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TWO-SIDED CELLS IN TYPE B (ASYMPTOTIC CASE)

CEDRIC BONNAFE

ABSTRACT. We compute two-sided cells of Weyl groups of type B for the “as-
ymptotic” choice of parameters. We also obtain some partial results concerning
Lusztig’s conjectures in this particular case.

Let W, be a Weyl group of type B,. The present paper is a continuation of
the work done by L. Iancu and the author [E] concerning Kazhdan-Lusztig theory
of W, for the asymptotic choice of parameters [B, §6]. To each element w € W,
is associated a pair of standard bi-tableaux (P(w), Q(w)) (see [I9] or [{, §3]): this
can be viewed as a Robinson-Schensted type correspondence. The main result [,
Theorem 7.7] is a complete determination of the left cells: two elements w and w’
are in the same left cell if and only if Q(w) = Q(w’). We have also computed the
character afforded by a left cell representation [E, Proposition 7.11] (this character
is irreducible).

The present paper is concerned with the computation of the two-sided cells. Let
us state the result here. If w € W, write Q(w) = (Q™(w), Q™ (w)) and denote
by AT (w) and A~ (w) the shape of QT (w) and Q™ (w) respectively. Note that
(AT (w), A~ (w)) is a bipartition of n.

Theorem (see B.9). For the choice of parameters as in [B, §6], two elements w and
w’ are in the same two-sided cell if and only if (AT (w), A~ (w)) = (AT (w'), A~ (w')).

Lusztig [@, Chapter 14] has proposed fifteen conjectures on Kazhdan-Lusztig
theory of Hecke algebras with unequal parameters. The above theorem is compat-
ible with Lusztig’s conjectures Py, Py, Pig and P;; and with [E, Theorem 7.7]. We
also obtain some partial results concerning Lusztig’s conjectures (see for instance
Proposition [£.d). In the last section, we determine which specializations of the
parameters lead to an “isomorphic” situation.

Let us stay in this asymptotic case. In a forthcoming paper [H], Geck and Iancu
use some of our results, namely some informations on the preorder <,z (see The-
orem @ and Proposition @), to compute the function a and to prove Lusztig’s
conjectures P;, for i € {1,2,3,4,5,6,7,8,11,12,13,14}. On the other hand, Geck
[E] has shown that Lusztig’s conjectures Py and Pjg hold. More precisely, he proved
that the Kazhdan-Lusztig basis is cellular (in the sense of [@]) He also proved a
slightly weaker version of Pj5 (but his version is sufficient for constructing the
homomorphism from the Hecke algebra to the asymptotic algebra J).

The present paper is organized as follows. In Section m, we study some con-
sequences of Lusztig’s conjectures on the multiplication by T,,, where wy is the
longest element of a finite Weyl group. From Section E to the end of the paper,
we assume that the Weyl group is of type B, and that the choice of parameters is
done as in [E, §6]. In Section E, we establish some preliminary results concerning
the Kazhdan-Lusztig basis. In Section E, we prove the above theorem by introduc-
ing a new basis of the Hecke algebra: this was inspired by the work of Geck on
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2 C. BONNAFE

the induction of Kazhdan-Lusztig cells [f]]. Section [ contains some results related
to Lusztig’s conjectures. In Section E, we determine which specializations of the
parameters preserve the Kazhdan-Lusztig basis.

1. GENERALITIES

1.A. Notation. We slightly modify the notation used in [, §5]. Let (W, S) be a
Coxeter group with |S| < co. We denote by ¢: W — N = {0,1,2,...} the length
function relative to S. If W is finite, wy denotes its longest element. Let < denote
the Bruhat ordering on W. If I CS, we denote by W; the standard parabolic
subgroup of W generated by I.

Let T" be a totally ordered abelian group which will be denoted additively. The
order on I' will be denoted by <. If v € I, we set

F<V0:{’y€r|’7<70}’ FQVOZ{’YGF'VgVO}a

oy ={rel[y>%} and  Tsq={yel'|y=1}
Let A be the group algebra of I' over Z. It will be denoted exponentially: as
a Z-module, it is free with basis (v7),er and the multiplication rule is given by
v = 7 for all v,y €. If a € A, we denote by a the coeflicient of a on
v7, so that a = E'yer a,vY. If a # 0, we define the degree and the valuation of a
(which we denote respectively by dega and vala) as the elements of I" equal to

dega = max{y | a, # 0}

and vala = min{~y | ay # 0}.

By convention, we set deg0 = —oo and val0 = +o0. So deg: A — I'U{—oc0} and

val: A — T'U {+o0o} satisfy degab = dega + degb and valab = vala + valb for all

a, b € A. We denote by A — A, a — a the automorphism of A induced by the

automorphism of I' sending v to —v. Note that dega = —vala. If 7y € ', we set
Aoy = @ o7, Acypy= & 77,

v<70 v <7
Asyy = @ Z07 and As o= @ 7.
Y>%0 Y 2 Y0

We fix a weight function L : W — T, that is a function satisfying L(ww') =
L(w) + L(w") whenever {(ww’) = {(w) + £(w’). We also assume that L(s) > 0 for
every s € S. We denote by H = H(W, S, L) the Hecke algebra of W associated to the
weight function L. It is the associative A-algebra with A-basis (T3, )wew indexed
by W and whose multiplication is determined by the following two conditions:

(a) TwTw = Ty if L(ww") = L(w) + L(w")
(b) T2 =14 (v L) LT, ifse S.

It is easily seen from the above relations that (7s)ses generates the A-algebra
‘H and that T, is invertible for every w € W. If h = EwGW awly € H, we
set h = Y wew EwTuj,ll. Then the map H — H, h — h is a semi-linear involutive
automorphism of H. If I C S, we denote by H (W) the sub- A-algebra of H generated
by (TS)SGI-

Let w e W. By , Theorem 5.2], there exists a unique element C,, € H such
that .

