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GENERALIZED DESCENT ALGEBRAS

CEDRIC BONNAFE AND CHRISTOPHE HOHLWEG!

ABSTRACT. If A is a subset of the set of reflections of a finite Coxeter group
W, we define a sub-Z-module D4 (W) of the group algebra ZW. We provide
examples where this submodule is a subalgebra. This family of subalgebras
includes strictly the Solomon descent algebra and, if W if of type B, the
Mantaci-Reutenauer algebra.

INTRODUCTION

Let (W, S) be a finite Coxeter system whose length function is denoted by ¢ :
W —N=1{0,1,2,...}. In 1976, Solomon introduced a remarkable subalgebra XW
of the group algebra ZW, called the Solomon descent algebra [8]. Let us recall its
definition. If I C S, let W; denote the standard parabolic subgroup generated by I.
Then

Xi={weW|Vsel, l(ws)>Ll(w)}

is a set of minimal length coset representatives of W/Wy. Let xy =) oy, w € ZW.
Then YW is defined as the sub-Z-module of ZW spanned by (zr);cs. More-
over, ZW is endowed with a Z-linear map 6 : XW — ZIrr W satisfying 0(z;) =
Ind%l 1w, . This is an algebra homomorphism.

If W is the symmetric group &,, 6 becomes an epimorphism and the pair
(36, 0) provides a nice construction of Irr(&,,) [6], which is the first ingredient of
several recent works, see for instance [9, 3]. However, the morphism @ is surjective
if and only if W is a product of symmetric groups.

In [4], we have constructed a subalgebra X' (W,,) of the group algebra ZW,, of the
Coxeter group W, of type B,,: it turns out that this subalgebra contains XW,,, that
it is also endowed with an algebra homomorphism ¢’ : ¥'(W,,) — ZIrr W,, extending
6. Moreover, 0’ is surjective and Q ®z Ker 6’ is the radical of Q ®z X/(W;,). This
lead to a construction of the irreducible characters of W, following Jollenbeck’s
strategy. In fact, ¥/(W,,) is the Mantaci-Reutenauer algebra [7).

It is a natural question to ask whether this kind of construction can be generalized
to other groups. However, the situation seems to be much more complicated in the
other types. Let us explain now what kind of subalgebras we are looking for.

Let T = {wsw™ | w € W and s € S} be the set of reflections in W. Let A be a
fixed subset of T'. If I C A, we still denote by W; the subgroup of W generated by
I and we still set

Xr={weW|Vz e W, l(wx) > {(w)}.
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Then X7 is again a set of representatives for W/W;. Now, let z; = ) w e ZW.

Then

weXr
ZA(W) = Z Z$[

is a sub-Z-module of ZW. However, it is not in general a subalgebra of ZW.
Let us define another sub-Z-module of ZW. If w € W, let

Da(w)={se€ A| l(ws) <l(w)} CA

be the A-descent set of w. A subset I of A is said to be A-admissible if there exists
w € W such that D(w) = I. Let P,q(A) denote the set of A-admissible subsets of
A If T € Paa(A), weset Dt = {w €W | Da(w) = I} and dft = ZMGD? w € ZW.
Now, let
DAW)= & Zd.
I1€Paa (A)

As an example, Dg(W) = Xg(W) = XW. The main theorem of this paper is the
following (here, C(w) denotes the conjugacy class of w in W):

Theorem A. If there exists two subsets S1 and Ss of S such that A = S; U
(Uses,C(8)), then Da(W) is a subalgebra of ZW .

This theorem contains the case of Solomon descent algebra (take A = S), the
Mantaci-Reutenauer algebra X/(W,,) (take A = {s1,...,5,—1} U C(t), where S =
{t,81,...,8n—1} satisfies C(t)N{s1,...,8,-1} = &), and one of the subalgebras we
have constructed in type G2. But it also gives a new algebra in type Fy of Z-rank 300
(take A = {s1, 82} UC(s3), where S = {s1, s2, 3, 54} satisfies {s1, 52} NC(s3) = 2).
Moreover, if A =T, we get that Ds(W) = ZW (see Example 1.7). In the case of
dihedral groups, we get another family of algebras:

Theorem B. If W is a dihedral group of order 4m (m > 1), S = {s,t} and
A = {s,t,sts} or A= {t,sts}, then Da(W) is a subalgebra of ZW .

