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1. INTRODUCTION

The notion of surface tension, or interfacial free energy per unit area, plays a key
role in many studies concerning the surface phenomena and the phase coexistence.

When we consider a solid or a fluid, which is a mixture of two chemical species
1 and 2, in equilibrium with its vapor, one of the problems, experimentally as well
as theoretically, is to determine how the corresponding surface tension depends on
the composition of the mixture.

Some relationship is expected which would give this surface tension, here denoted
T(1,2)j0, @s an interpolation between the two surface tensions, 7yp and 7y, of each
of the species when they are chemically pure.

Using thermodynamical considerations several equations have been derived in
the literature, according to different assumptions.

Thus, for ideal or nearly ideal solutions, a fairly simple treatment, due to Guggen-
heim [1], leads to the following equation

6—6a27(172)|0 — cle—5a27'1|0 + 026_6a72|0 (11)

where ¢; is the fixed molar fraction of species 1 in the (1,2) mixture, ¢ = 1 — ¢4,
the fixed molar fraction of species 2, a? is the mean surface area per molecule, and
f = 1/kT is the inverse temperature.

A very simple relationship for the so called regular solutions comes from Prigogine
and Defay [2]|, who proposed the equation

T(172)|0 = ClT1|0 + CQT2|0 — [(Clcz (12)
with A a semiempirical constant.

A simple treatment due to Eberhart [3] assumes that the surface tension of a
binary solution is linear in the surface composition, that is

7(172)|0 = CiT”O —|— C;7'2|0 (13)

where the ¢, 1 = 1,2, denote the mole fraction near the surface of phase separation,
and that the ratio ¢ /¢y is proportional to the ratio ¢5/cs.

Finally, when the surface tensions 7| and 75| differ appreciably, a semiempirical
equation attributed to Szyszkowsky ([4], [5]) gives:

—1-Bh <1+CZ2> (1.4)

T(1.2)l0
T1lo
where two characteristic constants A and B of the compounds have been used, and

¢y 1s the concentration of the species with the smaller surface tension.

We refer the reader to Adamson’s book [6] (Chapter II1, Section 4), and references
therein, for a detailed discussion of the above equations. On the other hand, an
extensive development for various types of non ideal solutions that has been made
by Defay, Prigogine and co-workers, can be found in the monography [7].
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More recently, an interface model with a two-valued random interaction was
introduced by two of the present authors in ref. [8] to describe the phase boundary
from a microscopic point of view. The surface tension for that model could be
computed according to a quenched or annealed disorder and one obtains

quenched
Ta2)0 = €170 T C2T20

annealed

6_67—(172”0 — 016—57'1,0 T 026—57'2,0

in agreement with the above equations (1.1) or (1.3).

The aim of the present paper is two discuss the problem within a lattice bulk
statistical mechanical model describing the binary mixture in equilibrium with its
vapor. Previous studies of various models of binary lattice gases can be found in

Refs. [9, 10].

Here, we consider a lattice gas system with two kinds of particles, where each
lattice site can be in one of the three states, 0,1,2, interpreted, respectively, as an
empty site, a site occupied by a particle of the first kind of the model, and a site
occupied by a particle of the second kind. Whenever the particles 2 are not allowed
the system reduces to the usual Ising model, in its lattice gas version, with coupling
constant .J;/2. We consider the system in the phase coexistence region and denote
by 7ijo the corresponding surface tension between the dense and the dilute phases.
Analogously, when particles 1 are not allowed, it reduces to the Ising model with
coupling constant J;/2 and we let 759 be the corresponding surface tension.

We can also study our three state model in the phase coexistence region (with
the help of Pirogov Sinai theory) and then interpret the dense phase as the binary
mixture, the dilute phase as the corresponding vapor, and 7 20 as the surface
tension between these two phases. On the other hand the concentration of particles
1 and 2 in the dense phase can be fixed to take any given values.

As a main result of this paper we prove that, at low temperatures, the following
equation holds, for the surface tension of our model,

6—5(7'(1,2)|0—}-) — c’l‘e—ﬁ(ﬁm—fl) + 0’2‘6—5(7'2|0—}-2) (15)

Here F;, (1 = 1,2) is the specific free energy of the gas of “jumps” describing the
Gallavotti’s line of phase separation for the Ising model in two dimensions [11], and
that of the gas of the “walls” describing the Dobrushin’s microscopic interface [12]
in three dimensions. This means that 7)o — F; = J; and 70 — F; = J; are the
respective energy costs per unit length or unit area of the 1|0 and the 2|0 interfaces.
The quantity F is the specific free energy (which can be expressed as a convergent
series at low temperatures) of a gas of some geometrical objects called aggregates.
In dimension d = 2, those aggregates are the natural generalizations to our model
of the jumps of Gallavotti’s line and the leading term of the series giving this free
energy JF is

2 cre™ N 4 cpe 20

_ﬁ cie PN 4 cge=h
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In dimension d = 3, they are the natural generalizations of the walls of the Do-
brushin’s interface and then the leading term of the series is

16*6—56J1 _I_ c* —55J2 1 ( —26J1 _I_ c* —2/8J2)
6 cle_ﬁjl -+ 026—6J2 - B ( cre —BJ1 + 026—6J2)4
The coeflicients ¢} and ¢ are related to the concentrations ¢; and ¢; of the particles

1 and the particles 2 through equation (5.7) below. This equation gives at low
temperatures:

d . d—
cf=¢ll— (cle_ml + CQe_B‘I?)z — 2dege P (cle_ﬁ‘]l + 626_6J2>2 !

— 2d + V)ei(ere™? 4 e P2)* 4 O (e irDEmin{ LYY | (] 6)

for:=1,2.

The paper is organized as follows. The model is defined in Section 2 which also
provides the analysis of the ground states of the system. Section 3 is devoted to the
study of the Gibbs states of the system at low temperatures and of the coexistence
between the mixture and the vapor. Section 4 contains the definitions of the surface
tensions and an expansion of the surface tension between the mixture and the
vapor in terms of interfaces. Section 5 contains the presentation of the relationship
between surface tensions. The proofs are given in the two remaining sections.

2. THE MODEL

We consider a cubic lattice Z%, of dimension d = 2,3, and to each site Z9 we
associate a variable s, which taking values in the set = {0, 1,2} specifies one of
the possible three states of the system at each lattice site. We say that the site x
is empty if s, = 0 and that is occupied by a particle of kind 1 or of kind 2 if s, = 1
or 2. The following Hamiltonian

ZZZEWS 52, 0)0(54, ) (2.1)

7yOzOBO

where (2, y) denote nearest neighbor pairs, d is the usual Kronecker symbol, §(s, s') =
Lif s = ¢’ and §(s,s’) = 0 otherwise, and F,3 = Fjz, are the coupling constants,
is of the form of the Blume-Emery-Griffiths model [13] which describes a general
three state lattice system for the case of nearest neighbour interactions. We shall
assume here that

281 = Fyy + Ey (2.2)

in order to ensure that particles of kinds 1 and 2 could be mixed arbitrarily without
any cost of energy. When these identities are not satisfied two new thermodynamic
phases, either rich in particles of kind 1 or in particles of kind 2, may appear as
equilibrium states of the system.
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With the assumption of hypothesis (2.2) the general Hamiltonian (2.1) can be
reduced to the form

H=>" { J1(8(52, 1)8(5y,0) + 8(5,,0)3(s,, 1))
(@)

+J2(8(82,2)6(54,0) + (85, 0)5(sy,2)) (2.3)

that is, the case in which the coupling constants satisfy Fig = Foy = —Jq, Fy =
FEo; = —J; and E,3 = 0 otherwise. Furthermore, we assume that J; and J; are
positive constants.

In order to see this fact we consider, as it is often convenient, the reformulation
of the three state lattice system in the language of a magnetic system of spin one.
To do so, we define the spin variable o, at the x site via

§(5,,0) =1—o?
8(8z,1) = 0x(0, +1)/2 (2.4)
0(84,2) = 0x(0, —1)/2

so that o, = 0,1, —1 corresponds to the presence at site = of the state 0,1 or 2,
respectively. In terms of the spins, the general Hamiltonian (2.1) takes the form

H = Z J(ox —0y)? = Kolol — Clo.0) + 0loy)
(#.9)

— Z(A% + Bo?) (2.5)

The pair interactions of the system are given by
Ey + By — 281, =87
E11 —|— EOO — 2E01 — 2j —|— IC —|— 26 (26)
FEy + Eog —2Ep; =29 + K = 2C

The last two terms can be treated as chemical potentials, with

./4 == d(EOl — Eoz) and B == d(EOl + E02 — 2E00 — QJ)

We see that our hypothesis (2.2) implies
J=0 (2.7)

On the other hand, taking into account that
26(0,,1)8(0,,0) = o,(0, + 1)(1 —02) = 02 + 0, — 0,02 — 0’0

y
26(0y, —1)8(0,,0) = o,(0, — 1)(1 — 02) = 0> — 0, + 0'950'5 —0

Y

we obtain Hamiltonian (2.3), plus chemical potential terms, with

2J1 = K 420, 2J,=K —2C (2.8)
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We notice that condition (2.7) excludes the models discussed in the above men-
tioned refs. [9] [10]. In ref. [10], Lebowitz and Gallavotti have considered the cases
2J = =K > 0, C = 0, also studied by Wheeler and Widom [9], and J > 0,
K = C = 0, usually known as the Blume-Capel model. They prove then the ap-
pearance at low temperatures of two phases, respectively reach in particles of kind
1 or of kind 2. When the two phases coexist one has, as a consequence of the
condition C = 0, the equality between the two surface tensions 7o and 730. These
models, therefore, would not be appropriate for the present study. The case C # 0
(and J > 0) will be briefly commented in Section 5.

