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TWO-SIDED CELLS IN TYPE B (ASYMPTOTIC CASE)

CEDRIC BONNAFE

ABSTRACT. We compute two-sided cells of Weyl groups of type B for the “asymptotic”
choice of parameters. We also obtain some partial results concerning Lusztig’s conjectures
in this particular case.

Let W, be a Weyl group of type B,. The present paper is a continuation of the
work done by L. Iancu and the author [J| concerning Kazhdan-Lusztig theory of W,, for
the asymptotic choice of parameters [H, §6]. To each element w € W, is associated a
pair of standard bi-tableaux (P(w),Q(w)) (see [19] or [B, §3]): this can be viewed as
a Robinson-Schensted type correspondence. Our main result [J, Theorem 7.7] was the
complete determination of the left cells: two elements w and w’ are in the same left cell
if and only if Q(w) = Q(w’). For the corresponding result for the symmetric group, see
[[J] and [fl. We have also computed the character afforded by a left cell representation
[B, Proposition 7.11] (this character is irreducible).

In this paper, we are concerned with the computation of the two-sided cells. Let us
state the result here. If w € W, write Q(w) = (Q1(w), Q™ (w)) and denote by AT (w)
and A\~ (w) the shape of Q1 (w) and @~ (w) respectively. Note that (AT (w), A" (w)) is a

bipartition of n.

Theorem (see B.9). For the choice of parameters as in [B, §6], two elements w and w'
are in the same two-sided cell if and only if (AT (w), A\~ (w)) = (AT (w), A\~ (w")).

Lusztig [, Chapter 14] has proposed fifteen conjectures on Kazhdan-Lusztig theory
of Hecke algebras with unequal parameters. In the asymptotic case, Geck and Iancu [
use some of our results, namely some informations on the preorder <,z (see Theorem B.5
and Proposition [[.9), to compute the function a and to prove Lusztig’s conjectures P;, for
i€41,2,3,4,5,6,7,8,11,12,13,14}. On the other hand, Geck [f] has shown that Lusztig’s
conjectures Py and Pjg hold. More precisely, he proved that the Kazhdan-Lusztig basis
is cellular (in the sense of [L1]). He also proved a slightly weaker version of Pj5 (but his
version is sufficient for constructing the homomorphism from the Hecke algebra to the

asymptotic algebra J).

The present paper is organized as follows. In Section [, we study some consequences

of Lusztig’s conjectures on the multiplication by T3,,, where wq is the longest element of
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2 C. BONNAFE

a finite Weyl group. From Section P to the end of the paper, we assume that the Weyl
group is of type B,, and that the choice of parameters is done as in [f, §6]. In Section [,
we establish some preliminary results concerning the Kazhdan-Lusztig basis. In Section
B, we prove the above theorem by introducing a new basis of the Hecke algebra: this was
inspired by the work of Geck on the induction of Kazhdan-Lusztig cells [f]. Section [
contains some results related to Lusztig’s conjectures. In Section [, we determine which

specializations of the parameters preserve the Kazhdan-Lusztig basis.

1. GENERALITIES

1.A. Notation. We slightly modify the notation used in [f, §5]. Let (W, S) be a Coxeter
group with |S| < co. We denote by £: W — N ={0,1,2,...} the length function relative
to S. If W is finite, wg denotes its longest element. Let < denote the Bruhat ordering on
W. If I CS, we denote by W; the standard parabolic subgroup of W generated by I.

Let I' be a totally ordered abelian group which will be denoted additively. The order
on I' will be denoted by <. If 7o € T', we set

Feyo={vel|v<}, F<qyo={veTl |7v<},

sy ={vel[v>%} and Ty ={yel[y=1}
Let A be the group algebra of I' over Z. It will be denoted exponentially: as a Z-module,
it is free with basis (v7)yer and the multiplication rule is given by VY07 = o7 for all v,
7 eT. If a € A, we denote by a, the coefficient of a on v7, so that a = Zyer a7, If
a # 0, we define the degree and the valuation of a (which we denote respectively by dega

and vala) as the elements of I' equal to
dega = max{y | a, # 0}

and vala = min{vy | ay # 0}.

By convention, we set deg0) = —oo and val0 = +o00. So deg : A — I' U {—o0} and
val : A — T'U{+o0} satisfy degab = dega+degb and valab = vala+valb for all a, b € A.
We denote by A — A, a — a the automorphism of A induced by the automorphism of I’
sending v to —v. Note that dega = —vala. If y9 € I", we set

_ Y _ 24
Ay = @ Zv7, A<y = @ 2V,
<70 v <7

— v - v
Asyy= @ Zw and A>y= @ Zv.
7>%0 ¥ >0

We fix a weight function L : W — T', that is a function satisfying L(ww') = L(w)+L(w")
whenever {(ww') = £(w)+£(w'). We also assume that L(s) > 0 for every s € S. We denote
by H = H(W, S, L) the Hecke algebra of W associated to the weight function L. It is the
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associative A-algebra with A-basis (T)wew indexed by W and whose multiplication is
determined by the following two conditions:

(a) TwTw = Tyur if L(ww') = L(w) + L(w")

(b) T2 =1+ (M) — o= LENT,  ifse S.
It is easily seen from the above relations that (75)scs generates the A-algebra H and that
T, is invertible for every w € W. If h = 3y awTw € H, we set h = Y wew Ele;_ll.
Then the map H — H, h — h is a semi-linear involutive automorphism of H. If I C S, we
denote by H(Wr) the sub-A-algebra of H generated by (T%)scr.

