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Abstract

An approximation Ansatz for the operator solution, U(2’, z), of a hyper-
bolic first-order pseudodifferential equation, 8, +a(z,z, D) with Re(a) >
0, is constructed as the composition of global Fourier integral operators
with complex phases. An estimate of the operator norm in L(H(S), H(S))
of these operators is provided which allows to prove a convergence result
for the Ansatz to U(2', z) in some Sobolev space as the number of opera-
tors in the composition goes to co.

AMS 2000 subject classification: 35L05, 35L80, 35510, 35530, 86A15.

0 Introduction

We consider the Cauchy problem
(0.1) du+a(z,x,D)u=0, 0<z<Z
u |z:0 = Uop,

with Z > 0 and a(z,x,&) continuous with respect to (w.r.t.) z with values in
SH(R™ x R™). We denote D, = %az. Further assumptions will be made on the
symbol a(z, x,&). When a(z,z, &) is in fact independent of = and z it is natural
to treat such a problem by means of Fourier transformation:

w(z, ') = / / expli(e’ — z|€) — za(€)] wo(z) d€ d,

where @€ := (5=)"d¢. For this to be well defined for all ug € .(R™) or some
Sobolev space we shall impose the real part of the principal symbol of a to be



non-negative. When the symbol a depends on both x and z we can naively
expect

u(z,2') = uy(z,2') = //exp (@' — z|€) — za(0, 2", )] uo(z) d€ dx

for z small and hence approximately solve the Cauchy problem (0.1)-(0.2) for
z € [0,21] with 2(V) small. If we want to progress in the z direction we have
to solve the Cauchy problem
O.u+a(z,z,Dy)u =0, V<<
’U,(Z, ) |z:z(1) = ul(z(l)v ')7

which we approximatively solve by

w(z, ) ~ ug(z, )
= [[ ewlita’ ~lg) = (2 = 2Dz, )] a0, 0) €

Such a procedure then goes on.

If we call G, ) the operator with kernel

Glormy () = / expli(e’ — o|6)] expl—(2' — )a(z o', €)] dE,

we then see that the procedure described above involves composing such oper-
ators: with chosen values 0 < 2 <. < 2(k) < Z we then have

Uk +1(2,%) = G5 o0 © Gath) Le-1)y © -+ 0 Gy gy (o) (),

for z > 2(*). We then naturally define for P = {20, 2D ... 2"} a subdivi-
sion of [0, Z] with 0 = 2(®) < () < ... < 2(N) = Z the operator We

g(z,O) if 0 <z< Z(l)a
Wy, = :
L Goein [ [Gesw wivy  if 20 < 2 < 264D,

i=1

The procedure described above yields Wi »(uo) as an approximation Ansatz for

the solution to the Cauchy problem (0.1)-(0.2). We denote Ag = sup,_; __n(2i

zi—1). The operator G .y is often referred to as the thin-slab propagator (see
g 3, 2)).

Note that a similar procedure can be used to show the existence of an evolu-
tion system by approximating it by composition of semigroup solutions of the
Cauchy problem with z ’frozen’ in a(z,z, D;) [19, 11]. Note that the thin-slab
propagator G,/ .y is however not a semigroup nor an evolution family here (see
Section 3 for simple arguments).

The approximation Ansatz proposed here is a tool to compute approximations
of the exact solution to the Cauchy problem (0.1)-(0.2). Such computations in



the case of geophysical problems can be found in [3]. In exploration seismology
one is confronted with solving equations of the type

(0.3) (0, —ib(z,x, D¢, Dy) + ¢(z,2, Dy, Dy))v = 0,
(0.4) v(0,.) = v4(0,.),

where t is time, z is the vertical coordinate and x is the lateral or transverse
coordinate. The operators b and ¢ are of first order, wiht real principal parts, by
and ¢1, and ¢1(z, x, 7, €) is non-negative. We see that the Cauchy problem (0.1)-
(0.2) studied here is more general. The Cauchy problem (0.3)-(0.4) is obtain
by a (microlocal) decoupling of the up-going and down-going wavefields in the
acoustic wave equation (see Appendix A and [22] for details). The proposed
Ansatz can then be a tool to approximate in practice the exact solution of
the Cauchy problem (0.3)-(0.4) for the purpose of imaging the Earth’s interior
[3, 2]. As explained in Appendix A the operator ¢ works as a damping term
that suppresses singularities in the microlocal region where its symbol does not
vanishes. This effect is actually recovered in the proposed Ansatz. Geophysists
are not only interested in the convergence of this Ansatz to the exact solution
of the Cauchy problem (0.3)-(0.4) but they expect the wavefront set of the
approximate solution to be close, in some sense, to that of the exact solution
because seismic imaging aims at imaging the singularities in the subsurface
(see for instance [23, 1]). We shall investigate the microlocal properties of the
proposed Ansatz in Part II, written in collaboration with Gilinther Hérmann.

In the present paper, we are interested in the analysis of the convergence of the
approximation scheme Wy in Sobolev spaces. Section 1 introduces the Cauchy
problem we study and the precise assumptions made on the symbol a(z, z, §),
especially on the real part, ¢, and imaginary part, —b;, of its principal symbol.
In Section 2, we shall at first concentrate our study on the operator G.. ., yet
to be properly defined. Under some assumptions on a(z,x,&), we shall prove
that G(./ ) is a global Fourier integral operator (FIO) with complex phase and
that it maps .7 into .7, .’ into .’ and H®) into H(®) for any s. An estimation
of |Geor, ) l(mreo), ey will be the first step towards the analysis in Section 3 of
the convergence of Wy ». In fact we prove that for 2’ — z sufficiently small then
(Theorem 2.22)

1Gr )l meoy < T+ ]2" — 2| M,

for some constant M. Such an estimate is achieved by the analysis of the
behavior of the symbol exp[—Ac;] as an element of SY, in particular as A = 2/ —z
2

goes to zero.

In Section 3 we study the convergence of the Ansatz Wiy »(uo) to the solution
of the Cauchy problem (0.1)-(0.2) in Sobolev spaces as Ag goes to 0. A conver-
gence in norm of Wy . to the solution operator of the Cauchy problem (0.1)-(0.2)
is actually obtained (Theorem 3.10):

A Wy e = U 0)ll e s = 0,

with a convergence rate of order %

At the end Section 3 we relax some regularity property of the symbol a(z,.)
w.r.t. z by the introduction of another, yet natural, Ansatz: following [17], the



thin-slab propagator, G./ .y, is replaced by the operator Q\(Z/,z) with kernel

~

Gl (' x) = /exp[i(x’ — x[€)] eXp[—fZZ,a(s,x’,f)ds] ac.

In Part II, we shall focus on the microlocal aspects of the operator Wy . and
how it propagates the singularities of the initial condition ug. We shall show
that the wavefront set of Wy .(uo)(z,.) converges in some sense to that of the
solution u(z,.) of the Cauchy problem (0.1)-(0.2) as Agp goes to 0.

Multi-composition of FIOs to approximate solutions of Cauchy problems where
first proposed in [16] and [15] where the exact solution operator of a first order
hyperbolic system is approximated with a different Ansatz, up to a regularizing
operator. The technique is based on the computation and the estimation of the
phase functions and amplitudes of the FIO resulting from these multi-products,
a result know as the Kumano-go-Taniguchi theorem. The technique was then
further applied to Schrodinger equations with specific symbols [12, 17]. In these
latter works the multi-product in also interpreted as an iterated integral of
Feynman’s type and convergence is studied in a weak sense. In [12] a convergence
result in L? is proved. This is the type of results sought here for first order
hyperbolic equations. We however do not use the apparatus of multi-phases
and rather focus on estimating the Sobolev regularity of each term in the multi-
product of FIOs in the proposed Ansatz. While the resulting product is an FIO,
we do not compute its phase and amplitude.

In this paper, when the constant C' is used, its value may change from one line
to the other. If we want to keep track of the value of a constant we shall use
another letter. When we shall write that a function is bounded w.r.t. z and/or
A we shall actually mean that z is to be taken in the interval [0, Z] and A in
some interval [0, A, q,] unless otherwise stipulated. We shall generally write X,
X X", XM XN for R, according to variables, e.g., x, 2/, ..., (V).

)

In the present paper, symbol spaces are spaces of global symbols; a function
a € €X[R" xRP) is in SP(R" x RP), 0 < p < 1,0 < ¢ < 1, if for all
multi-indices «, 3 there exists Cpg > 0 such that

10907 a(, €)| < Cap (145" 5 e R, € € R,
The best possible constants Cyg, i.e.,

Papla) = sup  (L+[¢)~m P02 |920 a(x, €)),
(z,£)ER™ xRP

define seminorms that turn S7";(R" x RF) into a Fréchet space. As usual we
write S;*(R™ x RP) in the case p = 1 — 4, % < p < 1,and S™(R™ x RP) in the
case p=1,0 =0.

We shall use, in a standard way, the notation # for the composition of symbols
of pseudodifferential operators (¢DO). When given an amplitude p(z,y,§) €
Sls(Xx X xR™), p > 6, we shall also use the notation o {p} (z, ) for the symbol
of the pseudodifferential operator with amplitude p. For p € S/T&(X x R™)
we shall write p* for the symbol of the adjoint operator. When composing
1DOs or computing adjoints of )DOs we shall make use of the oscillatory



integral representation of the resulting symbol instead of asymptotic series for
two reasons. First, we aim at estimating operator norm in L(H*, H*) while using
asymptotic series representations for symbols yields results up to regularizing
operators which operator norms cannot be controlled. Second, we shall consider
symbols in S, for some m, including the case p = % for which the asymptotic
formulae of the calculus of ¥y DOs cease to hold.

For r € R we let E") be the ¥DO with symbol (&) := (1 + |£]?)"/2. The
operator E(™) maps H®)(X) onto H*~")(X) unitarily for all s € R with E(~")
being the inverse map.

1 The homogeneous first-order hyperbolic equa-
tion

Let s € R and Z > 0. We consider the Cauchy problem

(1.5) du+a(z,z,Dy)u=0, 0<z<2Z,
(1.6) U |.—0 = ug € HETH(R),

where the symbol a(z, z, £) satisfies the following assumption

Assumption 1.1.

az(z,§) = a(z,2,8) = —ib(z,2,§) + ¢z, z,§)

where b € €°([0, Z], SL(R™ x R™)), with real principal symbol by homogeneous of
degree 1 for |€| large enough and c € €°([0, Z], SY(R™ x R™)) with non-negative
principal symbol ¢y homogeneous of degree 1 for |E| large enough. Without loss
of generality we can assume that by and c1 are homogeneous of degree 1 for
€l > 1.

In Section 3 we shall further make the following assumption.

Assumption 1.2. The symbol a(z,.) is assumed to be in £([0, Z], S(R"™ x
R™)), i.e. Lipschitz continuous w.r.t. z with values in S*(R™ x R™), in the sense
that,

a(z’,x,f) - a(z,x,&) = (Z/ - z)d(z’,z,x,f), 0<z< 2 <Z

with a(z', z,x,&) bounded w.r.t. 2’ and z with values in S'(R™ x R™).