It must be noted that the algebras constructed in Theorems A and B are not
necessarily unitary. More precisely 1 € D4 (W) if and only if S C A. Moreover, if
S C A, then XW C Dy (W).

The bad point in the above construction is that, in many of the above cases, one
has ¥4 (W) # D4 (W). Also, we are not able to construct in general a morphism
of algebras 04 : Da(W) — ZIrr W extending 6 if S C A. It can be proved that, in
some cases, this morphism does not exist.

This paper is organized as follows. Section 1 is essentially devoted to the proofs
of Theorems A and B. One of the key step is that the subsets D}“ are left-connected
(recall that a subset E of W is said to be left-connected if, for all w, w’ € E, there
exists a sequence w = wy, wa,. .., w, = w’ of elements of E such that win;l )
for every i € {1,2,...,7 — 1}). In Section 2, we discuss more precisely the case of
dihedral groups.

1. DESCENT SETS

Let (W, S) be a finitely generated Coxeter system (not necessary finite). If s,
s’ € S, we denote by m(s, s’) the order of ss’ € W. If W is finite, we denote by wq
its longest element.
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1.1. Root system. Let V be an R-vector space endowed with a basis indexed by
S denoted by A = {as|s € S}. Let B: V xV — R be the symmetric bilinear form
such that

B(as, ay) = — cos (ﬁ)

forall s, s’ € S. If s €S and v € V, we set
s(v) = v — 2B(as, v)as.

Thus s acts as the reflection in the hyperplane orthogonal to a (for the bilinear
form B). This extends to an action of W on V as a group generated by reflections.
It stabilizes B.

We recall some basic terminology on root systems. The root system of (W,S)
is the set ® = {w(as)|w € W, s € S} and the elements of A are the simple roots.
The roots contained in

ot = (> Rta)N®

aEA

are said to be positive, while those contained in ®~ = —®7 are said to be negative.
Moreover, ® is the disjoint union of ®* and ®~. If w € W, £(w) = |N(w)|, where

N(w) ={ae®"| w(a) e ™ }.

Let a = w(a,) € @, then s, = wsw™! acts as the reflection in the hyperplane
orthogonal to o and s, = s_,. Therefore, the set of reflections of W

T = U wSw™!

weW

is in bijection with ®* (and thus ®7).
Let us recall the following well-known result:

Lemma 1.1. Let w € W. Then:

(a) If o € T, then L(wsy) > L(w) if and only if w(a) € PTF.
(b) If s€ S, then

N(sw) = {N (w) [{w ™ (as)}  if £(sw) > £(w),

N(w) \ {—w=Y(as)} otherwise.

From now on, and until the end of this paper, we fix a subset A of T. We start
with easy observations.
As a consequence of Lemma 1.1 (a), we get that

Da(w) = {sqa € Ala € ®T and w(a) € ™ }.

We also set
Na(w) ={a € ®" | s, € A and w(a) € &~ }.

The map Na(w) — Da(w), a — S, is then a bijection.
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1.2. Properties of the map D 4. First, using Lemma 1.1 (b), we get:

Corollary 1.2. If s € S and if w € W is such that w™'sw = s,,-1(4,) € A, then
Na(w) = Ny(sw) (and Da(w) = Da(sw)).

Remark 1.3 - If Ay C A2 C T, then Da,(w) = Da,(w) N Ay for all w € W.
Therefore if W is finite, D4, (W) C D4, (W). O

Proposition 1.4. We have:
(a) @ is A-admissible.
(b) D4 = {1} if and only if S C A.