Let us now return to the discussion of Hamiltonian (2.3). Fixed densities of the
three species are introduced through the canonical Gibbs ensemble of configurations
sa = {ss},e4 In a finite box A C Z%, such that

D 8(s0,0)=No, > 8(s,,1) =Ny and > 8(s,2) =N, (2.9)
TEA rEA TEA
Here Ny, Ny and N, are nonnegative integers satisfying No+ N1+ Ny = |A] where |A]
denotes the number of sites of A. The associated partition functions with boundary
condition bc are given by

Zbc(A; Nl,NQ) = Z G_BHA(SA)(S (Z 5(81’7 1),N1> (S (Z 5(51’72)7NZ> XbC(SA)

spEQA zEA zEA
(2.10)

where H(sy) is the Hamiltonian (2.3) with the sum over nearest neighbours pair
d(z,y) C A and x*°(sa) is a characteristic function standing for the boundary con-
dition be. We shall be interested in particular to the following boundary conditions:

e the empty boundary condition: x*™P(sy) = [],coa 0(sz,0)
e the mixture boundary condition: x™*(sy) = [[,cs2(1 — 6(s4,0))
e the free boundary condition: x™(s;) = 1

Hereafter, the boundary dA of the box A is the set of sites of A that have a nearest
neighbour in A¢ = Z?\ A.

We define the free energy per site corresponding to the above ensemble as a
function of the densities p; and py of the particles 1 and 2:

) 1
Fpr,p2) = lim, “ga " Zoe(As [pr [ Al], [p2l Al]) (2.11)
where [ -] denotes the integer part and the thermodynamic limit A 1 Z? is taken in

the van Hoove sense [14].

We introduce also a grand canonical Gibbs ensemble, which is conjugate to the
previous ensemble, and whose partition function, in the box A is given by

Spe(A; pur, prg) = Z e~ PHAA ) Xoen Slss )12 Yoen 3(ss,2) (2.12)
SAEQA
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where the real numbers py and py replace as thermodynamic parameters the den-
sities p; and py. We define the corresponding specific free energy, the pressure, as
the limit

Py, piz) = ingld |A| In Zpe(As i, pia) (2.13)

The equivalence of the two above ensembles is expressed in the following
Theorem 1. Limits (2.11) and (2.13), which define the above free energies, ex-

ist. They are convex functions of their parameters and are related by the Legendre
transformations

ppr, p2) = sup[pp1 + p2p2 — Bf(p1, p2)] (2.14)
P1,P2

Bf(p1sp2) = suppipr + prap2 — plp, p12)] (2.15)
K112

Proof. We consider two parallelepipedic boxes A" and A” of both the same size and
paste them to form a parallelepipedic box A = A’/UA” in such a way that A'NA” = ()
and each site of some side of A’ is a nearest neighbour of a site of a side of A”. It
is easy to see that the following sub-additivity property holds:

Zemp(A; Ny + Ny, Ny + N) 2 Zemp(A'; Ny, N3) Zemp(A"5 Ny, N3)

The same property is shared by the partition function with mixt boundary condi-
tions. Then the statements of the theorem follow from standard arguments in the
theory of the thermodynamic limit [14]. O

We next introduce the finite volume Gibbs measures (a specification) associated
with the second ensemble:

e—BHA(SA)XbC(SA)

[prc _
x(sa) Epe( A i, pi2)

(2.16)

where
]:[A(SA) HA SA — —Z(S l,, Z(S Sl,, (217)
zEA zEA
They determine by the Dobrushin—Landford—Ruelle equations the set of Gibbs
states Ggs( N) on Z< corresponding to the Hamiltonian H at inverse temperature 3

(see e.g. [15]). If a Gibbs state P € Gs(H) happens to equal the limit limyza P5(-),
we shall call it the Gibbs state with boundary condition be.

In the zero temperature limit the Gibbs state with empty boundary condition is
concentrated on the configuration with empty sites:

lim Py (emp,) =1 (2.18)
B—o0
where emp, is the configuration where all the sites of A are empty, and this limit

vanishes for any other configuration. Gibbs states at 3 = oo will be called ground
states.
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Let
Ryt ={se Vo e A s, #0} (2.19)

be the restricted ensemble of configurations in A with non empty sites, and RF™(¢),
0 < ¢ < 1 the subset of configurations of R} with exactly [¢|A]] = N sites occupied
by a particle of the specie 1 (and |A|—[c|A|] sites occupied by a particle of the specie

2). The number of configurations R3™*(¢) equals the binomial coefficient ('ﬁ').

With the mixture boundary conditions one has

emlelAl (1= AT

lim PYit(s,) =

mixt
Jim (o T o)l for each sy € R{™(¢) (2.20)

and

‘ . (M) e ra(IA=N)
éll_g)loPA (RA (C)): (6M1_|_6M2)|A| (221)

while this limit vanishes for those s, ¢ Rt (the denominator in (2.20) and (2.21)

is the sum szo of the numerator of the R.H.S. of (2.21)). Notice that all config-

urations sy, € RPXY(c) have the same probability. Moreover, by Stirling’s approxi-
c —c] 1Al :

(%) <1ic>1 } , and the maximum of

mation one has for large |A| that <[|A| )~

c|Al]
e'e/(e! 4 e2) is reached for

et

e=—°% (2.22)

eM1 —|_ eH2

The principle of maximal term gives that, for such values, (2.21) tends to 1 in
the thermodynamic limit. This means that the ground state with mixt boundary
conditions is concentrated on the restricted ensemble Rmixt(¢) of configurations of
non empty sites with concentration ¢ of particles 1 and concentration 1 — ¢ of
particles 2.

With free boundary conditions, one has

1
: fr _
dim By (empy) = T o o (223)
A 1 2[(1—c
<[C| A||]>€M [Al gpzl(1=c)[A]]

lim P (R (¢)) = (2.24)
B—oo

1+ (em 4 er2)Al

Thus, with the above considerations, we get that for e*1 +e#2 = 1, the configuration
with empty sites coexists with the restricted ensemble Rmixt(¢). The diagram of
ground states is shown in Figure 1.
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[z £

Rmixt (C)

empty

configuration

Figure 1: The diagram of ground states.

In the next section, we extend this analysis to low temperatures.

3. COEXISTENCE BETWEEN THE MIXTURE AND THE VAPOR

To extend the analysis of the previous section to the Gibbs states at low tempera-
tures, we will express the partition functions (2.12) with empty and mixt boundary
condition in term of contour models.

Let us first introduce the notions of contours by the following definitions.

Consider a configuration sy with empty sites on the boundary 9A (s, = 0 for
all € OA). We define the boundary B(s,) as the set of pairs {s;, s, } such that
sy # 0 and s, = 0. To a nearest neighbour pair (z,y) let us associate

a): in dimension 2, the unit bond (dual bond) b,, that intersects the bond zy
in its middle and orthogonal to xy.

b): in dimension 3, the unit square (dual plaquette) p,, that intersects the
bond zy in its middle and orthogonal to xy.

Two pairs {s,, s, } and {s,, s;} of B(sa) are said adjacent if one of the two conditions

is Tulfilled

i): the dual bonds b,, and b.; (respectively the plaquettes p,, and p.;) are
connected.

i): 2=z, 8, =35, #0, s, = s =0, and the bond xy with endpoints = and y
is parallel to the bond with endpoints z and ¢.
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A subset B of B(s,) is called connected if the graph that joins all adjacent pairs
of B is connected. It is called contour of the configuration s, if it is a maximal
connected component of B(sy).

The boundary and the contours of a configuration s, with occupied sites on the
boundary of A are defined in the same way.

