�Q$ceabk�]
ρk(I) > f(I, k)

�
∀I ∈ I

I
�����
� ,�?-8 =�3G��2 ���-8E��3 > =�!�� .��-8�+�,��-)�%�(-,���8�,�?%� ?�,��-!�'-�CB4=�! , 2$+�+A#�,E��.�= � �F+ �

Ω(1/∆)
�

� ��� = 8 %&)�+�3&�-)��-!:�
	�� ��
�� & 3&#�,�8 <:=0> 2$=�'-=�!�� '-#�! � =�8 %&#�! !0> �-8���+A#�8 8 %G5�3&���

K-¨



M�o�ab]�ce[>S�� cWRTN½O N cUceNv]^k&ceabk�] N-f�cWRTk�g^£^`bN�I7­�oqQE£�k�SeR���N>`b`bNvr�N>SUmnN cXRTNvSUN>]�RTSUN½O k�mnrTceNvj�`bk�£
QE`bN>mnN>]�cWRpo�g^]^N
� QEmnab`b`bN�RpoqQE`bj�k�SUadcel^mnN-f�N c½��O NnceadceSUN�r�N>SUmnN cUceS_Q�RTN�fUabmnr^`bab�^N>S�O N>Shc�QEab]�f�[>]^k�]�O [-f>I�ÆJa�k�]¬fhN�`babmnadc�QEadcv�
O k�]�fUaLRT[>SUN>S���r�k�g^SiO_l
Q&«�g^NX��QE`bN>g^SiRTN

k
�T`�oqQE`bj�k�SUadcel^m+NPO k�SUSUN-fhr�k�]�R�QE]�c\N cifhN-f{j�QES_QE]�ceabN-f��
O N ciab]�ce[>S�� ciSUN-fhÇ

ceN>S_QEadc mnab]^N>g^S�r^g^aLfe«�g�o�g^]�[>]^k�]�O [�r
QES_QEmn[ ceSU[\r
QES
k

r�N>SUm+N c Rpo�N sGr^SUabmnN>S�`bN�m��>mnN{SU[-fUg^`dc�Q$c�RTN�m�QE]^ab¤>SUN
QEg�fefha�fhabm+r^`bN�I7x�QESWO k�]�ceSUN��<`1Q�fhabmnr^`bab��O-Q$ceabk�] RTN �GabN>]�c�fhN>]�fUab£^`bN+r�k�g^SWRTN-fXSU[-fUg^`dc�Q$c_fPRT[-O SUad��QE]�cP`bNnO k�m½Ç
r�k�ShceN>mnN>]�cPj�`bk�£
QE`�RTN½`1Q�fUg^adceN+RpoqQE`bj�k�SUadcel^mnN-fPN cPRTNn`1Q�j�QES_QE]�ceabN�Q&fUfUkGO ab[>N�«�g^a¢r�N>gTc � ceSUN½�Gg^N+O k�mnm+N
g^]^N{fUg^adceN{RTN��8k�]�O¸ceabk�]�f

k 7→ f(I, k)
I�ª�N cUceN�r^SU[-fUN>]�c�Q$ceabk�]+r�N>SUmnN c�N>]vr
QEShceaLO g^`babN>S�RTN{RT[>�^]^abS�g^]^N�]^k&ceabk�]

RTNWO k�]���N>SUj�N>]�O NPr
QES�S_QEr^r�k�Shc��
k

SUN>]�R�QE]�ciO k�m+rTceNWRTN�j�QES_QE]�ceabN-fiO k�SUSUN-fhr�k�]�R�QE]�cXQEgTs�j�S_QE]�RTN-f���QE`bN>g^Sef
RTN
k
I�ª\o�N-f�c�N s^Q&O¸ceN>m+N>]�c�`bN�cÂ�Gr�N�RTN�j�QEab]v«�g^N�`�o�k�]nQ{N>]�gTceab`baLf_QE]�c¢`1Q{]^k&ceabk�]vRTN feO_l^[>m�QiRpoqQEr^r^SUk"sGabm�Q$ceabk�]

r�k�`d�G]^k�mna1QE`
QEg½`babN>gnRpo�g^]+QE`bj�k�SUadcel^mnN�r
QES_QEmn[ ceSU[�RTk�]�c�`bN�S_QEr^r�k�Shc�RpoqQEr^r^SUk"sGabm�Q$ceabk�]+fhN�S_QEr^r^SUkGO_l^NiRTNXK
r�k�g^S O N>Shc�QEab]^N-f���QE`bN>g^Sef�`babmnadceN-f�RTg�r
QES_QEmn¤ ceSUN�I�ª�NicÂ�Gr�N�RTN�fhabm+r^`bab��O-Q$ceabk�]�r�N>SUm+N c
�J]^k�]�fUN>g^`bN>mnN>]�c�RTN
mnabN>gTs+SUN>]�RTSUNWO k�m+rTceN�RTN-f SU[-fUg^`dc�Q$c_f��^m�QEaLf fhg^Shcek�gTciRTN�mnabN>gTs�O k�mnr
QESUN>S�RTab¹�[>SUN>]�ceN-f{QEr^r^SUk"sGabm�Q$ceabk�]�f>I
M7NPfUN-O k�]�R�ab]�ce[>S�� c
�
ab`b`bg�fhceSU[�]^k&c�QEmnmnN>]�cir
QESi`�o�N sGN>mnr^`bN�RTN	�����! #"�� ��N-fhc\RTNPr�N>SUmnN cUceSUN¥�v`�o�gTceab`baLf_Q$ceN>g^S
RTNvO_l^k�aLfUabSXfhk�]D]^ad��N"QEgFRTN¥«�g
QE`badce[½N c�fUg^Shcek�gTcWRpo�N sGr^`baLO adceN>S���r�k�g^S�g^]=cÂ�Gr�N½RTN¥SU[-fhk�`bgTceabk�] �TsG[��p`bNvO k $Tc
N>]�O k�mnr^`bN sGadce[PRpo�g^]^N�QEmn[>`babk�S_Q$ceabk�]=RTNW`1Qv«�g
QE`badce[�I

­XQE]�f\`bN-f\r^SUkGO_l
QEab]�f�r
QES_QEj�S_QEr^l^N-f���]^k�g�f\r^SU[-O aLfUk�]�f�`bN-f\]^k&ceabk�]�f�RTN¥]^ad��N"QEg RpoqQEr^r^SUk"sGabm�Q$ceabk�]��<�+`1Q
£
Q&fUNPRTNX`1Q½O k�]�O N>rTceabk�]=RTNPO `1Q&fefhN-fiRpoqQEr^r^SUk"sGabm�Q$ceabk�]���N c�RTNWO k�]���N>SUj�N>]�O N�I

��
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w�k�g�f�ab]�fUaLf�cek�]�f�� g^]^N=�8k�aLf�RTN=r^`bg�f�� fUg^S�`bN=� QEadc@«�g�o�g^] RTN-f�r^SUab]�O abr
QEgTsVN>]&��N>gTsVRTND`�oqQEr^r^SUk"sGabm�Q$Ç

ceabk�] r�k�`d�G]^k�mna1QE`bN�N-fhc+RTN�mnN cUceSUN@N>] [ �GaLRTN>]�O N���QEg fUN>ab]±RTN@`1Q O `1Q&fUfUN :���� �¢g^]^N�f�ceSUg�O¸ceg^SUN��8k�]�RT[>N
fUg^SX`bN-fWr^SUk�r^SUab[ ce[-f�RpoqQEr^r^SUk"sGabm�Q$ceabk�]¬RTN-fXr^SUk�£^`b¤>mnN-f>I<M/Q�j�S_QE]�RTNn��QESUab[ ce[�RTN½SU[-fUg^`dc�Q$c_fPRpoqQEr^r^SUk"sGabm�Q$Ç
ceabk�] fUg^j�j�¤>SUNFRTN m�QE]^ab¤>SUN ceSU¤-f�]
Q$ceg^SUN>`b`bN RTN l^ab[>S_QESeO_l^aLfUN>S�`bN-f@r^SUk�£^`b¤>mnN-f@N>] �8k�]�O¸ceabk�] RTg cÂ�Gr�NFRTN
S_QEr^r�k�ShcDRpoqQEr^r^SUk"sGabm�Q$ceabk�] «�g�o�k�] r�N>gTc�j�QES_QE]�ceabS>I�M�N-f�O `1Q&fUfUN-f�`bN-f@r^`bg�f�O k�g^S_QE]�ceN-f=RT[>�^]^abN-fn��g�fU«�g�oq�
r^SU[-fUN>]�cvfhk�]�c � � � N c ��� ��� I/M<Q@r^SUN>mnab¤>SUN+SUN>j�SUk�g^r�N�`bN-fPr^SUk�£^`b¤>mnN-f¥Q&RTmnN cUc�QE]�c�g^]
QE`bj�k�SUadcel^mnN��
S_QEr^r�k�Shc�O k�]�fhc�QE]�c+N cn`1Q fUN-O k�]�RTN�O N>gTs Q&RTmnN cUc�QE]�c+g^] fUO_l^[>m�Q RpoqQEr^r^SUk"sGabm�Q$ceabk�]±r�k�`d�G]^k�mna1QE`���N>`b`bN-f
��[>SUab�^N>]�c+`�o�ab]�O `bg�fhabk�] ��� ���

⊂
� � � I�y\]
SUN>]�O k�]�ceSUN=QEg�fUfUa{RTN�m�QE]^ab¤>SUN�g^]Br�N>g
r^`bg�f+QE]^N-O>RTk&ceaL«�g^N

`bN-f�O `1Q&fefhN-f � 5 ���_� � � N c � 5�A ���_� � � «�g^a�SUN-O k�gT�GSUN>]�c½`bN-fWr^SUk�£^`b¤>mnN-f¥Q&RTmnN cUc�QE]�c¥g^]¬QE`bj�k�SUadcel^mnN��
S_QEr^r�k�Shc\RTNX`1Qv�8k�SUmnN

g(1/n)
k��

n
RT[-fUabj�]^NW`1Q¥c�QEab`b`bNPRTNW`�o�ab]�f�c�QE]�O N�N c

g
N-f�ciSUN-fUr�N-O¸cead��N>mnN>]�c�g^]^NW�8k�]�O¸Ç

ceabk�]�`bk�j�QESUadcel^mnaL«�g^N�N c�g^]^N+�8k�]�O¸ceabk�] r�k�`d�G]^k�mna1QE`bN�I�ª�N-fPRTN>gTsFRTN>SU]^ab¤>SUN-f¥O `1Q&fUfUN-fPk�]�c�[ ce[nab]�ceSUkGRTg^adceN-f
r�k�g^Sir
QE`b`babN>S\QEg�m�QE]�«�g^NPRpo�k�gTceab`Lf\Q&R�QErTce[-fir�k�g^Sil^ab[>S_QESeO_l^aLfhN>S\`1QvSU[>j�abk�]

NPO \
� � � RTN-f{r^SUk�£^`b¤>m+N

]�oqQ&RTmnN cUc�QE]�c{r
Q&f�RpoqQE`bj�k�SUadcel^mnNWr�k�`d�G]^k�mna1QE`<��S_QEr^r�k�Shc�O k�]�f�c�QE]�c-I
 i]�r^SUN>mnabN>S�N-fUf_QEa7RTN��8k�SUm�QE`baLf_Q$ceabk�]
N-fhc�RTk�]^]^[\R�QE]�f ' u�u )�¡�`1QWO `1Q&fUfUN
	 �_� � � O k�m+r^SUN>]�Rn`bN-f�r^SUk�£^`b¤>m+N-f�QEr^r^SUk"sGabm�QE£^`bN-f��Xg^]+S_QEr^r�k�Shc RTNi`1Q
�8k�SUmnN

g(1/n)
k��

n
RT[-fhabj�]^Ni`1Q�c�QEab`b`bNiRTN{`�o�ab]�fhc�QE]�O N{N c

g ∈ F
��k��

F
SUN>r^SU[-fUN>]�ceNig^]^N{O `1Q&fefUNiRTN��8k�]�O¸ceabk�]�f

��[>SUab�
QE]�c
�
g ∈ F =⇒ ∀(c, h) ∈ N× R, x 7→ hg (xc) ∈ F

�hK,�
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�
Aε

j�QES_QE]�ceadc�`bN
S_QEr^r�k�Shc�Q&f��Gm+rTcek&ceaL«�g^N

1− ε
��-��/ ��!�

∀ε ∈]0, 1[
�
γ∞Aε

> 1− ε
I

­\N+m�QE]^ab¤>SUN+ab]^�8k�SUmnN>`b`bN���`bN+S_QEr^r�k�ShcnQ&f��Gm+rTcek&ceaL«�g^N@�(mnN>ab`b`bN>g^S¥«�g^N�`bN�S_QEr^r�k�ShcvO k�]�fhc�QE]�cvj�QES_QE]�cea/�
RT[-O SUadc�`bN O k�m+r�k�ShceN>mnN>]�c�RTN `�oqQE`bj�k�SUadcel^mnNFfUg^S�`bN-f�ab]�fhc�QE]�O N-f

I
RTk�]�c�`1Q���QE`bN>g^S@k�rTceabm�QE`bN

β(I)
N-fhc

[>`bN ��[>N�I � `WSUN �GabN>]�cDRTk�]�OP�{r�k�g^S�cek�gTceN O k�]�f�c�QE]�ceN
K
�i�¬SUN ceabSUN>S=RTN `�oqQE]
QE`d�TfUN�`bNFO k�mnr�k�ShceN>m+N>]�c�RTN-f

ab]�fhc�QE]�O N-f�RTN���QE`bN>g^S�k�rTceabm�QE`bN�ab]^�8[>SUabN>g^SUN��
K

I&ÆJaJk�]¥O_l^N>SeO_l^N�����g�fhceab�^N>S�ab]�ceg^adcead��N>mnN>]�c¢O N cUceN�RT[>�^]^adceabk�]��
]^N+f>o�ab]�ce[>SUN-fUfUN>Sv«�g�oqQEgTs ab]�fhc�QE]�O N-f�RTNnj�S_QE]�RTN+��QE`bN>g^SPk�rTceabm�QE`bN+SUN �GabN>]�cv�@O k�]�fUaLRT[>SUN>S¥«�g^N�O N+fhk�]�c�`bN-f
ab]�fhc�QE]�O N-f{`bN-f{r^`bg�f��vab]�ce[>SUN-fUf_QE]�ceN-f ��I
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M/Q{RT[>�^]^adceabk�]vRTN ' H&°*)J]�o�N-fhc¢Q&R�QErTce[>N�«�g�oqQEg¥O-Q&f/RTN-f<S_QEr^r�k�Shc_f/O k�]�fhc�QE]�c_f��$cek�gTceN>�8k�aLf/`1Q�j�[>]^[>S_QE`baLfeQ$ceabk�]

QEgFO-Q&fXj�[>]^[>S_QE`�]�o�N-fhcPr
Q&fWRTab®nO ab`bN�I�y\]FRTadcP«�g^N½`bN½S_QEr^r�k�Shc¥Q&fh�GmnrTcek&ceaL«�g^N
ρ

N-f�cWj�QES_QE]�cea�r
QES
A

�(r
QES
S_QEr^r�k�Shc{�W`1QX��QE`bN>g^S�k�rTceabm�QE`bN��$�GfUa

∀ε
�
∃κ

ceN>`�«�g^N
∀I

ceN>`�«�g^N
β(I) > κ

�
γA(I) > ρ(I)(1− ε)

I^ª�NicÂ�Gr�N
RTNPRT[>�^]^adceabk�]=f>oqQ&R�QErTceNWabm+mn[-RTa1Q$ceN>mnN>]�ciQEg=O-Q&f{RpoqQEgTceSUN-f{S_QEr^r�k�Shc_f�RpoqQEr^r^SUk"sGabm�Q$ceabk�]�I

� k�SUmnaLf{O N-fiQ$��g�fhceN>mnN>]�c_f���O N cUceNPRT[>�^]^adceabk�]�]^NW]^k�g�fifhN>m¥£^`bNWr
Q&f{f_Q$ceaLfh� QEaLf_QE]�ceN�r�k�g^SiRTN>gTs�S_QEaLfUk�]�f>I
­¥o�g^]^NXr
QEShc{N>`b`bNXN sTO `bgTc�RTNX]^k�m¥£^SUN>g�fUN-f{fUadceg
Q$ceabk�]�f�QE]
QE`bk�j�g^N-f{r�k�g^S�`bN-fU«�g^N>`b`bN-f

β(I)
N-f�c{SUN>m+r^`1Q&O [Xr
QES

g^]DQEgTceSUNPr
QES_QEmn¤ ceSUNPceN>`/«�g^NP`1Qvc�QEab`b`bN��
`bN�RTN>j�SU[��/I>I>I ­\NWceN>`LfiSU[-fhg^`dc�Q$c_f���SUN>`1Q$cead��N>mnN>]�c�O k�g^S_QE]�c_f���fUk�]�c
RpoqQEab`b`bN>g^Sef¥fhk�gT��N>]�cv«�g
QE`bab�^[-f¥RpoqQ&f��Gm+rTcek&ceaL«�g^N-f¥R�QE]�fP`1Q@`badcUce[>S_Q$ceg^SUN���O&o�N-fhc�]^k&c�QEmnm+N>]�cP`bN+O-Q&f�RTN�O N>ShÇ
c�QEab]�f�SU[-fhg^`dc�Q$c_f�RTg½r
QES_QEj�S_QEr^l^N\}GILK{«�g^a
RTaLfhceab]^j�g^N>]�c�`bN-f¢ab]�f�c�QE]�O N-f�r�k�g^S�`bN-fU«�g^N>`b`bN-f

∆→∞
I��DQEaLf�Rpo�g^]

QEgTceSUNvO k&ce[���`bNvO SUadce¤>SUN½RTN�`1Qn��QE`bN>g^S\k�rTceabm�QE`bN¥gTceab`baLfU[vR�QE]�f\`1Q�RT[>�^]^adceabk�] g�fhg^N>`b`bNv]�oqQ+r
Q&f\RTN���g�fhceab��O-Q$Ç
ceabk�]�r
QEShceaLO g^`bab¤>SUN�N cif>oqQ>�G¤>SUNPr
QESU�8k�aLf{RTaLfeO gTc�QE£^`bN�I�w�k�g�f�ab`b`bg�fhceSUk�]�f�O N-f{RTN>gTs�ab]�O k�]���[>]^abN>]�c_f\fhg^Si`1Q¥£
Q&fUN
Rpo�N sGN>mnr^`bN-f�RTN+SU[-fUg^`dc�Q$c_f�N c¥RpoqQE]
QE`d�TfhN-f¥O k�]�O N>SU]
QE]�cbA ��
CB �ED�F!��
 �VN c �����! #"���I � `LfW]^k�g�f�O k�]�RTg^abSUk�]�f
�=r�k�fhN>S½`1Q=«�g^N-fhceabk�] RTN-fvr
QES_QEmn¤ ceSUN-fvN>]
�8k�]�O¸ceabk�] RTN-fU«�g^N>`LfnRT[>�^]^abSvg^]
S_QEr^r�k�Shc�Q&fh�GmnrTcek&ceaL«�g^N�I�zig
RTN>`1��RTNv`�o�N s^Q&O¸ceadceg�RTN+m�Q$cel^[>m�Q$ceaL«�g^NnRpo�g^] SU[-fhg^`dc�Q$c
�7ab`¢]^k�g�fXfUN>m¥£^`bN½N>] N>¹�N cXabmnr�k�Shc�QE]�c�RTNvr�k�fUN>SX`1Q
«�g^N-fhceabk�]DRTN¥feQnr�N>Shceab]^N>]�O N�I7ª�k�mnmnNX`�o�ab`b`bg�fhceSUN>]�cXO N-f�N sGN>mnr^`bN-f��
ab`<]^N�� QEgTc\r
Q&fim+ab]^abmnaLfhN>Si`�o�N>¹�N c\r�fh�JÇ
O_l^k�`bk�j�aL«�g^NPRTNX`1Q��8k�SUm¥g^`1Q$ceabk�]�O-QES�N>`b`bNXr�N>gTc{abmnr^`baL«�g^N>S�g^]�m�QEgT��QEaLf g�f_QEj�NWRTg�SU[-fUg^`dc�Q$cik�g@O k�]�ceSUab£^g^N>S
�½feQvm�QEgT��QEaLfUNWO k�mnr^SU[>l^N>]�fUabk�]�I
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~�QEr^r�N>`bk�]�f¥`bN+SU[-fUg^`dc�Q$cvRTN�� ���
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k ∈ N

�/ab`
N sGaLfhceN@g^]BQE`bj�k�SUadcel^m+N�r�k�`d�G]^k�mna1QE` �

k
r�k�g^S5A ��
EB���D�F!��
 � j�QES_QE]�ceaLfUf_QE]�c
��r�k�g^Svcek�gTceN�ab]�fhc�QE]�O N

