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TENSOR PRODUCTS OF SEMILATTICES WITH ZERO,
REVISITED

G. GRATZER AND F. WEHRUNG

ABSTRACT. Let A and B be lattices with zero. The classical tensor product,
A® B, of A and B as join-semilattices with zero is a join-semilattice with zero;
it is, in general, not a lattice. We define a very natural condition: A ® B is
capped (that is, every element is a finite union of pure tensors) under which
the tensor product is always a lattice.

Let Conc L denote the join-semilattice with zero of compact congruences
of a lattice L. Our main result is that the following isomorphism holds for any
capped tensor product:

Conc A ® Cone B 2 Cone(A ® B).

This generalizes from finite lattices to arbitrary lattices the main result of a
joint paper by the first author, H. Lakser, and R. W. Quackenbush.

1. INTRODUCTION

The construction of tensor products of modules over a commutative ring has an
obvious analogue for join-semilattices with zero. This construction was introduced
in J. Anderson and N. Kimura [1], G. A. Fraser [3], and Z. Shmuley [12]. If A and B
are semilattices with zero, we denote by A ® B the tensor product of A and B.

While the tensor product is defined for semilattices with zero, it becomes, some-
how mysteriously, really interesting for lattices. In many cases, the tensor product
of two lattices with zero is a lattice, for example, if both lattices are finite, see
J. Anderson and N. Kimura [1].

The deepest result in this field was obtained in G. Gratzer, H. Lakser, and R. W.
Quackenbush [5]. This paper was motivated by the paper of E. T. Schmidt [11]
in which it is proved that the congruence lattice of M3[D], where D is a bounded
distributive lattice, is isomorphic to the congruence lattice of D. Since M3[D] can
be viewed as a tensor product of M3 and D, the following result is a far reaching
and surprising generalization of Schmidt’s result:

Main Result of [5]. Let A and B be finite lattices. Then the tensor product of
the congruence lattices, Con A and Con B, is isomorphic to the congruence lattice
of the tensor product A ® B, in formula,

Con A ® Con B = Con(A ® B).

There are some stronger results stated in [5], see Section 8 for a discussion.
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2 G. GRATZER AND F. WEHRUNG

In this paper, we generalize the main result of [5] to infinite lattices. First, one
has to observe that the isomorphism of the Main Result of [5] cannot be expected
to hold for infinite lattices; indeed, easy examples show (see Example 5.5) that
Con(A ® B) is, in general, very large when compared to Con A ® Con B. Indeed,
the proof of the main result of [5] computes principal congruences of A® B in terms
of the principal congruences of A and B. So the proper generalization ought to
change the congruence lattice to the semilattice with zero of compact congruences.
We denote by Con. L the semilattice with zero of compact congruences of the
lattice L.

To state our result, we need the concept of capping.

Let us call a subset I of A x B a bi-ideal, if I contains (A x {0}) U ({0} x B),
it is hereditary, and it is join-closed in the sense that if (ag,b), (a1,b) € I, then
(ap V a1,b) € I, and symmetrically. Then A ® B can be represented as the join-
semilattice with zero of finitely generated bi-ideals of A x B.

A bi-ideal I is capped, if there is a finite subset C' of A x B such that [ is the
hereditary subset of A x B generated by C along with (A x {0}) U ({0} x B). A
tensor product A ® B is capped, if all bi-ideals in the representation of A ® B are
capped. If A® B is a capped tensor product, then it is a lattice.

Main Theorem. Let A and B be lattices with zero.

(i) If A® B is a lattice, then there is a natural embedding of Con. A® Con. B
into Con.(A ® B).
(ii) If A® B is a capped tensor product, then

Con, A ® Con, B = Con.(A ® B).

Most results in this paper are stated for the more general constructions called
sub-tensor product and capped sub-tensor product, introduced in Section 4. There is
a good reason for this, although, it is not evident in this paper. In [8], we introduce
a variant of the tensor product construction, which we name box product. The
most important advantage of the new construction is that the box product of two
lattices is always a lattice. In [8], we state the analogue of the Main Theorem for
box products; it turns out that the proof for box products is very similar to the
proof in this paper. So we introduce here sub-tensor products and capped sub-
tensor products, which serve as a common platform to prove the results that apply
in this paper and also in [8].

In Section 2, we introduce the basic concepts and restate the basic results on
tensor products we shall need in this paper.

The new concepts of L-homomorphism and L-congruence are introduced in Sec-
tion 3. We establish that L-homomorphisms and L-congruences of join-semilattices
with zero behave very much like homomorphisms and congruences of lattices. These
concepts allow us to develop results for semilattices that otherwise could only be
obtained for lattices. The main result in this section is Lemma 3.6, which lifts L-
homomorphisms to tensor products, generalizing a result—Lemma 3.17 of [8]—from
finite lattices to arbitrary semilattices with zero.

Sub-tensor products are introduced in Section 4, where we prove some basic
properties. In Section 5, if A and B are lattices with zero and C' is a sub-tensor
product of A and B, then for a compact congruence o of A and a compact con-
gruence § of B, we define a congruence a ®¢ 3 of C' and prove that there is a
unique {V,0}-homomorphism ¢ from Con. A ® Con, B to Con C such that, for
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all @ € Con. A and all 5 € Con. B, we have ec(a ® ) = a ©¢ 8. In Section 6, we
prove the Embedding Theorem, claiming that this map e¢ is, in fact, an embed-
ding; this verifies the sub-tensor product version of the first statement of the Main
Theorem.

In Section 7, we introduce capped sub-tensor products, and we prove the Isomor-
phism Theorem that corresponds to the second statement of the Main Theorem.

In Section 8, we apply the Embedding Theorem and the Isomorphism Theorem
to get the two statements of the Main Theorem. We also discuss related results,
in particular, some results from J. D. Farley [2], G. Grétzer, H. Lakser, and R. W.
Quackenbush [5], and G. Grétzer and E. T. Schmidt [6], and state a number of
open problems.

2. TENSOR PRODUCTS

Let Sy denote the category of join-semilattices with zero with join- and zero-
preserving homomorphisms ({V, 0}-semilattices with {V, 0}-homomorphisms). For
S € 8y, let wg and tg denote the smallest and largest congruence of the {Vv,0}-
semilattice S, respectively.

Let (4; | i € I) be a family of join-semilattices with 0; the direct sum of this
family in Sp, denoted by @(A4; | i € I), is the {V, 0}-semilattice of all (a; | ¢ € I)
such that a; € A;, fori € I, and {i € T | a; # 0} is finite (the zero is the “zero
vector” and the join is formed componentwise). In fact, @(A; | i € I) is the
coproduct of the family (4;|i € I) in S.

Now we introduce the basic definitions for this paper. In [5], the tensor product
of the objects A, B € Sy consists of certain hereditary subsets X of (A — {0}) x
(B —{0}). In this paper, we find it more convenient to consider hereditary subsets
X of A x B that contain the set

Vs = (Ax{0})U ({0} x B).

We shall use a partial binary operation on A x B: let {(ag, bo), (a1,b1) € A x B;
the lateral join of {(ag,bo) and {(a1,b1) is defined if ay = a3 or by = by, in which
case, it is the join, {(ag V a1,bp V b1).

Definition 2.1. Let A and B be {V, 0}-semilattices. A nonempty subset I of Ax B
is a bi-ideal of A x B, if it satisfies the following conditions:
(i) I is hereditary;
(i) I contains V4 p;
(iii) I is closed under lateral joins.
The extended tensor product of A and B, denoted by A ® B, is the lattice of all
bi-ideals of A x B.

It is easy to see that A ® B, is an algebraic lattice. For a € A and b € B, we
define a @ b€ A® B by

a®b=VapU{(x,y) € Ax B|(z,y) <{a,b)}

and call a ® b a pure tensor. A pure tensor is a (one-generated) principal bi-ideal.
Let us call (ag®bg)V (a1 ®b1) a mized tensor, if ag < ay and by > by or ag > a; and
bo < b1. A mixed tensor is a special type of join of two pure tensors, a two-generated
bi-ideal.
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Definition 2.2. Let A and B be {V,0}-semilattices. The tensor product A® B is
the {V, 0}-subsemilattice of compact elements of A ® Bj; equivalently, A ® B is the
{V, 0}-subsemilattice generated in A ® B by the pure tensors.