Proof. We have D4(1) = @ so (a) follows. If s € S\ A, then Dy(s) = @. This
shows (c). O

The notion of A-descent set is obviously compatible with direct products:

Proposition 1.5. Assume that W = W71 x Wy where W1 and Wy are standard
parabolic subgroups of W. Then, for all I € Paq(A), we have

A _ HANW, ANW,
D7 = Dinw, X Diaw, -

Corollary 1.6. Assume that W is finite and that W = W71 x Wy where W1 and
Ws are standard parabolic subgroups of W. Then

DA(W) = Danw, (W1) @z Danw, (Wa).

Ezample 1.7 - Consider the case where A = T (then Na(w) = N(w)). It is well-
known [5, Chapter VI, Exercise 16] that the map w +— N(w) from W onto the set
of subsets of ®* is injective (observe that if @ € N(wjwy ') then +w; *(a) lives
in the union, but not in the intersection, of N(w;) and N(ws)). Therefore, the
map W — Paq(T), w — Dp(w) is injective. In particular, if W is finite, then
Dr(W) = ZW. O

In the case of finite Coxeter groups, the multiplication on the left by the longest
element has the following easy property.

Proposition 1.8. If W is finite and if w € W, then D a(wow) = A\ Da(w).

Corollary 1.9. If W is finite, then:
(a) A is A-admissible;
(b) I € Paa(A) if and only if A\ T € Paa(A);
(c) D4 ={wo} if and only if S C A.

Proof. Da(wy) = A so (a) follows. (b) follows from Proposition 1.8. (c) follows
from Proposition 1.8 and Proposition 1.4 (b). O

1.3. Left-connectedness. In [1], Atkinson gave a new proof of Solomon’s result
by using an equivalence relation to describe descent sets. We extend his result to
A-descent sets. It shows in particular that the subsets D}4 are left-connected.

Let w and w’ be two elements of W. We say that w is an A-descent neighborhood
of w’, and we write w — 4 w', if w'w™ € S and w™lw’ ¢ A. It is easily seen that
— 4 is a symmetric relation. The reflexive and transitive closure of the A-descent
neighborhood relation is called the A-descent equivalence, and is denoted by ~ 4.
The next proposition characterizes this equivalence relation in terms of A-descent
sets.



Proposition 1.10. Let w, w' € W. Then
w e~ w & Da(w) =Da(w') < Na(w) = Na(w').

Proof. The second equivalence is clear. If w — 4 w’, then it follows from Corollary
1.2 that Na(w) = Na(w'). It remains to show that, if Na(w) = Na(w'), then
we~gqw.

So, assume that Ng(w) = Na(w'). Write z = w'w™! and let m = ¢(x). If {(x) =
0, then w = w’ and we are done. Assume that m > 1 and write x = s182...5m
with s; € S. We now want to prove on induction on m that

(%) W —A SmW — A Sy 1SmW —A +** —A 82 ...5mW —4 8152 ... 8w = w'.

1

First, assume that w ¥ 4 s;,w. In other words, w™'s,,w € A. For simplification,

let a; = avg;. By Lemma 1.1 (b), we have

Na(smw) = Na(w) [T{w™ (@)} or Na(w)\ {=w™"(an)}.

In the first case, as Na(w) = Na(w’), and by applying again Lemma 1.1 (b), there
exists a step i € {1,2,...,m — 1} between Na(w) to Na(w') where w™!(ay,) is
removed from Na(s;...suw), that is, (s;411...8mw) a;) = —w ™ (ay,). In the
same way, we get the same result in the second case. In other words, we have
proved that there exists ¢ € {1,2,...,m — 1} such that s, ...s;11(;) = —un,
so, by Lemma 1.1 (a), we have £(sy, ... 8i+18;) < £(Sm ...Si+1). This contradicts
the fact that m = £(x). So w —4 spw, and then Ng(w) = Na(spmw). Hence
Na(smw) = Na(w') and w'(spw)™ = 5182...5m_1. We get then by induction
that $;uwW — A4 Sm—18mW —4 +++—4 $152...Spw = w', which shows (x). [l

Corollary 1.11. If I € P.q(A), then D3 is left-connected.