Weaker assumptions will also be formulated in Section 3, for instance by the
introduction of another approximating Ansatz.

We denote by a; = —ib; + ¢ the principal symbol of a and write b = by + by with
by € €°([0, Z], S°(R™ x R™)) and ¢ = ¢; + co with co € €°([0, Z], S°(R™ x R™)).
Assumption 1.1 ensures that the hypotheses (i)-(iii) of Theorem 23.1.2 of [§]
are satisfied. Then there exists a unique solution in €°([0, Z], H+Y (R™)) N
€'([0, Z], H®)(R™)) to the Cauchy problem (1.5)-(1.6).



Furthermore, we have the following energy estimate [8, Lemma 23.1.1] for any
function in ([0, Z], H®)(R™)) N €°([0, Z], HE+D (R™))

(L.7)  sup exp[—=Az] [lu(z, )llge < w0, )]
z€[0,Z]

z
+2/ exp[—Az] ||0.u + a.(x, Dy )ul| g dz,
0

with X large enough () solely depending on s).

By Proposition 9.3 in [5, Chapter VI] the family of operators (a.).e[o,z] gen-
erates a strongly continuous evolution system. We denote U(z’, z) the corre-
sponding evolution system:

U(Z",2)oU('2)=U(",2), Z>2'">2>2>0.
Then the Cauchy problem (1.5)-(1.6) reads

0.U(z,z0)uo + a(z,2, D) U(z,20)ug =0, 0< 29 <2< Z,
U (20, 20)uo = uo € HETD(R™)

while U(z, zo)ug € H®D(R™) for all z € [z, Z].

2 The thin-slab propagator. Regularity proper-
ties.

We follow the terminology introduced in [9, Sections 25.4-5] for FIOs with
complex phase. Let z’',z € [0,Z] with 2/ > 2z and let A := 2/ — z. Define
P2y € (X' x X x R") as

(28) ¢(z’,z)(x/axa§) = (‘T/ - $|€> + iAal(z,x’,f)
= <:C/ - SC|§> + Abl (Za 1'/7 5) + iACl (Za 1'/7 5)

Remark 2.1. The function ¢, .) is assumed to be homogeneous of degree 1
only when [£| > 1. This however is not an obstacle to the subsequent analysis,
e.g., FIO properties, since to define such operators the phase function need not
be homogeneous of degree 1 for small |]. In the subsequent results concerning
the phase function and FIOs one will then assume that || is large enough, i.e.,
&l > 1.

Lemma 2.2. ¢,/ .y is a non-degenerate complex phase function of positive type
(at any point (xq,wo,&) where Ogpor 2y = 0).

Proof. Note that, by Assumption 1.1, Im(¢(./.)) > 0 and ¢ is homogeneous
of degree 1; 0,¢ = 0 implies £ = 0. Thus, ¢ is a phase function of positive
type. Inspecting the partial derivatives of O¢¢ w.r.t. £ we conclude that the
differentials d(0¢, @), ..., d(0, ¢) are linearly independent. O



With ag(z,.) € SY(X x R™) we have exp[—Aao(z,.)] € S°(X x R") by Lemma
18.1.10 in [8]. We define
(29) g(z/,z)(x7§> = eXp[ano(Z,SC,gﬂ.

We shall keep this notation (for this symbol and others in the sequel) but it
will be useful however to consider this symbol to depend on the parameters z
and A instead of z and 2’ in the following analysis. Note that g(./ . is bounded
w.r.t. z and € w.r.t. A with values in S°(X x R"™). Hence, we may define a
distribution kernel G ./ .)(z',z) € 2'(X’ x X)

Gy (e ) = / expli(e’ — o|6)] expl—Aalz, o/, £)] d

- / explid(ur )@, 2, )] gior.ny (' €) dE

as an oscillatory integral. We denote the associated operator by G, .). This
operator is often referred to as the thin-slab propagator (see e.g. [3, 2]). We show
that G(./ . is a global FIO in R".

Define « := (2/,z,£',€) and
Up (Oé, 9) = azj¢(z’,z)(x/7xv 9) + gj = 79]’ + gja
Ug; (a,0) = aw; ¢(z’,z) (.T/, z,0) — E; =0, — 63 + iAaﬂE;‘ a1(z, a', 0),
U (0, 0) = Do, Par o) (2, 2, 0) = o) — x5 4+ 1A, a1(2, 27, 6),

where j = 1,...,n. We denote by JA(Z@Z) the ideal in €°°(R") generated by
the functions ug,, ug,;, and u,;, and we let J(./ .y be the subset of the functions

in JA(Z/,Z) that are independent of 6.

Lemma 2.3. There exists Ay > 0, such that, for all 2/, z € [0, Z], with z' > z
and A = 2" — 2z < Ay, the ideal J.: ;) is generated by the functions

(210) V¢; (Oé) = 8I; ¢(z’,z) (ZL'/, ZL',&) - 555
=& — &+ 1Ay, a1(2, 2, €) = ug, o=,
Vg, (@) = O, Par o) (2, 2, 6) = 2 — x5 +1A0¢;a1(2, 2, €) = Ua,|o=¢
j=1,...,n.

Some of the key arguments of the proof are close to that in the proof of Theorem
25.4.4 in [9].

Proof. The ideal JA(Z/’Z) is also generated by the functions
ug;, Ug; = Up, +ug; =& — §; +iA0y,a1(2, 2, 0), ug,,

j=1,...,n. We define v := (2/,&,0), p := (x,&). We set a point (vo, po) =
(x5, &0, 0o, o, &) where these generators vanish and we work in a neighborhood
of this point. (Note that 6y = &y.) Since z — a1(z,.) € S}(X x R") is bounded
we have that 3A; > 0 such that for 0 <A < A;, and all z € [0, Z],

det O (ug,, ..., U6, , Uey, - Ueys Ugyy - -5 Ug,) OV # 0.



By Theorem 7.5.7 in [10] we have

¥ —x , . Ug ()
0 " —Ug 13

where P is a €°° 2n X n matrix and @ is a € 2n x 2n matrix and the
functions Z, € are also €™ in a neighborhood of (vo, po). As the functions
Wy (v, ) 1= o' —x— (), we (v, p) := &' —E—E(p), wo(v, ) := 6— & have linearly
independent differentials, Lemma 7.5.8 in [10] proves that they generate JA(Z,J)
and the proof of that lemma shows that @ is invertible in a neighborhood of
(vo, po). Letting 8 = £ we have

/!
SC/,SC, ) —1 (’LUI(Z/,,U/) ><1f1($,$,§) ><’U$(Oé) >
QU ms et e ) (2!, 2,€) ve(e)
We thus obtained that j(zfyz) is generated by the functions ueg;, vs;, ve;, J =
1,...,n. We then see that J(,/ . is generated by v, ve,, j =1,...,n. In fact,

using Theorem 7.5.7 in [10] again, any € function h(a) can be locally written
in the form

h(a) = Z (hﬂﬁ] (O/a :u)vzj (O/v N) + hfj (O/a :u)vfj (O/a ,LL)) + T(M)a

1<i<n

with o = (2/,¢") provided that 0 < A < Ay. If h € J.r ;) then r € J./ .y and
Lemma 7.5.10 in [10] implies that VN € N, 3Cn > 0:

r(p) < Cy max(|Im Z(p)|, Tm &(p)|)™,

locally. Therefore, Theorem 7.5.12 in [10] yields r € I(wg,we) = I(vg,ve);
which in turn implies g € I (v, ve) and thereby completes the proof. (|

As the Poisson brackets (for the symplectic 2-form ¢’ — o on T*(X’ x X)), where
o' and o are the symplectic 2-forms on T*(X’) and T*(X) respectively) of
any two of the functions in (2.10) vanish identically we obtain that the ideal
generated by these functions is globally a conic canonical ideal in the sense of
[9, Definition 25.4.1. and Section 25.5]. The phase function ¢ .y thus defines
J(zr,z) in the neighborhood of any point of Ji./ .yr: it thus globally defines J./ ),
which is then of positive type. Therefore the operator G./ .y is a global FIO
with complex phase (see Definitions 25.4.9. and 25.5.1. in [9]).

Proposition 2.4. There exists A1 > 0 such that if 0 < A =2 — 2z < Ay then
the operator G.: .y is a global Fourier integral operator with complex phase and

G(z’,z) € IO(X/ x X, (J(Z,VZ))/’ Qi(//QxX)'

We denote the half density bundle on X’ x X by Qi(/?xX‘ Note that (Ji./ .y)’
stands for the twisted canonical ideal, i.e. a Lagrangian ideal (see Section 25.5
in [9]).

Note that, with the following analysis, we could also consider G, .) as a global
FIO with real phase with amplitude in S9 (X’ x X x R") (see e.g. [20]). However
2



such consideration would be rather technical as one usually restricts oneself to
the type S* with p > 1 for FIOs (see the remark at the end of Section 25.1 in [9];
see Also [18, pages 391-392]). Viewing the thin-slab propagator G/ .y as a FIO
with complex phase is also a good framework to understand the propagation of
singularities in Part II. We shall however make this interpretation for G,/ .y in
Proposition 2.25, below, to apply a result of Kumano-go [13, Theorem 2.5].

We now establish some global continuity properties of the operator G/ . stated
in a slightly more general form (for similar results with global symbols see for
instance [13], where phase functions are real and other conditions are imposed
on the phase function).

Lemma 2.5. Let A be an FIO with a kernel of the form

Kalzy) = [ epliple,§) - ityl9)] oa(e. a6 € 7' xR,
where o4 € S™(R™XR™) and ¢ € €°(R™xR") is such that Im(¢(x,&)) > 0 and
¢ is homogeneous of degree 1 in &, for || large enough, and 0., € S*(R™ xR™).

Furthermore, for all i = 1,...,n we assume O, o(x,§) = z; + fi(x,&) where
fi € SY(R™ x R™). Then A maps . into ./ continuously.

Proof. Let u € .. We then have
Au@)| < [ loale 1+ 1)1+ a)] (e
< C sup |oa(z,€)(1 + [€))™™] sup (1 +[g)™ T a(g)],
£ER™ ¢ERN

where C = [(1+4¢])~"'d¢. The operator A is hence well defined from .7 into
€ (R™). If we differentiate we obtain

D, Au(x) = / explip(e, €)] (Or, 02, €)0a (2, ) — i0g,0a(2,€)) 4(E) AE

Noting that 9., p(z,&)oa(z, &) — i0s,04(2,€) € STTHR™ x R™) we similarly
have

Dy, Au(z)| < C sup [(1+ [€)™ " 2a(€))|
£ER

< C" sup |z*DPu(z)| for some a, 3 > 0.
zER™

Tterating we find that Au € €°°(R"™). Integrating by parts we also have

Alju)(x) = / explig (s, £)] (Oe, o, €)0a (2, €) — i0e,0.4(, €)) AE) A(E)
= 2; Au(z) + / explig(z, )] (file, ©)oa(2,€) — ide,0a (. ) 4(E) ().
Since fi(x,€)oa(x,&) —i0c,04(x,€) € S™(R™ x R™) we obtain

|z Au(x)| < C sup |z®DPu(z)| + C sup |2 D u(z)],
zER" TER"



for some a,a’, 3, > 0. Similar estimates hold for |x* DS Au(z)| because of
the hypothesis made on f;, i = 1,...,n. The operator A thus maps . into .%
continuously. [l

To show continuity from .’ into ./ we shall need the following lemma.