Since pure tensors and mixed tensors are compact bi-ideals, we conclude the
following:

Proposition 2.3. All pure tensors and all mized tensors are elements of the tensor
product.

The tensor product of {V,0}-semilattices may be a lattice.

Proposition 2.4. A ® B is a lattice if and only if it is closed under finite inter-
section.

Proof. Indeed, let A ® B be a lattice and let I A J = K, where I, J, and K are
compact bi-ideals. If K is not I NJ, then K C I N J and so there is a compact
bi-ideal H satisfying K C H C I N J, contradicting that I A J = K. The converse
is trivial. O

This proposition is really a statement that holds for any algebraic lattice, viewed
as the ideal lattice of a {V, 0}-semilattice.

Corollary 2.5. The tensor product of the finite lattices A and B is always a lattice.

Proof. Indeed, then, A®Q B=A® B and A® B is closed under finite intersection,
therefore, so is A ® B, and thus A ® B is a lattice. O

We shall next characterize the tensor product as a universal construction with
respect to bimorphisms. So first we give the definition of a bimorphism.

Definition 2.6. Let A, B, and C be {V, 0}-semilattices. A bimorphism from A x B
to C is amap f: A x B — C such that

(i) for all (a,b) € A x B, f({a,0)) = f({0,b)) = 0;

(ii) for all ag, a1 € A and all b € B,

f({ao vV ar,0)) = f({ao, b)) V f({a1,b));
(iii) for all a € A and all by, b; € B,

f(a,bo Vv b1)) = f((a, bo)) V f((a,b1)).
Corollary 2.7. A bimorphism is an isotone map.

Proof. Indeed, if f: A x B — C'is a bimorphism and ({ag, bo), (a1,b1) € A x B
SatiSfy <a’07b0> < <a’1;b1>7 then f(<a’07b0>) v f(<a’05b1>) = f(<(10,b1>), by Defini-
tion 2.6(iii), and so f({(ao,bo)) < f({ag,b1)); similarly, f({ao,b1)) < f({a1,b1)), by
Definition 2.6(ii), from which the statement follows. O

Proposition 2.8. Let A and B be {V,0}-semilattices. Consider the map ®: A x
B — A ® B defined by {a,b) — a®b. Then ® is a universal bimorphism, that
is, for every C € Sy and every bimorphism f: A x B — C, there exists a unique
{V,0}-homomorphism g: A® B — C such that g(a ® b) = f({a,b)), for alla € A
and b € B.
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Note. We could have defined A ® B as the {V,0}-semilattice freely generated by
all elements of A x B, subjected to the relations (a,0) = (0,b) = 0, {ap V a1,b) =
(agp,b) V {a1,b) and (a,by V b1) = (a,bo) V (a,b1), for a, ag, a1 € A and b, by,
b1 € B. With this definition, Proposition 2.8 is evident since A® B is a free object.
However, for most computations, we need the representation of the elements of
A ® B by compact bi-ideals. So if we define A ® B as a free object, then we would
replace Proposition 2.8 by the representation of A ® B as the compact bi-ideal
{V, 0}-semilattice of A x B.

Proof. Tt is routine to verify that the map ® is a bimorphism. Since the pure
tensors generate A ® B as a {V,0}-semilattice, the uniqueness statement is also
trivial.

For a given bimorphism f: A x B — C, we now prove the existence of g such
that g(a®b) = f({(a,b)), for all a € A and b € B. Let D be the set of all subsets X
of A x B such that \/( f({z,v)) | {(z,y) € X ) is defined in C. For every X € D, put

h(X) =\ (f(@.9) | (2.y) € X)
(the join is formed in C').

Claim 1. For every X € D, the bi-ideal X of A x B generated by X also belongs
to D and h(X) = h(X).

Proof. Let Xo be X UV 4 g, and, for every integer n > 0, let X,, be the hereditary
set generated by lateral joins of elements of X,,_1. Obviously, X,, € D with h(X) =
h(X,), for all n > 0. Since

X =JX,[n>0),
the statement follows. (]
The proof of the following claim is obvious:

Claim 2. The set D is closed under finite unions, and h is a {V,0}-homomorphism
from (D;U,V 4 p) to (C;V,0).

Since h is defined on all pure tensors, it follows from Claims 1 and 2 that h is
defined on A® B, and that the restriction g of h to A® B is a {V, 0}-homomorphism
from A® B to C. For all (a,b) € A x B, it is obvious that g(a®b) = f({a,b)). O

This characterization of the universal bimorphism on A x B shows that ® defines,
in fact, a bifunctor on Sy. This allows us to prove, in a routine fashion, the two
following basic categorical results.

Proposition 2.9. The tensor product operation s associative and commutative.
Thus, if A, B, and C are {V,0}-semilattices, then the following isomorphisms hold:

(A®B) @ C 2 A® (B C);
A® B=B® A.

Note that these isomorphisms are natural in the categorical sense. We leave the
details to the reader.

Proposition 2.10. Let B be a {V,0}-semilattice. Then the functor
_®B
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preserves direct sums and directed colimits in Sp. In particular, if (A; | i € 1) is a
family of {V,0}-semilattices, then
P lichneB=@AeBlicl).
Similarly, if I is a directed set and A = hl)nl A; with respect to a limit system on

(A; | i €1I), then
lim(4; | i) ® B = lim(A; ® B | i).

The following purely arithmetical formulas are due to G. A. Fraser [3].

Lemma 2.11. Let A and B be {V,0}-semilattices. Let ap, a1 € A and by, by € B
such that ag A a1 and by A by both exist.

(i) The intersection of two pure tensors is a pure tensor, in fact,
(ap ® bp) N (a1 @ by) = (ap A a1) ® (bg A by).
(ii) The join of two pure tensors is the union of four pure tensors, in fact,
(ag ®bg) V (a1 ® by) =
(ap ® bo) U (a1 ® b1) U ((ap V a1) ® (bo Ab1)) U ((ap Aar) @ (bo V b1)).

(ili) A mized tensor is a union of two pure tensors, that is, if ag < a1 and
bo > by, orag > a1 and by < by, then

(ao ®bo) V (a1 ® b1) = (ag ® bo) U (a1 ® by).
(iv) Let A and B be lattices with zero. Then
\/(ai®bi |i<n)/\\/(cj®dj lj<m)
= U(p(al, - ,an_l) A\ q(Cl, .. ;Cm—l)) [ (pd(bl, ceey bn—l) A qd(dl, ey dm—l));

where pd and g are the duals of p and q, respectively, and where the union

is for all p € F(n) and g € F(m).
Corollary 2.12. Let A and B be lattices with zero. Let ag, a1 € A and by, by € B
satisfy ag < a1 and by > by, orag > a1 and by < by. Set [ = ag®by and J = a1 ®b;.
Then the distributive law

IVIOH)NH=IANH)V(JANH)

holds, for any H € A® B.

We can rephrase the statements of this lemma with the following concept:

Definition 2.13. Let I be a bi-ideal of A x B. A capping of I is a finite subset C'
of A x B so that

I={ze€AxB|z<i, forsomeie€ C}UVyp,

that is, I is the hereditary set generated by C'in A x B along with V4 p. A capped
bi-ideal is a bi-ideal with capping.

For instance, a ® b is capped by {({a,b)} and Lemma 2.11(iii) can be restated as
follows: a mixed tensor (ag ® bg) V (a1 ® b1) (where ag < a; and by > by, or ag > a;
and b() S bl) is capped by {<a0,b0>, <a1,b1>}.

A capped bi-ideal is compact, but, in general, a compact bi-ideal may not be
capped. In [7], the reader may find examples of compact bi-ideals that are not
capped. For instance, let a, b, and ¢ be the atoms of Ms, let xg, x1, x2 be the free
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generators of F(3), the free lattice on three generators; then M3 ® F(3) contains
such examples, for instance, the bi-ideal generated by {(a, xo), (b, z1), (¢, x2)}. See
Section 7, for applications of this concept to tensor products.

3. L-CONGRUENCES

In this section, we introduce L-homomorphisms and L-congruences. These con-
cepts allow us to develop results for {V,0}-semilattices that otherwise could only
be obtained for lattices.

Definition 3.1. Let A and B be {V,0}-semilattices. Let f: A — B be a {V,0}-
homomorphism. We shall say that f is an L-homomorphism, if for all ag, a; € A
and b € B,
b< f(ap) and b < f(a1)
imply the existence of an x € A such that
x<ag, x<a;, and b< f(x).