Let w € W. By [[4, Theorem 5.2], there exists a unique element C,, € H such that

(a) Cw=Cy
(b) Cu € Ty+ ( @ AcoTy).
yeWw
Write Cyy = >, cw Py Ty with pj,, € A. Then 3, 5.3]
P =1
Pyw =10 if y L w.

In particular, (Cy)wew is an A-basis of H: it is called the Kazhdan-Lusztig basis of H.
Write now py ., = vL(“’)*L(y)pZ,w. Then

Pyw € Ax0

and the coefficient of py,, on v° is equal to 1 (see [, Proposition 5.4 (a)].
We define the relations <;, <r, <z®r, ~z, ~r and ~cx as in [[7, §8].

1.B. The function a. Let z, y € W. Write
Cny = Z h:v,y,zcza

zeW
where hy . € A for z € W. Of course, we have
(1.1) h$7y7Z = h$7y72.

The following lemma is well-known [[[4, Lemma 10.4 (c) and formulas 13.1 (a) et (b)].

Lemma 1.2. Let x, y and z be three elements of W. Then
deg hy y . < min(L(z), L(y)).

Conjecture P (Lusztig): There exists N € I' such that deghy, . < N for all z, y
and z in W.

If W is finite, then W satisfies obviously Fy. If W is an affine Weyl group, then it
also satisfies Py [[L6, 7.2]. From now on, we assume that W satisfies Py, so that the next
definition is valid. If z € W, we set

= deg gy .-
a(z) = max deghqy..
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Since hy .. = 1, we have a(z) € I's . If necessary, we will write ay (z) for a(z). We
denote by v, , .-1 € Z the coefficient of v2(2) in hzy... The next proposition shows how

the function a can be calculated by using different bases.

Proposition 1.3. Let (Xy)wew and (Yy)wew be two families of elements of H such that,
for every w € W, X, =T, and Yy, — T, belong to ©y<w AcoTy. For all x and y in W,
write

Xny - Z Sm,y,zcz-
zeW

Then, if x, y, z € W, we have:

(a) deg gzv,y,z < min{L(z), L(y)}.
(b) Sx,y,z € Vm,y,zflva(z) + A<a(z)'
In particular,

= d .
a(z) xg}g)‘f{/ eg &xy,z

PROOF - Clear. m

1.C. Lusztig’s conjectures. Let 7: H — A be the A-linear map such that 7(T,,) = 614
if w € W. It is the canonical symmetrizing form on H (recall that 7(T,T}) = dgy1). If
ze W, let

Az) = —degp”f’Z = —deg7(C,).
Let n, be the coefficient of pj , on v~2() . Finally, let
D={zeW |a(z) =A(2)}.
Conjectures (Lusztig): With the above notation, we have:

P,. If z€ W, then a(z) < A(z).
Py. Ifde€D and if x, y € W satisfy Vpya # 0, then x = y L.
P3. If y € W, then there exists a unique d € D such that v,-1 , 4 # 0.
Py. If 2 <, z, then a(z) < a(2’). Therefore, if z ~rr 2', then a(z) = a(2’).
Ps. IfdeD andy € W satisfy vy-1,4.q4 7 0, then y -1, 4 =ng = 1.
Pg. Ifd € D, then d*> = 1.
Pr. Ifz,y, z€W, then Vi y .= Vyza-
Pg. Ifz, y, 2 € W satisfy yoy. 70, then x ~p y™ 1, y~p 27t and 2 ~p 271
Py. If 2/ < 2z and a(Z') = a(z), then 2/ ~/ 2.
Pqg. If 2/ < z and a(2’) = a(z), then 2/ ~g z.
Pqy. If 2/ <,r 2 and a(Z’) = a(z), then 2/ ~rR 2.
Pia. If ICS and z € Wi, then aw,(z) = aw(z).
Py3. Every left cellC of W contains a unique element d € D. Ify € C, then y,—1 44 # 0.
Pig. If z€ W, then z ~pr 27 L.
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Pys. Ifz, 2/, y, w e W are such that a(y) = a(w), then

E : hwvw’,y’ ®z hﬂw’,y = § : hy’var’,y ®z hwvw,y’
y'eWw y'eWw

mn ARy A.

Lusztig has shown that these conjectures hold if W is a finite or affine Weyl group and
L = ¢ [I4, §15], if W is dihedral and L is any weight function [[[4, §17] and if (W, L) is
quasi-split [[[7, §16].

1.D. Lusztig’s conjectures and multiplication by T,,. We assume in this subsection
that W is finite. We are interested here in certain properties of the multiplication by Ty
for n € Z. Some of them are partially known [[4, Lemma 1.11 and Remark 1.12]. Ify € W
and n € Z, we set

Tp Cy =Y MCh.
zeW

Note that AL = 0 if = £ v.

Proposition 1.4. Assume that W is finite and satisfies Lusztig’s conjectures Py, Py and
Ps. Letn € Z and let x and y be two elements of W such that x <, y. Then:
(a) If n >0, then deg )\grnzz < n(a(z) — a(wex)). If moreover x < y, then deg Aé”ﬁ <
n(a(x) — a(wox)).
(b) If n <0, then deg )\(mn; < n(a(y) — a(woy)). If moreover x < y, then deg )\;(,;n; <
n(a(y) — a(woy)).
(¢) Ifn is even and if x ~r y, then )\;(JZ = 5m7yv"(a($)_a(w°“”)).

PROOF - If n =0, then (a), (b) and (c) are easily checked. Let us now prove (a) and (b).
By [, Proposition 11.4],

Two = Z (_1)Z(wOU)p>{,wouCu'

ueW
Consequently,
1 )4
>\($7; - Z (_1) (wOU)pT7wouhuyy7m'
ucW
TR U

But, by Pi, we have degpj ,, < —a(wou). If moreover z < u, then wyu <x woz and so

—a(wox) > —a(wou) by Py. Therefore
deg )\S% < a(z) —a(woz).