I
��`bN

S_QEr^r�k�Shc
γ �

k
(I) > 1− 1/β(I)− 1/k

I ��abN>]=«�g�o�ab`�QEadc�[ ce[vQEmn[>`babk�SU[�RTN>r^g^aLf���O NPSU[-fUg^`dc�Q$c�SUN-fhceNP`�o�g^]=RTN-f
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SU[>�8[>SUN>]�O [�I�x�k�g^Shc�QE]�c
�$m�QE`bj�SU[�O N cUceN�ceN>SUmnab]^k�`bk�j�abN O N c¢QE`bj�k�SUadcel^mnN�]^N�fhN�S_QEr^r^SUkGO_l^N N>]PSUabN>]vRpo�g^]vfUO_l^[>m�Q
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r
QES ' H��*)�]�o�N-fhc�r
Q&f¢cek�g&��k�g^Sef�r^SUkGO_l^N\RTNPK&I
x¢QES�QEab`b`bN>g^Sef��
`1Qvr^SUN>gT��N¥«�g^NW]^k�g�fir^SUk�r�k�fhk�]�fim+N c{N>]�[ �GaLRTN>]�O N¥«�g^NP`bN-f{ab]�fhc�QE]�O N-fi`bN-f�r^`bg�f�RTab®nO ab`bN-f\�
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 M/Q�r^SUN>gT��N@O k�]�fhaLfhceN�N>] g^]^N�SU[-RTg�O¸ceabk�]BRTg¬r^SUk�£^`b¤>mnN�RTN�� �!� �
���)��.�
 �(' H&°+) ��r
QEj�N@�TK,�P«�g^a
N-fhc :�� Ç O k�mnr^`bN c-I�x�k�g^Sig^]^NP`baLfhceN�RTN

x1, . . . , xn
RTN

n
S_Q$ceabk�]^]^N>`Lf���ab`/O k�]�fhaLfhceNv�nRT[-O aLRTN>S\fha<k�]�r�N>gTc�`1Q

r
QEShc�QEj�N>S�N>]@RTN>gTs�`baLf�ceN-f�RTaLf ��k�ab]�ceN-f
{xi, i ∈ I}

N c
{xj , j ∈ J}

��Q>��N-O
{1, . . . n} = I ∪ J

��ceN>`b`bN-f�«�g^N\`bN-f
fUk�mnmnN-f�RTN-f�]^k�m¥£^SUN-fiRTNPO_l
Q&«�g^NW`baLfhceNPO k���]�O aLRTN>]�c7¡ ∑

i∈I xi =
∑

j∈J xj
I

��]@RTad�GaLfeQE]�c�O_l
Q&«�g^NX]^k�m¥£^SUN�r
QES `1QvRTN>mnadÇ fUk�mnmnN�cek&c�QE`bN
x̃i := xi(1/2)

∑n
j=1 xj

�G`bN�r^SUk�£^`b¤>mnNXSUN Ç
�GabN>]�c �WRT[-O aLRTN>S�fha
`bN-f�]^k�mv£^SUN-f

x̃i
�
i ∈ {1, . . . , n}

r�N>gT��N>]�c � ceSUNiS_QE]^j�[-f�N>]�RTN>gTsv£�k�adceN-f�RTNiO-QEr
Q&O adce[¥K&I
� `pf>oqQEj�adc{RTk�]�O�RTN�RT[-O aLRTN>S{fha�`1Q�`baLfhceN

L̃ = (x̃i, i ∈ {1, . . . , n})
�J�Gg^NXO k�mnm+N�ab]�f�c�QE]�O NWRTN A ��
EB���D�F!��
 � �

Q�r�k�g^S���QE`bN>g^SWk�rTceabm�QE`bN�H+k�g fhceSUaLO¸ceN>mnN>]�cPr^`bg�f I<�DQEaLfWQE`bk�Sef���g^]�QE`bj�k�SUadcel^mnNnRpoqQEr^r^SUk"sGabm�Q$ceabk�]Fr�k�g^S
A ��
CB �ED�F!��
 ��j�QES_QE]�ceaLfUf_QE]�cvg^]�S_QEr^r�k�Shc

ρ > 2/3
r�N>SUmnN cUceS_QEadc½RTN+SU[>r�k�]�RTSUN@�@O N cUceN�«�g^N-fhceabk�]X¡�fUa�`1Q

��QE`bN>g^SWk�rTceabm�QE`bN½RTN
L̃

N-f�cW[>j�QE`bN+�@H?��g^] ceN>`�QE`bj�k�SUadcel^mnN½SUN cek�g^SU]^N>S_QEadc�g^]^N½fUk�`bgTceabk�]�RTNv��QE`bN>g^SWf�ceSUaLO¸Ç
ceN>mnN>]�ciab]^�8[>SUabN>g^SUN¥�½}2��RTk�]�OWRTNX��QE`bN>g^S\HJI
x¢QES{O k�]�ceSUN��
R�QE]�f{`bNPO-Q&f�ab]���N>SefUNXcek�gTceN�fhk�`bgTceabk�]�SU["QE`baLf_QE£^`bN��
RTk�]�OXN>]�r
QEShceaLO g^`babN>S�O N>`b`bNWSUN cek�g^SU]^[>NPr
QES{`�oqQE`bj�k�SUadcel^m+N��
fhN>S_QEadc\RTNX��QE`bN>g^S�QEg�mnk�ab]�f�[>j�QE`bN��½}GI

~{N>m�QESe«�g^k�]�f�«�g^NDr�k�g^S�cek�gTceNDab]�fhc�QE]�O N
I

RTN A ��
CB �ED�F���

�|RTN=��QE`bN>g^S�k�rTceabm�QE`bN
β(I) > 4

��`bN
SU[-fUg^`dc�Q$c�RTN ' H��#)/r�N>SUmnN c\Rpo�k�£TceN>]^abS�g^]�S_QEr^r�k�Shc�RpoqQEr^r^SUk"sGabm�Q$ceabk�]Df�ceSUaLO¸ceN>mnN>]�c\mnN>ab`b`bN>g^S�«�g^NvH � }GI
M7N-f
ab]�fhc�QE]�O N-f�£^`bkG«�g
QE]�c�`bN-f�r�k�fefhab£^ab`badce[-f�RpoqQEr^r^SUk"sGabm�Q$ceabk�]@fhk�]�c�RTk�]�O\O N>`b`bN-f�RTN{��QE`bN>g^S�k�rTceabm�QE`bN�ab]^�8[>SUabN>g^SUN
�=}GI � ]^k�]�O N>S¥`bN�SU[-fUg^`dc�Q$c½RTN ' H��*)�O k�m+mnN+g^]¬feO_l^[>m�Q�RpoqQEr^r^SUk"sGabm�Q$ceabk�] Q&fh�GmnrTcek&ceaL«�g^N�]^k�g�f�r
QES_Q$§bc
QE`bk�SefXSU[-RTg�O¸ceN>g^SWr^g^aLfU«�g^N�O N cUceN½�8k�SUm¥g^`1Q$ceabk�] ]^N½SUN>]�R r
Q&fXO k�m+rTceN½RTN-fXab]�f�c�QE]�O N-fPRTab®+O ab`bN-f�� RTN½� QEab£^`bN
��QE`bN>g^S{k�rTceabm�QE`bN���I

x�k�g^S/SUN>]^�8k�SeO N>S�N>]�O k�SUN�]^k&ceSUN�r^SUk�r�k�f��&O k�]�fUaLRT[>SUk�]�f�`1QiO `1Q&fUfUN
C
Rpo�ab]�fhc�QE]�O N-f�RTN A ��
CB �ED�F���

�@O k�SUSUN-f�Ç

r�k�]�R�QE]�c�QEgTsX`baLf�ceN-f/O SUk�aLfUf_QE]�ceN-f/RTN�S_Q$ceabk�]^]^N>`Lf/RTN�`1Q �8k�SUmnN
(x1, . . . , xk, a, b, 1, . . . , 1)

Q>��N-O ∑k
i=1 xi 6 1N c

a+ b > 1
�
C

N-f�c £^abN>]�f($^S�SUN-O k�]^]
QEaLfefeQE£^`bNXN>]�ceN>m+r�f�r�k�`d�G]^k�mna1QE`�I^z�r^r�N>`bk�]�fIA���
CB �ED�F!��
 �
C
`bN\r^SUk&Ç

£^`b¤>mnNWRTN1A ��
EB���D�F!��
 ��SUN-f�ceSUN>ab]�c�QEgTs�`baLfhceN-fiRTN
C
I�y\]�QnQE`bk�Sef�`bNWSU[-fUg^`dc�Q$c�fUg^ad��QE]�c-I
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 ~{N>r^SUN>]^k�]�fi`1QvRT[>mnk�]�fhceS_Q$ceabk�]=RTNX`1Q :�� Ç RTab®nO g^`dce[�RTg�r^SUk�£^`b¤>mnNPRTN�� ��� �)���
��.�
 �(' H&°*)U� «�g^a
SU[-fUg^`dceN�Rpo�g^]^N�SU[-RTg�O¸ceabk�]�r�k�`d�G]^k�mna1QE`bN�RTg�r^SUk�£^`b¤>mnN��(d �!& � O k�g^r^`1QEj�N�ceSUadÇ RTabm+N>]�fhabk�]^]^N>`�RT[>�^]^apR�QE]�f�`1Q
fUN-O¸ceabk�] zS��I�ª�k�]^]
Q$§bceSUN½O N cUceN�SU[-RTg�O¸ceabk�] ]�o�N-fhc�r
Q&f�]^[-O N-fefeQEabSUNvr�k�g^S\`1Q+O k�m+r^SU[>l^N>]�fhabk�] RTN¥`1Qnr^SUN>gT��N��
fUk�]¬r^SUab]�O abr�N���«�g^N�]^k�g�fvS_QEr^r�N>`bk�]�fvaLO a���fhg^®½c½r�k�g^Sv`1Q=fUg^adceN�I � r
QEShceabSnRpo�g^]^N�ab]�fhc�QE]�O N

I1
RTN��(d �!&

O k�mnr^SUN>]
QE]�c
k
ceSUabr^`bN c_f�k�]vO k�]�fhceSUg^adc�r�k�`d�G]^k�mna1QE`bN>mnN>]�c

k+1
N>]�ceabN>SefN�(N>]¥k�SeRTSUN{O SUk�aLfUf_QE]�c4�

a1, . . . ak, B��Q>��N-O
B 6

∑k
i=1 ai

�<ceN>`Lf�«�g^N
I1
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���¥SUN ceabSUN>S
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N c�Q$��k�gTceN>S
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fUk�mnmnN c_f�RTN

V \S
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QES_QEmn¤ ceSUN@ab]�ceN>Sh��N>]
QE]�c�R�QE]�f½`1Q RT[>�^]^adceabk�]VRTk�adcnm+N-fhg^SUN>S���Rpo�g^]^N
m�QE]^ab¤>SUNvk�g Rpo�g^]^N+QEgTceSUN��p`1Q�RTab®+O g^`dce[½RTN-f�ab]�f�c�QE]�O N-fWRTN½fhk�ShceN½«�g^N½O k�]�fhaLRT[>SUN>SW`bN-f�fhadceg
Q$ceabk�]�fW`babmnadceN-f
k���O NXr
QES_QEmn¤ ceSUNWceN>]�R���N>Sef�`�o�ab]^�^]^a<SU[>r�k�]�RTN¥�¥`�o�k�£T��N c�«�g^NP]^k�g�f�]^k�g�fifhk�mnm+N-f �TsG[�I
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N-fhc�]
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 ÆJk�abN>]�c¥g^] r^SUk�£^`b¤>mnN

Π
�
I

fUk�]�N>]�fUN>m¥£^`bN�Rpo�ab]�fhc�QE]�O N-f¥N c�g^]�]^ad��N"QEg¬RpoqQEr^r^SUk&sGabm�Q$Ç
ceabk�]

F
r�k�g^S

Π
ceN>`¢«�g^N

Π
]�oqQEr^r
QEShceabN>]�cPr
Q&fX��O N¥]^ad��N"QEg � -��/ ��!��ab`�]�o�N sGaLfhceNvr
Q&f���fhk�g�f�g^]^Nvl��Gr�k&cel^¤-fUN

RTgFcÂ�Gr�N �
6=

:�� �<RTN�O_l
Q$§L]^N�r�k�`d�G]^k�mna1QE`bN+r�k�g^S
Π

j�QES_QE]�ceaLfefeQE]�cvg^]�S_QEr^r�k�ShcvR�QE]�f
F
��I/zi`bk�SefPg^]^N

QEr^r^`baLO-Q$ceabk�]
d : I → N

N-fhc\g^]Dk�SeRTSUNvRTN¥RTab®nO g^`dce[¥r�k�g^S
Π

r
QES�S_QEr^r�k�ShcWQEgD]^ad��N"QEg
F
��fUa��
∀M ∈ N

�
`1QvSUN-f�ceSUaLO¸ceabk�]DRTN

Π
QEgTs�ab]�fhc�QE]�O N-f

I ∈ I, d(I) 6 M
QEr^r
QEShceabN>]�c�QEg�]^ad��N"QEg

F
I

M7N-f�ab]�f�c�QE]�O N-f{RTN�� QEab£^`bN�RTN>j�SU[Wfhk�]�c{RTk�]�O\mnabN>gTs�QEr^r^SUk"sGabm�QE£^`bN-f�«�g^N\`bN-f j�[>]^[>S_QE`bN-f���O NX«�g^a�r�N>SUm+N c�RTN
��k�abS

d
O k�mnm+N\g^]�ab]�RTaLO-Q$ceN>g^S�RTNPRTab®+O g^`dce[Wr�k�g^SiO NW]^ad��N"QEg�RpoqQEr^r^SUk"sGabm�Q$ceabk�]�I

w�k�g�f�RTk�]^]^k�]�f�O adÇÂQEr^SU¤-f�RTN-f�N sGN>mnr^`bN-f�abmnmn[-RTa1Q$c_fiab`b`bg�fhceS_QE]�cXO N cUceN¥]^k&ceabk�]DN c\mnk�]�ceS_QE]�c�«�g^N¥r^`bgTÇ
fUabN>g^Sef{O k�]�O N>rTc_f{ceSU¤-fiO `1Q&fUfUaL«�g^N-f�RTN�cel^[>k�SUabN�RTNW`1QvO k�m+r^`bN sGadce[Wr�N>gT��N>]�c\f>o�N sGr^SUabmnN>S{N>]@ceN>SUmnN-f{Rpo�k�SeRTSUN
RTN RTab®nO g^`dce[�I&­XQE]�f�`bN�r^SUkGO_l
QEab]vr
QES_QEj�S_QEr^l^N���]^k�g�f�`�o�gTceab`baLfhk�]�f�r�k�g^S�RT[>�^]^abS�g^]^N�`babmnadceN�r
QES�S_QEr^r�k�Shc�QEgTs
ab]�fhc�QE]�O N-f I��=QEaLfX`�o�ab]�ce[>S�� cvRTNnO N c�k�gTceab`�RT[>r
Q&fUfUN+`1QESUj�N>m+N>]�cP`1Q�RT[>�^]^adceabk�]¬Rpo�g^]�O-Q&RTSUN�Q&f��Gm+rTcek&ceaL«�g^N��
N>]�r
QEShceaLO g^`babN>S���ab`7r�N>SUmnN c�RTN�f�ceSUg�O¸ceg^SUN>S�`bN-f{ab]�fhc�QE]�O N-f�Rpo�g^]�r^SUk�£^`b¤>mnNWN>]��Gg^NPRTNPmnabN>gTs@O k�mnr^SUN>]�RTSUN
O N@«�g^a{O k�]�RTadceabk�]^]^N�`bN>g^S½RTab®+O g^`dce[�I�w�k�g�fvSUN �GabN>]�RTSUk�]�f���R�QE]�f½`1QDfUN-O¸ceabk�]V�?�¢fUg^SnO N c+Q&fUr�N-O¸c+«�g^a�� QEadc
ab]�ceN>Sh��N>]^abS�N-fefUN>]�ceabN>`b`bN>mnN>]�c�`1Q\]^k&ceabk�]�Rpo�k�SeRTSUNiRTNiRTab®nO g^`dce[\QEab]�fUa
«�g^NiO N>`b`bNiRTN�SU[-RTg�O¸ceabk�]�RTaLfeO gTce[>N�R�QE]�f
`1QDfhN-O¸ceabk�]±�GI�w�k�g�fvRT[ ��N>`bk�r^r�N>SUk�]�f�QE`bk�Sef½RTN-f¥N sGN>mnr^`bN-fvr^`bg�f�ceN-O_l^]^aL«�g^N-fn«�g^a SUaLfe«�g^N>S_QEabN>]�c
��R�QE]�f½O N
r
QES_QEj�S_QEr^l^N���RTNW]Jg^abSUN¥�¥`1QK�^g^aLRTadce[�RTg�RTkGO g^mnN>]�c-I
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x�`bg�fUabN>g^Sef½]^k&ceabk�]�f½ceS_Q&RTadceabk�]^]^N>`b`bN-f�RTN@O k�mnr^`bN sGadce[�fhk�]�cn`bab[>N-f+�=`1Q RT[>�^]^adceabk�] u^I�x�k�g^S¥cek�gTc+r^SUk&Ç
£^`b¤>mnN¥Rpo�k�rTceabmnaLfeQ$ceabk�] :�� Ç RTab®nO ab`bN���`1Q½c�QEab`b`bNvRTN�`�o�ab]�fhc�QE]�O NvO k�]�fhceadceg^Nvg^]=k�SeRTSUNvRTN¥RTab®+O g^`dce[�r�k�g^S\`bN
]^ad��N"QEg¬RTN+`1Q@SU[-fUk�`bgTceabk�]¬N s^Q&O¸ceN@� -��/ ��!�<r�k�g^S�`bN+]^ad��N"QEg¬RpoqQEr^r^SUk"sGabm�Q$ceabk�]
O k�SUSUN-fUr�k�]�R�QE]�c+QEg�S_QEr^r�k�Shc
O k�]�fhc�QE]�c�[>j�QE`¢�=K,��I�­\N�m��>mnN��
`bN-f�r^SUk�£^`b¤>m+N-f�r�fUN>g�RTk&Ç�r�k�`d�G]^k�mna1QEgTs fUk�]�c�RT[>�^]^aLfXR�QE]�f ' H&°+)¢�nr
QEShceabS
Rpo�g^]^N��8k�]�O¸ceabk�]

max : I 7→ max{I}
SUN>r^SU[-fhN>]�c�QE]�c�`1QD��QE`bN>g^S�RTg±r^`bg�f+j�S_QE]�RB]^k�mv£^SUN�ab]�ceN>Sh��N>]
QE]�c

R�QE]�f
I
�Tr
QES�N sGN>mnr^`bN���R�QE]�f `bNXO-Q&f{RTN�r^SUk�£^`b¤>m+N-f r�k�]�RT[>SU[-f��

max
N-f�c{`1QP��QE`bN>g^SiRTg�r^`bg�f�j�S_QE]�R�r�k�aLR^f I

M7N-fir^SUk�£^`b¤>m+N-f :�� Ç O k�mnr^`bN c_f\r�fhN>g�RTk&Ç�r�k�`d�G]^k�mna1QEgTs f o�ab]TceN>SUr^SU¤ ceN>]�cPO k�m+mnNW`bN-f�r^SUk�£^`b¤>mnN-f\r�k�g^S�`bN-fhÇ
«�g^N>`Lf

log max
N-fhc{g^]@k�SeRTSUNWRTNWRTab®+O g^`dce[Wr�k�g^S�`1Q¥SU[-fhk�`bgTceabk�]�N s^Q&O¸ceN�I
x/k�g^S�`bN-f�r^SUk�£^`b¤>mnN-f ������ " ��N c

R .�"�.��#� �
��.�
G�^`bNPRTN>j�SU[Pm�Q$sGabmvg^m N-fhcig^]�k�SeRTSUN�RTNPRTab®nO g^`dce[Pr
QESiS_QEr^r�k�Shc�QEg�]^ad��N"QEg�RpoqQEr^r^SUk"sGabm�Q$Ç
ceabk�]�RTN-f�S_QEr^r�k�Shc_f`� O `1Q&fefUaL«�g^N-f^��O k�]�fhc�QE]�c_f I � `�N>]�N-f�c�RTN\m��>mnNir�k�g^S�`1QWc�QEab`b`bNXRTg�r^`bg�f�j�S_QE]�R�N>]�fUN>m¥£^`bN
R�QE]�f�c`d � � ��
 + �����)+ ��"GI

z<��QE]�c RpoqQE`b`bN>S�r^`bg�f�`bk�ab]�R�QE]�f�`�oqQE]
QE`d�TfUN�RTN\O N cUceN�]^k&ceabk�]��G]^k�g�f�]^k�g�f�ab]�ce[>SUN-fefUk�]�f��^R�QE]�f�`bN�r^SUkGO_l
QEab]
r
QES_QEj�S_QEr^l^N����½fUk�]@gTceab`baLf_Q$ceabk�]�r�k�g^SiRT[>�^]^abSig^]�O-Q&RTSUNPO k�l^[>SUN>]�c\RTNX]^k&ceabk�]�f\Q&f��Gm+rTcek&ceaL«�g^N-f I
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~{N>m�QESe«�g^k�]�f�«�g^N�R�QE]�f<`1QiRT[>�^]^adceabk�]¥u:�$`bN�� QEadc�«�g^N
Π

]�oqQEr^r
QEShceabN>]�c�r
Q&f � QEg�]^ad��N"QEg
F

r�N>SUmnN c�Rpo�[ c�QE£^`babS
`bNWSU[-fhg^`dc�Q$c\fUg^ad��QE]�c-I
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����6 %��
supI∈Id(I) = +∞

�
w�k�g�f�r^SUk�r�k�fUk�]�f�RTN{RT[>�^]^abS�RTN-f¢]^k&ceabk�]�f�Q&f��Gm+rTcek&ceaL«�g^N-f�N>]nO k�]�fUaLRT[>S_QE]�c�`bN-f�ab]�f�c�QE]�O N-f�Q>�JQE]�c�g^]½j�S_QE]�R
RTN>j�SU[\RTN�RTab®+O g^`dce[�I � c�QE]�c RTk�]^]^[�g^]+r^SUk�£^`b¤>mnN

Π
N c�g^]�RTN>j�SU[\RTN�RTab®+O g^`dce[

d
��g^]+SU[-fUg^`dc�Q$c RpoqQEr^r^SUk"sGadÇ

m�Q$ceabk�]¬Q&fh�GmnrTcek&ceaL«�g^N�fUN+S_QEr^r�k�ShceN�QEgTsFab]�fhc�QE]�O N-f
I

��[>SUab�
QE]�c
d(I) > D

�<k��
D

N-fhc�g^]^N�O k�]�f�c�QE]�ceN
QESU£^adceS_QEabSUN>mnN>]�cWj�S_QE]�RTN�I/ª�N cUceNv]^k&ceabk�] RT[>r�N>]�R RTg RTN>j�SU[½RTN½RTab®+O g^`dce[½O_l^k�aLfha¢m�QEaLf�r�N>SUmnN cXg^]^NvRT[>�TÇ
]^adceabk�]�j�[>]^[>SUaL«�g^N�r�k�g^S{`�o�N>]�fhN>mv£^`bNPRTN-f�r^SUk�£^`b¤>mnN-f>I