An L-congruence of a {V,0}-semilattice A is the kernel of an L-homomorphism
from A to some {V, 0}-semilattice B.

In this definition, the kernel of a map is the equivalence relation induced by it.
The kernel of f will be denoted by ker f.

Corollary 3.2. If f: A — B is an L-homomorphism, ag, a1 € A, and f(ag) <

f(a1), then there is an @p € A with @y < ag and Gy < a1 such that f(ag) = f(ap).

Proof. Choose b = f(ag). Then b < f(ag) and b < f(ay), so there is an @y € B
satisfying ap < ag, agp < a1, and b < f(ag). Since f(ap) < f(ap) = b, we conclude
that f(do) = f(ao). O

Proposition 3.3. Let A and B be {V,0}-semilattices, and let f: A — B be a
L-homomorphism. Then the following holds:

(i) f is a partial meet-homomorphism, that is, for all n > 0 and all ay, ...,
an—1 €A, ifa=ag N - Nap_1 exists in A, thenb= f(ag) N - A f(an-1)
exists in B, and b = f(a).

(i) If, in addition, f is one-to-one, then f is a partial meet-embedding, that
is, for allm >0 and all ag, ..., Gn—1 € A, a=agAN--- Nap_1 exists in A

iff b= f(ag) A+ A flan—1) exists in B, and then, b = f(a).
Conversely, if A and B are lattices, then any lattice homomorphism from A to
B is an L-homomorphism and any L-congruence of A is a lattice congruence of A.

Proof. (i) If A and B are {V, 0}-semilattices and f: A — B is an L-homomorphism,

we prove that f is a partial meet-homomorphism. Let n > 0, let ag, ..., an_1 € A,
and let @ = ag A -+ A an—1 be defined in A. Since f is isotone, f(a) < f(ap),
..y f(an—1) in B. Conversely, let b < f(ag), ..., f(an—1) in B. Since f is

an L-homomorphism, there exists * € A such that x < a;, for all i < n, and
b < f(x). Since x < a and f is isotone, we have b < f(z) < f(a). This proves that
flag) A--+ A flan—1) is defined and equals f(a).

(ii) Now, suppose that f is one-to-one. Thus, since f is a join-homomorphism,
f is an order-embedding, that is, f(z) < f(y) iff x < y, for all 2, y € A. Now let
n>0,let ag, ..., an—1 € A. Suppose that b = f(ag) A--- A f(an—1) exists in B.
Since b < f(a;) for all ¢ and since f is an L-homomorphism, there exists a € A
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such that a < a; for all i, and b < f(a). Since f is isotone, f(a) < f(a;) for all
i, thus f(a) < b; s0 b = f(a). For all z € A such that © < a; for all ¢, we have
f(@) < f(a;) for all 4, thus f(x) < b, that is, f(z) < f(a); whence z < a. This
proves that a = ag A -+ A ap—1. Thus (ii) holds as well.

Now let A and B be lattices with zero and let f: A — B be a lattice homomor-
phism. We can choose z = ag A a1 (in the definition of L-homomorphism) to verify
that f is an L-homomorphism.

Finally, the result about L-homomorphisms implies immediately the result about
L-congruences. O

Another connection between L-homomorphisms and lattice homomorphisms is
the following:

Proposition 3.4. Let A and B be {V,0}-semilattices and let f: A — B be an
L-homomorphism. For an ideal I of A, define f(I) as the hereditary subset of B
generated by f(I). Then f is a join-complete, {V,A,0} homomorphism of Id A to
Id B, and it has the property that the image of a principal ideal is principal.

Conversely, let g: IdA — Id B be a join-complete, {V,A,0} homomorphism
with the property that the image of a principal ideal is principal. Then there exists
a unique L-homomorphism f: A — B such that g = f.

We leave the proof to the reader. All the steps in this proof are easy; we use
that f is an L-homomorphism in verifying that f(I) N f(J) C f(INJ).

For a set X and a binary relation o on X, we use the notation =z =, y, for
(z,y) € a.

Let A and B be {V, 0}-semilattices. Let a be an L-congruence of A and let § be
an L-congruence of B. Then « x 3 is a congruence on A x B. Now we define how
« X 3 can be naturally extended to a congruence oo 1 3 of A® B.

Definition 3.5. Let A and B be {V, 0}-semilattices. Let a be an L-congruence of
A and let 8 be an L-congruence of B. Define a binary relation « 05 on A® B as
follows: for H, K € A® B, let H =5 K iff, for all (z,y) € H, there exists an
(#',y") € K such that x =, 2’ and y =g v/, and symmetrically.

Let o O 8 be the restriction of « 0 3 to A ® B.

The following result allows us to give a useful explicit description of the effect of
the tensor product bifunctor ® on two homomorphisms in Sy.

Lemma 3.6. Let A, A’, B, B’ be {V,0}-semilattices, let f: A— A" andg: B — B’
be L-homomorphisms. For a bi-ideal I of A x B, define h(I) as the the hereditary
subset of A’ x B' generated by the image of I under f x g with V 4 g/, that is,

hI)=Va g U{{uv)e A x B |u< f(x) and v < g(y), for some (x,y) € I }.

Then the following properties hold:
(i) h(I) is a bi-ideal of A’ x B'.
(ii) The map h is a lattice homomorphism from A® B to A’ ® B’.
(iii) h(A® B) C A’ ® B’ and the restriction of h from A® B to A’ ® B’ equals
f®yg.
(iv) f® g is an L-homomorphism.

(v) kerh = ker f Okerg. Thus, ker(f ® g) = ker f Okerg.



TENSOR PRODUCTS OF SEMILATTICES 9

Proof.

(i) By definition, h([I) is hereditary and contains Va/ pr. Let (z(,y'), (z1,v') €
h(I); we prove that (z( V z},y") € h(I). If (xf,y') € A’ x {0}, then ¢/ = 0 and
(xh V x4,0) € h(I) by the definition of h(I). Similarly, the conclusion is obvious
if (z(,y’) € {0} x B'. So assume that (z(,vy'), (z},y’) ¢ Va p. Then by the
definition of h(I), there exist (xo, yo), (x1,y1) € I such that (z{,y") < (f(x0), 9(v0))
and (2},v") < {(f(x1),9(y1)). Since g is an L-homomorphism, there exists a y € B
such that

Y <o, y <y, and ¥’ < g(y).
Since I is hereditary, it follows that (xzo,y), (x1,y) € I, and so (z,y) € I with
x =x0Vax1. Since (xy V2], y') < (f(z),g(y)), this proves that (x( V 21,y’) € h(I).
By symmetry, this proves that h(I) is a bi-ideal of A’ x B’ (and so h(I) € A’® B’).

(i) h is a join-homomorphism. Indeed, let T and J be bi-ideals of A x B. Tt is
obvious that h(I) V h(J) C h(I V J). Conversely, the following set

X ={({x,y) € Ax B[ (f(x),9(y)) € h(I) vV h(J])}

is a bi-ideal, and it obviously contains I and J. Thus it contains I V J, which
implies that h(I vV J) C h(I) V h(J).

Now we prove that h(I NJ) = h(I) N h(J), for bi-ideals I and J of A x B. To
prove the nontrivial containment, let (u,v) € h(I) N h(J), and we want to prove
that (u,v) € h(I N J). This is trivial if u = 04/ or v = Op/. So assume that u
and v are nonzero. Then, by definition, there are (z’,y') € I and (z”,y") € J
such that (u,v) < (f(z'),9(y")) and (u,v) < (f(2”),g(y")). Since f and g are
L-homomorphisms, there are x € A and y € B such that x <z, 2 and y <y, "
and (u,v) < (f(z),g(y)). Since (z,y) € INJ, we have proved that (u,v) € h(INJ).

(iii) is obvious, because h is a join-homomorphism and, for all (a,b) € A x B,
we have that h(a ® b) = f(a) ® g(b) (we use here the fact that both f and ¢ are
zero-preserving).

(iv) Put W = f®g. Let Iy, [ € A® B and J € A’ ® B’ such that J < h/(lp),
R/(I). Since h is a lattice homomorphism, we obtain that J < h(I) with I = IyNI;.
Obviously, h is a complete join-homomorphism and I is the directed union of all
compact bi-ideals of A x B contained in I, therefore, there exists a compact bi-
ideal I' of A x B such that I’ < I and J < h/(I’). This proves that h’ is an
L-homomorphism.

