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Abstract

In this paper, we prove a uniqueness theorem for the potential V (x) of the following
Schrédinger operator H = —A+q(|z|)+V (z) in R?, where ¢(|z|) is a known increasing
radial potential satisfying lim|,| 4 q(|2|) = +00 and V() is a bounded potential.

1 Introduction

Recently, a lot of papers have dealt with inverse problems for Schrodinger Operators
in the whole space or in half space (see for example [ER], [GR], [I1], [W]). In all these
papers, the potential has to be decreasing towards infinity.
Our aim is to study an inverse problem for a potential which tends to infinity at infinity.
There are many papers on inverse spectral problems for increasing potentials on the
line or on the half-line (see [GS1], [GS2]) but to our knowledge, there are no results in
R2.
Let @ be a potential such that:

Qe Llloc(R2)7

Q(x) > a where « is a constant,

lim Q(z) = +o0.

|| =00

We recall the well-known result that the operator H = —A + @, considered as an
operator in L?(R?), admits a compact inverse. Its spectrum is discrete and consists of
eigenvalues: A\ < Ay < ... < A\ —p 100 +00. Furthermore, the first eigenvalue A; is
simple and associated with an eigenfunction ¢; > 0. (see [Ab], [Agl], [Ag2], [EE]).

In the present paper, we shall consider the following problem

(=A 4 q(|z]) + V(z))u = Au in R? (1.1)

where A € R*t, ¢ is a known increasing radial potential satisfying ¢(|z|) € C?(R);
limy 4o q(|2]) = +00 and V is a bounded potential.
Denote |x| = r and

r—-+00

2m
Cyp(V):= lim 2q1/4r1/2ef(q1/23q_1/2)/ u(r,0)e""P0de, (1.2)
0

where f(ql/2 — %q*1/2) denotes a primitive of (ql/2 — %q*I/Q) and u is a solution of
(1.1). Consider the following statements:

(h1) ¢(|z]) + V(z) > « where « is a constant
(h2) VN € N*,3Cy € R**, [V (r,0)| < Cn(1 + ) Ne=Ja'/?
(h3) lim, oo LEL =0

q3/2(7’)
" (r ! (p 2 'y
(h4) q?i/Q((Z) = O(TQqJQ(r)’ q3/%(7’)’ ;12((7’)))’ and q%/Q((Z) = O(r2q11/2(r)’ q3/%(7’)’ ;12((7“)))
(h5) r2q1}2(r)’ QS/;(T‘) a«nd ;]2((:)) - L1[17+OO[



(16) g~ 4e= [ @ =307") € 21, 4o
@7 [0 <e—2f(q1/2—%q*1/2)> =0 <e—2f(q1/2—%q*1/2)>

1/2 —1/2

(h8) g V4l (@2 =3071%) ¢ [2[1 4 oo]

For example, ¢(|x|) = |z|? satisfies each of the previous hypotheses.

Our aim is to prove the following theorem.

Theorem:

Let V(x) and W(z) be two bounded potentials with compact support, both satisfying
(hl) and (h2). Denote by (N(V)); (resp. (M(W));) the eigenvalues of the operator
—A+q(|z]) + V(x) (resp. —A+ q(|z|) + W (x)). Assume also the validity of (h3) to
(h8).

(V) = N(W)
FYIeN', VpeN, { and then V =W
CAlyp(V) = CAhp(W)

We shall follow a method used by T.Suzuki in a bounded domain [Su]. This method
has been generalized by H.Isozaki [I2] for the anharmonic operator in R2. In the first
step, we study the asymptotic behaviour of the solutions of a second order differential
equation which stems from equation (1.1). Then we prove that under hypotheses
(h1) to (h8), the constant Cj, (V) exists. In the second step, we prove that the first
eigenfunctions associated with V and W are the same, and since the first one is strictly
positive, we are able to come to the above conclusion.

Remarks:

Note that C), , is a theoretical constant whose physical interpretation is not easy.
The hypothesis Cy, ,(V)) = Cy, (W) is rather weak, because we need not take care of
the multiplicity of the eigenvalues nor of any normalization of the eigenfunctions.