M/Q¬RT[>m�QESeO_l^N O k�]�fUaLfhceNFRTk�]�O � N sTO `bg^SUN `bN-f�ab]�f�c�QE]�O N-f�RTk�]�c�`bN RTN>j�SU[ RTN RTab®+O g^`dce[ ]^N RT[>r
Q&fefUN
r
Q&f

D
�Gr
QES�RT[>�^]^adceabk�]���RTN\ceN>`b`bN-f�ab]�fhc�QE]�O N-f�fUk�]�c�r^`bg�f � Q&O ab`bN-f{�¥QEr^r^SUk"sGabmnN>S{«�g^N\`bN�r^SUk�£^`b¤>mnN�j�[>]^[>S_QE`��

O N�«�g^a
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`bN�SU[-fUg^`dc�Q$c
�p«�g
QE`bab�^[½RpoqQ&f��GmnrTcek&ceaL«�g^N���r�N>gTc�f>o�ab]�ceN>SUr^SU[ ceN>SXO k�m+mnNP`1Q �nr
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QEShceabN
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d : I → N
RTN-f�ab]�fhc�QE]�O N-fWRpo�g^] r^SUk�£^`b¤>mnN

Π
�pk�] RTadcW«�g�o�g^]^NnO_l
Q$§L]^N+QE`bj�k�SUadcel^mnaL«�g^N

(Ak)k∈N

r�k�g^S
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f ∈ FΠ
fUa�¡
∀ε > 0

N c
∀k ∈ N

�
∃D

ceN>`�«�g^N
∀I ∈ I

Q>��N-O
d(I) > D

�
ρk(I) > f(I, k)(1− ε)

I
­XQE]�f7`bN�O-Q&RTSUN�r^`bg�f7SUN-fhceSUN>ab]�c�RTN-f/QE`bj�k�SUadcel^mnN-f�QEr^r^SUkGO_l^[-f��$`1Q�RT[>�^]^adceabk�]P[-«�g^ad��QE`bN>]�ceN�RTN �GabN>]�c �

f ∈ F ′Π
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∀ε > 0
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∃D

ceN>`G«�g^N
∀I ∈ I

Q>��N-O
d(I) > D

�
ρ(I) > f(I)(1−ε)

�EfhaJ£^abN>]v«�g^N�`1Q�RT[>�^]^adceabk�]+µ{O k�SUSUN-fhr�k�]�R
�vg^]^NWfUg^adceNPRTNWS_QEr^r�k�Shc_f�Q&fh�GmnrTcek&ceaL«�g^N-f I
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O N>Shc�QEab]�f¢SU[-fhg^`dc�Q$c_f�«�g
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QES_QEmn¤ ceSUN-f fUN�r�k�fhNWQEg�fefha�r�k�g^S R .�" .�� � �)��.�
�I�y\]�r�N>gTc{O_l^N>SeO_l^N>Si�Pk�r^r�k�fUN>S
QEg cel^[>k�SU¤>mnN�K½RTN-fWSU[-fhg^`dc�Q$c_fP�8k�]�O¸ceabk�]�RTg�RTN>j�SU[

∆
I/y\] r�N>gTcP]^k&c�QEmnmnN>]�cWk�£TceN>]^abSPRTN-fW[>]^k�]�O [-fPRTg

m��>mnNPcÂ�Gr�N½«�g^NvO N>gTsDfhg^S%������ " � �pO Nv«�g^a�m+k�]�ceSUN�`�o�ab]�ce[>S�� cPRTNvO N cUceN½«�g^N-f�ceabk�]F«�g^a�]�o�N-fhcXr
Q&f\`bN¥� QEadc
Rpo�g^]�O k�mnr�k�ShceN>m+N>]�c{N sTO N>rTceabk�]^]^N>`�RTg�r^SUk�£^`b¤>mnN���� �� " ��I
� � * 5�!$�G.F; �.
 ��� � � � 	

∀ε
��R(.�" .��#� �)��.�
  �"$# %$8<8VY^X
+P-/)�%('��J *%.0 6�-/]P ^%.0

min

{

logn

∆log logn
,O

(

n−ε
)

} �����

x�k�g^S�`bN-fir^SUk�£^`b¤>m+N-f�r�k�]�RT[>SU[-f��p`bN-fir�k�aLR^f�m�Q$sGabm¥g^m N c\mnab]^abm¥g^m O k�]�f�ceadceg^N>]�cWRTN-f�r
QES_QEm+¤ ceSUN-fiab]�ce[ Ç
SUN-fefeQE]�c_f>IG­XQE]�f�RTNi]^k�m¥£^SUN>gTsnO-Q&f���]^k&c�QEmnm+N>]�c�r�k�g^S�`bN-f�r^SUk�£^`b¤>mnN-f ������ "��½N cNR " �UT�* ����`bN-f�QE]
QE`d�TfUN-f
RpoqQE`bj�k�SUadcel^mnN-f r�k�g^S `bN-f���N>SefUabk�]�f r�k�]�RT[>SU[>N-f�r�N>gT��N>]�ciQE£�k�gTceabS{�¥RTN-f�S_QEr^r�k�Shc_f�RpoqQEr^r^SUk"sGabm�Q$ceabk�]@ab]�RT[ Ç
r�N>]�R�QE]�c_f\RTN-fir�k�aLR^f>I�x¢QESiN sGN>m+r^`bN���`bNPcel^[>k�SU¤>mnNvHv`�o�ab`b`bg�fhceSUN�I�ª�N cUceN¥fhadceg
Q$ceabk�]DN-fhc�O k�]�fUaLRT[>SU[>NvO k�mnm+N
� Q>��k�S_QE£^`bN\�Gg�«�g^N\`bN-f�r�k�aLR^f�r�N>gT��N>]�c�r^SUN>]�RTSUNXRTN�j�S_QE]�RTN-f���QE`bN>g^Sef��GmO�>mnNir�k�g^S RTN-f�ab]�fhc�QE]�O N-f�r�N ceadceN-f>I

x�k�g^S�RpoqQEgTceSUN-f�r^SUk�£^`b¤>mnN-f�r
QES�O k�]�ceSUN��i`bN-f@r�k�aLR^f�ab]�ceN>Sh�GabN>]^]^N>]�c R�QE]�f�`bN-f�QE]
QE`d�TfUN-f>I�z�SUS�� cek�]�f�Ç
]^k�g�fPg^]�ab]�f�c�QE]�cvfUg^SP`bN�O-Q&f��7ceSU¤-fPr
QEShceaLO g^`babN>S���RTgFr^SUk�£^`b¤>m+N+RTN "4#&%('��J b)�%
+P-/)�%P� _< 8fXP-�_."*)K-/6�-/)K02)
�(]^k&ce[ � + ���� "���&�� � & ��

R�QE]�fWO Nn«�g^a�fUg^adc4��I7w�k�g�f�[ c�QE£^`baLfefUk�]�fW`bN½SU[-fUg^`dc�Q$cPfUg^ad��QE]�cPr�k�g^SW`1Q���N>Sefhabk�]
��� + � �� " ��&�� � &(��
DO k�SUSUN-fUr�k�]�R�QE]�c�QEg�O-Q&f�k��@`bN-f r�k�aLR^f{fUk�]�c{£�k�SU]^[-f�r
QES�g^]@r�k�`d�G]:��mnN���`bN�SU[-fUg^`dc�Q$c
N-fhc¥RTk�]�O�Q@�8k�Shceabk�SUa��GS_QEa�r�k�g^S � + ���� " � & � � & ��
�I/~{N>m�QESe«�g^k�]�fPN>] � QEadc¥«�g^N�`bN+SU[-fUg^`dc�Q$c¥SUN-fhceN+�GS_QEa
RT¤-f{«�g�o�k�]��TsGNWg^]^NX��QE`bN>g^SiRTN

Wmax > n
��O NP«�g^a<fhN>Sh�GabS_QnR�QE]�f{`1Q¥r^SUk�r�k�fUadceabk�] K-}½RTNW`1QvfUN-O¸ceabk�]D�GI

� !$5��¢5��-'1�$'85 4���
 
 - �
6= � � � %P�!X.Y4"I%.0V;40f6 %P� >(X.Y4-U# � )� 6  H8f �0f#�>(%.Y	%.6V#Z-/YN�! NY	%48<8:X.Y4#

n/(4wmax)
8fXP02Y

��� + � �� " ��&�� � &(��
 �
� !$;G,70�; 
 M/QnRT[>mnk�]�fhceS_Q$ceabk�]DfhN�� QEadc�r
QESiSU[-RTg�O¸ceabk�] RTg�r^SUk�£^`b¤>m+NPRTN �(d^D#.�"�.��#�� /��" ������«�g^a<N-fhc :�� Ç
O k�mnr^`bN c1�(' H&°+)U��I� �]^NWab]�f�c�QE]�O N�N-fhc�g^]�j�S_QEr^l^N�N ci`1Qn«�g^N-fhceabk�]=N-fhc\RTN�feQ>��k�abS\f o�ab`/r�N>gTc � ceSUN�O k�`bk�SU[vQ>��N-O
ceSUk�aLfiO k�g^`bN>g^SefiRTNPfhk�ShceN�«�g^NPRTN>gTs�fUk�mnmnN c_fiQ&RE�UQ&O N>]�c_f{]�o�k�]�c�r
Q&f�`1Qvm��>mnNXO k�g^`bN>g^S>I

ÆJk�adc
G = (V,E)

g^]^N�ab]�f�c�QE]�O N RTN �(d^D#.�"�.��#�� /��" ������I y�]VO k�]�fhceSUg^adc@QE`bk�Sef+`bN�j�S_QEr^l^N=r�k�]�RT[>SU[

(G′ = (V ′, E′), w)
�Tab]�fhc�QE]�O N�RTN	� + � �� " ��&�� � &(��
 �
RTNX`1Qvm�QE]^ab¤>SUNPfhg^ad��QE]�ceN¢¡

{

V ′ = V × {1, 2, 3, 4}
((v, i) ; (v′, j)) ∈ E′ ⇔ [(i = j) ∧ vv′ ∈ E] ∨ i 6= j

H&}



M7Nij�S_QEr^l^N
G′ N-fhc�RTk�]�O\O k�]�f�ceadceg^[XRTN�«�g
Q$ceSUN�O k�r^abN-f�RTN

G
��`bN-f�O k�r^abN-f�RTN\O_l
Q&«�g^N�fhk�m+mnN c��8k�SUm�QE]�c RTN-f

O `baL«�g^N-f RTN�c�QEab`b`bN�u^I^y\]@QE¹�N-O¸ceNXQEgTs�fhk�mnm+N c_f�RTN-f�ceSUk�aLf�r^SUN>mnab¤>SUN-f O k�r^abN-f `bN�r�k�aLR^fXK�¡Jr�k�g^S
i = 1, 2, 3

�
W(v,i) = 1

I�y�] QE¹�N-O¸ceN�QEgTs¬fUk�mnmnN c_fvRTN�`1Q «�g
Q$ceSUab¤>mnN�O k�r^abN@`bN�m��>m+N�r�k�aLR^f
W > n = |V |

I �ÂO a

W = wmax
�pr�k�g^SXj�QES_QE]�ceabS�QEg j�S_QEr^l^N½r�k�]�RT[>SU[+O k�]�fhceSUg^adc�Rpo�� ceSUN½ab]�fhc�QE]�O N+RTN ��� + � �� " ��&�� � &(��
 �

ab`/fUg^®½c\RTNW��N>ab`b`bN>S��+O N�«�g^N
W 6 n2 I � `<N-fhc\O `1QEabS\«�g^NP`1Q+O k�]�f�ceSUg�O¸ceabk�] r�N>gTc�� ceSUN�N>¹�N-O¸ceg^[>N�N>]�ceN>mnr�f

r�k�`d�G]^k�mna1QE`�I
��]�r
QEShceaLO g^`babN>S��
G′ Q 4n

fhk�mnm+N c_f I
ÆJa
G

N-f�c�}$Ç O k�`bk�S_QE£^`bN���fUk�adc
S1, S2, S3

ceSUk�aLf½N>]�fUN>m¥£^`bN-f+f�c�QE£^`bN-f+RTN
G

RTaLf ��k�ab]�c_f+RTN>gTs±� RTN>gTs
N c
O k�gT�GS_QE]�c

V
I^M¢o�N>]�fUN>m¥£^`bN

S′ = S1 × {1} ∪ S2 × {2} ∪ S3 × {3}
O k�]�fhceadceg^NWg^]@fhc�QE£^`bNWRTN

G′ I^­\N�r^`bg�f��
ab`�N-fhc¥m�Q$sGabm�QE`�r�k�g^S¥`�o�ab]�O `bg�fUabk�]BO-QES�r�k�g^S�cek�gTc½fUk�mnmnN c

(v, i)
RTN

V ′ ��fUk�adc i ∈ {1, 2, 3} N c
v ∈ Si

�

R�QE]�f�O N�O-Q&f
(v, i) ∈ S′ �

fhk�adc\ab`<N sGaLf�ceN
j 6= i

ceN>`/«�g^N
v ∈ Sj

N c\R�QE]�f�O NPO-Q&f
(v, j)

N-f�c\g^]@��k�aLfUab]
RTN

(v, i)
«�g^a�N-f�ciR�QE]�f

S′
I^x¢QES{QEab`b`bN>g^Sef��^`bN�r�k�aLR^f�RTN

S′
N-fhc

w(S′) = |S1|+ |S2|+ |S3| = n
I^M/QP��QE`bN>g^S

mnab]^abm¥g^m Rpo�g^]�fhc�QE£^`bNWm�Q$sGabm�QE`pN-fhciRTk�]�O�QEg@r^`bg�f
n
I

ÆJa
G

]�o�N-fhc�r
Q&f@}$Ç O k�`bk�S_QE£^`bN��{O k�]�fhaLRT[>SUk�]�f
S′

g^] fhc�QE£^`bNDm�Q$sGabm�QE`�RTN
G′ N c�r�k�fUk�]�f�� r�k�g^S

i ∈
{1, 2, 3, 4}

�
S′i = S′ ∩ (V × {i})

N c
Si = {v ∈ V, (v, i) ∈ S′i}

I�ª�k�m+mnN
S′ = S′1 ∪ S

′
2 ∪ S

′
3 ∪ S

′
4N-fhc�fhc�QE£^`bN�R�QE]�f

G′ �7`bN-fPN>]�fhN>mv£^`bN-f
S1
�
S2
�
S3

N c
S4

fUk�]�c¥RTN-fPfhc�QE£^`bN-f�RTaLf(��k�ab]�c_f¥RTN
G

I<x¢QES�QEab`b`bN>g^Sef
O k�mnmnN

G
]�o�N-fhcir
Q&fi}$Ç O k�`bk�S_QE£^`bN��
ab`�N sGaLfhceN

v ∈ V \ (S1 ∪ S2 ∪ S3)
I�M�o�N>]�fUN>m¥£^`bN

S′1 ∪ S
′
2 ∪ S

′
3 ∪ (v, 4)N-fhcXQE`bk�Sef�g^]DN>]�fUN>m¥£^`bN¥fhc�QE£^`bN��pO N¥«�g^a�fhabj�]^ab�^N½«�g^N

S′1 ∪ S
′
2 ∪ S

′
3

]�o�N-fhc�r
Q&f�m�Q$sGabm�QE`�Ipª�k�mnm+N
S′

N-fhc
m�Q$sGabm�QE`��

S4 6= ∅
N c\QE`bk�Sef

w(S′) > W
I

x¢QES�O k�]�fU[-«�g^N>]�c
��fhg^r^r�k�fUk�]�f�«�g�o�g^] QE`bj�k�SUadcel^mnN�r�k�`d�G]^k�mna1QE`/r�k�g^S � + ���! #"���&�� � & ��
 j�QES_QE]�ceaLfefUN
`bN�S_QEr^r�k�Shc

n/(4wmax)
r�k�g^S+cek�gTc�j�S_QEr^l^NDRpo�k�SeRTSUN

n
Q>��N-O�r�k�g^S�r�k�aLR^f�m�Q$sGabm¥g^m

wmax
I�x�k�g^S

G′

Rpo�k�SeRTSUN
4n

N cvRTN+r�k�aLR^f�m�Q$sGabm¥g^m
W
�<`bN�S_QEr^r�k�Shc¥j�QES_QE]�cea fhN>S_QEadc

n/W
I<x¢QES¥O k�]�fh[-«�g^N>]�c
��fUa

G
N-fhc

}$Ç O k�`bk�S_QE£^`bN���`1Q fhk�`bgTceabk�]±SUN cek�g^SU]^[>N�r
QES+`�oqQE`bj�k�SUadcel^mnN=fhN>S_QEadc�RTN@��QE`bN>g^S�QEg±r^`bg�f
W

QE`bk�Sef+«�g^N�R�QE]�f
`bN+O-Q&fWO k�]�ceS_QEabSUN+N>`b`bN+fUN>S_QEadc�RTN½��QE`bN>g^S�f�ceSUaLO¸ceN>mnN>]�c¥fhg^r�[>SUabN>g^SUN��

W
I<��]FO k�]�O `bg�fUabk�] O N c¥QE`bj�k�SUadcel^mnN

r�N>SUmnN cUceS_QEadc�RTN RT[-O aLRTN>S�� N>]VceN>mnr�f�r�k�`d�G]^k�mna1QE`���fUa
G

N-f�c�}$Ç O k�`bk�S_QE£^`bN k�g�]^k�]�� O N «�g^a�O k�]�O `bgTc@`1Q
r^SUN>gT��N�I

��]Dr
QEShceaLO g^`babN>S���ab`�fhg^®½cXRTN¥r�k�fUN>S��pr�k�g^S
wmax

��g^]^N¥��QE`bN>g^S\r�k�`d�G]^k�m+a1QE`bN¥N>]
n

r�k�g^S\ab]�ceN>SeRTabSUN½g^]
S_QEr^r�k�Shc�RTgvcÂ�Gr�N

P (1/n)
k��

P
N-f�c�g^]nr�k�`d�G]:��mnN�IGª�N-O a
fhabj�]^ab�^N�«�g^N{`bN{r^SUk�£^`b¤>mnN ��� + ���! #"���&�� � & ��


r�k�g^SW`bN-«�g^N>`�`bN-f�r�k�aLR^fPfhk�]�cPr�k�`d�G]^k�mna1QE`bN>mnN>]�cP£�k�SU]^[-fWN-fhcWl^k�SefWRTN½`1Q�O `1Q&fefhN � 5�A����_� � � I/ª�N½SU[-fhg^`dÇ
c�Q$c�mnk�]�ceSUN�g^]^N�RTab¹�[>SUN>]�O N�]^k&cek�abSUN=N>]�ceSUN � + ���! #"���&�� � & ��
 N c�� + ���� " � ��O N�RTN>SU]^abN>S�r^SUk�£^`b¤>mnN
� RTk�]�O�N>]±r
QEShceaLO g^`babN>S�f_Q ��N>SefUabk�] � � + ���� "��V�nQEr^r
QEShceabN>]^]^N>]�c@[ �GaLRTN>mnmnN>]�c�� � 5�A ���_� � � ¡�ab`�fUg^�1Ç
�TcvRTN�fU[>`bN-O¸ceabk�]^]^N>Svg^]¬f�c�QE£^`bN�O k�]�ceN>]
QE]�cv`bN�r�k�aLR^f�m�Q$sGabm¥g^m r�k�g^S�j�QES_QE]�ceabS¥`bN+S_QEr^r�k�Shc

1/n
I�ÆJa�k�]

f>o�ab]�ce[>SUN-fUfUN+m�QEab]�ceN>]
QE]�cv��`1Q���N>SefUabk�]�j�[>]^[>S_QE`bN�RTN � + ���� " � & � � & ��
G��SUN>m�QESe«�g^k�]�f�«�g^Nnr�k�g^SXcek�gTceN
�8k�]�O¸ceabk�]

f(G)
Q&fUfUkGO a1QE]�c��vg^]�j�S_QEr^l^NP]^k�]�r�k�]�RT[>SU[Pg^]^NW��QE`bN>g^SiR�QE]�f

]0, 1]
�
QEg�O g^]DQE`bj�k�SUadcel^mnNPr�k�g^S

� + � �� " ��&�� � &(��
 ]^N�r�N>gTc�j�QES_QE]�ceabS�`bN�S_QEr^r�k�Shc
f(G)

I���]VRpoqQEgTceSUN-f+ceN>SUmnN-f���cek�gTc�S_QEr^r�k�Shc@RpoqQErTÇ
r^SUk"sGabm�Q$ceabk�]¬r�k�g^S½O N�r^SUk�£^`b¤>mnN�RT[>r�N>]�R¬]^[-O [-fefeQEabSUN>m+N>]�c½RTN-f¥r�k�aLR^f I � `�f>oqQEj�adc½Rpo�g^]^N�fUadceg
Q$ceabk�]¬cek�gTc
�½� QEadc�SUN>m�QESe«�g
QE£^`bN�r�k�g^Si`1Q&«�g^N>`b`bN�g^]=r
QES_QEmn¤ ceSUN5�(r^`bg�fiN s^Q&O¸ceN>mnN>]�c\g^]^NP� QEmnab`b`bN�RTNWr
QES_QEm+¤ ceSUN-f^��N-fhc
ab]�O k�]�cek�g^SU]
QE£^`bN�I