A set I' of pairs {s,, s,} such that s, # 0 and s, = 0 is called contour if there
exists a configuration sy such that I' is a contour of sy. We use S,(I') to denote
the set of sites for which s, = a. The set supp I' = So(I') U S1(I') U S3(T') is called
support of the contour I'. We will also use S(I') = S1(I') U Sy(I') to denote the set
of occupied sites of the contour, Ly (I') (respectively Ly(I')) to denote the number of
nearest neighbour pairs (x,y) such that such that s, = 1 and s, = 0 (respectively

sp =2 and s, = 0) and L(I') = Li(I') + Lo(I).

o O O 0O O O o o o o o o
o oo O O O O O o o o o ©
S O|lM N RN RN O
S QOfm= = N N0 O OO O
S O(N N - =IO O OO O
S QOfm= = N N0 O OO O
O Ol N R =0 O Ol ©
S QO = NN NN N[O O
o oo O O O O O o o o o ©
S Ol = N =[O0 ©o o o o ©
S Ol N~ NI © © o o ©
S Ol NN OO O S O
S O N = N[O O O O O O
O O 0O 0O O O o o o o o o
o O O 0O O O o o o o o o

Figure 2: A configuration with two contours: the two rectangles on the left belong to the same
contour due to the condition ii) of adjacency.

Consider the configuration s, having I' as unique contour. The difference A\ S(T')
splits in components (set of sites for which the graph that joins all nearest neighbour
pairs is connected) with either all occupied sites or all empty sites. The component
that contains JA, denoted Extp I' is called exterior of the contour. When s, has
empty sites (respectively occupied sites) on its boundary, I' is called emp—contour
(respectively mixt-contour). The interior of the contour is the set Int I' = A\
(S(I') U Extpa I'). It is the union of the components of Intem, I' with empty sites
with the components of Inty,;,; ' with occupied sites. Finally V(I') = S(I') UInt I.
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Two contours I'y and 'y are said compatible their union is not connected. They
are mutually compatible external contours if furthermore V(I'y) C Exta I'; and

V(I'y) C Exty Iy

With these definitions one gets the following expansions of the grand canonical
partition functions

Eemp(As i1 pia) = Y Hw i) Zemp(Intemp I'; f11, 2 ) it (Infmixe Ti5 11, p12)
{1 lnteyy =1
(3.1)
Smis Ay pz) =Y (e eI
Trseeslntexy

X H w Hemp Intemp Fz; M1, /’LQ)‘—‘mIXt(IntmIXt Fz; M1, MQ) (32)

where the first sum is over families of mutually external emp-contours, the second
sum is over families of mutually external mixt—contours, and

w(r) — e—BJlLl(F)—BJsz(F)-I-M|51(F)|+M2|52(F)| (33)
We put

Gemp = 07 Gmixt = ln(eﬂl + €M2)7 Jmax = maX{gemmgmixt} (34)

We divide in (3.1) each Zpixt by Zemp and multiply it back again in the form
(3.1). Continuing this process, and doing an equivalent procedure with (3.2), these
relations lead to the following expansion for the partition functions with boundary
condition ¢ = emp or ¢ = mixt .

Z (A, o) = MY qu (3.5)

where the sum is now over families of compatible g—contours and the activities z,(I')
of contours are given by

2o = w(T)e-selsOnEnntm s, 12) (3.6)
Zq(Inty I's pi1, pi2)
where m # q.
The (generalized) Peierls estimates
u)(F)e—gnmls(F)l < PO (3.7)

where J = min{.Ji, J»}, allow us to have a good control of the behavior of our
system at low enough temperatures using Pirogov-Sinai theory [16]. Choosing the
Zahradnik’s formulation of that theory [17], we introduce to state our results, the
following
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Definition 1. For g = emp and g = mixlt we define the truncated activity
2,(I i z,(I) < e=olD)
z(T) = {e_qa(L()r) / (1) <

g otherwise
where « is some positive parameter to be chosen later (see Theorem 2)
Definition 2. The g—contour I' is called stable if
2y(I) < em@MD) (3.8)
ie. if zy(I') = z(I').

We define the truncated partition function Z}(A) as the partition function ob-
tained from (3.5) by leaving out unstable contours, namely

= (A paypz) = My T A () (3.9)
=1

Here the sum goes over compatible families of stable g—contours. Let

) 1
pq(/“blv/l?) = lim —

In =/ (A; 3.10
A1Zd |A| n q( 7/“‘17/“62) ( )

be the meta-stable pressure associated with the truncated partition function
=0 (A s pa2).

For « large enough the thermodynamic limit (3.10) can be controlled by a con-
vergent cluster expansion.

Namely, to exponentiate the truncated partition function, we introduce multi-
indexes X as functions from the set of contours into the set of non negative in-
tegers (see [18],[19]). We let supp X = Ur.x(ry>1supp I' and define the truncated
functional

d,(X) = % 1;[ (XD (3.11)

where the factor a(X) is a combinatoric factor defined in terms of the connectivity
properties of the graph G(X) with vertices corresponding to I' with X (I') > 1
(there are X (I') vertices for each such I') that are connected by an edge whenever the
corresponding contours are incompatible). Namely, a(X) = 0 and hence ¢,(X) =0
unless GG(X) is a connected graph in which case X is called a cluster and

a(X)= Y  (-HH (3.12)
GCG(X)

Here the sum goes over connected subgraphs G whose vertices coincide with the
vertices of G/(X) and |e(()] is the number of edges of the graph G. If the cluster

X contains only one contour, then a(X) = 1.

Note that the number of contours I' with |S(I')| = s, L(I') = n, whose support
contains a given site can be bounded by 2°1% where vy = 4 and v3 = 142,
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As a result of standard cluster expansion we get that for ke™ < 1 where kK =

QWakea and kg = @eﬁ is the cluster constant [20]:
mE (A, pe) = g+ ) @y(X) (3.13)
X:suppX CA
o, (X
ARSI S 1S ST N RS
X:suppX 3z |Supp |
where
|supp X N A|
Ad,)=— — ¢ (X 3.15
safe)=- Y XAy (3.15

X :suppX NAc£D

In addition (see Section 6):

ST 10,(X) < re (3.16)

X:suppX 3z
o(A | ®,)] < re|0A (3.17)
giving

q)q( )
= E L 3.18
pq(/“blv/“LQ) Y9q + |SUPp X| ( )
X:supp X3z

The following theorem shows that the low temperature phase diagram of the
model is a small perturbation of the diagram of ground states (see Figure 3).

Theorem 2. Assume 3 is large enough so that ¢ P/1° = ¢7@ < m, then there

exists a coexistence line ln(e“f + e“;) = O(e‘zdﬁ‘]) on which all mizt—contours and
all emp—contours are stable and such that:

Zo(As ity 13) = Z4(As i, 13) (3.19)
for both boundary conditions ¢ = mixt and ¢ = emp, and the pressure is given by

P(HTs 145) = Pmixt (1415 143) = Pemp (175 113) (3.20)
For any t >0

p(/“q —I_ tv/“L; —I_ t) = pmixt(/“L’IK —I_ tv/“L; —I_ t) > pemp(/“bylK —I_ tv/“L; —I_ t)
and
Eemp(As g7 — by — 1) = Z (Al =t ps — 1), (3.22)
p(py — oy — 1) = Pemp(pt] — Lyt — 1) > Pmixe(pt — L, pt5 — 1)

The proof is postponed to Section 6.
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[tz £

mixture

vapor

Figure 3: Phase diagram at low temperature.

Whenever a cluster X contains only one contour I' (X (I') = 1 and X (I") = 0 for
[ # T') one has ®,(X) = z,(I'). From this property we get that the metastable
pressures read:

(em—ﬁjl _|_€M2—5J2)2d
(em + eu2)2d+1

P 12) = M= a8 1 ((c~ae05Y) (3.21)

Pmixt(ft1, fr2) = In(e" 4 ¢2) + + O (e (BHHDETY (3.23)

Equalizing (3.23) with (3.24) gives the first term of the equation for the coexistence
line stated in Theorem 2.