2 Asymptotic behaviour of a solution

Here we study the asymptotic behaviour of the solutions of the following equation :
(=A 4 q(|z]) + V(z))u = Au in R?

where ¢ is a known increasing radial potential satisfying ¢(|z|) € C*(R);

limy|— 40 q(|2]) = +00 and V is a bounded potential.
Put |z| = r. We use polar coordinates to define u,,

2 )
up(r) = 7“1/2/ u(r,0)e="%dp. (2.1)
0
Using (1.1) and (2.1), we get :

—— Falr) = Nup(r) = fp(r), (2.2)



where )
fo(r) = —r1/? / V(r,0)u(r,0)e”""do. (2.3)
0
We are now able to prove the following theorem.

Theorem 2.1 Let q and V' be potentials defined as before, satisfying (h1) to (h8) , A
and a two positive reals. Then the equation

a
—u"(r) + (ﬁ +q(r) = Nu(r) =0 (2.4)
has a system of fundamental solutions with the asymptotic behaviour:

Uy ~ q_1/4ef(q1/2_%q_1/2) for r — +o0. (2.6)
Furthermore, the Wronskian 1715’2 — 5’1272 =1.

Proof :
First step

We set y = <:j,>; using (2.4) we get :
, (W 0 1 w) 0 1
Y _<u”>_<q(r)—)\+7% 0> (u'>_<q(r)—)\—|-7% 0>y' (2.7)

a

k=k(r)= q(r)—)\—i—ﬁ, P:<k k>’ y = Py. (2.8)

If we combine the two relations (2.7) and (2.8), we obtain :

ﬂ':Plﬂwith P = p! |:<k]3€2 _k];Q> —PI:| R (29)

where P’ is the derivative of the matrix P with respect to the variable r.
Next, we compute for each term of the matrix P, an appropriate Taylor polynomial;
this allows us to write (2.9) in the form

)\ / /
T E v 8 (e ey )7
& g PR PR )
(2.10)
Remark : R (Tqul/Q(r), q3/%(r), ;1;((:))> shall be a 2 x 2-matrix where all the coefficients

are in the form O (23t by 26 ) = Olagitagy) +Orky) + O -




Second step
Consider

_ q

1 1 4@ .

th A
7”2(]1/2 (7") ) q3/2(7°) ) q2(’l") Z, W1 (q) a
diagonal matrix. Then (2.10) can be written :

We look for P, such that 2’ = A(q)z + R <

. A q _ 1 1 q(r) .\ -
"= 1(¢"? - —L5) A0+ —A R 2.12
Y [(q 2q1/2) S 2] v <r2q1/2(7“)’ ¢*(r)’ QQ(T)) . (212)
. 1 0 -1 -1 o o :
with Ay = 0 —1 and Ap = 1 1) Substituting the derivative of (2.11) in
the equation (2.12) yields
A q 1 1 q'(r)
"= |(¢"? - =55) A0+ ——(PaAg — AgPr + A R :
z [(q 2q1/2) 0+4q( 240 oP2 + Ag)| 2 + g2 (r) () &(r) z
(2.13)
We set
A@) = (@ = 240+ L(Podo - APy + A, (214)
2q1/2 4q
. (0 —1/2 '
Then, putting P, = <1/2 0 >, we get :
1 1 d(r)
"= A R , , , 2.15
z (9)z + <r2q1/2(r) B2 ¢2(r) z (2.15)
with /2 \ y
q - 172~ 4q 0
A(q) = 2 ! P (2.16)
(T
Third step

We will look at the asymptotic behaviour of z. We will search a diagonal matrix E(q)
such that E'(q) = A(q)E(q). Introduce the new variable v defined by z = E(q)v, with

E(q) = i ) 0 _(Ei 0
) = 0 (q71/4e_f(q1/2_2q1\/2)) - 0 EQ ’

1
2

Then we have
v = B @R@E@ = (3] )v 2.17)

We define the mapping T" and the subset F as follows :

