N

N

A formula for the First Eigenvalue of the Dirac
Operator on Compact Spin Symmetric Spaces

Jean-Louis Milhorat

» To cite this version:

Jean-Louis Milhorat. A formula for the First Eigenvalue of the Dirac Operator on Compact Spin
Symmetric Spaces. Journal of Mathematical Physics, 2006, 47 (4), pp.043503, 12. hal-00004039

HAL Id: hal-00004039
https://hal.science/hal-00004039
Submitted on 24 Jan 2005

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00004039
https://hal.archives-ouvertes.fr

ccsd-00004039, version 1 - 24 Jan 2005

A FORMULA FOR THE FIRST EIGENVALUE OF THE DIRAC
OPERATOR ON COMPACT SPIN SYMMETRIC SPACES

JEAN-LOUIS MILHORAT

ABSTRACT. Let G/K be a simply connected spin compact inner irreducible
symmetric space, endowed with the metric induced by the Killing form of G
sign-changed. We give a formula for the square of the first eigenvalue of the
Dirac operator in terms of a root system of G. As an example of application, we
give the list of the first eigenvalues for the spin compact irreducible symmetric
spaces endowed with a quaternion-Kéahler structure.

1. INTRODUCTION

Let G/K be a compact, simply-connected, n-dimensional irreducible symmetric
space with G compact and simply-connected, endowed with the metric induced by
the Killing form of G sign-changed. Assume that G and K have same rank and
that G/K has a spin structure. In a previous paper, cf. [Mil04], we proved that
the first eigenvalue A of the Dirac operator verifies

2 _ . 2
(1) A =2 1Ignklgp||ﬂk|| +n/8,

where Ok, k = 1,...,p, are the K-dominant weights occurring in the decomposition
into irreducible components of the spin representation under the action of K, and
where || - || is the norm associated to the scalar product induced by the Killing form
of G.

The proof was based on a lemma of R. Parthasarathy in [[Par71], which allows to
express the result in the following way.

Let T be a fixed common maximal torus of G and K. Let ® be the set of non-zero
roots of G with respect to T'. Let @E be the set of positive roots of G, @} be the
set of positive roots of K, with respect to a fixed lexicographic ordering in ®. Let
da, (resp. Ok) be the half-sum of the positive roots of G, (resp. K). Then the
square of the first eigenvalue of the Dirac operator is given by

(2) X =2 min [lw-6g — bx||* +n/8,
where W is the subset of the Weyl group W defined by
(3) W={weWs; w-®f > df}.

In order to avoid the determination of the subset W for applications, we prove in
the following that the square of the first eigenvalue of the Dirac operator is indeed
given by

(4) A =2 min ||w-dg —6k]|]* +n/8.
weWa
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We then give a different expression to use the formula for explicit computations.

We obtain
(5)

where A is the set

As an example of application of the above formula, we obtain the list of the first
eigenvalues of the Dirac operator for the spin compact irreducible symmetric spaces
endowed with a quaternion-Kahler structure. By definition, a Riemannian manifold
has a quaternion-Kéahler structure if its holonomy group is contained in the group
Sp,,,Sp;- In [], J. Wolf gave the following classification of compact quaternion-
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N =20g—0k|>+4 ) < 0,6k >+n/8,

oA

A:={0edl;<0,0xk > <0}.

Kéahler symmetric spaces:

G K G/K dim G/K Spin structure
(cf. [CG8Y))
SPmi1 | SPp X Sp; | Quaternionic | 4m (m > 1) Yes (unique)
projective
space HP™
SUpt2 | S(Uy, x Us) | Grassmannian | 4m (m > 1) iff m even
Grp(Cm*2) unique in that case
Spin,, 4 | Spin,,Spin, | Grassmannian | 4m (m > 3) iff m even,
Gry(Rm*4) unique in that case
Go SOy 8 Yes (unique)
Fy Sp3SU, 28 No
Es SUgSU, 40 Yes (unique)
E; Spin;,SUs 64 Yes (unique)
Eg E;SU, 112 Yes (unique)

Note furthermore that all the symmetric spaces in that list are “inner”.