Let us introduce the infinite volume expectation (- )P¢(uy, 12) associated to the

Gibbs measure (2.16):

(i) = lim 3 - PRe(s) (3.25)

As a consequence of the cluster expansion we have for any ¢ > 0:

(6500 1) 4 850, 2))™ (1 + 1,415 + 1) = (1= 8(s4,0))™ (7 + ¢, 165 + 1)

> 1—0(e*%) (3.26)
(B(50:1) F (50, 2))™ (1 — £ — 1) = (1= 8(50,0))™ (4 — 1,5 — 1)

< O(e™?7) (3.27)

This shows that the model exhibits at low temperature a first order phase transition
at the coexistence line where the pressure is discontinuous.
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L apmlxt M17M2
‘Let, ¢ = 5
mixture regime, on the coexistence line, and let

d; = ai Z M
i s, [5upp X
‘(eﬂ«iﬂ—ﬁjl + eu5—6J2)2d—1
(eui‘ + eué‘)?d-l-l
eHi=BI 4 eu;—BJQ)Zd

(eui‘ + els )2d+2

lii=pto=pz> © = 1, 2 be the density of the particle 7 in the

H1=T 2 =p]

= 2de" P

—(2d + 1)eu2‘( + O<€—(2d+1)ﬁj>

for : = 1, 2. One has

._i o e T —2dBJ
¢ = ———+d; = ——=(1+ (" +e")d;) = ———=(1+0 (")) (3.28)

et1 4 etz et1 4 etz
4. SURFACE TENSIONS
To introduce the surface tension between the mixture and the vapor, we consider
the parallelepipedic box:
V=Viu= {(xl,..,xd) €eZ: e <Lyi=1,..,d—1;—M <z, <M — 1}

Let 0.V (respectively d_V') be the set of sites of dV with x4 > 0 (respectively
zq < 0). We introduce the boundary condition

mixt,emp(SV) — H (1 _5 51’7 H (S Sgg7

z€I_V z€ILV

X

This boundary condition enforces the existence of an interface (see below for its
precise definition) between the mixture and the vapor. The interfacial tension
between the mixture and the vapor is defined by the limit

(V)

Tmixt .emp — h_g)lo ]\}l—rfloo W (41)
where
1 Emix em ) *7 .
F(V) —— t, P(V Hq MZ) (4‘2)

B G Vit 13) Zeampl V117 15)) 172
This definition is justified by noticing that in this expression the volume terms
proportional to the free energy of the coexisting phases, as well as the terms corre-
sponding to the boundary effects, cancel and only the term that takes into account
the free energy of the interface is left.

To give a precise description of interfaces, we let L, denotes the semi infinite
lattice with x4 > 0 and let L_ = Z¢\ Ly denotes its complement. Consider then a
configuration s € QZd, with empty sites on d;V and on Ly \ V' and with occupied
sites on a 0_V and on L_ \ V. The boundary B(s) (set of pairs {s;, s,} such that
sy # 0 and s, = 0) of such configuration necessarily contains an infinite component
I, whose support outside the box V is the set of n.n. pairs between Ly and L_.
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We call interface [ the part of I, whose support lies inside the box V: [\ I, is
called extension of 1. As it was done for contours, we use S, (/) to denote the set of
sites for which s, = a. The set supp [ = So(I) U S1(1) U Sz(1) is called support of
the interface I. We will also use S(I) = S1(1)U Sy([) to denote the set of occupied
sites of the interface, Li([) (respectively Ly([)) to denote the number of nearest
neighbour pairs (x,y) such that such that s, = 1 and s, = 0 (respectively s, = 2
and s, = 0) and L([) = Li(I) 4+ L2(1).

0 0 00 00000000 0 0
000 00000 0:1 2:00 0 0
0 00000001 2 1:00 0
0of2 1 11 2o 000000 0
0 0 0|]1 2 2/0 0 0000O0 0
00 o0f1 2 2of1 212 1]o o
1 2 12 2 1|ol2 2 2 2 1 2 1
2 2 1 1 2 1]ol2 2 2 1 1 1 1
2 1 1 2 1 1 1 1:0 0:2 2 1 2
1 2:0:1 1 2 1 20 0'2 1 1 1
501 1 1 1 2 2 1 2 2 2 2 92 1
2 1 2 2 2 1 2 1 2 1 11 2 2

Figure 4: Interface of a configuration with the mixt, emp boundary condition.

The set V' \ S(I) splits into a part D below the interface and a part U above
the interface: if one consider the configuration whose boundary contains only the
interface I, D is the subset of V' \ S([) with occupied sites and U is the subset of
V\ S(I) with empty sites.

Then, the partition function, with mixed boundary conditions, can be expanded
over interfaces as follows

Emixtemp(Vi 05, 03) = > (D) Zmixe D; 17, 13) Eemp (U5 17, 13) (4.3)

I:supp ICV
where
w(l) = e~ BN I ()= La (D) +ut St (1) +u5]52(1)] (4.4)
Therefore,
Emix D; *7 *Eem U; *7 >
LI S o(D; 17, 13) Eemp (U 175 445) (4.5)

I'supp ICV (Emixt(v§ o M;)Eemp(v; 1, M;))l/z
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Since Z,(A; pi, p3) = Z5(A; pi, p3) for both empty and mixt boundary conditions,
we get by (3.14 ) and (3.18)

Ep(As p1s p13) = exp{py[A[ + o (A | @)}
Applying this formula to the various partition functions of (4.5), and taking into
account equations (3.20), we get:
e~ BF(V) — Z w([)e—p(MTMé‘)IS(I)|+U(D|q>mixr)+0(Ulq>emp)—%U(Vl@mixr)—%U(Vl@emp)
I:supp ICV

(4.6)
Let Vi = (Z*\ V)N Ly and Ve = (Z%\ V) N L_. We then apply the formula
(3.15) to the four last terms of the exponent of the RHS of (4.6) and rewrite the
different contributions according to appropriated and natural decompositions of the
sets over which the sums take place and collecting analogous terms. Before applying
this formula it is convenient first to sum over the clusters with same support. Thus
we let

&)mixt(c) = Z P int (X))

X:supp X=C
Penp(C) = > Denp(X)
X:supp X=C
We then get
o—BF(V) _ ~Kv Z w( e PHHmISDI AN By (1) (4.7)
I:supp ICV
where

o ) cnv| 1 . cnv
[XV = 5 Z (I)mixt(c) + 5 Z (I)emp(C) (48)

C| C|
C:CNVEAD C:CNVED
CNVE#D CNVE#D
& . |CnD]| _ & |CnU|
A([) — H e q)mlxt(c) 1T H e Q>emp(0) = (49)
C:CNS(I)#0 C:CNS(I)#0
and
. [¢nD] . [Cn(VAD)]
XU G | G
C:CNS(I)#0 C:CNVELD
CNVEZD
4 |CnU| 4 |Cn(VA\U)|
H o Zemp(O) 551 H e 2emp ()1 (4.10)
cC:CnNS(I)#0 . c
Cr?\/_é;é)m# C.COV_I_;é@

In these formula, it is understood that the arguments C' of &)mixt and Ci)emp are
respectively supports of clusters of mixt-contours and clusters of emp-contours.
These functionals satisfy the bound:

()] < L(C)(re™)HM) (4.11)
where L(C') is the number of n.n. pairs of C' (see Section 6).
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This property allows us to prove that the limit of F(V)when M — oo exists, and
that, if we denote by V' the infinite cylinder limps_,o, V7 ar, then one gets actually

= F(V) with F(V) defined as in (4.7)—(4.10).
The surface tension then reads
_ F(V)
Tmixt,emp — [}1_3;10 W (412)

Clearly the term K3/3(2L + 1)%7! tends to 0 in the limit L — oo. Let us
introduce the modified free energy

B (V) _ Z w(I)e PS4 (1) (4.13)

I:supp ICV

As a consequence of the analysis of Section 7 we shall see that the free energy
F'(V) differs from F(V) only by a term proportional to L2, thus showing that

the surface tension is also given by (4.12) with F'(V') replaced by F'(V). To simplify
notations, we shall only consider this last free energy.

In the Solid-On-Solid (SOS) approximation, that we will also consider, the surface
tension reads

FSOS(V)
SOS 1
Tmixt,emp - Lh—>r£lo (2L + 1)d—1 (414)

where
g 1 * *
FSOS(V) Ep— Z w([)(eM + €M2)_|S(I)|
I8O8:supp ICV
where the SOS interfaces belonging to I5°® have no overhangs. This means that
the set of dual bonds (in 2-dimensions) or dual plaquettes (in 3-dimensions) of

such interface corresponds to the graph of a function. This approximation may be
obtained by adding to the Hamiltonian (2.3) the anisotropic interaction

S 550, 0)(1 = 8(5,,0)) + (1= 6(5,,0))8(s,,0)]
{=,y)

vert

where the sum Z is over vertical bonds, and then taking, with an appropriated

normalization, the limit J' — oo. The coexistence line in that approximation
coincides with the ground states coexistence line, e" 4 €2 = 1, so that:

M = N (D) (4.15)

ISOS:supp ICV

Let us now define the surface tensions between each species of the mixture and
the vapor. As mentioned in the introduction, whenever either the particles 1 or the
particles 2 are not allowed the system reduces to the usual Ising model in its lattice
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gas version. Thus, we introduce the configurations ny € {0, 1}V of the lattice gas
and the following partition functions

Q.(V) = Z exp ¢ B, Z [ne(1 —ny) + (1 — ng)ny] H Ny

ny €{0,1}" (zy)CV zedV
Qao(V) = Z exp R BJ, Z [n:(1 —ny) + (1 — ng)ny]

nye{0,1}Y (zy)CV
X H (1 —ny) H Ny

z€d_V 1’68+V
for a =1 and o = 2.