1.4. Nice subsets of T. We say that A is nice if, for every s € A and w € W
such that w™lsw ¢ A, we have D 4(sw) = D4(w). Notice that every subset of S is
nice, by Corollary 1.2.

IfweW and I, J € Paa(A), we set

Da(I,J,w) = {(u,v) € D x DY |uv = w}.

The next lemma gives an obvious characterization of the fact that D4 (W) is an
algebra in terms of these sets.

Lemma 1.12. Assume that W is finite. Then the following are equivalent:

(1) DA(W) is a subalgebra of ZW .

(2) For all I, J € Paa(A) and for all w, w' € W such that Da(w) = Da(w'),

we have |Da(I, J,w)| = |Da(I, J,w')]|.
If these conditions are fulfilled, we choose for any I € Paa(A) an element zr in D3
Then
difd} = > |Dall, ] zk)|dy.
KG'Pad(A)

Let us fix now s € S and let (u,v) € W x W. If u — 4 su, we set ¥ (u,v) =
(su,v). If u £ 4 su, then we set ¥ (u,v) = (u,u"'suv). Note that, in the last
case, u”tsu € A. We have (2)? = Idwxw. In particular, 42 is a bijection. Using

2, one can relate the notion of nice subsets to the property (2) stated in Lemma

R

1.12.
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Proposition 1.13. Assume that A is nice. Let I, J € Pag(W), let w € W and let
s € S be such that w —4 sw. Then v (Da(I, J,w)) = Da(I,J, sw).

Proof. Let (u,v) be an element of Da(I,J,w). By symmetry, we only need to
prove that ¥ (u,v) € Da(I,J,sw). If u —a su, then Da(su) = Da(u) = I
by Proposition 1.10, so ¥2(u,v) = (su,v) € Da(I,J, sw). So, we may, and we
will, assume that u £ 4 su. Let s’ = u~'su € A. Note that w™'sw = v~ !s'v & A.
Then, 92 (u,v) = (u, s'v) and us'v = sw. So, we only need to prove that D 4(s'v) =
D 4(v). But this just follows from the definition of nice subset of T'. O

Corollary 1.14. If W is finite and if A is nice, then Da(W) is a subalgebra of
ZW . It is unitary if and only if S C A.

Proof. This follows from Lemma 1.12 and from Propositions 1.10 and 1.13. (]

Remark 1.15 - It would be interesting to know if the converse of Corollary 1.14 is
true. O

1.5. Proof of Theorems A and B. Using Corollary 1.14, we see that Theorems
A and B are direct consequences of the following theorem (which holds also for
infinite Coxeter groups):

Theorem 1.16. Assume that one of the following holds:

(1) There exists two subsets S1 and Sa of S such that A = 51 U (Uses,C(3)).
(2) S ={s,t}, m(s,t) is even or co, and A = {s,t, sts} or A ={t, sts}.

Then A is nice.

Proof. Assume that (1) or (2) holds. Let r € A and let w € W be such that
w™lrw ¢ A. We want to prove that D4(rw) = Da(w). By symmetry, we only
need to show that D4(rw) C Dy(w). If r € S, then this follows from Corollary
1.2. So we may, and we will, assume that r ¢ S.

o Assume that (1) holds. Write A’ = Uses,C(s) and 8" = A\ A’. Then S’ C S,
A= A'T]S" and A’ is stable under conjugacy. Then r € A" and w=trw € A’ C A,
which contradicts our hypothesis.

e Assume that (2) holds. If m(s,t) = 2, then A is contained in S and therefore
is nice by Corollary 1.2. So we may, and we will, assume that m(s,t) > 4. Since
r ¢ S, we have r = sts. Assume that Ds(rw) ¢ Da(w). Let

