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Finite volume schemes for the p-laplacian on cartesian meshes

Boris Andreianov? Franck Boyerfand Florence Hubert!

Abstract. This paper is concerned with the finite volume approximation of the p-laplacian equation with homogeneous
Dirichlet boundary conditions on rectangular meshes.

A reconstruction of the norm of the gradient on the mesh’s interfaces is needed in order to discretize the p-laplacian
operator. We give a detailed description of the possible nine points schemes ensuring that the solution of the resulting
finite dimensional nonlinear system exists and is unique. These schemes, called admissible, are locally conservative and
in addition derive from the minimization of a strictly convexe and coercive discrete functional.

The convergence rate is analyzed when the solution lies in WP, Numerical results are given in order to compare
different admissible and non-admissible schemes.

Keywords. finite volume methods, p-laplacian, error estimates.
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1 Introduction

1.1 Mathematical background

In this paper, we are interested in the study of the numerical approximation of solutions to the 2D p-laplacian
with homogeneous Dirichlet boundary conditions (1 < p < +00):

1.1
uw=0, on dN. (L.1)

{—div (IValP=2va) = f, onQ,

This equation arises as a model problem in various physical situations such as non-Newtonian flows (for

example in glaciology models [13, 16]), turbulent flows, or in the study of flows in porous media. Some of these
models are described and studied for instance in [8].

Throughout this paper, we will denote by p’ = z% the conjugate exponent of p. Let us recall that for any

data f € W=7 (Q), problem (1.1) is well-posed in W, *(2). This can be proved easily using the monotony
of the p-laplacian operator or equivalently using the fact that (1.1) is the Euler-Lagrange equation for the
problem of minimizing the coercive and strictly convex functional

J:WOLP(Q) — R
— E \Y Pdz— | f(z)u(z)dz

p

(1.2)

on the whole space W, *(Q2). Formula (1.2) is only valid for f € L (Q) but we may replace the last integral
by a duality bracket if f is in W’Lp,(ﬂ). Furthermore, we have the a priori estimate

_1 _1
[@llwe < Ifll52 0 < CIFIE (1.3)
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Many authors (see for instance [4, 5, 6, 12]) have studied the finite elements approximation of (1.1). In this
work, we propose a new approach in the framework of cell-centered finite volume schemes. Indeed, the choice
of finite volume methods is natural as soon as the equation we consider is in a divergence form. It consists,
for this kind of problems, in approaching the equation expressing the balance of fluxes in each control volume
in a conservative way.

It appears that the approximation of the fluxes for (1.1) is not straightforward. Indeed, the difficulty arises
from the need to approximate the complete gradient of the solution (and not only its normal derivatives on the
edges as for the Laplace equation on admissible meshes). This problem of the complete gradient approximation
for finite volume methods has interested many authors in the last few years in different contexts. We refer for
instance to [7, 10, 11] for anisotropic diffusion problems and to [14, 15] for the Laplace equation on almost
arbitrary meshes. In the context of non-linear diffusion problems, the finite volume approach with gradient
reconstruction was only considered, to our knowledge, in the work by B. Andreianov, M. Gutnic and P.
Wittbold in [3], for more general elliptic-parabolic equations and systems involving the p-laplacian. Their
notion of admissible scheme concern particular meshes which are dual to triangular ones. They obtain a
convergence result but no error analysis is made.

In this paper, we consider the approximation of (1.1) on rectangular meshes. In this particular case, we
first give a complete description of the possible nine points finite volume schemes for which existence and
uniqueness of the approximate solution is ensured in spite of the non-linearity of the problem. Moreover, this
approximate solution can be computed by solving a finite dimensional minimization problem. We also analyze
the convergence properties of these schemes and obtain error estimates.

1.2 Outline

This article is organized as follows. In section 2, we introduce the notations used in this work then we give the
construction of the finite volume schemes we consider. We give the general form of conservative finite volume
schemes that lead to a symmetric non-linear system (and thus derive from the minimization of a discrete
functional approaching J), and that are consistent with piecewise affine functions. The symmetry property is
crucial in order to ensure that for any given data, the scheme has a unique solution (Theorem 2.1).

The construction of the schemes is summed up in Definition 2.2 or equivalently in (2.26) which gives the
explicit formula for the discrete energy associated to the scheme.

Section 3 is concerned with the proof of error estimates for the approximate solutions of problem (1.1) in
the case where u € W?2P(Q). This assumption is a natural extension of the usual H?(Q) regularity for the
Laplace equation (case p = 2), which is studied for example in [9]. Furthermore, it is proved in [4] that, when
1<p<2and f € LYQ) (¢ > 2) then u actually belongs to W?2P(Q).

In this case we use similar methods than in [9] to prove error estimates, and we obtain the same kind of
results than in the work by R. Glowinski and A. Marrocco [12] in the finite elements framework, namely a
convergence order in h#T when p > 2 (Theorem 3.1).

Notice that in the finite elements case, the convergence orders given in [12] have been improved by J.W.
Barrett and W.B. Liu in [4, 5] and by S. Chow in [6]. The method used by S. Chow cannot be used in the
finite volume case to improve the theorem 3.1 but it is useful to obtain error estimates for less regular solution.
Indeed, in [2], we use it in the framework of Besov spaces, which are the natural regularity spaces for the
p-laplacian (see [17]).

We conclude this paper by giving some numerical results in Section 4.

1.3 Remarks

Of course, many physical applications occur in domains with more complex geometry and the use of rectangular
meshes seems to be too restrictive. Nevertheless, it is well known (especially in fluid mechanics) that one can
cope with complex geometries with cartesian meshes using a penalization method. More precisely, in order to
solve (1.1) in any bounded domain 2, we take U a rectangle containing 2 and we solve instead of (1.1) the



penalized problem
1
—diV(lVU€|p72VU5) + E—plu\Q|’U]5|p72u€ = f7 in U,
ue =0, on OU.

(1.4)

Note that the penalization term is monotone so that this problem has a unique solution. Furthermore one can
easily show that

1 1
| Vue| e @iy + g”ua”m(u\n) + [V — Ve prq) < Cer. (1.5)

Hence, one can use our schemes on a rectangular mesh on I to solve (1.4) which gives a good approximation
of the solution to (1.1). Notice that the schemes we propose in this paper can be easily extended to the
problem (1.4) without changing their basic properties. In particular, all the error estimates remain valid for
the penalized problem. Notice that the estimate (1.5) may not be optimal. Indeed, for the Laplace equation as
for the Stokes problem, we can obtain sharper results by studying the corresponding boundary layer problem
(see for instance [1]).

This method can be useful in many situations. Indeed, the practical computation of the approximate
solution on cartesian meshes can be easily optimized using multigrids methods and/or parallel computing.
Furthermore, some glaciology models consist in free boundary problems in which a stationnary non-linear
diffusion equation like (1.1) has to be solved at each time step in a time dependent domain (see for instance
[16]). Such problems can also be handled with our methods by computing the solution to (1.4) on a fixed
cartesian mesh with a time dependent penalization term. Finally, the extension of our schemes to the 3D case
would be much more simple than for unstructured grids.

We also want to emphasize the fact that our study can be applied to more general non-linear diffusion
equation of the form

—div(k(|Va|)Va) = f,

provided that k is smooth enough and satisfies some monotony properties (see [13]).

2 Construction of the finite volume schemes

2.1 Notations

Let © be a rectangular bounded domain of R2. We consider 7 a set of disjoint rectangular control volumes
K C Q such that Uk = Q. We denote by h the maximum of the diameters of the control volumes in 7.

Let x, be the center of the control volume k. For all adjacent control volumes x and ¢, denote by x|z the
edge between K and c.

In order to take the boundary conditions into account, we introduce artificial points constructed by sym-
metry with respect to the boundaries of €2, as shown in Figure 2.1. This procedure is useful to state the scheme
in a uniform way in the whole domain. We will give the details below.

The dual mesh 7* of 7 is defined to be the set of rectangle dual control volumes whose vertices are the
points x, as well as the artificial points introduced above, see Figure 2.1.