Endowing each symmetric space with the metric induced by the Killing form of G

sign-changed, we obtain the following table
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(m even)

G/K Square of the first eigenvalue of D
m+3m m-+3 Scal
HP" = 9~
SPrmt1/(SPm % Spy) m+22 m+2 4
. m+4m:m+480a1
Gry(C ) = SUp12/S(Up x Us) m+2 2 m+2 4

Gry (R™*+4) = Spin,, , ,/Spin,,, Spin,

m2+6m—4m  m?+6m —4 Scal

mm+2) 2 mm+2) 4
(m even)
3 3 Scal
G2/504 272 4
41 41 Scal
. 95 95 Scal
E7/(Sp1n12SU2) ? = E T
269 269 Scal
Es/(E7SUs) — =

15 210 4

TABLE I

The result was already known for quaternionic projective spaces HP", [Mil97],
for the Grassmannians Grz(C™*2), [Mil9§], and for the symmetric space G2/SO4,

[See9y]. Up to our knowledge, the other results are new.

2. Proor or rormuLA ([)

With the notations of the introduction, and since the scalar product is Wg-

invariant, one has for any w € Wg

(6) lw - e = ox[|* = [l6c]® + 0k | =2 < w - dc, bk >,

hence

min w6 — 0xc|* = |5l + x> — 2 max < w-0g,bic >,,

and

min ||w-dg — 0x||* = ||6c|]® + |0k||* —2 max < w-dq,dx >,.
weWg

weWea
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So we have to prove that

(7) max < w-0g,0k >= max < w-0g,0K > .
weWw weWeag

Let

(8) g = {61,...,0,} C L,

be the set of G-simple roots and let
(9) Mg = {0],...,0]} C @},

be the set of K-simple roots.
Let wg € Wg such that

(10) <wy-0g, 0k >= max < w-0g,0K > .
weWg

Suppose that wg ¢ W. Then we claim that there exists a K-simple root 8 such that
wal 0] ¢ CIDE. Otherwise, if for any K-simple root 6, wal -0} € CIDE, then since any
K-positive root is a linear combination with non-negative coefficients of K-simple

roots, we would have V6’ € @}, W Ly e @E, contradicting the assumption made
on wy.

Now let o/ be the reflection across the hyperplane 0/". Since o/ - 6 = dx — 0,
(cf. for instance Corollary of Lemma B, §10 .3 in [Hum?72]), one gets by the Wg-
invariance of the scalar product

< Ugwo-ég,(SK > =< wo-ég,d 0 >=< wo-(sg,(SK —9; >
=< wp - 6,0k > — < g, wy " -0, > .
But since wal -0 is a negative root of G, one has
/
Z-:—Zk:j@j, k’jGN.

Since for any G-simple root 0;, 0; - 6¢ = d¢ — 0;, where o; is the reflection across
the hyperplane ij_’ one has < 6;,6g >=2 < 6;,0; > >0, so

— <dgywy 0 >= "k <6a,0; >>0,
hence
< olwy - 0G, 0K > > < wp - 0, 0k >,
but that is in contradiction with the definition ([L0) of wy, hence wy € W and

max < w-0g,0kg >=<wy-dq,0x >< max < w-dq,0x >< max < w-dg,0K >,
weWa weWw weWg

hence the result.

3. ProOF OF FORMULA (f])
In order to obtain the formula we will use the following result

Lemma 3.1. For any element w of the Weyl group Wg
w-(SG:(Sg—ZkQG, /{392007“1.