(a) Cyp=0Cy

(b) Cw €Ty + (ygBWA@Ty).
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Write Chy = 3, ey P} Ty With p}, € A. Then [17, 5.3]
Prow =1
Pyw =10 siy L w.
In particular, (Cy)wew is an A-basis of H: it is called the Kazhdan-Lusztig basis
of H. Write now py . = vL(w)*L(y)p;w. Then
Pyw € A2 0

and the coefficient of py ., on v is equal to 1 (see [L7, Proposition 5.4 (a)].
We define the relations <., <r, <gr, ~c, ~r and ~sx as in [@, §8].

1.B. The function a. Let z, y € W. Write
Czcy = Z hz,y,zcza
zeW

where h, . € A for z € W. Of course, we have

(1.1) e = hay .z

The following lemma is well-known [[[7, Lemma 10.4 (c) and formulas 13.1 (a)
et (b)].

Lemma 1.2. Let x, y and z be three elements of W. Then
deg hy ., < min(L(z), L(y)).

Conjecture Pg (Lusztig): There exists N € I such that deghy . < N for all
z,y and z in W.

If W is finite, then W satisfies obviously Py. If W is an affine Weyl group, then
it also satisfies Py [E, 7.2]. From now on, we assume that W satisfies Py, so that
the next definition is valid. If z € W, we set

a(z) = Jnax deghyy, -

Since h1,1,, = 1, we have a(z) € I's ¢. If necessary, we will write ay (2) for a(z).
We denote by v, , ,-1 € Z the coefficient of v2(*) in hz,y,-. The next proposition
shows how the function a can be calculated by using different bases.

Proposition 1.3. Let (Xy)wew and (Yy)wew be two families of elements of H
such that, for everyw € W, X\, =Ty, and Yy, — T, belong to @y AcoTy. For all
z and y in W, write
Xzyty = Z €m,y,zcz-
zeW

Then, if x, y, z € W, we have:

(a) deg&sy,- <min{L(z), L(y)}.

(b) gz,y,z S ’Y:c,y,zflva(z) + A<a(z)'
In particular,

a(z) = Jnax deg&sy, -

PROOF - Clear. m
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1.C. Lusztig’s conjectures. Let 7: H — A be the A-linear application such that
T(Tw) = 91w if w € W. It is the canonical symmetrizing form on H (recall that
T(TpTy) = 0py). If z€ W, let
A(z) = —degp] , = —deg7(C.).
Let n. be the coefficient of pj , on v~2() Finally, let
D={zeW|a(z) =A(2)}.
Conjectures (Lusztig): With the above notation, we have:
Py. If z € W, then a(z) < A(z).
Py. Ifde€D and if x, y € W satisfy vuya # 0, then x =y~ 1.
P3. Ify € W, then there exists a unique d € D such that vy,-1 , 4 # 0.
Py. If 2 <,n z, then a(z) < a(z’). Therefore, if z ~rr 2, then a(z) = a(z’).
Ps. IfdeD andy € W satisfy vy-1 4.a 70, then yy—1 4 4 =ng = 1.
Pg. Ifd € D, then d* = 1.
Py, Ifz,y, z€ W, then Yay,> = Vy,z,0-
Ps. Ifz, y, 2 € W satisfy Yuy.. #0, thenx ~c y= ', y~g 27! and z ~z 271,
Py. If 2/ <, z and a(z’) = a(z), then 2’ ~¢ z.
Pio. If 2/ < z and a(2’) = a(z), then 2/ ~r z.
Pi1. If 2/ <o z and a(2’) = a(z), then 2’ ~,p 2.
Pi,. IfICS and z € Wy, then aw, (z) = aw ().
P13. Every left cell C of W contains a unique element d € D. Ify € C, then
’nyl,y,d 7é 0.
Py If z€ W, then z ~pr 27 1.
Pys. Ifz, o', y, w € W are such that a(y) = a(w), then

E hw,ay @z hgyry = E hy 2y @z haw,y
y'eW y'ew

mn ARz A.

Lusztig has shown that these conjectures hold if W is a finite or affine Weyl
group and L = ¢ [, §15], if W est dihedral and L is any weight function [[[7, §17]
and if (W, L) is quasi-split [[7, §16].

1.D. Lusztig’s conjectures and multiplication by T,,,. We assume in this
subsection that W is finite. We are interested here in certain properties of the
multiplication by T} for n € Z. Some of them are partially known [@, Lemma
1.11 and Remark 1.12]. If y € W and n € Z, we set

zeW

Note that A"y = 0 if z £, y.

Proposition 1.4. Assume that W is finite and satisfy Lusztig’s conjectures Py, Py
et Ps. Let n € Z and let x and y be two elements of W such that x <, y. Then:
(a) If n >0, then deg /\(zn; <n(a(x) — a(wox)). If moreover x <. y, then
deg A" < n(a(z) — a(wor)).
(b) If n <0, then deg /\(zn; <n(aly) — a(woy)). If moreover x <. y, then
deg \") < n(a(y) — a(woy)).
(¢) Ifn is even and if x ~ y, then )\(zn; = 5myyv”(a(z)’a(w“z)).
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PROOF - If n = 0, then (a), (b) and (c) are easily checked. Let us now prove (a)
and (b). By [[L7, Proposition 11.4],

Tuo = (=1} 4y Cu
ueW

Consequently,

/\(11,1); = Z (71)e(wou)piwouhu,y,z-

ueW
T <pu

But, by P1, we have deg p ., < —a(wou). If moreover x <x u, then wou <r wox
and so —a(woz) = —a(wou) by Py. Therefore

deg ,\Q; < a(z) — a(woz).