Furthermore, for any control volume x € 7, we define (see Figure 2.2)
e m(x) the measure of k;

e v, the outward unit normal vector on Jxk;

Vie = {x* € T*/m(x N k*) # 0}, the set of the four dual control volumes around the control volume x;

e For any k* € Vi, o . (resp. 0@ .) is the horizontal (resp. vertical) half-edge of Ok included in £* and

Ex ={0f v 0L - /K € Vic} is the set of all the half-edges included in dk.
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Figure 2.1: Non uniform rectangular mesh and treatment of the boundary conditions

We will see in the sequel that the schemes we propose are naturally written in each dual control volume.
That is the reason why, given a dual control volume «*, we introduce some notations to describe the situation
in k* (see Figure 2.3):

° (xf*)i:1)273,4 are the vertices of the dual control volume x* numbered counter clockwise starting from
the lower left hand corner.

o (KF )i=1,234 are the corresponding control volumes with centers (zf )i=12,3.4.
e [ is the distance between z§ and zf, .
o

e o}

X" is the half-edge between ¥~ and )C;'C—Cl located in x*,

e m) is the measure of ot .

Conventionnally, in a given dual control volume, the indices ¢ € Z are understood modulo 4.

The finite volume method associates to all control volumes k an unknown value u,. We denote by u? =
(ux)cer € R? the approximate solution on the mesh 7.

For any continuous function v on §2, we will also denote by v7 = (v,)
of v on the space RZ of discrete functions.

wer> With v = v(zx), the projection

¢ Boundary conditions:

We only consider in this paper the homogeneous Dirichlet condition. For a given discrete function u? € R7,
which is a set of values on each control volume £ € 7, the boundary conditions are taken into account by
using the so-called ghost cells method. More precisely, we extend the values of u” on artificial points outside
of (1, as shown in Figure 2.1, each time it is needed.

Given a dual control volume k*, we define the projection operator Ty~ which associates to each u? € R7
its values ‘

T (uT) = (u] o, ud ooy ud e, ud ) (2.1)

in the four control volumes (¥ ); around x*. Notice that for boundary dual control volumes, we need the

ghost cells described above in order to give sense to the definition of Ty«. For instance, if £* is located at the



Figure 2.2: Notations

right boundary of €2, then
T T T T
Ug jorx = TUL gox, Ug jox = —Ug g
as shown in Figure 2.1.
e Regularity of mesh families:
In the sequel, we will prove error estimates for families of meshes which satisfy the following regularity
assumption:

There exists a constant ¢; (independent of the mesh 77) such that

m(k) > ch?, Ve eT. (2.2)

Remark 2.1 Under the previous reqularity assumption, there exist constants cs,c3 independent of T such
that, for all dual control volume x* € T*,

diam(k*) < eoh and m(c*) > c3h?.

2.2 Discrete norms and classical inequalities

Each discrete function u? € R? can be considered as a (piecewise constant) function in L7(Q) (for any

r € [1,400]) by noting abusively
T _
u’ (2) = Z uele(z), Vz e Q.
KeT

Then, we naturally define
1

[ (Z m()c)|u,c|r> . Vr < 400,
KeT
and
[u” || = sup [ug]-
keT
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Figure 2.3: Notations in a dual control volume «*

Now let us define a discrete Sobolev norm for the elements of RZ. For any «7 € R7, and any c* € 7*, denote
by 65" (u”) the differential quotient

T T
* wu; w — Uj jex
5 (uT) = SR WK i (1,4}

o
lj

One can remark that % and —85  are approximations of the horizontal derivative u, while 65 and —d5§ are
approximations of the vertical derivative u,.

Definition 2.1 For any u? € R and any c* € T*, we introduce an approzimation of |Vu| on £* defined by

4 3
1 « 2
u7 |1 e = <§Z o (uT)‘ ) )

=1

The discrete Wol’p norm of u? is then defined by

lu? s 7 = ( > m(xk* ﬂQ)IuTl’f,m>

K*eT*

=

Remark 2.2

e The Dirichlet boundary conditions are taken into account in the definition of the discrete Wol’p norm
through the introduction of the ghost cells. Actually, this implies that || - ||, , 7 is a norm on R7Z.

o For any function v € Wol’p(ﬂ), with p > 2, we have
T
||’U ||17p7T < C”U”Wl*?’a (23)

where v7 = (v(xx))xer is the projection of v on the mesh T, and C depends only on the mesh regularity
constant cq in (2.2).



Let us state the discrete version of the Poincaré inequality. This result is classical in the case p = 2 (see
for example [9]). When p # 2, it is proved in a slightly different context in [3]. Note that one does not assume
any regularity assumptions on the mesh.

Lemma 2.1 (Discrete Poincaré inequality) Let 7 be a mesh of the rectangle ). There exists a constant
C which only depends on p such that for any u? € R”, we have

uT]|zr < C diam(Q)|u7|

1p,T-
Proof :
It is a straightforward adaptation from the proof in [3], taking into account the ghost cells method used for
the boundary conditions. ]

2.3 Construction of the schemes

A family of nine-points finite volume schemes is proposed to compute approximate solutions of problem (1.1).
Such schemes are obtained by integrating equation (1.1) on each control volume x € 7:

/f(z) dz = /—div (IValP~*va) dz = —/ |Va|P~2Va - v ds
K K ok

(2.4)
=¥ (—/ |Va[P~2VT - vy ds—/ ValP=2Va - v dS)

K*EVi T, c* TK, K

Let fi denote the mean value of the function f on the control volume

1
fe = W/;cf(Z) dz. (2.5)

The finite volume method consists in approaching the exact relation between the fluxes (2.4) by a system of
discrete equations
ac(u’)E N aee- (W) =mlc)fe, VKET, (2.6)

K*€Vi

where ay g (u7) is a numerical flux to be determined which is supposed to approach the exact flux, that is:

axe o (uT) = —/ VAP~V - v ds —/ |Va|P~2Va - v ds. (2.7)

v
KC* KC*

2.3.1 General structure

The classical finite volume theory for the Laplace equation (see [10] for instance) provides very natural ways to
approach the normal derivative V- v on the edges. On the other hand, in the literature there is no systematic
method to discretize the norm of the gradient of the solution.

In this paragraph, we describe a wide class of possible choices for the numerical fluxes a, - (u?) in which
the approximations of the terms V- v and |Vu|P~2 are chosen independently. Actually, in the next paragraph
we show that these two discretizations have to be compatible (in a sense to be precised) to ensure good
properties of the schemes, in particular the well-posedness of the discrete non-linear equations.

The general framework we propose is the following.

1. On each dual control volume k*, we choose to approximate |Vu|? by a quadratic form (to be precised
later) in the variables (UZK*){i:1)273)4}, namely

|VE|? = g (T (uT)) on ¥, (2.8)



where Ty~ (u?) is defined at the end of section 2.1. This leads to a first approximation of the fluxes on
any half edge o C £* by

—/ |Va|P~2VT - v ds & —que- (TK*(uT))¥ / VT - v ds.

2. The problem is now reduced to the approximation of the same linear fluxes as for the Laplace equation.
We suppose that we are given linear forms A’,éﬂc*, AR cx, in the variables (“Z/c*){izl,ZBA}v such that

—/ VT - ve ds = A},é,,c*(T,C*(uT)) and —/ VT - v ds = AZ,K*(T,C*(uT)). (2.9)

IR i, Kk*

3. The numerical flux satisfying (2.7) is then given by
e p=2 v
Ui, (UT) = Qe (T (UT))p2 (AZ,K* (T (UT)) + A)c,)c* (T (UT))) .

2.3.2 Choice of g~ and A" A?

K™ ? ™

First of all, it is convenient to represent ¢~ through a symmetric non negative matrix on R* denoted by B
so that we have
@~ (v) = (Be-v,v), Yo € R

Notice that the schemes proposed above can also be written as a sum of contributions on each dual control
volume. Indeed, each numerical flux ax - (u?) depends only on the values Ty~ (u?) = (UZ,C*){¢:172,374} of
u? at the four vertices of the dual control volume x*. More precisely, one can easily see that the map
a:u? € R — (ax(u”))e € R which represents the scheme and defined in (2.6), reads

a(u?) = Z m(c* NQ)TL. o - o Tiew (u?) (2.10)
K*eT~
with
A%LK*U—}-AZLK*U
def 1 p—2 A 0+ AV v 1 p—2 4
= L () Ko,k K2,k _ Brev,0)" Acev, Vo € RY, 2.11
e e e BT K 210

h v
Amx*v—f—Am?,@v

where A« is the corresponding 4 x 4 matrix.