Lemma 2.6. Let j, k non-negative integers, u € Z(R"), f € CK*L(R™) such
that

0< Imf(z) <Cy, ze€R", |f(r)(x)|§CT, zeR™ 1<r<k+1.

Then we have

(2.11) wWIt*

/ w(a)(Im () expliwf (z)] d

<0 sup [DPu(@)|(f (@) + Im f(@)) /¢, w0,
|a‘gkz€R"

where the constant C is bounded when the function f stays in a domain of

L R™) where Cy, C4,...,Cri1 can be chosen bounded.

Proof. The proof is the same as that of Theorem 7.7.1 in [10] where u € ¥ (R").
In fact the further assumptions on f made here allow to give global bounds that
are needed since v € . in the present case. [l

Lemma 2.7. Let A be an FIO with a kernel of the form:
Kale,) = [ explite ~ y}§) + 7(2,6)] oa(e. a(6) € Z R xR,
where 04 € S™(R™ x R™) and v € S1(R™ x R™) is such that Im(y(x,£)) > 0,

and v is homogeneous of degree 1 in £, for |£| large enough. Furthermore, we
assume that there exists d > 0 such that

(2.12) |Re (0p7(x,€)) | <d <1, z€R", £€R”, |£] =1.

Then A maps . into ' continuously.

Observe that the differential of ¢(z,§) := (x — y|&) + v(z, §) does not vanish in
R?" x R™\0. The function ¢ is thus a complex phase function. The differentials
d(0¢, @), ...,d(0e, @) are linearly independent. Hence ¢ is a non degenerate

complex phase function of positive type. Note that by (2.12) the function (x —
yl€) + v(x, &) is an operator phase function in the sense of [6, Definition 1.4.4.].

Proof. Without loss of generality we may assume that - is homogeneous of
degree 1 for |£] > 1. Let A? be the transpose of A and let u € .7, then.

Atu(z) = / exp|—i{z[€)] / explilyle) + iv(y,€)] oAy, €) uly) dydt
Define

o(En) = / explityle) +ir(y.€)] oAy, ) uly) dy.,

10



and put w(€) = v(£,€). As u € % then v and w are both €°°. Then Alu is
the Fourier transform of w. The lemma is proved if we show that u — w(§) is
continuous from . to .%.

et w = |¢] > 1 and & = €/J¢] € S™~. We then have (51€) + (3, €) = wf (4, €)
with f homogeneous of degree 0 in &, for [¢| > 1. Note that 9, f(y,&) = & +
Oy (y,&0). With the assumption made on 0,y we have |9, f(y,§)| > ¢ > 0.

Applying Lemma 2.6 and estimate (2.11) we obtain

W€ m)| < Ki Y sup DY (oay, n)uly))l

o<k
< Kip(1+[nh)™ sup |IDu(y)], w>1
yERM

where the constants Ky, K}, can be chosen uniformly w.r.t. £, |{| > 1 since the

constants C, C1, . .., Crxr1 of Lemma 2.6 can be chosen bounded (as & € S™71).
Now setting n = £ we obtain that for all k € N, 3K}/ > 0
(2.13) (L+[ED* ™ w(€)| < K sup [D%u(y)|, £ €R", [{] > 1.

yERN

We now consider

mwwz/wwwm+m@m

(Wi 4+ 0,7, €))oa(y, &) —i0e,0a(y, &) uly)dy .

As yiu(y) € . and 9¢,v(y, €) is homogeneous of degree 0 for |£] > 1 estimates
similar to those in (2.13) are valid. O

It is immediate from the structure of ¢,/ .y in (2.8) that Lemma 2.5 applies to
G(zr,z). If A =2 — 2 is small enough we have [Ad,,b1(z,2',§)| < d < 1, due to
Assumption 1.1, and then Lemma 2.7 applies. We thus have

Proposition 2.8. There exists Ay > 0 such that if 2,z € [0, Z] with 0 < A :=
2" — 2z < Ay then G -y maps & into S and /" into /" continuously.

Remark 2.9. By the above result, composition of the two FIOs G(.~ .., and
G(z 2 is thus natural without further requirement such as having the operators
properly supported.

We now turn to global L? and Sobolev space continuity for the operator Gz 2
We shall use the following lemma.

Lemma 2.10. Let ps(x,€) be bounded w.r.t. the parameter s with values in
SPHX x R™) and define

§(A,CE,§) = 5 - Af(l',g)

where f is in ST (X x R™,R") and homogeneous of degree 1 in &, for |€| > 1.
Then

Bs(8,2,€) = ps(2,£(A, 2, €))
is bounded w.r.t. s with values in € ([0, As], SJ* (X xR™)) for Az small enough.
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Proof. Let Az be small enough such that [ — Af(z,£)] > Cp > 0if |£| =1 and
A € [0, As]. We then have

1+ Colf] <1+ €= Af(z, 8 <1+ CilE], SR, [§] 21, A€0,Aq].

This inequality yields the proper estimates for 8;‘8? ps to prove that ps €
SPHX x R™). As derivatives w.r.t. A do not affect the symbol order and type,
the proof is finished. Bounds w.r.t. the parameter s come naturally. The proof
is complete. O
Following [21] we introduce

Definition 2.11. Let L > 2. A symbol q(z,.) bounded w.r.t. z with values in
SY(RP x R") is said to satisfy Property (Pr) if it is non-negative and satisfies
(PL) 1050, a(z,y,m)| < C(1+ [n])~ o1+ (el +IED/E

We then set p=1—1/L and 6 =1/L.

Remark 2.12. Suppose ¢(z,.) as in Definition 2.11 and |a| + |5] > L then
(1+ ) ~UFHDIE < O+ gz, m) ~UHPDIE, 2 € [0, 2], y € RP, m € R

Estimate (Pr) is thus clear in this case.

Examples of symbols with such a property with L > 2 are given in [21]. In fact
we prove that ¢; satisfies Property (Pp,) for L = 2.

Lemma 2.13. Let q(z,y,7n) be bounded w.r.t. z with values in S*(RP x R"). If
q > 0 then q satisfies Property (Pr,) for L = 2.

Proof. Bounds w.r.t. z are natural; we shall omit the dependence on z in the
proof for concision. We have to prove that

10005q] < C (1+ [n)2Ue1=18D (1 4 )13 (al+18D

The property is clearly true for |a|+|8] = 0 and for |a| + || > 2 by the remark
above. Let us now treat the case |a| + |8 = 1. For this we use Landau’s
inequality: let f € C?(R) with f > 0 and f” is bounded then (see [4, page 40]
and [10, Lemma 7.7.2])

1< 2@k (sl o))

We first treat the case |a| = 1. Define p(y,n) = (1 + [n|2)~2 q(y,n). Then
p € S°(R? x R") and 9;*p(y,n) is in S°(R? x R") and is thus bounded. We thus
have

(L+ )72 105 a(y )] < C((1+n1*) "2 aly,m))7,
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which yields
0%q(y,m)| < C (L+ )= (1+qly.m)%,

which is the expected estimate. Let us now treat the case |3] = 1, with for
instance, 8 = (1,0,...,0) and a = (0, ...,0). Define p(y,n) = (1+|n|2)2 q(y,n).
Then p € S?(RP x R") and thus 87275p(y, n) is bounded. We hence have
08p(y, )| < C (p(y,m)?.
With
O2ply,m) = (1+ [n|*)% 82qly,n) +m(1+ n*)~% q(y.n),
the triangular inequality yields

1

M) + (L + [n1*) 7% qly,n)
(L + ) + (a(y,m))?)
< C(q(y,m) (1+ )5

(L+ )2 108a(y, )| < C (p(y
< C (q(y,m))

)
1
2

We finally obtain

02q(y,m)| < C (aly, )2 (1 + |n)) 2,

which is the expected estimate. O

Remark 2.14. If the symbol ¢(z,y,n) satisfies Property (Pr,) then the ampli-
tude q(z,y’,m) + q(z, y,n) also satisfies Property (Pr) (with derivatives w.r.t. y,
y' and 7).

Proposition 2.15. Let q(z,.) be bounded w.r.t. z with values in S*(RP x R")
with q(z,.) > 0. Let q(z,.) satisfy Property (Pr) and define pa(z,y,n) =
exp[—Aq(z,y,n)]. Let m € N. Then ¢"™pa is smooth w.r.t. A, bounded w.r.t. z,
with values in SS(RP x R™) for A in any interval [Amin, Amaz] With Ay > 0.

Proof. 8305 (¢™pa) is a linear combination of terms of the form
AR5 q) .. (05100 ) (95100 q) ... (0500 )™ pa

with0 <l <mandaj+---+a+ai;+...ap =aand by+---+b+51+... 8 = 0.
We can estimate the absolute value of each of these terms, using Property (Pr,),
by

_ [o|+]8] _led+iBl
CAFL+ ) PHEE5 (14 @) 2 ™ pa
< CO+ )T AL

min

as (1 + q)l-i-k— \a\z\m qm—lAk-l-mpA S C. 0

While the symbol exp[—Aq(z,y,n)] is bounded w.r.t. z and smooth w.r.t. A
with A > A,in > 0 with values in SS(RP x R"), this fails to be true at A = 0:

da exp[-Aqla=o = —q ¢ Sp(R? x R").
In fact when we want to control the behavior of exp[—Agq] close to A = 0 we

shall use the following definition and lemmas.
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Definition 2.16. Let L > 2, p=1—1/L and 6 = 1/L. Let pa(z,y,n) be a
function in €°(RP x R") depending on the parameters A > 0 and z € [0, Z].
We say that pa satisfies Property (Qr) if the following holds

Q) 0505(pa — pala=o)(z,y,n) = AmHUIHIEN pReB (5 4y ),

forla| +18/ <L, 0<m<1-26(af+8]),
where pzaﬁ(z, y,m) is bounded w.r.t. A and z with values in S,T_p‘ﬁl—‘_é‘al(Rp X
R™). It follows that pa(z,y,n) — pala=o(z,y,n) is itself bounded w.r.t. A and
z with values in S)(RP x R").

Lemma 2.17. Let q(z,.) be bounded w.r.t. z with values in S*(RP x R") and
satisfy Property (Pr,). Define pa(z,y,n) = exp[—Aq(z,y,n)]. Then pa satisfies
Property (Qr) for A € [0, Apaz] for any Apar > 0. As pala=o = 1, pa is
itself bounded w.r.t. A and z with values in SI(RP x R").