On the other hand, if deg )\531; = a(x) — a(wpz), then there exists u € W such that z <z u
and deg hy . = a(x). So, by Py, we get that « ~, y. This shows (a) for n = 1.
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Now, let v : H — H denote the A-linear map such that v(C,) = vawow)=aw)C, for all
we W and let p:H — H, h+— T,,h. Then, if w € W, we have
D)) = 3 w0,
u<ey
So, by the previous discussion, we have va(wou)*a(“))\&; € A<o. Moreover, if u <, y, then
va(wou)_a(“))\&)y € A<o . On the other hand, det x = £1 and detv = 1. Therefore, if we

write
Milyil(cy) = Z Bu,yCu,
U<,y

then 3,, € A<o and, if u <. y, then §,, € A<o. Finally,
Tl;olcy = luil(cy)
= Mfl’/il”(cy)
= p2woy)-aly) =11 (Cy)
= Z Rwoy)-all g C,.

U<y
In other words, )\;Tyl) = oa(woy)—aw)g . This shows that (b) holds if n = —1. An

elementary induction argument using Py shows that (a) and (b) hold in full generality.

Let us now prove (c). Let K be the field of fraction of A. Let C be a left cell of W and
let c € C. We set

HSeC = @ AC, and < H<C = @ AC,.

w <L C w<ge

Then H S¢ ¢ and H<£C are left ideals of H. The algebra K'H = K ® o 'H being semisimple,
there exists a left ideal I of K'H such that KH S ¢ = KH<:C @ I
We need to prove that, for all h € I,

Tn b= (@@ -atue)

For this, we may, and we will, assume that n > 0. Let V,©, V.F ..., Vncc be irreducible
sub-K'H ® 4 K-modules of I such that

IC:‘GC@"'EBVnC;-
Let j € {1,2,...,n¢}. Since Ty is central and invertible in H, there exists ¢ € {1, 1}
and ’LJC € I' such that
T2 h=ev'i h
for every h € Vjc. By specializing v7 — 1, we get that e = 1. Moreover, by (a) and (b),

z]C < n(a(c) — a(wpe)). On the other hand, since det p = +1, we have det p* = 1. But



TWO-SIDED CELLS IN TYPE B 7

det u"™ = v", where

ro= > Zci]cdimvjc
1

CeLCc(wW) j=

S Y @O ) S am e

CeLc(w) j=1

=0 Y (@) - a)e

CeLc(w)

= 0 Y (a(w) — a(wow))
weW
= 0.

Here, LC(W) denotes the set of left cells in W and, if C' € LC(W), a(C) denotes the value
of aon C (according to Py). The fact that » = 0 forces the equality ZJC = n(a(C)—a(wy(C))
for every left cell C' and every j € {1,2,...,n¢c}. ®

REMARK 1.5 - Assume here that wy is central in W and keep the notation of the proof of
Proposition [[.4 (c). Let j € {1,2,...,nc}. Then there exists £;(C) € {1,—1} et ¢;(C) € T
such that Toh = &;(C)v%(©h for every h € Vjc.

Question: Let j, j/ € {1,2,...,nc}. Doese;(C)=¢;(C) ?

A positive answer to this question would allow to generalize Proposition [[.4 (c) to the

case where wy is central. O

Corollary 1.6. Assume that W is finite and satisfies Lusztig’s conjectures Py, Pa, Py, Pg,
Py and Py3. Letw € W and let n € N. Then deg 7(T,,'Cy) < —a(w)+n(a(wow) —a(w)).
Moreover, deg 7(T,,"C,,) = —a(w) + n(a(wow) — a(w)) if and only if wjw™" € D.

PROOF - Assume first that n is even. In particular, wg = 1. By Proposition .4, we have

T(Tg C) = 0" @00 =20 r(C) 4+ 37 ACDT(CL).

r<pw

But, if x <z w, then deg 7(C,) = —A(z) < —a(z) < —a(w) by P; and Py. So, by Propo-
sition [[.4 (b), we have that deg Ag:ﬁ)T(Cx) < —a(w)+n(a(wow) —a(w)). Moreover, again
by Py, we have deg 7(Cy) = —A(w) < —a(w). This shows that deg 7(T,"'Cy) < —a(w) +
n(a(wow) — a(w)) and that equality holds if and only if A(w) = a(w), that is, if and only
if w € D, as desired.
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Assume now that n = 2k+1 for some natural number k. Recall that, by [[[7, Proposition
11.4], Ty, = Zuew(—l)g(w‘)“)p’iwouCu. Therefore

Tl;oncw = Z (_1)g(wOU)p>{,wOuTl;0nilcUCw
ueWw

= Z (_1)g(wOU)piwouhww@TJon_1C33'

u,xeW
<, wand z < u

This implies that
T(Tz;()ncw) = Z (_1)é(wou)piwouhu,w,mT(TJOnilCx)7

u,xe€W
<, wand z < u

S0 deg 7(T,,"Cw) < Joax, deg(piwouhww,xT(TJO"_lCm)).
argﬁw’and z <R U

Let u and x be two elements of W such that z <, w and x < u. Since n+ 1 is even and

by the previous discussion, we have
deg 7(T;7 1) < —a(x) + (n + 1) (a(wor) — a(x)).

By Py and Py, degpi ., < —a(wou) < —a(woz). Moreover, deghyw. < a(z). Conse-
quently,

deg(p’iwouhu,w,ggT(TJO"_1Cx)) < —a(z) + n(a(wox) — a(z))
< —a(w) + n(a(wow) — a(w)).