(v) Tt suffices to prove the first statement. To prove that ker h < ker f O ker g,
take I, J € A® B and assume that I =yep J, that is, h(I) = h(J). We prove
that for every (z,y) € I there is (Z,7) € J such that & =yerf T and y =gerg 7. If
f(z) =04, then & =yerf 04 and (04,y) € J, 50 T =04 and § = y will do. Argue
similarly for g(y) = Op/. If both f(z) and ¢g(y) are nonzero, then (f(x),g(y)) is
majorized by some (f(Z), g(7)), where (Z,7) € J. Since f is an L-homomorphism,
just as in Corollary 3.2, there is an gy € A such that f(z) = f(zo) and zy < z,
Z. Similarly, there is an yo € B such that f(y) = f(yo) and yo < y, §. Since
(Z,7) € J, it follows that (zo,yo) € J and, obviously, £ =kerf o and ¥ =kerg Yo-
By symmetry, this proves that I =, fOker g J. The converse is easy. O

The results of Lemma 3.6 are formulated for L-homomorphisms. The situation
for general {V, 0}-homomorphisms is quite different. Let us call a {V, 0}-semilattice
S flat, if for every {V,0}-semilattice embedding f: A — B, the map

ds®@ f: S®A—-S®B
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is an embedding. We can prove that a {V,0}-semilattice is flat if and only if it is
distributive; see [9].

Corollary 3.7. Let A and B be {V,0}-semilattices, let « be an L-congruence of
A, and let 3 be an L-congruence of B. Then the following properties hold:

(i) The relation a0 S is an L-congruence of A ® B.

(ii) If A® B is a lattice, then a« O B is a lattice congruence on A ® B.

(i) Let f (resp., g) be the canonical projection from A onto A/« (resp., from
B onto B/). Then f® g factors into an isomorphism from A® B/aO
onto (A/a) ® (B/B).

(iv) If A® B is a lattice, then (A/a) @ (B/f) is a lattice.

Proof. All these statements are obvious from the results of this section. O

Corollary 3.8. Let A, A’, B, B’ be lattices with zero such that A is a {0}-sublattice
of A" and B is a {0}-sublattice of B'. Let f (resp., g) denote the inclusion map
from A into A’ (resp., B into B'). Then f ® g is a join-embedding of A ® B into
A’ ® B’, and it is a partial meet-embedding.

In particular, if A’ ® B’ is a lattice, then A® B is a lattice and f ® g is a lattice
embedding from A® B into A’ ® B’.

Proof. By Lemma 3.6, h = f ® g is a one-to-one L-homomorphism. Thus, by
Proposition 3.3, it is a partial meet-embedding.

If A’ ® B’ is a lattice, we prove that A ® B is a lattice. Let X, Y € A® B.
Then h(X), h(Y) € A’ ® B’, thus, since A’ ® B’ is a lattice, h(X) A h(Y) exists
in A’ ® B’. Since h is a partial meet-embedding, X AY exists in A ® B; whence
A ® B is a lattice. Since h is a L-homomorphism from one lattice to the other, it
is also, by Proposition 3.3, a lattice homomorphism. ([

Corollary 3.9. Let A, A’, B and B’ be lattices with zero such that A is a sublattice
of A" and B is a sublattice of B (we assume neither 04 = 04/ nor Op = 0p/ ). If
A’ ® B’ is a lattice, then A ® B is a lattice.

Proof. Put A” = AU {04/} and B” = BU{0p/}. Then A” is a {0}-sublattice of
A’ and B” is a {0}-sublattice of B’, thus, by Corollary 3.8, A” ® B” is a lattice.
Furthermore, A is a quotient of A” (by the map that sends 04/ to 04 and all z € A to
x—a retraction). Similarly, B is a quotient of B”. Therefore, by Corollary 3.7(iv),
A ® B is a lattice. O

These results are related to Lemma 3.17 in [5], in which it is proved that if A’
is a finite lattice and the lattice B’ with 0 is A’-lower bounded (see Section 8.2)
and A, B are {0}-sublattices of A’ and B’, respectively, then A ® B has a natural
embedding into A’ ® B’. Note that under these conditions, A’ ® B’ is a lattice.

4. SUB-TENSOR PRODUCTS

Definition 4.1. Let A and B be lattices with zero. A sub-tensor product of A and
B is a subset C' of A ® B satisfying the following conditions:
(i) C contains all the mixed tensors in A ® B;
(ii) C is closed under finite intersection;
(iii) C is a lattice with respect to containment.

Note about this concept:
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(i) Every pure tensor a®b (a € A, b € B) belongs to C and 0,55 = Va p € C.

(ii) A ® B is not a meet-semilattice (see [7] for an example). That is why we
require that C' be a meet-subsemilattice of A® B, not of A ® B.

(iii) A sub-tensor product of A and B may not be a join-subsemilattice of A® B
(although it is a join-semilattice in its own right).

(iv) Let Hy, ..., Ho—1 € C. Then \/(H; | i < n) in A® B is, in general,
smaller than \/( H; | i < n) in C. Note, however, Proposition 4.2(iv). If
we want to remind the reader that the join is formed in C, we use the
notation Vg and \/ .

We now list some simple properties of sub-tensor products.

Proposition 4.2. Let A and B be lattices with zero and let C be a sub-tensor
product of A and B. Let ag, a1 € A and by, by € B and let H, H; € C, i < n.
(i) If H=N(H;|i<n), then H=A\(H;|i<n) inC.

) (ao ®b0) AN (a1 ®b1) = (ao /\al) (9 (bo /\bl) i C.
i) fH=V(H;|i<n)in AR B, then H=\/(H; |i<n) in C.

) FEvery H € C can be represented in the form H =\/(a; ® b; | i <n) (the
join formed in C), where a; € A and b; € B, i < n.
(v) If ag < ay and by > b1, or ag > a1 and by < by. Then

(a0 ® bo) V (a1 @ b1) = (ap ® by) U (a1 ® by)

holds in C.
(vi) Let ag < a1 and by > by, or ag > a1 and by < by. Set I = ap ® by and
J=a1®by. Then I, J € C and the distributive law

(IVIOI)NH=(IANH)V(JNH)
holds in C, for any H € C.

Proof. It H=\(H; |i<mn),then H= A(H; |i<mn) in the lattice A® B. Since
C' is a subposet of A® B, it follows that H = A(H; | i <n) in C, proving (i).

By Lemma 2.11(i), (ap ® bp) N (a1 ® b1) is (ag A a1) ® (bg A by) and this element
is in C, by assumption, so (ii) follows from (i).

Let H=V(H;|i<n)in A® B. Since C is a subposet of A ® B, it follows
that H = \/(H; | i <n) in C, proving (iii).

By the definition of A ® B (Definition 2.2), every H € C' can be represented in
the form H = \/(a; ® b; | i < n), where a; € A and b; € B, i < n and the join is
formed in A ® B; so by (iii), H = \/(a; ® b; | i <n) in C, proving (iv).

(v) follows similarly from (iii).

Finally, (vi) follows from (v). O

This section and the next two sections deal with the congruence structure of
a sub-tensor product C' of A and B. So it is reasonable to ask whether there is
such a C. We show in [8] that, for any lattices with zero A and B, there exists a
sub-tensor product C' of A and B.

However, in this paper, the main result is in Section 7, where we assume that
A®B is capped (meaning that all the bi-ideals of Ax B are capped) and, therefore, a
lattice. In this case, we always have at least one sub-tensor product, namely, A® B:

Proposition 4.3. A® B is a lattice if and only if it is a sub-tensor product of A
and B.
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Proof. f A® B is a lattice, then 4.1(i) holds by Proposition 2.3; 4.1(ii) holds by
Proposition 2.4; while 4.1(iii) holds, by assumption.

Conversely, if 4.1(1)—(iii) hold for C = A® B, then A ® B is a lattice by Propo-
sition 2.4. O

Proposition 4.4. Let A and B be lattices with zero and let C be a sub-tensor
product of A and B. The tensor product operation, viewed as a mapping from
A x B to C, is a bimorphism.

