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1/2

% #$��/

• � 1����8 v �¥
U∗ \U �*"� ¤� !�'!3��� ¦!�$ ��  ��"� �¦� 1���!'�"  !�¨�3 ¤4 �� �3�� !� U ��3$��'� v ��'�!1�" '$���� ¥��� ��  ��"� �¦� �¥ !�" ��!�$¤��"¿

•
!¥ � 1����8 v �¥

U∗ ∩ U
$�" �� !�3�)��3��� ��!�$¤��$��3 �� !� !" �� !"� ���3 1����8 !� U

/
�$�� !� ¨��)" !�" '$���� Â¦$!'$ !" ��  ��"� ��� *�!�Ã¿ !¥

v
"��3" �*� ��4 '$����/ �$�� �  �$�

��!�$¤��" �¥
v

'����� ¤� !�' *3�3 !� U∗ Â��$��¦!"�/
v ¦!�$ �� �3�� !� !�" ��!�$¤��$��3

¦�* 3 ¥��� � ��!��� � !� U∗Ã¿ "�/
v

"��3" �*� �� ��"�
(B − 1)/2 *�!�" �¥ '$���� ��3 $��'�!� ¨��)" ��  ��"� '$���� �¥

1/2¿ �� �$� ��$�� $��3/ !� ��'�!1�" '$���� ¥��� ��  ��"� ��� �¥ !�"
��!�$¤��" !� U *� �"" �  !�" ��!�$¤��" !� U

$�1� !�3�)��3��� ��!�$¤��$��3"¿ !� �$�  �����'�"�/ !� "��3" �*� �� ��"�
(B − 2)/2 *�!�" Â��'$ 1����8 ¦!�$ �� !�3�)��3��� ��!�$¤��$��3

¤� ���" �� U∗ ∩ U Ã ��3 �$*" !� ¨��)" ��  ��"� ��� *�!� �¥ '$����%
;!��  4/ ¦� $�1� )��1�3 �$�� ��'$ 1����8 !� U∗ $�" � À�� '$���� ��  ��"� ��� ��3 $��'� �$�
3�"!��3 !��ñ*� !�4 ¥�  �¦"%

;�� �!�$���"" �¥ �$� ���!�/ �""*�� G = (V, E) ¦!�$
V = {x1, x2, y1, y2, . . . , yB−1}

��3
E = {(x1, x2)} ∪ {(x1, yi), (x2, yi) : 1 ≤ i ≤ B − 1}¿ �� "*'$ � ���)$/ �$� "� *�!�� U∗ =
{x1, y1, y2, . . . , yB−1}

!" �� �)�!�*� �¥ 1� *� B ¦$! � �$� "� *�!�� ¥�*�3 ¤4 �$� ����34 � ���!�$�!"
U = {x1, x2}

�¥ 1� *� Ø Â;!�*�� 9Ã%
¤

G

x1x1 x1

x2 x2

y1y1

y2y2

yB−2yB−2

yB−1yB−1

U U∗

;!�*�� 9§ .8��) � �¥ �!�$���"" ¥�� ����34 � ���!�$�%

÷ ß�� øùúûü ������
�	
ª� �$!" "�'�!�� ¦� "$�¦ �$�� ¦$�� �  �¦!�� �$��� ��1�" ¥��� � "� *�!�� �� � ��!�$¤��!�� "� *�!��/
�$�� �$� Ð2 �'� �)�!�*� �¥ ���

H0����� ������� � ¡¢���£ �*�������" 3!ý�����!� ���!�
Ë



max{(δ0 + 1)/(B + 2 + ν0), δ0/(B + 1)} ¦!�$
ν0 = (|V (H0)| − 1)/δ0

% ;�� !�"���'�/ ¦$�� H0

!"
� (δ0 + 1)

' !ñ*� Â!%�%/
H0 = Kδ0+1

Ã/ � Ð2 �'� �)�!�*� ���'$�" ���!� (δ0 + 1)/(B + 3)
/ ¦$!'$ !"