The interfacial tension between the species a = 1,2, and the vapor is the limit
([18, 21])
N Fo(V)
0 = L L+

where

BV = — L1y Qo)

B QalV)
It is well known that the ratio Q,o(V)/Q.(V) can be expressed as a sum over
interfaces which in this case are connected set of bonds or plaquettes of the dual
lattice [11, 12]|. Extracting the energy of the flat interface, the system can be written
as a gas of excitations leading to

E, (V)= J,2L + 1) 4 FX(V)

In two dimensions, F* is the free energy of the gas of jumps of the Gallavotti’s
line [11]. In three dimensions, F<* is the free energy of the gas of walls of the
Dobrushin’s interface [12]. In both cases these free energies can be analyzed by
cluster expansion techniques at low temperatures. Namely, the specific free energies
Fo = limp oo F&Y(V)/(2L + 1)471 exist and are given by convergent expansions in
term of the activities e™#/2, giving

Brao = BJo+ BF. (4.16)
In addition
—BF, =2 £ O(e7) for d=2 (4.17)
—BF, = 2e72 4 O(e=%2) for d =3 (4.18)

We refer the reader also to [22], [23], [24] and references therein for the study
of these expansions. Furthermore, in two dimensions the surface tension defined
above is known to coincide with the one computed by Onsager [18]. We thus have
an exact expression for 7,0, and for F,:

BFs = Intanh(5.J,/2) (4.19)
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for 3.J, larger than the critical value In(1 + \/5)

Similar results hold in the corresponding SOS approximation (see [25] for the

three 3-dimensional case). We will use 7593 ~and F2°° the surface tensions and

a,emp
free energies in this approximation. In two dimensions F>°% is also exactly known

26| and also given by (4.19), but for all temperatures:
[26] g y : p

BFEOS = Intanh(BJ,/2) (4.20)
for g > 0.

5. MAIN RESULTS

In this section we will give a relationship between the surface tensions introduced
in the previous section.

The leading term of the free energy F'(V') corresponds to flat interfaces without
any decoration. They are those interfaces, for which the set of n.n. x,y such that
x is empty and y is occupied crosses the plane x4 = —1/2, and such that A(/) = 1.
Let Zg.; be the set of flat interfaces and N = (2L + 1)%~!. We have

e BFna(V) = Z w([)e—p(ui“v“é‘)ls(f)l

I:supp ICV
IT€lqay

N /N

-y ( >e(MT—BJl)ne(MT—BJz)(N—n)e—p(u?u;)N
n

n=0
_ (x, —BN —BJ2\N
= (cje + e )

where
*_ * * *_ * *

¢ = eriTPE) o = (el (5.1)

We will show in Section 7 that the difference F'(V) — Fqat(V) can be expressed
as a free energy of a gas of excitations called aggregates. It will then turns out that
the limit o o

F = lim FV) = Fraa(V)
L—oo N
exists and is given by a convergent expansion at low temperatures, see (7.17).

(5.2)

Theorem 3. Assume 3 is large enough so that S8e(e — 1)x%e™P/+® < 1, then the
interfacial tensions Tmixeemps T1,0 and Tao satisfy the equation:

e_B(Tmixt,emp_]:) — c’l‘e_B(Tl,O_}—l) _I_ 0’2‘6_6(7—2,0_]:2) (53)

where
¢ = ert —p(uf n3) (5.4)

F is the convergent series defined by (7.17):

69{6—56J1 +C§€_56J2 (CT€—26J1 +C§€_26J2)4

c’l‘e_ﬁjl -+ 026—6J2 (C’l‘e_ﬁjl + C2€_6J2)4

—BF =

+ O(e™™7) (5.5)
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in dimenston d =3 and
cfe_m‘]1 + C;G_Q’Bb

—pBF =2 + O(e™2P7) (5.6)

cie BN 4 ge=h2

in dimension d = 2, and the convergent series F, satisfies (4.17)(4.18) and (4.19).

The proof is postponed to Section 7.
Some remarks and comments are in order.

The densities ¢; are easily related to the ¢ through the relation (see (3.23),
(3.28)):

(eui‘ + eué‘)e—pmixt(ui‘,u;)
CZ ¢ 1 _I_ (eﬂfl —I— €M2)di ( )

d . d—
=c|l— (cle_*wl + 026_6J2>2 — 2de;e P (cle_*wl + 026_6J2>2 !

—2(d + 1)ci<cle_6‘]1 + 026_6J2>2d + O<€_(2d+1)6‘]> (5.8)

In the SOS approximation, as mentioned in the previous section, the coexistence
. . . * * P . . . .
line is given by e*1 +e#1 = 1 and the densities of each species in the mixture regime
. . * *
on this line are ¢; = ¢t and ¢; = e*2. We have

BFEE(V) = Z w(l) = (016_6‘]1 n CQG_BJQ)N

I:supp Icv
T€Zgat

and the equation between the surface tensions reads

~BEDS ey =F)

) _ e o BURSS-FEO) | ~BOSRI-FO%) (5.9)

FEOS (V) - Fia® (V)

Here F595 = limy_., : it can be expressed as the series given by
(7.17), but with truncated functional corresponding to the activities

SOS(W) = e~ BN L1 (W)=FT2Lo(W)+u1[S1(W)|+413]52(W)]

and satisfy also relations (5.5) and (5.6) with ¢ replaced by ¢;.

To find an exact solution for F°9% in two dimensions seems to be an interesting

problem. Actually, this would give an exact equation for the surface tensions not
restricted to low temperatures [27].

The method developed here can be extended naturally to finite range interac-
tions. As an example, we can consider the Hamiltonian (2.3) with the sum over
nearest neighbours and next nearest neighbours. In that case we found that the
corresponding surface tensions satisfy, in two dimensions and at low enough tem-

peratures, the equation
e_B(Tmixt,emp_]:) — c’l‘e_'?)ﬁjl _I_ 036_36J2

_ c’lﬂe—ﬁ(ﬁ,o—fl) + 036_6(72’0_}-2)
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where
—BF = 2¢= PN 4 0(6_26‘]1), —BF; = 2¢=P2 4 0(6_26‘]2)
and
BTN 2ey(em 6PN 4 =8-3R | (—4Ni=30)
(cie=38N + cie~3871)2
(e | (m2h=5T 4 ~h=Th) 4 3=T6

* ,—33J * ,—38J132
(cre=?PT 4 cje=3h71)

—BF =

+ 0(6_26‘])

with ¢ = cZ'(l + 0(6_86‘])>.

When the hypothesis (2.2) or (2.7) on the model defined by Hamiltonian (2.1) or
(2.5) is not satisfied, with 7 > 0, there are, at low temperatures, two phases rich
in particles of species 1 or of species 2 as been proved in [10] for C = 0. This can
be also shown for C # 0 provided that the three quantities in equations (2.6) are
positive. Indeed the Hamiltonian (2.1) and (2.5) can be reduced, up to chemical
potential terms, to the form

H=>" { J1(8(55, 1)8 (5, 0) + 8(5,,0)8(sy, 1))
(@)

+J3(8(52,2)5(54,0) + (52, 0)5 (s, 2>)]

5 (0 13(5,:2) + 352, 23(5,.1)| (5.10)
where J; =27 + K +2C, J; =2J + K —2C, and J are positive constants. In this
situation and with fixed concentration of the species either we are in one of these
two pure phases that coexist with the gaseous phase or in the coexistence of the
three phases. In the later case, there will be segregation between the three phases
and one will observe only the three kinds of interfaces between these phases. One
cannot truly speak in this approach about a real surface tension of a mixture.

Let us stress that from our equations (5.3) and (5.9), we get obviously the
Guggeinheim relation (1.1) by neglecting the terms exponentially small with the
inverse temperature, i.e. F,F;, and F;. This shows that this relation provides a
good approximation at very low temperatures.

To see the quantitative difference between the above equations, let us consider a
concrete example. Note that when we take only into account the (exponentially)
smallest order corrections in our equations, they reads (in dimension 3):

4a2‘r170

2
kT a27'170 C9e~ T FT— a27'270

4a 72,0

- - —2e” T KT
Tmixt,emp — _Cl_2 In e kT + (1 - cl)e kT © (511)
2 2 2 2 4
_5a 71,0 (1 ) _5a 72,0 _2a 71,0 —I_ (1 ) _2a 72,0
cie kT + —cy1)e” T FT cre” kT —cy)e” TET
+ kT 5 5 + kT } .

a7 0 _a*m10 a7y 0

cre” T T 4 (1 —¢p)e” 7 T cre” FT 4 (1 —¢y)e” T T
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where a is the lattice spacing and k the Boltzman constant, while for the Guggen-
heim relation, one has

k‘T a27'170 a27'270
=——1In|cie” FT + (1l —¢p)e” FT (5.12)

Gu
T g8 5
a

mixt,emp ~

Note also that the simplest form of equations (1.2) and (1.3) reads
T = aTro + (1 — )7 (5.13)

Figure 5 shows that there is actually a quantitative difference between the equations
(5.11) and (5.12). We have chosen a mixture of water and hexane, i.e. 719 =

0.0724N/m, 120 = 0.01978N/m, a = 3;1, the size of a water molecule, and the
temperature T' = 300K.