— [ Kyo(t)dt
v { &+ f;; sz(t)dt,



_ 1/2__ X\
(€ T ua(e)] < 400}

r>ro

F={v=(v1,v2);Vi v;:[rg,00) = R, v1 =0

Then for a suitable choice of ry and & # 0, the mapping T' : F — F is a contraction
(cf Appendix A), and thus we can find an unique v, solution of (2.17). So we get z,
and thus ¥, and finally y. From the asymptotic behaviour of z, which is given via the
components of the matrix E(q), we obtain the asymptotic behaviour of « in the form
u ~ Ei1v1 — Eovg. Since v € F, g—;vl = 0(1) and v tends to £ # 0 as r tends to infinity,
we deduce that F describes an asymptotic behaviour of a solution of (2.4). So we can
prove that Ej is another asymptotic behaviour of a solution of (2.4), using a standard
transformation. Finally, we deduce (2.5) and (2.6), and find that the Wronskian is
equal to 1. This concludes the proof.

First we have to prove that the constant defined by (1.2) actually exists. This is the
following lemma :

Lemma 2.1 Let u be in L?>(R?) such that (H — A\)u = 0 for X a positive real with
H= A+ g(l]) + V().

where q is an increasing radial potential which tends to infinity at infinity and q and
V' satisfy the hypotheses (h1) to (h8). Then the following limit exists

2
lirf 2q1/47“1/26f(q1/2_%q_1/2)/ u(r,0)ePdg = Cy (V). (2.18)
T—1T00 0

Proof :

Let u be the solution of (—A+q(|z)+V (2))u = Mu. Setting u,(r) = r'/? fo% u(r, 0)e="P0do,
then u, is the solution of the equation

2_1/4
pro1/4

— () + ( = q(r) = Nup(r) = fp(r), (2.19)

with f,(r) = —r'/? fozﬂ V(r,0)u(r,0)e""%df. Then, by using the theorem 2.1 and the
hypotheses (h3) to (h8), we obtain the existence of the limit (2.8) (see Appendix B).

3 Unicity Theorem

We can now state the unicity theorem. We consider the operators — A +¢(|x|) + V(x)
and — A +q(|z|) + W(x), where ¢(|z|) is an increasing radial potential verifying the
hypotheses (h3) to (h8), V(z) and W (z) having compact support.



Theorem 3.1 Let V and W be two bounded potentials with compact support.
IfVli e N* ¥p e N,

N(V) = (W)
and then V. =W.
CAlyp(V) = C)‘hp(W)

Proof:

Let Ay < Ay < ... be the eigenvalues of the operators — A +¢(|z|) + V(z) and
— A +qlfal) + W),
Let 1, 32, 3, ... be the normalized eigenfunctions associated with the potential V.
Let 1, ¥, ¥3, ... be the normalized eigenfunctions associated with the potential .
We assume that suppV C {z;|z| < R} and suppW C {z;|z| < R}, R being a fixed
real. We are going to prove that ¢;(x) = ¢1(x), for all z.
First step
We prove that

VI, gi(z) = i), if x| > R. (3.1)
Recall that if |x| > R then
(= & +q(lz))pr = Npr

and

(= A +q(|z])br = Ny

We decompose ¢; and 1 relative to the trigonometric functions basis {e =%}, and
we prove that all the coefficients are equal. For this purpose, we put

2
ayi(r) = / oi(r,0) e~ %% 49 and byk(r) = 2 ay k().
0

If » > R then the function b ;(r) is the solution of

K21

—b”l,k(T) + ( _4 + q(r) - )\l)bl,k(r) =0

This equation has the following fundamental system of solutions (cf theorem 2.1)
1

L 1(-ebey)
~ T 2q2

il
b i(r) = Crui(r) + Cous(r) with ( ) >
1 q2 -2

2q2

for r — 400

QH
l\.’)l»—l

for r — +o0.

But, by (r) € L? = Cy = 0, so we get that by (r) = Cruy(r).
In the same way, we prove that if b are the functions associated with v;(r), then
by k(1) = Crui(r). Using the hypotheses

M(V) = N(W)
and
CAl,p(V) = Ckzvp(W)a



we have

byi(r) = bip(r), VI and Vk.

This yields the first step.