Moreover, equality holds if and only if wou € D, deghy . = a(z) = a(w) and x € D.
We first deduce that

deg 7(T,,,"Cw) < —a(w) 4+ n(a(wow) — a(w))
which is the first assertion of the proposition.

Assume now that deg7 (T, 'Cy) = —a(w) + n(a(wow) — a(w)). Then there exists u
and x in W such that z <; w, v <g u, wou € D, deghy . = a(z) = a(w) and = € D.
Since deghy o = a(z) and € D, we deduce from P, that w = u~!, which shows that
wow™ ! € D.

Conversely, assume that wow ™! belongs to D. To show that deg 7(T;,"Cyy) = —a(w) +
n(a(wow)—a(w)), it is sufficient to show that there is a unique pair (u, x) of elements of W
such that © <, w,  <g u, wou € D, deg hy . = a(r) = a(w) and = € D. The existence
follows from Pj3 (take u = w~! and x be the unique elément of D belonging to the left cell
containing w). Let us now show unicity. Let (u,z) be such a pair. Since deghy o = a(x)
and x € D, we deduce from P, that u = w~!. Moreover, since a(z) = a(w) and = <, w,
we have © ~, w by Py. But, by Pi3, x is the unique element of D belonging to the left

cell containing w. W
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2. PRELIMINARIES ON TYPE B (ASYMPTOTIC CASE)

From now on, we are working under the following hypothesis.

Hypothesis and notation: We assume now that W = W,, is of type By,
n>1. We write S = S, = {t,s1,...,8n—1} as in [B, §2.1]: the Dynkin
diagram of Wy, is given by

t Sq S9 Sp—1

oOa——X—Oo— - - - —O
We also assume that T' = Z? and that T is ordered lexicographically:
(a,b) <(d',V) <= a<d or(a=d and b<?).

We set V =010 and v = 0OV so that A = Z[V, V', v,v™1] is the Laurent
polynomial ring in two algebraically independent indeterminates V' and v.
If w € W, we denote by ¢(w) the number of occurences of t in a reduced
expression of w. We set ls(w) = l(w) — y(w). Then £y and €, are weight
functions and we assume that L = L, : Wy, = T', w — ({(w), ls(w)). So
H =H, = H(W,, Sp, L,). We denote by &,, the subgroup of W generated
by {s1,...,8n—1}: il is isomorphic to the symmetric group of degree n.

We now recall some notation from [, §2.1 and 4.1]. Let r; = t; = t and,if 1 <i < n—1,
let ;41 = s;7; and t;41 = sit;s;. 0 << n, let af = rirg... 7. We denote by &;, W,
Sin—1, Wipn—; the standard parabolic subgroups of W, generated by {si,s2,...,5-1},
{t,s1,82,...,81-1}, Sn \ {t,s1} and S, \ {s;} respectively. The longest element of &; is
denoted by o;. Let

Yinoi={ae 6, |Voe&,_, lao) > {(0)}.

If w e W, is such that £(w) = I, then [, §4.6] there exist unique ay, by € Yy,
ow € &y such that w = a,a0,by'. Recall that £(w) = l(ay) + £(a;) + (o) + €(by).

2.A. Some submodules of H. If [ is a natural number such that 0 <! < n, we set

,1; = & ATwa Tgl = S ATwa T}l = D ATw,
weWn weWn, weWn,
Le(w)=l Le(w) <1 Le(w) =21
CG= & AC,, Cgl = & AC, and C>i1= @ ACy,.
weWn weWn, weWn,
Le(w)=l L (w) <1 Le(w) =1

Let H; :'Hy — 77 and H?C : H,, — C7 be the natural projections (for 7 € {l, <1, > }).

Proposition 2.1. Let [ be a natural number such that 0 <1< n. Then:
(a) 7; and C; are sub-H(S,)-modules-H(S,,) of Hyn. The maps IIF and NI are mor-
phisms of H(S,)-modules-H(S,,).
(b) T<1=C«u-
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(c) Cx is a two-sided ideal of H,,.

PROOF - (a) follows from [[|, Theorem 6.3 (b)]. (b) is clear. (c) follows from [B, Corollary
6.7. m

The next proposition is a useful characterization of the elements of the two-sided ideal
Cn.

Proposition 2.2. Let h € H,,. The following are equivalent:
(1) hel,.
(2) Vo € Hy, (T; — V)xzh = 0.
(3) Vx € H(S,,), (T; — V)xh = 0.

PROOF - If ¢;(w) = n, then tw < w so (T} — V)C,, = 0 by [[7, Theorem 6.6 (b)]. Since C,
is a two-sided ideal of H,, (see Proposition P.] (c)), we get that (1) implies (2). It is also
obvious that (2) implies (3). It remains to show that (3) implies (1).

Let I = {h € H, | Vo € H(G,,), (T} — V)zh = 0}. Then [ is clearly a sub-H(&,)-
module-H,, of H,. We need to show that I CC,. In other words, since C,, C I, we need to
show that I NCgp1 = 0. Let I’ = INCgp1 = I N T pn_1 (see Proposition .1 (b)).
Let X ={w € W, | 7(I'T,-1) # 0}. Showing that I’ = 0 is equivalent to showing that
X =0.