We first derive some properties on By« and A+, which ensure the consistency of the scheme but also the
existence and uniqueness of a solution of the scheme.

e Consistency of ¢ :
By definition, By« is a symmetric non-negative matrix. Moreover, g+ is supposed to approach |Va|? so
that is natural to impose the following consistency property:

Approximation (2.8) is exact for affine functions on x*,

and ge+(v) = 0 if and only if v1 = v = v3 = vy4. (2.12)

In particular, this imposes that the kernel of By« is spanned by the vector eq = (1,1, 1,1)!, so that the rank
of By« is 3.

e Conservativity of the linear fluxes:



Any reasonable finite volume scheme has to be conservative, in our case it means that, for any dual control
volume £*, the linear fluxes have to be in the following form

Aféh,c* = Ay, AY oo = —Arper,

Ao = s Ao = M (2.13)
’,é?”,c* = A, AY, o = — Az, ’
},é4,,c* = _A4,)C*7 A}é4,,c* = A3,)C*7

. . . . S * * . . * .
where A; - is an approximation of the linear flux [ Vu - v ds, v being the unit normal to o oriented
o=

from k§ to K (see Figure 2.3).

e Construction of the linear fluxes:
To ensure the consistency of the numerical fluxes A; «~, the approximation has to be exact on affine
functions. One easily checks that this requirement amounts to

T T T T

u; —U; u; —U;

©* o Yl 1,K* ©* i+2,K* 1+3,K*

Ai7)C* = mi /’Li T + (1 — /‘Li ) ZK* 5 (214)
4 i+2

where ,uf* is a real parameter. Notice that the classical finite volume approximation of the Laplace equation
(i.e. when p = 2) corresponds to the case uf =1,Vi € {1,...,4},Vx* € T*.
For any x* € 7* and any 1, let us define
o
=l (2.15)
I

which depends only on the geometrical structure of the mesh. Using (2.13) the matrix A,« defined in (2.11)
reads for each dual control volume t*

Tip1 + Tafta 1 +1a(l—pa)  —mi(l—p1) —a(1—pg)  —Tapra + 7 (1—p1)
To(1—p2) — T1ju1 Tobg + T1 i1 —Topig + 71 (1—p1)  —m2(l—p2) —1(1—p) (2.16)
—m3(1—p3) —2(1—p2)  73(1—p3) — Tope T33 + Tafl2 —73p3 + To(1—p2) '
m3(1—p3) —maps —7a(l—pa) = 3(1—p3)  7a(l—pa) — 303 Tafba + T343

where we dropped the subscript £* for 7 and u .

e Symmetry property of the scheme:

One of the fundamental properties of the continuous equation (1.1) is that it derives from a minimization
problem. It is natural to look for numerical schemes which preserve this property.

Indeed, the scheme (2.23) is the Euler-Lagrange equation for critical points of a functional J7 : RZ ~— R
if and only if the differential of the map

a:u” = (ue)eer = (ac(@”))cer,

is symmetric at each point. In that case, we shall see later that we can give an explicit formula for J7, and
that Jr is strictly convex and coercive.

For non-symmetric schemes, the existence and uniqueness of a solution to the non-linear discrete equations
is not guaranteed. Even if the solution exists, its practical computation is not obvious. That is the reason,
from now on, we focus our attention on symmetric schemes.

We now have the following proposition which characterizes such schemes in our framework. The proof is
given in Section 2.6.

Proposition 2.1 The differential of the map a : u” = (uyc)cer — (ax(u?))xer is symmetric at each point if
and only if one of the two following conditions is fulfilled.



o p=2 and A~ is a symmetric matriz.

o p# 2 and for any K* € T* there exists a Acx € R such that

AK* == )\IC* BK* .

In order for the scheme to be consistent with the balance equation (2.4) we will see later that, necessarily,
Ax = m(K*).

Hence, at this point, the choice of the discretization of the linear part of the fluxes across half-edges in
each dual control volume (i.e. the choice of the parameters ,uf* in (2.14)) determines the scheme completely.
In other words, if we want the scheme to be symmetric we cannot choose independently the discretization of
the norm of the gradient |Vu| (represented by By+) and the discretization of the normal derivative VT - vy
(represented by A,c+).

Furthermore, Proposition 2.1 also implies that A« is necessarily symmetric. The expression (2.16) shows
that the (1" ); have to fulfill the following constraints

K )_ K
L g 11 (2.17)

The scheme on the dual control volume x£* now seems to be determined by the choice of u% and uf§~ for
instance. Nevertheless, using (2.17), it is easy to see that the matrix A« given by (2.16) depends only on the
quantity 7 pX" + 75" pk§". Consequently, without loss of generality the coefficients (1" ); can be chosen so
that

o, o, o P o, def L on
ot —D =7 (i D) =m7 (g —1 =71 (uy —1)=¢". (2.18)

Therefore, for any £* the matrix A.- only depends on a real parameter £ in the following way:

26+ kT 269 o 26~ —26 —rf’
P e S M B A A 2 (2.19)
§ 26~ —2% -t 2N 4y 26 ’ '
—26 — 1) 26~ =26 —nf 2N T

and By« is given by Proposition 2.1.

e Consistency of the scheme:
As we have claimed above, the consistency of the whole scheme determines the value of the coefficient Ay«
introduced in Proposition 2.1.
Indeed, let w be an affine function in a dual control volume x*, whose gradient is (a, 3)?, and let v = Ty~ w? .
We easily check that
vy =11 +Oél’f*,1)3 = +al’f* —|—ﬂl§*,v4 = +612’C*,

so that, using (2.19), we have

—m§ B —m a

—m5 B +m}
m5 B +m§ a
my B —m§ a

AIC*U =

As I =m5 +mf and I5" =m§ +mj (see Figure 2.3), we get

(Ag~v,v) = —m’f*a(vl —vg) — mg*a(m —v3) — mg*ﬁ(vg —v3) — mf*ﬁ(vl — vg)
=1 my o+ 15 mh o +my 15 B2+ my 1y 52

= IF 15 (0% 4 %) = m(c") Vw2,

10



By Proposition 2.1, we also have A+ = A« By~ so that
e (B, v) = m(c*)|Vw|?.
Hence, the consistency requirement (2.12) holds if and only if A\« = m(x*).

e Admissible schemes:

Given a dual control volume x* and a value of €<, the matrices A+ and By- are defined by (2.19) and
by By = mA’C*' It remains to check that Bg« is a non negative matrix of rank 3, as required previously.

It is easy to check that the kernel of the matrix By« defined above contains ey. Consider now the
quadratic form v + (Bg=v,v) restricted to the hyperplane {eg}* orthogonal to the vector eg. In the ba-
sis (—1,1,1,—-1)% (1,1, -1, -1)%, (1,—1,1,—1)%, its matrix reads

K©* K* K* K*
A T + 73 *0 ) 7'3*—7'1*
K K K K
et S AL Nl W S SR & (220)
™ -1 Ty —T1 8+ +15 +15 +71f

The computation of main minor determinants show that this matrix is positive definite if and only if

K* K*
my mg +my my

26~ —
ST

> 0.

This gives a condition on £ which ensures the admissibility of the scheme. It will be shown that this condition
guarantees existence and uniqueness for the approximate solution u”? as well as the discrete WP estimate
(see Lemmas 2.3 and 3.1).

2.3.3 Admissible finite volume schemes

Let us sum up our construction of the schemes in the following definition. We recall that the projector Tic«
is defined in (2.1). In particular, the boundary conditions are taken into account in the scheme through the
definition of this projector for boundary dual control volumes.