Second step

It is necessary to prove that ¢, and ; are equal everywhere. For this, we use an idea
of [Su] who uses this method to solve an interior problem. Note that this method has
been generalized by [I2] in the whole space for the anharmonic operator.

We consider

K(z,y) =Y a){ti(x) - o)} (3:2)

l

and we have

Z Yi(x){pi(y) — i(y)} (3.3)

Remark : It is necessary to prove that K (z,y) has a sense in the distributions space.
For the first series the convergence comes from [Sch], and the second series represents
d(x—y) in D., (see Appendix C). Indeed, we note that K is an ultrahyperbolic operator.
For, if
{ Ve =—Ng +q(|z)) + V(z), 2 € R?,
Wy ==Ly +a(lyl) + W(y), y € R,

then
Vo K(z,y) =W,y K(z,y) if v # y. (3.4)

Furthermore,
if || > R and = # vy,
K(z,y)=0 or, (3.5)
if ly] > R and z # y.

Indeed, if x # y and since ¥;(z) = ¢;(x) if |z| > R,
K(z,y) = > vi(x)a(y) = 2 eul)ai(y) = 6(z — y) = 0 in D;.

In the same way we have, since ¥;(y) = ¢;(y) if |y| > R,

K(z,y) = > i(x)o(y) = > (@) (y) = 0(x —y) = 0 in D,
We can add that

Vo' K(z,y) =0if || > R and |y| < R. (3.6)
We put for all t > 0
=Y e M) {aly) - hily)}- (3.7)
1>1

This series converges, because we can write

Fy(z,y) = e ™ ay(@)oily) — Y e ™ u(a)n(y) (see [Sch]).

>1 >1

First, we prove that Fy(x,y) =0 if |z| > R and |y| < R. We have



+oo

t" n
Fy(z,y) =Y - (V)" K(z,y). (3.8)
n=0 "
Indeed, et = Y710 ’;L—n, (=\)" , and by using (B.7), we obtain

+00 ,p
Filwy) = 3 3 = (=) @) ay) - aaly)):

>1 n=0 "
and then
too in too n
Fy(z,y) =) ] > )" @) ay) — viw) = —(Ve)" K(z,y).
n=0 >1 n=0

;From (B.4) and (B.§) we can conclude.
Now, multiplying Fi(z,%) by e, we obtain,

e™M Fy(z,y) = 0= ¢r(@){e1(y) — tr ()} + D e "N @) {pi(y) — viy)}. (3.9)

1>2

We prove (see Appendix D) that the limit, when ¢ tends to infinity, of the second term
of the previous sum is equal to zero. Then we have 1 (z){p1(y) — ¢¥1(y)} = 0 for
|z| > R and |y| < R. So, since v (z) has no zero, (see [R.S]),

pi(y) = n(y) =0 for [y] < R. (3.10)
Thus, (B.]) and (B.10) give

o1(z) = 1 (z) for z € R2. (3.11)
Now, we can write,
[= A +q(jz]) + V(@)(p1(2)) = [= A +q(lz]) + W (@)l (e1()),

hence
V(z)(p1(x)) = W(z)(e1(2)),

and, since (¢1(z)) has no zero, we can conclude that
V(z) = W(z) for all z € R
]

This uniqueness theorem for a compactly supported potential V(z) concerns the
Schrodinger operator H = —A+q(|z|)+V (x) associated with an increasing unbounded
potential ¢(|z|). Recall that when the potentials are bounded, authors use the scat-
tering operator, the scattering amplitude or the Dirichlet to Neumann map to prove



uniqueness results. Here, because of the unboundness potential ¢, the method is dif-
ferent and follows the method used by Isozaki [I2] for the anharmonic operator in R2.
The uniqueness theorem is proved by using spectral data (the spectrum of H being a
pure point one).

We should note that potentials like ¢(|z|) = |z|”, (n > 2) work fine if we replace the
hypothesis (h2) by

2 nt2 nt2
(h2) : YN e N*,3Cy e R*F, [V (@) < On(1 4+ 1) Ne ne2? © 7 2

Moreover, since the exponential function is increasing too rapidly ((h4) does not hold
) and since the logarithmic function is not increasing sufficiently ((h5) does not hold
), these two potentials do not satisfy our hypotheses.
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A Appendix

We prove that the map T is a contraction.
By (h5), we have:

—+00
3C €]0,1], Irg, Yr > 7o, I/ 0(1/¢**r%,1/¢*%,d /4*)| < C.