Assume X # @. Let w be an element of X of maximal length and let ~ be an element of
I' such that 7(hT,,-1) # 0. Since h € T¢ 1, we have {;(w) < n—1. Moreover, T;h = Vh,
so 7(T;hT 1) = 7(hT,,-1T;) # 0. By the maximality of ¢(w), we get that tw < w. So,
there exists s € S,, such that sw > w and s # ¢. Then

T(TShT(sw)—l) = T(hT(sw)—lTs)
= 7(hTy-1)+ (v — vil)T(hT(sw)q)
# 0,

the last inequality following from the maximality of £(w) (which implies that 7(hT|,)-1) =
0). But Tsh € I’ and so sw € X. This contradicts the maximality of £(w). ®

2.B. Some results on the Kazhdan-Lusztig basis. In this subsection, we study the

elements of the Kazhdan-Lusztig basis of the form Cy,, where 0 <1 <n and o € &,,.

Proposition 2.3. Let 0 € &, and let 0 <1 < n. Then Cy,Cy = Cye and CsCy, = Coyq, -
Proor - Let C' = C,,C,. Then C = C and
C— Tala = Z AwTw

w<a;o

with A, € A for w < a;o. To show that C = Cy,0, it is sufficient to show that A, € A-o.
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But, Co, = To, + > _ycq, Va@=lg T, with 3, € Zv,v™"] (see [J, Theorem 6.3 (a)]).
Hence,
C =Too+ ) 0roTur+ D VIO BT.C,.
<o r<a
But, if # < a;, then ¢;(z) < [. This shows that A\, € A< for every w < aq;o. This shows

the first equality. The second one is obtained by a symmetric argument. B

Proposition R.d shows that it can be useful to compute in different ways the elements
Cq, to be able to relate the Kazhdan-Lusztig basis of H,, to the Kazhdan-Lusztig basis
of H(&,,). Following the work of Dipper-James-Murphy [[], Ariki-Koike [P] and Graham-
Lehrer [L1, §5], we set

Po= Ty,+V )T +V .. (T, +V
= > VI Y Thew,)
0<k<l 1 <ip<<ip <1

Lemma 2.4. P, is central in H,,.

PROOF - First, P, commutes with T; (indeed, tt; = t;t > t; for 1 <i < n). By [}, Lemma
3.3], P, commutes with Ty, for 1 <7< n — 1. Since the notation and conventions are
somewhat different, we recall here a brief proof. First, if j & {i,i + 1}, s;t; = tjs; > t;
so Ts; commutes with 7,. Therefore, it is sufficient to show that T, commutes with
(T, + V1) (T}, + V1) This follows from a straightforward computation using the fact
that s;t; > t;, that t;115; < t;31 and that s;t; = t;415;. &

Proposition 2.5. If0 <1 < n, then C,, = PZT(;1 = Ta_llPl.

PROOF - The computation may be performed in the subalgebra of H, generated by
{T3,Ts,,...,Ts,_,} so we may, and we will, assume that [ = n. First, we have T} P,, = V P,.
Since P, is central in H,, it follows from the characterization of C, given by Proposition
B that P, € C,.

Now, let h = C,, — P, T, . Then, by Proposition P (a), we have h € C,,. Moreover,
it is easily checked that h € T<,,—1 =C<p—1. Soh=0. 1

Corollary 2.6. If 0<I<n and 0 € &, then I} (C,,,) = V_lTa_llCo. In particular,
T7(Coo) = V*lT(TC;IICU).

PROOF - Since I} is a morphism of right H(&,,)-modules (see Proposition P.1 (a)) and
since Cy,o = BT, 'C, (see Propositions and R.3), we have IIf (Cy,0) = II{ (P) T, Cy.
But, 17 (P) = V~!. This completes the proof of the corollary. m
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3. TWO-SIDED CELLS

The aim of this section is to show that, if x and y are two elements of W such that
l(x) = L(y) = [, then = <y y if and only if o, gf;gl‘l oy (see Theorem B.§). Here,
<Sfl’3"_l is the preorder </ defined inside the parabolic subgroup &;,_;. For this, we
adapt an argument of Geck [[f] who was considering the preorder <.

We start by defining an order relation < on W. Let x and y be two elements of W.
Then z < y if the following conditions are fulfilled:

(1) £ ( )—&:(y),
(2)
(3) a <ayorb < by,
Si,n—
(4) 0 <" oy
We write x g y ifx <yor z=y. If y € W, we set
r,=1, Cag (y)ngTb;L

Lemma 3.1. Lety € W. Then T'y € Ty + ®pcy ATy

PROOF - First, recall that Iy is a linear combination of elements of the form 7, T.T, -
with z < ay,(,)0y, so it is a linear combination of elements of the form 7, with z < y.
Let I = 4,(y) and o = 0. We have

Ly = To, To, To Ty 1 + (Z p;UTayTalTTTb;l) +( Z p;,alp:,oTayTaTTTbgl).

<o a<lal, TS O

If 7 < o, then TayTalTTTbgl = Tayalrbgl by B, §4.6]. On the other hand, if a < a,

then li(a) < I so Ty, Ty T -1 is a linear combination, with coefficients in Z[v,v™!] of
Yy

elements T, with ¢;(w) = €t( ) < I (because a,, T and b, are elements of &,). Since

Vl_gt(“)pz,al € Z[v,v~1] by [B, Theorem 6.3 (a)], this proves the lemma. m

Lemma 3.2. Ify € W,,, then
fy = Fy + Z ,017ny
<y

where the py,,’s belong to Zv,v™1].
PROOF - Let | = ¢,(y). Then

T =Ty + Y Rava,Tuls
Y ae)/ln 1

TE€ES 1
ar<ay
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Moreover, if a € Y ,,—; and « € &, ,,_; are such that az < a,, then a < a, (see [[7, Lemma
9.10 (f)]. Thus,
T,=T,+ > Razay Rowr p, To(TiCoyor Tor—1) Ty 1.
avbeyvl,nfl

:1:,:1:'6617”,1
ax<ay or bx'<by

The result now follows from Lemma @ [ ]

Corollary 3.3. Ifx <y, then Z Pa,2Pzy = Oz y-
r<z=xyY
PROOF - This follows immediately from Lemma B.9 and from the fact that H — H, h — h

is an involution. W

Corollary 3.4. If w € W, then
Cw = Fw + Z W;7wry
y<w

where cv ZvTYCAsy ify < w.