+
ocdl,
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Proof. Let w € Wg. With the same notations as in the above proof, we write w in
reduced form
(11) W= 04 - Tip s
where o; is the reflection across the hyperplane 63, 6; € I, and k is minimal.
Since oy, - g = dg — 0;,,, one has

w-dg = Oiy " Oig_y (Uik : 5G) =0y 7 Oy (5G> — Oiy v Uik—l(oik> :
Now, since the expression of w is reduced, w(;, ) is a negative root, cf. for instance
corollary of Lemma C, § 10.3 in [Hum79]. But w(¢;,) = —oi, - - 04, (i,), hence
Oiy + Oip_, (0i,) 1s a positive root.

Now the element oy, ---05, , € Wg is written in reduced form, otherwise the
expression ([L1]) of w would not be reduced. Hence we may conclude as above that
Oiy * " Oig_y (5G) =04y """ Oig_y (5G) T O Oy (oik—1> )

where o, -0y, _,(0i,_,) is a positive root.
Proceeding inductively we get

w66 =0q— Y ko, ko€N.

vedt

In order to conclude, we have to prove that if a G-positive root 6 appears in the
above sum, then it appears only once.
Suppose that a G-positive root appears at least twice in the above sum, then there
exist two integers p and ¢, 1 < p < ¢ <k — 1 such that

Oiy " 04y, (97:1)+1) =04 " 04, (qu+1) .

applying o;,,,0;, - - 05, to the two members of the above equation, we get

79ip+1 = O—ip+2 e Uiq (oqurl) ’ lfp +1< q,
—0;i, = 0; ., ifp+1=gq.
So we get a contradiction, even in the first case, since oy,,, - - 0:,0:,, € Wg

is expressed in reduced form (otherwise the expression (Ej) of w would not be
reduced), hence o;,,, - 7y, (0 is a positive root. O

1q

iat1)
From the above result we deduce
Lemma 3.2. Let A be the set
(12) A={0edl;<0,6k > <0}.

One has

max < w-dg, 0K >=<0a,0x > — Y < 0,0k >,
weWeg OeA

(setting Y pep < 0,0k >=0, if A=10).
Proof. Suppose A # ). We first prove that there exists wy € Wg such that
wo - 6 =da — » 0.
oA

Let

o= 0L\ D).
We first remark that any root in A belongs to ®}. Otherwise, if there exists
0 € AN @}, then since 6 is a combination with non-negative coefficients of simple
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K-roots, and since < dk,0, >> 0, for any K-simple root 0;, we would have
< dk,0 >> 0, contradicting the fact that 6§ € A.
Now, consider

1
On =5 > 0=dc—0x.
0cd;t
Then
5G—29=5K+ <5n—29> .
e e
But,
Br=bn=_0,
e

is a weight of the decomposition of the spin representation under the action of K,
cf. §2in : the weights are just the elements of the form d,, —» 5. 0, where
T is a subset of ;.

In fact 3 is the highest weight of an irreducible component in the decomposition,
otherwise we would have

Bta=06,—Y 0,

0eYT

where « is a K-positive root and T is a subset of ®;f.
Hence setting A’ := A\Y and Y' := T\ A, we would have

=Y Ota=-> 0.
gen’ 6eY’
But since A’ C A and «a is a K-positive root
<= 0+a,6k>>0,
gen
whereas since Y/ C ®;7\A

<= 0,6k ><0,
der’

hence a contradiction.
Now by the result of lemma 2.2 in [Par71], any highest weight in the decomposition
of the spin representation has the form

w~5g—75K,

where w belongs to the subset W of W defined in ({). Hence there exists a wo € W
such that

f=wo-da— ok,
hence

b= 0=k +5=uwy b,

e

hence the result.
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Now let w be any element in W¢. By the above lemma,

w-égzég—ka@, /{392001“ 1,
oedt
=0 — Y ko0 — > ko0
S PEDE\A

Hence by the definition of A
<w- 0,0k ><<Og— Y kob,6x ><<bg— > 0,0k > .