Let

_9 /2 A
/G 20'/2)) sup |va(r)| < +o0}.

r>ro

F ={v = (v1,v2), Vi, v; : [rg, +oo[— R, v1 = o(e

Note that (F,|| - ||s) is a Banach space where

[0]lc0 = max([[v1[loc, [[v2l0)-

For v € F we define T'(v) = w = (w1, w2) where

wi(r) = — - Kyv(t)dt and wa(r) =& + /7’ Kav(t)dt.

T

By (h5) to (h7) we obtain that w € F.
We note now that 7' is a contraction.
Indeed, if we define also for v* € F, T(v*) = w* = (w},w}), we obtain :

+o00
w1 - floo < sup / 0(1/g"2r2,1/6%2, 1¢2) (01 (8) — v ()|t

r>ro

T 2 [ g -2 1/2,2 1/.3/2 12 ok
+ sup e 201/ r%,1/q% =, 4" /q7) (va(t) — v3(1))|dt

r>ro
< Cllv = v"|co-

We prove also easily that |[we — wh||e < Cllv — v*|co-

B Appendix

We prove that the constant C , (V') exists.
Let u; and uy be a fundamental system of solutions for (2.19). Then there exists ¢;
and co, constants such that :

T

up(r) = erun(r) + caua(r) — us(r) / Cun(t) o (£)dt + ua(r) / us(t) ().
By (h2) we obtain that

YN € N*, 3C € R*T, |f,(r)| < Chy(1 + 1) Ne= [472,

12



Therefore u; f, € L*([1, +oo[) for i = 1,2.
Note that :

wir) = (e [ w@ptn) ue) - ([ wbpod) ue)

+ <C2 - /1+OO ul(t)fp(t)dt> ug(r) + (/TJFOO ul(t)fp(t)dt> ua(r).

Since f:_OO ug(t) fp(t)dt = o(1) we deduce that <fr+oo u2(t)fp(t)dt> up(r) € L2([1, +o0]).
By (h7) we obtain also that (f:oo ul(t)fp(t)dt) us(r) € L2([1, +o0]).
Since ug ¢ L*([1,4+oc[), we have that ¢ = 1+oo up (t) fp(t)dt.

Therefore we can prove that : Cy,(V) =c¢1 + f1+oo ua(t) fp(t)dt.
C Appendix

Proof of 3, p(y)¢p(x) = 8z — y) in D,
We consider the function ®x(z,y) = Z;}V:l ©p(y)pp(x) and f an element of C°, then

< ‘I)N(,y),f() > = f]R (I)N(x’y) f(x) dx
=00 o) Jr (@) f(z) do
=300 Foep(v),

where j; represents the coefficient of f in the basis {¢,},. Then,

My roo < PN (Hy), () > =lmy—ioe Y00 fpop(¥)
=305 fren)
= f(y)

=< 5( - y)?f() >

D Appendix

We prove that the limit of the second term of (3.9) is equal to zero when ¢ tends to
infinity.

We multiply the second term of (B.9) by a test function for fixed N and fixed x, with
|z| > R, then

N N
<30 e @) onl) — Gal)} F@) >= D0 W G (@)~ f)
=2 n=2

13



where f,, and f, represent the coefficients of f relative to the basis {¢n}n and {¥y, }n.
We are going to study the following expression ZnN:2 e tn=A1) Yn () fn. Recall that
we are dealing with |z| > R, |y| < R, for all N € N, for all f € C2° and for all real
t € R*". So, we can write

1
|2, e a2 (@) fol | =< SO0, e =2 () fr, SO0, €7 0T 4 (2) f,, >3
= (DN, e 202 | £ [2)2

< et 2N || £ o

So, for all f € C°,

lim <) e My (@) {pn(y) — vn(®)} fy) >=0,

n=2

and this concludes the proof.
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