ª�N SU[-fhg^`dc�Q$c�ab`b`bg�f�ceSUN�`1Q�RTad��N>Sefhadce[iRTN-f¢fUadceg
Q$ceabk�]�f¢r�k�gT��QE]�c�ab]�ceN>Sh��N>]^abS�R�QE]�f¢`bN RTk�m�QEab]^N�RTN-f�S_QEr^r�k�Shc_f
]^k�]TÇ O k�]�fhc�QE]�c_f N c{QEr^r�k�ShceN\g^]^N���g�fhceab��O-Q$ceabk�]@RTN\r^`bg�f �P`1QP«�g^N-fhceabk�]@RTN-f�r
QES_QEmn¤ ceSUN-f�N c��W`bN>g^S�r^SUaLfUN\N>]
O k�mnrTceN�R�QE]�f/`bN��8k�SUm�QE`baLfUmnN�RTN�`�oqQEr^r^SUk"sGabm�Q$ceabk�]�I�ª�N cUceN�«�g^N-fhceabk�]¥SUNh��k�ab]�c�fUk�gT��N>]�c�`1Q{]^k&ceabk�]¥Rpo�k�SeRTSUN RTN
RTab®+O g^`dce[�O k�m+mnN�`�o�ab`b`bg�fhceSUN�`�o�N sGN>mnr^`bN�RTN R("��UT�* �pI-M7N�£^gTc<N-f�c�RpoqQEab`b`bN>g^Sef<`bN¢m��>m+N��-��feQ>��k�abS/O k�mnr^SUN>]�RTSUN
O k�mnmnN>]�cW`bN-fWRTab¹�[>SUN>]�c_fWr
QES_QEmn¤ ceSUN-fPRTNn`�o�ab]�f�c�QE]�O N�O k�]�RTadceabk�]^]^N>]�c¥`bN-fXr�k�fUfUab£^ab`badce[-f�RTNnSU[-fhk�`bgTceabk�]�I�M�N
O-Q&RTSUNPRTN-f{SU[-RTg�O¸ceabk�]�f�QE£�k�SeRT[�R�QE]�f{`1Qvr
QEShceabN��¥�8N>S_QvSUN-fefhg^SUj�abS\O N cUceNWr^SUk�£^`b[>m�Q$ceaL«�g^N�I

²�
19 ¼ �<# � 4 ;G�n6��b#��/�/!$5G�<'(.F#^�"'(5 4
M/Q�r�k�fefhab£^ab`badce[�Rpo�[ ceg�RTabN>SPj�`bk�£
QE`bN>mnN>]�cP`bNnO k�mnr�k�ShceN>m+N>]�cPRpo�g^]^Nn� QEmnab`b`bNnRpoqQE`bj�k�SUadcel^mnN-fPO k�]�fhceadceg^N

`�o�g^]BRTN-f½QEr^r�k�Shc_f½RTN�O N�ceS_Q>��QEab`�I � ` f>oqQEj�adcv[>j�QE`bN>m+N>]�c½Rpo�g^]^N��8k�SUmnN�RTN�r
QES_QEmn[ ceS_QEj�N��¢r
QES¥S_QEr^r�k�Shc+�
`�oqQE`bj�k�SUadcel^mnNPO N cUceNP�8k�aLf I

H$u



M�o�N>]�fUN>m¥£^`bN�RTN-fi�8k�]�O¸ceabk�]�f
f ∈ FΠ

O k�]�fhc�QE]�ceN-f�N>]
I
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QEShceabS�Rpo�g^]�QE`bj�k�SUadcel^mnN�j�QES_QE]�ceaLfefeQE]�c g^]�S_QEr^r�k�Shc O `1Q&fefUaL«�g^N
O k�]�fhc�QE]�c-I�ª�N>r�N>]�R�QE]�c
�
ab`7f>oqQEj�adc\Rpo�g^]^NWSU[-RTg�O¸ceabk�] � ��Á7I�M7NXSU[-fUg^`dc�Q$c�r^SU[-O aLf{N-fhc{`bNPfhg^ad��QE]�c-I
� � * 5�!$�G.F; � 
 ��� � � � 	 � �  ^+P-/"$#& K0f6  KY��^_P0�;�#Z-�X.6 ��� � _< 5A ��
CB �ED�F���

� , �L02-U7&) �4)O 1#ZY	%.6�" ��X.Y4)�%.6V# 026
Y	%$8(8fXPY4# ;��!%."^"$-�M40V K;^X.6�"$#&%P6�#

ρ
 46 026 Y	%$8<8:X.Y�# _.- � ��Y	 �6�#Z-� ��

(2− (1/ρ))
�

ª�NiSU[-fUg^`dc�Q$c�O k�mv£^ab]^[�QEg�S_QEr^r�k�Shc�O `1Q&fUfUaL«�g^N
1− 1/β(I)− 1/k

N-fhc�`bN�r^SUab]�O abr
QE`pab]^j�SU[-RTabN>]�c r�N>SUm+N cUc�QE]�c
Rpo�[ c�QE£^`babSig^]�feO_l^[>m�Q½RpoqQEr^r^SUk"sGabm�Q$ceabk�]=RTab¹�[>SUN>]�ceabN>`<r�k�g^SSA ��
CB �ED�F!��
 � �('dK-°*)U��I

� �F��� �	� ��� � 	��
���5���$�&��� � ����		� � �s��� � �����
���

w�k�g�fPO k�]�O `bg^k�]�f�O N½ceS_Q>��QEab`�N>] QE£�k�SeR�QE]�c�`1Q@«�g^N-f�ceabk�]¬RTNn`1Q@RTab®nO g^`dce[+ab]�ceSUab]�fU¤-«�g^N�RTN-fXab]�fhc�QE]�O N-f
Rpo�g^]=r^SUk�£^`b¤>mnN�IpM7N-f�O k�]�O N>rTc_f\«�g^N�]^k�g�f�Q>��k�]�f\RTaLfeO gTce[-f\r�N>SUmnN cUceN>]�c�RTN¥O k�]�O N ��k�abS\g^]^N¥fhceSUg�O¸ceg^SUNvRTN
`�o�N>]�fUN>m¥£^`bN�RTN-fXr^SUk�£^`b¤>m+N-f I<x�k�g^Shc�QE]�c
��O k�mnr^SUN>]�RTSUN��<r�k�g^SWg^]Fr^SUk�£^`b¤>mnN+RTk�]^]^[��/`1Q�fhceSUg�O¸ceg^SUN�RTN�fhN-f
ab]�fhc�QE]�O N-f�Q½RT[h�U�vg^]@j�S_QE]�R�ab]�ce[>S�� c7¡

��RTN-fir�k�ab]�c_f\RTNP�Gg^N�[>r^aLf�ce[>mnk�`bk�j�aL«�g^NvN c�m�Q$cel^[>m�Q$ceaL«�g^N¥RpoqQE£�k�SeR���ceN>]�ceN>S�RTN�O-QES_Q&O¸ce[>SUaLfUN>S\`1Q+RTab�1Ç
��O g^`dce[�RTN-fiab]�f�c�QE]�O N-f�Rpo�g^]�r^SUk�£^`b¤>mnNPN-fhcig^]^NP��k�abNW��N>Sefig^]^NPmnN>ab`b`bN>g^SUNPr�N>SeO N>rTceabk�] RTNPfeO_l^[>m�Q&f
«�g^a7SUN>]�RTN>]�cig^]�r^SUk�£^`b¤>mnN�Q&O>O N-fUfUab£^`bNPk�g�]^k�]=�¥g^]^NWSU[-fUk�`bgTceabk�]DQE`bj�k�SUadcel^m+aL«�g^N��

}�µ



��Rpo�g^] r�k�ab]�cPRTN¥�Gg^N¥k�r�[>S_Q$ceabk�]^]^N>`�m�QEab]�ceN>]
QE]�c
��mnN cUceSUN¥N>] [ �GaLRTN>]�O N���r
QESUmna�`bN-f\ab]�fhc�QE]�O N-fWRpo�g^]
r^SUk�£^`b¤>mnN��p`bN-f�f�ceSUg�O¸ceg^SUN-fW«�g^a¢RTk�]^]^N>]�cW`babN>g �+g^]^N½RTab®+O g^`dce[½RTNvSU[-fhk�`bgTceabk�] k�g «�g^a�m+N cUceN>]�c�N>]
RT[>� QEgTc�g^]�QE`bj�k�SUadcel^mnN�r^SU[-O aLf N-f�c�g^]^N\[ c�QEr�NXN-fUfUN>]�ceabN>`b`bNXr�k�g^S{QE]
QE`d�TfhN>S�N c{QEm+[>`babk�SUN>S O NXRTN>SU]^abN>S>I

x¢QESUmna\`bN-f�]^k&ceabk�]�f@«�g^N ]^k�g�f�Q>��k�]�f@RTaLfUO gTce[>N-f@R�QE]�f@O N RTkGO g^mnN>]�c
� O N>`b`bN-f@Rpo/X.Y	_.Y^ _< _.- � ;�0f� #���N c
RTN@Y��^_.0�;�#Z-�X.6 r�N>SUmnN cUceN>]�c+RpoqQE£�k�SeRTN>S+O N cUceN�«�g^N-fhceabk�]�I�M/Q=r^SUN>mnab¤>SUN�O k�SUSUN-fhr�k�]�R±�Dg^]^N�ceN>]�c�Q$cead��N�RTN
RTN-feO SUabrTceabk�] QE£�fUk�`bg^N�RTNW`1QnfhceSUg�O¸ceg^SUN�RTN-fiab]�f�c�QE]�O N-f�N c\Rpo�g^]^NWm+N-fhg^SUNP«�g
QE]�ceadc�Q$cead��NvRTNP`bN>g^S�RTab®nO g^`dce[�I
��`b`bN mnN c¢r^`bgTc	�&c�`�oqQ&O>O N>]�c�fhg^S¢`1Q�j�[>k�mn[ ceSUabN{RTN `�o�N>]�fUN>m¥£^`bN�RTN-f�ab]�fhc�QE]�O N-f IJM¢o�N sGr^`bk�adc�Q$ceabk�]�RTN�SU[-RTg�O¸ceabk�]�f
N-fhc¥g^]^N�m�QE]^ab¤>SUN�RTg
QE`bN�RpoqQE£�k�SeRTN>SvO N cUceN�r^SUk�£^`b[>m�Q$ceaL«�g^N�I���]¬Q&fefhkGO a1QE]�c+��g^]�N>]�fUN>m¥£^`bN�Rpo�ab]�f�c�QE]�O N-f
Rpo�g^]Dr^SUk�£^`b¤>mnN

Π
g^]DfUk�g�f�Ç�r^SUk�£^`b¤>mnN���O N cUceN½QEr^r^SUkGO_l^NvO k�]�fUaLf�ceNn�+O k�mnr
QESUN>S����½`�oqQEaLRTNvRTN�SU[-RTg�O¸ceabk�]�f��

RTab¹�[>SUN>]�c_fXfUk�g�f�Ç�r^SUk�£^`b¤>m+N-fWRTN
Π

k�g N>]�O k�SUNnRTN½O k�mnr
QESUN>S
Π

�+`�o�g^]FRTN½fhN-fXfUk�g�f�Ç�r^SUk�£^`b¤>m+N-f I � `¢f oqQEj�adc
RTk�]�O\r^`bgTc	�&c{Rpo�g^]^N ��RTN-fUO SUabrTceabk�]@SUN>`1Q$cead��N �+RTN\`�o�N>]�fUN>m¥£^`bNXRTN-f�ab]�f�c�QE]�O N-f��8k�]�RT[>NXfhg^S `1Q�O k�m+r
QES_QEaLfhk�]
RTNW`bN>g^SiRTab®nO g^`dce[�I

­XQE]�f�O N cUceN+r
QEShceabN��/]^k�g�fP[ ceg�RTabk�]�fvO N-fPRTN>gTs QEr^r^SUkGO_l^N-f¥fhg^S�`1Q�£
Q&fUN�RTN�r^`bg�fhabN>g^Sef�N sGN>mnr^`bN-f>I � `Lf
mnN cUceN>]�c<N>]P[ �GaLRTN>]�O N�`bN-f�`babN>]�f<N c<`1Q�O k�mnr^`b[>m+N>]�c�QESUadce[�RTN�`�oqQEr^r^SUkGO_l^N QE£�fUk�`bg^N�N c/RTN�`�oqQEr^r^SUkGO_l^N�SUN>`1Q$cead��N�I
M/Q\r^SUN>m+ab¤>SUN�Q\`�o�ab]�ce[>S�� c RTN{�8k�g^SU]^abS�g^]^N{mnN-fUg^SUN{RTN�RTab®nO g^`dce[iN c�r�N>SUmnN c
��r
QES�`�oqQE]
QE`d�TfUN�RTN{`1QXfhceSUg�O¸ceg^SUN
RTN-fXab]�f�c�QE]�O N-f�Rpo�g^] r^SUk�£^`b¤>mnN��7RTNnRT[-RTg^abSUN�RTN-f�r^SUk�r^SUab[ ce[-f�fhg^SWfUk�]�QEr^r^SUk"sGabm�Q$ceabk�]�I/M/Q�fUN-O k�]�RTNnr
QES
O k�]�ceSUN�N-fhc�fhk�gT��N>]�c¢r^`bg�f�fhk�g^r^`bN N c¢Q{`�o�ab]�ce[>S�� c¢Rpo�� ceSUN RTabSUN-O¸ceN>mnN>]�c��8k�SUmvg^`b[>N�RTN�m�QE]^ab¤>SUN QE`bj�k�SUadcel^m+aL«�g^N�I

� `�N-fhc�� Q&O ab`bNnRTN½fUN¥SUN>]�RTSUNnO k�mnrTceN½«�g^Nv`1Q�mnaLfhNvN>]D[ �GaLRTN>]�O NnRpo�g^]^NnO `1Q&fUfUNnRpo�ab]�fhc�QE]�O N-f
I ′ ⊂ I

fUN
O k�mnr�k�Shc�QE]�c�mnabN>gTsnRTg+r�k�ab]�c�RTN{�Gg^N\RTNi`�oqQEr^r^SUk"sGabm�Q$ceabk�]�«�g^Ni`bNir^SUk�£^`b¤>mnN�R�QE]�f�fhk�]+N>]�fUN>m¥£^`bN�RTk�]^]^N
abmnmn[-RTa1Q$ceN>m+N>]�c�Q&O>O ¤-f{��g^]^N�SU[-RTg�O¸ceabk�]�RTg�r^SUk�£^`b¤>mnN�j�[>]^[>S_QE`<QEg�fUk�g�f r^SUk�£^`b¤>mnNXO k�SUSUN-fUr�k�]�R�QE]�c\QEgTs
ab]�fhc�QE]�O N-f

I \ I ′
I�ª\o�N-fhc\]^k&c�QEmnmnN>]�c�`bNvO-Q&f�`bk�SefU«�g^N

I ′
N-f�c�`�o�N>]�fUN>m¥£^`bN¥RTN-f�ab]�fhc�QE]�O N-f�RTk�]�c�`�o�k�SeRTSUNvRTN

RTab®+O g^`dce[W]^NWRT[>r
Q&fefUNWr
Q&f{g^]^NX��QE`bN>g^Si�TsG[>N
k
I

x¢QES�O k�]�ceSUN���ab`
r
QES_Q$§bc�]^N cUceN>m+N>]�c�mnk�ab]�f�QEaLfU[iRTN�RT[-RTg^abSUN��T��r
QEShceabS�Rpo�g^]^NiSU[-RTg�O¸ceabk�]�Rpo�g^]�r^SUk�£^`b¤>mnN
��g^]¥fUk�g�f/r^SUk�£^`b¤>mnN��$g^]^N�m+N-fhg^SUN�RTN�RTab®nO g^`dce[��E]^k�g�f/`�o�ab`b`bg�fhceSUk�]�f�R�QE]�f/`bN�r
QES_QEj�S_QEr^l^N{�JI�u^IEw�["QE]^mnk�ab]�f��
`bN-f�N sGN>mnr^`bN-fiRTg�r
QES_QEj�S_QEr^l^Nv�JIq}vab`b`bg�f�ceSUN>]�c�«�g^NWO NWr
Q&fefeQEj�NPN-fhc{r
QESU�8k�aLfir�k�fUfUab£^`bNPN c{ab]�ce[>SUN-fefeQE]�c-I

� 
 2 � ;G,7� 4 5
�"'85 4 �n6<;=�"'(.F��A(' %�'1� *
M7k�Sefe«�g�o�N>`b`bN+f>oqQEr^r^`baL«�g^N��<`1Q�]^k&ceabk�]�Rpo�k�SeRTSUN+RTNnRTab®+O g^`dce[�Q�`�oqQ>��QE]�c�QEj�N�RTN½�8k�g^SU]^abSWg^]^N½mnN-fUg^SUNnRTN

RTab®+O g^`dce[�r
QES�S_QEr^r�k�Shc��{`�oqQEr^r^SUk"sGabm�Q$ceabk�]�I� �]^N�ceN>`b`bN�r�k�fefUab£^ab`badce[ N-fhc�Q&fUfUN�� fU[-RTg^aLfeQE]�ceN{O-QES/`bN r
QES_QEmn¤ ceSUN
�\k�SeRTSUN{RTN�RTab®+O g^`dce[ �{��k�g^NiQE`bk�Sef�`bN�S���`bN{RTN���QESUa1QE£^`bN{N sGr^`baLO-Q$cead��N{k�gvab]�RTaLO-Q$cead��N{r�N>SUm+N cUc�QE]�c�Rpo�k�SUabN>]�ceN>S
`1Q+SU[-fUk�`bgTceabk�]�I/ª�N>r�N>]�R�QE]�c
�7O k�m+mnN�]^k�g�f\`bN���N>SUSUk�]�fXR�QE]�fXO N¥r
QES_QEj�S_QEr^l^N��7`�o�k�SeRTSUNvRTN½RTab®+O g^`dce[v]�o�N-f�c
r
Q&f�cek�g&��k�g^Sef�O-QE`LO g^`1QE£^`bN\N>]+ceN>mnr�f�r�k�`d�G]^k�m+a1QE`�r
QES�S_QEr^r�k�Shc��X`1Q�c�QEab`b`bN\RTN�`�o�ab]�f�c�QE]�O N�I
ª�N cUceN�QEr^r^SUkGO_l^N
O k�]�fUaLf�c�QE]�c\�vRT[ ceN>SUmnab]^N>S���r
QEShceabSiRTN�r^SUk�r^SUab[ ce[-fifhceSUg�O¸ceg^SUN>`b`bN-fiRTN-f�ab]�fhc�QE]�O N-f{Rpo�g^]@r^SUk�£^`b¤>m+NWfhN-f�r^SUk&Ç
r^SUab[ ce[-f�RpoqQEr^r^SUk"sGabm�Q$ceabk�]�fUNifUadceg^Nir^`bN>ab]^N>mnN>]�c�R�QE]�f�`1QWO k�]�ceab]Jg^adce[\RTN�ceS_Q>��QEgTsnmnN>]^[-f�RT¤-f�`bNiRT[>£^gTc�RTN-f
QE]^]^[>N-f�°�¨WN c�«�g^a�k�]�c N-fUfUN>]�ceabN>`b`bN>mnN>]�c{O k�]�RTg^adci�W`1QPO-QES_Q&O¸ce[>SUaLf_Q$ceabk�]�O k�m¥£^ab]
Q$cek�abSUNXRTN-f�O `1Q&fefhN-f ��� ���
N c
	 ��� ��� I

w�k�g�f�Q>��k�]�f/RT[h�U���Gg��ER�QE]�f<`bN�r
QES_QEj�S_QEr^l^N�u^IYHJIq}2�E«�g^N�RTN-f<]^k&ceabk�]�f/ceSU¤-f/O `1Q&fUfUaL«�g^N-f�RTN�RTab®+O g^`dce[�ceN>`b`bN-f
«�g^Ni`1Q :�� Ç O k�mnr^`b[ ceg�RTN�N c�`1Q :�� Ç O k�mnr^`b[ ceg�RTN\QEg�fUN>]�f��8k�Shc�RTk�]^]^N>]�c�`babN>g��XRTN-f�N sGN>mnr^`bN-f�abmnmn[-RTa1Q$c_f
Rpo�k�SeRTSUN¥RTN�RTab®nO g^`dce[�I�­\N>gTs=QEgTceSUN-fi]^k&ceabk�]�fik�]�c���k�g^[Pg^]�S���`bNPabmnr�k�Shc�QE]�cE��ab`/f oqQEj�adc�RTN-f�RTN>gTs�]^k&ceabk�]�f
RTNifUabmnr^`baLO adce[iab]�ceSUkGRTg^adceN-f�SUN-fUr�N-O¸cead��N>mnN>]�c R�QE]�f ' µ#)
N c�R�QE]�f ' µ�µ#)�I(e/k�gTceN-f�RTN>gTsnf>o�N sGr^SUabmnN>]�c�N>]nceN>SUmnN-f
Rpo�k�SeRTSUN�RTNWRTab®+O g^`dce[�I

M/Q¥fhabm+r^`baLO adce[XQEg@fUN>]�f�RTN ' µ�µ#)�O k�SUSUN-fUr�k�]�R�QEgTs�r^SUk�£^`b¤>mnN-f :�� Ç RTab®+O ab`bN-f r�k�g^S�`bN-fU«�g^N>`Lf�`1Q�SUN-f�ceSUaLO¸Ç
ceabk�]¬QEgTsFab]�f�c�QE]�O N-f

I
RTk�]�c�`1Q���QE`bN>g^S�k�rTceabm�QE`bN

β(I)
N-fhcPm�Q$��k�SU[>N+r
QESPg^]^N�O k�]�fhc�QE]�ceN�O k�]�fhceadceg^N�g^]

r^SUk�£^`b¤>mnN�r�k�`d�G]^k�mna1QE`�I � `�f>oqQEj�adc�RTk�]�O{N s^Q&O¸ceN>m+N>]�c RTN-f�r^SUk�£^`b¤>mnN-f�r�k�g^S�`bN-fU«�g^N>`Lf�`1Q���QE`bN>g^S�k�rTceabm�QE`bN
βN-fhc�g^]�k�SeRTSUN\RTN�RTab®+O g^`dce[\r
QES�S_QEr^r�k�Shc��W`1QXSU[-fUk�`bgTceabk�]�N s^Q&O¸ceN�IG­XQE]�f�`bN�m��>m+N�N-fUr^SUadc
�JN>]�]^k&c�QE]�c

ω(I)`1Q r^abSUN���QE`bN>g^S ��QEg±fhN>]�f+RTN�`�o�k�£T��N-O¸ceab�	�nRTN@`�o�ab]�fhc�QE]�O N
I