On the other hand, if deg )\Q; = a(xz) — a(wpx), then there exists u € W such that
x < u and deghy . » = a(z). So, by Ps, we get that © ~, y. This shows (a) for
n=1.

Now, let v : H — H denote the A-linear application such that v(C\,) =
vawow)—aw) “for all w € W and let p: H — H, h— Twoh. Then, if w e W, we
have

V,LL(Cy) _ Z ,Ua(wgu)fa(u)A(l C,,.

u,y
u gg Yy

So, by the previous discussion, we have Ua(w‘)“)_a(“))\gl,z, € A¢o. Moreover, if
u <g 1y, then vaWuu)_a(u),\g{; € A<o . On the other hand, dety = £1 and
det v = 1. Therefore, if we write

pNC) = YD BuyCa

U<,y
then 8,, € A< and, if u <. y, then 3, , € A<o. Finally,
T Cy = n'(Cy)
= plvTu(Cy)

pawoy)—aly)  =1,,~1 (Cy)
= Z 2wy —allg O,

u<,y

In other words, )\55,’;) = p2woy)—aw)g . This shows that (b) holds if n = —1.
An elementary induction argument using P, shows that (a) and (b) hold in full
generality.

Let us now prove (c). Let K be the field of fraction of A. Let C be a left cell of
W and let ¢ € C. We set

HS2C = @ AC, and  H<C = @ AC,.

w L, C w< e

Then HSz € and H<£C are left ideals of H. The algebra K'H = K ®4 H being
semisimple, there exists a left ideal I of K'H such that KHSc ¢ = KH<C @ Io.
We need to prove that, for all h € I,

T h — ,Un(a(c)fa(wgc))h.
wo

For this, we may, and we will, assume that n > 0. Let V¥, Vi€, .., VnC; be
irreducible sub-K'H ® 4 K-modules of I such that

I=VCe -aVe.
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Let j € {1,2,...,nc}. Since T}} is central and invertible in H, there exists ¢ €
{1, -1} and ¢;(C) € I" such that

T h=ev'i(Oh

for every h € Vjc. By specializing v +— 1, we get that ¢ = 1. Moreover, by (a)
and (b), i <n(a(c) — a(woc)). On the other hand, since detu = =£1, we have
det ™ = 1. But det u™ = v", where

P o= ncicdimV-C
> i dimY;

cecLc(w) j=1

n Z (a(C)—a(wOC))ZdimVjC

<
CeLc(w) J=1
= 0 Y (@(0) - a(we)C]
CeLc(w)
= n Z(a(w)—a(wow))
= O.UJe

Here, LC(W) denotes the set of left cells in W and, if C € LC(W), a(C) denotes
the value of a on C' (according to Py). The fact that r = 0 forces the equality
Z]C =n(a(C) —a(weC)) for every left cell C and every j € {1,2,...,n¢c}. m

REMARK 1.5 - Assume here that w is central in W and keep the notation of the
proof of Proposition [L4 (c). Let j € {1,2,...,nc}. Then there exists £;(C) €
{1,-1} et ¢;(C) € T such that Tyyh = £;(C)v% (C)h for every h € Vjc.
Question: Let j, j' € {1,2,...,n¢c}. Doese;(C) =¢;(C) ?

A positive answer to this question would allow to generalize Proposition m (c)
to the case where w{ is central. O

Corollary 1.6. Assume that W is finite and satisfy Lusztig’s conjectures Py, Py,
Py, P, Py and P13. Let w € W and let n € N. Then deg7(T,"'Cy) < —a(w) +
n(a(wow) — a(w)). Moreover, deg 7(T;"Cy) = —a(w) + n(a(wow) — a(w)) if and
only if wyw € D.

PROOF - Assume first that n is even. In particular, wj = 1. By Proposition D,
we have
T(L5 Co) = "o =N r(C,) + 37 AT 7(C).
r<ow

But, if © <z w, then deg 7(C;) = —A(z) < —a(zr) < —a(w). So, by P; and P, and
by Proposition [.4 (b), we have that deg )\g]f)T(Ci) < —a(w) +n(a(wow) — a(w)).
Moreover, again by Pj, we have deg7(C,) = —A(w) < —a(w). This shows that
deg 7(Ty'Cy) < —a(w) + n(a(wow) — a(w)) and that equality holds if and only if
A(w) = a(w), that is, if and only if w € D, as desired.

Assume now that n = 2k + 1 for some natural number k. Recall that, by [@,
Proposition 11.4], Ty = > e (—1)*@0%pi ., Co. Therefore

T’ujoncw = Z (71)€(WOU)pi,wou ’ujon_lcucw
ueW
= Z (71)Z(w0u)pi,wouhuyw@T’ujonilcm'
u,xe€W

u <, wand u <
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This implies that

T(Tujoncw) — Z (_1)Z(WOU)pT,wouhu,w,zT(TuTOQCm),
u,ceW
<, wand <z u

s0 deg 7(T,,"Cuw) < Jnax - deg (Pl ugu e (T, Co)).
mngﬁand z<gu

Let u and x be two elements of W such that x <, w and = < u. Since n + 1 is
even and by the previous discussion, we have

deg (T, 'Cy) < —a(z) + (n+ 1) (a(woz) — a(z)).

By Pi and Py, degpj ,,u < —a(wou) < —a(wox). Moreover, deghy . < a(z).
Consequently,

deg(py wouhuwaT(Th)' " Ca)) < —a(z) +n(a(woz) — a(z))
< —a(w) 4+ n(a(wow) — a(w)).
)

Moreover, equality holds if and only if wou € D, deghy v, = a(x a(w) and
zeD.