Py={aecd|s, €A} C{as,a,s(w)}

There exists a € ®4 such that rw(a) € &~ and w(a) € d+. So w(a) € N(r) =
{as, s(an), st(as)}. Since w™lrw € A, we have that ws,w™" # r, so w(a) # s(ay).
So w(a) = ay or st(as). But the roots oy and «; lie in different W-orbits. So
a = as and w(as) € {as, st(as)}. If W is infinite, this gives that w € {1, st}.
This contradicts the fact that w™'rw ¢ A. If W is finite, this gives that w €
{1, st,wps, stswy}. But again, this contradicts the fact that w™lrw ¢ A. O

Ezample 1.17 - Assume here that W is of type Fy, that S = {s1, s2, 53,84} and
that A = C(s1) US. Then, using GAP, one can see that rankz D4 (W) = 300 and
ranky ¥4 (W) = 149. Moreover, ¥ 4(W) is not a subalgebra of Da(W). O

Some computations with GAP suggest that the following question has a positive
answer:



Question. Let A be a nice subset of T containing S. Is it true
that A is one of the subsets mentioned in Theorem 1.167

2. THE DIHEDRAL GROUPS

The aim of this section is to study the unitary subalgebras D4 (W) constructed
in Theorems A and B whenever W is finite and dihedral.

Hypothesis: From now on, and until the end of this paper, we
assume that S = {s,t} with s # t and that m(s,t) = 2m, with
2<m < 0.
Note that wg = (st)™ is central. We denote by Py(A) the set of subsets I of A
such that W; N A = I. With this notation, we have

SaW)= > Zar
IEPO(A)

We now define an equivalence relation = on Py(A): if I, J € Py(A), we write I = J
if Wi and W are conjugate in W. We set

SYW)y = 3 Zar —ay).
I1,JEPo(A)
I=J

In what follows, we will also need some facts on the character table of W. Let us
recall here the construction of Irr W. First, let H be the subgroup of W generated
by st. It is normal in W, of order 2m (in other words, of index 2). We choose
the primitive (2m)-th root of unity ¢ € C of argument . If i € Z, we denote
by & : H — C* the unique linear character such that &;(st) = ¢*. Then Irr H =
{& 10 <i<2m—1}. Now, let

Xi = Indjy &.

Then x; = xam—i and, if 1 <7< m—1, x; € Irr W. Also, x; has values in R. More
precisely, for 1 <i<m —1and j € Z

xi((ts)?) = ¢ 4+ (77 =2cos <@> and  x;(s(ts)’) = 0.
m
Let 1 denote the trivial character of W, let € denote the sign character and let
~v: W — {1, -1} be the unique linear character such that vy(s) = —v(¢t) = 1. Then
(2.1) I W ={l,e,v,ev}U{x; | 1 <i<m-—1}.
In particular, |Irr W| = m + 3.

2.1. The subset A = {s,t,sts}. From now on, we assume that A = {s,¢, sts}.

We set 5= A\ {s} = {t,sts} and t = A\ {t} = {s, sts}. It is easy to see that
Paa(A) = {@,{s}, {t},5,t, A}.

For simplification, we will denote by d; the element df of ZW (for I € Paq(W))

and we set ds = dysy and dy = dyy;. We have

dg = 1, ds = wps,
d, = s, da = wo,
m—1 m—1

d = ((st)i + (ts)i_lt), dy = Z ((st)is + (ts)i).

1

3
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The multiplication table of D4 (W) is given by

1 ds | ds | da | de | df

1 || 1 |ds|ds|da]de|ds
ds ds 1 | da| ds | di | dg
ds || ds |da | 1 | ds | di | dt
da||da | ds | ds | 1 | df| de
de || de | di | dy | di | za | za
ds di | di | df | di | za | za

where z4 = (m — 1)(1 +da+ds+ dg) + (m— 2)(dt + d{). We now study the sub-
Z-module ¥ 4(W): we will show that it coincides with D4 (W). First, it is easily
seen that

PO(A) = {@7 {S}v {t}v {Sts}a 5, A}

and that
xqg = 1
rz = 1 +4dg
Tsts = 1 +d5 +dt
Tt = 1 +d5 +df
Tg =1 +dt +d§
re = 1 +4ds +di +df +ds —+da
Therefore, X4(W) = Da(W) = ©repy(a)Zrr. So we can define a map 04 :

Ya(W) — ZIrr W by Oa(xr) = Ind%l lw,.