Figure 5: Plot of the surface tension given by (5.11) (solid curve) as function of the concentration
¢1. The dotted curve corresponds to formula (5.12) and the dotted line to formula (5.13).

Finally, notice that when the coupling constants .J; and .J; (or equivalently the
surface tensions 71 and 7y0) differ appreciably, we get assuming J; < J2, and
neglecting in equations ( 5.11) and ( 5.12) the terms exponentially small with respect
to the inverse temperature:

Tmixt,emp 1 *
———=1——In(l—¢ 5.14
S (1~ ) (514

to be compared with Szyzkowsky’s equation (1.4).

6. PROOF OF THEOREM 2

Let us first give the proof of relations (3.13)—(3.17).



24 J. DE CONINCK, S. MIRACLE-SOLE, AND J. RUIZ

Let (D) = (ave’) ™) | with v = 2vy, @ > 1, and A > 0, then

o0 -2

ST (1) € L) Y e < LTy (6.1)

F"‘/FO n=1

where the sum runs over contours I' incompatible with a given contour I'y.

=N geaT < 1 actually ensures that the convergence condition

1T < (419~ 1) exp [— 5 M(F)] (62

F"‘/FO

The condition ve=(

of [19] is fulfilled. We then choose a = @ (that minimizes aealTl) getting by [19]
for k < el®=Y the equality (3.13) and

Y @ (X) < (D) (6.3)
X:X(T)>1

The invariance of the @, under translations leads to (3.14). On the other hand the
last inequality gives

Yo eI Y Z (6.4)

X:suppX 3z [:supp I'sz X:X (T
A
€
< I < < ke @ .
< ¥ u<>_a0_1_m (65)
I:supp 'Sz

O

by choosing e™* = ke™® and taking into account that ay — 1 > 1; here the first
sum is over all multi-indexes X whose support contains a given point z. This
implies (3.16) and also (3.17) since [o(A [ @,)| < [OA] X x cupp x50 P (X)]- Note
furthermore that one easily gets the bound (4.11) from relations (6.1) and (6.3)

We shall also gives a bound needed below. Define the diameter of a contour I' as

diam I' = max, yex(ryd(z,y) where d(x,y) is the distance between the site 2 and
y. Then

Yoo X))l Y wm <Y e Ve < (em)t (6.6)
X:suppX dx T:S(I)>= n>A

diam supp X>A diam I'>A

We now turn to the proof of Theorem 2. We put h, = —p, and
ay; = hy —minh,, (6.7)

The boundary condition ¢ is called stable if a, = 0. Our first step is to show that
if the boundary condition ¢ is stable then all g—contours are stable implying that
=4 (A5 i1, pr2) coincides with =, (A; iy, p12).

We notice that when a, <1, then the condition

Em(Inty T pi1, p12)

< 2|81ntm F| 68
=, (Inty, T pios 1) — (6.8)
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with m # ¢ for a g—contour I' ensures that this contour is stable, provided

1
e =PI <

K

Indeed by (3.16) gmax — g, is bounded by a, 4+ 2ke~*. Since |dInt,, I'| < |L(T)]

we get taking into account the Peijerls estimate (3.7):

2 (T) = u,(p)e—gmx|s<r>|e(gxmx—gq>|s<r>|5_77%(Immixt U5 s pi2)
:q(Intmixt F7 M, MQ)
< e (BI=H)LI)
For a volume A, we use diam A = max, yea d(,y) to denote its diameter The
following proposition show that all ¢—contours are stable whenever a, = 0.

Proposition 1. Assume 3 is large enough so that ¢ P/1° = ¢7@ < m, then

(1): if apdiamA <1, and a, =0, then

[1]

EmAipn2) - amiat2se=ponl (6.9)
(A5 pa, pa) —

[1]

(ii): if a, =0, then

[1]

m(A7 M1, MQ) < €3H6_a|8A|

= 6.10
Zg(As 1, p12) (6-10)
(iii): if a, diam A < 1, then

i (A gy o) < o(1+5re™) |94 (6.11)

S (As i1, pi2)

The proof is analog to that of Theorem 3.1 in [28] using our previous estimates.
We give it below for the reader’s convenience.

We first introduce the notion of small and large contours. We say that a m—
contour I' is small if a,diam " < 1; it is large if a,diam " > 1. We also define
the partition function Ezman(/\) which is obtained from =} (A) by replacing the sum
over stable contours in (3.9) by a sum over small contours. If we sum instead, only
over contours which are at the same time small and stable, we denote the resulting
partition function Eflsman(/\). Finally we will use the shorthand notation =,,(A) for
B (As o, p12)-

We will show the three items of the proposition inductively on diam A.

Thus we assume that (i), (ii), and (iii) have already been proved for all volumes
with diam A < k.

Proof of (i) for diam A = k

For any contour I' in A, and any m, we have diamInt; I' < k — 1. We can use
the inductive assumptions (ii) and (iii) that all g—contours and all m—contours are
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stable. Therefore

_ 50 (6.12)

Using the convergence of cluster expansion (3.16) and definition (6.7), one imme-
diately gets (i).

Proof of (ii) for diam A = k

To control the ratio =,,(A)/Z,(A), we shall rewrite the partition function =,,(A)
using relation (3.1,3.2). Consider for a set of compatible m—contours in A, the family
{ly,..., Fn}gfe of its mutually external large m-contours. The others contours are

small m—contours in Ext = A\ U;V(I';) or any m-contour in Ext = U;Ext[};.
Therefore

(M) = ) Erel(Ext) Hw(Fi)Em(Int I (6.13)

{Iy,...Tp laree

ext

Dividing and multiplying by [[r, e#==ISTII=Z (Int T;) = =, (Int) [, e?«¥TI we

— =1

Em(A) =orel(Ext) =, (Int) y1 0 s) o sy Zm(Int T;)

— = ULE e’? ’wFiegm"(’)l_i

Z4(A) it zrz}large Zy(A) E (1) =, (Int ')
(6.14)

Note that all ¢g—contours in A and all small m-contours in A are stable by the
inductive assumptions (i) and (iii) respectively. Therefore the various partition
functions in the first factor of the right-hand side of (6.14) are equal to the cor-
responding truncated partition functions, which can be controlled by convergent
cluster expansion. We get by (3.16)

—small - n n
= (Ext)Z, (Int) Hegq|5(ri)| < bl Ext] +hg|A\Int] Hegq|S(Fl‘)|
=.(A -
q( ) i=1 =1
w e (|9A|+|0Int|+|0Ext|)

where h5m2l is the free energy obtained from =™l Using the facts that |k, +g,| <
ke, |S(I)] < |L(I")] and bounding |0Int| + [0Ext| by |0A| +2d ). L(I;), we find

=l (Ext)=, (Int) Hegq|S(Fl‘)| < =0 g Bl re = RPA(420) T, L] (615)
=4(A)

=1

Combining this bound with (6.14), the Peierls estimates (3.7), the inductive
assumption (ii), and dInt I' < 2dL(I"), we get:
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2.

n
=0 ko] TT (=8I llsa41)ee L)
{Fl ..... Fn}large =1

ext

< €2H6_a|8A|

(T Dy lare

ext

$ et ol T emlernar)
=1

(6.16)
where for the last inequality we used the hypothesis (2d + 1)ke ™ < 1 and a =
BJ — 5.

At this point we need a technical lemma proved in [17] (see the proof below)
Lemma 1. Consider the partition function

2= 2 J[Emae (6.17)
{Fl ..... F"}comp 1=1
of a gas of contours with activities

HD)elHD) < (=) (AT

Let —s = —limpqza(1/|A]) In 2(/\) be the corresponding free energy. Then

Z e—a|Ext| H [NX’(FZ) < eﬁe_a+1|8A|
=1

(6.18)
T Tntens
where the sum is over contours in A provided
a>s (6.19)
re T < 1 (6.20)
2d 4+ 1
To apply this lemma to (6.16) we put
a=a+1 (6.21)
a=hmp =q, +hpmlp (6.22)
and

- e~ EM i T
A5) = {0 if T

is large
1ssmall

(6.23)
For ke~ ! < 1, the Mayer expansion for In 2(/\) is convergent. Using the fact
that it only contains large contours (diamI' > 1/a,, for each contour contributing
to In Z(A)) one has (see (6.6)):

5 < (/4;6‘“) am

(6.24)
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Moreover the difference hs™all— p is the free energy of a gas of large contours with
again diamI' > 1/a,, and thus again for ke~ < 1 shares the same upper bound

e e P (6.25)
Hence

a—35>a, —2 </€€_a>$ (6.26)

Therefore the assumption @« — s > 0 will be fulfilled if a,, > 2(/4;6_“)# ie. if
(am/2)*™ > rke~®. This is actually true because the function (a/2)* has a minimum

at @ = 2/e for which it takes the value e%/¢ ~ 0.47 that is greater than the upper
bound 1/(2d + 1) required for ke™.