Proof. In the proof all the functions and symbols will naturally be bounded
w.r.t. z. We thus drop the variable z here for concision.

We define
pzaﬁ — A_m_é(‘al—i_‘ﬁl)ayaag(pA — pA|A:0)-

We first consider the case |a| + |G| = 0 with 0 < m < 1. We need to estimate
0288 pR%]. The case m = 0, |a + b = 0 has to be treated independently
but is trivial: we clearly have [p%° = |pa — 1| < C. We shall now estimate
0200 pRO°| = |[A=™920h (pa — 1)| in the case where m > 0 or |a| + [b] > 0. For
this we write

(2.14) paly,n) —1= A/O q(y,n) exp[—sAq(y, n)]ds.

m00

We then have pt°(y,n) = — fol g (s,y,n)ds with

ax (s,y,m) = A ""q(y,n) exp[—sAq(y, n)].
We prove that
|0500qR (s,y,m)| < C(s)(1 + |n|)m oI+l

with C(s) bounded w.r.t. A and L' w.r.t. s € [0,1]. The result then follows for

00
PR

When computing a;aj;qg we obtain a linear combination of terms of the form
A0 000 q) (—sA)F (95100 q) . .. (054 94k q) exp[—sAq],
with ag + a1+ - +ar =a, bg+b1+---+bp =0,

(where k can be 0). Using Property (Pr) we find that the absolute value of such
a term is bounded by

CAlfm(SA)k(l + |n|)f|b\+§(|a+b|)(1 + q)k+1f§(|a+b|) exp[fsAq]
< CsmHSart =11y ylym=rlbl+3lal Ad(la-b)

(SA(L + g))~mHFF1I=00aFD exp[—sAq],
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as 1< C(A+ )" A +q)™ifm>0.Ifl ;= —m+k+1—5(|la+b]) >0 we
use that (sA(1 +¢))lexp[—sAq < Cif0<s<1,0<A< Az andg>0
and we obtain the following estimate

Csm+6(\a+b\)71(1 + |n|)mfp\b|+6\a\A§(|a+b|).

If I < 0, (1+q)! is simply bounded (¢ > 0) and we obtain the following estimate:
CAk—i—l—msk(l + |n|)m—p\b|+6\a\.

As m+0(Ja+b])—1 > —1 in the considered case, both estimates exhibit bounds
that are in L'([0,1]) w.r.t. s. We also have uniform bounds w.r.t. A as we have
assumed m < 1.

We now treat the case 1 < |a|+ 3| < L,0<m <1—§(a|+|8]|). We estimate
the absolute value of
a mao —m—46(|a a+o
ayaz(pA A=A (lel+181) ot 5g+ﬂpA

which is a linear combination of terms of the form

AR—m—=4(|la|+|8]) (3;11321(]) o (3;% d;kq) exp[—Aq],
witha; +---+ar=a+a, bi+---+b,=b+7,

where k > 1. Using Property (Pr) we find that the absolute value of such a
term is bounded by

CAF=m=3(al+1B1) (1 4 ||y~ I81=bl+8 (el +lal+15]+1b])
(1+ q)k—é(\a|+\a\+lﬁ\+lb\) exp[—Aq]
< C(1 + |p)m—rUsltibh+odal+lal) (1 4 g)=d(al+lbh

(A1 + g))Fmm=0UelHI8D exp[—Aq]
< O(1 + [py—eU8+b)+5(al+laD

ask—m—46(al+18]) >1—m—=356al+|6]) > 0and 0 < A < Apyup. This
completes the proof. O

Lemma 2.18. Let f € €°(R) and qa(z,y,n) in €°°(RP x R") that satisfies
Property (Qr) and such that qa(z,.)|a=o is independent of y and 1. Then

flaa)(z,y,m) satisfies Property (QL).

Proof. Again bounds w.r.t. z are clear. We first treat the case |a|+|3] = 0. We
write

F(ga) — F(aalaco) = (aa — aalao) /0 F/((1 = $)aa]aco + sqa)ds.

As gala—o is independent of y and 7, then ga is bounded w.r.t. A with values
in S)(R? x R") by Property (Qr) and so are (1 — s)gala=o + sga and f'((1 —
5)qala=o0 + 5ga) by Lemma 18.1.10 in [8] with bounds in S5(R? x R") uniform
with respect to s. We thus obtain that fol f'((1—s)gala=o + sqa)ds is bounded
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w.r.t. A with values in S)(R? x R"). We conclude using Property (Qr) for
gda — gala=o. Let us now treat the case 1 < |a| +|8] < L and choose 0 < m <
1—6(|a] +|B]). We see that 830) f(ga) is a linear combination of terms of the
form

(02102 qn) . .. (922825 qa) F P (ga),

where K > 1, a1 +---+ap = a, By +---+ B = 8. Now choose 0 < m; <
1—6(ai| +|Bi]), i = 1,...,k, such that m = mq + -+ + my. Then Property
(Qr) yields terms of the form

Amiti(ar|+Bl) .‘Amk+5(‘ak‘+|ﬁk‘)qglalﬁl ,_,qgk%ﬂk = Am+5(\a|+\ﬁl)qgaﬁ

with qzia’ﬂi, i=1,...,k, bounded w.r.t. A with values in S,Ti_p‘ail'kéwi‘ (RP x
R") and qzo‘ﬁ = qZ“alBl .. .qg”‘a"ﬁ". We note that f*)(ga) is bounded w.r.t. A
with values in S)(RP x R"). The symbol ¢*% is bounded w.r.t. A with values
in S;niplaHMm(Rp x R"), which yields the result. O

With Remark 2.14, Lemma 2.18 and the previous lemma we obtain

Corollary 2.19. Let f € € (R) and let q(z,.) bounded w.r.t. z with values in
S1(RP x R") satisfy Property (Pr). Define

palz, 9 y,m) = exp[=Alq(z,y', 1) + a(z,y,m))].

Then f(pa) satisfies Property (Qr). As f(pa)la=o =1, f(pa) is itself bounded
w.r.t. A and z with values in S)(R*P x R").

Note that the property (Qr) is stable when we go from amplitudes to symbols:

Proposition 2.20. Let ga(z,x,y, &) be an amplitude in SS(RQP x RP) depending
on the parameters A > 0 and z € [0, Z] that satisfies Property (Qr). Then
o{qa} (z,x,&) satisfies property (Qr).

Proof. We use the oscillatory integral representation for the symbol:

o{qa} (z,2,§) = //exp[—i(ylnﬂ qa(z,x,x —y,& —n) dn dy.

Let 0 < |a|+|6] < L and 0 <m <1—6(Ja| + |6]). Computing 8;‘8?(0 {qa} —
o{qa}|a=0), we obtain a linear combination of terms of the form, with o +ag =

Q,

/ / exp[—ilyn)] 9519220° (as — anlaco) (s, @ — y,€ — ) dn dy

- // exp[—i{y|n)] AFHIUlHIBD @28 (0 e ) dn dy

— Am+o(lal+18) & {qgmwz)ﬁ}

)

where qz(al’%)ﬁ is bounded w.r.t. A and z with values in the symbol space

grelAIFalel (R2p  RPY. As the map a — o {a} maps bounded sets into bounded
sets the result follows. O
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We shall also need the following lemma.

Lemma 2.21. Let ga(z,x,y,£) be an amplitude in Sg(RQp x RP) depending
on the parameters A > 0 and z € [0, Z] that satisfies Property (Qr) for 1 <
la] 4+ 18] < 2 and such that ga(z,.)|a=0 is independent of (x,y,&). Let r(x,§) €
S*(RP x RP) for some s € R. Then

o {(ZA T} (Z’ $,£) - qA(Z"T"Tag) T(.T,f) = Am+26)‘z('z’x’§)a 0<m<p-— 9,
where the function XX (z,x,€) is bounded with respect to A and z with values in

S0 (Re x RP),

Proof. For the sake of concision we take p = 1 in the proof but it naturally
extends to p > 1. We write Aa = gar. Using the oscillatory integral represen-
tation of o {ga} we obtain

o {anr} (2,2, €) — aa (2,2, 2, )r(2, )
= [[ expl-itole = MO (e = o) = As(e) i
Taylor’s formula yields
o{qar} (z,2,8) — qa(z, 2,2, &)r(z,§)
-/ 1 [ ~vesvl-itole ~ ) 0aa (e~ sy dn dy s

With an integration by parts we obtain
g {QAT} (Zv Zz, g) - qA(Za xz, IL’,E)T(SE, g)
1
= / //ieXp[—i<y|€ — )] 0304Aa (2,2, ¢ — sy,n) dn dy ds
0

1
s { | t00s (e (1= )+ 5.6 ds} |
0

Where 8384>\A(Z, x,Y, g) = (ayaEQA)(Za z,y, §) T(SC, g) + aqu (Za z,y, §)3§T(z, 5)7
as r does not depend on y. The first term is treated using Property (Qr) while
for the second one we write

Byan Oer = A0 g1 OV g,
where 0 < m’/ <1-6 and qZ,(O’l)O re S;”/"’S_H“S(RQP x RP) by Property (Qr).
We actually take 6 < m’ < 1—§ and write m = m’ — §. We obtain

m+25 ~m
A ;

Oyga0er = gn

where g% is bounded w.r.t. A with values in S;”*S’P*‘S(RQ?’ xRP) and 0 < m <
1—2§ = p—4. We conclude since the map o{.} maps bounded sets into bounded
sets. (|

We are now ready to give an estimate of the operator norm of the thin-slab
propagator, G, .y, in L(H®)(X),H®) (X")) for any s € R.
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Theorem 2.22. Let s € R. There exists M > 0, Ay > 0 such that
1G¢r )l gy < 1+ AM,

forall 2,z € [0, Z] such that 0 < A=z — 2z < Ay.

In the proof we assume that c¢; satisfies property Pp for some L > 2. We
know that it is always true for L = 2 by Lemma 2.13 but special choices for
¢1 can be made. As before we use p = 1 —1/L and 6 = 1/L with p > §
for L >2and p =46 = % for L = 2. In the proof we proceed classically by
computing g(z,7z)gg<z,,z) and use the classical results on ¥DOs (see e.g. [18,

Section 5] and also [7]). Here we however do not content ourself with the
continuity of G, .y but we want to obtain a precise estimate of the operator
norm in L(H®)(X), H*)(X")), which will be required in the sequel. Here we
exploit the fact that A can be taken arbitrarily small which allows to carry out
some explicit computations.

