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QUANTUM VARIANCE AND ERGODICITY FOR THE BAKER’S MAP
M. DEGLI ESPOSTI, S. NONNENMACHER AND B. WINN

ABSTRACT. We prove an Egorov theorem, or quantum-classical correspondence, for the
quantised baker’s map, valid up to the Ehrenfest time. This yields a logarithmic upper
bound for the decay of the quantum variance, and, as a corollary, a quantum ergodic
theorem for this map.

1. INTRODUCTION

The correspondence principle of quantum mechanics suggests that in the classical limit
the behaviour of quantum systems reproduces that of the system’s classical dynamics. It
is becoming clear that to understand this process fully represents a challenge not only to
methods of semiclassical analysis, but also the modern theory of dynamical systems.

For a broad class of smooth Hamiltonian systems it has been proved that if the system
is ergodic, then, in the classical limit, almost all eigenfunctions of the corresponding quan-
tum mechanical Hamiltonian operator become equidistributed with respect to the natural
measure (Liouville) over the energy shell. This is the content of the so-called quantum
ergodicity theorem [Schil, [Zell], [CdV], HMR]).

This mathematical result, even if it can be considered quite mild from the physical point
of view, still constitutes one of the few rigorous results concerning the properties of quan-
tum eigenfunctions in the classical limit, and it still leaves open the possible existence of
exceptional subsequences of eigenstates which might converge to other invariant measures.
In the last few years a certain number of works have explored this mathematically and
physically interesting issue. While exceptional subsequences can be present for some hy-
perbolic systems with extremely high quantum degeneracies [FDBN], it is believed that
they do not exist for a typical chaotic system (by chaotic, we generally mean that the
system is ergodic and mixing). The uniqueness of the classical limit for the quantum di-
agonal matrix elements is called quantum unique ergodicity (QUE) [RudSai, Far]]]. There
have been interesting recent results in this direction for Hecke eigenstates of the Laplacian
on compact arithmetic surfaces [Lin]], using methods which combine rigidity properties of
semi-classical measures with purely dynamical systems theory.

The model studied in the present paper is not a Hamiltonian flow, but rather a discrete-
time symplectic map on the 2-dimensional torus phase space. In the case of quantised
hyperbolic automorphisms of the 2-torus (“quantum cat maps”), QUE has been proven
along a subsequence of Planck’s constants [DEGI, [KRZ], and for a certain class of eigen-
states (also called “Hecke” eigenstates) [KR] without restricting Planck’s constant. QUE
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has also been proved in the case of some uniquely ergodic maps [MR], Rod]. Quantum
(possibly non-unique) ergodicity has been shown for some ergodic maps which are smooth
by parts, with discontinuities on a set of zero Lebesgue measure [DBDH, MO’K], DET].
Discontinuities generally produce diffraction effects at the quantum level, which need to
be taken care of (this problem also appears in the case of Euclidean billiards with non-
smooth boundaries [GI], £7)]). Most proofs of quantum ergodicity consist of showing that
the quantum variance defined below (equation ([[.]])) vanishes in the classical limit.

To state our results we now turn to the specific dynamics considered in the present
article. We take as classical dynamical system the baker’s map on T2, the 2-dimensional
torus [AA]]. For any even positive integer N € 2N (N is the inverse of Planck’s constant

h), this map can be quantised into a unitary operator (propagator) By acting on an N-
dimensional Hilbert space. The quantum variance measures the average equidistribution
of the eigenfunctions {¢ N,j}j.v:_ol of By:

N-—
1 2
(1.1) S(a, N) := NZ‘ o3, OpY ( )wﬁ—/w a(q, p) dqdp‘ -
7=0

Here @ is some smooth function (observable) on T? and Opy (-) is the Weyl quantisa-
tion mapping a classical observable to a corresponding quantum operator. The quantised
baker’s map (or some variant of it) is a well-studied example in the physics literature on
quantum chaology [@, Bd, BaVd, [O’CTH, [Lal, Kaf, m], which motivated our desire
to provide rigorous proofs for both the quantum-classical correspondence and quantum
ergodicity.

In this paper we prove a logarithmic upper bound on the decay of the quantum variance
(see theorem [.1] below), which implies quantum ergodicity as a byproduct (corollary [[.9).
A similar upper bound was first obtained by Zelditch [£eld] in the case of the geodesic
flow of a compact negatively curved Riemannian manifold, and was generalized by Robert
[Rol] to more general ergodic Hamiltonian systems. Both are using some control on the
the rate of classical ergodicity (Zelditch also proved similar upper bounds for higher mo-
ments of the matrix elements). The main semiclassical ingredient needed for all proofs of
quantum ergodicity is some control on the correspondence between quantum and classical
evolutions of observables, namely some Egorov estimate. As for billiard flows [Fd], such
a correspondence can only hold for observables supported away from the set of discon-
tinuities. We establish this correspondence for the quantum baker’s map in section p.3,
generalizing previous results for a subclass of observables (a Egorov theorem was
already proven in [RubSal] for a different quantisation of the baker’s map). Some related
results can be found in [BGH, BR] for the case of smooth Hamiltonian systems. To obtain
this Egorov estimate, we study the propagation of coherent states (Gaussian wavepackets):
they provide a convenient way to “avoid” the set of discontinuities. The correspondence
will hold up to times of the order of the FEhrenfest time

log N
log 2

(1.2) Tp(N) :=
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(here log 2 is the positive Lyapunov exponent of the classical baker’s map).

Equipped with this estimate, one could apply the general results of [MO’K] to prove
that the quantum variance semiclassically vanishes. We prefer to generalise the method of
[Schu?] (applied to smooth maps or flows) to our discontinuous baker’s map. This method,
inspired by some earlier heuristic calculations [FP, Wi, EFKT], yields a logarithmic upper
bound for the variance. It relies on the decay of classical correlations (mixing property),
which is related, yet not equivalent, with the control on the rate of ergodicity used in
73, Rotj.

Our main result is the following theorem.

Theorem 1.1. For any observable a € C*°(T?), there is a constant C'(a) depending only
on a, such that the quantum variance over the eigenstates of By satisfies:

C(a)
N €2 N) < .
UNEN, S0 N) <

We believe that this method can be extended to any piecewise linear map satisfying a
fast mixing. We also can speculate that the method would work for non-linear piecewise-
smooth maps, although in that case the propagation of coherent states should be analysed
in more detail (see remark [.4).

The upper bound in theorem [T seems far from being sharp. The heuristic calculations
in [FH, Wil, EFKT]| suggest that the quantum variance decays like V(a) N~ where the
prefactor V' (a) is the classical variance of the observable a, appearing in the central limit
theorem. This has been conjectured to be the true decay rate for a “generic” Anosov
system. The decay of quantum variance has been studied numerically in [EFKT] for the
baker’s map and [BSY for Euclidean billiards; in both cases, the results seems to be
compatible with a decay =< N~!; however, a discrepancy of around 10% was noted between
the observed and conjectured prefactors. This was attributed to the low values of N (or
energy in the case of billiards) considered. A more recent numerical study of a chaotic
billiard, at higher energies, still reveals some (smaller) deviations from the conjectured law
[Bai], leaving open the possibility of a decay =< N~7 with v # 1.

A decay of the form V(a) N~ (with an explicit factor V(a)) could be rigorously proven
for two particular Anosov systems, using their rich arithmetic structure [KR1], LY, RuSd].
In both cases, the prefactor V(a) generally differs from the classical variance V (a), which
is attributed to the arithmetic properties of the systems, which potentially makes them
“non-generic”. Algebraic decays have also been proven for some uniquely ergodic (non-
hyperbolic) maps [MR|, Rod], by pushing the Egorov property to times of order O(N).

The rigorous investigation of the quantum variance thus remains an important open

problem in quantum chaology [SarZ].
Quantum ergodicity follows from theorem [[.]] as a corollary:

Corollary 1.2. For each N € 2N there exists a subset Jy C {1,..., N}, with #—]‘éN N, 1,
such that for any a € C*(T?) and any sequence (jx € Jn)nean,

(s O @) = [ ale)de.

(1.3)

lim
N—oo



4 M. DEGLI ESPOSTI, S. NONNENMACHER AND B. WINN

This generalises a result of [DBDH] to any observable a € C*(T?) (previously only
observables of the form a = a(q) could be handled). The restriction to a subset Jy is the
“almost all” clarification in quantum ergodicity.

The paper is organised as follows. In section J] we briefly describe the classical baker’s
map on T?. In section [, we recall how this map can be quantised [BV] into an N x N
unitary matrix. We then describe the action of the quantised baker map on coherent
states (proposition [f.4). This is the first step towards the Egorov estimates proven in
section [ (theorems and [.15, which shows the correspondence up to the Ehrenfest
time). The first part of that section (subsection p.]]) compares the Weyl and anti-Wick
quantisations, for observables which become more singular when N grows. This technical
step is necessary to obtain Egorov estimates for times < log N. In the final section, we
implement the method of [Echu?] to the quantum baker’s map, using our Egorov estimates
up to logarithmic times, and prove theorem [I.1].

Acknowledgments: We are grateful to R. Schubert for communicating to us his results
[Echu?| prior to publication, and for interesting comments. We also thank S. De Bievre,
M. Saraceno, N. Anantharaman, A. Martinez and S. Graffi for interesting discussions and
comiments.

This work has been partially supported by the European Commission under the Research
Training Network (Mathematical Aspects of Quantum Chaos) HPRN-CT-2000-00103 of
the IHP Programme.

2. THE CLASSICAL BAKER’S MAP

The baker’s map' is the prototype model for discontinuous hyperbolic systems, and it
has been extensively studied in the literature. Standard results may be found in [AA],
while the exponential mixing property was analyzed by [Hag|, and also derives from the
results of [CH]. Here, for the sake of fixing notations, we restrict ourself to recalling the
very basic definitions and properties, referring the reader to the above references for more
details concerning the ergodic properties of the map.

We identify the torus T? with the square [0,1) x [0,1). The first (horizontal) coordinate
q represents the “position”, while the second (vertical) represents the “momentum”. In
our notations, = (g, p) will always represent a phase space point, either on R? or on its
quotient T?2.

The baker’s map is defined as the following piecewise linear bijective transformation on
T?:

2q,p/2), it ge|0,1/2),
(2.1) B(g,p) = (¢.p) = (2,2/2) taclo.1/2)
(2¢—-1.(p+1)/2), ifqell/21).
The transformation is discontinuous on the following subset of T?:
(2.2) S1={p=0yU{g=0}U{qg=1/2},

IThe name refers to the cutting and stretching mechanism in the dynamics of the map which is remi-
niscent of the procedure for making bread. Hence we write the word “baker” with a lower case “b”.
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and smooth everywhere else. If we consider iterates of the map, the discontinuity set
becomes larger: for any n € N, the map B" is piecewise linear, and discontinuous on the

set .
S, ={p=0}U U {q:;—n},

=0
while its inverse B~" is discontinuous on the set S_, obtained from S, by exchanging
the ¢ and p coordinates. Clearly, the discontinuity set becomes dense in T? as |n| — oo.
The map is area preserving and uniformly hyperbolic outside the discontinuity set, with
constant Lyapunov exponents +log2 and positive topological entropy (see below). The
stable (resp. unstable) manifold is made of vertical (resp. horizontal) segments.
A nice feature of this map lies in a simple symbolic coding for its orbits. Each real
number ¢ € [0,1) can be associated with a binary expansion

q = - €p€1€g ... (61' € {0,1})
This representation is one-to-one if we forbid expansions of the form -ege; ... 111... Using
the same representation for the p-coordinate:

P=-€1€ 9...,
a point & = (q,p) € T? can be represented by the doubly-infinite sequence
T =...€ 961" €y€]...
Then, one can easily check that the baker’s map acts on this representation as a symbolic
shift:
(2.3) B(...€ 96 1-€€1...) =...€ 26 1€)-€]...

From this symbolic representation, one gets the Kolmogorov-Sinai entropy of the map,
hxs = log2, as well as exponential mixing properties [CH, Had): there exists I" > 0 and
C > 0 such that, for any smooth observables a, b on T?, the correlation function

(2.4) Kap(n) := /11‘2 a(x)b(B "x)dx — /1T2 a(x)dx /1T2 b(x) dx
is bounded as
(2.5) [Kas(n)] < Cllaflen [[Bller e

According to [Hag], one can take for I" any number smaller than log 2.

3. QUANTISED BAKER’S MAP

The quantisation of the 2-torus phase space is now well-known and we refer the reader to
[DEQ], here describing only the important facts. The quantisation of an area-preserving
map on the torus is less straightforward, and in general it contains some arbitrariness.
The quantisation of linear symplectomorphisms of the 2-torus (or “generalised Arnold cat

maps”) was first considered in [HB], and the case of nonlinear perturbations of cat maps

was treated in [BAMOdA] (quantum ergodicity was proven for these maps in [BDB]). The

scheme we present below, specific for the baker’s map, was introduced in [BV].
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We start by defining the quantum Hilbert space associated to the torus phase space. For
any h € (0,1], we consider the quantum translations (elements of the Heisenberg group)
T, = el(2i-vd)/h 4 ¢ R? acting on L*(R) and by extension on &'(R). We then define the
space of dlstrlbutlons

Hr={y € S'(R), T(l,o)i/f = T(O,l)w =}.

These are distributions 1(q) which are Z-periodic, and such that their A-Fourier transform

3.1 (F / A
is also Z-periodic.

One easily shows that this space is nontrivial iff (27rh)~! = N € N, which we will always
assume from now on. This space can be obtained as the image of L?*(R) through the
“projector”

(3.2) Pro= Y ()M, = < ! m) < 3 Tml,o) .

meZ2 mo€Z m1EZ

‘Hp = Hy then forms an N-dimensional vector space of distributions, admitting a “position
representation”

(3.3) Zzz/;] (——+y) ijq]

_] =0 veZ

where each coefficient 1); € C. Here we have denoted by {q; } j:_O the canonical (“position”)
basis for H .
This space can be naturally equipped with the Hermitian inner product:

(3.4) <qj qi) = ik = (Y,w Z@Z)J Wi .

Since Hy is the image of S(R) through the “projector” (B.2), any state ¢ € Hy can
be constructed by projecting some Schwartz function ¥(g). The decomposition on the
RHS of (B.J) suggests that we may first periodicise in the ¢-direction, obtaining a periodic
function ¥e(q); such a wavefunction describes a state living in the cylinder phase space
C = T x R. The torus state ¥(q) is finally obtained by periodicising ¥¢ in the Fourier
variable; equivalently, the N components of ¢ in the basis {q;} are obtained by sampling
this function at the points ¢; = %

1 J
3.5 :—u‘/(—), 0<j<N.
( ) w] \/N C N >~
The h-Fourier transform [}, (seen as a linear operator on &'(R)) leaves the space Hy
invariant. On the basis {q;}, it acts as an N x N unitary matrix Fyy called the “discrete
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Fourier transform”:

A 1 L
3.6 Fy)pi = —= e 2m0/N =0, N—1.
( ) ( N)kj \/N J
F}, quantises the rotation by —m/2 around the origin, F' (qo,po) = (po, —qo)- As a result,
Fy maps the “position basis” {q;} onto the “momentum basis” {p;}:

N-1

~

pj = > (Fx" -

k=0

The quantised baker’s map By was introduced by Balazs and Voros [BV]]. They require
N to be an even integer, and prescribe the following matrix in the basis {q;,}:

(37) BN = (FA’N)_léN,mixa with BN,mix = (FN/2 AO ) .
0 Fnp
This definition was slightly modified by Saraceno [B4], in order to restore the parity
symmetry of the classical map. Although we will concentrate on the map (B.7), all our
results also apply to this modified setting.

3.1. Notations.

Since we will be dealing with quantities depending on Planck’s constant N (plus possibly
other parameters), all asymptotic notations will refer to the classical limit N — oc.

The notations A = O(B) and A < B both mean that there exists a constant ¢ such
that for any N > 1, |A(N)| < ¢|B(N)|. Writing A = O,(B) and A <, B means that
the constant ¢ depends on the parameter r. Similarly A = o(B) and A << B both mean

that limy % = 0. By A < B we mean that A < B and B < A simultaneously. We
indicate by A ~ B the more precise asymptotics limy . —g%; =1.

We use the convention for number sets that N := {1,2,3,...} and Ny := NU {0}. Also
R, :=[0,00), as usual.

We will use various norms. We denote by ||-||l7, the norm on Hy defined as ||[¥[3,, =
(1,1). Unless stated otherwise, ||| will refer to the norm on bounded operators on Hy,
also denoted by ||-[|s@y)- The Hilbert-Schmidt scalar product of two operators A, B on
‘H will be denoted by

(3.8) <A,B> = % Tr(A'B).

Other norms describe classical observables (smooth functions f on T?). The sup-norm
will be denoted by ||f||co, and for any j > 0, the C’-norm is defined as

1flles == > 1107 Flico -
0<|~|<y
Here v = (71,72) € Nj denotes the multiindex of differentiation: 97 = 9* 9)?, and
7=+ e
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Because we want to consider large time evolution, namely times n =< log NV, we need
to consider (smooth) functions which depend on Planck’s constant 1/N. Indeed, starting
from a given smooth function a, its evolution a o B~ fluctuates more and more strongly
along the vertical direction, while it is smoother and smoother along the horizontal one as
n — oo (assuming a is supported away from the discontinuity set S,,). For this reason, we
introduce the following spaces of functions [DY, chapter 7]:

Definition 3.1. For any o = (o, ) € R2, we call So(T?) the space of N-dependent
smooth functions f = f(-, N) such that, for any multiindex v € N3, the quantity

O (-, N o
Can(f) = sup 1677, Mo jifw,)”c

is finite (here ac-y = a1y1 +aoy2). The seminorms Co (v € N2) endow Se(T?) with the
structure of a Fréchet space.

4. COHERENT STATES ON T2

Our proof of the quantum-classical correspondence will use coherent states on T?. Below
we define them, and collect some useful properties. More comprehensive details and proofs

may be found in [Fd, Pei, [V], BDB, BonDJ].

We define a (plane) coherent state at the origin with squeezing ¢ > 0 through its
wavefunction ¥, , € S(R) (we will always omit indicate the h-dependence):

o\l/4 2
(4.1) W0 (q) = (ﬁz) o5
The (plane) coherent state at the point © = (go,po) € R? is obtained by applying a
quantum translation 7, to the state above, which yields:

pr,a(Q) =

oYt s jpes —ola—ap)?
—h € 2h @ h e 2%
m

_ . . _ _ 2
(2N0_)1/4e miNqopo+27iNpog—oN7(g—qo) )

(In the second line, we took i = (2rN)~!, as is required if we want to project on the
torus). From here we obtain a coherent state on the cylinder by periodicising along the
q-axis:
(4.2) Veoc(q) =Y Vaolg+v).

vEZ

Finally, the coherent state on the torus is obtained by further periodicising in the Fourier
variable, or equivalently by sampling this cylinder wavefunction: its coefficients in the
canonical basis read

1
(4.3) (Vaom2); = i Uyoc(j/N), j=0,...,N—1

One can check that ¥z 12 X Vg 12 for any m € Z2: up to a phase, the state V.02
depends on the projection on T? of the point .
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In the classical limit, it will often be useful to approximate a torus (or cylinder) coherent
state by the corresponding planar one:

Lemma 4.1. Let gy € (3,1 —0) for some 0 < < 1/2. Then in the classical limit:
(4.4) Vg €10,1), Ve (@) = Vo (q) + O((oN)V4e ™)
The error estimate is uniform for cN > 1.

Proof. Extracting the v = 0 term in ([.9), one gets
Vg€ [0.1),  Virelg) = Vao(a) + (M)A e il ol

Now, if go € (4,1 — §), one has |g — qo| < 1 — 9, so that
Ww#0,  g—q—-vIz-lg—ql=1-l¢g—ql =9.
|

The next lemma describes how a torus coherent state transforms under the application
of the discrete Fourier transform.

Lemma 4.2. For any x = (qo,po) € R?, let Fx := (po, —qo) denote its rotation by —m /2
around the origin. Then

(4.5) YN >1, Yo >0,  Fytpor = Vra1jom.

Proof. The plane coherent states, which are Gaussian wavefunctions, are obviously co-
variant through the Fourier transform Fj: a straightforward computation shows that

Ve € R’ Fioo = Yrai/o-
When (27h) = N~!, we apply the projector (B2) to both sides of this inequality, and

remember that F} acts on Hy as the matrix Fl: this means Pre Fy, = Fy Pr2, so the
above covariance is carried over to the torus coherent states. [ |

4.1. Action of BN on coherent states.

We assume N to be an even integer, and apply the matrix By to the coherent state
Yz o2, Seen as an N-component vector in the basis {q,}. We get nice results if the point
x = (qo, po) is “far enough” from the singularity set S; (in this case Bz is well-defined).
More precisely, we define the following subsets of T?:

Definition 4.3. Forany 0 <J < 1/4 and 0 <y < 1/2, let
(4.6)  Disy:={(g,p) €T q€(5,1/2-0)U(1/2+6,1-0), pe (v,1=7)} .
The evolution of coherent states will be simple for states localised in this set.

Proposition 4.4. For some parameters §, vy (which may depend on N ), we consider points
x = (qo,po) € T? in the set Dys.. We associate to these points the phase

0, quO € (5a 1/2 - 5)a

4.7 e = 1
(4.7) () qo+p°2+, if g € (1/246.1—9).
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We assume that the squeezing o may also depend on N, remaining in the interval o €
[1/N, N]. From ¢, v, o we form the parameter

(4.8) 0 = 0(5,v,0) :=min(cd?,+*/0).

Then, in the semiclassical limit, the coherent state 14,12 evolves almost covariantly through
the quantum baker’s map:

(4.9) IBN Yoz — €@ g o ramellzy = O(N¥ g4 e7™N0)
The implied constant is uniform with respect to 0, v, o € [1/N, N|, and the point & € D .

We notice that the exponential in the above remainder will be small only if § >> 1/N,
which requires both ¢ >> 1/N and ¢ << N. In further applications we will always
consider squeezings satisfying these properties in the limit N — oo.

Remark 4.5. If we extend to the full plane each of the maps given by the two lines of
equation (B.1)), we get two linear symplectic transformation Sy, Si, which can be quantised
on L*(R) by the metaplectic transformations

SO,R = ﬁQ, Sl,h = T(—l,O) o lA)z o T(o,1)

(here [Dy1))(q) = 27V/24)(q/2) is the unitary dilation by a factor 2). Such metaplectic
transformations act covariantly on plane coherent states:
SO,hww,a - LpSo:c,a/4 5

i pot1
S1. W = €31 (@H55)

Yo >0, Vx = (q,p) € R?
l*DS1:1:,0/4 .

The approrimate covariance stated in proposition 1s therefore a microlocal version of
this exact global covariance.

Remark 4.6. The fact that the error is exponentially small is due to the piecewise-linear
character of the map B. Indeed, for a nonlinear area-preserving map M on T2, coher-
ent states are also transformed covariantly through My, but the error term is in gen-
eral of order O(N Ax3), where Ax is the “mazimal width” of the coherent state (here
Az = max(o,0') N~V/2) [Bchull]. Moreover, in general the squeezing o takes values in
the complex half-plane {Re(o) > 0}: the reason why we can here restrict ourselves to the
positive real line is due to the orientation of the baker’s dynamics.

Proof of proposition {.4.

Since we already know that Fy acts covariantly on coherent states, we only need to
analyse the action of By mix (Eq. (B27)).

We first consider a coherent state in the “left” strip (9,1/2 —6) x (7,1 =) of Dy5,. In

this case, the “relevant” coefficients of By mix ¥z 12 are in the interval 0 < m < %:

1 N/2-1

(4.10) (éN,mixwm,o,W) = \/—N Z (ﬁN/2>mj Wm,o,c (%) .

m A
Jj=0
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From the formula (B.§G), we have for all 0 < j,m < N/2:

(FN/Q)mj = \/é(FN)Qmj-
Since qo € (4,1/2—10), for any N/2 < j one has j/N — gy > §; using lemma [L.1, we obtain
(411) \V/] S {N/Q, Cee N — ]_}, Wm,O,C <%) = O((O-N)l/4 e—7TNo’62) .

We can therefore extend the range of summation in ([.10) to 7 € {0,..., N — 1}, incurring
only an exponentially small error:

(BN,mix wm,aw)m =2 Jg(ﬁ}v)mj (%:,a,T?)j + O((aN) AN

(4.12) — \/5 (me71/U7T2>2m + O((UN)IMe*’TN”‘SQ) .

In the last step, we have used the covariance property of lemma .2
Since pg € (7,1 —7) and N/o > 1, it follows from lemma [I.]] and simple manipulations
of plane coherent states that

Vg € 10,1/2), V2 Ve /oc(2q) = V2 Vpwi/0(2q) + (’)((N/O)l/Ate_mwz/a)
= Wiy /2,-200).4/0(q) + O((N/o)/te=™N717)

= Wiy /2,-200) 4/ (@) + O((N/o) V4 em™N /o)
The identity (po/2, —2qo) = F' Bz (valid for x in the left strip) inserted in ([.13) yields:

(4.13) Vm € {0,...,N/2 — 1}, (BN,miX wmg — (Yrpaijor), +O((0N)/te ™)

(6 is defined in ([£.g), and we used the assumption o N > 1 to simplify the remainder).
The remaining coefficients N/2 < m < N are bounded using (f.11)):

N-1 4
(4.14) (BN,mix wm,o,'ﬂ’Q)m = \/% _Z (Fnj2)mj Yaoc <%) = O((oN)Y4e™moNY |
j=N/2

On the other hand, lemma .1 shows that the coefficients (Q/JFB:DA /UyTz)m for N/2<m < N
are bounded from above by the same RHS. Hence, equation ([.I3) holds for all m =
0,...,N —1. A norm estimate is obtained by multiplying this component-wise estimate
by a factor v/N.

We now apply the inverse Fourier transform and lemma .9, to obtain the part of the
theorem dealing with coherent states in the left strip of D; .

A similar computation treats the case of coherent states in the right strip of D, 5.,. The

large components of 9,12 are in the interval j > N/2, so the second block of B N,mix 18
relevant. The analogue to ([.13) reads, for m € {N/2,...,N — 1}:

2 2m

(4'15> (éN,mix wm,o,TQ)m = N Eme,l/o (W — 1) -+ O((o’]\/')l/‘le*”N@) .
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Proceeding as before, we identify

i potl
Vg € [1/2,1), V2 Wpa/o(2g — 1) = MO W41y 0019470 ()
. 41
(4.16) — mN(@+"57) YpBoajoc(q) + O((N/o)!/* e*”N'YQ/") .
Applying the inverse Fourier transform we obtain the second part of the theorem. [

5. EGOROV PROPERTY

Our objective in this section is to control the evolution of quantum observables through
By, in terms of the corresponding classical evolution. Namely, we want to prove an Egorov
theorem of the type

(5.1) |B%, Opy(a) By* — Opy(ao B™™)|| == 0.

Here Opy(a) is some quantisation of an observable a € C°(T?). As explained in the
introduction, to avoid the diffraction problems due to the discontinuities of B, we will
require the function a to be supported away from the set S,, of discontinuities of B".
Otherwise, ao B~ may be discontinuous, and already its quantisation poses some problems.

An Egorov theorem has been proven in [[RubSal] for a different quantisation of the baker’s
map, also using coherent states. In [DBDH, corollary 17] an Egorov theorem was obtained
for By, but valid only for observables of the form a(q) (or a(p), depending on the direction
of time) and restricting the observables to a “good” subspace of Hy of dimension N —o(NV).

Since we control the evolution of coherent states through By (proposition [.4), it is
natural to use a quantisation defined in terms of coherent states, namely the anti- Wick
quantisation [Pex] (see definition .4 below). However, because the quasi-covariance ({.9)
connects a squeezing o to a squeezing o/4, it will be necessary to relate the corresponding

quantisations Opﬁ,w’a and Opﬁ,w’a/ * to one another. This will be done in the next subsection,
by using the Weyl quantisation as a reference.

Besides, we want to control the correspondence (B.1)) uniformly with respect to the time
n. We already noticed that for n >> 1, an observable a supported away from S,, needs to
fluctuate quite strongly along the ¢-direction, while its dependence in the p variable may
remain mild. Likewise, a o B™", supported away from S_,,, will strongly fluctuate along
the p-direction.

All results in this section will be stated for two classes of observables:

e general functions f € C°°(T?), without any indication on how f depends on N.
This yields a Egorov theorem valid for time |n| < (5 —€) T (with € > 0 fixed),
which will suffice to prove theorem [.J] (T = Tk(V) is the Ehrenfest time ([.2)).

e functions f € Sq(T?) for some e € R% with |a| < 1 (see the definition B-1]). Here
we use more sophisticated methods in order to push the Egorov theorem up to the

times |n| < (1 — €)TE.
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5.1. Weyl vs. anti-Wick quantizations on T2.

In this subsection, we define and compare the Weyl and anti-Wick quantisations on
the torus. The main result is proposition b.5, which precisely estimates the discrepancies
between these quantisations, in the classical limit. We start by recalling the definition of
the Weyl quantisation on the torus [BDB, DEQ].

Definition 5.1. Any function f € C>(T?) can be Fourier expanded as follows:

f= Z f(k) e, where ep(x) = ek = milaha=pky)
kez?
The Weyl quantisation of this function is the following operator:
(5.2) OpN(f) =Y f(k) T(k), where T(k):=Tp.
kez?
We use the same notations for translation operators T'(k) acting on either Hy or L*(R);
in the latter case, the Weyl-quantised operator will be denoted by OpyVV’RQ(f).

The operators {T'(k);k € Z*} acting on L*(R) form an independent set of of unitary
operators. On the other hand, on Hy these operators satisfy T'(k+ Nm) = (—1)¥"™T(k).
Hence, defining Zy := {—N/2,...,N/2 — 1}, the set {T'(k), k € Z3} forms a basis of the
space of operators on Hy. This basis is orthonormal with respect to the Hilbert-Schmidt

scalar product (B.§).
The Weyl quantisations on L?*(R) and Hy satisfy the following inequality [BDB], lemma 3.9]:

(5:3)  VfeCX(T), YNeN,  [0pN(Nlsoty < 100y (Nllseem) -

This will allow us to use results pertaining to the Weyl quantisation of bounded functions
on the plane (see the proof of lemma p.7).
We now define a family of anti-Wick quantisations.

Definition 5.2. For any squeezing o > 0, the anti- Wick quantisation of a function f €
LY(T?) is the operator OpA"?(f) on Hy defined as:

54 Voo ey, (G0N =N [ @) (6 Vanm) (ape, ) da

Both Weyl and anti-Wick quantisations map a real observable onto a Hermitian operator.
As opposed to the Weyl quantisation, the anti-Wick quantisation enjoys the important
property of positivity. Namely, if the function a is nonnegative, then for any N, o, the
operator OpAWO( ) is positive.

These quantisations will be easy to compare once we have expressed the anti-Wick
quantisation in terms of the Weyl one [BonDB].

Lemma 5.3. Using the quadratic form Q,(k) := ok} + o~ 'k2, one has the following
expression for the anti- Wick quantisation'

(5.5) Vf e LY(T?), PN ( Z ) e"2n Q) (k) |
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Equivalently, OpAWU(f) = Opy (f), where the function f* is obtained by convolution of f
(on R?) with the Gaussian kernel

(5.6) Ky o) := 2N e 2™NQ- (@)

Proof. To prove this lemma, it is sufficient to show that for any ko, € Z2, the anti-Wick
quantisation on Hy of the Fourier mode e, (x) reads:

(5.7) Op"7 (eg,) = e~ @a(ko) ([ .

This formula has been proven in [BonDB, Lemma 2.3 (i1)], yet we give here its proof for
completeness. The idea is to decompose Op"7(ex,) in the basis {T'(k), k € Z%}, using
the Hilbert-Schmidt scalar product (B.§). That is, we need to compute

5.9 (TE). 00" (en)) = [ eta(@) Wmoizss T0) i)

The overlaps between torus coherent states derive from the overlaps between plane coherent
states, which are simple Gaussian integrals:

jyne A sYAT Qo(z—y)

vw, Y < R2, <Lp Ep >]R2 =e' 2 <@070, Tm,y W070>R2 =e''2n e 4 s

Y,0
Using the projector (B-3), we get
<77Z):c,a,']1‘27 Tk:/N ¢m,a,'ﬂ‘2> = Z (_I)lem2 <l+pw,m Tkz/N Tm Wm,a>R2

mez?
_ Z (_l)lemg-i-m/\k: eQin(m/\(kz—f—Nm)) e_%Qo(m‘i‘k’/N) .

meZ?
We insert this expression in the RHS of (b.§) (and remember that N is even):
< (), Opy™ (e, > Z Ok et N (—1) ™ =5 Qulmak/N).
meZ?

This expression vanishes unless k = k;, the unique element of Z2 N s.t. k1 = ko + Nm, for
some my € Z*. ;From the orthonormality of the basis {T'(k) : k € Z3}, this shows that
OPA™ (e, ) = (1™t o2 Qelb) Ty — o 5Grlk0) T(fy). .

A simple property of these quantisations is the semi-classical behaviour of the traces of
quantized observables:

Lemma 5.4. For any integer M > 3,

1
(5.9) Vi€ CX(T?), < Tr(OpN(f / fx) da 4+ Oy (”f”CM) .
For the anti- Wick quantisation, we have:

(510) \V/f € Ll(TQ)’ %Tr(OpAWU )) _ / f(a:) dx + O(Hf”Ll e—% min(a,l/o)) )
T2



QUANTUM VARIANCE AND ERGODICITY FOR THE BAKER’S MAP 15

Proof. The first identity uses the fact that on the space Hy,

N TrT(k) =

1 1 if K = Nm for some m € 72,
0 otherwise.

The error term in (B.9) is bounded above by >~ 72\ oy |/(Nm)|. Now, the Fourier coef-
ficients of a smooth function satisfy

5.11 VM >1, Vke 72 F(k)| <y e
(5.11) > o) s qille
Using this upper bound (with M > 3) in the above sum yields (5.9).
In the anti-Wick case, each term | f(Nm)| < ||f||z: of the sum is multiplied by e~ "2 @7 (m) <

TN

e~ min(l/o)mP which yields (F.10). |

We will now compare the Weyl and anti-Wick quantisations in the operator norm. We
give two estimates, corresponding to the two classes of functions described in the introduc-
tion of this section.

Proposition 5.5.
I) For any f € C=(T?) and o > 0,
-1
” max{c, o
(5.12) ODY () — 0P ()] < |1 ln 2242}

Here o may depend arbitrarily on N.
II) Let a € R?, || < 1 and assume that o > 0 may depend on N such that the quantity

N2a1*1

(513) ha(N, 0') = max ( 7]\]’Clll‘i’OZQ*l’ 0_N2C|{271>

goes to zero as N — oo. Then there exists a seminorm Ny, on the space Sq(T?) such that,
for any f = f(-,N) € Sa(T?), one has:

(5.14) YN =1, [Opx"(f(5 N)) = OpN (f (- NIl < Na(f) ha(N.0).
Remark 5.6. The effective “small parameter” ho(N, o) will be small as N — oo only if

three conditions are simultaneously satisfied:-

° \a| =a1 +ay < 1,
e N?% << No,
o N2 << N/o.

These conditions mean that the horizontal and vertical widths of the kernel (B.G) must be
small compared to the typical scale of fluctuations of f in the respective directions. The
conditions No > 1, N/o > 1 assumed in section [} are therefore automatically satisfied.

Proof of proposition [5.5.
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We start with the first (simple) part. Our main ingredient is lemma p.3. By Taylor’s
theorem,

-1
(5.15)  VkeZ?, e w® 1y O(Q"TUC)) 1+ O(%w?) ,

where the implied constant is independent of k. Substituting (5.15) into (B.5), the first
term gives the Weyl quantisation of f. Using the bounds (b.11) with M = 5, we obtain
the first part of the proposition:

X -1 ~
00 (1) — OpY ()] < "ET S g
kez?
i) 5l
< 2 T e+

ke 22
max{cr o

5 flles.

The second part of the proposition requires more care. We first need to control the norm
of the Weyl operator.

Lemma 5.7. Take any o, 3 € R% such that |B] =1 and B > a (i.e. f; > o, i =1,2).
Then, for any function f = f(-, N) € Sa(T?), we have

(5.16) 10PN (f(-, NIl < Z Comy(f) NV (B
71,72=0
and the implied constant is independent of a,3.
Proof. This lemma is a simple consequence of the Calderén-Vaillancourt theorem, a sharp
form of which was obtained in [Boul]. Assume f is a smooth function on R? such that 97 f

is uniformly bounded for all v with v;, v2 € {0,1}. Then, its Weyl quantisation on L?(R)
for h =1 is a bounded operator, and:

1
(5.17) lopt (M < C 3 1107 fllenges) -

Y1,72=0

Here [|-|| is the norm of bounded operators on L*(R), and C is independent of f.
Now, we use the scaling properties of the Weyl quantisation?. For any 3 € [0, 1] and
h > 0 we define

fus(a.p) = f(RPq, 1" Pp).
Then, if Uy 5 is the dilation operator Uy s1(q) = h?/?y(hPq), we have [Ma, page 60]

(5.18) UhﬂOph (f)Uhpla Oph_ (fhﬁ)

2We thank N. Anantharaman for pointing out to us this scaling argument.
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Applying (B.17) to fr s, we obtain

1
2
¥h>0,  Opy (AN <C Y 107 llenay BT

71,72=0

In the case i = (20 N)~! we apply this bound to a function f € S, (T?), selecting 3 =

(8,1 — ) such that 3 > a: we then obtain the upper bound of (F.16]) for Opy\,v’w(f). The
inequality (B.3) shows that this bound applies as well to the Weyl operator on Hy. [ |

Equipped with this lemma, we can now prove the second part of proposition p.5. ;From
the Taylor expansion

f@+y) ~ f@) ~ (- V@] < 5 mas {|w V772, 2 =@+ 19)

0<t<1

and lemma [5.3, one easily checks that for any f € C>(T?),

1 1
15 = Fllov < (S 182 fllco + 28,8y flleo + o 12 o ) -

Since differentiation commutes with convolution, one controls all derivatives:

(5.19)

1
VY e 0~ Pllor < g (S 1O fllon + 200D a4 70 flen).
For f = f(-, N) € So(T?), this estimate implies:
2001 —1
107(f* = Pllew < No (F—— Canreolf)
+ NFe T Oy (f) + o N2 Ca,~y+(0,2)(f))
(5.20) < N*7ha(N,0) (Ca,7+(2,0)(f) + Camyran(f) + Ca,’v+(072)(f)) '

Here we used the parameter ho(N, o) defined in (p.I3). This shows that the function
frrem(. N = m (f*(-\N) — f(-,N)) is also an element of Sq(T?), with seminorms
dominated by seminorms of f. Applying lemma p.7 to that function and taking any 3 > «,
18] = 1, we get

10PN (f (-, N)) = OpN (f (-, M)l < ha(N,0) Y Z Comin (f

¥ [<271,72= =0

The seminorm stated in the theorem can therefore be defined as

(5'21) Na(f) = Z Z Ca,'y-l—"/’(f)

v/ |<271,72=0



18 M. DEGLI ESPOSTI, S. NONNENMACHER AND B. WINN

5.2. Egorov estimates for the baker’s map.

We now turn to the proof of the Egorov property (5.1)). Let us start with the case n = 1.
We assume that a is supported in the set D; s, defined in equation ([.G), away from the
discontinuity set S; of B.

Proposition 5.8. Let 0 < § < 1/4 and 0 < v < 1/2. Assume that the support of
a € C*(T?) is contained in D1 o+ Then, in the classical limit,

1By Opa™ (@) By' = Opy" (a0 B™)|| < Jlafco N*/* g'/* ™7,
uniformly w.r.to §, v, 0 € [1/N, N]. Here we took as before = min(ad?,v?/0).

Proof. For any normalised state ¢ € Hy, we consider the matrix element

(5.22) (¢, BvOpA"?(a)By'¢) = N / ) (¢, BNtbg.om2) (Bntgom2, d) .

Using the quasi-covariance of coherent states localised in Dy 5. (proposition [l.4) and ap-
plying the Cauchy-Schwarz inequality, the RHS reads

(5.23) N/ ) (D UBwo/are) (UBeoate, ®) dz + O(||a] co N ot/ 4e™™N0) .

The remainder is uniform with respect to the state ¢. Through the variable substitution
x = B71(y), this gives

(5:24) (¢, ByOpy""(a)By') = (¢,0py" " (ao B™)g) + O([lallco N*/ o/ *e™ 7).

Since the operators on both sides are self-adjoint, this identity implies the norm estimate
of the proposition. ]

Remark 5.9. Here we used the property that the linear local dynamics is the same at each
point x € T?\ S, (expansion by a factor 2 along the horizontal, contraction by 1/2 along the
vertical). Were this not the case, the state BNw%mp would be close to a coherent state at
the point Bx, but with a squeezing depending on the point . Integrating over x, we would
get an anti- Wick quantisation of ao B~% with x-dependent squeezing, the analysis of which
would be more complicated (see [Schull, Chap. 4] for a discussion on such quantisations).

We now generalise to n > 1. We assume that a is supported away from the set S, of
discontinuities of B". More precisely, for some § € (0,27"71) and v € (0,1/2), we define
the following open set, generalizing ([L.6)):

Dy = {(q,p) €T VkeZ, |q- —) >0, pe(v,1 —’7)} :
The evolution of the sets D,, 5, through B satisfies:
(5.25) Vj€{0,....,n =1}, B'Dusy C Dy joisyyo -

This is illustrated for n = 2, j = 1 in figure p.1. If a is supported in D, 4., then the
support of a o B~ is contained in Dy, 2i5/20 C D12is/2i- So for each 0 < j < n, we can
apply proposition f.§ to the observable a o B~ replacing the parameters 4, v, o by their
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-5 L25¢

FIGURE 5.1. The action of the map B. On the left we show the set Dy,
(shaded) and on the right is its image under the action of B.

corresponding values at time j; we find that the parameter 6 is independent of j. The
triangle inequality then yields:

Corollary 5.10. Let n > 0 and for some 6 € (0,27"7Y), v € (0,1/2), let a € C*>°(T?) have
support in Dy 5~. Then, as N — oo,

(5.26) | B3 Opy™ (@) By" = Opy" 7" (a0 B™)| < Jlafjco N¥* 0™/ 4e ™.

This estimate is uniform with respect to n, the parameters 6, v in the above ranges and
and the squeezing o € [, N].

Remark 5.11. The requirement NO >> 1, together with the allowed ranges for 0, 7,
impose the restriction % << o << Nn<Tg. This is possible only if Ts —n >> 1, where
Ty is the Ehrenfest time ([L.2).

We can reach times n ~ Tg(1 — €) (with € > 0 fized) by taking the parameters 6 =
272 =< N1 =<1, 0 < N'Y"¢: in that case, the argument of the exponential in the
RHS of equation (b.26)) satisfies TNO =< N°€, so that RHS decays in the classical limit.

We wish to obtain Egorov theorems where both terms correspond to a quantisation with
the same parameter o, or the Weyl quantisation. To do so, we will use proposition 5.5 to
replace the anti-Wick quantisations by the Weyl quantisation. Using the first statement
of that proposition, we easily obtain the following Egorov theorem:

Theorem 5.12. Let n > 0 and for some § € (0,271, v € (0,1/2), let a € C(T?) have
support in Dy, 5. Then, in the limit N — oo, and for any squeezing parameter o € [%, N,
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we have

(5:27) ||By Opy (@) By" — Opy (a0 B™)|| < [laf|co N*/* g'/* &7

1 4
+ N(max(a, oY lalles + max(j—n, ;) |a o B_"Hcs).

The implied constants are uniform in n, o, 9, .

If n, 4, v and the observable a supported on D,, 5., are independent of N, the RHS semi-
classically converges to zero if we simply take ¢ = 1. This is the “finite-time” Egorov
theorem.

On the other hand, if we let n grow with N, the function a needs to change with N as
well (at least because its support needs to change). In the next subsection we construct a
specific family of functions {a,},>1, each one supported away from S,, and compute the
estimate ([5.27) for this family.

Remark 5.13. The same estimate holds if we replace n by —n on the LHS of (p.21), and
replace o by o~ on the RHS, including the definition of 8. Now, the function a must be
supported in the set D_,, 5. obtained from D, s, by exchanging the roles of g and p.

Indeed, using the unitarity of By, we may interpret the estimate ([L.9) as the quasi-
covariant evolution of the coherent state 1, o 12 (where y = Bx, o' = 0/4) into the state
Yp-1y40 12, and the rest of the proof identically follows.

5.3. Egorov estimates for truncated observables.

5.3.1. A family of admissible functions.

For future purposes (see the proof of theorem in the next section), and in order
to understand better the bound (5.27), we explicitly construct a sequence of functions
{an}n>0, cach function being supported away from S,. This sequence is simply obtained
by taking the products of a fixed observable a € C°°(T?) with cutoff functions x5, which
we now describe.

Definition 5.14. For some 0 < § < 1/4, we consider a Z-periodic function xs € C>*(R)
which vanishes for x € [—0,d] mod Z and takes value 1 for x € [26,1 — 20] mod Z.
For anyn >0, we then define the following cutoff functions on T?:

Xon(®) = X5(2" q) Xs(p) ,
Xo,-n(T) = X5(2" p) Xs(q) -
For any n € Z, we split the observable a € C*(T?) into its “good part” a,(x) :=
a(x) xs.n(x) and its “bad part” a?®d(x) = a(zx) (1 — xs.n(x)).

bad

One easily checks that a,, is supported on D, 5/2 5, while a,

bourhood of §,, of area O(6).
In light of remark p.13 we can, without loss of generality, consider only times n > 0. For
any multiindex v € NZ, we have

(5.28) ||87an||co <5 ||a||CM AL 5_"\” .

is supported on a neigh-
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When evolving a,, through the map B, the derivatives grow along p and decrease along g;
after n iterations, a, o B™" is still smooth, and

(5.29) 107 (an © B™")lco < llall g 2772 6711

These estimates show that the C°-norms of a,, and a, o B™" (appearing on the RHS of
equation (5.27)) are both of order 2°"/§°. With our conventions, the parameter § appearing
in the RHS of (5.20) reads 0 = ﬁznw)' We maximise it by selecting o = 2. With this

choice, the upper bound (p-27) reads

6n
(5:30) (1B OpY (@) B — OpY (a0 B < [lalcs N7/ 20/ e 4 2laler
Using remark p.13, the same estimate holds if we replace n by —n on the LHS.

The last term of the RHS in (5-30) can semiclassically vanish only if [n| < ZE. This time
window, although not optimal (see the following subsection), will be sufficient to prove
theorem [[.]] in section f.

Before that, in the last part of this section we will sharpen this estimate by using the
second part of proposition p.3: this will allow us to prove a Egorov property up to times
In| < (1 — €)Tg, for any € > 0.

5.3.2. Optimised Egorov estimates.
In this subsection we prove the following “optimal” Egorov theorem.

Theorem 5.15. Choose € > 0 arbitrarily small, and consider any observable a € C*(T?).
For any N > 1 and n € Z, construct the “good part” a, of that observable using defini-
tion with a width §(N) > min(N~4,1/10).

Then, the following Egorov estimate holds: there exists C' > 0 (independent of a, €) and
N(e) > 0 such that for any N > N(e) and any time |n| < (1 — €)TE,

531 1530 (en) By — Opl(ano B < CJalw N2 1 Iy
Proof. We only treat the case n > 0, finally invoking the time-reversal symmetry as in
remark p.13

We consider € > 0 fixed, and define N(¢) through the equation N(¢)=¢/4 = 1/10. We
then take N > N(e) and consider any positive time n < (1 — €)7Tg.

The improvement over theorem 5.1 will be a sharper bound for the norms ||OpA™ (a,) —
OpX (ay,)|| and HOpQW’J/M(an o B™) — Opy (a, o B™)||. Using the rescaled time ¢ = T
and the property §(N) > N~/4  the bound (F.2§) on derivatives of a,, reads:

10%anlloo <oy llallom 277 N5P = fla]| o N8 NS

Thus, the derivatives of a,, scale as those of an N-dependent function in the space Sq, (T?),
where a; := (t + €/4,¢/4). As in the former subsection, we must take ¢ = 2" = N*
to minimise the remainder. The second part of proposition p.J applied to a function in
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Sa, (T?) yields a “small parameter” hq, (N, 2") = N**¢/271 5o that the difference between
the two quantisations of a,, is bounded as

10PN (an) — Opa™ " (an) | < [lallcs NTF/27E

Similar considerations using (5.29) show that ||Opy (a 0 B™") — OpA"? "(a o B™)| is
bounded by the same quantity. The argument of the exponential in equation (f.26) takes
the value N = N§2/2" > N'=1=</2 5o that the full estimate reads:

Y0 S—n —n _aNl-t—€/2 al|c4
155 0pY (a) By" — Op (0,0 B~)| < [l o 3?2~y e

We obtain the bound (p.31]) uniform in n by noticing that for the time window we consider,
Nl—t—5/2 > NE/Q. [

Our reason for believing that this estimate is “optimal” lies in remark p.11: we evolve
states which stay away from the discontinuity set S; along their evolution. Since any state
satisfies AgAp 2 %h due to Heisenberg’s uncertainty principle, and Ag doubles at each
time step, it is impossible for such a state to remain away from &; during a time window
larger than Tg.

Besides, at the time Tg the “good part” a, oscillates on a scale =~ h in the ¢ direction,
so it behaves more like a Fourier integral operator than an observable (pseudo-differential
operator).

6. QUANTUM ERGODICITY

For any even N, we denote by {¢n ;} the eigenvectors of By (if some eigenvalues happen
to be degenerate, which seems to be ruled out by numerical simulations, take an arbitrary
orthonormal eigenbasis). Let us consider a fixed real-valued observable a € C*°(T?) satis-
fying fTQ a(x)de = 0. Quantum ergodicity follows if we prove that the quantum variance

N
(61) Sa(a, N) = 1= 3 (s, OBY (@) o 7 2720
j=1
One method to prove this limit for our quantised baker’s map would be to apply the
methods of [MO’K]]: one only needs the Egorov property (theorem [.12) for finite times n,
and the classical ergodicity of B. However, this method seems unable to give information
about the rate of decay of the variance.
In order to prove the upper bound stated in theorem [[.], we will rather adapt the method
used in [Zeld, Bchul to our discontinuous map. This method requires the correlation
functions of the classical map to decay sufficiently fast, which is the case here (equation P-3).

Proof of Theorem [.7].