Definition 2.2 For each dual control volume k*, we choose a real number €< such that

my my +my my
K*j*
ll l2

26~ + > 0. (2.21)

*

Recall that Tf* = T,f . Then, we define A+ by (2.19) and B+ by

1

The finite volume scheme associated to the parameters (5“*),€*e7* is then defined by
a(uT) = (m(}C)fIC);CeT7 (223)

where a = Z m(c* NQ)TL. o axx o Tyex, and
K*eTx

ax(v) = (B,C*U,U)¥B,C*’U, for all v e R*,

Note that the admissibility condition (2.21) is fundamental to give sense to the definition of ax~ since it
ensures that (Bg«v,v) > 0 for any v € R*.

11



2.4 Discrete energy
2.4.1 Construction of the discrete energy

The schemes defined in Definition 2.2 are built in such a way that the symmetry of the differential of the map
a on R7 is ensured. Hence, there exists a discrete functional J7 : u7 € R7 — R, which we call the discrete
energy of the system, such that we have

oy
T Que

ax(uT) — m(K) fe VeeT. (2.24)

Using the homogeneity of the map a, it is possible to obtain an explicit formula for Jr. Indeed, let us check
that the functional defined by

JT(uT) = %ZGK(UT)U,C — Zm(lc)f,cu,C

xeT KeT

is the discrete energy of the scheme (which is unique up to a constant). An easy computation shows that
1 1
VJru?) = ];(da(uT))t.uT + ];a(uT) — (m(K) fr)x- (2.25)

Since a : (ux)x — (ax(u?))x is a positively homogeneous function of degree p — 1, we have
da(u?)u? = (p—1)a(u?).
Since, by construction (see Proposition 2.1), we know that da(u”?) is symmetric, we obtain
(da(u?))tu? = da(u®)u? = (p—1)a(u?).
Hence, (2.25) yields (2.24).

Let us now obtain a more precise expression for the energy Jr.

Lemma 2.2 Let u”,v7 € R”, we have
of X p=2
a(?) T E Y ax@oe = 3 mc" Q)BT (u7), T (u7)) "% (BT (u”), T (07),
KET* K*€T*

Proof :
It is a straightforward application of formulas (2.10) and (2.22). [ |

1
Denote by B2. the square root of the non-negative symmetric matrix Be«. From Lemma 2.2, we deduce
that

JrT) == 3 me* N Q)BLTe ()P = 3 mlk) frux. (2.26)

K*eT* KeT

It is now clear that this discrete functional can be seen as an approximation of the continuous functional J
associated to problem (1.1).

2.4.2 Properties of Jr

Let us begin with the following technical lemma:

12



Lemma 2.3 Consider a mesh T satisfying the reqularity assumption (2.2). Consider the matrices A~ and
By~ defined by (2.19) and B~ (2.22).
Let v > 0 be such that

*

K* oy KF K* o KF
" < my mgz +my my

K*je*
ll 12

. and 268 + >, Vk*eT* (2.27)

2|

There exist 1,82 > 0, depending only on 7y and on ¢y in (2.2), such that
1
BiluT |1 o < |BETer(uT)| < Bolu? |1 -, Vu? € RT ) ¥x* € T
Proof :

1
Consider the quadratic form g« (v) = (Bi+v,v) = |BZ.v|%. For any v € R?*, we can write v = vy +vg with
vp € Reg and vy~ € (Reg)t, and we have g+ (v) = g~ (vi). Consider the linear map ¥ : R* — R*, defined by:

U:v—0=(%)iz=1,234, With 7 =vig1 — v,

where we recall that vs stands for v;. The map V¥ is one-to-one from (Reg)* onto itself. Since ¥(v) = ¥(vy),
we have g+ (v) = g« (P71(77)). We immediately deduce that for any v € R4,

o)) IR

where ||.|| denotes the Euclidean norm on R* but also the corresponding norm on the space of linear maps on
R%. The matrix By« [Ret 1S given by (2.20). Therefore, using assumption (2.27), we get

—112
min Sp (B,C* |(ReO)J‘> % < g+ (v) < max Sp <BK*

RO
L insp (B >CH(B )_1H1>O2§}C+ B S S Y
TOR PP (Reg)t ) = © @)l = a+e) m(c) = ()’

and
1%~ max Sp (Br+ |(reo)-) < C || Bee |(Reoy || o, < C(L+E5)

<Co———
m(c*) = Zym(c)’
where C; and Cy only depend on the constant ¢; in (2.2). Thus for all v € R*, we have

1
m(K*)

.

e I

O ——=[lll* < [B.o| < Ca()

If we take v = Tjex(u?), we have 7; = I 65 (u7). From (2.2) we have csm(c*) < |IF |2 < com(x*),
therefore the claim of the lemma follows.
|

We can now prove the monotony of the scheme, which is equivalent to the convexity of Jr. We first recall
the following inequalities whose proofs can be found for example in [5, 12]

Lemma 2.4 For anyp > 1 and§ > 0, there exist C1 and Cy such that for anyn > 1 and for any (n,€) € (R™)?,
we have

1617726 = [nP~n] < Calé = nl*=* (&) + )" "
(I€17=2¢ = Inl"=*n, & = m) > Calg = n***(J¢] + In)" 27"

Using Lemma 2.3 and the previous result, one can obtain easily the coercivity of Jr. The proof is formally
similar to the one for the continuous problem that one can find for example in [6, 12].

13



Lemma 2.5 Let T be a mesh satisfying the regularity assumption (2.2). Consider an admissible scheme as
defined in Definition 2.2 and satisfying the uniform admissibility condition (2.27).

There exists a constant C > 0 (depending only on the reqularity constants of the mesh and on the parameter
) such that for any elements u” and v of RT we have the following inequality :

(VIr@w?) = VIr@w?),u” —oT) > Cllu” =T |} 7, ifp>2, (2.28)

p—2

(VIr(w?) = VIr (), ul =o7) = Cllu? =T |3 7 (IR r + 07 R r) © 5 if1<p<2 (229)

Corollary 2.1 Under the assumptions of the previous Lemma, there exists a constant C > 0 such that for
any u”,vT € R” we have

Jr(wT) = Jr(u”) = (VIr(u”), 0" —u”) > Clu” =" |, 7. ifp>2,

and

Jr(w”) = Jr(u”) = (VJIr(u?), 0" —u”) > Cllu” —v" |3, 7(lu” lpr + 07 )72 f1<p<2

We can now prove the fundamental theorem of this section.

Theorem 2.1 Consider an admissible finite volume scheme for (1.1) on a mesh T of Q, in the sense of
Definition 2.2. Then the system (2.23) admits a unique solution u” , which is the unique minimizing point of
the discrete energy Jr.

Proof :
Lemma 2.1, Lemma 2.5 and Corollary 2.1 ensure that the functional J7 is strictly convex and that Jr(u?)
tends to infinity as the norm of u7 tends to infinity. The claim follows immediately. ]

This theorem shows that the approximate solution of the equation exists and is unique under the admis-
sibility conditions. Furthermore, it shows that this unique solution can be obtained numerically, for instance,
thanks to minimization algorithms such as nonlinear conjugate gradient methods (Polak-Ribiére for instance).
Hence, the schemes we are studying can be implemented in a straightforward way.

Remark 2.3

o Assume that the family of meshes satisfies the uniform regularity assumption (2.2). Then, the scheme
obtained with £~ =0, Vk* € T*, is always admissible and satisfies the uniform admissibility condition
(2.27).

e For a uniform mesh, i.e. a mesh consisting of control volumes isometric to a reference control volume

10, hy[%]0, hy[, assumption (2.27) becomes

222§’<*z—3(h—y+E

*e T,
hoy hy>+'y, VK* €

2.5 Examples of schemes

As we have seen before, an admissible scheme is completely determined if we know, for each dual control
volume £*, the quadratic form

4 «
12 1 . 2&x

«(v) = |BAwv| = 5 (vig1 — ;)2 + vy + U3 — vy — vy)°. 2.30

4c-(v) = | B T e =00+ ot v v =) (2:30)

We have already seen that it is convenient to express this quadratic form in v as a quadratic form @+ of the

quantities 9; = “#x=. Note that this representation is not unique since )l §; = 0. The representations

we choose below are, in a sense, the canonical ones.