Applying the lemma (with the value (6.21)) to(6.16) immediately gives (6.10).
Proof of (iii) for diam A =k
The inequality (6.11) follows immediately from (6.9), (6.10) , and the fact that

am|A| < apdiam A |OA| < |OA| (6.27)

Proof of Lemma 1 For ke=®1 < 1, the partition function 2(/\) can be controlled
by convergent cluster expansion. In particular for the interior Int= U;Int I'; of a set
of external contours {I'y,...,I',}_ . we have the estimate

g(lnt)e—fﬂlnﬂ > e—ﬁe_a+1|81nt| > H e—QdHe_a+1|L(F,')| (628)
=1

Here the first inequality stems from (3.17) and the last from the hypothesis (6.20).
Therefore

Z e—a|Ext| H g(rl) < Z e—a|Ext| H fZV(Fi)ezdﬁe—aﬂL(Fi)g(lnt)eﬂlnd
=1 =1

< S AT e ) 3 (1)

< e—§|A|§(Int)
where in the last inequality, we used § < ke, This gives (6.18) using again the
estimates (3.17). O
This ends the proof of Proposition 1.

We now come back to the proof of Theorem 2. We put p1(t) = p1+t, po(t) = po+t
with e* 4+ e#2 = 1. Then, by definitions (3.9),(3.10), and (6.7), we have

) 1
Gemp — Amixt — Pmixt — Pemp — t+ ln(eM T €M2) + Z{IT% W [lﬂ ZmiXt(A) —In Zemp(A)]
(6.29)
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where

Z,A) = ez = Y HZ;(D) (6.30)

The function t+In(e* +¢e#2) = ¢ is obviously increasing, negative for ¢ < 0, positive
for t > 0, and 1t intersects the horizontal coordinate axis only at one point ¢ = 0.
The difference amixt — demp Will satisfy the same properties with the intersecting
point slightly changed) provided

L |d 9
i 5 10 ZemplA) = =

|A | at lﬂ Zmixt (A)

<1 (6.31)

uniformly in A.

Let us first give an upper bound on the derivative %Z;(F) of the truncated ac-
tivity. By virtue of relations (3.8),(3.6) one gets for every stable g—contour I', that

either gzq( ) =0, or:

alnw(F) — %gq(F) %ln %
< (14 [Int,, T[)25(T) < [V(T)]e=D (6.32)
On the other hand,
‘ L9z (A)‘ >
|A| ot

[:supp 'z

] -

(6.33)

i

Here the sums are over contours I' containing a given point x and

z\{rh= Y ) (6.34)

where the sum goes over all families {I'y, ..., Fn}comp compatible with I'. This sum

can be bounded using the cluster expansion. Indeed, denoting S the set of sites at
distance less or equal to 1 from the support of I', we get by (3.13),(3.17):

% = exp | — Z ¢, (X) gexp{|§| Z |(I)q(X)|}

X ssuppXN5=0 Xisupp X 32
< exp {(Zd + 1)|S(T)|ke™ } < exp{ (2d + 1)L(F)/<;e_a} (6.35)
Inserting this bound in (6.33) and taking into account the inequality (6.32) and
the estimate
V(D)| < |S(D)|diam I < [S(I)]? < ¥ < D)
gives
[,
Ik

anq(A)‘ S Z e_aL( ) (2d+2 IXe o < Zl/ e —an 2 d+1

I:supp'sz n>1
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Using that & ~ 4.9, we get that for 2(d + 1)ke™" < 1 this last sum is less than
1/2 . This implies (6.31) ending the proof of Theorem 2. m

7. PROOF OF THEOREM 3

Let us first explain the idea of the proof.

In dimension d = 3, the first excitation of a flat interface is obtained by replacing
an empty site of the interface by an occupied one (denote I)}” such an interface) or
by replacing an occupied site of the interface by an empty one (denote [3°*" such
an interface). In the first case, we have

Z w(I)e Pri)ISU)]

I:supp ICV

supp I=supp I:lp

(N _ 1) e(ﬂ«l B8 1) e (“’2 B8 2)( 1 )(GMT_56J1 —I— GM;—E)BJQ)

23

n=0

n eP(ui n3)N

N cie PN 4 ceoh)

_ (2 omBT X BT
B (Cle —I_ €€ ) c’l‘e_ﬁjl _|_ 026_6‘]2

In the second case we have

Z w([)e—p(ui‘vué‘)ls(f)l

I:supp Icv
supp I=supp I;llown

N (N4 ofuf =B (352} (V—d=n) 3 (4

— § n
eP(HT 3N

n=0 m=1

2 (=B = (8=2m) (1 —B.2)
m

N (CT€—26J1 _I_ 036_26J2 )4
(et P+ ey

— (C’{e_ﬁjl T 02€—BJ2)

In dimension d = 2, the first excitation of a flat interface is obtained by splitting
it into a left part and a right part and then shift the right part by a height 1 or —1
(denote ¢ such an interface). Then, we have

Z w([)e—p(ui‘vué‘)ls(f)l

I:supp Icv
supp I=supp I

/N - m) e(ni=BJ1)n o —(u3—BJ2)(N—m—1)

=Z< -

n=0

*_ *_
p(uf.us)N (e 20y et 26J2)
Pty sHy

e~ 200 + 036_26‘]2

_ * _—0BJp * _—Jo NCT
B (Cle T €€ ) c’l‘e_ﬁjl + 026_6‘]2

Note, that in fact such modified interfaces are not allowed with the boundary
condition y™*%*mP_ However, one can lightly modify this boundary condition to
allow such interface, leaving the resulting surface tension unchanged.



ON THE STATISTICAL MECHANICS AND SURFACE TENSIONS OF BINARY MIXTURES31

To study the difference F'(V) — Fqa(V), we shall express the quantity
(e PN 4 remPl2)=N Z w()ePedw3)ISM)
I:supp ICV

as the partition function of a gas of excitations to be called walls or more generally
aggregates with small activities at low enough temperature.

This will allow us to exponentiate this quantity and to obtained that the differ-
ence (F'(V)—F},(V))/N can be expressed as a convergent series (up to a boundary
term) whose leading terms are :

16*6—56J1 _I_c* —55J2 1( —26J1 _I_c* —2/8J2)
6 cle_ﬁjl -+ 026—6J2 - B ( cre —BJ1 + 026—6J2)4

in three dimensions and

20 e 26J1 _I_c* —2/8J2
6 cje _le + c5 6—6J2

in two dimensions.

7.1. Decorated interfaces. The first step is to express the quantity A(/) defined
by (4.9) in a form suitable for our purpose. We write for each support of the mixt
or emp cluster C' in A([):

e—émixt(C)% —1 + (e—&)mixt(c)lclngl . 1) =1 + @Zmixt(c)
L (e—éemp(c)'ﬁgf]' — 1) =1 4 Cemp(C)

Define for a connected family A of support of clusters:

77Z)mlxt H 77Z)mlxt emp H 77Z}emp

CeA Cea
Then
A= 1] ¢~ mixe (€)1 5T 11 o~ Bemp (€1 1GGH
Ccns(I)#£0 s (120
- Z H @Zmixt(Ai) Z H J}
{A1,...;An}comp:A;NS(1)#£D 1=1 {A1,,Am }comp: 4;NS(I)#0 j=1

where the sums are over compatible families of connected sets A; of support of
clusters touching the interface. As it was done for multi-indexes, it is convenient
to sum all A with the same support say D to be called decoration. We define the
weight

Umixt(D) = Z Uit (A) = Z H%/;mixt(ci) (7.1)

A:supp A=D {C1,....,Cr }:0C; =D i=1

@Z’emp(D) = Z @Zemp(A) = Z H @Zemp(ci) (7'2)

A:supp A=D {C1,....Cr }:UC;=D i=1
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This leads to

e—BF'(V) _ Z w([)e—p(uiw;)ls(f)l Z ﬁ ¢mixt(D

: Vv {Dl ~~~~~ Dn }comp =1
I Supp cv D,NS(I)#0,D;,ND#D

<Y T em(®) (7.3)

{Dl ~~~~~ DPm }comp ] 1
D;NS(I)#£0, D, nU#D

where the sums are over compatible families of decorations touching the interface.