We first deduce that
deg 7(T,"Cy) < —a(w) + n(a(wow) — a(w))
which is the first assertion of the proposition.

Assume now that deg 7(7,"'Cy) = —a(w)+n(a(wow)—a(w)). Then there exists
wand z in W such that ¢ <, w,  <g u, wou € D, deghy v = a(x) = a(w) and
x € D. Since deg hy . = a(z) and z € D, we deduce from P that w = u~!, which
shows that wow € D.

Conversely, assume that wow € D. To show that deg7(T,"Cy,) = —a(w) +
n(a(wow) — a(w)), it is sufficient to show that there is a unique pair (u,z) of
elements of W such that ¢ <, w,  <g u, wou € D, deghy . = a(z) = a(w) and
x € D. The existence follows from Pj3 (take u = w~! and x be the unique elément
of D belonging to the left cell containing w). Let us now show unicity. Let (u,x) be
such a pair. Since deghy . = a(x) and = € D, we deduce from P, that u = w™L.
Moreover, since a(z) = a(w) and z <, w, we have © ~, w by Py. But, by Pi3, «
is the unique element of D belonging to the left cell containing w. m

2. PRELIMINARIES ON TYPE B (ASYMPTOTIC CASE)
From now on, we are working under the following hypothesis.

Hypothesis and notation: We assume now that W = W, is
of type Bp, n = 1. We write S = S,, = {t,51,...,8,—-1} as in @,
§2.1): the Dynkin diagram of W, is given by

t S1 52

Sp—1
We also assume that T = Z2 and that T is ordered lezicographically:
(a,b) <(a',b') <= a<d or(a=a and b<?').

We set V.= v10 and v = vV so that A = Z[V, V', v,071]
1s the Laurent polynomial ring in two algebraically independent
indeterminates V. and v. If w € W, we denote by {;(w) the
number of occurences of t in a reduced expression of w. We set
ls(w) = b(w) — Ly(w). Then Ly and €y are weight functions and
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we assume that L = L, : W, — T', w — (ly(w),ls(w)). So
H = H, = H(Wy, Sn, Ly). We denote by &, the subgroup of
W generated by {s1,...,8n—1}: it is isomorphic to the symmetric
group of degree n.

]
)

We now recall some notation from [, §2.1 and 4.1]. Let 1 = t; = ¢ and, if
1<i<n—1,let rjp1 = s;1; and t;41 = sitys;. 0 < I <n,let ap =rirgy...7. We
denote by &;, Wi, & ,—;, Wi n—; the standard parabolic subgroups of W,, generated
by {s1,892,...,81-1}, {t,81,82,...,81-1}, Sn \{t, s1} and S, \ {s:} respectively. The
longest element of &; is denoted by ;. Let

Yinoi={a€6, |Voe& 1y, lao) = (o)}

If w € W, is such that ¢;(w) = [, then [ﬂ, §4.6] there exist unique ay, by € Yin—i,
0w € &1 n—; such that w = a,a;0,by,". Recall that f(w) = l(ay) + £(a;) + (ow) +
£(by)-

2.A. Some submodules of H. If [ is a natural number such that 0 <1 < n, we
set

1= @D ATw, Tgl = (&) ATw, T)l = (&) ATw,
wEWR, wEWn, wEWn,
24 (w)=1 (w) < 1 e (w) > 1
C= & AC,, Cg = ® AC, and C}l = o AC,.
wEWR, wEWR, wEWn,
24 (w)=1 e (w) < 1 e (w) > 1

Let H?T : H, — 77> and H?C : H, — C¢ be the natural projections (for ? €

Proposition 2.1. Let | be a natural number such that 0 <1 < n. Then:
(a) 7; and C; are sub-H(S,,)-modules-H(S,,) of Hn. The applications II] and
II¢ are morphisms of H(S,)-modules-H(S,).
(b) T<1=Cg«y.
(¢) Cx 1 is a two-sided ideal of Hy,.

PROOF - (a) follows from [f, Theorem 6.3 (b)]. (b) is clear. (c) follows from [f,
Corollary 6.7]. m

The next proposition is a useful characterization of the elements of the two-sided
ideal C,,.

Proposition 2.2. Let h € H,,. The following are equivalent:
(1) hel,.
(2) Vo € Hy, (T; — V)ah = 0.
(3) Va € H(G,), (Tt — V)zh = 0.

PROOF - If £4(w) = n, then tw < w so (Ty — V)Cy = 0 by [, Theorem 6.6 (b)].
Since C,, is a two-sided ideal of H,, (see Proposition R.1] (c)), we get that (1) implies
(2). Tt is also obvious that (2) implies (3). It remains to show that (3) implies (1).

Let I = {h € H,, | Vz € H(S,), (Tt — V)xzh = 0}. Then I is clearly a sub-
H(S,,)-module-H,, of H,,. We need to show that I CC,. In other words, since
Cn C1, we need to show that INCg 1 =0. Let I' = INCg o1 = INT¢ 51 (see
Proposition P.1 (b)). Let X = {w € W, | 7(I'T,,-1) # 0}. Showing that I’ = 0 is
equivalent to showing X = @.