Proposition 2.2. Assume that S = {s,t} with s # t, that m(s,t) = 2m with
m > 2 and that A = {s,t, sts}. Then:

) La(W) =Dy (W) is a subalgebra of ZW of Z-rank 6.

) 04 is a morphism of algebras.

) Kerfa = Z(x, — w45) = £4 (W).

) Q®z Kerfy, is the radical of Q ®z X4 (W).

)

Proof. (a) has already been proved. For proving the other assertions, we need to
compute explicitly the map 6 4. It is given by the following table:

dy 1| ds|ds|da dy dg

m—1 m—1
Oaldr) || 1|ev| v | ¢ ZXi ZXi
=1 i=1

(c) This shows that Ker04 = Z(d; — di) = Z(xt — Tsts) = ES)(W), so (c) holds.
(b) To prove that 64 is a morphism of algebras, the only difficult point is to
prove that 04(d?) = 04(d;)?. Let p denote the regular character of W. Then

1
9A(dt):§(P—1—7—57—5)-

Therefore,
04(di)*> =(m—2)p+1+~y+ey+e.



But, d? = 24 = (m — 2)wy + 1 + ds + ds + da. This shows that 04(d?) = 0.4(d;)>.

(d) Let R denote the radical of Q ®z X4(W). We only need to prove that
C®g R=C®zX4s(W). Since CIrr W is a split semisimple commutative algebra,
every subalgebra of CIrr W is semisimple. So (C®z X4 (W))/(C ®z Kerfy) is a
semisimple algebra. This shows that R is contained in C ®z Kerf,4. Moreover,
since (24 — ss15)% = (dy — dz)? = 0, Ker 4 is a nilpotent two-sided ideal of 34 (W).
So C ®z Kerf, is contained in C ®z R. This shows (d).

(e) If m = 2, then Ir W = {1,v,ev,e,x1} = 0a({1,ds,ds,da,ds}) so 04 is
surjective. Conversely, if 64 is surjective, then |Irr W| =5 (by (a) and (c)). Since
|Irr W| = m + 3, this gives m = 2. O

We close this subsection by giving, for ¥ 4 (W), a complete set of orthogonal prim-
itive idempotents, extending to our case those given in [2], and the corresponding
irreducible representations:

1 1 1 1 1
Ey = Rzg’ Es = 5 (zs - 5%3) ) Ey = ) <~’Ct - 5%&) )
1 1 1 m—1
Be =3 ( Tttt W‘W>
1 1 1 1 1
EA = 1*51’5*11}4’150“5*5:654“1:6@

For ¢ € {9,s,t,5, A}, we denote by P; the indecomposable projective module
QX A(W)E;. Let Q# denote the unique simple QX 4 (W )-module lying in the head
of P;. It is easily seen, using the previous multiplication table, that

dim Py =dim P, =dim Ps =dim Py =1

and that dim P, = 2

(note that x5 FEs = —(2+ — Zsts)). In other words,

Ps=Q5, P =Qf, P:=Q2 P1=Q4

and Rad(P,) ~ Q7.

For w € W, we denote by ev,, the morphism of algebras ZIrr W — Z, x — x(w)
and we set evﬁ = evy, 004. Then the morphism of algebras ¥ 4 (W) — Z associated
to the simple module (@;4 is ev}“(i), where

fl@)=1, f(s)=s, [f(t)=t, f(5)=(st)" =wo and f[(A)=st.