N c
β(I)

f_Q=��QE`bN>g^Snk�rTceabm�QE`bN���g^]Br^SUk�£^`b¤>m+N
:�� Ç RTab®+O ab`bNnN-fhc�"$-/) 8 �! PQEgFfUN>]�fWRTN ' u�)�fUa

d(I) = |β(I) − ω(I)|
N-fhcPg^] k�SeRTSUN+RTN+RTab®+O g^`dce[nr�k�g^SW`1Q

SU[-fUk�`bgTceabk�]�N s^Q&O¸ceN�I

}��



M7N-fWr^SUk�£^`b¤>m+N-f	������ "�� k�g R(.�" .��#� �)��.�
±fUk�]�c¥fUabmnr^`bN-f�QEg fUN>]�f�RTN ' u�)�I/x�k�g^S�f>o�N>] O k�]���QEab]�O SUN��
ab`/fhg^®½c\RTNP��k�abS�«�g^N�`bN-fiab]�fhc�QE]�O N-f\RTN�O N-fir^SUk�£^`b¤>m+N-fir�k�g^S�`bN-fU«�g^N>`b`bN-f

|β(I)− ω(I)|
N-f�c\m�Q$��k�SU[>NPr
QES

g^]^N½O k�]�f�c�QE]�ceN
k

r�N>gT��N>]�c � ceSUN�ceS_QEadce[>N-fXr
QES�SUN-O_l^N>SeO_l^N½N sGl
QEg�f�cead��NnN>]=ceN>mnr�f
O(nk)

I7Æ�SUN-f�ceNnfhabmnr^`bN
QEg fhN>]�f\RTN-' µ�µ*) ��r
QES\O k�]�ceSUNnª ]^N¥`�o�N-fhc\r
Q&f�r^g^aLfe«�g^Nv`1Q

k
Ç O k�`bk�S_QE£^ab`badce[���r�k�g^S

k > 3
N-f�c�g^]=r^SUk�£^`b¤>m+N

:�� Ç O k�m+r^`bN c5�(' H&°*)U��I/­�QE]�fW`bNnr
QES_QEj�S_QEr^l^N��JIYH�]^k�g�fX��N>SUSUk�]�f�RpoqQEgTceSUN-fPN sGN>mnr^`bN-fPRTN½r^SUk�£^`b¤>mnN-fP]^k�]TÇ
fUabmnr^`bN-f I

M/Q�r^SUk�r�k�fhadceabk�]=fhg^ad��QE]�ceNWO k�]�fhceadceg^NX`bN�r�k�ab]�ciRTNXRT[>r
QEShc{RTNX`1Q¥O-QES_Q&O¸ce[>SUaLfeQ$ceabk�]=RTN�`1Q¥O `1Q&fUfUN ��� ���
N cimnk&cead��NWO N-fiRTN>gTs@RT[>�^]^adceabk�]�f I
� !$5��¢5��-'1�$'85 4 2 � 
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 ª�k�]�fUaLRT[>SUk�]�f�`bN�r�k�ab]�c{K�r�k�g^S/g^]�r^SUk�£^`b¤>mnN RTN�m�Q$sGabmnaLf_Q$ceabk�]`�E`bN-f�QEgTceSUN-f�O-Q&f�fhk�]�c¢fhabm+ab`1QEabSUN-f I
ÆJk�adc/g^]^N�O k�]�fhc�QE]�ceN

k
�"k�]�RT[-RTg^adc�RTg¥fUO_l^[>m�Q�RpoqQEr^r^SUk"sGabm�Q$ceabk�]¥r�k�`d�G]^k�mna1QE`Jg^]¥QE`bj�k�SUadcel^mnN�r�k�`d�G]^k�mna1QE`

j�QES_QE]�ceaLfefeQE]�c\`bNWS_QEr^r�k�Shc
1− 1/(k + 2)

I�ÆJk�adc
I

g^]^NWab]�fhc�QE]�O NWceN>`b`bNP«�g^N
β(I) 6 k

��fUk�adc
λ(I)

`1Q���QE`bN>g^S
RTN�`1Q¥fhk�`bgTceabk�]�QEr^r^SUkGO_l^[>N��^N>`b`bN���[>SUab�^N

λ(I) 6 β(I) 6 λ(I)(k+ 2)/(k+ 1) < λ(I) + 1
�TRpo�k���`�o�[>j�QE`badce[

λ(I) = β(I)
r^g^aLfU«�g^N�O N-fi«�g
QE]�ceadce[-fifUk�]�ciN>]�ceab¤>SUN-f>I

ª�N cUceNWr^SUk�r�k�fUadceabk�]�ceSU¤-fifhabm+r^`bNX]^NWO k�]�fhceadceg^NP[ �GaLRTN>mnm+N>]�c{r
Q&f�g^]^N�O k�]�RTadceabk�]�]^[-O N-fef_QEabSUNPN c�fhg^®½Ç
f_QE]�ceNPRpoqQEr^r
QEShceN>]
QE]�O Nn�v`1Q½O `1Q&fefhN ��� � � ��N>]�r
QEShceaLO g^`babN>S�� ��� �� " ��N-f�c\fUabmnr^`bNPQEg=fUN>]�fiRTN ' µ�µ*)<m�QEaLf
]�oqQ&RTmnN cvr
Q&fvRTN�fUO_l^[>m�Q�RpoqQEr^r^SUk"sGabm�Q$ceabk�]Br�k�`d�G]^k�m+a1QE`�I�ª�N>r�N>]�R�QE]�c
��Q&fUfUkGO ab[>N��=RTN-fvO k�]�RTadceabk�]�f½RTN
£�k�SU]^N-f���N>`b`bN�O k�]�fhceadceg^N�g^]^N¥O k�]�RTadceabk�]=]^[-O N-fefeQEabSUNvN c�fUg^®+feQE]�ceN¥Rpo�N sGaLfhceN>]�O NvRTN�fUO_l^[>m�Q½RpoqQEr^r^SUk"sGabm�Q$Ç
ceabk�] �(' µ�µ*)U��N c�RTN�feO_l^[>m�QXRpoqQEr^r^SUk"sGabm�Q$ceabk�]�RTab¹�[>SUN>]�ceabN>` �(' u�¦+)U��r�k�g^S�RTN-f�r^SUk�£^`b¤>mnN-f��\��QE`bN>g^Sef�N>]�ceab¤>SUN-f>I
ª�N-f�O-QES_Q&O¸ce[>SUaLf_Q$ceabk�]�fv]^N�r�N>gT��N>]�c1� ceSUN�SUN>r^SUaLfhN-fvaLO a�r
QES¥fUk�g�O a RTN�`baLfUab£^ab`badce[@RTg¬RTkGO g^mnN>]�c¥m�QEaLf�fUk�]�c
R�QE]�f{`bNXmO�>mnN�N-fhr^SUadc�«�g^NP`1Q¥r^SUk�r�k�fUadceabk�] K"�JI
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z{O¸ceg^N>`b`bN>mnN>]�cvQEg�O g^]^N�O-QES_Q&O¸ce[>SUaLf_Q$ceabk�]BO k�m¥£^ab]
Q$cek�abSUN+]�o�N-fhc¥O k�]^]Jg^N�r�k�g^S¥RTN-f�O `1Q&fUfUN-f�RpoqQEr^r^SUk"sGadÇ

m�Q$ceabk�]�r^`bg�f�`1QESUj�N-f�«�g^N ��� � � ��]^k&c�QEmnmnN>]�c�r�k�g^S � � � k�g RTN-f�O `1Q&fefUN-f�RpoqQEr^r^SUk"sGabm�Q$ceabk�] ]^k�]TÇ
O k�]�fhc�QE]�ceN�IEe/k�gTceN>�8k�aLf���g^] r�k�ab]�cWRTNv�Gg^Nvab]�ce[>SUN-fefeQE]�cPr�k�g^S�k�£TceN>]^abSWRTN-fXO k�]�RTadceabk�]�fWfUg^®+feQE]�ceN-fXN-fhcWRTN
O k�]�O N ��k�abSPRTN-fWO `1Q&fUfUN-fWRTN½r^SUk�£^`b¤>mnN-f��(k�g r^SUk�£^`b¤>m+N-f�j�[>]^[>SUaL«�g^N����8k�]�RT[>N-fWfUg^SWRTN-f�r^SUk�r^SUab[ ce[-fPO k�m¥£^adÇ
]
Q$cek�abSUN-f{r�k�g^Si`bN-fU«�g^N>`b`bN-fik�]�[ c�QE£^`badc�RTN-f{SU[-fhg^`dc�Q$c_f�RpoqQEr^r^SUk"sGabm�Q$ceabk�]�I
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 �] N sGN>mnr^`bN+fhabj�]^ab��O-Q$ceab��N-f�c�O N>`bg^a�RTgFr^SUk�£^`b¤>mnN½j�[>]^[>SUaL«�g^N � ZÅO k�]�fUaLf�c�QE]�c½� )�%
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E

g^]�N>]�fUN>m¥£^`bN
�^]^a���]^k�g�f�S_QEr^r�N>`bk�]�fi«�g�o�g^]^NWr^SUk�r^SUab[ ce[

π : 2E → {0, 1}
fUg^S�`�o�N>]�fUN>m¥£^`bN

2E RTN-f{r
QEShceabN-f{RTN
E

N-f�c � ��7
Y��$_.-U#&%.-/Y	 �fUa

A ⊆ B
abmnr^`baL«�g^N

π(A) > π(B)
I���]+RpoqQEgTceSUN-f�ceN>SUmnN-f

π
N-f�c�ceS_QE]�fUmnaLfUN���cek�gTceNir
QEShceabN�Rpo�g^]

N>]�fUN>m¥£^`bN½RT¤-f\`bk�Sef�«�g�o�N>`b`bN½N-f�cWf_Q$ceaLfh� QEadceN½r�k�g^SX`�o�N>]�fhN>mv£^`bN�I�­\N�ceN>`b`bN-f�r^SUk�r^SUab[ ce[-fWfhk�]�c�ceSU¤-f�]
Q$ceg^SUN>`b`bN-f
]^k&c�QEmnmnN>]�c R�QE]�f RTN-f�O abSeO k�]�fhc�QE]�O N-f�f_Q$ceaLfh� QEaLf_QE]�c�`1QP`bk�a�RTg �P«�g^a�r�N>gTc `bN\r^`bg�f�r�N>gTc `bN\mnk�ab]�f6��I^ª�o�N-fhc
N>]�r
QEShceaLO g^`babN>S�`bN�O-Q&f�r�k�g^S�RTN-f r^SUk�£^`b¤>mnN-f k���`bNXO-QES_Q&O¸ce¤>SUN�SU["QE`baLf_QE£^`bNWRpo�g^]�N>]�fUN>m¥£^`bNXRTN�RT[-O aLfUabk�]�f N-fhc
O k�]�RTadceabk�]^]^[ir
QES�`1Q�f_Q$ceg^S_Q$ceabk�]�Rpo�g^]^N{SUN-fefUk�g^SeO N�I�z�ab]�fUa���r
QES¢N sGN>m+r^`bN���`1Q�r^SUk�r^SUab[ ce[���r�k�g^S�g^]nN>]�fUN>m¥£^`bN
RTN�fUk�mnmnN c_f�Rpo�g^] j�S_QEr^l^N���Rpo�� ceSUN�fhc�QE£^`bN�N-fhc�l^[>SU[-RTadc�QEabSUN¢¡¢O&o�N-fhc¥`bN�O-Q&fPk�� `bN-f�fhN>g^`bN-f�ab]�O k�m+r
Q$ceab£^ab`badÇ
ce[-f�fUk�]�c�RTN-fiab]�O k�mnr
Q$ceab£^ab`badce[-f\r
QES�r
QEabSUN-f I�­\NPmO�>mnN���`bN-fir^SUk�r^SUab[ ce[-f�Rpo�� ceSUN�g^]^N�O `baL«�g^N � fhk�g�fhÇ�j�S_QEr^l^N
O k�mnr^`bN c4�$�7Rpo�� ceSUN+RTNnRTN>j�SU[½ab]^�8[>SUabN>g^S¥��g^]^N½��QE`bN>g^SX�TsG[>N��<Rpo�� ceSUN

k
Ç O k�`bk�S_QE£^`bN���I>I>I��7fUk�]�cWl^[>SU[-RTadc�QEabSUN-f��

m�QEaLf�O&o�N-f�c QEg�fUfUa�`bNiO-Q&f�RTN{£^abN>]+RpoqQEgTceSUN-f�r^SUk�r^SUab[ ce[-f�r^`bg�f�k�g½m+k�ab]�f�O k�mnr^`bN sGN-f>I�x¢QES�O k�]�fU[-«�g^N>]�c
�JO N cUceN

}��



O `1Q&fefhNPRTNWr^SUk�£^`b¤>mnN-f{N-fhc{ceSU¤-f�`1QESUj�NWN c�O k�]�ceabN>]�c�N>]�ceSUN�QEgTceSUN-f{`bN-f�r^SUk�£^`b¤>m+N-f ������ " ��N c`R " �UT�*
��I� i]
SU[-fUg^`dc�Q$c�RpoqQEr^r^SUk"sGabm�Q$ceabk�]=r�k�Shc�QE]�c�fUg^SiO N cUceNPO `1Q&fefUN�QEr^r
QES_Q$§bc�QE`bk�SefiO k�mnmnNXg^]^NPO k�]�RTadceabk�]=fUg^®+feQE]�ceN
RpoqQEr^r
QEShceN>]
QE]�O N½�vg^]�O N>Shc�QEab]�]^ad��N"QEg=RpoqQEr^r^SUk"sGabm�Q$ceabk�]�Ipz�ab]�fha���r
QESiN sGN>mnr^`bN��
`bNXSU[-fUg^`dc�Q$c\fUg^ad��QE]�c�N-fhc
mnk�]�ceSU[PR�QE]�f '�}TK )�I
� � * 5�!$�G.F; �.
 ���  �"$# %$8<8 Y	X
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O(logn/n)
X��
n
 4"4# �! 1;^%.Y	_P-/6 %P� _< 

E
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M/Q=]^k&ceabk�]BRTN�r^SUk�£^`b¤>mnN@S_Q&RTa1QE` N-fhcvg^]^N@j�[>]^[>S_QE`baLfeQ$ceabk�]VRTN�`1Q=r^SUk�r^SUab[ ce[�Rpo�l^[>SU[-RTadce[�«�g^a r�N>SUmnN c

Rpo�N>]^j�`bk�£�N>Si£�N"QEg�O k�g^r=RpoqQEgTceSUN-fir^SUk�£^`b¤>mnN-f���N c{]^k&c�QEmnm+N>]�ciRTN-f�r^SUk�£^`b¤>m+N-f{RTNWmnab]^abmnaLf_Q$ceabk�]�I
� c�QE]�c\RTk�]^]^[Pg^]�r^SUk�£^`b¤>m+N :���� ��`bN�"$0�8<8:X.Y�#7Rpo�g^]^NPab]�f�c�QE]�O N

I
��]^k&ce[

σ(I)
��N-f�c�RT[>�^]^a�O k�mnmnNX`bN

]^k�m¥£^SUN�RTN���QE`bN>g^Sef¢SU["QE`baLf_QE£^`bN-f�RTN
I
I�ª�N cUceN ]^k&ceabk�]½N-f�c�]
Q$ceg^SUN>`b`bN{R�QE]�f�`�o�k�rTceaL«�g^N{RTN{O-QErTceN>S¢`1Q\RTab®nO g^`dce[

Rpo�g^]^N\ab]�fhc�QE]�O N\N c
�GN>]�r
QEShceaLO g^`babN>S��^fUa�k�]�O_l^N>SeO_l^NW�W[ ceg�RTabN>S�`1Q�O-QEr
Q&O adce[�«�g�oqQPg^]^N\ab]�f�c�QE]�O NW� � ceSUN\£^abN>]
SU[-fUk�`bg^NWr
QES{g^]=QE`bj�k�SUadcel^mnNWj�`bk�gTcek�]�k�g@N>]�O k�SUNPr
QES{r^SUk�j�S_QEmnm�Q$ceabk�]�RG�G]
QEm+aL«�g^N�I

M7N�r^SUab]�O abr�N�Rpo�g^]±QE`bj�k�SUadcel^mnN�j�`bk�gTcek�]BN-f�c½RTN@O k�]�fhceSUg^abSUN@g^]^N@fhk�`bgTceabk�]Br
QES½O_l^k�ads [>`b[>m+N>]�c�QEabSUN-f
fUg�O>O N-fUfUab�(f �(SUN>r�k�f_QE]�c=fhg^S�g^] O SUadce¤>SUN RTN r^SU[>�8[>SUN>]�O N���feQE]�f�SUN cek�g^S@N>] QESUSUab¤>SUN�I{ �]^N=ceN>`b`bNFRT[>m�QESeO_l^N
r�N>gTcN� ceSUN�SUN>r^SU[-fUN>]�ce[>NPO k�mnm+N\g^]^NXfUg�O>O N-fUfUabk�]�RpoqQEmn[>`babk�S_Q$ceabk�]�f���r
QEShceabS{Rpo�g^]^NWfUk�`bgTceabk�]�ceSUad�Ga1QE`bNb�(r
QES
N sGN>mnr^`bN�`�o�N>]�fUN>m¥£^`bN��GaLRTN�r�k�g^S�g^] r^SUk�£^`b¤>mnN=RTN�m�Q$sGabmnaLf_Q$ceabk�] ��I�M�N-fnab]�fhc�QE]�O N-f�RTN=fUg^r^r�k�Shc�[>`bN ��[
f>o�ab]�ceN>SUr^SU¤ ceN>]�c�O k�mnmnN{`bN-f�O-Q&f�`bN-f�r^`bg�f�RT[>� Q>��k�S_QE£^`bN-f�r^g^aLfU«�g^N�`1QWO k�]�f�ceSUg�O¸ceabk�]�Rpo�g^]^N�£�k�]^]^N\fhk�`bgTceabk�]��
r
QEShceabS/RTN�`1Q�fhk�`bgTceabk�]¥RTN�£
Q&fhN�]^[-O N-fefhadceN QE`bk�Sef � R�QE]�f<`bN�r^abSUN�RTN-f<O-Q&f$�pRTN�]^k�m¥£^SUN>g�fUN-f7[ c�QEr�N-f<j�`bk�gTcek�]^]^N-f>I
ª�N c½QESUj�g^mnN>]�c½r�N>gTc1� ceSUN�r^SU[-O aLfU[�j�S��&O N@QEg
�8k�SUm�QE`baLfhm+N�«�g^N�]^k�g�f���N>]^k�]�f½Rpo�ab]�ceSUkGRTg^abSUN�I�x�k�g^SvO N>`1Q2�
]^k�g�fX]^k�g�f�SUN-fhceSUN>abj�]^k�]�f���g^]^NnO `1Q&fUfUNvÇ�ceSU¤-f�`1QESUj�NvÇiRTN½r^SUk�£^`b¤>mnN-fO��QEr^r�N>`b[-f*Y	%<_.-�%P0<+,�\RTk�]�cW`�o�ab]�ce[>S�� c
N-fhc�Rpo�k�¹�SUabS\g^] O-Q&RTSUN¥j�[>]^[>SUaL«�g^N½r�k�g^SXQE]
QE`d�TfUN>S�RTN-f�RT[>m�QESeO_l^N-f�RTN�cÂ�Gr�N¥j�`bk�gTcek�]^]^N-f>I���`b`bN¥j�[>]^[>S_QE`baLfUN
N>] r
QEShceaLO g^`babN>SP`bN-f�r^SUk�£^`b¤>mnN-f � ��Y��$_.-U#&%.-/Y	 �"ir�k�g^SX`bN-fU«�g^N>`LfXcek�gTceN½r
QEShceabNnRpo�g^]^NnfUk�`bgTceabk�] SU["QE`baLf_QE£^`bNnN-fhc
SU["QE`baLf_QE£^`bN�I

ª�k�]�fhaLRT[>SUk�]�fPg^]�r^SUk�£^`b¤>mnNnRpo�k�rTceabm+aLfeQ$ceabk�]
Π

� RT[>�^]^adceabk�]�K,��N cPS_QEr^r�N>`bk�]�f�«�g^N+O_l
Q&«�g^N+ab]�fhc�QE]�O N
RTN

Π
f o�N sGr^SUabm+NXr
QES�¡







opt v(x)
x ∈ C
xi ∈ {0, 1},

k��
opt

��QEgTc¥SUN-fUr�N-O¸cead��N>mnN>]�c
max

k�g
min

fhN>`bk�]
«�g^N
Π

N-f�c¥g^] r^SUk�£^`b¤>mnN�RTN�m�Q$sGabmnaLf_Q$ceabk�]�k�g¬RTN
mnab]^abmnaLf_Q$ceabk�]�I¢y\]�RT[>�^]^adc

θ̄ =<
�(SUN-fUr�I!�

>
�Wfha

opt = max
�(SUN-fhr�I!�

min
��I/w�k�g�fPr^SUk�r�k�fUk�]�f½QE`bk�SefP`1Q

RT[>�^]^adceabk�]=fUg^ad��QE]�ceN�I
� * � 4 '8�"'85 4 � 
  i]=r^SUk�£^`b¤>mnN

Π
N-fhc1Y	%(_.-�%P��f o�ab`�N sGaLfhceN¥ceSUk�aLfXQE`bj�k�SUadcel^mnN-f\r�k�`d�G]^k�mna1QEgTs �(N>]

n
�
ξ
�
ψN c

ϕ
ceN>`Lfi«�g^NXr�k�g^S{cek�gTceNWab]�f�c�QE]�O N

I
RTN

Π
RTNWc�QEab`b`bN

n
¡

K o ξ O k�]�fhceSUg^adc�g^]^NPfhk�`bgTceabk�]�SU["QE`baLf_QE£^`bN
x(0) �

H o r�k�g^S=cek�gTceNBfhk�`bgTceabk�]¿SU["QE`baLf_QE£^`bN
x

RTN
I

f�ceSUaLO¸ceN>m+N>]�c mnN>ab`b`bN>g^SUN
«�g^N
x(0) �\`�oqQE`bj�k�SUadcel^mnN

ϕO k�]�fhceSUg^adc�g^]^NPfhk�`bgTceabk�]�SU["QE`baLf_QE£^`bN
ϕ(x)

«�g^a7��[>SUab�^N
v(ϕ(x))θ̄v(x)