Proof. Let ag, a1 € A and b € B. Since (ag V a1) ® b belongs to C' and since it
equals (ap ® b) V (a1 ® b) in A ® B, by Proposition 4.2(iii), the same holds in C.
By symmetry, the conclusion follows. (I

For every lattice congruence o of A and § of B, denote by ¢ 8 the restriction
of a3 from A® B to C. Then define

eacl(a) =alcws,
ep,c(f) =walOc .

Lemma 4.5. Let A and B be lattices with zero and let C' be a sub-tensor product
of A and B. The map ca,c: (ConA;V,wa,ta) — (ConC;V,we, o) is a homo-
morphism (a {V,0, 1}-homomorphism). And, similarly, for ep c.

Proof. Tt is clear that e4 c¢(wa) = we. Let H be an element of C' and let (z,y) € H.
Then z =,, 04 and (04,y) € O¢ and so (z,y) =, 00, (04,y); this proves that
H =, ..) Oc; whence 4,c(ta) = tc-

Now let g, ap € Con A. It is obvious that €4,c(ag) Vea,c(ar) <eac(aoVay).
Conversely, let H and K be elements of C' such that H =, . (agva,) K- Let us write
H in the form H = \/(a; ®b; | i < m) (the join in C, see Proposition 4.2(iv)), with
a positive integer m. For every i < m, there exists a € A such that (a},b;) € K
and a; =qgva, . Since a; =qpva, @i A a; and K is hereditary, we can replace a

by a; A al; so we can assume that a; < a;. Thus there exist a positive integer n and
chains

ai = @0 > i1 > -0 > ion = a
such that for all « < m and j < n, we have
Qi,2j =ag Ai,25+1,
A3,2j41 =y @§,2542-
Now, for all j < 2n, put K; = \/(a;; ® b; | i < m) (the joins are formed in C).
Note that Ko = H and K,,, C K. Furthermore, for all ¢ < m and j < n, we have
;2§ @ bi =c, c(a0) @i2j+1 @ biy
@i 2j+1 @ bi =c, c(ay) Ci2j+2 @ by,

from which it follows that ng EEA,C(DZO) K2j+1 and K2j+1 EEA,C(Dtl) K2j+2. This
proves the first half of the definition of H =., . (a¢)ves c(a) K; the proof of the
other half is similar. O
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5. TENSOR PRODUCT OF LATTICE CONGRUENCES

Let A and B be lattices with zero and let C' be a sub-tensor product of A and B.

For o« € Con A and (3 € Con B, we define the C-tensor product of a and 3 in C,
a ®c¢ [, by the formula

a®cf= EAyc(Oz) N EByc(ﬂ)
= (aOc wp) A (wa Oc B).

We write o ®¢ [ in order to distinguish this congruence of C' from the pure
tensor a ® § in the {V, 0}-semilattice Con A ® Con B.

In this section, we prove that a® 8 — a®¢ [ extends to a {V, 0}-homomorphism
ec: Cong A ® Con, B — Con, C. As a first step, we prove that a ® f +— a O¢

extends to a {V,0}-homomorphism e¢: Con, A ® Con. B — ConC. By Proposi-
tion 2.8, it is sufficient to prove the following:

Proposition 5.1. The map {a, 8) — a®¢ B is a bimorphism from Con A x Con B
to ConC'.

Proof. Indeed, by Lemma 4.5, eg c(wp) = we, and so a O¢ wp = ea,c(a) A
ep,c(wp) =¢ea,c(a) Nwe = we and, similarly, wa ©¢ 3 = we. Now compute:

a®c (BoV 1) =cac(a) Negc(BoV Br)

(by Lemma 4.5)

= EA,C(CY) AN (EB,C(ﬁO) \ EB,C(Bl))

(by the distributivity of Con C')

= (eac(a) ANep,c(bo)) V (eacla) Nep,o(Br))
= (a@c fo) V (@ Gc Br). =
The crucial step in proving that ec maps Con. A ® Con, B into Con. C is the
formula of Lemma 5.3; we prepare its proof with the following statement:
Lemma 5.2. Let v € ConC and let b < V' in B. Consider the following subset o
of A:
a={{z,y) €A | (zVy) @bV (zAy) @)=, (zVy) @b }.
Then a is a congruence of A.

Note that (zVy) @bV (zAy)@V), (xVy) @V € C, so the formula makes
sense. We call this congruence a the (b, V’)-projection of v to A.

Proof. We shall prove that « satisfies the conditions listed in Lemma 1.3.8 of [4]. It
is obvious that « is reflexive (because @b = (z®@b) V (x @ V') follows from b < b')
and z =,y iff e Ay=, 2z Vy, forall z, y € A (by the definition of «).

Now let z < y < z in A such that z =, y and y =, z. Then

2@b =, (y@b) Ve (2@ ) (since y < z and y =, 2)
=, (z®V)Ve (yob) Ve (2 @) (since z < y and = =, y)
= (2@b) Ve (z®b) (since y < 2),

thus z =, z.
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Finally, let z, y, z € A be such that x < y and z =, y. We prove that
rVz=qyVzand zAz=,yA z. The easier computation is for the join:

(yVz2)@b = (yeb) Ve (2010 (by Proposition 5.1)
= (yob) Ve (z@b) Ve (22 b) (since b < b')
=, (2®b)Ve (yob) Ve (2@b) Ve (2 ®@b)  (since x =4 y, x < y)
= ((xVv2)@b)Ve ((yVz)®b) (

sothat x Vz=,yV 2.
Now we compute the meet. Put

u=((xANz)@b) Ve (yAz)@b),

by Proposition 5.1),

v=(yAz) @b,
u=(xob)Ve (yab),
vV =yb.

Note that u < v and v’ < v'. By definition, =, y means that v’ =, v". To prove
that A 2 =, y A z, we have to verify that v =, v; so it is sufficient to prove that
the interval [u,v] weakly projects up into the interval [u’, '], that is, v < v' and
u = v Au'. It is obvious that v < v'. To prove u = v A v/, compute, using the
distributive law of Proposition 4.2(vi):

YRV)A((z@b) Ve (y@ b))
Y@ b ) Ve ((yAz)®@b)

vAu = ((yAz
=((z Az
= u. 0
Next we show that the C-tensor product of two principal congruences is principal
again.
Lemma 5.3. Leta < a' in A andletb < b in B. Then (a®b')V(a'®@b), '@V € C
and the following formula holds:

Oa(a,a’) ©c Op(b,b) =0c((axb)V (d @b),d @V).

Proof. Put

a=04(a,ad),

f=0sb0),

7=0¢c((a®b) Ve ( @b),d @V).
Note that

a®l =c,c(a) a b,
a ®b ERG) a b,
It follows that
(@a®@V)V(d ®@b) =pap.pd @V,
whence v < a ©¢ (.
Now let us prove the converse. The following statement will be helpful:

Claim 1. Letx <z’ in A andy <y’ in B be such that x =, @’ andy =g y'. Then
(T'ey)V(Eoy)= ey
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Proof. Let o be the (b, b')-projection of v to A, see Lemma 5.2. Then a =, da’, by
the definition of v, whence a < o’. Now let u, v’ € A satisfy u < v’ and u =, v/;
define 3, as the (u,u’)-projection of v to B. Let 8’ = A\(f8, ,, | uv,u’' € A, u <
u'; u =4 u'). Then 3 is the intersection of a family of congruences of B, thus a
congruence of B. By the definition of 3, we have b =g V’; whence 8 < . So if
x<a'in Aand y <y in B such that z =, 2’ and y =g ¢/, then

Yoy =, @ oyVEey).

Since a < o/ and 8 < [, the conclusion of the claim follows immediately. O
Now let H and K be elements of C such that H =53 K. We write H as

H:\/C($i®yi|i<”),

where n is a positive integer, and z; € A, y; € B. Since H =, _(a)rep.o(8) K, for
all i < n, there exist 7 < z; and y; < y; such that 2] =, z;, y; = y; and both
(xf,y;) and (x;,y}) belong to K. But by Claim 1, it follows that

T QY = (2] @ui) V (2 @y ).

By taking the join of these congruences over i < n, we obtain that H =, K’ for
some K’ C K; by symmetry, we obtain the proof of the symmetric inclusion and
congruence, so that H =, K. Therefore, o ©¢c 5 < . O

From Lemma 5.3 and Proposition 5.1, one can then deduce immediately the
following statement:

Corollary 5.4. Let « € ConA and € ConB. If a and B are compact, then
a®c [ is compact.