Assume X # @. Let w be an element of X of maximal length and let h be an
element of I’ such that 7(hT,-1) # 0. Since h € T¢ p_1, we have {(w) <n — 1.
Moreover, Tth = Vh, so 7(TthTy-1) = 7(hT,-1T:) # 0. By the maximality of
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l(w), we get that tw < w. So, there exists s € S, such that sw > w and s # t.
Then

T(TShT(Sw)fl) = T(hT(Sw)flTQ
= 7(hTp-1)+ (v— ’U_1>7_(hT(sw)—1)
)
the last inequality following from the maximality of ¢(w) (which implies that

T(hT(sw)-1) = 0). But Tsh € I' and so sw € X. This contradicts the maximality
of {(w). m

2.B. Some results on the Kazhdan-Lusztig basis. In this subsection, we study
the elements of the Kazhdan-Lusztig basis of the form C,,, where 0 <! < n and
o€ G,

Proposition 2.3. Leto € G, and let 0 < I < n. Then Cy,Co = Cy,s and CoC,, =
Coa, -

PrROOF - Let C' = C,,C,. Then C =C and

C—Too= > MuTu
w<a o
with A\, € A for w < aio. To show that C' = C,,,, it is sufficient to show that
Aw € Acp.
But, Cy, =Ty, + Y.
(a)]). Hence,

V@) =lg T, with 8, € Z[v,v™'] (see [E, Theorem 6.3

rx<ap

C=Tuo+ Y proTur+ ) VO IBTC,.
T<Oo r<ap
But, if < a;, then £;(z) < I. This shows that \,, € A< for every w < q;o. This
shows the first equality. The second one is obtained by a symmetric argument. m

Proposition E shows that it can be useful to compute in different ways the
elements C,, to be able to relate the Kazhdan-Lusztig basis of H,, to the Kazhdan-
Lusztig basis of H(S,,). Following the work of Dipper-James-Murphy [@], Ariki-
Koike [{]] and Graham-Lehrer [[L1], §5], we set

(Ttl + Vﬁl)(Tb + Vﬁl) s (th + Vﬁl)

> lvk—l( > T, ..t,,)-

0< k< 1<ir<<ip <1

B

Lemma 2.4. P, is central in H,,.

PROOF - First, P, commutes with T; (indeed, tt; = t;t > t; for 1 <i < n). By
@, Lemma 3.3], P,, commutes with T, for 1 <¢<n — 1. Since the notation and
conventions are somewhat different, we recall here a brief proof. First, if j &
{i,i+ 1}, sit; = tjs; > t; so Ts, commutes with T;,. Therefore, it is sufficient
to show that Ty, commutes with (73, + V~1)(T},,, + V). This follows from a
straightforward computation using the fact that s;t; > t;, that t;11s; < t;4+1 and
that s;t; = ti—i—lsi- |

Proposition 2.5. If 0 <1 < n, then C,, = PlT;ll _ T;llpl-
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PROOF - The computation may be performed in the subalgebra of H,, generated
by {T:,Ts,,...,Ts,_, } so we may, and we will, assume that [ = n. First, we have
T;P, = VP,. Since P, is central in H,,, it follows from the characterization of C,
given by Proposition that P, € C,.

Now, let h = C,, — PnT(;nl. Then, by Proposition B (c), we have h € C,.
Moreover, it is easily checked that h € T¢ ,,—1 =C<pn—1. Soh=0. 1

Corollary 2.6. If0 <1< n and o € &,, then IIf (Co0) = VT, Cy. In partic-
ular, 7(Co,0) = VflT(T;llcg).

PROOF - Since II is a morphism of right H(&,,)-modules (see Proposition P.1| (a))
and since Co,0 = PT,'C, (see Propositions and R.7), we have IIT (Cy,0) =
% (P)T,'C,. But, IIf (P;) = V', This completes the proof of the corollary. m

3. TWO-SIDED CELLS

The aim of this section is to show that, if z and y are two elements of W such
that £y(x) = £;(y), then x <,r y if and only if o, gf;{” o, (see Theorem B.j).
Here, gf}{"i is the preorder <,x defined inside the parabolic subgroup &; ,—;.
For this, we adapt an argument of Geck [ﬂ] who was considering the preorder <.

We start by defining an order relation < on W. Let x and y be two elements of
W. Then z < y if the following conditions are fulfilled:

(2) z <y,
(3) az < ay ou by < by,
(4) o <gr' ' oy

We write z s yifx <yorz=y. Ilf y e W,, we set

Ty =Ta,Cap o Co, Ty

L¢(y)

Lemma 3.1. Lety e W. Then 'y € Ty + ®pcy AcoTs.

PROOF - First, I'y is a linear combination of elements of the form 7, Tszgl with

2 < g, (y)0y, SO it is a linear combination of elements of the form T, with = < y.
Let [ = ¢(y). We have

Ty =T0,To,To, Tyor + (3 0o Ta, T Ty )+ (> Do Ta, TuTe Ty,
T<o a<ar;, T< O

If 7 <o, then T, 70, Ty Tyor = T, ot by (B, §4.6]. On the other hand, if a < a,

then £;(a) <lsoT,, TaTTTb;1 is a linear combination, with coefficients in Z[v, v=1]

of elements T, with £;(w) = £;(a) <[ (because ay, T and b ! are elements of &,,).

Since Vl’ef(a)p;al € Zv,v~] by [ﬂ, Theorem 6.3 (a)], this proves the lemma. m

Lemma 3.2. If y € W, then

Ty=Ty+> peyla

<y

where the py s belong to Zv,v™1].
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PROOF - Let [ = ¢;(y). Then
1
T =T, + > Raz,a, TuTy-

y
a€Y] €S f g
am<ay

Moreover, if a € Y ,,—; et € &;,,_; are such that ax < a,, then a < a, (see [@,
Lemma 9.10 (f)]. Thus,

Fy = Fy + E Raz,aybe/,byTa(TzCalaTyfl)bel.
a,beY) p_pwa’ €6
(az<ay or bz!<by)

This completes the proof of the lemma. ®

Corollary 3.3. If ¢z 5y, then Z Pu.2Pzy = Ouy-

T2y

PROOF - This follows immediately from Lemma @ and from the fact that H — H,
h — h is an involution. m

Corollary 3.4. If w € W, then
Co=Tuw+ > m,T,
y<w
where ), € v Lo C Ao if y < w.
ProOF - By Corollary @, there exists a unique family (W;ﬁw)y.<w of elements of
v~ 'Z[v™!] such that Ty, + 32, ., Ty 0

H,, (see [ﬂ, Page 214]: this contains a general setting for including the arguments
in [B, Proposition 2] or in [ﬂ, Proposition 3.3]). But, by Lemma @, we have

T + Z Tr;,wry €Tw+ (y?w AcoTy).

y<w

I'y is stable under the involution h — h of

So Cy, =T + Zy<w Ty wly- M
We are now ready to prove the main theorem of this section.