�
} o r�k�g^S�cek�gTc���N-O¸ceN>g^S�SU["QE`baLfeQE£^`bN

x
RTN
I
f�ceSUaLO¸ceN>mnN>]�c�m+N>ab`b`bN>g^SUN\«�g^N

v(x(0))
��ab`
N sGaLfhceN�g^]�N>]�ceabN>S

kceN>`<«�g^N
ϕk(x) = x(0) � ϕk RT[-fUabj�]
QE]�ci`�o�adce[>SU[

k
Ç��8k�aLf{RTN

ϕ
�$�

u o r�k�g^S
x(0) QEab]�fha�«�g^NPr�k�g^S{cek�gTceN¥fhk�`bgTceabk�]=SU["QE`baLf_QE£^`bN

x
RTN

I
RTNX��QE`bN>g^S�k�£T��N-O¸cead��N¥fhceSUaLO¸ceN>mnN>]�c

mnN>ab`b`bN>g^SUN�«�g^N
v(x(0))

�
ψ(x) = ϕ−1({x}) = {y, ϕ(y) = x}

I
Z\[>k�mn[ ceSUaL«�g^N>m+N>]�c
�

x(0) N c�`bN-f�fUk�`bgTceabk�]�f�«�g^aG`bg^aTfhk�]�c¢fhceSUaLO¸ceN>mnN>]�c�m+N>ab`b`bN>g^SUN-f/r�N>gT��N>]�c�� ceSUN RTaLf�ceSUab£^g^[>N-f
fUg^S�g^]�QESU£^SUN\r^`1QE]
QEabSUN�RTN�S_Q&O ab]^N

x(0) RTN\fhk�ShceN�«�g^N\`1QX��QE`bN>g^S�k�£T��N-O¸cead��NWQEg^j�mnN>]�ceN�f�ceSUaLO¸ceN>m+N>]�c fUg^S�g^]
O_l^N>mnab]�RTNP`1QvS_Q&O ab]^NP��N>Sef{`bN-f{�8N>g^ab`b`bN-f>I�­�QE]�fiO N c�QESU£^SUN

ϕ(x)
N-fhc�`bNWr�¤>SUN�RTN

x
N c
ψ(x)

N-fhci`�o�N>]�fUN>m¥£^`bN
RTNPfhN-f��^`Lf>I
­�QE]�fiO NWO k�]�ceN sJceN�O_l
Q&«�g^NPadce[>S_Q$ceabk�]=Rpo�g^]�QE`bj�k�SUadcel^mnNPj�`bk�gTcek�]�O k�SUSUN-fUr�k�]�R=�vfU[>`bN-O¸ceabk�]^]^N>S
g^]
�^`Lf �

ψ(x)
N-fhc½`�o�N>]�fUN>m¥£^`bN�RTN-fnfhk�`bgTceabk�]�f½r�k�gT��QE]�cb� ceSUN@O k�]�fhceSUg^adceN-f��=r
QEShceabSnRTN

x
��I � `�f>oqQEj�adc+RTN

r^SUk�£^`b¤>mnN-f¢SU[-fhk�`bg^£^`bN-f�r
QES¢g^]^N�m�Q&O_l^ab]^N�RTN ,-* �#��
 ��r�k�`d�G]^k�m+a1QE`bN�]^k�]nRT[ ceN>SUmnab]^aLfhceNiRTN cÂ�Gr�N�j�`bk�gTcek�]�I
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x�k�g^S�RTN�ceN>`Lf¢r^SUk�£^`b¤>m+N-f�g^]^N{SU[-fUk�`bgTceabk�]+j�`bk�gTcek�]^]^N��\r
QEShceabS�RTN
x(0) ]�o�N sTO `bgTc Q\r^SUabk�SUa�QEg�O g^]^N�fUk�`bgTceabk�]

SU["QE`baLf_QE£^`bNPmnN>ab`b`bN>g^SUNP«�g^N
x(0) I

M7N-f{r^SUk�£^`b¤>m+N-fil^[>SU[-RTadc�QEabSUN-f\fUk�]�c�`�o�N sGN>m+r^`bNW`bNPr^`bg�f�O `1Q&fefhaL«�g^NvRTN�O N cUceN�fUadceg
Q$ceabk�]X¡�`1QnfUk�`bgTceabk�]DRTN
RT[>r
QEShc

x(0) N-f�c�`1QPfhk�`bgTceabk�]��GaLRTN�O k�SUSUN-fUr�k�]�R�QE]�ciQEg+��N-O¸ceN>g^S ~0 N c�`�o�k�r�[>S_Q$ceabk�]�[>`b[>mnN>]�c�QEabSUN�SUN>r^SU[-fUN>]�ce[>N
r
QES{`�oqQE`bj�k�SUadcel^mnN

ϕ
N-f�ci`bNXSUN ceS_QEadc�Rpo�g^]�[>`b[>m+N>]�c-I� i]�QE`bj�k�SUadcel^mnNWj�`bk�gTcek�]=O k�]�fhaLfhceN�QE`bk�Sefi�½O k�]�fhceSUg^abSUN

g^]^NFfUk�`bgTceabk�] r
QES�fh[>`bN-O¸ceabk�]�f�fUg�O>O N-fUfUad��N-f I�­�N ceSU¤-f�]^k�m¥£^SUN>gTs QEgTceSUN-f@r^SUk�£^`b¤>mnN-f�]^k�] l^[>SU[-RTadc�QEabSUN-f
N>]�ceSUN>]�c�R�QE]�f<`bN�O-Q&RTSUN�RTN�`1Q�RT[>�^]^adceabk�]v°GIEª�adcek�]�f7]^k&c�QEmnmnN>]�cGc`d � � ��
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j�S_QEr^l^N\u&Ç O k�`bk�S_QE£^`bN � � k�g�N>]�O k�SUN\`bN�r^SUk�£^`b¤>mnN A ��
CB �ED�F!��
 �

C
RT[>�^]^apQEg�r
QES_QEj�S_QEr^l^N�u^IYHJILK�]^N�fUk�]�c�r
Q&f

S_Q&RTa1QEgTs �(`1Q¥r^SUk�r�k�fUadceabk�] K-¦vr�N>SUmnN c�RTNX`bNWmnk�]�ceSUN>S$��I
M7k�Sefe«�g^N

σ(I)
N-f�cW£�k�SU]^[nr
QESXg^]^NnO k�]�fhc�QE]�ceN��<`�oqQESU£^SUN�Q&fefhkGO ab[���g^]^N½ab]�fhc�QE]�O NnN-fhcPRTN½r^SUk��8k�]�RTN>g^S

£�k�SU]^[>N¥N c�QE`bk�Sef���fhk�g�f�`bN-fil��Gr�k&cel^¤-fUN-f�RTNPS_Q&RTa1QE`badce[���`bN�r
QESeO k�g^Sef�O k�mnr^`bN c\RTN¥O N cXQESU£^SUN¥RTN �GabN>]�c\r�k�`d�JÇ
]^k�mna1QE`�I�y�]@N>]�RT[-RTg^adc�`bNXSU[-fUg^`dc�Q$c\fhg^ad��QE]�c-I
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ε
fh[>r
QESUN�RTN>gTs���QE`bN>g^Sef{SU["QE`badÇ

f_QE£^`bN-f �(N>]�r
QEShceaLO g^`babN>Sir�k�g^S{`bN-f�r^SUk�£^`b¤>m+N-fi�¥��QE`bN>g^Sef{N>]�ceab¤>SUN-f$�$�
k�]�Q
σ(I) 6 (1/ε)|β(I)− ω(I)|
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r^SUk�£^`b¤>mnN1A ��
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C
I�z�ab]�fha���`1Qvr^SUk�r�k�fhadceabk�]¬K-¦vO k�]�fhceadceg^NPg^]@ceN-f�c�fUabmnr^`bNWRTNW]^k�]TÇ�S_Q&RTa1QE`badce[�I

M7N-fDr^SUk�£^`b¤>m+N-f r�k�]�RT[>SU[-f �8k�g^SU]^aLfUfUN>]�c�� Q&O ab`bN>mnN>]�cFRTN-f N sGN>mnr^`bN-f RTN
r^SUk�£^`b¤>mnN-f S_Q&RTa1QEgTs ]^k�]TÇ
fUabmnr^`bN-f I���]¥N>¹�N c
�&N>]¥j�[>]^[>S_QE`^`bN-f�r�k�]�RT[>S_Q$ceabk�]�f¢]�oqQE¹�N-O¸ceN>]�c¢r
Q&f�`bN�O-QES_Q&O¸ce¤>SUN�S_Q&RTa1QE`^Rpo�g^]vr^SUk�£^`b¤>mnN�«�g^a
SUN>r^SU[-fUN>]�ceN¥r^`bgTc	�&c\`1Q+f�ceSUg�O¸ceg^SUN½Rpo�g^]^N�ab]�f�c�QE]�O N���`1Q+fUabmnr^`baLO adce[���r
QES\O k�]�ceSUN���N-f�c�ceSUab£^gTc�QEabSUNvRTN-f�r�k�aLR^f I
x¢QES�N sGN>mnr^`bN�� � + ���� "����(`bN-f�r�k�aLR^f�fUk�]�c\S_Q$ceabk�]^]^N>`Lf�r�k�fhadceab�(f$�iN-f�c\S_Q&RTa1QE`�Ipx¢QES�O k�]�ceSUN���N>] Q$cUceSUab£^g
QE]�c
�¥O_l
Q&«�g^NWfhk�m+mnN c `bN�r�k�aLR^f

1/n
�
n

N-fhc�`bNX]^k�m¥£^SUNXRTN�fUk�mnmnN c_f$�$�Tk�]�£�k�SU]^NPQEShceab��O abN>`b`bN>mnN>]�c{`�o�k�£T��N-O¸ceab�
r
QESPKXf_QE]�f{mnkGRTab�^N>S�`1Q½RTab®+O g^`dce[PRTg@r^SUk�£^`b¤>m+N���� Æ�]�o�N-fhc�RTk�]�OXr
Q&f�g^]�r^SUk�£^`b¤>mnNPfUabmnr^`bN�I

x¢QES�O k�]�ceSUN��^ab`�N-fhc�r^`bg�f RT[>`baLO-Q$ciRTN\ceSUk�gT��N>S{RTN-f r^SUk�£^`b¤>mnN-f�fhabm+r^`bN-f�m�QEaLf�]^k�]@S_Q&RTa1QEgTs�I� i]@fhN-O k�]�R
O SUadce¤>SUN@RTN�]^k�]TÇ�S_Q&RTa1QE`badce[@N-fhc½`1Q�r�k�fUfUab£^ab`badce[��¢r�k�g^Svg^]^N@fhk�`bgTceabk�]BSU["QE`baLfeQE£^`bN���RpoqQ>��k�abS½g^]¬]^k�mv£^SUN�]^k�]
r�k�`d�G]^k�mna1QE`�RTN��^`Lf�R�QE]�f�`�oqQESU£^SUNvQ&fefUkGO ab[�I�z�ab]�fha���g^]=r^SUk�£^`b¤>mnNPr�k�g^S�`bN-«�g^N>`�£�k�SU]^N>S\`�o�k�£T��N-O¸ceab�¢r
QES\RTN-f
O k�]�fhc�QE]�ceN-f½SUN>]�R¬`1Q=SU[-fUk�`bgTceabk�]Br�k�`d�G]^k�mna1QE`bN@m�QEaLf¥`1QEaLfUfUN@g^]
]^k�m¥£^SUN�]^k�]TÇ�r�k�`d�G]^k�mna1QE`iRTN�fUk�`bgTceabk�]�f
SU["QE`baLf_QE£^`bN-f�N-f�c\fUabmnr^`bNPm�QEaLf{]^k�]�S_Q&RTa1QE`�I�ª�o�N-fhc\RpoqQEab`b`bN>g^Sef\QEab]�fUa/«�g�o�k�]=r�N>gTc\� Q&O ab`bN>mnN>]�c\O k�]�O N ��k�abS\RTN-f
��N>SefUabk�]�f½]^k�]TÇ�S_Q&RTa1QE`bN-f+m�QEaLfvr�k�`d�G]^k�mna1QE`bN-fnRTgBr^SUk�£^`b¤>m+N�RTN�O k�g^r^`1QEj�N�m�Q$sGabm¥g^m �(r
QES½N sGN>mnr^`bN@N>]
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N c\Rpo�g^]=N>]�fhN>mv£^`bN�fhc�QE£^`bN

S0
ceN>`�«�g�o�ab`/N sGaLf�ceN�g^]=fhc�QE£^`bN�m�Q$sGabm¥g^m

S∗
RTN

G
O k�]�ceN>]
QE]�c

S0
IGM�o�k�£T��N-O¸ceab�/N-f�c�RTN�RT[ ceN>SUmnab]^N>S g^]�f�c�QE£^`bN�m�Q$sGabm¥g^mtRTN\c�QEab`b`bNXQEg�mnk�ab]�f�[>j�QE`bNW�

|S0|
I

x�k�g^S+O N�r^SUk�£^`b¤>m+N���`1Q r^abSUN���QE`bN>g^S�Rpo�g^]^N�ab]�fhc�QE]�O N�N-f�c
|S0|

�Gg^N=O k�mnmnN�g^]^N���QE`bN>g^S+SU["QE`baLf_QE£^`bN
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S̃
fhk�Shc RTg
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QE£^adceg^N>`/RTN :���� O-QESifhN-f{ab]�f�c�QE]�O N-fi]^NWr�N>gT��N>]�c�r
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��] N>¹�N c
�pr�k�g^SXg^] j�S_QEr^l^N
G = (V,E)

N cWg^]DN>]�ceabN>S
k ∈ {1, . . . , n}

k�] RT[>�^]^adcW`bN½j�S_QEr^l^N
Gk =

(V k, Ek)
k��X¡

{

V k = V ∪ {1, . . . , k}
Ek = E ∪ {vi ∈ V × {1, . . . , k}}

��]+RpoqQEgTceSUN-f�ceN>SUmnN-f��
Gk

N-f�c�k�£TceN>]Jg�N>]�Q$��k�gTc�QE]�c��
G k

fUk�mnmnN c_f�O k�]�fhceadceg
QE]�c g^]+f�c�QE£^`bN�N c�cek�gTceN-f�`bN-f
QES�� ceN-f�N>]�ceSUNPO N-f�fUk�mnmnN c_f ]^k�gT��N"QEgTs@N c{`bN-f�fUk�mnmnN c_f�RTN

G
�
Gk

r�N>gTcN� ceSUNWO k�]�fhceSUg^adciN>]�ceN>mnr�f r�k�`d�JÇ
]^k�mna1QE`7N ciN>]�r�k�f_QE]�c

S0 = {1, . . . , k}
�(N>]�fUN>m¥£^`bNPRTN-f{]^k�gT��N"QEgTs�fhk�mnm+N c_f^�$��ab`�N-fhc�O `1QEabS�«�g^N

(Gk, S0)N-fhc�g^]^NPab]�f�c�QE]�O NvRTN
S̃

fUa<N c\fUN>g^`bN>mnN>]�c\fUa
k

N-fhc�ab]^�8[>SUabN>g^S�k�g�[>j�QE`�QEg�]^k�m¥£^SUN�RTN¥f�c�QE£^ab`badce[¥RTN
G
I� i]

QE`bj�k�SUadcel^mnNWSUN-O k�]^]
QEaLfef_QE]�c�`bN-f�ab]�fhc�QE]�O N-fiRTN
S̃
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RT[-O aLfUabk�]�RTN������� "��@� � I

w�["QE]^mnk�ab]�f���O N>Shc�QEab]�fv�8k�SUm�QE`baLfhm+N-f¥QEg
RTN>`1�=RTN :���� r�N>SUmnN cUceN>]�c½Rpo�N>]��GaLf_QEj�N>SvO N�cÂ�Gr�N�RTN�r^SUk&Ç
£^`b¤>mnN�I�~�N>m�QESe«�g^k�]�fPr
QESvQEab`b`bN>g^Sef¥«�g^N

S̃
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|S∗|−|S0|
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QES�g^]^NiO k�]�fhc�QE]�ceN

C
�GQE`bk�Sef�g^]^NiSUN-O_l^N>SeO_l^N�N sGl
QEg�f�cead��N��Xr
QEShceabS�RTN

S0
RTN{cek�g�f�`bN-f�N>]�fhN>mv£^`bN-f�RTN�c�QEab`b`bN

QEg r^`bg�f
|S0| + C

fhk�m+mnN c_fPO k�]�ceN>]
QE]�c
S0

fUN+� QEadcvN>]FceN>mnr�fPr�k�`d�G]^k�mna1QE`�N c�r�N>SUm+N cvRTN�RT[ ceN>SUmnab]^N>S
cek�gTceN-f{`bN-fifhk�`bgTceabk�]�fik�rTceabm�QE`bN-fiO k�]�ceN>]
QE]�c

S0
I

~{N>m�QESe«�g^k�]�f½O N>r�N>]�R�QE]�cn«�g^N�O N-f¥ab]�fhc�QE]�O N-f��¢£^abN>]
«�g^N�SU[-fUk�`bg^N-f¥N>] ceN>mnr�f�r�k�`d�G]^k�mna1QE`���]^N�fUk�]�c
r
Q&fiSUN-O k�]^]Jg^N-f�N>]�ceN>mnr�f{r�k�`d�G]^k�mna1QE`�I�x�k�g^S�abmnr�k�fhN>S�`bN�O-QES_Q&O¸ce¤>SUN¥r�k�`d�G]^k�mna1QE`�RTNP`1Q½SUN-O k�]^]
QEaLfefeQE]�O N
RTN�O N-f�ab]�f�c�QE]�O N-f � Q&O ab`bN-f��Tab`�� QEg�RTS_QEadc�N>]�k�gTceSUN\ab]�O `bg^SUNXR�QE]�f�O_l
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Q$cek�abSUN�RTNi`1QW�8k�]�O¸ceabk�]�Rpo�[>`bk�abj�]^N>m+N>]�c-I

M/Q�r^SUk�r^SUab[ ce[WRTN%����
)���7Ç����������������Fr�k�g^S g^]�j�S_QEr^l^NWO k�SUSUN-fUr�k�]�R���`�o�[>j�QE`badce[XN>]�ceSUNX`bN�]^k�m¥£^SUNXRTN
fhc�QE£^ab`badce[ �(]^k&ce[

α(G)
��N c�`1QnO-QESeRTab]
QE`badce[vRpo�g^]^N�O k�gT��N>Shceg^SUN¥mnab]^abmvg^m RpoqQES�� ceN-fK���nf_Q>��k�abS

n−m
k��

nN-fhcW`bN½]^k�m¥£^SUN+RTN+fhk�mnm+N c_f\N c
m

`bN+O-QESeRTab]
QE`�Rpo�g^]�O k�g^r^`1QEj�N+m�Q$sGabm¥g^m5��I � `¢N-fhcW£^abN>]�O k�]^]Jg�«�g^Nn`1Q
SUN-fhceSUaLO¸ceabk�]DRTN	������ "����½O N cUceN�O `1Q&fefhN�N-f�c�r�k�`d�G]^k�mna1QE`bN�I�M/Q½RTab¹�[>SUN>]�O N

n−m− α(G)
r�N>gTc � ceSUNW�Gg^N

O k�mnmnN�g^] "�%P0f#G_( S_.0�%��L-U#��`_.-/"�;�Y	 �# I���sGr^SUabm+k�]�f�N>]nN>¹�N c ������ " �¥r
QES�`bN{r^SUk�j�S_QEmnm+N�`bab]^["QEabSUN�fUg^ad��QE]�c7¡

������ "��
=







max ~1|V | · ~x

A · ~x 6 ~1|E|
~x ∈ {0, 1}|V |

k�� ~1k
N-fhc+`bN@��N-O¸ceN>g^S�O k�`bk�]^]^N=RTN

Qk RTk�]�cncek�gTceN-f+`bN-f+O kJk�SeRTk�]^]^[>N-f+��QE`bN>]�cDK�N c
A

N-fhc+`1Q m�Q$ceSUaLO N
QES�� ceN-fhÇ fhk�mnm+N c_f{RTN

G
I

�¢sGr^SUabmnk�]�f{[>j�QE`bN>mnN>]�ci`bNXr^SUk�£^`b¤>m+NPRTNWO k�gT��N>Shceg^SUN�mnab]^abm¥g^m RpoqQES�� ceN-f{r
QES{`bNWr^SUk�j�S_QEmnmnN¢¡

EC =







min ~1|E| · ~x

AT · ~x > ~1|V |
~x ∈ {0, 1}|E|

ÆTQ¥��QE`bN>g^S{k�rTceabm�QE`bN���QEgTc
v∗(EC) = n−m

I
y\]�SUN>m�QESe«�g^N�«�g^N�`bN-f�SUN>`1Q$sG[-fvRTN�O N-f�r^SUk�£^`b¤>mnN-f �(r�k�g^S¥`bN-fU«�g^N>`Lf¥`bN-fPSUN>`1Q$ceabk�]�f

xi ∈ {0, 1}
fhk�]�c

SUN>mnr^`1Q&O [>N-f{r
QES
xi > 0

��fUk�]�c�RTN-f�r^SUk�j�S_QEm+mnN-f `bab]^["QEabSUN-f�RTg
QEgTs�I
M/Q���QE`bN>g^S

D(G) = n−m− α(G)
RTg�f_QEgTc�RTNWRTg
QE`badce[�RTaLfUO SUN cir�N>gTc���k�g^N>S{`bNXS���`bNPRpo�g^]^NW�8k�]�O¸ceabk�]

Rpo�[>`bk�abj�]^N>mnN>]�c{r
QES�S_QEr^r�k�Shci�W`1Q�O `1Q&fefUN�RTN-f�j�S_QEr^l^N-f�����

���<Ç�� ������������� �J]^k&ce[>N � ��I�ÆJN\r�k�fhNWQE`bk�Sef�`1Q
«�g^N-fhceabk�]�RTNW`1Q½RTab®nO g^`dce[�RTN���� �� " ��N>]��8k�]�O¸ceabk�]�RTNPO N ci[>`bk�abj�]^N>mnN>]�c-I

x�k�g^S{�@SU[>r�k�]�RTSUN�k�]DO k�mnmnN>]�O NWr
QESi[ c�QE£^`babS�`1Q½r^SUk�r�k�fhadceabk�] fhg^ad��QE]�ceN¥«�g^a/N-f�c�g^]^NPab]�ceN>SUr^SU[ c�Q$ceabk�]
O k�m¥£^ab]
Q$cek�abSUN�RTNW`1Q¥�8k�]�O¸ceabk�]=Rpo�[>`bk�abj�]^N>mnN>]�c-I