7T>yk7w
PROOF - By Corollary B.3, there exists a unique family (70w )y~<w of elements of v 1Z[v™
such that 'y, + 3, _,, 7y ,['y is stable under the involution h — h of H,, (see [f], Page 214]:
this contains a general setting for including the arguments in [[J, Proposition 2] or in [,
Proposition 3.3]). But, by Lemma B.J], we have
T+ Y Ty € T+ ( © AxT,).
y<w y=w
So Cy =Tuw+ 3, 0 Tywly ®

We are now ready to prove the main theorem of this section.

Theorem 3.5. Let x and y be two elements of W such that ¢;(x) = i(y) = 1. Then
l,n—1

. . S
r <gry if and only if o <R 0y

l,n—1

S .
PROOF - Assume first that o, <,z""' 0,. Decompose o, = (0},,0l) with o/, € &; and
ol € &6,_;. Then o), <%7lz o, S0 010y gfgz ool so wiool, <le w010, In other words,
ao’, gf}% aoy,. Therefore, qjo, <pr ajoy. But, by [B, Theorem 7.7], we have  ~,r a;0;

and y ~rRr aj0y. So x <er Y.
To show the converse statement, it is sufficient to show that

I= < ueéafn ACu> ©Cxiq1

Li(u)=l and oy g?jé”*l oy
is a two-sided ideal. But, by Corollary B.4, we have

I = ( & AFu) @C2l+1.
ueEWnp,

S _
Lie(u)=l and oy Smlén ! oy
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By symmetry, we only need to prove that I is a left ideal. Let h € H,, and let u € W,
such that ¢;(u) = [ and o, gf;g” oy. We want to prove that hI',, € I. For simplification,

let a = ay, b =0b,, 0 = 0,. Let
Xi={zeW, |VYweW ,y l{(zw) > l(w)}.
Then, by [, Proposition 3.3] and [fJ, Lemma 7.3 and Corollary 7.4],

TaCala € 7 AC:L‘(ILT'
zeX]
- gfl,nfl o
Let I’ be the right-hand side of the previous formula. By [f, Corollary 3.4], I’ is a left
ideal. Therefore, hT,Cq,» € I'. On the other hand,
I'c < @ Acmﬂ> ®Cs 141.

xe}/l,n—l
- gfl,nfl o
Now, by Corollary B.4, we have
I' c ( D ATxCa”—) D C>l+1.

$€Y17n71
Sl n_
- gcl,n l p

Therefore, hI'y, € I'Ty,-1 C I, as desired. m

Corollary 3.6. Let x and y be two elements of W,. Then x ~pr y if and only if
Sin_
U(x) =Ll(y) (=1) and o, ~ """ 0y

REMARK 3.7 - We associate to each element w € W, a pair (P(w), Q(w)) of standard bi-
tableaux as in [, §3]. Let I = £;(w). Write Q(w) = (Q* (w), Q™ (w)) and denote by A’ (w)
the shape of Q”(w) for ? € {4+, —}. The map w — (P(w), Q(w)) is a generalization of the
Robinson-Schensted correspondence (see [[9, Theorem 3.3] or [J, Theoreme 3.3]). Then
AT (w) is a partition of n — 1 and A~ (w) is a partition of I, so that A(w) = (A1 (w), A~ (w))
is a bipartition of n. If we write o, = 0, X 0} with o, € &; and o} € &,,_;, note that
AT (w) is the shape of the standard tableau associated to o, by the classical Robinson-
Schensted correspondence while A~ (w)* (the partition conjugate to A~ (w)) is the shape of
the standard tableau associated to o,,. Let < denote the dominance order on partitions:
ifa=(py>2ay>...)and B = (1 = B2 >...) are two partitions of the same natural

number, we write a < 3 if

7 7
a; <> B
1 j=1

for every i > 1. Now, let = and y be two elements of W,,. If ¢,(z) = ¢;(y), then Theorem

j=

B.j is equivalent to:

(3.8) r <er y if and only if AT (x) < AT (y) and A (y) < A (z).
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This follows from [[L§, 3.2] and [f], 2.13.1] (see also [[L(, Exercise 5.6]). Then, for general x
and y, Corollary B.4 is equivalent to:

(3.9) x ~rr Y if and only if X(z) = A(y).

4. AROUND LUSZTIG’S CONJECTURES

In this section, we prove some results which are related to Lusztig’s conjectures. If
o € 6, we denote by as(c) the function a evaluated on o but computed in &,. It is
given by the following formula. Let A = (A; > A2 > ...) be the shape of the left cell of o.
Then
as(o) = > (i—1)\.
i1
We denote by ay the right-hand side of the previous formula. If z € W, we set

a(z) = (t(2),2ag(0:) — ag(0y,(»)02)) € N2

In terms of partitions (using the notation introduced in Remark B.7), we have

a(z) = (A" () art ) + 2a5- () — ar—(z))-
We now study some properties of the function c.

REMARK 4.1 - Geck and Iancu [J have proved, using the result of this section (and
especially Proposition 4.2), that @ = a. They have deduced, using the notion of orthogonal
representations, that Lusztig’s conjectures P; hold for ¢ € {1,2,3,4,5,6,7,8,11,12,13,14}.
After that, Geck [§ proved Py and Pyo. O

The first proposition shows that a is decreasing with respect to <y (compare with

Lusztig’s conjecture Py).