6eA feA

Thus

max < w-d0q, 0 ><< dc, 0Kk > —Z < 0,8 >=<wpy-0c, 0k >

weWg

oA
< max < w-dg,0x >,
weWea

hence the result. O

Now going back to formula (f]), we get immediately from ()
Corollary 3.3. The first eigenvalue \ of the Dirac operator verifies

N =216 — 6k | +4 Y < 6,0k >+n/8.
e

4. PROOF OF THE RESULTS OF TABLE I

In the following, we note for any integer n > 1, (ey,...,e,), the standard basis
of K", K = R, C or H. The space of (n,n) matrices with coefficients in K is denoted
by M,,(K).

4.1. Quaternionic projective spaces HP™. Here G = Sp,,, . ; and K = Sp,,, X
Sp;. The decomposition of the spin representation into irreducible components
under the action of K is given in [Mil99], so we may conclude with formula (fl]).
However the result may be also simply concluded with formula ().

The space H"*! is viewed as a right vector space on H in such a way that G may
be identified with the group

{A S Mm-‘,—l(H)y tAA = m+1} ,
acting on the left on H"*! in the usual way. The group K is identified with the
subgroup of G defined by
B 0\
AeM,,1(H); A= 0 ¢ ,'BB=1,,q€Sp; ¢ -

Let T be the common torus of G and K
ot
T:= aﬁla"'aﬁm-‘rl eR )
eifmi1
where
VB eR, e :=cos(f)+sin(f)i,
(1,i,j,k) being the standard basis of H.
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The Lie algebra of T is
it
‘z: ;ﬁlaﬁQaa"'aﬁm-‘rl GR
iﬂerl
We denote by (z1,...,Zmy+1) the basis of T* given by
if
T * = ﬁk .
iﬁm—i—l
A vector p € i %* such that p = Zzljll Uk Tk, in the basis (T, = Tk )k=1,... m+1, IS
denoted by
n= (:ulaMQa AR 7Mm+1) .
The restriction to ¥ of the Killing form B of G is given by
VX e, VW e¥, BX,)Y)= 4(m+2)8‘%(tr(XY)).
It is easy to verify that the scalar product on ¢ ¥* induced by the Killing form sign
changed is given by
V= (g1, 1) € 05, V0 = (..o, fpyy) €457,
(13) , N an
<pp >=—o .
s 1t ey I;Mkﬂk

Now, considering the decomposition of the complexified Lie algebra of G under the
action of T, it is easy to verify that T" is a common maximal torus of G and K, and
that the respective roots are given by

(@ + & . )
{ Ex “CJ))’ 1<i<j<m+1, +27,1<i<m+1 forG,
E § 1<i<j<m, +27;,1<i<m+1 for K .

We consider as sets of positive roots

@g{{xiﬂj’ 1<i<j<m+1;2%, 1§i§m+1},

T -y,
and
%z{{fﬁfj’ L<i<j<m; 2@, 1§i§m+1}-
ZL'Z'*ZL']',
Then

m—+1
b= (m+2—k)Zp=(m+1,m,...,2,1),
k=1
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and
5K:Z(m+1—k’)@+§m+1=(m,m—l,...,l,l).
k=1
Hence
g — 0k =Y @k =(1,1,...,1,0),
k=1

S0 .

b — 0kl = —— .

o = il = 7

On the other hand, it is easy to verify that the set

A:={0e€dl;<0,0xk > <0},
is empty, hence by formula @), the square of the first eigenvalue A of the Dirac
operator is given by

N dmay

9 m m _m+3m
2 m+22°

4.2. Grassmannians Gry(C™12), m even > 2. Here G = SU,,,» and K is the
subgroup S(U,, x Us) defined below. Here again, the decomposition into irreducible
components of the spin representation under the action of K is known, ,
hence the result may be obtained from formula () However the result may be also
simply concluded with formula (f).