14



e As we have seen before, the scheme given by €< = 0 is always admissible. It corresponds to the case

/cl/c52 Z

i=1 ’L+1

o*

Q (61752)53754

(2.31)

Note that for p = 2, this scheme corresponds to the classical finite volume scheme for the laplacian
operator (see for example [9]) on a cartesian rectangular mesh. Proposition (2.1) shows that (2.31) is
the unique way to extend this scheme to the case p # 2 while preserving the symmetric structure of the
equations. Let us emphasize that, if the mesh is not uniform, we cannot approach |V#|? using on each

K* € T*, the quadratic form
Qr- (01,02, 03,04) = Q"(31, 82,05, 04) = Zé (2.32)

which seems to be a natural choice. Indeed, it is possible to use the form QV in order to define a discrete
energy JY by the analogue of (2.26). This new functional is convex and coercive, so that there is a
unique minimum satisfying VJ%(uT) = 0. Nevertheless, if we write down the Euler-Lagrange equation
for u7, it is easy to see that the scheme is not a consistent approximation of the flux balance equation
(2.4).

o If p=2and if €< # 0 satisfies (2.27), we obtain non classical nine points finite volume schemes for the
Laplace equation. As we will see in the sequel of this paper, these schemes enjoy the same convergence
properties that the classical five points scheme (see [9]).

. . * * h * *
e If the mesh is uniform, then we have 7f* =7 = X and 7y =71 =5 h , for any dual control volume.

Hence, the general form of the schemes is given by

252+§’C ( (01 + 63)* +%(52+54)2).

x

e In the case of a uniform mesh, consider the scheme obtained for u% = u§" = p§" = pf = L in (2.14),
corresponding to a centered approximation with respect to the dual control volumes of the normal
derivative of @ through the edges of the mesh. An easy computation shows that this scheme is the one

obtained for €5 = —% (% + Z—z), which is exactly the limiting case in the admissibility condition of
x y
Definition 2.2. Therefore, in this case the rank of the matrix By« is only equal to 2. Our analysis does

not apply for this particular scheme. Nevertheless, some numerical computations seem to show that the
approximate solutions obtained through this scheme converge towards the exact solution .

2.6 Proof of Proposition 2.1

In this section, we prove that the scheme defined by (2.10) and (2.11) is symmetric if and only if for each dual
control volume x*, the matrix A« is proportional to the matrix Bjc«.

It is quite clear that if the matrix A, is linked to the symmetric matrix B« by the relation Ay« = A+ Bicx,
the differential of each dual contribution a,~ is symmetric and so far is the differential of a.
Conversely, suppose that the differential of a is symmetric: for any control volume « and ¢,

dax  Oda,
Au,  Ouc
Let us fix some dual control volume x£* and take two control volumes x and £ whose centers are vertices of
Kc*. Let us notice that the following proofs are only given if £* C €. The arguments can be adapted without

(2.33)
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Figure 2.4: Notations

difficulty to the case of boundary dual control volumes by taking into account the values assigned to the ghost
cells (see Figure 2.1).

Figure 2.4 exhibits the two different situations we have to deal with. In case I, the symmetry property
(2.33) readily yields that

80;;6 c* 3&,; c* 8a;<; 8a£
TR AR - =0. 2.34
ou, Oux ou, Oug 0 (2.34)

In case II, x«, 2, belong simultaneously to two dual control volumes k* and c*, so that (2.33) gives

Ot jc+ . Oa, o+ _ 0az s+ . Oag, -
ou, ou, Oux Oux
or, equivalently,
8&;@,@ 8a£,;c* _ 8a£’£* 8a;<;,£*
Ou, Oue  Oux ou,

We will show that both sides of (2.35) are in fact zero. In the sequel, we fix some dual control volume £*, so
that we have

(2.35)

]. p—2
ax-(v) = ———(Bv,v) 2z Av € R*,
K ( ) m()C*)( )
where we drop the £* dependency of the matrices A and B, in order to simplify the notations. Let us denote

by (@i j)1<ij<a and (b; j)1<ij<a the entries of the matrices A and B. We want to prove that, there exists
A € R such that A = A\B.

Remark 2.4 Following (2.12), the value of (Bv,v) is zero if and only if v is parallel to eq = (1,1,1,1)%.
Hence, ax~ is a differentiable function except on the line Reqg if p < 4. If v ¢ Reg, we have

dax~(v).w = m(}C*) (B, ’U)#AU} + —m(ic*) (p — 2)(Bv, v)# (Bv,w)Av
1 - (2.36)
= ey (Bu ) T (Bu.w)Aw + (p —2)(Av) € (Bujuw).

We refer to Figures 2.3 and 2.4 for the notations (x;); corresponding to the dual control volume x*. For i # j,

set
_ Oag, e+ (v)  dax, k= (v)

Pii (U) - an ov;

We recall that indices ¢, j are understood modulo 4.

Lemma 2.6 We have:

1. For any i € {1,...,4}, the function p; to is identically zero.
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2. For any i € {1,...,4}, the function p; ;41 only depends on the variables v;, vit1.

Proof :

Without loss of generality, we can assume that ¢ = 1. The equalities (2.34) taken for £ = x1, and £ = k3

immediately yield p1.3 = 0. The equality (2.35) taken for k = k1 and £ = k2 shows that p; 2 is a function of

the variables v1, v2,v3, v4 on the one hand, and of the variables vy, v, vs, vg on the other hand. Therefore, p; 2

can only depend on vy, vs. [ |
We can now state the following Lemma which is essentially an homogeneity argument.

Lemma 2.7 Suppose that p & {2,4}. Let q be a quadratic form defined on R*, B a symmetric non-negative
matriz, whose kernel is spanned by eq, and p the function defined on R* by

—4
p(v) = (Bv,v)"7 g(v).
Assume that p only depends on the variables (v1,vs). Then, p is identically zero.

Proof :
Let us fix v1 and vo. As B is a definite positive matrix on {eo}J—, its entry bs 3 is positive. Moreover we can
consider ¢(v) as a quadratic polynomial in the variable vs:

q(v) = a3 + vz + ao,
where a9, a1, ag may depend on vy, va, vy4.
e Suppose that as # 0, we deduce that
p—4 -1
lim p(v) (b3’§ a2|vg|p*2) =1,
|vs|—+o0 '
which is impossible since p # 2 and p does not depend on vs. Thus, as = 0.
e Now if oy # 0 and p # 3, we get
p_4 -1
lim p(v) (bg"é ozl|v3|p_3) =1.
[vz| =00 ’
This is also a contradiction. Thus, a; = 0 unless p = 3.
e Now if ag # 0 and p # 3, we have a; = 0 and then
p—4 -1
lim  p(v) (b3’§ a0|vg|p*4) =1.
|vs|—+o0 '
Since p # 4, we get another contradiction.
Hence, if p # 3, we have proved that ¢ is identically zero, which gives the claim.
It remains to treat the case where p = 3 and 3 # 0. In this case, we have
1
p(v) = (Bv,v)"2q(v) = 1(v1, v2)

or, equivalently, )
Q(U) = '(/)(Ul; UQ)(BU7 ’U) 2.
As as = 0 and a; # 0, the quadratic form ¢ is linear with respect to the variable vs.

Let us consider any vy # ve, then for any choice of vs, v4, we have (Bv,v) # 0 (because the kernel of B is
Rep). Moreover, we can choose vy = 0 and then, as as = 0 and «; # 0, there exists a value of vs (depending
on vy, v, v4) such that g(v) = 0. We immediately deduce that ¥(vi,v2) = 0. As ¢ is a continuous function,
the result still holds for v; = vy. Hence, for p = 3, p vanishes identically. ]

Let us now prove the following result:
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Lemma 2.8 Let i,j € {1,2,3,4}, i # j. Suppose that p; ; is identically zero.
o Ifp=2, we have a;j = a;;.

o Ifp# 2, there exists a real number A; j such that

Qi = Nijbia, aj; = Nijbjj, Gy = a0 = Xijbi; (2.37)
Proof :
The assertion p; ; = 0 is equivalent to
80,,0 Kc* 8a,<j c* 4
——(v) = ——"—(v), Yv e R"
G (n) = T )

Hence, from (2.36) we deduce that the quadratic form defined on R* by
¢ij (v) = (Bv,v)(ai; — ;i) + (p — 2)((Av)i(Bv); — (Bv)i(Av);), Vv eR?

is identically zero. This implies that
-2
(Bv,w)(a;; —aj;) + p?((Av)i(Bw)j + (Aw);(Bv); — (Bv);(Aw); — (Bw);(Av);) =0, Yo,w € R

In particular, using the symmetry of B, for (v, w) equal respectively to (e;,e;), (e;,e;) and (e;, e;), we get the
following relations:

bii(ai; — aji) + (p — 2)(aiibij — bisaj:) =0,

bj,j(aij — aji) + (p — 2)(ai ;b5 — bija;5) =0,
p p—
Sbiglaiy — ajq) + —5—
These equations can be written as an underdetermined linear system:

(am-bj,j - bm-aj,j) =0.

