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Approximating and Simulating Multivalued StohastiDi�erential EquationsDominique LEPINGLE Thi Thao NGUYENMAPMO, Université d'Orléans, F-45067 Orléans Cedex2email: lepingle�labomath.univ-orleans.fremail: tnguyen�labomath.univ-orleans.frAbstratWe propose a two-step simulation sheme for the solution of a singular stohastidi�erential equation with exploding drift. First we estimate the strong order of the Yosidaapproximation. Then we use a semi-impliit Euler sheme to disretize the approximatesolution. Numerial experiments are displayed for the paths of Brownian partiles withstrong repulsive interation. We also present two simple simulation shemes for Besselproesses with arbitrary dimension.Keywords: Multivalued stohasti di�erential equations, Yosida approximation, interating Brownianpartiles, semi-impliit sheme.1 IntrodutionMultivalued stohasti di�erential equations are used to model a large lass of random evolu-tions suh as stohasti di�erential equations with re�etion on the boundary of a domain [22℄,di�usion equations with hysteresis [16℄, or systems of Brownian partiles with repulsive inter-ation [10℄. Existene and approximation of suh equations, also alled stohasti variationalinequalities, have reeived muh attention in the reent years. Existene has been proved inseveral papers ([3℄, [8℄, [9℄, [21℄). Numerial approximation has been takled in [1℄, [4℄ and[19℄.The last two authors have proposed the same projetion sheme whih is natural ande�ient in the ase of pure re�etion ([20℄, [18℄). In [19℄, the onvex funtion is assumed to beontinuous on the losure of the domain and in [4℄ its gradient satis�es a polynomial growthondition. In both papers, the di�ult ase of exploding drift is avoided. In the work [1℄,these restritions are released and the authors use a splitting up method. Their sheme is noteasy to implement beause at eah step they have to solve a multivalued ordinary di�erentialequation. Our aim is to set a disrete simulation sheme whih also works for sti� equations.An example of suh equations is given in dimension one by the Bessel proesses. Let us mentionthe reent work [13℄ where the weak error of an approximation sheme for these proesses isestimated.The paper is organized as follows. In Setion 2, we reall some material on multivaluedmaximal monotone operators assoiated with a proper lower semi-ontinuous onvex funtionto introdue multivalued stohasti di�erential equations and their approximate equations. InSetion 3, we estimate the strong order of approximation: note that in [21℄ the estimation1



order is "1=24 and in [1℄ it is "1=16. Improving the arguments in [21℄, we obtain "1=8. In Setion4, we annot use an expliit Euler sheme to disretize the approximate solution beause thedrift term is Lipshitz ontinuous with onstant 1=". So we resort to a more involved semi-impliit sheme whih behaves muh better, as was noted for sti� equations in [14℄. Setion 5is devoted to the simulation of some systems of Brownian partiles with repulsive interationwhih are multidimensional extensions of Bessel proesses.2 PreliminariesThe purpose of this setion is to reall some results on the subdi�erentials of onvex lowersemi-ontinuous funtions being maximal monotone operators whih will be used all alongthis work. The relevant material on onvex analysis and maximal monotone operators may befound in V. Barbu and Th. Preupanu [2℄ or in H.Brézis [6℄.2.1 Subdi�erential of a onvex funtionLet ' be a onvex funtion de�ned in Rd ; d 2 N� . We denote bydom(') = nx 2 Rd : '(x) <1othe domain of ' . We say that ' is proper if Int(dom(')) 6= ;.The subdi�erential of ', written as �', is an operator in Rd de�ned by its graph(x; y) 2 Gr(�') , 8z 2 Rd ; '(x) � '(z) + h y ; x � z i (1)For any x 2 Rd , we note �'(x) = fy 2 Rd : (x; y) 2 Gr(�') g :The domain of �' is D(�') = nx 2 Rd : �'(x) 6= ;o : (2)The following proposition is stated without proof.Proposition 2.1 The subdi�erential �' is a multivalued maximal monotone operator in Rd .Moreover, we haveInt(D(�')) = Int(dom(')) � D(�') � dom(') � dom(') = D(�') ; (3)where we reall that Int(D) and D are respetively the interior and the losure (for theEulidean topology) of D in Rd . 2



Partiular ase: Subdi�erential of the indiator funtion.Let D be a onvex losed subset of Rd with nonempty interior. It follows thatID(x) = ( 0 if x 2 D ;+1 if x =2 Dis onvex, l.s.. and proper with dom(ID) = D. Its subdi�erential is�ID(x) = n y 2 Rd : h y ; z � x i � 0 ; 8z 2 Do ;i.e. �ID(x) = 8><>: ; if x =2 D ;f 0 g if x 2 Int(D) ;�x if x 2 �D ;where �x is the normal one at x.Note: In the one-dimensional ase, every multivalued maximal monotone operator A withInt(D(A)) 6= ; is the subdi�erential of a proper l.s.. onvex funtion. This property doesnot hold in the multidimensional ase.2.2 Yosida approximationWe will onstrut in this part a sequene of single valued approximations for the subdi�erentialof a proper l.s.. onvex funtion. Let us reall that, for eah " > 0 and x 2 Rd , the equationx 2 (I + "A)(y) has one and only one solution y in the domain of A if A is a maximalmonotone operator of Rd . The Yosida approximation of the subdi�erential �' of a properl.s.. onvex funtion ' is the appliation �" de�ned by�" = 1" ( I � �" ) ;where �"x is the unique solution of the equation y 2 ( I + "�' )�1 (x) ; x 2 Rd .Proposition 2.2 For eah " > 0, we have :i) �" is a ontration from Rd to D(�');ii) �" is a single valued maximal monotone operator de�ned on the whole Rd , Lipshitzontinuous with onstant 1" ;iii) for every x 2 Rd ; �"(x) 2 �'(�"x) .Proposition 2.3 For eah " > 0, put'"(x) = miny2Rd� 12" jx � yj2 + '(y)� ; x 2 Rd : (4)Then '" is alled the Yosida approximation of the funtion ' andi) '" : Rd ! (�1;+1) is onvex with domain dom('") = Rd ;3



ii) '" is of lass C 1 �Rd ;R � with r'" = �" ;iii) the in�mum de�ning '"(x) is attained at �"x and'"(x) = "2 j�"(x)j2 + '(�"x) ; (5)iv) letting " # 0, we have '"(x) " '(x) for all x 2 Rd ;v) there exists  > 0 suh that for any x 2 Rd ,�( 1 + jxj ) � '(�"x) � '"(x) � '(x) : (6)If ' is the indiator of a onvex nonempty subset D, then�"x = projD(x) 8 " > 0 ; 8x 2 Rd ;�"(x) = 1" ( x � projD(x) ) 8 " > 0 ; 8x 2 Rd :We onlude this subsetion by stating some properties whih will be needed in the sequel.The proof of the �rst proposition may be found in [8℄ and the proof of the seond one is easy,hene it will be omitted.Proposition 2.4 For any a 2 Rd , there exist onstants r > 0 ;  > 0 (depending only on ')suh that, for eah " 2 R� ; x 2 Rd ,h �"(x) ; x � a i � r j�"(x)j + " j�"(x)j2 � ( jxj + 1 ) : (7)Proposition 2.5 Let F be a onvex, ontinuous, di�erentiable funtion, from Rd into R.Then the impliit Euler sheme with step size �yn+1 = yn + �f(yn+1) ; 0 � n � N � 1 ; (8)where f = �rF , is well-de�ned (i.e the equation y � �f(y) =  ;  2 Rd has a uniquesolution for all � > 0). Moreover, the sequene fF (yn)gn2N is dereasing.2.3 Multivalued stohasti di�erential equationsLet be giveni) d 2 N� and 0 < T < +1 ;ii) ' : Rd ! (�1; +1℄ onvex, l.s.. and proper ;iii) b : Rd ! Rd and � : Rd ! Rd 
 Rd Lipshitz ontinuous mappings;iv) ( 
;F ;P ) a probability spae with �ltration Ft satisfying the usual onditions;v) B = fBt;Ft; 0 � t � 1g a d-dimensional standard Brownian motion de�ned on( 
;F ;Ft;P ) with B0 = 0; 4



vi) � a r.v. de�ned on ( 
;F0;P ), and taking values in dom(') P-a.s.With the previous data and assumptions, we shall approximate and simulate the unique solu-tion (Xt)0�t�T of the multivalued stohasti di�erential equation( dXt + �'(Xt)dt 3 b(Xt)dt + �(Xt)dBtX0 = � (9)By de�nition, a solution to the above equation is a pair of proesses (X;K) suh that:i) X = fXt ; 0 � t � T g is a ontinuous, adapted proess with values in dom(') andX0 = �;ii) K = fKt ; 0 � t � T g is a ontinuous, adapted proess with bounded variation takingvalues in Rd with K0 = 0;iii) dXt = b(Xt)dt + �(Xt)dBt � dKt;iv) for every pair of ontinuous, adapted proess (�; �) taking values in Rd and satisfying(�u; �u) 2 Gr(�') 8 u 2 [0; T ℄ ;the measure hXu � �u ; dKu � �udu i is P-a.s. nonnegative on [0; T ℄.We now give the plan of the paper. For eah " > 0 �xed, we �rstly give an approximatesolution whih is the solution of the ordinary stohasti di�erential equation( dX"t = b(X"t )dt � �"(X"t )dt + �(X"t )dBtX"0 = X0 (10)Next we estimate of the term E " supt�T jXt � X"t jp # ; p � 2 , to obtain the order of theapproximation.We seondly propose a semi-impliit Euler sheme with step size � = TN ; N 2 N� on thetime interval [0; T ℄ to approximate the solution (X"t )0�t�T8><>: X"0 = X0 P� p.s.X"(n+1)� = X"n� + �b(X"n�)� ��"(X"(n+1)�) + �(X"n�)(B(n+1)� �Bn�)X"t = X"n� if t 2 [n�; (n+ 1)�) : (11)and estimate the term E " sup0�t�T ��X"t � X"t ��p # ; p � 2. Putting together both approxima-tions we obtain E " sup0�t�T ��Xt � X"t ��p # � (p)" p8 + 2(p)� p2"p :Sine the estimation is valid for all p � 2, we moreover get the pathwise onvergene.Before going to the main setion, we note that if the gradient of the funtion' is repulsiveenough, then there is no loal time at the boundary of the domain. If moreover ' belongs to5