The group G is identified with

{A S Mm+2((C), tAA = Im+2 and det A = 1} .
The group K is the group

B 0

S(Up x Uy) = {A € Min42(C); A= (0 C

),BEUm,CEUQ;detA:1}.

Let T be the common torus of G and K

e ma2
T:= By Pmga ER, D B=0
0iBm+2 k=1
The Lie algebra of T' is
i e
T = i By B2,y Bmae ER,ZBk:O
Brmta k=1

We denote by (x1,...,Zm4+1) the basis of T* given by
i
T = Ok -
iBm+2

A vector p € i %* such that p = Zzljll Uk Tk, in the basis (T, = ¢ Tk)k=1,... m+1, IS
denoted by

n= (:ulaMQa---v/Lm—i-l)-
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The restriction to ¥ of the Killing form B of G is given by
vX e, VWwWeT, BXY)= 2(m+2)3‘3(tr(XY)) .

It is easy to verify that the scalar product on ¢ ¥* induced by the Killing form sign
changed is given by

(14) VMZ(M,---,umH)EiT* VM'Z(ML---,%H) €i%,
m+1 m+1 m—+1
/ I
Sl o= gty Sk <Zu><2u>

Considering the decomposition of the complexified Lie algebra of G under the action
of T', it is easy to verify that T is a common maximal torus of G and K, and that
the respective roots are given by

m—+1
(@ —-F),1<i<j<m+1, i(@-Jerk) Jd<i<m+1, forG,
m+1
+(@ —3),1<i<j<m, i<£m+1+2§k>, for K .

We consider as sets of positive roots

m+1
@5:{@—@,1gigm+1;@+Z£k,1gigm+1},

k=1
and
m—+1
@}{@fj,léiém;fmﬂJrsz}-
k=1
Then
m—+1
5G:Z(m+27k)/fk:(m+1vmv7271)5
k=1
and
1) L i +2-2k)xp+2Z 1( 2 4 2 2)
S (m —-2K)Z Tm =—(mm—-—2,m—4...,2—m,2).
K=35 2 k +1 5
Hence
1 m
ba — b = 5(m +2) ; m+2)( ., 1,0),
SO
66 — dxcl? = 5

We now determine the set

A:={0edl;<0,0xk > <0}.
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Recall that from the proof of lemma @, if A is non empty, then any 6 € A belongs
to @g\@};. It is then easy to verify that the elements of A are

o~ o~ m ) R 1 m
$j7$m+173+1§]§m, <x]7$m+175K>:m(57‘]),
m—+1 m m+1 ) .
/.’L'\]+Z/-T\k;5+2§]§m, <§J+Z§k’5K>:m(5+l_J)
k=1 k=1
So
2
m
DTS
ea 8(m + 2)

Hence, by formula (E), the square of the first eigenvalue A of the Dirac operator is
given by

m m? m m+4m

2 2

Tmin T2 T maan

2 _
A= 2(m+2)

4.3. Grassmannians Gry(R™14), m even > 4. Here G = Spin,,,, and, iden-
tifying R™ with the subspace of R™*4 spanned by ey,...e,,, and R* with the
subspace spanned by €,,+1, - -, €m+4, KK is the subgroup of G defined by

Spin,,, Spin, := {1/) € Spin,,, 1 4; ¥ = @d, p € Spin,,, , ¢ € Spin4} .
We consider the common torus of G and K defined by

2

T = (cos(Br) + sin(Br) ear—1 - €2x) 5 Br, ..., Pzy2 €R
=1

m
2

+

=

The Lie algebra of T' is

42

= Zﬁkequ'ezk;ﬂl,...,ﬁ%ﬂ ceR

k=1
We denote by (z1,...,7m 2) the basis of T* given by

o

Tk - Z 53‘ €2j—1 €25 = B -
j=1

We introduce the basis (Z1,...,Zm 2) of i T* defined by

Tr = 2z, k:1,...,%+2.