We define a decorated interface as a triplet /9¢ = {1, Dmixts Demp }, where [ is an
interface, Dy 18 a collection of mixt-decorations touching the interface and Depmp
is a collection of emp—decorations touching the interface.

i lcap]
The weights of decorations may be controlled with the inequalities |€—q>mm(c) IcT

1] < (e~ Df@pise(C)] and [e~ P 1] < (¢~ 1)]@p(D)]. Together with
(4.11), this implies the bounds (see [29]):

(Se(e — 1)re™)LP) (7.4)

W)mlxt(D”
S O

|¢emp(D)

IA A

7.2. Walls and aggregates. We now introduce the notion of walls and aggregates
by the following definitions.

Consider a decorated interface 1€ = {1, Dmixty Demp }- Let 1l denote the hori-
zontal hyper-plane z; = 0 and let 7 denote the projection parallel to the vertical
axis on this hyper-plane: w(xq,...,2q) = (21,...,24-1), T(A) = Ugeam(x). A pair
{5z, s, } of the interface [ is called correct if

(1) m(z) = m(y) (the bond ay is vertical).
(2) there is no other pair pairs {s,/, s,/ } of the interface such that 7(z') = m(x).
(3) there are no decorations such that #(D) D 7(x).

The connected components of the set of correct pairs are called ceilings and denoted
C. The connected components of the set of non correct pairs are called walls (see
Fig. 5).

For a wall W, we use S,(W) to denote the set of sites for which s, = a. The
set supp W = So(W) U Sy (W)U Sy(W) is called support of the wall W. As for the
contours and the interfaces, we will also use S(W) = Sy (W)U Sy (W) to denote the
set of occupied sites of the wall, Li(W) (respectively L(W)) to denote the number

of nearest neighbour pairs (x, y) such that such that s, = 1 and s, = 0 (respectively
sy =2 and s, =0) and L(W) = Ly(W) + Ly(W).

Denote further W(I) the set of walls of the interface .



ON THE STATISTICAL MECHANICS AND SURFACE TENSIONS OF BINARY MIXTURES33

The union Uwewysupp W Uperee D split into maximal connected components
called aggregates. Namely, an aggregate w of a decorated interface is a family

w = {Wl, ceey Wn, Dl, ceey Dm}
such that the set Ur_;supp W; U7, D; is connected.

A collection of aggregates {w;,...,w,} is called admissible if there exists a dec-
orated interface 19° such that wy,...,w, are the aggregates of /9.

Here comes a difference for definitions between dimension 2 and dimension 3.

In 3-dimensions an aggregate is called a standard aggregate, (or aggregate in
standard position), if there exits a decorated interface I4¢ such that w is the unique
aggregate of [9¢. To any aggregate w, we can associate a unique standard aggregate
which is just a translate of w. In this way, one can associate to any admissible
collection of aggregates a unique collection of standard aggregates. Such collections
are called admissible collections of standard aggregates. To an admissible collection
of standard aggregates we can associate in a unique way an admissible collection
of aggregates.

e N =)

N[O Ol |O
=1 O|==|C
= =N N N |O

0
T o
2
2

=l © O o O

Figure 6: The walls corresponding to the interface of Figure 4.

7.3. Expansions. With these definitions and notations, one gets from (7.3), the
following expansion

PV = (e P 4 e PN Z H z(w;) (7.6)
{w17~~~7wn}adm =1
where the sum is over admissible collections of standard aggregates and the activi-
ties of aggregates are given by
e~ BN LU (W) =BJ2 Lo (W)+p¥ ]St (W) |+13] 52 (W)

= o D 7.7
#Aw) R G P e ] D@M )o@

Here ¥)(D) = thmixt(D) for the mixt—decorations and ¢(D) = themp(D) for the emp-

decorations.
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In two dimensions we proceed differently. For an aggregate w, we consider the
ceiling components to the left and to the right of w respectively denoted C*) and
CH). Let b (respectively hf)) be the second coordinate of any empty site of C(%)
(respectively C®)). We define the position p(w) of th aggregate w as p(w) = h{¥)
and the height of the aggregate w as h(w) = h®) — (M) An aggregate w is now
called standard aggregate (or aggregate in standard position) if p(w) = 0. One
obviously can associate to any aggregate an aggregate in standard position and to
any admissible collection of aggregates a unique collection of standard aggregates.
As before such collections are called admissible collections of standard aggregates
and to an admissible collection of standard aggregates we can associate a unique
admissible collection of aggregates.

For an admissible collection of aggregates {w/, ..., w! }adm, one has the constraint
Yo h(wl) = 0. If we let, for i = 1,...,n, w; denote the standard aggregates
corresponding to w!, this constraint reads also > " h(w;) = 0. From (7.3), we

then get:

n

N = (e 1 eV N ] Z(wi)(S(Z h(wi), 0> (7.8)

{w17~~~7wn}adm =1 i=1

where the activities z(w) of aggregates are also given by (7.7).

We now introduce the notion of elementary walls which are the walls correspond-
ing to the elementary interfaces mentioned in the beginning of this section.

In two dimensions, an elementary wall W, is a wall that contains two pairs
{8z,8,} and {s., s.} such that the site x is occupied, the sites y and z are empty,
y is above x and z is to the left or to the right of z.

The activity of such a wall are easily computed and we have

cie” P 4 e 2P0

Wa) = 7.9
Z 2(Wer) cleBh I crehh (7.9)

WerssuppWe={z,y,2}

In three dimensions, we call elementary wall, either a wall (corresponding to the
elementary interface I)}") that contains four pairs {s,, s, }, ¢ = 1,....,4, such that
the site x is occupied, the sites x; are empty and all the sites leave on the plane

2% = 0, or a wall (corresponding to the elementary interface I3 ) that contains

down
eight pairs {s., sz}, {8,584, 1,0 = 1,....,4, such that the sites x and z; are empty,
the sites y; are occupied, the sites z and z; leaves on the plane z° = —1, the sites

y; leaves on the plane 2° = 0.

In the first case we have

cfe_w‘]1 + C§€_5BJ2

Z Z(wel) - c’l‘e_ﬁjl _I_ 026_6‘]2 (710)

WepsuppWei={z,21,22,23,74 }
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while in the second case
(CT€—26J1 _I_ 036_26J2)4

2 2(0a) = SR Y e P

WepisuppWei={a,01,@2,23,%4,Y1 ,Y2,Y2 Y4 y

(7.11)

For non elementary walls and aggregates, the activities (7.7) may be bounded as

(aye=7)H)

A0 S (=50 1 e (7.12)
(age )"
Z z(w) < (GBI 1 cge—Bo)In(w)] (7.13)

w:L(w)=L

where

1 otherwise

. {86(6 — ke >ePT if L(w) > 2d
;=

This allows to exponentiate the partitions functions of the gas of aggregates in
the RHS of (7.6) and (7.8), for low enough temperatures. We define multi-indexes
Y corresponding to aggregates as function from the set of aggregates into the set
of non negative integers, and we let supp Y = U,y (w)>1supp w. The truncated
functional corresponding to the activities z is given by

U(w) = % [T ()" (7.14)

where the factor a(Y) is defined as in (3.12). Then,

Z H z(w;) = exp{ Z \I/(Y)} = ¢ ANFHo(VIT) (7.15)

{wi,.ee, Wn Yadm =1 Y:supp YCV

in 3—dimensions and
n n

3 [Tws(Sen) = ref S <o} {3 )

Y:supp YCV
= Pr { Z h(w;) = O}G_BNT"'U(VW) (7.16)
=1

in 2-dimensions. Here

v(y)
_BF = ) (7.17)
Y:ngao |SuPp Yo H0|

oV vy == > wy)

Y :supp Yﬁvc;é@

|supp Y N (V)]
|supp Y N 1|

(7.18)

and

Pr { Xn: h(w;) = 0} = 2t wz}{znwl}ziwﬁi< ai;)h(wi% 0> (7.19)

=t Lwr,.., =1



36 J. DE CONINCK, S. MIRACLE-SOLE, AND J. RUIZ

The series (7.17) converges whenever 8e(e — 1)k?e™® < 1. This can be seen by
verifying the convergence condition (6.2) with the activities z(w) and with the
contours replaced by aggregates.

Notice that the multi-indexes involved in the sum of (7.18) intersects both 7(V)
and V°© = Z¢ \ V. Thus at low temperatures, this sum can be bounded by L9~2
times a constant so that this term will give no contribution to the surface tension
in the thermodynamic limit. In addition, the probability Pr{> " A(w;) = 0}, may
be controlled by known techniques (see e.g. [11, 30, 31, 32]) and

Jim (1/N)In Pr{; h(w)) =0} =0
Hence, by taking the thermodynamic limit . — oo in equations (7.6) and (7.8) we
obtain:

e_B(Tmixt,emp_]:) — c’l‘e_ﬁjl _I_ 026_6J2 (720)

Whenever a multi-index Y contains only one aggregate w (Y (w) =1 and Y (w') =
0 for w’ # w) one has ¥(Y') = z(w). The leading terms of F are then obtained with
the help of relations (7.9)—(7.11). This gives the expressions (5.5) and (5.6). Taking

furthermore into account the expression (4.16) ends the proof of the theorem.
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