At this point, we have arrived at the existence of a (unique) {V,0}-homomor-
phism e¢ from Con, A ® Con, B to Con, C such that, for all & € Con. A and all
6 € Con, B, we have

ec(a®f) =aGc f.

Example 5.5. We are relating Con.(4 ® B) with Con. A ® Con. B because, in
general, the lattice Con(A ® B) is not isomorphic to Con A ® Con B, not even if A
and B are locally finite. Take A = B = w, the chain of all non-negative integers.
Then ConA = ConB = Poww (the power set of w). Since Con(A ® B) is an
algebraic lattice and Con A ® Con B is the {V,0}-semilattice of compact elements
of an algebraic lattice, the isomorphism Con A® Con B 2 Con(A® B) would imply
that in A ® B every congruence is compact, which is clearly not the case.

We can be more specific. The isomorphism ConA ® ConB = Con(A4A ® B)
would imply that Con A® Con B is a complete lattice, thus that Pow w ® Poww is a
complete lattice. However, Pow w®Pow w is isomorphic to the {V, 0}-subsemilattice
of Pow(w x w) generated by all rectangles, that is, the subsets of the form X x Y
where X and Y are subsets of w; in particular, it is not complete, because the set
of all singletons {(n,n)}, for n € w, does not have a least upper bound.

This example contradicts Theorem 3.18 of [5].
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6. THE EMBEDDING THEOREM

In this section, we will prove, still under the assumption that both A and B
are lattices with zero and C' is a sub-tensor product of A and B, that the map e¢
obtained in Section 5 is a {V, 0}-semilattice embedding.

Our first lemma expresses the (e operation on congruences by the ®¢ operation:

Lemma 6.1. Let « € Con A and 5 € Con B. Then
alc B =(aGctp)V(ta Oc B).

Proof. By Lemma 4.5, we have a©O¢tp = ea,c(a)Nep,c(tp) = eac(a) = alcwsp
and ta Oc B =ca,c(ia) Nep,c(B) = ep,c(B) = wa Oc B. It follows that (o ©O¢
tB)V (ta ©O¢ B) < alc B.

Conversely, let H and K be elements of C' such that H =,1,.3 K. There exists
a decomposition of H in the form

H:\/C(ai@)bi li<n)
with n a positive integer and a; € A, b; € B. For all i < n, there exist a < a; and
by < b; such that af =4 a;, b} =3 b;, and (a},b}) € K. Thus
a; @ b; Zaeeip a: Qb = 008 a: ® b:a

from which it follows that
H=\/_(a;®bi|i<n)=avciy \(a] @b | i <n)

= a0V (a} @67 i <)
CK.
By symmetry, H =ooip)vaces) K- (I
Lemma 6.2. Let o, o/ € Con A and 8, 3 € ConB. Then
aGcf<aOcf iff a<ad orp<p.

Proof. Let us assume that « ©¢ < o/ O¢ ' and a £ o, 8 £ #'. Then there are
ap < a1 in A and by < by in B such that ag =4 a1 but ap o a1, and by =g by but
by #Zp' b1. It follows from Lemma 5.3 that

a1 ® b1 Zapp (@0 @b1) V (a1 ® b)),
thus, by assumption,
(1) a1 ® by =40, (a0 @ b1) V(a1 ® bo).
By Proposition 4.2(v), (ag ® b1) V (a1 ® bg) = (ap ® b1) U (a1 ® by). Thus, applying
(1), yields, for example, elements © € A and y € B such that a1 =4 x, b1 =g y
and (z,y) € ag @ by. But since a1 £ ag and by Zp by, we have z # 0 and y # 0.

Therefore, x < ag and y < by; whence, a; =, ag, a contradiction. The reverse
implication is trivial. O

Lemma 6.3. The tensor product of distributive semilattices with zero is a distribu-
tive semilattice with zero.

Proof. Let A and B be distributive semilattices with zero and let I and J be
bi-ideals of A x B. Set Xo = I U J, and, for n > 0, let X,, be the set of all
(x,y) € A x B such that (x,y) is the lateral join of two elements of X,,_y. It is
obvious that X,,_1 C X,,.
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Claim 1. X, is a hereditary set, for all n > 0.

Proof. The statement is obvious for n = 0. Let us assume that it is true for
n—1. Let (u,v) < (z,y) € X,,. By definition, (z,y) is a lateral join of two
elements of X,,_1, that is, (z,y) = (xo,y) V (z1,y), where (xo,y), (21,y) € Xn-1
(or symmetrically). Therefore, v < xg V1 in A and v < y in B. Since A is
distributive, there are xj, < zg and 2} < z; in A such that u = z{ vV }. Since X,,_1
is hereditary, (x(,y), (z],y) € Xn—1 and also (z{,v), (x},v) € X,_1. This implies
that (u,v) = (x( V z},v) = (z(,v) V (z],v) € X,,, since u = z{ V z} and the join,
(xg,v) V (z],v), is a lateral join. O

Claim 2. IVJ=(X, |n<w).
Proof. Obvious, from Claim 1. O

Now to prove the lemma, let I, J, and K be bi-ideals of A x B. Since (I A
K)V(JANK) C (IVJ)AK, to prove distributivity, it is enough to verify the
reverse inclusion. So let (x,y) € (I V J) A K. Then (z,y) € I V J, so by Claim 2,
(x,y) € X, for some n > 0. We now prove by induction on n that (z,y) €
INK)V(JAK). If n =0, then (z,y) € I UJ; since (x,y) € K, we obtain
that (z,y) € JUJ)NK C INK)U(JNK)C (IAK)V(JAK). Let us
assume that the statement is true for n — 1 and let (z,y) € X,,. So, (z,y) is a
lateral join, that is, (x,y) = (xo,y) V (x1,y), where (zo,y), (z1,y) € X,,—1 (or
symmetrically). By the induction hypothesis, (xo,y), (x1,y) € I A K)V (J A K).
Since (I A K)V (J AK) is a bi-ideal and (z,y) = (xo,y) V (z1,y) is a lateral join,
we conclude that (z,y) € (I AK)V (JAK). O

We can also derive this lemma from the theory developed in F. Wehrung [13]. Let
A and B be distributive semilattices with zero. Thus they are conical refinement
monoids in the sense of [13]. By Theorem 2.7 in [13], the tensor product A ™ B
of A and B in the category of commutative monoids, monoid homomorphisms, and
monoid bimorphisms (as defined in Section 1 of [13]) is a conical refinement monoid.
But it is trivial that A ®“™ B is also the tensor product of A and B as defined
in the present paper—this amounts to verifying that A ®“™ B is a semilattice.
For semilattices, distributivity is equivalent to the refinement property and the
refinement property is preserved under tensor products (see [13]), so the lemma
follows.

Remark 6.4. Even for finite lattices A and B, one cannot deduce Lemma 6.3
directly from Theorem 3.3 of [3], because the tensor product considered in [3] is
the tensor product of arbitrary join-semilattices (not necessarily with zero), and
the resulting tensor product is not isomorphic to ours, in general. However, this
difficulty is easy to overcome: if A®F B is Fraser’s tensor product of A and B, then
it is easy to see that A ® B, as defined in this paper, is the quotient of A ®F B by
the bi-ideal generated by all elements of the form z ®@F 0p (z € A) and 04 ®F y
(y € B); thus we can conclude Lemma 6.3 by Theorem 3.3 of [3] for finite lattices.

Now we can state the embedding result:

Theorem 1 (Embedding Theorem). Let A and B be lattices with zero, and let
C be a sub-tensor product of A and B. Then the natural {V,0}-homomorphism

ec: Con, A® Con, B — Con.C
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is a {V,0}-embedding.
Proof. Let v = \/(a; ® Bi | i <m)and § = \/(a; ® () | j < n) be elements of

Cone A ® Con B (with the a;, o in Con A and the ;, ; in Con. B). We prove

that ec(y) < ec(9) implies that v < ¢, which implies that ¢ is an embedding.
The assumption means that

V(i 00 Bi i <m) < \/(a] @c B) | <n).