ÆJk�adc
G = (V,E)

g^]�j�S_QEr^l^N��
M

g^] O k�g^r^`1QEj�N m�Q$sGabm¥g^mÃRTN O-QESeRTab]
QE`
m
�
X

`�o�N>]�fhN>mv£^`bN RTN-f
fUk�mnmnN c_f�N sGr�k�fh[-f½r
QES¥S_QEr^r�k�Shc+�

M
�
S∗

g^]
fhc�QE£^`bN�m�Q$sGabm¥g^m N c
C∗ = V \ S∗

`1Q=O k�gT��N>Shceg^SUN�RTN
fUk�mnmnN c_fWk�rTceabm�QE`bN�Q&fefUkGO ab[>N��

S∗
I�y\]�]^k&ceN�QE`bk�Sef

F
� RTN�O-QESeRTab]
QE`

f
��`�o�N>]�fhN>mv£^`bN�RTN-f¥QES�� ceN-f�RTN

MRTk�]�c `bN-f�RTN>gTs+N sJceSU[>mnadce[-f�fUk�]�c R�QE]�f
C∗ N c

X ′ � RTN\O-QESeRTab]
QE`
g
��`�o�N>]�fUN>m¥£^`bN

X ∩C∗ IGM7N-f�N>]�fUN>m¥£^`bN-f
FN c

X ′ RT[>r�N>]�RTN>]�c�RTN-f N>]�fhN>mv£^`bN-f
M

N c
S∗

�TsG[-f��^r
QES�O k�]�ceSUN��^`1Q¥«�g
QE]�ceadce[
f + g

N-fhc�ab]�RT[>r�N>]�R�QE]�ceN�RTg
O k�g^r^`1QEj�NPm�Q$sGabm¥g^m N c�RTg�fhc�QE£^`bNWm�Q$sGabmvg^m O_l^k�aLfhaLf�¡
k�]�Q

f + g = D(G) = n−m− α(G)
I

M7N-f\j�S_QEr^l^N-f%�	��

����Ç���������������� O k�SUSUN-fUr�k�]�RTN>]�c¥QEg O-Q&f
D(G) = 0

��O N½«�g^a�fUabj�]^ab�^N �
f + g = 0

�
«�g^NXcek�g�f�`bN-fifhk�mnm+N c_f N sGr�k�fU[-fifUk�]�ciR�QE]�f

S∗
N ci«�g^N�O_l
Q&«�g^N�QES�� ceNPRTN

M
Q¥g^]^NWN sJceSU[>mnadce[PR�QE]�f

S∗
I

� !$5��¢5��-'1�$'85 4�9�2 

D(G)

 �"$#H0f6 X.Y^_.Y	 1_< 1_.- � ;�0f� #��N8:X.02Y �!%�Y���"�XP� 0f#Z-�X.6  ^+(%<;�#& �
� !$;G,70�; 
 ª�N�SU[-fhg^`dc�Q$c�r^SUk"�GabN>]�c�abmnmn[-RTa1Q$ceN>mnN>]�c�RTN�`�o�ab]�ceN>SUr^SU[ c�Q$ceabk�]½O k�mv£^ab]
Q$cek�abSUN�RTN�`1Q ��QE`bN>g^S

D(G)
¡

f + g 6 k
r�k�g^S

k
O k�]�fhc�QE]�c abm+r^`baL«�g^N

f 6 k
N c
g 6 k

�Jr
QES O k�]�fU[-«�g^N>]�c{k�]�r�N>gTc [>]Jg^m+[>SUN>S`�(N>]�ceN>mnr�f
O k�]�fhc�QE]�c4��cek�g�fX`bN-fWO k�g^r^`bN-fWRpo�N>]�fhN>mv£^`bN-f

(Φ,Γ)
ceN>`LfX«�g^N

Φ ⊂ M,Γ ⊂ X, |Φ| + |Γ| 6 k
I�x�k�g^SX`�o�g^]

Rpo�N>gTsFQEg mnk�ab]�f�� O N>`bg^a�O k�SUSUN-fUr�k�]�R�QE]�cv�
Φ = F

N c
Γ = X ′ �i`bN½j�S_QEr^l^Nnab]�RTg^adcPr
QES

V \ (Φ[V ] ∪ Γ)k��
Φ[V ]

RT[-fUabj�]^NW`�o�N>]�fUN>m¥£^`bNWRTN-f{N sJceSU[>mnadce[-f{RTN-fiQES�� ceN-fiRTN
Φ
�^N-f�c ����
)���7Ç�����������������I � `7fhg^®½ciRTk�]�O

RpoqQEr^r^`baL«�g^N>S �XO_l
Q&O g^]+RTN�O N-f�fUk�g�fhÇ�j�S_QEr^l^N-f�ab]�RTg^adc_f�g^]�QE`bj�k�SUadcel^mnN�RTN{SUN-O k�]^]
QEaLfefeQE]�O N�RTN�`1QXr^SUk�r^SUab[ ce[
RTN�����

���7Ç������ ��� �!��� N ciRTNWSU[-fhk�`bgTceabk�]DRTN ������ " ��`bk�SefU«�g�o�N>`b`bN�N-f�ci��[>SUab�^[>N�I

~{N>m�QESe«�g^k�]�f�«�g^N
D(G) > n/2−α(G)

IEx¢QES¢QEab`b`bN>g^Sef��&]^k�g�f/mnk�]�ceSUk�]�f�R�QE]�f�`1Q{r^SUk�r�k�fUadceabk�]�H�µ{RTN�`1Q
fUN-O¸ceabk�]v�JI�u^Iq}�«�g�o�k�]Pr�N>gTc<cek�g&��k�g^Sef��$r�k�g^S<`1Q SU[-fhk�`bgTceabk�]¥RTN ������ "�� �"fUN�S_QEmnN>]^N>S/QEgPO-Q&f7k��

α(G) 6 n/2
I

uJH



­XQE]�f�O N�O-Q&f���g^]^N\«�g^N-f�ceabk�]�]
Q$ceg^SUN>`b`bN�N-fhc�RTN\feQ>��k�abS�fUa
`1QW«�g
QE]�ceadce[
|n/2−α(G)| 6 D(G)

N-f�c�g^]+k�SeRTSUN
RTN½RTab®nO g^`dce[½r�k�g^SX`1Q�SU[-fhk�`bgTceabk�]FN s^Q&O¸ceN�I7M/Q+SUN>r�k�]�fUN½N-fhc�]^[>j�Q$cead��N+O-QES�`1Q�SUN-f�ceSUaLO¸ceabk�]�RTN ������ "�� QEg
O-Q&f

α(G) = n/2
N-f�c :�� Ç O k�mnr^`b[ ceN�I���]±N>¹�N c
��N>]�fUg^r^r�k�feQE]�c

α(G) 6 n/2
��ab`\fhg^®½c�RpoqQ$��k�gTceN>S

kfUk�mnmnN c_f�aLfUk�`b[-fir�k�g^Sij�QES_QE]�ceabS�QEg=j�S_QEr^l^NPSU[-fUg^`dc�QE]�c�RpoqQ>��k�abS�g^]�]^k�mv£^SUNPRTN�fhc�QE£^ab`badce[
k + α(G)

r�k�g^S

n + k
fhk�m+mnN c_f I���] QEr^r^`baL«�g
QE]�cWO N¥r^SUkGO N-fUfUg�f�r�k�g^S\cek�gTc

k ∈ {0, . . . , n}
� RTk�]�O�N>]Dr
QEShceaLO g^`babN>S�r�k�g^S

k = n − 2α(G)
ab`�fhN>S_QEadc�r�k�fUfUab£^`bN����nr
QEShceabS\Rpo�g^] QE`bj�k�SUadcel^mnN�r�k�`d�G]^k�m+a1QE`/j�QES_QE]�ceaLfUf_QE]�cXg^]^N¥fhk�`bgTceabk�]

k�rTceabm�QE`bN\r�k�g^S�`bN-f�j�S_QEr^l^N-f RTk�]�c�`bN\]^k�m¥£^SUN\RTN\fhc�QE£^ab`badce[���QEgTc `1QWmnk�adceab[\RTN-f�fUk�mnmnN c_f��JRTN�SU[-fUk�g�RTSUN\`bN
r^SUk�£^`b¤>mnNij�[>]^[>S_QE`�IG­XQE]�f�`bNir
QES_QEj�S_QEr^l^NX�JI�u^IYH?�J]^k�g�f�RTaLfUO gTcek�]�f�`bN-f�r^SUk�r^SUab[ ce[-f�RpoqQEr^r^SUk"sGabm�Q$ceabk�]�Rpo�g^]^N
O `1Q&fefhN�r^SUkGO_l^N¥«�g^a�O k�mnr^SUN>]�R�`bN-fij�S_QEr^l^N-f\RTk�]�c�`bNP]^k�m¥£^SUN�RTN�fhc�QE£^ab`badce[���QEgTc�QEg�mnk�ab]�f

n/2
�(k�g�r^`bg�f

j�[>]^[>S_QE`bN>mnN>]�c�QEg�mnk�ab]�f
n/k

��I
ÆJapk�]@QEgTcek�SUaLfUNXm�QEab]�ceN>]
QE]�ci�

D(G)
RTN\r^SUN>]�RTSUNWRTN-f���QE`bN>g^Sef ]^k�]@O k�]�fhc�QE]�ceN-f���k�]�r
QESh�GabN>]�c{N>]�O k�SUN

��m�Q$§bceSUaLfhN>SX`bN-fXr�k�fUfUab£^ab`badce[-fPRTN½SU[-fhk�`bgTceabk�]�N>®nO-Q&O N ��QEgFfUN>]�fXRTN½`�oqQEr^r^SUk"sGabm�Q$ceabk�] ��N>] �8k�]�O¸ceabk�]�RTN½`1Q
��QE`bN>g^SiRTN

D(G)
I
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1/(D(G) + 1)

�
� !$;G,70�; 
 ª�k�]�fUaLRT[>SUk�]�fi`�oqQE`bj�k�SUadcel^mnNPfUg^ad��QE]�c7¡
���������
����� � �	� � � �	� 
���� ��� � ��� � � ��� � 
 ��� 
 
 � 
 M �
� � �

m← |M| �
�	�
�

x← |X| �
���
�

S← X �
����� �����

k ∈ {0, . . . , n− 1}
���

����� � � � � 
 � 
���������� M ��� k + 1
��� � � 
�� � M1, . . . , Mk+1 ��� ��� 
���� � > bm/(k + 1)c �

�	�
�
M← {Mi : i = 1 . . . k + 1} �

�	�
� � � � � 
 � 
���������� X ��� k + 1
��� � � 
�� � X1, . . . , Xk+1 ��� ��� 
���� � > bx/(k + 1)c �

�����
X ← {Xi : i = 1 . . . k + 1} �

������� �����
(A, B) ∈ M×X

���
������� � �

G′ = G[X(A) ∪ B] ∈ KE
�������

��� � �
S′ ← � ����� ��� 
 ��� 
 
 � 
 ��� G′ �

������� � �
|A| < m/(k + 1)

� ���
|B| < x/(k + 1)

�������
������� � �

∃u ∈ M \ A
� ��� ����� G′′ = G[X(A ∪ {u}) ∪ B] ∈ KE

� �����
�������

S′ ← � ����� � � 
 ��� 
 
 � 
 ��� G′′ �
������� ��� � � � �

∃v ∈ E \ B
� ��� �	��� G′′ = G[X(A) ∪ B ∪ {v}] ∈ KE

�������
�������

S′ ← � ����� � � 
 ��� 
 
 � 
 ��� G′′ �
������� � �
������� ���
� � ��� ���
� � ���

S← Argmax{|S|, |S′|} �
� ��� � � �
� � ��� ���
� � ��� ���
�������
~{N>m�QESe«�g^k�]�f�RpoqQE£�k�SeR�«�g^N{`�oqQE`bj�k�SUadcel^mnNi�8k�]�O¸ceabk�]^]^N�N>]½ceN>mnr�f�r�k�`d�G]^k�mna1QE`�IJ��]nN>¹�N c
��`1QX`babj�]^N ����� Q�`1Q
O k�mnr^`bN sGadce[{RTg½r^SUk�£^`b¤>mnN{RTN{O k�g^r^`1QEj�N{m�Q$sGabm¥g^m|«�g^a^N-f�c�r�k�`d�G]^k�mna1QE` �(' µ&}+)U��I�M/Q�`babj�]^N ����� abmnr^`baL«�g^N

n£�k�g�O `bN-f��&r�k�g^S�O_l
Q&O g^]^N{Rpo�N>`b`bN-f��&`1Q�O k�mnr^`bN sGadce[ m�Q$sGabm¥g^m r^SUk"�GabN>]�c�RTN�`1Qi£�k�g�O `bN ������� «�g^aGN-f�c¢N sG[-O gTce[>N
QEgDr^`bg�f

(k + 1)2
�8k�aLf���Q>��N-OP��r�k�g^SXO_l
Q&«�g^N¥N sG[-O gTceabk�]��

O(n2,5)
[ c�QEr�N-f>I�� `/N>]DSU[-fUg^`dceN¥g^]^NvO k�mnr^`bN sGadce[

j�`bk�£
QE`bN�RTNX`�o�k�SeRTSUN�RTN
O(n5,5)

I

u�}



w�k&cek�]�f�QEg�fUfUa<«�g^N���r�k�g^SiRTN>gTs�N>]�ceabN>Sef
k

N c
l 6= 0

k�]=Q

k

l
−

⌊

k

l

⌋

≤
l − 1

l

��¦<�

ÆJk�adc�g^]^N�ab]�f�c�QE]�O N
G

O k�SUSUN-fUr�k�]�R�QE]�cnQEgTs ��QE`bN>g^Sef
n
�
m
�
e
�
D
�
f

N c
h

��`1Q&«�g^N>`b`bN�k�]¬QEr^r^`baL«�g^N�`�oqQE`dÇ
j�k�SUadcel^mnN�I�0�adsGk�]�f@g^] f�c�QE£^`bNFm�Q$sGabm¥g^m RTN

G
O k�SUSUN-fUr�k�]�R�QE]�c QEgTs�N>]�fUN>m¥£^`bN-f

F
N c
X ′ RTN c�QEab`b`bN

SUN-fUr�N-O¸cead��N
f

N c
g
I � `
N-fhc�O `1QEabS�«�g^N

D(G) ∈ {0, . . . n−1}
�JO k�]�fUaLRT[>SUk�]�f QE`bk�Sef�`�o�N sG[-O gTceabk�]�RTNi`1QX£�k�g�O `bN

����� Q>��N-O
k = D(G)

I�y�]�Q
k + 1 > f

N c
k + 1 > g

��RTk�]�O
∃(Mi,Xj) ∈ M×X

ceN>`7«�g^N
Mi ∩ F = ∅N c

Xj ∩X
′ = ∅

I7�=QEaLfWQE`bk�Sef���`bN¥j�S_QEr^l^N
G[X(Mi) ∪Xj ]

N-fhcWR�QE]�f\`1Q�O `1Q&fefhN � � N cXN-fhcWRT[ ceN-O¸ce[+�+`1Q
`babj�]^N ��� ��� I

x�k�g^S�O N\O k�g^r^`bN
(Mi,Xj)

�JfUa�`bN-f�`babj�]^N-f ������� � ������� fUk�]�c�N sG[-O gTce[>N-f�N c fhapQEg�O g^]�j�S_QEr^l^N � � ]�o�N-f�c
RT[ ceN-O¸ce[�]^a��X`1QX`babj�]^N ������� ]^a��X`1QX`babj�]^N ������� �GQE`bk�Sef

F = M \Mi
N c
X ′ = X \Xj

��O N\«�g^a�fUabj�]^ab�^N\«�g^N

α(G′) = α(G)
N c�«�g^N

S′
N-fhc�g^]+fhc�QE£^`bN{m�Q$sGabm¥g^m�I�­�QE]�f¢cek�g�f¢`bN-f�QEgTceSUN-f�O-Q&f�� �(`1Q\`babj�]^N ��� �
� ]�o�N-fhc�r
Q&f

N sG[-O gTce[>NPk�g@`�o�g^]^N�RTN-f�`babj�]^N-f ������� k�g �����
� N-fhciN sG[-O gTce[>N��$�
`bNWfhc�QE£^`bN
S′

��[>SUab�^N5� O �ÂI!��N sGr^SUN-fefUabk�]���¦<���

∣

∣S′
∣

∣ ≥
m

D(G) + 1
+

|X|

D(G) + 1
−

D(G)

D(G) + 1
.

�hK-¨<�

x¢QES¥QEab`b`bN>g^Sef��
α(G) = m + |X| − D(G)

I/M<Q�fhk�`bgTceabk�]¬O k�]�fhceSUg^adceN�[ c�QE]�c¥RTNnc�QEab`b`bN�QEg�mnk�ab]�fW[>j�QE`bN��
O N>`b`bN�RTN

S′
�7`bN-fWN sGr^SUN-fefhabk�]�f �hK-¨<�XN c�O N>`b`bN+r�k�g^S

α(G)
O k�]�O `bg^N>]�cv«�g^N+`bN+S_QEr^r�k�Shc

1/(D(G) + 1)
N-fhc

j�QES_QE]�cea�I
~{N>m�QESe«�g^k�]�f�«�g^NiR�QE]�f¢`bN{O-Q&f¢k��

D(G) = 0
� O `1Q&fUfUN � � �/k�]½SUN ceSUk�gT��N{`bN�S_QEr^r�k�Shc�K�O k�SUSUN-fUr�k�]�R�QE]�c

��`1Q�SU[-fUk�`bgTceabk�]BN s^Q&O¸ceN�I�ª�N�SU[-fUg^`dc�Q$c½r�N>gTcnRTk�]�O5� ceSUN�ab]�ceN>SUr^SU[ ce[�O k�mnm+N+g^] QE`bj�k�SUadcel^mnN@f�c�QE£^`bN@r
QES
S_QEr^r�k�Shc �

D(G)
� �Gg O k�mnmnN �8k�]�O¸ceabk�] Rpo�[>`bk�abj�]^N>m+N>]�c�r
QES�S_QEr^r�k�Shc �¬`1Q
O `1Q&fefUN � �N�i�BO N-O aWr^SU¤-f

«�g^N
D(G)

]�o�N-f�c�r
Q&f�O-QE`LO g^`1QE£^`bN�N>] ceN>m+r�fXr�k�`d�G]^k�m+a1QE`�I�ª�N½SU[-fUg^`dc�Q$c
����`1Q�RTab¹�[>SUN>]�O N�RTN+O N>`bg^a�RTN+`1Q
r^SUk�r�k�fUadceabk�]�HGKP�¢[ c�QE£^`badcng^]BSU[-fhg^`dc�Q$cn��QE`1QE£^`bN�r�k�g^Svcek�gTcnj�S_QEr^l^N�«�g^a�mnN c½N>]
[ �GaLRTN>]�O N�O k�mnm+N>]�cv`bN
S_QEr^r�k�Shc\RpoqQEr^r^SUk"sGabm�Q$ceabk�]=fUNPRT[ ce[>SUabk�SUNWN>]��8k�]�O¸ceabk�]=RTNX`�o�[>`bk�abj�]^N>m+N>]�c-I
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M/QnfUN-O¸ceabk�]Dr^SU[-O [-RTN>]�ceN¥]^k�g�f\Qnmnk�]�ceSU[�O k�mnmnN>]�c\RTN-f�O `1Q&fefhN-f\Rpo�ab]�fhc�QE]�O N-f\£^abN>]=SU[-fhk�`bg^N-f\r�N>gT��N>]�c

RTk�]^]^N>S�`babN>gn�{g^]¥r
QES_QEm+¤ ceSUN�ab]�ce[>SUN-fUf_QE]�c�mnN-fUg^S_QE]�c�`�o�[>`bk�abj�]^N>mnN>]�c�r
QES�S_QEr^r�k�Shc���O N cUceN�O `1Q&fUfUN�I�ª�N>`bg^adÇ O a
QEr^r
QES_Q$§bc�QE`bk�Sef¢O k�mnm+N�g^]½k�SeRTSUN{RTN�RTab®+O g^`dce[�]
Q$ceg^SUN>`�IJª�N cUceN�RT[>m�QESeO_l^N�N-f�c�QEr^r^`baLO-QE£^`bN��\RTN�ceSU¤-f�]^k�m½Ç
£^SUN>g�fUN-f�fhadceg
Q$ceabk�]�f�r�k�g^S�`bN-fe«�g^N>`b`bN-f�k�]�RTaLfUr�k�fhN�Rpo�g^]^N\O `1Q&fefUN\Rpo�ab]�f�c�QE]�O N-f�«�g^Ni`�o�k�]�r�N>gTc�SU[-fUk�g�RTSUNXQ>��N-O
RTN m+N>ab`b`bN>g^SUN-f�j�QES_QE]�ceabN-f�«�g^N `bN r^SUk�£^`b¤>mnN�j�[>]^[>S_QE`�I<e<k�gTceN>�8k�aLf���`�o�k�SeRTSUN{RTN�RTab®+O g^`dce[{«�g^aTN>]vSU[-fUg^`dceN�]�o�N-f�c
r
Q&f¢cek�g&��k�g^Sef�QEg�fUfUa
r�N>Shceab]^N>]�c-IJw�k�g�f�RTk�]^]^k�]�f�R�QE]�f�O N cUceN�fUN-O¸ceabk�]�RTN-f�N sGN>mnr^`bN-f���O k�]�O N>SU]
QE]�c ������ "�� �
r�k�g^Sv`bN-fU«�g^N>`Lf½g^]^N��8k�SUm¥g^`1Q$ceabk�]
r
QESvSU[-RTg�O¸ceabk�]B]^k�g�f½fhN>m¥£^`bN�r^`bg�fvab]�ce[>SUN-fUf_QE]�ceN@N c½r^`bg�f¥N sGr^`bk�adc�QE£^`bN
«�g�o�g^]^NP�8k�SUm¥g^`1Q$ceabk�]�r
QES{k�SeRTSUNPRTNPRTab®+O g^`dce[�I
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O(nε−1)