Proof. Let s € R, then the kernel of A,/ .y := G/ ,) 0 E(=%) is given by

Agoro@'s) = [ explioer o', €)] g ('€) (€) .
Computing the kernel D/ .y of D, .y := Ar 2y 0 Az‘z, o) we obtain

D(z/,z) (xlv :C)

- / exp [i{a — [€) +iA (by(z, ', €) — bu(z, 2, €))] diwr oy (& 2, €) dE
where

d(z/,z) (1",1',&)
= exp[—A(q (Za :E/a 6) +a (Za z, 5)]9(2’72) (‘T/a 6) 9(z',2) (:L'a 6) <€>725'

We write by (z,2/,€) — b1(z,x,&) = (' — z|h(z,2’,2,§)) where h is smooth and
homogeneous of degree one in &, || > 1. The function h and continuous w.r.t. z
with values in S*(X x R™) by Assumption 1.1 and estimate (1.1.9) in [10]. We
thus obtain that the change of variables { — £ + Ah(z,2',7,&) = H(A 2 ,27,2) (&)
is a global diffecomorphism for A small enough (uniformly in z € [0,Z7]). We

denote é(A, z, 2’ 2, €) = H(Alz o z)(«f). We thus have

D(z’,z)(mlax) :/exp [Z<$/ - $|€>] d(zfyz)(.’L'/,.’L',é(A,Z,ZC/,.’L',f)) jA(Z,.’L'/,ZE,g) dE

where Ja(z, 2/, z, ) is the Jacobian.

Lemma 2.23. The function é(A,z,x',x,Q 18 homogeneous of degree 1 in &,
for |€] > 1, continuous w.r.t. z, € w.r.t. A with values in S*(R* x (R™)) if
A is small enough, i.e.,

A, >0, £e%°([0,2],€>([0,As], SLR? x (R™)))).
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Proof. Homogeneity is clear. We have
|£(A7 2, 'rlv Zz, §>| = |§ - A]’L(Z, :C/a xz, E(Aa 2 :Elv €, §>)|
S1+ACA+ (A, 22", 2,)), [€l=1,
which yields, because of homogeneity,

) , 1+AC
<
|€(A,Z,$,$,€)| — 17AC

(A+1Eh, 161 =1,

for A small enough, uniformly chosen w.r.t. z € [0, Z], 2/, 2 € R™. Differentiat-
ing the j** coordinate of &,

é-j = gj(A,Z,x/,ZC,g) —|—Ahj(z,xl,x,g(A,z,x',x,f)), .7: 13-' -5 1y

w.r.t. x; yields

(2.15)  85,65(A, 2,2 0,€) + A0y, hy (2,02, E(A, 2,2/, 2,€))
=+ A Z 851 hj(zv :C/a xz, E(Aa 2 :Elv Zz, g)) azlgI(Aa 2, 1'/7 Zz, §> = 05
l

j=1...,n.

The partial derivatives of h are bounded for || = 1. We can hence solve for
0, 8(A 2,2 2, €) when A is small enough and find the expected estimate from
that obtained for £(A, z, 2/, z,£):

3C >0, [0:,€(A, 2,2, 2,8)| < C(1+¢]), 2,z €R™, £€R™

Differentiating w.r.t. xf, &, and A yields similar structures and the proper
symbol estimates. The proof carries on by induction. Note that the required size
for A to solve the systems of the form (2.15) remains fixed along the induction
process. O

Continuation of the proof of Theorem 2.22. From (the proof of) Lemma 2.23 we
also obtain that the Jacobian Ja(z, ', z, ) is homogeneous of degree zero in &,
|€] > 1, and is continuous w.r.t. z and ¢ w.r.t. A with values in S°(R?" x R")).

We write pa(z, 2/, x, &) := exp[—A(e1 (2,27, &) +e1(z, 2, £)]. As ¢ satisfies Prop-
erty (Pr) we then have pa satisfying property (Qr) by Corollary 2.19. Define
pa(z, 2’ x,€) = palz, 2, x, 5(A, z,2',2,€)). Lemma 2.10 and Lemma 2.23 yield
that pa satisfy property (Qr). We then have

d(z’,z) (xla ZC,E(A, Z, xla x, 6)) jA(Z, :L'/a ZC,€) = pA(Z, :L'/a ZC,€) kA(Za xla Z, 6)
where ka(z,.) is bounded w.r.t. z and € w.r.t. A with values in §~2%(R?" xR")
and ka(z,.)|a=o = (.)72% by Lemma 2.10 and Lemma 2.23. By Theorem 1.1.9
and formula (1.1.9) in [10] we obtain

ka(z,a',2,6) = (€7 + Aka(z, 2/, 2,6),

where k is bounded w.r.t. z and €>° w.r.t. A with values in S=25(R?" x R").
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Call F(.r ) = E®) 0Dy 20 E®)_ TIts symbol is in SS (R™ x R™) and is given by

f(z’,z)(x/7§> (<§>S # O'{pA(Z,ZL'/,ZL',g) kA(Z,$/,SC,§)} # <§>S)(z/a§)

= ((©" # o {palz 2,007} # ()@, ©)
+ AW # o {pals,a 2, Oka(z,a, 2, 7] # (O, ©)

As pa bounded w.r.t. z and A, A small enough, with values in S)(R*" x R")
(Property (Qr)) we obtain that the second term in the equation above satisfies
the same property and thus we can write

— Ta 1
f(z’,z) = f(z’,z) + Af(z/,z)

where .7:&, 2) has for symbol

((€)° # o {palz, 2,2, 7>} # ()", ¢

and ||f(1z/,z)||(L21L2) < K*! uniformly in z € [0,Z] and A, A small enough,
by the Calderén-Vaillancourt theorem (see [14, Chapter 7, Sections 1,2] or [25,
Section XIII-2]) in the case L = 2 and by Theorem 18.1.11 in [8] in the case
L > 2. With Lemma 2.21 we see that

o {palz, 2,2, )} —pa(z, 2,2/, €)(€) 7> = Ada(z,2/,€)

where Aa is bounded w.r.t. A and z with values in S;*(R™ x R"). We thus
obtain

Flo oy = Flo oy + AFE )
where ‘7(1)2/,2) has for symbol
fR(z,2,€) == ((&)° # palz, o/, 2/ (€)™ # (&)°)(z,2/,€)
= ((€)® # palz, 2, 2", €)(€)7°)(z,2',€)

and |72, ll(z2,r2) < K? uniformly in 2z € [0, Z] and A, A small enough.

For the rest of the proof, if we don’t write it explicitly, by pa and pa(z,z,§) we
shall actually mean pa(z,z, z,§).

Lemma 2.24.

(<>‘S # pA(Z, ')<'>_s)(zvx’§) _pA(vavg) = A/LA(Z,,%,&),

where pa(z,z,&) is bounded w.r.t. z and A with values in S)(X x R™).

Proof. We write

pale,z,€) = () / / expl—i{yl¢ — m)] (m)° paz,x,€) dn dy
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and thus obtain, with the oscillatory integral representation for the composition
formula,

((.)° # pa(z Nz, @, &) —palz,z,8) =
//exp ile — )] 0)° (pa(erz — . €) — palz,x,€)) dn dy.

With Taylor’s formula and applying an integration by part, we find (we have
supposed n = 1 for the sake of simplicity but it naturally extends to p > 1)

(<> #pA > )zx&) pA(Z.Tf)
/ //ZeXP (yl& —m)] On(n)® Owpal(z, @ —ry, &) dn dy dr.

Using Property (Qr) with m =1 — ¢ we find

P # palz,)() )z 2, 8) —palz @, §) = AT

///zexp i(yle = m] Byin)® q210(z, (1 = 1)z + r(w — y), €) dn dy dr
= AU (@(E) # G2t 2,6

where

1
TR0z, €) = / Oz, (1 — r)u +re,€) dr
0

As gR'" is bounded w.r.t. A and z with values in S}(R™ x R™) we obtain the
result. O

End of the proof of Theorem 2.22. With the previous lemma we see that
b _ C 3
f(z/,z) - ‘F(Zlﬁz) + Af(z/,z)

where 7, ) has for symbol pa(z,2,2",) and HJ’:(Z ollzer2) < K3 uniformly
inze [0 Z] and A, A small enough.

To estimate [|F¢, ll(z2,12) we follow the procedure at the end of the proof of
Theorem 18.1.11 in [8]. Let A := 1+ A. Define

va(za',€) = VA2 —[pa(z, 2’ 2" )2,

which satisfies Property (Qr) by Lemma 2.18. Then define ra by
vA # vh = A% —paA # ph —TA.
Note that
va # va(z,2,§) = o {valz, 2, §Va(z, 2,€)} (2, 2,€)

It is easy to check that va(z, 2/, &)Va(z, x, §) satisfies Property (Qr) for |af +
|B] > 1. The same applies to pa(z,2’,&)Pa(z,x,£). Lemma 2.21 applies and
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with m = p — § we thus obtain that rA = A7a with 7o bounded w.r.t. z and A
with values S)(X x R™). Thus

||‘7:(Cz’1z)||(L2,L2) = |‘(f(cz/7z))*||(L27Lz) < (1 + A)Q +AC <1+ AK4,

for some K* > 0 large enough. We thus obtain that || F(..y|(z2,r2) <1+ AK
where K = K' + K2 + K3 + K*. With the definition of F(zr,z) it follows that

1Gr )l moy = G 2) (e mey < VI+HAK
which concludes the proof of Theorem 2.22. [l

We observe that for A small enough, the function (2’|¢) + Aby(z,2’, £) satisfies
the conditions (P)-(i), (P)-(ii), and (P)-(i4¢) in [13, page 2]. With Lemmas 2.13
and 2.17, we observe that an FIO with phase function qb(zxyz)(x’, z, &) and am-
plitude in o4 (z,2,§) in S™(X x R) may actually be understood as an FIO with
real phase (' —z|&) + Abi(z, 2/, €) and amplitude g4 (z,2', &) exp[—Acy (2, 2/, §)]
in §7*(X xR). Applying Theorem 2.5 and the following remark in [13] we obtain

Proposition 2.25. Let A .y be the global FIO with kernel

A(z’,z) (ZC/,ZE) = /exp[i¢(z’,z) (ZC/,ZC,f)] UA(Z,.’L'/,E) dE

with o4(z,.) bounded w.r.t. z with values in S™(X x R™), m € R. Then for all
s € R there exists M = M(s,m) >0, As > 0 such that

[AG e me-my < M ploa(z,.))

for all z € [0,Z], and 0 < A < As, where p(.) is some appropriately chosen
semi-norm in S™(X x R™).

This proposition could also be proved by adapting the proof of Theorem 2.22
to this case. Note that in the case o4 = g(..) we were able, in the proof
of Theorem 2.22, to achieve a finer estimate. The proof heavily relies on the
particular structure of the phase function and the amplitude that can be taken as
“close” as we want to those of the identity operator by taking A small enough.

3 The approximation Ansatz. Convergence in
Sobolev spaces

We first define the Ansatz that approximates the solution operator to (1.5)-
(1.6). We chose to use a constant-step subdivision of the interval [0, Z] but the
method and results presented here can be naturally adapted to any subdivision
of [0, Z].
Definition 3.1. Let f = {20 2D . 2N be a subdivision of [0, Z] with
0=20 <M < ... < 20N) = Z such that 20+ — z(0 = Ag. The operator
Wy . is defined as
g(z_ro) if 0<2z< 2(1),
W, 1= :
Bz g(z,z<k>)Hg(z<i>,z<i—1)) if 20 <z < HkHD),

i=1
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The following proposition will be useful in the sequel.