Now recall that o ©¢ 8 = ea,c(a}) ANep,c(B;). Using the fact that ConC is a
distributive lattice and that both €4,c and ep ¢ are {V, 0}-homomorphisms, it is
easy to see that this is equivalent to saying that, for all i < m and all X C n, we
have

ai®cﬁi§€,47c(\/(a;-|j€X))\/EB7C(\/(ﬁ;-|jEn—X))
=\/(o)1ieX)0c\/(B;|jen—X) (byLemma 6.1).
Therefore, by Lemma 6.2, for all ¢ < m and all X C n,
a <\/(dljeXx) or p<\[(Bjlien—X)

By Lemma 6.3, Con. A® Con, B is a distributive semilattice, thus Con. A® Con, B
is a distributive lattice. Therefore, computing in this lattice yields that, for all
1< m,

Oéi®6i§/\(\/(043®LB|j€X>\/\/(LA®5;|j€n*X)|X§n)
=V () @) A (ta@B)) | j<n)

=\ (@B} |j<n)=4,
whence, v < J. O

7. THE ISOMORPHISM THEOREM

We introduced capped bi-ideals in Definition 2.13. We now apply this concept
to sub-tensor products and tensor products.

Definition 7.1. Let A and B be lattices with zero. A capped sub-tensor product
of A and B is a sub-tensor product C' of A and B such that every element of C' is
capped (that is, it is a finite union of pure tensors).

We say that the tensor product A ® B is capped, if every compact bi-ideal of
A X B is capped.

In this section, we will prove that if C' is a capped sub-tensor product of A and B,
then the embedding ¢ of the Embedding Theorem is an isomorphism.

Lemma 7.2. Let A and B be lattices with zero. Then A® B is capped if and only
if A® B is a capped sub-tensor product of A ® B. In particular, if every element
of A® B is capped, then A ® B is a lattice.

Proof. We prove the nontrivial direction. So, suppose that every element of A ® B
is capped. Let H and K be elements of A ® B. Then we can write H and K as

H:U(ai®bi|i<m),

K:U(a}®b3|j<n),
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where m and n are positive integers and, for all i+ < m and j < n, a;, a} € A and
bi, b; € B. Therefore, by Lemma 2.11,

HNK = J((ai ndj) @ (b AV;) | i <mand j <n),
whence, HN K € A® B. Thus A ® B is a lattice. We conclude the argument by
Proposition 4.3. ([

We prepare the proof of the Isomorphism Theorem with the following statement:

Lemma 7.3. Let A and B be lattices with zero, let C' be a capped sub-tensor product
of A and B. Letn be a natural number, leta < a’ in A, b <¥V in B, and let a; < a’
and b; <V (for all i < n) be such that the following element

K = (a®b’)U(a'®b)UU(ai®bi |i<n)
belongs to C. Then the congruence Oc(K,a’ @ b') is in the range of ec.

Proof. We prove this statement by induction on n. For n = 0, the congruence
O¢c(K,d' ®V) is, by Lemma 5.3, equal to © 4(a,a’) ©c ©5(b,b’), which belongs to
the range of e¢.

Now assume that n > 0 and that the lemma holds for all integers less than n.
We prove that we can assume, without loss of generality, that a < a; < o/, for all
i < n. Indeed, let

K'=(@ebt)u(@ab)ul J((aVa)@b|i<n).
It is obvious that K C K’. On the other hand, for all i < n, we have
(a®@b)V (a; ®b;) D (a®b;)V(a; @b;) = (aV a;) @by,
from which it follows that
K' C(a®b)V(d@b)Vv\/(a;@b |i<n)=K,
so that K = K'.

Similarly, we can assume that b < b; < ¥/, for all i < n.

Set at =\/(a; | i <n).
Claim 1. The elements o' @ V', K N (af @ V') belong to C' and the congruence
Oc(at @b, K N (at @ b)) belongs to the range of ec.

Proof. o @ V', K N (a" ® 1') € C since pure tensors belong to C, K € C by
assumption, and C' is closed under set intersection, by definition.
For all i < n, using Proposition 4.2(i) and the fact that b < b;, compute:

KN (a;@b)=(a®b)U(aeb) Ul J((a a)@b;|j<n)
:(a®b’)U(ai®bi)UU((aj/\ai)®bj lj<mn, j#1i).

Thus, by the induction hypothesis and (2), O¢(a; @ V', K N (a; @ b')) belongs to
the range of e¢.

Furthermore, for all z € A, Oc(K N (z @),z ® 1) is the least congruence © of
C such that [z ® §']0 < [K]O. Since a' @ 0’ = \/(a; @b | i < n), it follows easily
that

Oc(E N (a' @), a @b)=\/(Oc(K N (a;@b),a; @) |i<n).

The conclusion of the claim follows. O
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Claim 2. The elements o' @V, K, a' @', KN (at ®¥), (aT @)V (a' @0), belong
to C' and the following equation holds:
Oc(K,d @V)=0c(Kn(a'@b),at @) veOec((a @)V (d @b),d V).

Proof. The elements listed belong to C' since pure tensors and mixed tensors belong
to C', K € C by assumption, and C' is closed under set intersection.
The inequality > results immediately from the relations

KC(a'@b)v(@eb Cdal.
Conversely, let © be the congruence on the right side of the equation. Then (af ®
V)V K =g K and (af @) V (' ®b) =¢ a’ @', thus we have
d b =KV(dob)=e KV (@ b))V ob)=eKV(deb) =K,
which proves the inequality <. (]

But it follows from Lemma 5.3 that
60((0’T ® b/) \ (0/ ® b)v a ® b/) = GA(G’Ta a/) Oc ®B(b7 b/)v

thus this congruence belongs to the range of ec. Therefore, it follows from Claims 1
and 2 that O¢(a’ ® V', K) belongs to the range of . O

Theorem 2 (Isomorphism Theorem). Let A and B be lattices with zero, let C
be a capped sub-tensor product of A and B. Then the natural embedding

ec: Con, A® Con, B — Con.C

s an tsomorphism.
In particular, if C' is a capped sub-tensor product of A and B, then

Con. A ® Con. B = Con, C.

Proof. By the Embedding Theorem and Lemma 7.2, ¢ is a {V,0}-embedding;
it remains to prove that ¢ is surjective. So, to conclude, it suffices to prove that
every O¢(H, K) (where H, K € C) belongs to the range of e¢. Without loss of
generality, H C K. Moreover, if K =\/(a; ® b; | i <n), then we have

Oc(H,K)=\/(0c((a; ®b;) NH,a; @ b;) | i < n),

so that it suffices to conclude in the case where H < K = a’ @V, for ' € A and
b € B.

Moreover, since C' is a capped sub-tensor product of A and B, H is then a finite
union of pure tensors a; ® b; with a; < a’ and b; < b’. Hence, the theorem follows
immediately from Lemma 7.3 (with a =0 and b = 0). O

8. DISCUSSION

8.1. Some corollaries. In this section, we list some consequences of the results of
the last few sections.

The following corollary is the first part of the Main Theorem of this paper as
stated in the Introduction:

Corollary 8.1. Let A and B be lattices with zero. If A® B is a lattice, then there
s a natural embedding of Con, A ® Con, B into Con.(A ® B).
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Proof. If A® B is a lattice, then C' = A ® B is a sub-tensor product of A and B
by Proposition 4.3, so this corollary follows from the Embedding Theorem (Theo-
rem 1). O

The next corollary is second part of the Main Theorem of this paper:

Corollary 8.2. Let A and B be lattices with zero. If A® B is capped, then
Con, A ® Con, B = Cong(A ® B).
In fact, an isomorphism is exhibited by the natural map € = € axB.

Proof. Indeed, if A® B is a capped tensor product, then C = A ® B is a capped
sub-tensor product of A and B by Lemma 7.2, so this corollary follows from the
Isomorphism Theorem (Theorem 2). (]

Corollary 8.3. Let A be a lattice with zero and let S be a simple lattice with zero.
If A® S is capped, then Con A = Con(A ® S).

Proof. This is obvious because if S is simple, then ConS = Con, S is the two-
element chain and so Con. A® Con, S = Con, A. By Corollary 8.2, Con.(4A® S) =
Con A, and therefore, Con(A ® S) = Con A. O

We can also recover (and generalize) Theorem 4.2 and Corollary 4.4 of [5], using
the following trivial statement:

Proposition 8.4. Let A and B be {V,0}-semilattices. Then the atoms of A® B
are exactly the pure tensors a®b, where a and b are atoms of A and B, respectively.