ª�k�]�fhaLRT[>SUk�]�f�cek�g&��k�g^Sef-������ "��@r�k�g^Si`bN-«�g^N>`/ab`7N-fhc�[ c�QE£^`ba �('�}��*)U��«�g^N���fhk�g�fig^]^NPl��Gr�k&cel^¤-fUN�l
QEgTceN Ç
mnN>]�c�abm+r^SUk�£
QE£^`bN���QEg�O g^]nQE`bj�k�SUadcel^mnN�r�k�`d�G]^k�mna1QE`T]^N�r�N>gTc¢j�QES_QE]�ceabS¢g^]vS_QEr^r�k�Shc�RTN `1Qi�8k�SUm+N

O(nε−1)
�

Q>��N-O
ε ∈]0, 1[

I<y\SWg^] ceN>`�S_QEr^r�k�Shc�N-f�cWceSUad�Ga1QE`bN>mnN>]�c�j�QES_QE]�cea��(r
QESWg^]^NnfUk�`bgTceabk�] RTNvc�QEab`b`bN=K,��r�k�g^SW`1Q
O `1Q&fefhNPRTN-f{j�S_QEr^l^N-f�RTk�]�c{`bNW]^k�m¥£^SUNPRTNWfhc�QE£^ab`badce[P]�o�N sTO ¤-RTNPr
Q&f

n1−ε Q>��N-O
ε ∈]0, 1[

I
x¢QES�fUabmnr^`bN-f�m�QE]^abr^g^`1Q$ceabk�]�f�QE`bj�[>£^SUaL«�g^N-f��Tab`�N-fhc�QE`bk�Sef�� Q&O ab`bN�RTN\fUN�SUN>]�RTSUN�O k�mnrTceN\«�g^N��Gr�k�g^S�cek�gTceN

�8k�]�O¸ceabk�]
f

��[>SUab�
QE]�c7¡
K o f :]0, 1[→]0,+∞[

�
H o f

f�ceSUaLO¸ceN>mnN>]�c\O SUk�aLfUf_QE]�ceN��
} o lim

x→1
f(x) = +∞

�
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`1QX�8k�]�O¸ceabk�]
F (G) = f(logα(G)/ logn)

N-f�c�g^]+k�SeRTSUN\RTN\RTab®nO g^`dce[�r
QES�S_QEr^r�k�Shc�QEg+]^ad��N"QEg�RpoqQEr^r^SUk"sGadÇ
m�Q$ceabk�]�O k�SUSUN-fhr�k�]�R�QE]�cXQEgTs�S_QEr^r�k�Shc_f�RTNW`1Q¥�8k�SUmnN

O(1/n1−ε)
�
ε ∈]0, 1[

I
 �]^N½RT[>m�QESeO_l^N½fhabmnab`1QEabSUN½N-f�cPQEr^r^`baLO-QE£^`bN���RTNv]^k�m¥£^SUN>gTs=SU[-fUg^`dc�Q$c_fX]^[>j�Q$ceab�(fWQ>��N-Ovg^] fUN>g^ab`

σ
RT¤-f

`bk�Sef�«�g^Ni`1QPO `1Q&fUfUN\RTN-f�ab]�fhc�QE]�O N-f���[>SUab�
QE]�c
βθ̄f(σ)

N-f�c�� Q&O ab`bN>mnN>]�c QEr^r^SUk"sGabm�QE£^`bN�Q>��N-Oi`bN{S_QEr^r�k�Shc
σ
�
fN-fhc�g^]^N{�8k�]�O¸ceabk�]+]Jg^mn[>SUaL«�g^N{N c

θ̄ =6
r�k�g^S�`bN-f�r^SUk�£^`b¤>mnN-f�RTN{m�Q$sGabmnaLf_Q$ceabk�]½N c

>
r�k�g^S�`bN-f�r^SUk�£^`b¤>mnN-f

RTN�mnab]^abm+aLfeQ$ceabk�] ��I e/k�gTceN>�8k�aLf���O N cUceN�ceS_QE]�feO SUabrTceabk�]�RTg SU[-fUg^`dc�Q$c�]^[>j�Q$ceab�XO k�mnmnN@k�SeRTSUN�RTN=RTab®nO g^`dce[
]�oqQEr^r�k�ShceN=R�QE]�fnO N�O-Q&f+QEg�O g^]^N�ab]^�8k�SUm�Q$ceabk�] ab]�ce[>SUN-fUf_QE]�ceN�r�k�g^Sn`bN@r^SUk�£^`b¤>mnN���]^k&c�QEmnmnN>]�c�� O-QEg�fhN
RTgB� QEadc+«�g^N�`�o�N sGr^SUN-fUfUabk�]VRTN@`�o�k�SeRTSUN�RTN�RTab®+O g^`dce[@]^N�O k�SUSUN-fUr�k�]�R r
Q&fn�Dg^]Br
QES_QEm+¤ ceSUN@]
Q$ceg^SUN>`iRTg
r^SUk�£^`b¤>mnN�I

x¢QESDO k�]�ceSUN��\`1Q �8k�SUm¥g^`1Q$ceabk�] N>] ceN>SUmnN-fDRTN SU[-RTg�O¸ceabk�]�fDSUN-fhceN ab]�ce[>SUN-fUf_QE]�ceN���]^k&c�QEm+mnN>]�c=r
QESeO N
«�g�o�N>`b`bN=mnN c+N>]±[ �GaLRTN>]�O N=g^]^NDO `1Q&fUfUNDRpo�ab]�f�c�QE]�O N-f�RTab®nO ab`bN-f�fhg^S+`bN-fe«�g^N>`b`bN-f�ab`i� QEgTc�fUN��8kGO-QE`baLfhN>S>I wik&Ç
cek�]�f ��� �� " �

>n1−ε

`bN¬fUk�g�f=r^SUk�£^`b¤>mnN RTN ������ "�� SUN-fhceSUN>ab]�cFQEgTs j�S_QEr^l^N-f
G = (V,E)

ceN>`LfD«�g^N

α(G) > |V |1−ε ITM/QPr^SUk�r�k�fhadceabk�]�fUg^ad��QE]�ceN��^«�g^apfUNXRT[-RTg^adc abm+mn[-RTa1Q$ceN>mnN>]�c�RTN\`1Q�RTaLfeO g�fUfUabk�]�O adÇ RTN-fUfUg�f��
mnN c{N>]�[ �GaLRTN>]�O NP`�o�ab]�ce[>S�� c�RTNW`1Q½O `1Q&fUfUN������� "��

>n1−ε

I
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>n1−ε
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O(nε−1)
�

w�k&cek�]�f�«�g^Nir�k�g^S�O N c�N sGN>mnr^`bN���]^k�]�fhN>g^`bN>m+N>]�c�`bN�RTN>j�SU[�RTN\RTab®nO g^`dce[�Q&fefhkGO ab[�]^Nir�N>gTc � ceSUN\RT[ ceN>SUmnab]^[
N>]�ceN>mnr�f�r�k�`d�G]^k�mna1QE`��Tm�QEaLf�fUg^Shcek�gTc
�T`1Q¥O k�]�RTadceabk�]

α(G) 6 n1−ε Q>��N-O
ε > 0

�(k�g�N>]�O k�SUNX`1Q�O k�]�RTadceabk�]

F (G) 6 k
�
k ∈ N

�¥«�g^a�fU[>r
QESUN@`bN-fvab]�fhc�QE]�O N-f½`bN-f½mnabN>gTs SU[-fhk�`bg^N-fnRTN-f½ab]�fhc�QE]�O N-f½`bN-fvr^`bg�f½RTab®+O ab`bN-f
]�o�N-fhc\r
Q&f�SUN-O k�]^]
QEaLfef_QE£^`bN½N>]�ceN>mnr�f�r�k�`d�G]^k�mna1QE`�Ipx�k�g^S�`bN-f�r^SUk�£^`b¤>m+N-f\fhabm+r^`bN-f�r
QES�N sGN>m+r^`bN���`�o�k�SeRTSUN
RTN{RTab®+O g^`dce[�]�o�N-fhc�r
Q&f�]^k�]½r^`bg�f¢r�k�`d�G]^k�mna1QE`bN>mnN>]�c�O-QE`LO g^`1QE£^`bNim�QEaLf���QEg½mnk�ab]�f���`1Q�O k�]�RTadceabk�]

β(I) 6 kN-fhc{N>]�j�[>]^[>S_QE`<SUN-O k�]^]
QEaLfUf_QE£^`bN�N>]�ceN>m+r�f�r�k�`d�G]^k�mna1QE`�I
 �]^NiQEgTceSUN�O k�]�fh[-«�g^N>]�O N\RTg+O-QES_Q&O¸ce¤>SUNi]^k�]TÇ�r�k�`d�G]^k�mna1QE`�RTgvceN-fhc

α(G) 6 n1−ε N-f�c�«�g^N{`bN{r^SUk�£^`b¤>mnN
������ "��

>n1−ε

]�o�N>]�ceSUN r
Q&f<N sGr^`baLO adceN>mnN>]�c�R�QE]�f<`bN�O-Q&RTSUN :���� � RT[>�^]^adceabk�]@K,�7O-QES�fUN-f<ab]�fhc�QE]�O N-f�]^N�fUk�]�c
r
Q&f�r�k�`d�G]^k�m+a1QE`bN>mnN>]�c�SUN-O k�]^]
QEaLfUf_QE£^`bN-f O k�]�ceS_QEabSUN>mnN>]�c�QEgTs½ab]�fhc�QE]�O N-f�Rpo�g^]+r^SUk�£^`b¤>mnN :���� �(ab`�f oqQEj�adc
Rpo�g^]^NXO k�]�fU[-«�g^N>]�O N�Q&fefhN��Wfhabm+r^`bN�RTN�`1Q�RT[>�^]^adceabk�]FK,��I�wik�g�f���N>SUSUk�]�f�R�QE]�f `bN�r
QES_QEj�S_QEr^l^NWfUg^ad��QE]�c{g^]^N
QEgTceSUN�O `1Q&fUfUNPRTNWr^SUk�£^`b¤>m+N-f{RTN�f�c�QE£^ab`badce[�«�g^a<fUk�Shc�RTg�O-Q&RTSUNPRTN�RTN :��¥� r�k�g^SiRTN-f{S_QEaLfhk�]�f�fhabm+ab`1QEabSUN-f I
��]@� QEadc
��RTNXr^`bg�f�N>]@r^`bg�f{RTN�ceS_Q>��QEgTs�N sGr^`bk�adceN>]�c\RTN-f�r^SUk�£^`b¤>mnN-f{RTNWO N�cÂ�Gr�N���QE�^]�RTNX`bN-f�ab]�O `bg^SUNPR�QE]�f
g^]�O-Q&RTSUNPO k�l^[>SUN>]�c
�
g^]^NPO `1Q&fUfUNPr^`bg�f�`1QESUj�NP«�g^N :���� N-fhc�RT[>�^]^abNPR�QE]�f ' u��+)�I
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RTNFfhc�QE£^ab`badce[�fhg^r�[>SUabN>g^SD�

n1−ε Q>��N-O
ε ∈]0, 1[

I � `�o�ab]���N>SefhN�]^k�g�f�Q>��k�]�f�mnaLf�N>] [ �GaLRTN>]�O N�R�QE]�f�`bN
r
QES_QEj�S_QEr^l^N+�JIq}GIYH½g^]^N¥O `1Q&fUfUNvRTN�j�S_QEr^l^N-f�Q>�JQE]�c\g^]=]^k�mv£^SUN¥RTN�fhc�QE£^ab`badce[¥[>`bN ��[�r�k�gT��QE]�cS� ceSUN¥SU[-fhk�`bg^N
N>]XceN>mnr�f7r�k�`d�G]^k�mna1QE`��E��feQ>��k�abS/`bN-f7j�S_QEr^l^N-f/RTk�]�c<`bN�]^k�m¥£^SUN�RTN�fhc�QE£^ab`badce[�N-fhc<r^SUkGO_l^N�����g^]^N�O k�]�f�c�QE]�ceN

kr^SU¤-f$��RTN�`1Qi��QE`bN>g^S¢mnab]^abmvg^m¿Rpo�g^]^N{O k�gT��N>Shceg^SUN{RpoqQES�� ceN-f>I�~�N>m�QESe«�g^k�]�f¢«�g^N{R�QE]�f¢O N O-Q&f���`bN ]^k�m¥£^SUN�RTN
fhc�QE£^ab`badce[WN-f�c�QEg@mnk�ab]�f [>j�QE`<�

(n/2)− k
r^g^aLfe«�g�oqQEg�mnk�ab]�f

n/2
QES�� ceN-f{fhk�]�ci]^[-O N-fefeQEabSUN-f{r�k�g^SiO k�gT�GSUabS

`bN-f
n

fUk�mnmnN c_f�Rpo�g^]�j�S_QEr^l^N�I
x�`bg�f=j�[>]^[>S_QE`bN>mnN>]�c g^]^N
O `1Q&fUfUN¬ab]�ce[>SUN-fUf_QE]�ceN QEr^r
QESUg^NBR�QE]�fDRTad��N>Sef=ceS_Q>��QEgTs fhg^SD`�oqQEr^r^SUk"sGabm�Q$Ç

ceabk�] �(r
QES½N sGN>m+r^`bN�� ' uJH2��H2��u��2��K-¨f��HGK )U�PN-fhc½�8k�SUmn[>N�RTN-fvj�S_QEr^l^N-fnRTk�]�c½`bN@]^k�m¥£^SUN@RTN@fhc�QE£^ab`badce[@N-fhc
QEg�m+k�ab]�fi[>j�QE`��

n/k
k��

n
N-fhc\`bNP]^k�m¥£^SUN¥RTN�fUk�mnmnN c_f{N c

k
g^]^N�O k�]�fhc�QE]�ceN�Ipw�k�g�fi]^k&cek�]�f �����! #"��

kO N cUceN½O `1Q&fUfUN�I�~{N>m�QESe«�g^k�]�fX«�g^N��pO k�mnmnN�r�k�g^S�`1Q�O `1Q&fefUN ������ " �
>n1−ε

ab]�ceSUkGRTg^adceNnR�QE]�f\`bNvr^SU[-O [-RTN>]�c
r
QES_QEj�S_QEr^l^N��
`bN-f{ab]�fhc�QE]�O N-fiRTN¥Æ

k
]^NWr�N>gT��N>]�c � ceSUNWSUN-O k�]^]Jg^N-fiN>]@ceN>mnr�f r�k�`d�G]^k�m+a1QE`�I

� `�SUN-fUfUk�ShcWRTN-fXQEShceaLO `bN-f 'dK-¨f��H#)�«�g^N���r�k�g^S\cek�gTceNvO k�]�f�c�QE]�ceN
k
��ab`�N sGaLfhceN

ε ∈]0, 1[
ceN>`�«�g^N ��� �� " �

kN-fhc\QEr^r^SUk"sGabm�QE£^`bNvQEg�]^ad��N"QEg
O(nε−1)

I���]�]^k&c�QE]�cWÆ
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`1Q�O `1Q&fUfUN ��� � � Ç O k�mnr^`bN cXN-fhcX`1Q�O `1Q&fefhNnRTN-f�r^SUk�£^`b¤>mnN-f ��� ��� ��O k�mnr^`bN c_fXfUk�g�f�`1Q�SU[ Ç
RTg�O¸ceabk�]¬Á �

	 ��� ���+¾ `1QvO `1Q&fefhNPRTN-f r^SUk�£^`b¤>m+N-f :��¥� Q&RTmnN cUc�QE]�c{g^]�feO_l^[>m�QvO k�mnr^`bN ciRpoqQEr^r^SUk"sGabm�Q$ceabk�]�r�k&Ç
`d�G]^k�mna1QE`��

� 5 ���_� � � ¾ `1Q O `1Q&fefhN=RTN-f½r^SUk�£^`b¤>m+N-f :���� Q&RTmnN cUc�QE]�c+g^]�QE`bj�k�SUadcel^mnN=QEr^r^SUkGO_l^[D� S_QEr^r�k�Shc�`bk&Ç
j�QESUadcel^mnaL«�g^NWN>]

I
�T`�o�N sGaLfhceN>]�O NPRTN-f r^SUk�£^`b¤>mnN-f � 5 � ��� � � Ç O k�m+r^`bN c_f N-f�c{g^]@r^SUk�£^`b¤>mnN

k�gT��N>Shc¢ab]�ce[>SUN-fef_QE]�cE��g^]^N�SU[-RTg�O¸ceabk�] � ��ÁvRTg�cÂ�Gr�N �im�Q$§bceSUN Ç�N-fUO `1Q>��N �b�(r
QES_QEj�S_QEr^l^Ni�GIYµJIYH��
]^k�g�fifhN>mv£^`bNXg^]^NWr^aLf�ceNPab]�ce[>SUN-fUf_QE]�ceN�r�k�g^S�`1Qvr^SUN>gT��N�Rpo�g^]^NXceN>`b`bNWN sGaLfhceN>]�O N��

� 5�A ����� � � ¾ `1QnO `1Q&fUfUN�RTN-fir^SUk�£^`b¤>mnN-f :���� Q&RTmnN cUc�QE]�c�g^]=QE`bj�k�SUadcel^m+N¥QEr^r^SUkGO_l^[�j�QES_QE]�ceaLfefeQE]�c�g^]

µ&�



S_QEr^r�k�Shc�«�g^a�N-fhc<g^]Wr�k�`d�G]:��mnN�N>]W`1Q c�QEab`b`bN�RTN�`�o�ab]�f�c�QE]�O N��$`1Q�O `1Q&fefUN � 5�A����_� � � Ç O k�mnr^`bN c
N-fhc�`1Q�O `1Q&fefUN RTN-f�r^SUk�£^`b¤>mnN-f � 5�A ���_� � � ��O k�mnr^`bN c_f�fhk�g�f�`1Q�SU[-RTg�O¸ceabk�] � ��N>`b`bNDN-fhc
O k�]^]Jg^N�O k�mnmnN�[ c�QE]�c�]^k�]TÇ��GaLRTN�I

� `�N-fhc�£^abN>]TÇ O k�]^]Jg�«�g�o�g^]^N�� QP� k�]�fUabmnr^`bNiRTNir�N>]�fhN>S ��`1QWO k�mnr^`b[ ceg�RTNir
QES�S_QEr^r�k�Shc���g^]^N�O `1Q&fUfUNiN c�RTNifUN
RTabSUN¥«�g�o�g^]Dr^SUk�£^`b¤>mnN

Π
N-fhc ¼ Ç O k�mnr^`bN c�fUabj�]^ab�^Nv«�g�o�ab`¢QEr^r
QEShceabN>]�cW� ¼ m�QEaLfi]^N�r�N>gTc\r
Q&f�QEr^r
QEShceN>]^abS

� fUk�g�f�g^]^N�l��Gr�k&cel^¤-fhN½RTN¥O k�mnr^`bN sGadce[����½g^]^N¥O `1Q&fefUN¥fUg^r�[>SUabN>g^SUN�I�x/k�g^S�g^]^NvO `1Q&fefhNvRpoqQEr^r^SUk"sGabm�QE£^ab`badce[��
O N-O a�fhabj�]^ab�^Nv«�g�o�ab`�N-f�c\SU[-fUk�`bg^£^`bNnQ>��N-O�RTN-f�S_QEr^r�k�Shc_fXRpoqQEr^r^SUk"sGabm�Q$ceabk�] O k�SUSUN-fhr�k�]�R�QE]�c��+fUk�] QEr^r
QEShceN Ç
]
QE]�O N���`1QXO `1Q&fefhN ¼ �(r
QES�N sGN>mnr^`bN��J��S_QEr^r�k�Shc�O k�]�fhc�QE]�c�fUa ¼ N-f�c � � � �/m�QEaLf¢]^N�r�N>gTc�r
Q&f�� ceSUNiSU[-fhk�`bg
Q>��N-O¥RTN-f�S_QEr^r�k�Shc_fXO k�SUSUN-fhr�k�]�R�QE]�c��+`1Q�O `1Q&fUfUNvfUg^r�[>SUabN>g^SUN �(r
QES\N sGN>mnr^`bN���r
QES�g^]DfeO_l^[>m�Q+RpoqQEr^r^SUk"sGadÇ
m�Q$ceabk�]Fr�k�`d�G]^k�m+a1QE`�R�QE]�fP]^k&ceSUN+N sGN>m+r^`bN���I<M/Q�O `1Q&fefhN 	 ��� ��� N-fhc¥O k�]�fUaLRT[>SU[>N�O k�mnmnNn`1Q@O `1Q&fefhN�RTN
SU[-fUk�`bgTceabk�] QEr^r^SUkGO_l^[>N�`1Q�r^`bg�fW� Q>��k�S_QE£^`bN � fUk�g�fW`1Q�O k�]&��N-O¸ceg^SUN �

6=
:�� ��I7��`b`bN½]�oqQ�r
Q&fWRTNnr^SUk�£^`b¤>mnN

O k�mnr^`bN c�r^g^aLfe«�g^NX`bN�]^ad��N"QEg�fUg^r�[>SUabN>g^S{RTN�SU[-fUk�`bgTceabk�]@r�k�g^S{fUN-f�mnN>mv£^SUN-f�fUN>S_QEadc�`1Q¥r�k�`d�G]^k�mna1QE`badce[�I�~{N Ç
m�QESe«�g^k�]�f�N>]^�^]¬«�g^N�O k�m+mnNn`1Q���QE`bN>g^SvRpo�g^]¬S_QEr^r�k�ShcvRpoqQEr^r^SUk"sGabm�Q$ceabk�] QEr^r
QEShceabN>]�cn�

R+ �<ab`�N sGaLf�ceN
cek�gTcig^] ;^X.6V#Z-/6�0202) RTNPO `1Q&fUfUN-fiRpoqQEr^r^SUk"sGabm�QE£^ab`badce[�I

µ��


