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TRUNCATIONS OF MULTILINEAR HANKEL
OPERATORS

ALINE BONAMI, SANDRINE GRELLIER & MOHAMMAD KACIM

ABSTRACT. We extend to multilinear Hankel operators the fact
that some truncations of bounded Hankel operators are bounded.
We prove and use a continuity property of bilinear Hilbert trans-
forms on products of Lipschitz spaces and Hardy spaces.

1. STATEMENT OF THE RESULTS

We prove that some truncations of bounded multilinear Hankel op-
erators are bounded. This extends the same property for linear Hankel
operators, a result obtained by (and independently in a particular
case in [GB]), which we first recall. A matrix B = (byn)m.nen is called
of Hankel type if by, = by for some sequence b € [*(N). We can
identify B with an operator acting on [2(N). Moreover, if we identify
I>(N) with the complex Hardy space H?*(D) of the unit disc, then B
can be realized as the integral operator, called Hankel operator with
symbol b and denoted by Hj, which acts on f € H?*(D) by

g - L [ 90,

T o op 1—C(z
Here do is the Euclidean measure on the unit circle. The symbol b
is given by b(¢) := Y 7, bxC*. In other words, H,f = C(bf) where C
denotes the Cauchy integral, and f(¢) := f(C). If f(¢) = Y nen @G,

one has
Hbf<z> = Z(Z anbern)zm'

meN neN
Now, we consider truncations of matrices, which are defined as follows.
For 3,v € R, the truncated matrix 15, (B) is the matrix whose (m,n)
entry is b,,, or zero, depending on the fact that m > fn + v or not.
It is proved in [BB] that such truncations, for 3 # —1, preserve the
boundedness for Hankel operators. The proof consists in showing that
truncations are closely related to bilinear periodic Hilbert transforms.

o(¢), z € D.
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One then uses the theorem of Lacey-Thiele (see [CTT], [LCTZ, [LT3) in
the periodic setting.
We are interested in the same problem, but for multilinear Hankel

operators. For n € N, we define the multilinear Hankel operator H, é")
as follows. For fi,..., f, € H3(D), let

(n) _ L [ UOAQ)- - falQ)
A e S

= Hy(fi x -+ X fo)(2)

1 n .m
E binatiy4ootin gy -+ - Qg 2

10y sin

(©)

whenever f;(z) = Y. alz". This last expression means that, when
equipped with the canonical basis of H2(ID), the matrix of the operator,
whose entries are indexed in N"*1 are given by b, .14, %0, - - -, in € N.
The truncated operator is obtained when truncating this matrix as fol-
lows. For 0 = (f1,...,0,) € R" and 7 € R, we denote by H[M(Hén))
the operator with (n 4 1)-dimensional matrix whose (i, ...,,)-entry
is bigtooti, if Bri1 + -+ + Buin + v < ip and zero otherwise. Our main
result is the following.

THEOREM 1. If Hé") is a continuous multilinear Hankel opera-
tor from (H*(D))" into H*(D), then so are its truncated operators

Hm(Hén)) for any = v(1,...,1), v € R. Furthermore, there ex-
ists a constant C' = C(v) uniformly bounded when v lies in a compact

set of R\ {—1,0} so that

s (H ) | g2 @y 2@ < CIH |y —1em)-

Theorem [l is deduced from an estimate on the bilinear Hilbert trans-
form in the periodic setting, which is of independent interest. Let us
first give some notations. The usual Lipschitz spaces of order a of 27-
periodic functions are denoted by A, (T), while H?(T) denotes the real
Hardy space, p > 0. Here T := R/27Z denotes the torus.

Let b € A,(D) and f € HY(D). The boundary values of such func-
tions may be seen either as functions on the set of complex numbers of
modulus 1, or on the torus T = R/27Z, that is as 27-periodic functions
on R. We write f(e®) or f(t) depending on the context, and hope that
it does not introduce any confusion.

Let us recall that, for f and b trigonometric polynomials on the torus,
the periodic bilinear Hilbert transform of f and b is given, for k,[ € Z,

k1,140, by

Hea(b, f)(x) = poo. /T bk + It) f(t)taji;t.