"��!'� 4 ¤����� �$�� δ0/(B + 1) �" "��� �"
B ≥ 2δ0 − 1

/ ��3 ¤����� �$�� δ0/B ¦$�� B ≥ 3δ0

%
#$� Ð2 �'� ��!�$¤��$��3 �!�" �� !�)��1!�� � �!1�� "� *�!�� U ¤4 ����1!�� ��� 1����8 ¥��� !�
��3 ¤4 �33!�� �¦� 1���!'�" ¥��� V \ U ¿ �$*"/ 3�����!�!�� � Ð2 �'� �)�!�*� '�� ¤� 3�"'�!¤�3/
¥�� ���

H0����� ������� � ¡¢���£/ �" ¥�  �¦"§ "����!�� ¥��� � ��8!�� "� *�!�� S
/ ����1�

��� 1����8 ¥��� S ��3 �33 �¦� ��$�� ���"/ !¥ )�""!¤ �/ ��¨� �$� "� *�!�� ��8!�� / ��3 "� ��%
#$� ���� þÿ��� !" 3*� �� �$� ¥�'� �$�� ¦� �!� �� '$���!�� �$� "���*" �¥ Ð 1���!'�"%
Íîæéæòëêëæï �âã ����� ®´ ¬ (δ0 + 1)/(B + 2 + ν0)ô¬̧ ¸·º®«¬½®º° õº· ���

H0����� �������
� ¡¢���£�B 	 ¼¹³·³ ν0 = (|V (H0)| − 1)/δ0 ö
Íîææíâ +��

U∗ ¤� �� �)�!�� "� *�!�� ��3 U
�$� "� *�!�� ¥�*�3 ¤4 þÿ���% Ò� *"� � "!�) �

3!"'$���!�� ���$�3 �� "$�¦ �$��
|U | ≥ |U∗|(δ0 + 1)/(B + 2 + ν0)

% Ò� �""*�� B + 1 + ν0 ≥ δ0��3 ¦� �""!�� �� ��'$ 1����8 �¥
U

/ � '$���� �ñ*� �� (B + 2 + ν0)/(δ0 + 1)
% Ò� "�4 �$�� �1����8 v �¥

U∗ \ U
!" ²·®½®²¬» !¥/ ¦$�� ¦� �33 v

�� U
/ �$��� !" � *�!ñ*� ���)$ !"����)$!' �� H0

¿
�$� ��$�� 1���!'�" �¥ �$� '�)4 �¥

H0

Â�$�� ¤� ��� �� U Ã ��� '�  �3 ®°²®±³°½ �� '�!�!'� 1����8 v
%


����¨ �$�� � '�!�!'� 1����8 v ��4 $�1� ���� ��!�$¤��" !� U
�$�� �$�"� !�'!3��� �� '�!�!'� 

1����8 v
Â�$� ��!�$¤��" �¥

v
!� U �*�"!3� �¥ �$� '�)4 �¥

H0
Ã% #$� 3!"'$���!�� )$�"�  ��¨" �"

¥�  �¦"§ � 1����8 v �¥
U

¨��)" �  !�" '$���� !¥ !� $�" � 3����� �� ��"�
δ0 − 2

!� U ¿ ��$��¦!"�/ �1����8 v �¥
U

"��3" �� ��'$ �¥ !�" ��!�$¤��" !� U∗ Â�8'�)� �$�"� �¥
U∗ ∩ U ¦!�$ 3����� �� ��"�

δ0 − 2
!� U Ã � '$���� 3�)��3!�� *)�� ¦$��$�� !� !" '�!�!'� �� ���¿ "�/ !¥

v
!" !�'!3��� �� '�!�!'� 

1����8 u
/ �$�� v

"��3" �� u 1/δ0
*�!�" �¥ '$���� Â!� ��$�� ¦��3"/

v
"��3" '$���� �¥

1/δ0
�� !�"

'�!�!'� ��!�$¤�� w
/ ¦$��� w

!" "*'$ �$��
v

!" '����!��3 !� �$� *�!ñ*� !"����)$!' '�)4 �¥
H0

!�
U ∪ {w}Ã¿ ��$��¦!"� !� "��3" �� !�

1/(δ0 + 1) *�!�" �¥ '$����%
���� �$�� ��4 1����8 �¥

U
!" !�'!3��� �� �� ��"�

|V0| − 1
'�!�!'� 1���!'�" "!�'�/ �� �$� ���$��3/ �$�"� '�!�!'� 1���!'�" ¥��� � ' !ñ*� Â¤4  �'� !�)��1�����Ã ��3/ �� �$� ��$�� $��3/ �$�4

¤� ��� �� U∗ % +�� *" �8) �!� ¦$4 �$� '�!�!'� 1���!'�" !�'!3��� �� u ∈ U
¥��� � ' !ñ*�% +��

u ∈ U��3  ��
w1

��3 w2
¤� �¦� '�!�!'� 1���!'�" !�'!3��� �� u

% ,""*�� �$��
(w1, w2) /∈ E(G)

% ª� �$!"
'�"� (U \ {u}) ∪ {w1, w2}

3��" ��� '����!� � '�)4 �¥
H0

"!�'� �$��� �8!"�" � *�!ñ*� '�)4 �¥
H0!� U ∪{w1}

��3 !� U ∪{w2}
��")�'�!1� 4% (�/ ¦� �¤��!� � '�����3!'�!�� ¦!�$  �'� !�)��1�����

3��� ¤4 þÿ���% �����1��/ ��4 1����8 �¥
U

"��3" �*� �� ��"�
(|V0|−1)/δ0+(B−(|V0|−1))/(δ0+1)*�!�" �¥ '$���� ��3 �$��/ !� ¨��)" ��  ��"�

2/(δ0 + 1) = (B + 2 + ν0)/(δ0 + 1) − (|V0| − 1)/δ0 +
(B − (|V0| − 1))/(δ0 + 1) *�!�" �¥ '$����%

Ò� ���!� "$�¦ �$�� �$� À�� '$���� ��'�!1�3 ¤4 ��'$ 1����8 �¥
U∗ !" ��  ��"� 9§

• � 1����8 v �¥
U∗ ∩ U �¥ 3����� "��!'� 4  �"" �$�� δ0 − 1

¨��)" �  !�" '$����¿ ��$��¦!"�/ !�
��'�!1�" � '$���� ¥��� ��  ��"�

δ0−1 �¥ !�" ��!�$¤��" ��3 $��'�/ !�" À�� '$���� !" ��  ��"� 9Â"!�'�/ !� $�" ¨�)� ��  ��"�
2/(δ0 + 1) *�!�" �¥ '$����Ã¿ !�3��3/

v ���3 ��� �� ��'�!1� "���'$���� ¥��� �  �¥ !�" Â��  ��"�Ã δ0 − 1 ��!�$¤��" !� U ¿ !� )���!'* ��/ !� ��'�!1�" �� '$����¥��� !�" ��!�$¤��" !� U ¦$�"� 3����� !� U
!" �� ��"�

δ0 − 2¿ �� �$� ��$�� $��3/
v 3��" ���

"��3 ��4 '$���� �� "*'$ 1���!'�"¿
• � ���2'�!�!'� 1����8 v �¥

U∗ \ U ��'�!1�" ¥��� ��  ��"�
δ0 + 1 ��!�$¤��" �¥ !�/

1/(δ0 + 1) �¥
'$����¿
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• � '�!�!'� 1����8 v �¥
U∗ \ U ��'�!1�" ¥��� ��  ��"�

δ0
��!�$¤��" �¥ !� Â�$� 1���!'�" !�'!3���

�� �$� '�!�!'� 1����8 vÃ 1/δ0
�¥ '$����%

¤

," ¥�� 92 �'� �)�!��/ ¦� '��Á�'�*�� �$�� Ð2 �'� �)�!�� ���'$ ���!� �¥ ��  ��"�
(δ0 + 1)/(B + 1)

/
¦$!'$ ¦�* 3 !�)��1� ���!�"

δ0/(B + 1) ��3 δ0/B
/ �$� ¤�"� ���!� �8)�'��3 ¥�� 92 �'� �)�!�*�%

#$� ���!� '��Á�'�*��3 !" ��  ��"� ��*� ¥�� ��� �Ó����Ó��Ó� ��� Â"�� Ç5ÉÃ ��3/ �" ¦� ��� ��!��
�� "$�¦/ �1�� !� �$� '�"� ¦$��� ¥��¤!33�� ���)$ !" � ��!��� �%
Íîæéæòëêëæï �âá ����� ®´ ¬ 3/(B + 1)ô¬̧ ¸·º®«¬½®º° õº· ���

K3����� � ¡¢���£�B ö
Íîææíâ +��

U∗ ¤� �� �)�!�� "� *�!�� ��3 U
�$� "� *�!�� ¥�*�3 ¤4 þÿ���% Ò� ���!� *"� � "!�) �

3!"'$���!�� ���$�3% Ò� �""*�� B ≥ 2 ��3 ¦� �""!�� �� ��'$ 1����8 �¥
U

/ � '$���� �¥
(B + 1)/3

%
Ò� "�4 �$�� � 1����8 u �¥

U∗ \ U
!" ²·®½®²¬» !¥ �$� ���)$ !�3*'�3 ¤4 !�" ��!�$¤��" !� U

'����!�"
�8�'� 4 ��� �3��% Î��'�/ ��4 '�!�!'� 1����8 u

$�" �� 4 �¦� ��!�$¤��" !� U
/ "�4 u1

��3 u2

/ "*'$
�$��

(u1, u2) ∈ E ¿ u1
��3 u2

¦!  ¤� '�  �3 ®°²®±³°½ �� '�!�!'� 1����8 u
% ���� �$�� ��4 v ∈ U

!"
!�'!3��� �� �� ��"� �¦� '�!�!'� 1���!'�" Â�$� )���¥ !" "!�! �� �� �$� &��)�"!�!�� Ð%9Ã% �����1��/
!¥

v ∈ U∗ ∩ U
Â�""*�� v = u1

Ã/ �$�� u2 ∈ U \ U∗ ��3 v
!" !�'!3��� �� �8�'� 4 ��� '�!�!'� 1����8Â�$!" !"

uÃ "!�'�/ ��$��¦!"�/ �  �'� !�)��1����� ¦�* 3 4!� 3 � ¤����� "� *�!��% #$� 3!"'$���!��
)$�"�  ��¨" �" ¥�  �¦"§ � 1����8 v �¥

U
¨��)" �  !�" '$���� !¥ !� $�" �� !�3�)��3��� ��!�$¤��$��3

�� !� !" !"� ���3 !� U ¿ ��$��¦!"�/
v

"��3"
1/3 �¥ '$���� �� ��'$ �¥ !�" ��!�$¤��" ¦$!'$ !" !� U∗

��3 ¦$!'$ 3��" ��� $�1� �� !�3�)��3��� ��!�$¤��$��3% ª¥
v

$�" � '�!�!'� ��!�$¤�� !�'!3��� ��!�/ �$�� v
"��3"

1/2 �¥ '$���� !�"���3 �¥
1/3

�$!" '�!�!'� ��!�$¤��% (�/
v 3��" ��� "��3 1/2

��
��4 �¥ !�" '�!�!'� ��!�$¤��"/ ¤*� �� 4 �� '�!�!'� 1���!'�"

u
"*'$ �$��

u ��3 v ��� !� � ��!��� � �¥
U ∪ {u}

% ;!��  4/ !¥
v ∈ U \ U∗ $�" � '�!�!'� ��!�$¤�� u

!�'!3��� �� !� Â�$!" ��!�$¤�� !" *�!ñ*�
¤4 �$� )��1!�*" �����¨¿ "�/ ¦� '�� �""*�� �$��

v = u1
Ã/ �$�� v

"��3" �33!�!��� 
1/6 �¥ '$����

�� u2

%
Ñ¤"��1� �$�� ��4 v ∈ U

"��3" �*� �� ��"�
(B − 1)/3+1/2+1/6 = (B + 1)/3 *�!�" �¥ '$����!¥ !� $�" � *�!ñ*� '�!�!'� 1����8 u

!�'!3��� �� !� Â!� �$!" '�"�/
v = u1 ∈ U \U∗ ��3 u2 ∈ U ∩U∗Ã%

Ñ�$��¦!"�/ �!�$�� !� $�" �� ��"� �¦� '�!�!'� 1���!'�" !�'!3��� �� !� Â��3/ )��$�)"/ ��� ��!�$¤��!� U
'����")��3!�� �� u2 ∈ U ∩ U∗Ã ��3 !� "��3" �*� �� ��"�

(B − 3)/3 + 1/2 + 1/2 + 1/6 =
(2B + 1)/6 *�!�" �¥ '$����/ �� !� $�" �� '�!�!'� 1����8 !�'!3��� �� !� ��3 !� "��3" �*� �� ��"�

B/3*�!�" �¥ '$����% ;*��$������/

• � 1����8 v �¥
U∗ \ U ��'�!1�" �!�$�� ¥��� ��  ��"� �$��� ��!�$¤��" �¥ !�

1/3 �¥ '$����/ ��¥��� �¦� ��!�$¤��" �¥ !�
1/2 �¥ '$���� Â!¥

v
!" '�!�!'� Ã¿

• � 1����8 v �¥
U∗∩U

�$�� 3��" ��� "��3 �*� ��4�$!�� $�" � À�� '$���� ��  ��"� 9¿ ��$��¦!"�/
v ∈ U∗ ∩ U

"��3" �*� "��� '$����¿ !� �$!" '�"�/ �� ��"�
B − 1 �¥ !�" ��!�$¤��" ��� !� U∗Â�$� ��!�$¤��$��3 �¥

v
!" ��� !�3�)��3���Ã¿ !¥

v
$�" � ��!�$¤�� w ¦!�$ �� !�3�)��3���

��!�$¤��$��3/ �$�� w ∈ U∗ ��3 v 3��" ��� "��3 ��4 '$���� �� !�¿ $��'�/
v

"��3" "���'$���� �� �� ��"�
B − 2

1���!'�"¿ !¥ �� ��!�$¤�� �¥
v

$�" �� !�3�)��3��� ��!�$¤��$��3/
�$�� v

'�� "��3 �*� "��� '$���� �� B − 1
1���!'�"/ ¤*�

v � "� ��'�!1�"
1/3 �¥ '$���� ¥���

� ��!�$¤�� !� U ¿ ¦� '�� '��' *3� �$�� !¥
v

"��3" �� ��'$ �¥ !�" ��!�$¤��" �� ��"�
1/3 �¥

'$����/ �$�� !�" À�� '$���� !" ��  ��"� 9 Â��3 �$!" !" �$� '�"� *� �""
v

$�" � '�!�!'� 1����8!�'!3��� �� !�Ã¿ À��  4/ !¥
v

$�" � '�!�!'� 1����8 u
!�'!3��� �� !� Â�""*�� v = u1

Ã/ �$�� v$�" ��'�!1�3 �33!�!��� 9: �¥ '$���� ¥��� �$� 1����8 u2
��3 �$� À�� '$���� �¥

v
!" ���!�

��  ��"� 9 Â"�� ;!�*�� Ø ¥�� �� !  *"����!�� �¥ �$!" '�"�Ã%
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ª� ��4 '�"�/ ¦� $�1� )��1�3 �$�� ��'$ 1����8 �¥
U∗ $�" � À�� '$���� ��  ��"� ���%

¤

9

v

U ∩ U∗

U \ U∗ U∗ \ U

1/2
1/3

1/3
(1/6) + (1/3)

Ø B

;!�*�� Ø§ , '�"� �¥ &��)�"!�!�� Ð%Ø¿ 1����8 Ø !" '�!�!'� %

���� �$�� �$� ��"* � �¥ &��)�"!�!�� Ð%Ø � ���34 " !�$� 4 !�)��1�" ���!� 3/(B + 2) �¤��!��3!� ÇËÉ%

� �������� �����
�
ª� �$!" "�'�!�� ¦� �!1� $��3��"" ��"* �" ¥�� ��Ó

K3�ÔÕÖ�� ������� � ¡¢���£�B ��3 ���
K3����� ������� � ¡¢���£�B % Ñ*� ��!� ��"* � !" "����3 !� �$� ¥�  �¦!�� )��)�"!�!��%
Íîæéæòëêëæï �âã ��Ó
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µ³½½³· ½¹¬° 24145/24144 − ε	 õº· ¬°¾ ε > 0	 ¯°»³´´ P = NP ö
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