Theorem 3.5. Let x and y be two elements of W such that £,(x) = €(y). Then
. . Sin—1
x <er Y if and only if o, <pp" ' 0y

Siin-
PROOF - Let [ = £,(z) = 44(y) = I. Assume first that gm <o oy. Decompose
_ / " : / " / ln—l _/ ! S; /
oy = (0,04) with o7, € &; and o} € &,,—;. Then o}, < .p""' 0y, s0 010y </ o107,
so wyoyol, <E/7lz ala;. In other words, a;07, <EV7LQ ala;. Therefore, aj0, <pr a10y.

But, by [E, Theorem 7.7], we have  ~,r ajo, and y ~2r a;0y. So z <, V.

To show the converse statement, it is sufficient to show that

I= ( &) ACu)EBC>Z+1
wEW,
£4(u)=1 and oy gzlzv"*l oy

is a two-sided ideal. But, by Corollary @, we have
[:( & Aru)@c>z+1-

wEWn,

. . Sin—1

t(w)=1 and oy < 53 oy
By symmetry, we only need to prove that [ is a left ideal. Let h € H,, and let

u € W, such that ¢;(u) = [ and o, gf;{” oy. We want to prove that hl', € I.

For simplification, let a = a,, b =b,, 0 = 0. Let
Xi={zeW, |Ywe W, {(zw) = L(w)}.
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Then, by [ﬂ, Proposition 3.3] and [B, Lemma 7.3 and Corollary 7.4],
T.Coo € ®  ACgqr

rEeX)
Sy
- <Ll,n .

Let I’ be the right-hand side of the previous formula. By @, Corollary 3.4], I is a
left ideal. Therefore, hTCq,» € I'. On the other hand,

’
I'c ( & ACMLT) DCx> 141-
TEY 1
Sin—1
T, o

Now, by Corollary @, we have
I' C ( D ATIC,IL.,—) @C} I+1-

TEY] n_1
Sy
- <Ll,n L,

Therefore, hI', € I'T,—1 C I, as desired. m

Corollary 3.6. Let x and y be two elements of W,,. Then x ~cr vy if and only if

b(x) =L(y) (=1) and o, N%{“l Oy.

REMARK 3.7 - We associate to each element w € W, a pair (P(w), Q(w)) of stan-
dard bi-tableaux as in [f, §3]. Let I = £,(w). Write Q(w) = (Q*(w), Q™ (w)) and
denote by A’ (w) the shape of Q*(w) for ? € {+, —}. The map w — (P(w), Q(w)) is
a generalization of the Robinson-Schensted correspondence (see [[ld, Theorem 3.3]
or [A, Theoreme 3.3]). Then A*(w) is a partition of n — I and A\~ (w) is a partition
of [, so that A(w) = (AT (w), A~ (w)) is a bipartition of n. If we write o, = o, X 0}
with o, € &; and o, € &,,_;, note that A\’ (w) is the shape of the standard tableau
associated to O';'L by the classical Robinson-Schensted correspondence. Let < denote
the dominance order on partitions: f a = (1 2 as > ...)and = (61 =2 02> ...)
are two partitions of the same natural number, we write a < ( if

7 [
D<) B
j=1 j=1

for every i > 1. Now, let  and y be two elements of W,,. If ¢;(z) = 4;(y), then
Theorem @ is equivalent to:

(3.8) r <pr vy if and only if XY (z) QAT (y) and A\ (x) <A (y).

This follows from [[1§, 3.2] and [, 2.13.1]. Then, for general z and y, Corollary B.q
is equivalent to:

(3.9) x ~cer Yy if and only if A(z) = \y).

4. AROUND LUSZTIG’S CONJECTURES

In this section, we prove some results which are related to Lusztig’s conjectures.
If o € 6,,, we denote by ag (o) the function a evaluated on ¢ but computed in &,,.
It is given by the following formula. Let A = (A > A2 > ...) be the shape of the

left cell of z. Then
as(0) = > (i—1)\.
i>1
If z € W, we set

a(z) = (6(2),2as(0.) — as(04,(2)0-)) € N2.
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We now study some properties of the function c.

REMARK 4.1 - If Lusztig’s conjectures (P;)1 < i< 15 hold for (W, S, L), then it
follows from [[L4, Proposition 20.6 (c)] and [, Theorem 7.7] that a = a.. O

The first proposition shows that « is decreasing with respect to <y (compare
with Lusztig’s conjecture Py).

Proposition 4.2. Let z and 2z’ be two elements of W. Then:

(a) If z <,or 2/, then a(2') < a(z).

(b) If z <,r 2" and a(z) = a(2') then z ~pr 2.
PROOF - Since z <, 2’, we have £;(z) > £,(2') by [ﬂ, Corollary 6.7]. Therefore, if
0i(2) > £:(2), then a(z) > a(z’) and z #,r z’. This proves (a) and (b) in this
case.