Corollary 8.5. Let A and B be lattices with zero with |A|, |B| > 1, let C be a capped
sub-tensor product of A and B. Then C is simple (resp., subdirectly irreducible) if
and only if A and B are simple (resp., subdirectly irreducible).

~J

Proof. If A and B are simple, then, by the Isomorphism Theorem, Con.C
Cone A ® Cone B, and so Con.C' is the two-element chain; it follows that C is
simple.

If A and B are subdirectly irreducible, then A has a congruence ® > w with
the property that ® < «, for any congruence o > w of A, and B has a congruence
© > w with the property that © < (3, for any congruence f > w of B. It is
evident that ® € Con. A and © € Con. B and so ® ® O is the unique atom of
Con. A® Con, B contained in all nonzero elements. By the Isomorphism Theorem,
P ©¢ O is the unique atom of Con. C contained in all nonzero elements. Since this
property is preserved when forming the ideal lattice, ® ®¢ © is the unique atom of
Con C contained in all nonzero elements, hence, C' is subdirectly irreducible. [l

8.2. The paper [5]. The first draft of [5] contained only the result stated in the
Introduction as the “Main result of [5]”. The published version, however, contained
two generalizations:

Theorem 3.16 of [5]. Let A a finite lattice and let B be an A-lower bounded lattice
with 0. Then the isomorphism

Con A® Con B = Con(A ® B)
holds.

In this result, the following concept is used:
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Definition 8.6. Let A be a finite lattice and let B be a lattice with 0. We say
that B is A-lower bounded, if, for every n > 0 and n-ary polynomial pg, any subset
of B of the form

{ (") B(bo, b1, ..., bn1) | pa(ao, a1, ... an—1) = (po)a(ao, a1, ..., an—1) }

(where p ranges over all n-ary polynomials) has a largest element.

By Lemma 2.11(iv), we have a formula for the meet of two elements of the tensor
product of lattices. Unfortunately, the right side is, in general, an infinite union.
However, if B is A-lower bounded, then, for given p(@) and ¢(¢), we can choose the
largest pd(g) and qd(cf) and so the right side equals a finite subunion.

Therefore, the condition that A be finite and B be A-lower bounded is the most
natural one under which A ® B is a lattice. Thus Theorem 3.16 of [5] is a natural
extension of the Main result of [5]. Unfortunately, the proof retained from the finite
case the assumption that B has a 1, so, in fact, the result is proved in [5] only under
the additional assumption that B have a unit element.

The above discussion shows that if A is finite and B is A-lower bounded, then
A ® B is capped, so our Isomorphism Theorem proves this result without any
additional assumptions.

Then [5] goes on to argue that nothing changes if A is only assumed to be locally
finite:

Theorem 3.18 of [5]. Let A be a locally finite lattice with zero and let B be an
A-lower bounded lattice with 0. Then the isomorphism

Con A® Con B = Con(A® B)
holds.

This is obviously not true. The proof of Theorem 3.16 computes the compact
elements of Con(A ® B). If A is only locally finite, then these computations show
very little about congruences in general, see our Example 5.5 (in the example, both
A and B are distributive, so B is trivially A-lower bounded). The correct form of
Theorem 3.18 of [5] switches to the isomorphism:

Con, A ® Con, B = Con(A ® B),

which indeed follows from our Isomorphism Theorem.

8.3. The papers [2] and [6]. Let L be a lattice and let D be a bounded distributive
lattice. The lattice L[D] is defined in G. Grétzer and E. T. Schmidt [6] as follows.
First, if D is finite, then let P be the poset of join-irreducible elements of D and
define L[D] as the function lattice LT, that is, the lattice of all order-preserving
maps from P to L, partially ordered componentwise. For an arbitrary bounded
distributive lattice D, define L[D] as the direct limit of all L[D'], where D’ is a
finite {0, 1}-sublattice of D, with the natural embeddings. This construction yields
a lattice L[D] that is isomorphic to the lattice studied in [6], see Lemma 1 in [6].
This construction is studied from a more topological point of view in [2].

L ® D is defined, if L has a zero; one would expect that, in this case, the
isomorphism L[D] 2 L ® D holds. The reality is slightly more awkward. For a
lattice K, let K9 denote the dual lattice of K. Then the following isomorphism
holds:

(3) LD = (LY ® D),
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provided that L has a greatest (as opposed to least) element. Formula (3) is easy
to establish for finite D and the general case follows by a direct limit argument.
In both papers, [2] and [6], the congruence lattice of L[D] is computed from Con L
and Con D. Note that Con D is isomorphic to the ideal lattice of the generalized
Boolean algebra generated by D. For example, Theorem 4 of [6] states that

(4) Cone L[D] & (Cone L)[Con, D]

If L is a lattice with a greatest element, then the isomorphism in (4) is an elementary
consequence of the Isomorphism Theorem, although the proof requires a number of
tedious translations between the two constructions.

We cannot directly deduce Formula (4) for an arbitrary lattice L from the Iso-
morphism Theorem. However, this is possible. In [8], there is even a generalization
of Formula (4) for an arbitrary lattice L and for an arbitrary (not necessarily dis-
tributive) bounded lattice D, with an analogue of Formula (4).

8.4. Some open problems. Many of the problems asking whether the conditions
we use in this paper are also necessary are still open.

If A is a locally finite lattice and B is A-lower bounded, then it is easy to see
that A ® B is capped.

Problem 1. Do there exist lattices A and B with zero so that A ® B is capped
and neither A nor B is locally finite?

Problem 2. Let A and B be lattices with zero, let C be a sub-tensor product of
A and B. Is C a capped sub-tensor product of A and B?

Specializing Problem 2 to C' = A ® B yields the following question:

Problem 3. Let A and B be lattices with zero. If A ® B is a lattice, is A ® B
capped?

We prove in [7] that the answer to Problem 3 is positive, if A or B is locally
finite. Moreover, we provide the example M3 ® F(3) of a tensor product of lattices
with zero that is not a lattice. In [10] we exhibit a three-generated planar lattice L
such that M3 ® L is not a lattice.

If A® B is capped, then C = A ® B is the largest sub-tensor product of A and
B.

Problem 4. Let A and B be lattices with zero. Does there always exist a largest
sub-tensor product (resp., a largest capped sub-tensor product) of A and B?

For a join-semilattice S with zero, denote by Con" S the set of all L-congruences
of S. The results of Section 3 suggest that (Con™ S, C) must behave to some extent
as the congruence lattice of a lattice.

Problem 5. What is the structure of (Con S, C)?

Theorem 4.6 of [5] investigates subdirectly irreducible quotients of a tensor prod-
uct of lattices with zero. For finite lattices A and B, it is proved that the completely
meet-irreducible congruences of AQ B are exactly the congruences of the form o[,
where «, 3 are completely meet-irreducible congruences of A, B, respectively. The
proof of Theorem 4.6 (and consequently, of Theorem 4.7 and Theorem 4.9 of [5])
does not apply to infinite lattices.
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Problem 6. Let A and B be lattices with zero, let C be a capped sub-tensor
product of A and B. Are the completely meet-irreducible congruences of A ®
B exactly the congruences of the form o O¢ 8 where «, § are completely meet-
irreducible congruences of A, B, respectively?

Note that by Corollary 3.7(iii) and the Isomorphism Theorem, every congruence
of the form a O¢ B, where o, 8 are completely meet-irreducible congruences of A,
B, respectively, is a completely meet-irreducible congruence of C'.

Notation 8.7. For a lattice L with zero,

(i) let D(L) denote the maximal distributive quotient of L;
(ii) let Op(L) denote the kernel of the natural homomorphism onto the max-
imal distributive quotient of L;
(ili) let ©n(L) denote the kernel of the natural homomorphism onto the max-
imal modular quotient of L.

Problem 7. Let A and B be lattices with zero. If A ® B is capped, is it then true
that

D(A® B) 2 D(A) ® D(B)
holds?

The proof presented in Theorem 4.7 of [5] applies to the finite case.

Problem 8. Let A and B be lattices with zero. If A ® B is capped, is it then true
that

OMm(A® B) = (Op(A) OOM(B)) A (OMm(A) OOp(B))
holds?

Again, the proof presented in Theorem 4.7 of [5] applies in the finite case.
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