Proposition 3.2. Let s € R. There exists K > 0 such that for every subdivision
P o= {20 20 2N of [0, 2] with 0 = 20 < 20 < ... < 2V) = 7 and
Wy . as defined in Definition 3.1 we have

Vz€0,Z], Wy llmo mey < K,

if Ag is small enough.

Proof. By Theorem 2.22 there exits M > 0 such that if A = 2’ — 2z is small
enough then (|G . |l(me) gy < 1+ AM for all z € [0, Z]; we then obtain
W 2|l (o) oy < (L+ApM)N = (1+Z£)N which is bounded as it converges
to exp[ZM] as N goes to oco. O

It should be first noticed that Wy . is not the solution to problem (1.5)-(1.6)
even in the case where the symbols b and ¢ depend only on the transversal vari-
able, (z). While singularities propagates along the bicharacteristics associated
with ia; = by, observe however that, with the form of the phase function ¢,/ .
in (2.8), the operator G/ .y propagates singularities along straight lines. See
Part II, for further details, in particular regarding the set Ji., .yr that replaces
the canonical relation for the propagation of singularities for FIOs with complex
phase [9, Sections 25.4-5].

Furthermore, by composing the operators G~ .y and G(. .y, one convinces
oneself that

g(z”,z) 7é g(z”,z’) © g(z’,z)

in general if 2’/ > 2’ > z € [0, Z] (use again that singularities propagate along
straight lines). The family of operators (G.s .))(z’,2)e[0, 2] is thus neither a semi-
group nor an evolution system.

We now proceed towards the proof of the convergence of Wy . to the solution
operator to problem (1.5)-(1.6) in the sense of Sobolev norms as N = || goes
to oo.

Lemma 3.3. Let s € R and 2",z € [0, Z], with z < 2". The map 2" — G(.r .y,
for 2’ € [2,2"], is Lipschitz continuous with values in L(HTY(X), H®) (X)),
for 2" — z = A small enough. More precisely there exists C > 0 such that for
all up € HETY(X) and 2V, 23 € [z, 2]
(3.16) Gz 2y — Gt 2y) (Wo) |y < Clz® — 2| [lug]| o).
Proof. Let 21, 2(2) € [2", 2] and let ug € H*+1(X). Write
(g(z(Z),z) - g(z(l),z))(uo)(x/) =
e
[ [ eslit < ale) - & - a0 0o, 6) walo) do d€
2()

When A is small enough we can apply Proposition 2.25 and obtain (3.16) O
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Lemma 3.4. Let s € R, 2,z € [0, Z], with z < 2", and let ug € HEH(X).
Then the map 2’ — G.s .y (uo) is in €°([z, 2], HED(XNNE [z, 2], HO (X))

for 2" — z = A small enough.

Proof. Let z() € [2,2”] and let ¢ > 0. Choose 2’ — z small enough such
that Theorem 2.22 and Lemma 3.3 apply and Choose u; € H®12) such that
lluo — w1 g+ < e. Then for 2 € [z, 2"]

(317) Gz 2y (u0) — Gy 2y (uo) | e < (Gz@ 2y (w0 — wa)l gt
Gz 2y (u1) = G 2y (W)l gern + G ) (wo — ur) | g
<21+ AM)e + C|2® — 2O |||u| gressa -

The continuity of the map follows. Differentiating G ./ .y(ug) w.r.t. 2’ we can
prove that the resulting map 2’ +— 0./G (. .y(uo) is Lipschitz continuous with
values in L(H®+2) H®)) following the proof of Lemma 3.3: there exists C' > 0
such that for all v € H+2)(X)

102G 2y = 0=G et 2)) )l < Ol = 2D [[o]] e

We also see that the map v +— 0./G(./ .)(v) is continuous from HGD into
H®) with bounded continuity module according to Proposition 2.25. With
ug € HCTY(X) we make a similar choice for u; € H®+?(X) and obtain an
estimate for

102G. ) (u0) = 02 Gy ) (uo) | e

of the same form as in (3.17). O

The two previous lemmas yield

Proposition 3.5. Let s € R, P a subdivision of [0,Z] as in Definition 3.1
and let ug € HHY(X). Then the map Wi .(uo) is €°([0, Z], HE+D (X)) and
piecewise €1([0, Z), H®) (X)) if P is chosen such that Ay is small enough. The
map z — Way .(uo) is in fact globally Lipschitz with C > 0 such that

W 2 (o) = Wp 2 (o)l e < CJ2" = 2l lluol e

We recall that U(z', z) is the solution operator of the Cauchy problem (1.5)-
(1.6). We can then apply the energy estimate (1.7) to U(z,0)(ug) — W, (uo)
(adapt the proof of Lemma 23.1.1 in [8] to the case of a Lipschitz piecewise C!
function) and obtain

(3.18) sup ]exp[—)\Z] 1U(2,0)(uo) = W= (uo) | zree)
z€[0,Z2

zZ
<2 [ expl-a] (0. + 0z, D) W« (uo) o
0

Let up € HEHD(X) and let P = {2, ... 20V} We take z €]z(F), 2(k+1)],
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Then

(0. + a(z,Dy)) Wy, =(uo)

k
= (az +a, (m, D.)) (g(%Z(k))HQ(Z(i)’Z(i1))(u0)>

= (az + az((E, DI)) (g(z,z(k))(uk))

k
with ug = HQ(Zu)’Z(Fl))(uO) which is in HG*D(X) by Theorem 2.22. We
i=1
first turn our attention towards the term (9, + a.(z, D,)) (Q(LZ(;C))(U)) for any
u € HCTY(X) as the norm of uy, in H+Y(X) remains under control even if
IB| = N becomes very large by Proposition 3.2:
(3.19) 3K >0, |lugllgery < Kllugllgern, k€ {0,...,N},

N =Bl eN, u € H*(X),
if Agp is small enough.
We shall need the following lemma which is a variant to Lemma 2.21

Lemma 3.6. Let ga(z,z,y,&) be an amplitude in SS(RQP x RP) depending on
the parameters A > 0 and z € [0, Z] that satisfies Property (Qr) and such that
an(z,)a=o = 0. Let r(x,y,£) € S*(R? x RP) for some s € R. Then

o {qa v} (z,2,6) — qa(z,2,2,8) r(z,2,) = A" TPAR(z,2,€), 0<m < p—3,
where the function XX (z,x,€) is bounded with respect to A and z with values in

S (=0) (Re x RP),

Proof. We proceed as in the proof of Lemma 2.21 (we take p = 1 for the sake
of concision). We obtain

o{qar} (z,2,€) — qa(2, 2,2, §r(z, 2, §)
1
o { | t00s (e (1= )+ 5.6 ds} ,
0
where here
8384>\A(Za z,Y, g) = (ayaEQA)(Za z,y, g) T(ZL', Y, g) + 8qu(Zv €,Y, g)afr(xv Y, g)

+ aﬁQA(za x,Y, 5)8yr(x, Y, 5) + QA(za x,Y, £)(’)y85r(x, Y, 5)
The first two terms are treated like in the proof of Lemma 2.21. For the Third
term, with Property (Qr) we write
Deqn Oyr = A™' 0 qZ,(OO)l Oyr, 0<m/' <1-94§
where qu’(o,on dyr € S,T/Jrs_”(]RQp x RP). We actually take § <m' <1—4 and
write m = m’ — §. We obtain

Am+25 qm

Ogqn Oyr = A
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where ¢ is bounded w.r.t. A with values in S7"*=#T9(R%* x RP) and 0 < m <
1—26 = p—4. For the fourth term we write

ga = A™ g 000 g <! <1,

)

where qZLI(O’O)O € S,Tl (R? x RP) by Property (Qr) since gaja—o = 0. We
actually take 26 < m’ < 1 and write m = m’ — 26. Then

qAayagT = Am+26(jzl,
where ¢’ is bounded w.r.t. A with values in S,TH_(’)_&) (R?P x RP) as m + s —

14+25=m+s—(p—0)and 0 <m <1—20 =p—J. We conclude like in the
proof of Lemma 2.21. [l

For the next proposition we shall need the following assumption as announced
in Section 1

Assumption 3.7. The symbol a(z,.) is assumed to be in £([0, Z], SL(R"™ x
R™)), i.e. Lipschitz continuous w.r.t. z with values in S*(R™ x R™), in the sense
that,

a(z',x,8) —alz,2,€) = (2 — 2)a(2, z,2,6), 0<2<2 <7
with a(2', z,x,€) bounded w.r.t. 2’ and z with values in S*(R™ x R™).

Proposition 3.8. Let s € R. There exists Ag > 0 and C' > 0 such that for
Z—z=A, A€|0,Aq],

[0z + azr (z, D ))Gor )l (o) ms—y < CA3

Like in the proof of Theorem 2.22 we assume that c¢; satisfies property Pr, for
some L > 2. We know that it is always true for L = 2 by Lemma 2.13 but
special choices for ¢; can be made. As before we use p=1—1/L and 6 = 1/L
Withp>5f0rL>2andp:5:%forL:2.

Proof. Let A(.r .y be 0./G(.r .y and B, .y be a./(x, D;) 0 G ) with respective
kernels A/ .)(¢',z) and B,/ ;)(z', z). We have

Aoy (' 2) = — / expli(a’ — z[€)] exp|—Aa(z, o', £)] alz, o', €) dE.
Let us define

D(zlﬁz) = (-A(z’,z) + 8(2172)) @] E72S [e] (A(Z’,Z) + B(Zlﬁz))*

We prove in the following lemma that for 7,5 € R, [| Do o)l (e pgrer2e-20) <
CA uniformly w.r.t. z € [0, Z] for A small enough. The conclusion then follows:
if C(z/,z) = Esfl o D(z/,z) o E571 then ||C(z/,z)||(L2,L2) < CA (take r=—s+ 1),
then ||E‘S_1 o (-A(z’,z) + B(z’,z)) o E_SH(LzﬁLz) < CA% O

Lemma 3.9. Let r,s € R. Then ||D(Z/7Z)H(H(r),Huusfz))) < CA uniformly
w.r.t. z € [0, Z] for A small enough.
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Proof. The operator D,/ .y is made up of four terms:
Dl,(z’,z) = A(z’,z) o E_2s o Azz’,z)’ D2,(z’,z) = A(z’,z) o E_2s (¢} B?z’,z)’
DB,(Z’,Z) = B(Z’,z) o E_2s © Azz’,z)’ D47(Z’72) = B(Zlvz) © E—25 o BEKZ/,Z).