So, assume that £;(z) = £;(y) = I. Then, by Theorem B.6, we have o <S7L{H Oy

where </ &,,_, denote the preorder <,r defined in the group &;, ;. Write
o, = (0,7) and 0, = (¢/,7") where 0, 0’ € &; and 7, 7" € &,,_;. Then

a(z) = (I,2as(0) — ag(oi0) + as (1))

and a(Z) = (I,2ag(0’) — ag(o0') + ag(1)).

[T . .
Buto <g7lz o’ and T < """ 7. Moreover, ;0" <g7lz o;7’. Therefore, since Lusztig’s

conjecture Py holds in the symmetric groups, we obtain (a).
If moreover a(z) = a(z’), then ag,(0) = ag,(0’) so 0 ~zr o’ by property Py
for the symmetric group. Similarly, 7 ~zr 7’ s0 0, ~zr 0.. So, by Theorem @,
!
z~er 2.0

The next proposition relates the functions « and A.

Proposition 4.3. Let z € W. Then a(z) < A(z). Moreover, a(z) = A(z) if and
only if 22 = 1.

PROOF - Let us start with two results concerning the degree of 7(T",) for z € W), :

Lemma 4.4. Let z € W,,. Then

o [0 if a. # ..
T Z Vvt T, ) ifa. =b..

Oty (2)

PrROOF OF LEMMA (1.4 - Write | = £4(2). Then, 7(T',) = 7(II}(T',)). So, by
Proposition R.1 (a) and Corollary B.§, we have 7(I',) = Vo (T, T; T, Ty ).
Therefore, V!7(I',) is equal to the coefficient of Ty in T, T, ' T,,,. Write T, 1T, =
Zzer,nqﬂzTI' Then TaZT(;LlTUZ = ZzEGz,nq BaeTa.z. Thus, if a, # b,, then

b, ;6,180 7([,) =0. If a, = b, then 7(T',) = VI3 = V‘lT(TU_llTUZ). [

Corollary 4.5. Let z € W,,. Then :

(a) deg7(T,) < —a(2).

(b) deg7(T'.) = —a(2) if and only if z is an involution.
PrOOF OF COROLLARY @ - This follows from Lemma @ and Corollary E
(recall that Lusztig’s conjectures (P;)1 < < 15 hold in the symmetric group). m

X

Let us now come back to the computation of A(z). By Corollary @, we have
T(C:) =7(I:) + Z 7y, T(Ly).

y<z
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But, if y < z, then a(z) < a(y) (see Proposition [ (a)). Therefore, by Corollary
K3 (a), we have degm, .7(I'y) < —a(2). So deg7(C.) < —a(z) and deg7(C.) =
—a(z) if and only if deg 7(T",) = —a(2) that is, if and only if z is an involution (see

Corollary [.g (b)). m

REMARK - Using Theorem @, M. Geck and L. Iancu [E] have proved that o = a.
This shows in particular that Py, Py, Ps, P11, P12 and the first assertion of Pi3
hold (see Propositions [.9 and [£.9). O

5. SPECIALIZATION

We fix now a totally ordered abelian group I'° and a weight function L° : W,, —
I'° such that L°(s) > 0 for every s € S,,. Let A° = Z[I'°] be denoted exponentially
and let H2 = H(W,,, Sp, L°). Let (T2)wew, denote the usual A°-basis of HS and
let (C2)wew, denote the Kazhdan-Lusztig basis of H.,.

Let b= L°(t) and a = L°(s1) = -+- = L°(sp—1). Let Op : T' = T°, (r,8) — ar +
bs. It is a morphism of group which induces a morphism of Z-algebras 64 : A — A°
such that 64(V) = v* and 04(v) = v®. If HS is viewed as an A-algebra through
04, then there is a unique morphism of A-algebras 6y : H, — H; such that
01 (Ty) = T for every w € W,,. The main result of this section is the following:

Proposition 5.1. Ifb > (n — 1)a, then 01 (Cy) = Cy, for every w € W,

PROOF - Assume that b > (n — 1)a. Since 04 (C,) = 04(Cy), it is sufficient to
show that 0y(Cy) € Ty, + (©y<wAZ(Ty). Since Oa(my ) € A2, for every y < w,
it is sufficient to show that 0y (I'y) € T + (®y<wAZT,;). For simplification, we
set | = f(w), a = ay, b = by, and 0 = oy. We set I, = T,C,, ToTy—1. Then
Lw =2, < Pi,l! with pf , € v 'Z[v™!] if 7 < o and p; , = 1. So it is

< aa;Tb—1>

sufficient to show that 04(T7,) € T, + (©y<wAZT,;). By Corollary R.g, we have
I, = T.PT,'T,T)

l
= ZVk_l ( Z TaTthtiz'“tik Tff_llTabil)
k=0

1< i1<in<<ip <1

l
k—1 _
= ZV ( Z Taa(il,...,ik)TakTa(il ..... ik)*ngllTab*1)5
k=0

1 <i1<in<-<i <1

where t;, ...t;, = alin,...,ik)arB(i1, ..., ik) with a(i1,..., i) € Yin—kr NS and
B(i1, ..., i) € &;. Note that a(i1,...,ik)ar = 4, ...7;, (recall that r; is defined as
in [, §4.1]) so that £(B8(i1,...,ix)) = (i1 —1)+- -+ (ix—1). Now, let y(i1,...,ix) =
O’lﬂ(il, ey Z.k)il. Then

-1
A k—1 -1
Ty =Tu+y V ( > Toain,in)Tan Ty, z-k)Tab*l)-
k=0

1< i1<in<<ip <1
IFOo<k<lI—1<n—1, we define
Yk,l—k,n—l = {0’ €6, | Vie {1,2,...,71— 1}\{k,l}, o8; > 0‘}.