(p—2)bi; 0 bii —(p—1)bi; Z”
0 —(p—=2)bij (p—1bj; —bjj mo =0 (2.38)
p=2p. _p=2p. . . _ Dy, . i,
2 05 7 Uiy 204, 204, e
Jsi
Let us extract a 3 x 3 matrix, whose determinant is given by
0 bi i —(p—1)bis »
(2=p)bij (p—1)bj; —bj; = (p—2)5bii (b7 — biibj ;). (2.39)
_p=2p . 2p. . _Py. . 2
2 2 27,7 273

As the kernel of B is reduced to Reg, the restriction of the quadratic form v — (Bv,v) to the plane defined
by e; et e; is positive. Then we obtain

bi7i > 0, ij‘ >0, and (bi,iij — b2 ) > 0.

)

Hence, the 3 x 3 determinant (2.39) is non zero and it follows that the system (2.38) admits a one dimen-
sional vector space of solutions. The vector (b; ;,b; ;,bi ;,b; ;)" is an obvious non zero solution of the system.
Therefore, there exists a real A; ; such that

@ii = Nigbiis a5 = Nigbigs @i = azi = Aijbig.
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Collecting all the previous facts, we get the claim of Proposition 2.1 for the case p & {2,4}. Indeed,
Lemmas 2.6 and 2.7 show that for any ¢ # j, we have p; ; = 0. Hence by Lemma 2.8, we deduce that equations
(2.37) must be satisfied for any (4, j), ¢ # j. Consequently, the real numbers \; ; are independent of ¢ and j.
Therefore, equations (2.37) imply that there exists A € R such that

A= )\B.

In order to conclude the proof of Proposition 2.1, we have to consider separately the cases p = 2 and p = 4.
Lemma 2.9 For any p > 1, and any £* € T*, the matrix Ac« is symmetric.

Proof :
For p ¢ {2,4}, we just have proved that A+ = Ac+Biex. The claim follows since By« is symmetric.

For p =2 and p = 4, Lemmas 2.6 and 2.8 show, in particular, that a; 3 = a3 and ag 4 = a4,2. These two
equalities together with the general expression for the matrix A« given by (2.16), imply that (1 — p1) =
T3(1 — ps3) and 72(1 — po) = 74(1 — pa). It is easily seen that these relations imply the symmetry of the matrix
AK* . | |

Note that in the case p & {2,4} we do not use the specific expression (2.16) for the matrix A, whereas
this expression is useful when p € {2,4}. In fact, we believe that this particular form of the matrix is not
necessary to conclude even when p = 4, but the proof seems to be heavier.

Lemma 2.9 shows Proposition 2.1 in the case p = 2. Now suppose p = 4. In this case, Lemma 2.9 shows
that A is symmetric and Lemmas 2.6 and 2.8 show that relations (2.37) are valid for j = ¢ + 2. Now using
the fact that for ¢ = 1,2, 3,4, p; ;41 does not depend on v; 2, vi+3, we get in particular

?piit1 %piit1 _ 0 and Ppiiv1 . 0?piin

= = =0.
) )
02019 Ov;i110V;1 3 0%v;43 Ov;Ov; 1o

Consider the case i = 1. The previous relations are equivalent to

(@a,1 — A2,4b41) ba2 =0,
(ag,1 — A2,4b2.1) bag + (a1 — A2 ,aba1) bao =0,

and
(ag2 — A1,3b32) b1 =0,
(a2,1 - )\1,3b2,1) 53,1 + (a3,2 - /\1,353,2) b1,1 =0.

Combining these equations, and using the fact that b; ; > 0 and bz 2 > 0, we deduce that
Q4,1 — /\274b4)1 =0 and as2 — )\1)3[)372 =0. (240)
For i = 2,3,4, we get in a similar way

a2,1 — Ai3b21 =0, ag3 — Apabs3z =0,
ag,1 — A1,3b41 =0, az2 — A2 4b32 =0, (2.41)
ag3 — A13ba3 =0, az1 — Az4b21 = 0.

First of all, it is impossible that by o = ba 3 = by 4 = b3 4 = 0, because in that case the vector €y = (0,1,0,1)*
would have been in the kernel of B which is spanned by e = (1,1,1,1)! by assumption (2.12).

Hence using relations (2.40) and (2.41), we see that we have Aj 3 = Ag.4 = A, so that we can conclude that
AK* - )\1,BB)<*-
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3 Error estimates

Let f be a given data in L* (), so that there exists a unique solution @ of (1.1) in W, *(2). Throughout
this section, we consider an admissible scheme, in the sense of Definition 2.2, on a finite volume mesh 7 on Q.
We recall that A is the maximum of the diameters of the control volumes in 7 and we assume that (2.2) and
(2.27) hold. Let u? be the unique solution to (2.23). In the sequel, we denote by C' a generic constant that
depends only on €, p, ¢; in (2.2) and v in (2.27).

Our main result is the following.

Theorem 3.1 Assume that the solution T of problem (1.1) belongs to WP (Q) N W2P(Q), then we have

_ T .
[a” = uT ||y pr < ChP” ll\ullwwllfllm/, ifp <2,
3p—4 (r=2)2

17" = w7 |17 < Chlallwes + CheT [Tl (1577, ifp>2.

Recall that J.W. Barrett and W.B. Liu proved in [4], that if f € L9(Q2) and if 1 < p < 2 then u belongs to
H?(Q) and then to W?2P(1), so that the assumption in the previous theorem is fulfilled.

On the other hand when p > 2, there exists solutions of (1.1) with f € L () which are not in W2?(€2).
We will address the problem of proving error estimates for these solutions in [2].

Remark 3.1 Using the Poincaré inequality (Lemma 2.1), we also deduce error estimates for the LP(Q2) norm

of order hP~1 when p < 2 and K71 when p>2.

3.1 A priori estimates on the approximate solution

Lemma 3.1 Under the previous assumptions, the approzimate solution u” satisfies the estimate
T =T
luTllpr < CIFIT. (3.1)

Furthermore, if u and ul are the solutions corresponding respectively to the data fi, f € ¥ (Q) then we
have

1
Jui —uj ||1pT<C||f1 f2||£;/17 if p> 2,

(3.2)
||“1 U ||17p7T <Clfr = follpw (Hul H1p7’ + ||“2 ||1 p?T)’ ifl<p<2.
Proof :
1. By Lemmas 2.2 and 2.3, we have
0= (VJT ,u Za/c —m(K) freuxe > OHuTHlpT Zm )t
xeT KeT
It follows by the Holder inequality that
p 1
P
71 < O el < ( S ) (zm o)
kel KeT KeT
Now, the discrete Poincaré inequality yields
p—1
[ e (Zm el 7T ) : (3.3)
keT
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Using the definition of f, given by (2.5), by the Jensen inequality we have

707 < (i - If(z)le)% < s [

so that (3.3) gives (3.1).

2. In order to prove (3.2), let us substract the discrete equations for u7 and uZ :

ac(u]) = ac(uz) = m(K)((fr)e = (f2)x), VK €T.
Multiplying by (u?)x — (u)x and summing over x, we deduce, using (2.28) and (2.29), that
lui =z |} 7 < Cllul —ug zollfs = fellpwr, ifp>2,
ol — w3 13 5l 1% + lu 17,77) < Cllud =3 lzollfy = fall g, i1 <p <2

We conclude using Lemma 2.1.