The kernel of D ./ ) is given by
Dl,(z’,z) (:EI;:E)
= /exp [Z<$I - $|€> +iA (b1(2,1‘/,£) - b1(2,l‘,§))] Jlaz(‘rlaxag) df
where

JLZ(:L'/,;L',E) = W(z’,z)(zlazag) a(z,z’,f) E(zv'r7§>a

and

W(z',z) (:E/a z, 5) =9z ,2) (‘T/a 6) 94(z',2) (:L'a 6) exp[—A(cl (Z, :L'/a 5) +c (Z, €T, 6))]
(€
with g ) given in (2.9). Following the proof of Theorem 2.22 we write
bi(z,2',€) — bi(z,2,8) = (' — z|h(z,2',2,£)) where h is homogeneous of de-
gree one in &, |¢] > 1. The function h and continuous w.r.t. z with values in
S1(X x R™). We thus obtain that the change of variables £ — £ + Ah(z, 2, 2, )
is a global diffeomorphism for A small enough (uniformly in z € [0, Z]). The

Jacobian Ja(z, ', x,€) is homogeneous of degree zero in £, €°° w.r.t. A and
bounded w.r.t. z with values in S°(R?*" x R"). We then have

Dl,(z’,z)(z/az) = /eXp [’L<zliz|§>] Jlﬁz(z/azag(Aaé)) j(A,Z,SEl,SC,g) d§

The function é(A, z, @', x, ), written E(A,é) for concision, is bounded w.r.t. z
and € w.r.t. A in S1(R?" x R") and homogeneous of degree 1 in ¢ as shown in
Lemma 2.23. It follows that &17Z($/,$,5(A,§)) J(A, z, 2’ x,£) is then bounded
w.r.t. z and A with values in Sﬁ_QS(R% x R™) by Lemma 2.10 and the proof of

Theorem 2.22. Note that if A = 0 then E(A,é) = {. The operator Dy (. ) is
thus in W2~>* with symbol

dly(z’,z)(x/a 5) =0 {Jl,Z(xla x,«f(A, 5)) j(A, Z, -T/a x,&)} (xla 5)
Similarly we prove that A,/ .o E~2o0 gg;,ﬁz) is the ¥ DO with amplitude

_W(Zlqz)(xlaxag(Aag)) a(z,x’,«f(A,g)) j(A,z,x/,x,g).

The operator Dy (s .y is thus in ¥2~2*(X) with symbol

d2,(z’,z) (1,/7 5)
= =0 {0, 2,68.) al2,2 E(A. )T (B, 2,22, | #a' (226
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Similarly we find that the operators Ds, (. .y and Dy (s -y are in ¥272*(X) with
respective symbols

d3,(z’,z)(z/7§> = 70’(2/7:6/55)
# 0 {we (@, 2.8(8,9) T(A, 2,0 2,€) Tz 2,64, 6) }

and

d4,(z’,z)(z/7§> = a(zl,z/,g) # 9 {W(z’,z)(zlazag(A7§>) j(A,Z,SEl,:C,§>}
# a*(ZI,.’L'/,é-),

For g(2',z,£) an amplitude we define

g} (@', €) = o {(&)7* a(z,4',€) ¢(a', x,€) a(z, 2,6)}
—o{(&) 7> alz,2,€) q(a',2,6)} # a*(2,2',€)
+a(z,2',€) # o{(6)7% q(¢'z,O)}# a*(z,2',€)
—a(z,2', &) # o{(§)™* q(a'z,€) a(z,2,€)}.
The operator D.s ;) is thus in ¥2~*%(X) with symbol

d(z/,z) = dl,(z/,z) + d?,(z/,z) + dS,(z/,z) + d4,(z’,z)-

Such a symbol is bounded w.r.t. A, for A small enough, as the composition
formula for symbols is a bounded map. Note that

g(z/,z)(‘r/ag) g(z/,z)(xa§)<§>_28j(Aazax/axag) = <€>—25 + AI{?A(Z,.’L'/,.’L',g)
with ka bounded w.r.t. z and €>° w.r.t. A with values in S72%(X’ x X x R")
as Wiz, J s itself €% wat. A and g2y 9z, J |a=o = 1. By Assump-
tion 3.7, we also write a(z’,z,£) = a(z,x,€) + Aa(z, z,xz,£) with a(2/, z,.)
bounded w.r.t. z and A with values in S1(X x R). We thus obtain
_ o 1
D(z’,z) — D(z/,z) + AD(Z’,Z)
with symbols

dlr .y = 2{{€) palz, 2’ 2,6},

and d(,, ) which is bounded w.r.t. z and A with values in S7~>*(X" x X x R™).

The Calderén-Vaillancourt theorem (see [14, Chapter 7, Sections 1,2] or [25,
Section XIII-2]) in the case L = 2 or Theorem 18.1.11 in [8] in the case L > 2
yields HD(lz, ol me+2e-2)) < K1, Note that for a symbol ¢(z',£) we have

¥{q(a’,€)} =0 as
U{q(x/7§) 6(271:7 g)} = q(x/7§> # a*(z’z/7§) = O—{q(z/’g)} # a*(z7x/’§)7

for any symbol g. Thus d*(2, z) = X{(&)"**(pa(z,2,2,£) —1)}. Lemma 3.6
allows us to write (take m = p — )

o{(€) 7 (pa(z, ', 2,6) — Da(z, 2, €)a(z, z, €)}
= <§>72S(pA(Z,SC/, 1'/,5) - 1)0‘(’25 z/ag)a(zvx/ag) + A)\A,l(zv'r/ag)
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where Aa 1 bounded w.r.t. z and A with values in S77>*(X" x R"). We also
write

o{(§) 7 (palz, ', 2,€) — Dalz,2, )} # a” (2,2,€)
= (&) (palz 2,2, &) = Da(z, 2, €)) # a*(z,2',€)
+ Ada2(z,2",8) # a*(z,2,€)
= a{{&) "> (pa(z,2',2',€) — Da(z,2',€)a(z,z,€)}
+ Adao(z,2',€) # a*(z,2/,€)
= (&) (pa(z, 2,2, &) — Da(z, 2’ &)a(z, 2, €)
+ AAas(z, 2, &) + Aaa2(z,2',€) # a*(z,2,€))

where Aa 2 and Aa 3 are bounded w.r.t. z and A with values in S;_QS(X’ x R™)
and S272°(X’ x R") respectively. Similarly we have

o{(&) " (palz,2',2,6) = 1)} # a’(z,2,€)
= ()7 palz,2,2/,6) = 1)) # a”(2,2,) + Ada (2,2, €) # 0" (2,2,€)
=o{(&) " (palz,2’,2',€) = 1)a(z,z,6)} + Adaa(z,2',€) # a*(2,2',€)
= (&) (palz 2,2, &) — 1a(z,2',€)
+AAas(z,2,8) + Aaalz, 2’ &) # a*(z,2',€))

where Aa 4 and Aa 5 are bounded w.r.t. z and A with values in SP’QS(X’ x R™)
and S)7%%(X' x R™) respectively and

0‘{<€>_25(pA(Z, xlaxag) - 1)6('2"%"6)}

= <§>725 (pA(Za 1'/5 1'/7 5) - 1)6(2’7 :C/a g) + A)\A,G(zv :C/a g)
where Aa ¢ bounded w.r.t. z and A with values in S;7>*(X" x R™). We thus
obtain

A,y =AQan+das+dao #a"+a# das+a# Aaa#a*)=Ad,

with J‘(lz,ﬁz) bounded w.r.t. z and A with values in S272*(X’ x R"). This con-
cludes the proof. O

We have thus obtained a convergence result in the Sobolev space H(*)(R™) for
Wy - (up) if the initial data ug is in HG+D(R™). The result is actually the
convergence of the Ansatz Wy . to the solution operator U(z,0) in the norm of
L(HCFD(R?), B (R")):

Theorem 3.10. Assume that a(z,.) is in Z([0, Z], S*(R™ x R™)), i.e. Lipschitz
continuous w.r.t. z with values in S*(R™ x R™), in the sense that,

a(z',z,€) —a(z,x,€) = (' —2)a(7, z,2,€), 0<2<2 <7

with a(2', z,x, &) bounded w.r.t. 2" and z with values in ST (R™ x R™). Let s € R.
Then the approzimation Ansatz Wy, converges to the solution operator U(z,0)
of the Cauchy problem (1.5)-(1.6) in L(HE+D(R™), H®)(R™)) as Ag goes to 0
with a convergence rate of order %

[Wa,> = U(z,0)|[ (g0, 50y < CA.
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Proof. Using (3.18) and (3.19) we obtain

sup exp[—Az] [|U(z,0)(uo) — Wy - (uo) | o)
z€[0,Z]

4 1 1
S 2/ exp[—)\z] A%CKHUoHH(S+1)dZ S CA%HU()HH(5+1).
0

The result follows. (|

If we change the assumption made on the symbol a(z,.) to some Holder type
continuity, then the corresponding change in the proof of Lemma 3.9 yields the
following weaker result

Theorem 3.11. Assume that a(z,.) is in €. ([0, Z], SHR™ x R™)), i.e. Holder
continuous w.r.t. z with values in S'(R™ x R™), in the sense that, for some
O<ax<l

a(z',z, &) —a(z,z,8) = (' —2)* a(, z,2,), 0<2<2' <7

with a(2', z,z,€) bounded w.r.t. 2’ and z with values in ST(R™ x R™). Let s € R.
Then the approzimation Ansatz Wy, converges to the solution operator U(z,0)
of the Cauchy problem (1.5)-(1.6) in L(HE+D(R™), H)(R™)) as Ag goes to 0
with a convergence rate of order a/2:

||Wq31Z — U(Z,O)||(H(s+l)7H(s)) < CA%/Q.

A result similar to that of the previous theorems can be obtained with weaker
assumptions, namely without assumptions on the symbol a(z, .) like those made
in Theorems 3.10 and 3.11, by introducing another, yet natural, Ansatz to
approximate the exact solution to the Cauchy problem (1.5)-(1.6). For a symbol
a(z,y,m) € €°([0, 2], S™(RP x R")) we define g, .)(y,n) € €°([0, Z]*, S (RP x
R™))

N 1 :
Q(z’,z)(y777) =T Z/ Q(Sayﬂ?) ds.

z

Then we define

(320) (Z(z’,z) (1,/, ZL',&) = <.CC/ - SC|§> + iAal(z’,z)('r/vg)
= (‘T/ - ‘T|§> + A/b\l(z/,z) (xlag) + ’L’A/C\l(z/,z)(x/ag)'

and

(321) /g\(z’,z)(xag) = eXp[_AaO(z’,z)(‘rag)]'

and finally, following [17], we denote QA(Z/,Z) the FIO with distribution kernel

é(z’,z) (:E/a :C) = /exp[i(m' - $|€>] exp[_Aa(z’,z) (:E/a 5)] CTE
- / explider oy (&2, )] Gar o) (& ) .

with the associated approximation Ansatz
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Definition 3.12. Let P = {2 2 .. 2N} be o subdivision of [0, Z] with
0=20 <M < ... < 20N) = Z such that 20+ — z(0 = Ag. The operator
Wa - is defined as

.C;(z,o) if 0<2z< 2(1),
k

Gleetn ] [G (e simmy i 28 <2 <20,

i=1

Wy, =

Most results of Sections 2 and 3 apply to this new Ansatz. We give some details
about how to adapt some of the proofs. We have

Lemma 3.13. Let q(z,y,m) € €°([0, Z], S1(RP x R")) that satisfies Property
(Pr). Then q(.r . (y,n) also satisfies Property (Pr).