Then Yk,l—k,n—l = le,n—l(yk,n—k n (‘5[) Therefore, aa(il,...,ik) S Yk,l—k,n—l-
But, Yii—kn—t = Yen-kYin—t N Skpnr). So we can write aa(ii,...,ix) =
Qi . Z-ko/(il, ceey ik) with Qi € Yk,nfk and Oé/(il, R ik) S Ylﬁnfl n 6}@7”,]6.
Then ¢(a/(i1,...,ix)) < — k)(n — 1) (indeed, Y} —; N Sk n_r may be viewed as
a set of minimal length coset representatives of &,_r/S;_kn_1). So, if we set
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Oz//(il, e ,ik> = ako/(z'l, . ,ik)ak S 6]{2,7’17}(}7 then again E(oa”(z'l, . ,’Lk)) < (l —
k)(n—1) and
-1
/o k—1 —1
Fw =Ty + ZV ( Z Tail ,,,,, ikakTa”(ihnnik)Ty(il,...,ik)TUlfl)'
k= 1 <i1<io<-<i <1

If we write T, T, 1 T,,-1 = Y ores, Muwr T With 1y, - € Z[v,v~1], then, by [IE,
Lemma 10.4 (c)], we have degny, v,» < €(u) + £(v). Moreover,

-1
Fiu =Ty + ka_l( Z Z Na' (iy ...y 5),Y(i1ses ik),TTail ..... ikakT))'
k=0

1< i1<in<-<ip <1 7€,

So it is sufficient to show that, for every k € {0,1,...,1 — 1} and every sequence
1<i1 <+ <ip <, we have

(%) (k — )b+ (6(0/'(@'1, i) + Ly (i ,z’k)))a <0.
But, £(a (i1,...,ix)) <( —k)(n —1) and
(i, yig)) = o) —L(B(in, ... k)

D 1= =)
(=1 kk=1)
2 2
- %(l—k)(lJrk—l).

<

So, in order to prove (x), it is sufficient to prove that

(%) 26-Db+(1-K)2n-)+({+Ek—-1)a<0.

But,
2k—=Db+a(l—K)2n—0)+(1+k—1)a=2(k-)(b—(n—1a)+({—k)(k+1—1)a.
Since k—1<0,b—(n—1)a>0and k+1—1<0, we get (xx). m

If x and y are two elements of W,,, we write
C;)Co = Z hxyz z)
zeW,

where h? € A°. We denote by < \L, g%, <Zzr the preorders <., < and <,/x

T,y,2
defined in ;. Similarly, we define ~%, ~% and ~%%.

Corollary 5.2. Assume that b > (n — 1)a. Let x, y and z be elements of W,, and
let 7€ {L,R,LR}. Then:

(a‘) hm Y2 914( ,y,Z)-
(b) If x < y, then z <5 y.
(¢) x ~Sy if and only if x ~2 y.

PROOF - (a) follows from Proposition f.1l (b) follows from (a). (c) follows from
(b) and from the counting argument in the proof of [f, Theorem 7.7]. m

Let 7° : H; — A° denote the canonical symmetrizing form. If z € W,,, we set
°(z) = deg hy,
a’(z) = glgx eghg 4 2

A®(z) = —deg7°(C7)

and a®(z) = Or(a(2)).
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By Corollary E (b) and by the same argument as in the proof of Proposition E,
we have, for every z, 2/ € W, such that ¢,(z) = ¢,(%') and z <% 7/,

(5.3) a’(Z) < a®(2).

Remark - Assume that b > (n — 1)a. We expect that a°(z) < a®(?) if z <zx 2’
(even if ¢:(z) # £:(2')) but we are not able to prove it. This would follow from
Lusztig’s conjectures but we are not able to prove it a priori. On the other hand, if
we could have a proof of this fact a priori, then the same argument as in [E] would
give that a® = a°. O

Proposition 5.4. Assume that b > (n — 1)a. Let z € W,,. Then:
(a) A%(2) = Or(A(2) > @°(2).
(b) A°(z) = a°(2) if and only if 2°> = 1.

PROOF - First, note that 7° o 8y = 64 o 7. Moreover, by Proposition @, we have
01(C,) = C2. Since V&) 7(C,) € Z[v,v™1], we get that A°(z) = Op(A(2)). The
other assertions follow easily. ®

We conclude this section by showing that the bound given by Proposition @ is
optimal.

Proposition 5.5. If b <(n — 1)a, there exists w € W, such that 01(Cy) # C,.

PROOF - Assume that b <(n — 1)a. To prove the proposition, it is sufficient to
show that there exists w € W, such that 0y(Cy) & Ty ©y<w AZ(T,. Using
Corollary @, we see that it is sufficient to show that there exists w € W, such
that 0y(L'w) & Ty Sy<w AZT,;. This follows from the next lemma:

Lemma 5.6. Let w = $,,—1...5251t0,. Then 0y (T'y) & Ty Sy<w
AST?°
<0*y-
PROOF - We have, by Proposition E,
Fw = sn,l,..SQSltCo’n + V_lTsn,l..,SQSlcan-

But, Ts, .55, Co, =" 1C,, (see [, Theorem 6.6 (b)]). There-
fore, since 04,(Cy) = C2 for every o € &,,, we have

QH(Fw) _ ( Z ,U(Z(T)—Z(an))aTSOTH1m5251t7) + v—b-i—(n—l)acgn.
TEG,

(Recall that Cy,, =Y o, v 74T, by [[], Corollary 12.2].)

So the coefficient of f3,(T,,) on T, is equal to v~>+("=1a which
does not belong to AZ,. m
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