Remark 3.2 This result gives the Hdélder continuity of the inverse discrete p-laplacian operator. As we have
already seen, the approzimate solution u” of problem (1.1) is obtained as the minimum of the discrete energy
Jr. Hence, the practical computation of the solution can be performed using a classical iterative method. The

appropriate stopping criterion is given by the previous Lemma.

Indeed, consider for instance, the case where p > 2. If we denote by u” the exact approzimate solution
and ukT an iteration of any numerical algorithm used to solve the scheme, then the error between u” and uz—

is estimated by

1
T T T p—1
™ = ujcll1p,r < CIf = alwi)ll7, -

Consequently, if we know that the numerical scheme has an order h®, we can choose the stopping criterion
I1f = o]l < CHED,
so that finally

1
@7 —ui |y pr < @7 —u” |y 7 + |u” —uf |l < C1h* + (Coh*P~1)5=T < Ch®.

3.2 Consistency error of the scheme

Definition 3.1 (Local consistency error) For any control volume k and for any half-edge o C Ok, we

define the local consistency error by

Roy)c = GJICJ(ET) - <—/|Vﬂ|p2Vﬂ + Uk d8> ,

where ,

p—2 __ .
)AL e (T (@) if 0 = 0.
P—z 14 - - )
TN AL o (T @) if 0 = 00 v

{ o (@7) = qer (Te (T
a/c,o(aT) = (k= (T/c* (ﬂ

*

Remark that a, ,(@7) can be written (in a non-unique way) as a function of 6 (@?) = (65 (@7))i=1.2.3.4-

Let us define g, to be a function such that

m(”)go(&c*(UT)) = a,gg(UT), Vol e R7.
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p—

2
For example, suppose that o = o} . so that with (2.13) we have ax , = q.? Aj . In this case, following
(2.14), (2.18) and (2.30), we can take

p—2
9o (61,02,085,64) = #im’?*l’?*d?+ 26K" (6, +8)2 Z by e I 61+ 6 (3.4)
o » 02,03, m(K:*)i:1 i Y Y4 m(IC*) 3 mllc* 3 .
Hence the local consistency error can be written as follows:
Roe = m(o)go (6% (@7)) + / Va2V - v ds. (3.5)

Lemma 3.2 Let £* be a dual control volume and o C k*. For any point s € o, let us write 6° (@?) =
§9(s) + e(s), where §°(s) = (69);=1,2.3.4 is defined by 69(s) = Vu(s) - v;.
o [fx* C Q, we have
1 1 2 2 1 ! 2— 2
gi(s) = T (1 —t)D“a(txirr + (1 —t)s) - (X1 — 8) dt—l— (1 —t)D"u(te; + (1 —t)s) - (x; — s)° dt.
0 0

A A

e If K* is a boundary dual control volume, we have

1! e

gi(s) = s}l—/ (1 —t)D*U(ty;r1 + (1 —1)s) - (yiy1 — 5)* dt+s$l—/ (1 —t)D%u(ty; + (1 —t)s) - (ys — s)? dt,
1J0 iJ0

where y; denotes either the point x; if x; € Q, either the point symmetric of x; with respect to 02, if

z; €Q, and s},s? € {—1,1}.

17
Proof :
The result is a straightforward consequence of the Taylor expansion :
1
u; —u(s) =u(x;) —u(s) = Vu(y) - (x; —s) + / (1 —t)D*u(te; + (1 —t)s) - (z; — s)* dt.
0
When £* is a boundary dual control volume, it suffices to take into account the values imposed in the ghost
cells (see Figure 2.1). ]

Lemma 3.3 There exists a constant C > 0 such that for any o C £* NQ, we have

/|a(s)|p ds < ChP~1! |D2E(z)|p dz.
o K*NQ
Proof :

Using the previous Lemma, we see that the estimate of / le(s)|P ds requires the control of the terms:
o

A*’:Cf/

Thanks to the regularity of the mesh, using the change of variables (¢, s) — z = ta; + (1 — t)s, we get:

1 P
ll/ (1 =)D (tw; + (1 —t)s) - (x; — s)* dt| ds, i=1,...,4.
iJ0

1
A; < /lip/ |(1- t)D*T(tw; + (1 —t)s) - (z; — 8)2‘1) dt ds < Chpfl/ |D?7(2)|Pdz,
o' JO b

o,

where the domains ¥, 1,32, 35 3, 354 are introduced in Figure 3.1. Note that the Jacobian determinant of
the change of variables is C(1 — t)h.
The lemma follows immediately.

We can now estimate the local consistency error of the scheme.
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N

v
g =0 *
Yol K1,k

Figure 3.1: Definition of the domains ¥, 1,342,353 and 3,4

Lemma 3.4 For any control volume c, and for any half-edge o C O, we have

) =1
\Ronc| <Ch™ % ( \D%a(2)|P dz) . ifp<2,

K*NQ2

p-1)? = . 1
|Ra,)c|sc<h( S ([ paer ) T a0t ) ) o>,
K*NQ

K*NQ
where £* is the dual control volume which contains o.

Proof :

Without loss of generality, we still assume that o = o . is the vertical half-edge in £* between kX" and
k5", As in Lemma 3.2, we write 6° (@7 ) = 6°(s) + £(s). Let us first prove that

1
Rox = /U /0 V0o (6%(s) + t=(s)) - £(s) dt ds. (3.6)

Indeed, for all s € o,
9o(8%° (@) = go(6°(s) +£(s)) = 95(8°(s)) + /01Vgo(50(8) +te(s)) - e(s) dt.
Integrating this relation over the edge o and using the fact that 6% (ET) does not depend on s, we have
m(o)g. (0 (@?)) = /gg(50(8)) ds + //01Vg(50(s) +te(s)) - e(s) dt ds.
Hence, (3.6) follows from (3.5).
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p—2

We remark that, thanks to (3.4), for any «, 8 € R we have g,(a, 3, —a, =) = — (a2 —l—ﬂ?)T a (this
amounts to the consistency of the scheme on piecewise affine functions). Hence, since we have §%(s) =
(Tz(s),Ty(s), —Us(s), —Uy(s)), we deduce that

/90(50(8)) ds = —/|Vﬂ|p*2VE- Vi ds,

which proves (3.6).
According that for any 71,72 € R*, we have [Vgo (1) - n2| < C|m [P~2|n2|, we obtain

Rrcl < [ ( [ 190(s) + te(s) P i) s (3.7

Remark that, for any 1 < p < 2, there exists a constant C' such that, for any n > 0 and for any (n,&) €
(R™)*\{(0,0)}, we have

1
/ inllé + tnfP~2 dt < ClnlP—.
0

Therefore, we deduce from (3.7) that

RU,C<C (s 50 P72 4 |e(s)[P2) ds, if p> 2,
|

R < 0/ ()Pt ds, ifp<2
Hence we readily get
p—1

|Ry x| < C’m(o’)% </|€(S)|p ds) ’ , ifl<p<2

For p > 2, note that W1P(Q) C L>(f2), so that we have |6°(s)| < || V||, and finally

|Rg,;<|<C<m() \Vu||Lm(Q </|€ |pds) +m(o 11’</|8 |pds>p>, if p> 2.

We conclude using Lemma 3.3. [ ]

3.3 Proof of Theorem 3.1

Using the estimate of the local consistency error obtained in Lemma 3.4, we can now prove the error estimates
stated in Theorem 3.1.

Thanks to Lemma 2.5, we have for p > 2
[a” — |}, 7 < C(VIr@") - Vir@”),a’ —u’),
and for 1 < p <2, we derive

p—2

177 =T 12 pir (71 iz + 71z ) * < C (VI (@) = V() a” —uT).