Property (Pr,) in Definition 2.11 is now to be understood w.r.t. to two parame-
ters 2’ and z.

Proof. Uniform bounds w.r.t. z and 2’ will be immediate. The case |a|+|3| > L
is clear by Remark 2.12. Let then |a| + |5| < L and observe that

090G 2 (y,m))| “dq(s,y,n) ds|

1
C(1 + ||y~ 18I+ al+1BD /L _—__

2 —z

/ (14 q(z,y, )= (o l+18D/Lgg

z

/ 1—(la|+18])/L
1 » (lal+181)/

C(1+ [n)~ 1P elED/E ( q(z,y,n)d8>

=C(1+ |n|)—\ﬁ|+(\a|+\ﬁ|)/L(1 + Q) (Y n))l—(laHIB\)/L,

z

by Jensen inequality as t +— —(14-)'~(eI+18D/L i convex when |a|+|3| < L. O

As a consequence of Lemma 2.17 we have
Lemma 3.14. Let q(z,y,m) € €°([0, Z], SL(RP x R")) that satisfies Property
(Pr). Then pa = exp[—Aq. »)(y,n)] satisfies Property (Qr).

The result of Theorem 2.22 thus applies to the modified thin-slab propagator
G(zr,») (Lemma 2.23 has to be slightly modified). The proof of Lemma 3.3 applies
with the aid of Proposition 2.25 as

(G ) = Gotwr ) (wo) (@) =
e
7/@ //eXsz/*z'@*(Z'*Z)5<z/,z>(x’,§)] a(z',2',€) uo(z) dv A€ dz'.

To adapt the proof of Lemma 3.4 we need

Lemma 3.15. Let s € R and 2",z € [0,Z]. The map 2’ — az,g“(zlyz), for
2 € [2", 2], is continuous with values in L(H®12)(X), H®)(X)), for 2" —z = A
small enough.
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Proof. We choose A = 2" — z sufficiently small such that the results of Section 1
apply. Let z(1), 22 € [z, 2”]. Then we have

8,2/@(%2)12)(90’, .T) - az’é(z(l),z) (ml, ,T)
(2)

= —/exp[i(xl — z|8)] (G(Z(Q)amlaf)exp[—fi a(s, ', §) ds]
70‘(’2(1)5 1'/5 5) eXp[ifjl)a(Sv xlv 5) ds]) dé.
=A@ 0 (@, 1) + Buo o ) (@ x),

where

A(z@),z(l),z)(‘rlax) = —/eXp[i<(E’ - ‘T|§>] a(Z(Q)’:L,/,g)
(2) (1)

(exp[ffj a(s,:p’,&) dS] - eXp[ifi a(s,:p’,&) ds]) dfa

and

B 2o 2 (' 2) == — /eXP[i(xl — z[§)]
e

(a(z®,2,€) —a(zV,2',€)) exp[— [ "als,2’,€) ds] de.

We write

L@
A o (@ 2) = /(1) /eXP[i<$/ - x[¢)]
a(z(2),x’,§) a(s,x’,&) eXp[i(S - Z)a(s,z)(xlvg)] ds df

and for the associated operator, A(Z(2)7Z(1),z) we obtain by Proposition 2.25
that (A e .o )llgere gey < Clz@ — 2|, For the second term we can
apply Proposition 2.25 which gives the estimate, for the associated operator,
1Bz oy (@, 2) || e+ meoy < C pla(z?,.) —a(zY,.)), with p a seminorm
in S1(X x R™). The continuity of z — a(z,.) in S1(X x R") (Assumption 1.1)
yields the result. O

With the previous lemma we can easily adapt the proof of Lemma 3.4 and obtain
the same result for G,/ ..

Lemma 3.16. Let s € R, 2",z € [0, Z], with z < 2", and let uy € HEH(X).
Then the map 2’ — G.r ) (uo) is in €°([z, 2""], HSTV(X))NE [z, 2"], H®) (X))
for 2" — z = A small enough.

This allows to use the energy estimate (1.7).

We now note that in the proof of Lemma 3.9, with the new thin-slab propa-
gator, G(./ ., the amplitudes of the operators D1, ..., Dy only involve the term
a(z’,z,§) instead of both a(2’,z,&) and a(z, z,§) (as 0./ ((2' — 2)d(z 2 (2, §)) =
a(z’,x,€)). Thus the proof of Lemma 3.9 does not require any assumption like
Assumption 3.7 made in Theorem 3.10 or assumptions of Holder type regularity
on the symbol a(z,.) made in Theorem 3.11. Consequently we obtain
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Theorem 3.17. Let s € R. Then the approrimation Ansatz 17V\s;37z converges in
L(HEHD(R™), HE)(R™)) to the solution operator U(z,0) of the Cauchy prob-
lem (1.5)-(1.6) as Ag goes to 0 with a convergence rate of order & :

o~ 1
HW&B,Z — U(Z,O)H(H(yrm,H(s)) < CA%

A A diagonalization/decoupling of the acoustic
wave equation

We give here an overview of [22], which gives a motivation for approximat-
ing solutions of the Cauchy problem (1.5)-(1.6), for instance in the context of
geophysics.

We first consider the scalar wave equation

(A.22) —p e+ 0;p7'0; |u=F,

j=1

as encountered in acoustics, where p is the fluid density, and c is the wavespeed.
Both these functions are assumed to be independent of time ¢ and to be in
€ (R™). We further assume that 0 < pp < p(y) < p; and 0 < ¢y <
c(y) < c1, y € R". We denote z = y, and z = (y1,...,yn—1) and write
p(w,2, Dy, Dy, D) = p~te™2D2 — Z;le Djp~*Dj — D,p~'D, where D = %8.
Its principal symbol is pa(t, @, 2,7, &,¢) = p~H(c 7272 — [£]? — ¢?).

Note that 7 # 0 in Char(p). We put (A.22) in a matrix form

(A.23) D,w(t,z,z) = G(x,z,D¢, Dy)w(t,z,z) + f(t,z,2) mod €,

. (0 Ap _ Au A
WlthG—(A 0 ) w_(plDzu)’ f_(F)’

where A is a first-order elliptic ¥'DO, say for instance |D; »|, and
n—1
A=pte?DINT — Z Djp~ DA™

j=1
with A~! denoting a parametrix for A.

Following [22], we introduce

Iy = {(z,2,7,8) | T #0,|c(x, 2)T7 €| < sin O},
lo = {(t,,2,7,6Q) | (z,2,7,€) € I§, [¢| < 5t}
where © € (0,%). The inequality || < ¢(x,2)!|7| on Char(p) explains the
condition |¢| < ¢;'|7| above. We choose an angle © € (0,%) and work in the
microlocal region Ig assuming that WF (u) C Ig. Figure 1 illustrates the set Ig

at a given (z, z) and a given frequency 7. An angle 6 € [-0, O] corresponds to
a propagation angle. Restricting the analysis to Ig corresponds to staying away

s
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Figure 1: The shaded area corresponds to Ig at a given (¢,z,z) and a given
frequency 7. 6 is the propagation angle. The set Char(p) is represented dotted.

from horizontal propagation. Note that in Ig we have c(z, z) 272 — [£]2 > 0,
which is the main purpose of the restriction to such a microlocal region.

In Io, G is a first-order ¢»DO by Theorem 18.1.35 in [8]. In Ig we can follow the
method of [25, Chapter IX] (see also [24]) to decouple the up-going and down-
going wavefields. We briefly recall the method here. Define n*(z,z,7,¢) =
+(c(z, )22 — |€|2)2, which are the two roots of det(nly — G1) = 0 with G4
the (matrix-)principal symbol of G. The matrix G1(z, 2z, 7,§) is diagonalizable

and we choose a matrix V(z,z,7,&) € S°(I}), invertible, such that VGV !
is diagonal; V' van be chosen homogeneous of degree 0.

If we write w(® =
V(z,z, D, D;)w we obtain

D,w® (t,z,2) = GO (t,z,2) + 1 (t,z,z) mod €,
GO = (DVV+ VGV mod ¥~ inlg, [fO=VF.
We write G = G +GI” with G*) € ¥ in Ie and diagonal and G\ € ¥0 in

Ie. By V! we denote a parametrix for V with principal symbol V (z, z, 7, &)~}
(an abuse of notations, which will occur below again).

We then write w") = (1 + KM (z, 2, Dy, D,))w®, with K1) € ¥~ in Ig of

the form
g [0 KD
KV 0
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We then obtain

D w® = GEO)w(l) + [K“),Gﬁ")]w(” JrG((Jo)wu) + O L RMWy™ mod €,
RWewlinly,  fO=1+KD)fO

making use of
1+ KNGV 1+ KO =60 4 KO g1+ kW)~!

and the fact that L(1 + KMW)™! — L € ¥™~1if [ € U™, Lemma 2.1 in [24]
shows that K can be chosen so as to have [K(1, G{”] + G diagonal up to
an operator in W~! in Jg. The procedure goes on by choosing K € U—2 in
Io in order to diagonalise the term of order -1, etc. We thus obtain @ € ¥ in
Io such that @ = Q™ 'w satisfies

D.iv =G+ f mod €®, f=Q 'f

with G = é(m, z,Dy, D) € U0 in Ig, diagonal up to a regularizing operator

- (b 0O
G(O b_).

In [22], Stolk shows that by can be chosen selfadjoint. This is achieved by first
choosing selfadjoint operators with principal symbols equal to n*(z, z, 7, £) and
then replace (1 + K@) by exp[K (] in the iteration process described above.
Various choices of @) are presented in [22].

We define the set Jgy of points (to, o, 20, 70, 0, (o) such that the bicharac-
teristics associated with by, parametrized by z, (t(z),z(z),7(2),&(z)), pass-
ing through (to, zo,70,&0) at z = 2g, is such that for all z € [0, Z], the point
(2(2),2,€(2),7(2)) remains in Ij,. In other words, with the interpretation given
by Figure 1 the propagation angle, §(z) along the bicharacteristics should never
exceed ©.

We now choose 0 < ©; < ©2 < 3. We choose a real non-negative symbol

c(z,z,7,6) € SHR x R"™! x R x R"71) such that ¢ = 0 in Ig, and elliptic in
the complement of Ig,. After extendig smoothly b, outside Ig, such that b, is
real homogeneous of degree 1, we now consider the Cauchy problem

(0, —iby(z,2, D¢, D) + ¢(z,2, Dy, Dy))v = 0,
v(0,.) = v4+(0,.),

711:<Z+>:Q1w:@1<p_/1\gzu).

With Assumption (33) and (34) in [22] we obtain that

where

v=wvy mod ¥ in Jo,+,
v=0 mod € in the complement of Jg,+.

See [22] and [21] for details. A similar results holds for the other ‘one-way’ wave
operator 0, — ib_ + c.
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