A vector pu € 1 T* such that u = Z,?:Jf [k Tk, is denoted by
o= (p1, pa, - - aﬂ%+2) .
The restriction to T of the Killing form B of G is given by

B(eak—1 - €k, €21—1 - €21) = —8 (m +2) 1 .
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It is easy to verify that the scalar product on ¢ T* induced by the Killing form sign
changed is given by
Vo= (p1,. . ppye) €47, VU = (p, ... pim p) €0F7,
(15) , S
< H, 1 >:m I;Mkﬂk-
Considering the decomposition of the complexified Lie algebra of G under the action

of T, it is easy to verify that T is a common maximal torus of G and K, and that
the respective roots are given by

(@ +3), £@-,), 1<i<j< T +2, for G,
@i+ 7)), 2@ - 35), 1<i<j<F for K .
@1+ Tp42), £(Tp41 —Tpie),

We consider as sets of positive roots

~ ~ o~ ~ . . m
®E:{xi+zj7xi71‘jv 1§Z<]S—+2},

2
and
~ ~ o~ ~ . . mo ~ ~ ~
‘I);r(:{xi-i-iﬁj,xi—iﬂj,1§@<J§§,$%+1+$%+2,$%+1—$%+2}
Then
%Hm m
0g = — 4+ 22—k rTr=(—+1,—,. 1,0
G Zl( + ):L'k ( + 323 ) 4y )a
and
ki m m m
O = ——kz ITm 1 =(=——1——2 1,0).
K (2 )$k+$2+1 (2 52 ) 7a)
k=1
Hence
m
0g — 0 =2 §k=2(1,1, ,1,0,0),
k=1
SO
m
Sa — 0k||?P = ——.
l6c — okl o

On the other hand, it is easy to verify that the set
A:={0e€dl;<0,0xk > <0},
has only one element, namely
Tm —Tmq, with < Tm — z%+175K >=—1.

Hence, by formula (E), the square of the first eigenvalue A of the Dirac operator is
given by
o 2m 2  om_m’+6m—d
m+2 m+2 2 2(m+2)
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4.4. The four exceptional cases. Note first that since all the groups G we con-
sider are simple, their roots system are irreducible so, up to a constant, there is
only one Wg-invariant scalar product on the subspace generated by the set of roots,
cf. for instance Remark (5.10), § V in [BtDS].

We use the description of root systems given in [BMP8F. Those root systems are
expressed in the simple root basis («;). Note that the Wg-invariant scalar product
(, ) used there is such that («, a) = 2 for any long root . In order to compare it
with the scalar product <, > induced by the Killing form sign-changed, we use the
“strange formula” of Freudenthal and de Vries, (cf. 47-11 in [FdV6])):

.
(16) < dg,0g >= B dim G.

To determine the set of K-positive roots, we use theorem 13, theorem 14 and the
proof of theorem 18 in [[CG8§. By those results, the set ®} may be defined as
follows. Let 6 = > m; a; be the highest root. In all cases considered, there exists
an index j such that m; = 2. Then

@} = {Zniai; n; # 1} .
4.4.1. The symmetric space Go/SO4. Using the results of pages 18 and 64 in
1B |, we get
g =3a1+Has.

By the expression of the Cartan matrix, the scalar product matrix is, in the basis

2 -1
(a1, az), (1 2/3), hence

14
16617 ) = =
On the other hand, by the formula of Freudenthal and de Vries,
7
H5GH2<,> = E )
o) )
<, >== )
>=350)

The set of K-positive roots is

(I);; :{2a1+3a2,a2},

hence
g =a1+2aq,
SO
0g — 0k =201 +3as.
Hence

1 1
2 _ 2 _
0c — 0k ll< > = §H5G—5K||(7) 1

Finally, it is easy to verify that the set
A:={0cdl; <00k > <0},

is empty, hence by formula (E), the square of the first eigenvalue A of the Dirac

operator is given by
1 3
N=-+1==.
2 + 2
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4.4.2. The symmetric space Eg/(SUgSUsg). Using the results of pages 14 and 60 in
B |, we get

5G:8041+150&2+210&3+150&4+80&5+110&6.