Proposition 4.2. Let z and 2’ be two elements of W. Then:
(a) If 2 <pp 2, then a(2') < a(z).
(b) If 2 <,r 2’ and a(z) = a(2') then z ~pg 2.

PROOF - Since z <,g 2/, we have ¢;(z) > £,(2’) by [{, Corollary 6.7]. Therefore, if 4;(z) >
0(Z), then a(z) > a(z') and z o 2’. This proves (a) and (b) in this case.
So, assume that ¢;(z) = ¢;(z") = I. Then, by Theorem B.J, we have o, gf;’;*l 0. Write

o, = (0,7) and o, = (¢, 7") where 0, ¢’ € §; and 7, 7’ € &,,_;. Then
a(z) = (I,2as(0) — ag(010) + as(7))

and a(?) = (I,2as(0’) — ag(o0’) + ag(r)).

l,n—1

S . .
But o g?}z o/ and 7 < """ 7. Moreover, 0,0’ g?}z o;7'. Therefore, since Lusztig’s con-

jecture Py holds in the symmetric groups, we obtain (a).
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If moreover a(z) = a(2’), then ag,(0) = ag,(¢’) so 0 ~,r ¢’ by property Pi; for the
symmetric group. Similarly, 7 ~,r 7’ 0 0, ~zR 0./. So, by Corollary B.G, z ~rz 2. ®

The next proposition relates the functions a and A.
Proposition 4.3. Let z € W. Then a(z) < A(z). Moreover, a(z) = A(z) if and only if
22 =1.
PROOF - Let us start with two results concerning the degree of 7(I';) for z € W), :

Lemma 4.4. Let z € W,,. Then

ry_J0 if az # bz,
m(ls) = VeR (T Ch) ifa.=b..

Tt (2)

PROOF OF LEMMA [£.4 - Write [ = 44(z). Then, 7(T';) = 7(IIJ(T',)). So, by Proposition
.1 (a) and Corollary R.6, we have 7(T',) = V=1 (T,. 175 'C, .Ty-1). Therefore, Vir(T,)

az "oy
is equal to the coefficient of T}, in T, TallC Write T 1C =Y wes,,, BTy Then
T, ollCoz = erel Bm 0z Thus, if a, # b,, then bz ¢ a26l,n—l sor(l',) =0. If
a, =b,, then 7(I',) = Volg = T(To_llCoZ). [ |

Corollary 4.5. Let z €¢ W,,. Then :

(a) deg7(T,) < —a(2).
(b) deg7(T';,) = —a(z) if and only if z is an involution.

PROOF OF COROLLARY [£.] - This follows from Lemma [£.4 and Corollary [[.§ (recall that
Lusztig’s conjectures (P;)1 <i < 15 hold in the symmetric group). m

Let us now come back to the computation of A(z). By Corollary B.4, we have

7(C,) =7(T;) + Z 7, .T(Ty)

Y=<z
But, if y < z, then a(z) < a(y) (see Proposition (a)). Therefore, by Corollary [L.H
(a), we have degm, .7(I'y) < —a(z). So deg7(C,) < —a(z) and deg7(C,) = —a(z) if
and only if deg7(T',) = —a(z) that is, if and only if z is an involution (see Corollary [L.5

(b)). m
5. SPECIALIZATION

We fix now a totally ordered abelian group I'° and a weight function L° : W,, — I'°
such that L°(s) > 0 for every s € S,,. Let A° = Z[I'°] be denoted exponentially and let
HY = H(W,,, Sp, L°). Let (T)wew, denote the usual A°-basis of HS and let (C)wew,
denote the Kazhdan-Lusztig basis of Hy .

Let b = L°(t) and a = L°(s1) = -+- = L°(sp—1). Let Op : T' = T°, (r,s) — ar + bs. It

is a morphism of groups which induces a morphism of Z-algebras 64 : A — A° such that
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04(V) = v and 04 (v) = v®. If HS is viewed as an A-algebra through 64, then there is a
unique morphism of A-algebras 03 : H,, — Hj, such that 64(Ty,) = Ty, for every w € W),.

The main result of this section is the following:

Proposition 5.1. If b > (n — 1)a, then 6y (Cy) = C, for every w € W,

PROOF - Assume that b > (n — 1)a. Since 0y(Cyy) = 64(Cy), it is sufficient to show that
01(Cw) € Tg+(Dy<wAZTy). Since () € AL for every y < w, it is sufficient to show
that 03(I'w) € T+ (Dy<wAZ(T,)). For simplification, we set | = £;(w), a = ay, b = by, and
o =oy. Weset I}, = T,CqT5Ty-1. Then Ty =3, p7 10, -1, withpr, € v 1Zv™

if 7 <o and pj, = 1. So it is sufficient to show that 0(I",) € Ty + (©y<wAZ(Ty). By
Proposition 2.5, we have

I, = T,PT,'T,T)-

l
_ k—1 -1
- ZV < Z TaTtiltiQ"'tik TUL TUb_l)
k=0 1 < ir<ia<-<ip <1

l

k—I -1
V(Y T BT T T )
k=0 1 <i1<iz<<ip <1
where t;, ... t;, is equal to a(ii, ..., ig)arB(i1,. .., i) with a(iy,... i) € Yin—r NS and

B(i1,...,ix) € &;. Note that a(iy,...,ig)ar = ri ...r;, (recall that r; is defined as in
[E, §4.1]) so that 6(6(11,,zk)) = (i1 — 1) + -+ (i — 1). Now, let ~(i,... ,ik) =
16(i1, ... ,ix) "' Then

-1
/ k—I -1
T, =T+ V < 3 Taa(il7___7ik)TakT,y(l.1,___ﬂ.k)Tabq>.
k=0

1 < i<io<<i, <1

Ho<k<l—1<n—1, we define
Yk7l—k7n—l:{066n | ViE{l,Q,...,’I’L—l}\{k‘,l}, USZ'>U}.