To begin with, we consider the function

(62) o) i=2 (L2520
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and its Fourier transform

g(k) = / g(z) e 2 dg = 2n(1—|k|), for -1 <k <1,
0, elsewhere.

—00

For any T' > 1, we use it to construct the following periodic function:

Fr(6) == 3" g(T(6 +m).

meEZ
fr admits the Fourier decomposition fr(0) = 3", fr(k) >, where
) %(1-#) for -T <k <T,
Jr(k) =
0 for |k| > T.

Using this function, one may easily prove the following lemma [Schud].
Lemma 6.1. With notations described above, for any even N > 2 and T > 1 one has

< 3 frtn) 5 Tr(OnY (0) B OBY (0) By")

nez
Notice that the terms in the sum on the RHS vanish for |n| > T.

Proof. Let {¢;} be the eigenbasis of By, with By, = ¢>™% ;. Then one has
Tr (Op}Y (o) By OpY (a) BY") = 3 ) [0 (@l
7,k=0

Multiplying by fT(n) and summing over n, we get

>~ fr(n) Te(OpY (@) By ObY (a) By") = ZfTek—» (OpY (@), o)

nez ]k 0

= ZfT {OpN (a)g;, 05) |

+ > fr(6s — 0;) [(ODPY (a)p;, x)
Jj#k
Z N SQ((I, N) .
The final inequality follows from the positivity of fr and the property fr(0) > 1. [

To prove the theorem we will estimate the traces appearing in lemma [.J]. Due to the
support properties of fr, only the terms with n € [-T,T] will be needed. We take the
time 7' depending on N, precisely as
1g

T:T<N) ::ﬁ7
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where 1% is the Ehrenfest time ([.7). For each n € ZN[-T,T], we will apply the Egorov
theorem [f.13. We first decompose a into a “good” part a,, and “bad” part a®*?, as described
in definition p.14k

(6.3) a=a,+a™, a,:= a-Xsm »

We let the width § > 0 depend on N as § < (log N)~!. Therefore, for any n € [-T,T] we
will have % < N1 Ag a result, the bounds (B:2§) for the derivatives of a,, read:

o

(6.4) Vn e ZN[-T,T), 107 an||co <5 |lal|gm N0 .
Furthermore, the same bounds are satisfied by the derivatives of a®*! and a,, o B™™.

We decompose the traces of lemma [p.]] according to the splitting (£-3):
6.5)  Tr(OpY (@) By OpY (@) By") = Tr(OpY (a) B OpY (an) By")
+ Tr (OpY (o) By OpY (a) By").

The second term in the RHS will be controlled by replacing Opy (aP*d) by its anti-Wick
quantisation:

(6.6) Tr(Op¥ (a) By ObY () By") = Tr (OpY (a) By OpA™ (@) By" + Rv(m))

The remainder Ry(n) is dealt with using part I of proposition F.5, together with the
bounds (6.4) applied to abad:

IRN ()| < 10PN (@) [|OPN (@) = Opy™ (a2 |

w oy lanlles w v lalles
(67) < J|op¥ ()] 117 < fopl ()| 5
In order to compute Tr (Op}}VV( ) By Opa™t (abad) é&”), we split the function a?*® into
its positive and negative parts, af®! = ap®l — aP*!, where ap*d > 0. We then use the

following (standard) linear algebra lemma to estimate the trace:
Lemma 6.2. Let A, B be self-adjoint operators on Hy, and assume B is positive. Then
(6.8) |Tr(AB)| < ||A|| Tr(B).

Since the anti-Wick operator Op ( Eai) is positive, this lemma yields:

< [|Op¥ (a)|| Tr(Opa™ (al2))

and similarly by replacing abad by agaii. By linearity and a};ai + a};aﬂ = a2, we get

Te (OpY () By OpA™ (al2) By )

< [ Op (a)|| Tr(Opy™ (lay™!]))

Te (OpY (a) By OpA™ (@) By")

From equation (B-I0), the trace on the RHS is equal to N - [lal®d||1, g2y (1 + O(e7™/2)).
Since a® is supported on a neighbourhood of S, of area O(4), its L' norm is of order
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O(§||a||co). Using the Calderén-Vaillancourt estimate ||Opy (a)|| < C ||lal/c2, we have thus
proven the following bound for the second term in ([.5):

1 ~ A allcs
09  T(On@) By OpY@) By < el (3l + 1157 )

N1/2

We now estimate the first term in (B.5). We write
(6.10) Tr <Opyvv(a) é}{,Opyvv(an)B&") =Tr <Opyvv(a)0pyvv(an oB™) + R&(n)) :

and control the remainder Ry (n) with the Egorov estimate (p.3(Q), remembering that
n < Tg/11:

N 26n
IRy ()] < 0B (@) (llalon 214 2 et . 22 alery
lallZs
(6.11) < San

The following lemma (proved in [MO’K], lemma 3.1]) will allow us to replace the quantum
product by a classical one.

Lemma 6.3. There exists C' > 0 such that, for any pair a,b € C*(T?),

lallcs [[bllcs

(6.12) VN >1,  |Opy(a) Opy (b) — Opy (ab)|| < O =

Using this lemma and the bounds (£.4)), we get
Tr (OpY (@) OpY (a0 B~)) = Tr(ObN (alan o B™) + R ()

lanllcs llan o B™"[lcs _ llalles
N N1/5 -
To finally estimate the trace of Opy (a(a, 0 B™")), we use equation (5-9) together with the

estimates (b.4):

LA(OpY (aano 570) = [ aten 0 570 de + 012,

It remains to compute the integral on the RHS. We split it in two integrals, according to
an, = a — a’®d. The second integral can be bounded by

/ a(x) a?(B™"x) dx

’]TQ

while the first one reads

(6.15) / a(x)a(B™"x)dx = K,.(n) .
’]I‘Q

This integral is the classical autocorrelation function for the observable a(x), a purely
classical quantity. At this point we must use the dynamical properties of the classical

(6.13) with  [|[R% ()| <

(6.14) < llallco flan e < llallgo o,
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baker’s map B, namely its fast mixing properties (see the end of section [): for some
I' > 0, the autocorrelation decays (when n — c0) as

Kaaln) < ||a||201 e Ll

Collecting all terms and using the properties of the function fT, the lemma p.]] finally
yields the following upper bound:

Sa(a, N) < flaliza - Ifr()] (7 46+

ne[-T,T]

1
< |lallzs (T - 5) .

Since we took T' < log N and d =< (log N)~!, this concludes the proof of theorem [[]. M

wr)

Proof of corollary .. We start by picking an observable a € C*(T?), assuming

N—oo

[ a(xz)dz = 0. For any decreasing sequence a(N) —— 0, Chebychev’s inequality yields
an upper bound on the number of eigenvectors of By for which |(py, Opy (a)en.;)| >

a(N):

#{7 € {1, N} : [(ews Opw (@) o) > «(N)} _ Sy(a, N)
N — «a(N)?

From the theorem [, if we take a(N) >> (log N)~'/2 the above fraction converges to
zero. Defining Jy(a) as the complement of the set in the above numerator, we obtain a
sequence of subsets Jy(a) C {1,..., N} satisfying %@ — 1, such that the eigenstates
onjy With jn € Jn(a) satisfy ([[.3).

Using a standard diagonal argument [CdV], HMR], FZell], one can then extract subsets
Jnv C {1,..., N} independent of the observable a € C*(T?), with £ — 1, such that
([3) is satisfied for any a € C*(T?) if one takes jy € Jx. |

(6.16)
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