Since all roots have same length equal to 2, we may introduce the fundamental
weight basis (w;) because

(wi, Oéj) = (Sij .

Since dg = D w;, we get

HéGH?,) =178 )
whereas by the formula of Freudenthal and de Vries,
78
6612 5 = 37
o)
1
<, >=g7 (,).

The set of K-positive roots may be defined by

6
(I);r(: {Zniai;nﬁ#l} .

i=1

Then
0k =3a1 +b5as+6as+5as+3as+ ag
=wi +ws +w3 +wy+ws —4wg.
Hence
0g— 0k =ba1+10as +15a3+10ay + 5 a5 + 10 ag = Hwg .
So
16 — 02 = 57 e = 3 ) = 2.

On the other hand it is easy to verify that the set
A={0edl;<0,6k > <0},

has 7 elements and that

> <0,0k >:iZ(9,5K):7£.

0eA oA

So by formula (ﬁ), the square of the first eigenvalue A of the Dirac operator is given
by
5 50 28 41
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4.4.3. The symmetric space E7/(Spin;5SUs). By the results of pages 15 and 61 in
B |, we get

1
oa = 5 (34041 + 66 as +96 a3+ 75ag + 52a5 + 27 ag +490(7).
Here again, since all roots have same length equal to 2, we may consider the fun-

damental weight basis (w;). We get

399

2 _
léall? ) = 55

whereas by the formula of Freudenthal and de Vries,

133
Sall2 ==
|| G||<,> 24 °
SO
1
>= — )
< >=30)

The set of K-positive roots may be defined by

7
(I);r(: {Zniai;nl#l} .

i=1

Then

1
O =5 (201 + 180z +32a3 +27as + 2005 + 1l ag + 17 az)

—Twi + ws +ws+ws +ws + we + wr.
Hence
0¢ — 0k =161 +24 a0 +32a3 +24 a4+ 16 a5 + 8ag + 16 ay = 8wg .

So

1 32
2 _ 2

On the other hand it can be verified that the set
A:={0edl;<0,0xk > <0},

has 13 elements and that

> <0,k >:%Z(9’5K>:*§—é-

(AN [ASHIN

So by formula (E), the square of the first eigenvalue A of the Dirac operator is given
by
64 41 95

N o g2
g "9 T8
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4.4.4. The symmetric space Eg/(E7SUs). By the results of pages 16, 62 and 63 in
B |, we get
0c =29a;1 +57as +84az + 1100y + 135 a5 + 91 ag + 46 a7 + 68 ag .

Here again, since all roots have same length equal to 2, we may consider the fun-
damental weight basis (w;). We get

1661t = 620,
whereas by the formula of Freudenthal and de Vries,
6l =20 =2
“l<>""o4 — 37
SO .
<,>=—(,).
a0

The set of K-positive roots may be defined by

8
@}: {Zniai;n17é1} .

i=1
Then
5]( =] + 150&2 +280&3+400&4 +510&5 +350&6+ 180&7+260[8
= —13w1 +wo + w3 +wy + ws + wes +wr +ws.
Hence
0g — 0 =28 a1 +42 a9 +56 a3 + 70 g + 84 cvs + 56 g + 28 vy + 42 ag = 14 wy .
S0 1 98
2 _ 2
166 — k1% > = = 16 — dkli?,) = 1+ -
On the other hand it can be verified that the set
A:={0edl;<0,0xk > <0},
has 25 elements and that
1 137
> <0,0k >=—> (0,0k) = ——.
feA 60 feA 60

So by formula (E), the square of the first eigenvalue A of the Dirac operator is given
by

196 137 269
M= S 4 14="C
15 15 + 15
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