Then Yy -k n—t1 = Yin—i(Yen—tN&;). Therefore, aa(iy,...,ix) € Y-k n—. But, we have
Yii—kn-ti = Yen—k(Yin1NSkn_r). Sowe can write aa(ii, ..., i) = iy i,/ (i1, .., k)
g € Yk,nfk and Oél(il, - ,ik) € YLn,l N 6k,n7k- Then @(O/(Z‘l, R ,Zk)) < (l —
k)(n —1) (indeed, Y ,,—; N &k may be identified with the set of minimal length coset

with (077

representatives of &,,_1/&;_j ,_;). Note also that aj and (i1, ...,4;) commute. So
-1
/o k—1 —1
Fw =Ty + ZV ( Z Tail AAAAA ikakTa’(il,...,ik)Tfy(il7...,ik)Tob—1) :
k=0 1 < i1 <ig<-<ig <1
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If we write T, 7,1 T,p-1 = Z’TEGn Nuw,rLr With 1y, € Z[v,v™1], then, by [[1, Lemma
10.4 (c)], we have degny - < £(u) + £(v). Moreover,

-1
P;u =Tw + ka_l( Z ( Z nal(il7---7ik)77(i17---7ik)77'T04i1 AAAAA z‘kak:T))'
k=0

1 <ihi<ig<<ip <1l TEG,
So it is sufficient to show that, for every k € {0,1,...,1 — 1} and every sequence 1 < i1 <

- < i < I, we have
(%) (k — Db+ <€(o/(i1, i)+ (i, ,ik))>a <o0.
But, ¢(a/(i1,...,ix)) <(I—k)(n —1) and

(i, - yik)) = o) = LB, - .- ik))
- D Gy
o =D k1)
2 2

- %(l—k)(l+k—1).

So, in order to prove (x), it is sufficient to prove that

(%) 2k =Db+ (1 —-k)2n—-D)+(1+k—-1))a <0.

But,

2k —Db+a(l—k)2n—0)+ (1 +k—-1)a=2(k—1)(b—(n—1)a)+ (- k)(k+1—1)a.
Since k—1<0,b—(n—1)a>0and k+1—1<0, we get (*x). ®

If  and y are two elements of W,,, we write

C2Cy = D h3,:C2
z€Wn
where hg . € A°. We denote by <7, <%, < the preorders <, <z and <,z defined

$7y72’

in ‘H,. Similarly, we define ~7., ~% and ~75.

Corollary 5.2. Assume that b > (n — 1)a. Let x, y and z be elements of W,, and let
e {L,R,LR}. Then:

(a) h;,y,z = GA(hﬂay,Z)-

(b) If x <§ y, then x <o y.

(c) & ~5y if and only if x ~7 y.

PROOF - (a) follows from Proposition .. (b) follows from (a). (c) follows from (b) and

from the counting argument in the proof of [B, Theorem 7.7]. m

Let 7° : 'H; — A° denote the canonical symmetrizing form. If z € W,,, we set

a(z) = max deghg, .,

z,yeWn
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A%(z) = — deg7°(C7)

and a’(z) = Or(a(z)).

By Corollary (b) and by the same argument as in the proof of Proposition .2, we
have, for every z, 2’ € W, such that ¢;(z) = £;(2) and z <35 2/,

(5.3) () < a°(2).

o

Remark - Using the result of this section, Geck and Iancu [J] proved that a° = «

whenever b > (n — 1)a. O

Proposition 5.4. Assume that b > (n — 1)a. Let z € W,,. Then:
(a) A%(z) = 0r(A(2)) = a®(2).
(b) A°(2) = a°(2) if and only if 2> = 1.

PROOF - First, note that 7° o 63y = 6y o 7. Moreover, by Proposition p.1], we have
03(C.) = C°. Since V() 7(C,) € Z[v,v™'], we get that A°(z) = Or(A(z)). The other

assertions follow easily. B

We conclude this section by showing that the bound given by Proposition f.]] is optimal.

Proposition 5.5. If b <(n — 1)a, there exists w € Wy, such that 01 (C,) # CS,.

PROOF - Assume that b <(n — 1)a. To prove the proposition, it is sufficient to show that
there exists w € W, such that 03(Cy) € Ty, + ©y<wAZyT,;. Using Corollary B4, we see
that it is sufficient to show that there exists w € W, such that 603(I'y) & Ty +Dy<w AL T, -

This follows from the next lemma:

Lemma 5.6. Let w = sp_1...s251toy,. Then 03 (Ty) & To + Oy<wAZ Ty -
PROOF - We have, by Proposition 2.3,

-1
Fw - Sn_l...SQSltCO'n +V TSn_l...SQSlco'n‘

But, Ts, 1. .sy5Co, = v"1C,, (see [[4, Theorem 6.6 (b)]). Therefore,
since 0y (Cy) = C2 for every o € &,,, we have

07(Ty) = < Z U(z(r)—z(an))aT;nil.“8281”) n U—b-l—(n—l)acgn.
TEG,

(Recall that C,,, = > s, )=o) T by [[4, Corollary 12.2].) So the

—b+(n—1)a

coefficient of 03(T"y,) on T is equal to v , which does not belong

to AZ,. m
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