By (2.24), we have

(VJT(ET) —VJrw?),w? — uT) = Z Z (a,c,o(ﬂT) — a0 (uT), T — Uy) -

keToelx
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Integrating equation (1.1) over a control volume x and using the definition of the scheme (2.23), we have
- Z /|Vu|p VT v ds = /f =m(K)fx = Z e, (U
c€€k oc€€k

Therefore, the definition of R,  implies

(VIr@”) = Vir?),a’ —uT) =3 > (Rox.Tx —ux). (3.8)
KeEToEEK
The conservativity property ensures that for any half-edge o C x|z, we have R, . = —Ry . Bringing together

the terms corresponding to neighbors £ and 2, we get a sum over all the half-edges in the mesh which reads

(VJT(ET) —VJrw?),a? — uT) < Z ‘(RU,)C; (U —ux — U, + u,;)) ,

o=Klc

where the ghost cells values are taken into account near the boundary. Let us note R, = |Ry x| = |Ro.z| SO
that we get

p—1

(Vir@’) - virw®),a’ —u7) < |[a” —u”|

LpT Z Z diam(x*) 7= 1|R |P 1

e m(K* ) oCK*NQ

The mesh regularity assumption (2.2) ensures that

(VIr@®) - Virw?),a’ —u?) < Ofa” —u?|

,p,Th Z Z |R"|%

K*€T* gCr*nNQ
According to Lemma 3.4, the term Z Z |R,| 7T is controled using the following inequalities
K*€T* gCr*NQ

e For any p > 1, we have

(p 1) +1 Z Z |D2 |de<Ch

T / \D*a(2) [P de.
K*€T* g NQ K*NQ Q

e For any p > 2, using (2.2) we also have

Rvai S </ \D?7( )|sz)p_ §0h2|va|§o_1<

* *NQ
K*€T* gCr*N)

p—2

T fgmore)” (£)”

K*eT* K*eT*

< | val (/|D2 |sz) o

1—2 2
Hence, for p > 2, using the interpolation inequality ||V||oo < C|[Tl| 2% [Tl ;1. we obtain

1 3p:4 p—2)2
77— Tl 7 < © (hnuuwz,p +h [l ) ,
and we can conclude using (1.3).
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In the case where 1 < p < 2, we first obtain

_ T =T
1@ =Tl < ORIl (1710 + a1

W)

D5

then with (1.3), (2.3) and (3.1) we deduce
@™ T ly, 7 < CRP™ 1IIU||’V7V21p||f||

3.4 Improved error estimates
The convergence estimate of theorem 3.1 can be improved for p = 2 and p > 3, in the case where :

(H1) The mesh is uniform, i.e. all the control volumes are isometric to a given reference rectangular volume
[0, hz] x [0, hy]. In this case, the regularity assumptions on the mesh (2.2) writes
h 1

Je; > 0, such that ¢ < h—u < — (3.9)
1

(H2) The exact solution @ of (1.1) is smooth enough.
(H3) The same approximation scheme is chosen on all dual control volumes.

The meaning of the last assumption has to be precised. As we have seen before, our schemes are determined
by the value of the parameter £ in each dual control volume. As the mesh is supposed to be uniform in this
section, it makes sense to impose £ = ¢ independently of the dual control volume x*. As usual (see (2.27))
we suppose that for a given family of meshes and associated schemes, there exists v > 0 such that

1 B
&< —, and2§+1<@+h—)2’y. (3.10)

1
~ he = hy

Theorem 3.2 Assume that p = 2 or p > 3. Consider an admissible scheme, in the sense of Definition
2.2, on a uniform mesh which satisfies (2.2) and (3.10). There exists a constant C' > 0 such that, for any

e WHHQ) N Wy P(Q) solution of (1.1), we have

1

1
07 =37 17 < C sk @D 4 O (sup 1) 7 47

where m =2 for p =2 and forp >4, and m =p —2 for 3 < p < 4.

Note that in each case we have m > 1, so that the convergence order obtained here is improved compared to
1
the order h»=T obtained in the theorem 3.1, for less regular solutions.

The proof of this result is quite technical and can be found in [2]. We only give here a sketch of this proof.

The idea is to treat the right-hand side of (3.8) in a different manner, bringing together the terms originated
from all the eight half-edges which delimit a control volume x € 7 in order to take advantage of the symmetries
of the schemes. More precisely, we rewrite (3.8) under the form

(Vir@’) - virw?),a’ —u?) = Z < Z R07,6> (Uux — Uy).

K€T \o€fk

As it has been shown in Lemma 3.4, for any o and «, the local consistency error R,  is in general of order
h? if u is smooth enough (say in C%(2)). We can show that compensations due to symmetries of the scheme
imply that the term ) . R, is of order h* (if k is an interior control volume) provided that 7 is regular
enough (roughly speaking, in C4(Q)) and g, lies at least in C2(R?). For this last reason, this result is restricted
top>3orp=2.
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Case A : | h/2 Case B :
. : e .
u = e* sin(nz) sin(my) ., u = e* sin(mz) sin(my) Random mesh
p=2.5 p=2.5
" 2
—1log1o(c?) —log1g(e?)
24 26
25 7|
22 7
24
20 7 23 7
22 7
18 7|
21 7
16 7| 20 7|
)
____ S 19
14 o R
o —6— Admissible FV scheme ] e e —6— AdmissibleFV stheme
---0--- Non admissible FV scheme ---0--- Non admissible FV scheme
12 T T T 17 T T T
16 18 20 22 24 16 18 20 22 24
—logyg(h) —logig(h)

Figure 4.1: Comparison between Admissible and Non-admissible schemes

4 Numerical results

The admissible finite volume schemes we have constructed derive from a discrete energy J7. Hence, the prac-
tical computation of the approximate solution has been performed using the Polak-Ribire nonlinear conjugate
gradient method. Note that for large values of p, there exist more efficient methods for this minimization
problem (see for instance [12]).

As it is classical in such problems (see for instance [5]), we observe numerically better convergence orders
than the results given in Theorems 3.1 and 3.2. Hence, we concentrate in this section on the qualitative
properties of the schemes.

—T _ T
All the figures show the relative discrete W2 error e? = W
1,p, T

h, in a logarithmic scale. The domain §? is the unit square ]0, 1[x]0, 1].

as a function of the size of the mesh

First, we compare admissible schemes as defined by Definition 2.2 (we choose here {,~ = 0) and the non-
admissible scheme introduced in Section 2.5, that is the scheme defined by the functional JY issued from the
quadratic form (2.32). We recall that the Euler-Lagrange equation for J% is not a consistent finite volume
discretization of (1.1) on the mesh 7 if the mesh is not uniform.

Two kinds of behavior are observed and presented in Figure 4.1. In case A, the mesh is non-uniform but
quite regular. We see that the convergence order is roughly the same for the two schemes but the error is
smaller for the admissible scheme than for the non-admissible scheme. Note that the dual mesh 7* is uniform
in this case.

In case B, the dimensions of the control volumes are randomly chosen between h/2 and 3h/2 so that
the regularity condition (2.2) is satisfied. We see that the non-admissible scheme has very bad convergence
properties whereas our admissible scheme is convergent.

In Figure 4.2, we give another example of the bad convergence properties of non-admissible schemes in the
case of random meshes.

Secondly, we compare in Figure 4.3 the various admissible schemes obtained by choosing different values
of the parameter &c-. In all the following results, we have chosen the same £ on each dual control volume.

We recall that the natural scheme (extended from the classical finite volume scheme for the Laplace
equation) is obtained for & = 0.0 (see Section 2.5). We see in Figure 4.3 that the convergence order is
the same for each value of €. For p = 2.5, the smallest error is obtained for £ = 0.0, i.e. with the “classical”
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u = sin(37rz) sin(37wy)
p=25 Random mesh

—1logyg(e?)
26

- —6— Admissible FV scheme
@ -=-O--Non admissible FV scheme
12 T T T T T

16 18 20 22 24 26

— 510 ()
Figure 4.2: Comparison between Admissible and Non-admissible schemes (2)

u = e® sin(37x) sin(3my)
p=25

u = ¥ sin(37x) sin(3my)
p=4

Uniform mesh
N x N control volumes

Uniform mesh
N x N control volumes
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Figure 4.3: Comparison of Admissible schemes for different &

finite volume scheme. On the other hand, for p = 4 we see that the smallest error is obtained for £ = 1.0, so
that the “classical” scheme (¢ = 0.0) is not the best scheme in this case.

Note that the scheme for £ = —0.25 is not admissible in the sense of Definition 2.2 since this is the limiting
case in condition (2.21). Even though this particular scheme does not fulfill the assumptions of our error
estimates theorem, we can see that the scheme seems to be convergent, for instance for p = 4.
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