2.2. The subset B = {s} U C(t). Let B = {s}UC(t) (so that |[B| =m+1). It
is easy to see that Paq(B) consists of the sets

o = Ds(1),
B = (’LUO
st = Dsl(s),
C@t) = Dp(wos),
Dp((ts)') = Dp(s(ts)), 1<i<m-—1,
Dgp((st))) = Dgp((ts)i~'), 1<j<m-—1

Therefore D (W) is a subalgebra of ZW of Z-rank (2m + 2).
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Using GAP, we can see that, in general, X g(W) # Dp(W). First examples are
given in the following table

m 213|456 | 7|8]9 10|11

Z-rank of Dp(W) || 6| 8| 10| 12|14 | 16 | 18 | 20 | 22 | 24

Z-rank of Xp(W) || 6 {8 10|10 | 14 | 12 | 18 | 18 | 22 | 16

Remark 2.8 - The linear map 0 : Eg(W) — ZInr W, x; — Ind%l lw,, is well-
defined and surjective if and only if m € {2,3} (recall that m > 2). Indeed, the
image of fp can not contain a non-rational character. But all characters of W are
rational if and only if W is a Weyl group, that is, if and only if 2m € {2,3,4,6}.

Moreover, if m = 2, then A = B and 0g = 04 is surjective by Proposition 2.2.
If m = 3, then this follows from Proposition 2.4 below. O

2.3. The algebra Dg(G2). From now on, and until the end, we assume that
m = 3. That is W is of type I5(6) = Ga. For convenience, we keep the same
notation as in §2.1. We have

dg — 17 d1 = dﬁ} =t + St,

ds = s, dy = d{Bs,sts} = ts + sts,

ds = dg(t) = wyps, ds = dfs sts tststy = LSS + ststs,
da = df =wo, dy = df} g = tst + stst.

Let us now show that Xp(W) = Dp(W). First, it is easily seen that

Po(B) = {2, {s}, {t}, {sts}, s, {tstst},{s,tstst}, B}

and that
Tpa=x = 1
Tz = 1 ++ds
Tiststst) = 1 +d1
Ttstst = 1 +ds +d1 +d2
Tt = 1 +ds +do  +d3
Tsts =1 +ds +d1 +d4
Ts = 1 +di +dy  +dg
T = 1 +ds +d1 +d2 +d3 +d4 +d§ +dA

Therefore, Xp(W) = Dp(W) = @repyp)Zrr. So we can define a map 0p :
Sp(W) — ZIrr W by 0p(x;) = Indyy, Lw,.

Proposition 2.4. Assume that S = {s,t} with s # t, that m(s,t) = 6 and that
B = {s,t, sts,tstst}. Then:

(a) (W) =Dp(W) is a subalgebra of ZW of Z-rank 8.

(b) Op is a surjective linear map (and not a morphism of algebras).

(C) Kerfp = Z(xtstst — $t) S Z(ztstst - zsts) = Eg)(w)

(d) I, W =0p ({1,ds,ds,da,d1,da}).
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Proof. The map 0p is given by the following table:

dIB 1|ds |ds|dal|dy|do|ds | dy

OpdP) | 1lev| v | e |x2|xalxe|xa

This shows (b) and (d). As di — d3 = Zeey — ¥ and do — dy = Tystsr — Tots,
(c) is proved. Finally, the fact that 05 is not a morphism of algebras follows from
05(d7)(wo) = (1 + ey + x1)(wo) = =2 # Op(d1)*(wo) = x2(wo)* = 4. 0

For information, the multiplication table in the basis (dF);ep,,(p) is given by

1 | ds d1 da ds dy ds | da

1 | ds d1 da ds dy ds | da
ds || ds | 1 d1 da ds dy da | ds
di || di | d2 | 14+ds+da 1+ds+ds |de+ds+da|di+ds+da| ds| ds
da || do | di | 14+ds+da 1+ds+ds |do+ds+da | di+ds+da| ds | da
ds || ds | da |do+ds+da |di+ds+da| 1+ds+ds 1+ds+ds | d2 | di
da || da | ds | do+ds+da | di+ds+da| 1+ds+da 1+ds+ds | di | ds
ds || ds | da ds dy di da 1 | ds
da || da | ds ds da di da ds
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