Lacey-Thiele’s Theorem, once transferred to the periodic setting, is the
following.
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1 1 1 3
THEOREM 2. [BB| Let 1 < p,q < 0o with — = —4+—- < 5" Then, for
r p (g
any k,l € Z, k # —l and | # 0, there exists a constant C = C(k,1) > 0

so that, for any f € LP(T) and any b € LY(T),
[ Hea(b, ey < Ok DILf o) 10l Lacry-

Furthermore, C(k,l) is uniformly bounded when k/l lies in a compact

set of R\ {—1,0}.

We adapt the definition to our setting, and define, for k,l,u € Z
with k # —1, 1 #£0 and p € [—1,1],
(1)

: dt
Ml F)w) = [ (ko -+ 1)) = b((k + 1)) S+ D) =y
T 2
We prove the following.
THEOREM 3. Let 1 <p<oo,0<q<pcmda:%—l—1). Let

k.l € Z, with k # =1, 1 # 0 and u € [—1,1]. There exists a constant
C = C(k,l) > 0 so that, for any sufficiently smooth functions b €
Ao(T) and f € HP(T)

(2) |1, (bs F)lmecry < Cllf lzacm) [|0]| accr)-

Furthermore, C(k,1) is independent of p and uniformly bounded when
k/l lies in a compact set of R\ {—1,0}.

In the following, we say that a constant C(k,!) is admissible when
it is uniformly bounded when k/I lies in a compact set of R \ {—1,0}.

The difficulty, here, is the uniform bound of constants. We remark
that the limiting case b € L*°(T) is given by the Lacey-Thiele Theorem,
that is, Theorem fl. We will also give a non periodic version of Theorem
B. Our methods rely on the ordinary Calderon-Zygmund theory in a
bilinear setting for the local part (one may consult [GraK| and [GraT]]),
and on transference for the non local part.

Let us come back to holomorphic functions and to truncations. De-
note by A,(D), a > 0, the space of functions that are holomorphic in
D and whose boundary values are in A, (T). Denote also by H?(ID) the
complex Hardy space on the unit disc, p > 0. Recall that, for p < 1,
the dual of HP(D) is A,(D), with p = (o + 1)"' ([D]). As an easy
consequence of duality and factorization, one obtains that the Hankel
operator H, is bounded from H?(D) into H?(D), with ¢ < p and p > 1,
if and only if the symbol b is in A, (D) with o = % - %. Moreover, there
exists a constant C' such that, for all holomorphic polynomials f,

(3) [Ho(F) 1) < Cllblaam) X 1 2am)-

Theorem B has the following corollary, which gives the link with
truncations.
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COROLLARY 4. Let1 <p < o0 and 0 < q < p. Letoz—a—l

and b € A,(D). Then, for any B,y € R with 3 # —1, the operator
s (Hy) is continuous from HY(D) into HP(D). More preczsely, there
exists a constant C uniformly bounded for v € R and 3 in a compact

set of R\ {—1,0} so that
(4) 1L (Hp) |70 @)—r0 @) < C || Hp||11a()—10 ()

So, if Hy, is a bounded operator from H4(D) into HP (D), its truncates
I (H,) are also bounded.

Remark 5. For 0 = —1, we are interested in the behavior of the
norm of the operator 11_y y(Hy), for N a positive integer. Then (I —
H_y n)(Hy) = Hgsy ) where Sy gives the N-th-partial sum of the
Fourier series, that is the convolution operator corresponding to the

Dirichlet kernel. Then, for 1 < p < o0, 0 < ¢ <p, a = % — L and

P
b€ A,(D), one has
1Ty (Hp) [ 19 ()— e @) < Clog N X || Hy||a(m)— 10 (0)-

Moreover, the best constant in the previous inequality is bounded below
by clog N, with ¢ independent of N.

This result follows from the fact that ||Sy||au—n, = log N. We will
prove it in the next section for the convenience of the reader.

We use the notation A ~ B whenever there exist two universal con-
stants ¢, > 0 so that /B < A < ¢B.

Remark 6. For § = 0, it is easy to show that truncations preserve
uniformly the class of bounded Hankel operators. It is sufficient to
consider positive integer values of . In fact, one has o ni1(Hpf) =
(I — Sy)Hyf for N € N so that it suffices to use that Sy is a bounded
operator on HP(D), 1 < p < oo, with a bound independent on N. When
B = oo (that is when truncations of Hankel matrices are with respect to
directions n = N ), one may show also the analogous fact. To do so, it
suffices to argue by duality and to show that, for b € A,(D), Iy N (Hp)
maps boundedly H” (D) into Ay (D), where o/ = a—1/p', with a bound
independent of N. We will prove this in the next section.

Let us deduce Theorem [[] from the corollary. It is clear that

H (frye oy f)(2) = Hy(fy % - % fo)(2).

Using the factorization of functions in Hardy classes, we know that
Hén) is bounded as an operator from (H?(D))" into H?(D) if and only
if the Hankel operator Hj, is bounded from H?*™(D) into H?(ID), that

is, if and only if b is in A4 (D) for o« = 251 . To conclude, we use the

fact that the truncation Ilg . of Hé") for p = wv(1,...,1), corresponds
to the truncation II, ., of Hy, as it can be easily verified.
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Let us finally remark that this paper leaves open the general problem
of all truncations of multilinear Hankel operators. One may be tempted
to reduce to multilinear Hilbert transforms, as studied in [MTT]].

The remainder of the paper is organized as follows. In the next
section, we deduce the corollary from Theorem fJ. In the last one, we
prove Theorem [l Let us emphasize the fact that this last proof does
not use Lacey-Thiele Theorem, and is elementary compared to it.

2. THE LINK BETWEEN TRUNCATIONS AND BILINEAR HILBERT
TRANSFORMS

At first, we prove the result corresponding to truncations with § =
00, as stated in the remark [,

Proof. Let us recall that it is sufficient to prove that, for o/ = o — z%,

Mo Hy ()l a0y < Cllf oy 10l 8 )

with a constant independent of N € N. By density, it is sufficient to
prove this inequality on trigonometric polynomials. It is easy to show
that

1 7oA 4o (C)
= — b 20 )N 2L

o | HOAOED
where f(¢) := f({) as before. Using Stokes Formula, we get

Tf(z) = 1 /D (b(re”) + b/ (re)) f(re’w)erNe’iNeil _dzz_w.

T

Tf(z) :=onHy(f)(2)

Assume to simplify that 0 < a < 1. By the holomorphic characteri-
zation of Lipschitz spaces, it suffices to show that

(TF)(2)] < O =]z
Computing the derivative of T'(f), and using the fact that [NzNrV| <
C(1—rlz|)7!, we get the estimate
(Tf) ()] < C/ |b(re™®) + 0 (re)| | f(re™)|(1 —r]2])
D

We use that |b(re®) + b/ (re®)| < C|b||la,m)(1 — 7)** and Holder’s
Inequality to get that

dfdr
|1 — zre=|

o1 =)t
TF) < b / —< d
|<ﬁun_.mwmmwyﬁyéofﬂm2wr
< O~ e V2 bl oy

It ends the proof. O

We now recall the following characterization of Lipschitz spaces.



6 ALINE BONAMI, SANDRINE GRELLIER & MOHAMMAD KACIM

PROPOSITION 7. A function b belongs to A, (T) if and only if there
exists a decomposition b = 377 b; with V]| 00 < A277CD for any
integer 0 < | < k, where k s the smallest integer > .

If b € A, (D), the decomposition may be chosen so that the spectrum
of bj, j > 1, lies in {2771 -+ 2072} and by is a constant. Moreover,
the morm is equivalent to the smallest constant A for which we have
[b5llse < A2 for all j > 0.

The first statement can be found in [§], on page 256. The second
one can be obtained from the proof given there when a < 1, using a
variant of the kernel of De La Vallée Poussin adapted to the dyadic
decomposition. Then one concludes using the action of powers of the
Laplacian, which give isomorphisms between Lipschitz spaces with dif-
ferent parameters.

As a classical corollary, we prove the following.

COROLLARY 8. For any N € N, the norm of the operator Sy from
A (T) into itself is equivalent to log N. In other words

HSN”AQ(']I‘)HAQ(’E) ~ log N.

Proof. Denote by Dy the Dirichlet kernel of order N. As || Dy|| 1 (1) =~
log N, it follows easily that

SN |[Aa(m)—nn(m < Clog N,

It is sufficient to prove the converse inequality for the operator S

defined by
SEF) =Y F(n)e™.
n<N

We start from the well known fact that, for all M > 1, one can find
a trigonometric polynomial g of degree 2M such that ||g|[e(my ~ 1
and ||S3,||zo(r) ~ log M. Let us assume that N = 4 x 2" for some
integer n > 1. Take M = £, then the function f = eBity satis-
fies || f|lzoe(ry =~ 1 and [|S¥ f|le(r) =~ log N and has a spectrum in-
cluded in {27, --- 2773} Moreover, by the previous proposition, and
the spectrum assumption on f, one has || f||a,(m) = 2™ f||zec(r) and
1S3 fllawery 22 27| fll Loo(ry. This finishes the proof. O

In the following, we are going to use the same kind of idea in the
general case to get rid of the dependence in v of the constants. Let
us consider now the truncation Ilz,. Remark that, if 8 and v are
negative, then Ilg , H, = H, and there is nothing to prove. We will not
consider this case any longer. If v < 0 and § > 0, then (I —Ilg.,)H, =
(I — ) Hp_,45@m where Py(b) denotes the projection of b on the
space of functions whose spectrum is contained in [N, 00). If v > 0
and 3 > 0, then Il H, = g Hp @) In the last case, where v > 0

and 3 < 0, then I, H, = IgHp ,_ ) where n®Y = min{[v], [-7/6]}
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(here [.] denotes the integer part). So, in any case, b may be replaced
by some projection P,s~(b) of b where

= [—v/0] when v < 0 and 3 > 0
n?7 = { =[y] when v > 0 and § > 0

= min{[v], [—v/05]}} otherwise

So, it suffices to consider the symbols b modulo a polynomial of degree
smaller than n®7. The following lemma will allow us to modify b by
adding such a polynomial. The main point, here, is the fact that the
constant is admissible.

LEMMA 9. Let a > 0. There exists a constant C' with the following
property: for any b € A, (D) and N € N, there exists a function b such
that Py (b) = Pn(b), and, for all M € Z,

~ M @

il < 3y +1) Dbl
Proof. When N < 16, we take b = b. We conclude easily, using the
fact that the norm in A,(T) of ( — (M is equivalent to (|M|+ 1)°.
Consider now N > 16, and choose Ny so that 2V0 < N < 2N+l Uge
the Littlewood-Paley decomposition given in Proposition [] to write b
as b= b; with the spectrum of b;, for j > 1, included in [2771,2772).
We can clearly take

For simplicity, we assume that o < 1. The new function a(¢) = b(¢)¢M
can be written as . v, a;, with a;(¢) = b;(¢)¢M. Tt is clear that,
for j > Ny — 2,

—ja / |M| j(1—a)
© ol szl (G 1) 20
Indeed, for the second inequality, we use Bernstein Inequality to get
that [|b)||c < C27]bj]|co. The second term, in the derivative of a;, is
bounded by |M| x ||bj||c. The inequality follows at once, using the
fact that N + 1 < 273, We adapt the proof given in [§] to deduce the
required inequality for a.

U

Proof. We are now in position to prove that Corollary { follows from
Theorem B It is sufficient to prove, for trigonometrical polynomials b
and f, that

(6) s Ho ()l ) < Clibllaamy > 1 l[am)

for some constant C' that depends only on § and is uniformly bounded
when [ lies in a compact set of R\{—1,0}. Moreover, since b and f are
trigonometric polynomials, we can restrict to rational values % for 3,
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and values of v such that ~/ is an integer, as soon as we show that the
constant C' may be taken independent of k,[,y when these last ones
vary in such a way that % lies in a compact set of R\ {—1,0}. So, we

k
assume that § = 7 # —1 with k,l € Z, | # 0 and that Iy € Z. We

may also assume that k£ +1 > 0.
Assume that f(t) = >, yane™. An elementary computation shows
that the analytic part of the function
, . dt
pv. / b(ka + 1t)e™ @0 £ ((k + D))
T

r—1
tan N

is equal to

Z anbm+nSign(l(m — ﬁn — ’y))eim(k'i'l)x'

n,meN

We recognize the function sign(l)(2115,, — I)(H,(f))(e!**+)-), for which
we want to have an LP estimate (recall that we have such an estimate
for Hy(f)). By Lemma P and the remark before, we can replace b by
the function b that corresponds to the choice N = n®7. On the other
hand, this term is equal to the analytic part of the function

dt

tan L=t

ei['y](l-‘rk)m / Z;(k?l‘ + lt)e—i['y}(kx-l-lt) eiél(a:—t)f((k: + l)t
T\

>
~ 2

=b(kz+It)

where § = v — [y]. This is the analytic part of eDReH,  5(b, f), up
to the Cauchy projection of

B((k + 1)z) x p.v./Tf((k + l)t)mj%.

2

This last term coincides with H(f)(e!**9%) and is in HP(ID) with norm
bounded by

Clblaam) > [ fllnam) < Cllbllaam) < [[fllram)-

By Theorem [, the term /D103, 5(b, £) is also in H?(T) with norm
bounded by C|/b|| Aa(m) || f|| zra¢r) for some admissible constant C. This
last quantity is, in turn, bounded by C (|5] + 1) [|b]|aam) % || fll#am),
as one can see by using Lemma [. U

3. PROOF OF THE THEOREM .

Let us note L = k + 1. Let us remark first that it is sufficient to
consider the case when L > 0 (the general case follows by replacing b
by b such that b(z) := b(—z) and f by f such that f(z) := f(—x)).

Let us give a first reduction of the problem. We use the following
lemma, where 7 denotes the translation by y on the torus. Its proof is
elementary.
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LEMMA 10. For all trigonometrical polynomials b and f, the follow-
ing identity is valid.
(7) Hieu(bo T for) = Hi,u(bs f) o

Cutting into eight parts the function f and using this lemma, we
reduce to periodic functions with support in (0,47%) in the case ¢ > 1.
For the case of ¢ < 1, by the atomic decomposition Theorem of H9(T),
it suffices to consider the action of Hy, ,(b,) on H?(T)-atoms, also
called g-atoms. So, let f be a g-atom, that is, either a constant or

a function f on T supported in some interval I on the torus (we will
always assume its length less than /4, which is possible) so that

1
£l zoecry < ||~ and /:pkf(x)dx = 0 for any integer k < e L.
T

We have seen that Hy, (b, f) is 27/L-periodic. We simplify the
notation, and write

Tf(x) = Hus (b, f) (%) ,

so that, after a change of variable in the integral, one can write

rw = [ o (v e-n) e o) sty

xL tanﬁ

We are restricted to prove that

(8) 1T (N o) < ClOlaacm1f | zzacr)
for f supported in the interval (0,+7%) when ¢ > 1, or
(9) 1T (N zeg-rrp < ClOlaaco1f | zzacr)

for f is a g-atom supported in (0, +r) for some r < 7 when ¢ < 1.

Let us explain the next reduction of the problem. For |z| < T,
|s| < L7 and s in the support of the periodic function f, we can write
1 1 1 T — S

z—s + _w ’
L tan £ r—s L L
with ¢ a C* function with compact support. Indeed, the conditions
on s, x and L, imply that @ < 37” We get rid of the term with
by showing the next lemma.

LEMMA 11. Let ¥ be a C* function with compact support. Then
there exists admissible constants C, C, depending on v such that, for f
a periodic integrable function supported in (0,+m/4) (modulo 27 ), the
quantity

A(z) = % /_ WLL [b <:c + %(3 - x)) et @—s) _ b(az)} F(s) (33 - 5) ds

is uniformly bounded, for |x| < m, by C||b||ee(my||f||L1(ry. Moreover, it
is bounded by Cy||bl[a4(ry when f is a q-atom, with 3 =1/q — 1.
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Proof. A(x) may be written as a scalar product % < f, g > on the real
line, where f is the function on the real line which coincides with f on
(—Lm, +Lm) and is zero outside, while g takes care of the other terms.
Consider the first case, and remark that ||f||L1(R) = L||fllzt(r), while
the norm of g in L*>®(R) is bounded, up to a constant, by the norm of
bin L>®(T). The conclusion follows at once. Assume now that g < 1.
Then f is the sum of L g-atoms of H%(R). On the other hand, one has
gllas®) < ClIb]|ager), with C" admissible constant. We conclude, using
the fact that the space Ag(R) being the dual space of HI(R). O

The main term can be written as T'f(z) + Tf(z), where

) 75w = [ (w4 pls—a)) 50 )] 1152

o r—Ss

and

(11)
= [ (e gema) e vl ot

Let us start with the first term.

PROPOSITION 12. There exist admissible constants C, so that

(12) 1T lzo(-rotm) < Collbllaaem

when q > 1 and f is supported in the interval (0, +%) and || f||aery < 1,
or when q < 1 and f is a g-atom supported in (0,+r), for somer < 7.

Proof. We can deduce the required estimate from the analogue of The-
orem ] on the real line, which we state now. We define, for 5 € R, for

be AL(R) and f € HI(R),

13 Hao ) = [ T b+ Bls — ) — b)) fls) -

o T —S

We have the following proposition.

PROPOSITION 13. Let 1 < p < oo, O<q<pcmcl0z—g—l

There exists a constant C = C(B) > 0 so that, for any sufficiently
smooth functions b € A,(R) and f € HI(R)

(14) [Hs(b, H)llze®) < Cllfll a0l aam)

Furthermore, C((3) is uniformly bounded when (3 lies in a compact set

of R.

Remark 14. Let us emphasize that this result may be seen as an ele-
mentary case of Lacey-Thiele Theorem on the bilinear Hilbert transform

(see [ETT], [ET7], [ETT]).
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Proof. Let us again simplify the notation, and set S(f) := Hz(b, f).
The kernel of S is bounded, up to the constant C|3|*||b||s, (=), by the
Riesz potential |z — s|71% and the estimate follows directly from the
classical estimates on Riesz potentials when ¢ > 1.

Let us now concentrate on ¢ < 1, and assume that f is an atom
supported in the interval [ = (—r,4r) (we can reduce to this case,
using invariance by translation as in Lemma []). Using interpolation,
it is sufficient to consider non integer values of a. We assume that
k< a<k+1 Wewrite S(f) = Ay + As, with Ay = S(f)U(—or42r).
We prove that both A; et Ay are LP-functions. To prove that A; € LP,
we remark that, because of the fact that f has vanishing moments up
to order k, we can replace the content of the bracket, in the definition
of S(f) as an integral given in ([J), by

b+ B(s — ) -

= 7

This last quantity is bounded by C|5|%|s — x|*||b||o. We obtain that
|[Ai(@)] < C1B1%r = [BlloZo (| 1) (@),

where Z,, denotes the fractional integral related to the Riesz potential
|z — 5|71+, We have chosen o’ < 1, such that i = % —a' with p > 1.
Then

1Al < CIB1 = |Bllal f s

We conclude for A; using the fact that f is a g-atom supported in
(—r,+7), that is, || f||pe@) < Cr=1/e.

To deal with As, we replace the content of the bracket of ([3) differ-
ently. We write that b(x + (s — x)) — b(z) is the sum of three terms,
that is,

The last term may be written as the product of s —x with a polynomial
in s of degree less than k. Because of the condition on the moments
of f, the corresponding term is zero. The first term is bounded by
7| 8|%(|b]| A (r), the second one by |3|%||b]|a.m@)|x|*. So, we can write

Ay as a sum of two terms, Agl) and A§2), corresponding to the two terms
above. For |z| > 2r, | A} ()] is bounded by r|81°|bl| s,y | ]| 22/ |-

The bound for its LP norm follows at once. For AéQ), we use the well-
known fact that the Hilbert transform of the ¢g-atom f is bounded by
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CrF+2=14/|z|*+2 for |x| > 2r. We obtain the estimate
|A§2)(ZL‘)| S C|ﬁ|a||b||Aa(R)Tk+271/q|x|afkf2

for |x| > 2r, from which we conclude at once.
This finishes the proof of Proposition [[3. U

We conclude for the proof of Proposition [[J using Proposition [L3 for
Hg(l;, f), with 8 = %, f the function that is equal to f on (0,7) and
vanishes elsewhere, and b(x) = b(x)e "% (it is elementary to show that
b belongs to A, (R) with a Lipschitz norm bounded by Clbllaq(r). O

We now turn to the estimate of Tf. We prove the following.
PROPOSITION 15. Let p > 1. There exist admissible constants

C,Cy so that,
(1) if f € LY(T) and is supported in the interval (0,+7%), then
(15) IT(H) | 2o (ramy < CUF 2wy 10l o cr) -
(2) ifq <1 and f is a g-atom supported in (0,+r), for somer < 7,
then
(16) IT(P)lze(=rem) < Collbllagem,

with f=1/q — 1.

Proof. We may assume that L > 2, otherwise there is nothing to prove.
We begin with the case ¢ > 1. We will not use any compensation
between the two terms involving b, so we replace T' by S, where

k l » d
S(f)(x) := /<|t< . b <Ex + Et) ezf(m’t)f(t)x _t .

We show ([[3) for S(f) in place of T'(f). The difference between both
is of the same type as S(f), except that b is replaced by a constant.
Now, we use the 2m-periodicity of f to write S(f)(x) as

T k l u , dt
¢ b2 —(t i z—(x—t—27rj)7.
/Wf() Z (Lx+L(+7T]))6L T —2mj —t

1<ljl<L/2
We may replace t + 2757 — x by 27j in the last integral. Indeed, the
difference is bounded, up to a constant, by 1/j2. Taking the sum,
we get a quantity which is bounded, up to an admissible constant, by
16| ze¢my [| fl| Lrery- Indeed, the constant comes from the fact that, for
the periodic function b,

1
k L\7?
<c(1+7) Bl
Lp(—m,+m) | |

(1) oz




MULTILINEAR HANKEL OPERATORS 13

It remains to consider the term
k l efi%(t+27rj)
N —(t+279) | ————dt.
/ f(t) (Lx + L( + W])) ;
1<\]|<L/2

Taking the LP-norm on (—m,+m) and using Minkowski inequality, it
is sufficient to show that ||B(%-,t)||ro(—rtn) < Clbl|Le(r), with C' an
admissible constant which is independent of ¢, where

Bz, t):= b(az+%(t+27fj))e

1<[j|<L/2

_omild
271 7,

We use the inequality ([[7) written for the function B(-,t) to reduce
to an inequality for this last function. We will use transference to

conclude. Let ©; be the strongly continuous representation of Z in
LP(T) given by

©;b(t) =10 (t + %27@') :

It is clear that B(-,t) is obtained from b(-+ %) when using the operator

e—27ri%j
Y

1<ijl<rz 7

The theory of tranference (see [CW]) allows us to conclude that it is a
uniformly bounded operator on LP(T) once we know that the operator
given by the convolution by the sequence c; := e~2% /j for 1 < |j| <
L/2, ¢; = 0 otherwise, is bounded on (P(Z). This, again, is classical:
the convolution operator on (P(Z) associated to the sequence (1/7);>1
is a bounded operator on /(Z), p > 1, as the discrete analogue of
the Hilbert transform The same holds also for the truncated sequence
(ck) where ¢f :=1/j for 1 < |j| < L/2, and ¢& = 0 otherwise, with an
operator norm bounded independently of L. The same is also valid for
the sequence c¢; given above: we may write this last operator in terms of
the conjugate of the previous one under the action of the multiplication
by e

_ VR
271 7

. Finally,

It
IBC 1) e < C Hb<- S5~ el

Lo o cmy

This finishes the proof of ([7).
Let us now prove ([[f]). For simplicity, we only consider the case when
ﬁ is not an integer, which is sufficient for our purpose. We assume that
f is an atom supported in (0,7). We write T'(f)(x) as

k [ " » dt

x—21) —t
1<\j|<L/2
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As in the proof of Proposition [[3, we write the content of the bracket
as a sum of terms. Let us first define

(18) b(z) := b(z)e 72,

As we already pointed out, it is elementary to see that b is in Ag(R)
with a norm bounded by C'|b||a,(r). Then, the content of the bracket is

equal to ¢'7%B;(x,t) with Bj(z,t) = éj(l)(x, t) + Bj(z) (x,t) + B§3) (x,1),
with

5 ,
(k1 -k AN

M : (s) :
i (@) b(Lx A 27”)) :Ob <Lx LQM) (L) !

The last term may be written as the product of z — 27j — t with a
polynomial of degree less than k in ¢. Because of the condition on the
moments of f, the corresponding term is zero.

Let us then consider the second term, which is bounded by Clz —
277 |°||bl|a,(r), where C is an admissible constant. To get a bound
for the corresponding term in T'(f)(z), we use the fact that the Hilbert
transform of f, at the point 2—277, can be bounded by Cr#+1=8 /| | [01+2,
We conclude, using the fact that >, |7|%~191=2 is finite, and r/A+1-5
is bounded.

Let us finally consider the first term, which is bounded by C77||b||a ;7).
with C' an admissible constant. We proceed exactly as in the proof of
([3), using the fact that the L'-norm of f is bounded by »—*. We may
as well replace t + 277 — x by 27 in the last integral in the denomi-
nator. Moreover, one easily verifies that ei}fﬂﬁéj(l)(x, t) can be written
as et 2% ¢ (&(x + 27wLj), ), where the function c is periodic in the
first variable x, and is bounded by Cr?(|b|[s,r), with C' an admissi-
ble constant which is independent of t. After this point, the proof is
exactly the same as the one of ([J), considering the sum

Z c E :E+27T£' t e*%i%"
L K ) j

1<|iI<L/2

We will not repeat the proof here, and leave the details for the reader.
This finishes the proof of Proposition [[1], as well as the proof of Theo-
rem [I]. O
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