C1(Int(dom('))), equation (9) turns into the ordinary stohasti di�erential equation� dXt = b(Xt)dt � r'(Xt)dt + �(Xt)dBtX0 = � (12)with exploding drift at the boundary of the domain.3 Approximate solutionSeveral authors have proved by the penalization method the onvergene in L2 of the sequeneof the approximate solutions X" to the unique solution X of the multivalued stohastidi�erential equation (9) (see, e.g. [1℄, [8℄).In [21℄, the estimationE " sup0�t�T jX"t � Xtj2 # � " 112 ; 0 < T < +1 :was proved. We will generalize the result to the Lp-ase (p � 2) and �nd a larger power.3.1 Main estimatesWe �rstly reall the main steps of Storm's proof in [21℄.Proposition 3.1 Let p � 2 and assume X0 2 Lp. Then for every " > 0 there exists aonstant  independent of " suh thatE " supt�T jX"t jp + �Z T0 j�"(X"s )j ds� p2 + �Z T0 "j�"(X"s )j2ds� p2 # �  : (13)Proposition 3.2 Let p � 2 and assume X0 2 L2p. Then for every 0 < " < 1 and Æ > 0, wehaveE " supt�T ���X"t � XÆt ���p # � E " supt�T jX"t � �"X"t jp # 12 + E " supt�T ���XÆt � �ÆXÆt ���p # 12 : (14)3.2 Convergene rateProposition 3.3 Let p � 2 and assume X0 2 L5p=2 and E [ j'(X0)jp ℄ < 1. Then for every0 < " < 1 we have E " supt�T jX"t � �"X"t j2p # � " p2 : (15)Proof : Sine '" is only C1, we shall need the easy following lemma whih an be provedby regularizing the funtion f and using the It� formula.6



Lemma 3.4 Let f be a onvex funtion of lass C1(Rd ;R ) whose gradient is Lipshitzontinuous with onstant . Then for all p � 1, we have almost surely��f(X"t^�k)��2p � jf(X"0)j2p + 2pZ t^�k0 D jf(X"s )j2p�1 rf(X"s) ; �(X"s )dBs E+ Z t^�k0 � jf(X"s )j2p�2jrf(X"s)j2 + jf(X"s )j2p�1 � ( jX"s j + 1 )2 ds+ Z t^�k0 jf(X"s )j2p�1 jrf(X"s )j ( jX"s j + 1 ) ds� 2pZ t^�k0 D jf(X"s )j2p�1rf(X"s ) ; �"(X"s )E ds :For every k > 0, we de�ne �k = inf f t : jX"t j � k g. Applying the lemma to the onvexfuntion '" whose gradient is Lipshitz ontinuous with onstant 1" , taking the supremumover t and taking expetations, we getE � sups�t^�k '"(X"s )2p � � E � '"(X"0)2p � + "E � Z t^�k0 j'"(X"s )j2p�1 ( jX"s j + 1 )2 ds �+ E � Z t^�k0 j'"(X"s )j2p�2 j�"(X"s )j2 ( jX"s j + 1 )2 ds �+2pE � sups�t^�k Z s0 
 j'"(X"u)j2p�1 �"(X"u) ; �(X"u)dBu � �+ E � Z t^�k0 j'"(X"s )j2p�1 j�"(X"s )j ( jX"s j + 1 ) ds � : (16)Step 1: Estimate of the seond term in the right hand side of (16).The onvex funtion ' is bounded below by an a�ne funtion . Moreover �" is a ontrationand �"(x) 2 �'(�"x). So we have, for every x 2 Rd ,�( 1 + jxj ) � '(�"x) � j�"(x)j jx� aj +  :Hene from the de�nition of '" and Proposition 2.4, we havej'"(x)j = ���"2 j�"(x)j2 + '(�"x)��� � "2 j�"(x)j2 +  + jxj + ( 1 + jxj )j�"(x)j :Applying this inequality to the seond term on the right hand of (16), we obtain" E � Z t^�k0 j'"(X"s )j2p�1 ( jX"s j + 1 )2 ds �� "�2p+1E " sups�t^�k "2p�2j'"(X"s )j2p�2 � 1 + sups�t^�k jX"s j�2 Z t^�k0 " j�"(X"s )j2jds#+ "�2p+1 t E " sups�t^�k "2p�2j'"(X"s )j2p�2� 1 + sups�t^�k jX"s j�3 #+ "�2p+1E " sups�t^�k "2p�2j'"(X"s )j2p�2 � 1 + sups�t^�k jX"s j�3 Z t^�k0 j�"(X"s )jds#7



Using the Hölder inequality, we get" E � Z t^�k0 j'"(X"s )j2p�1 ( jX"s j + 1 )2 ds �� "�2p+1E � sups�t^�k "2pj'"(X"s )j2p � 2p�22p E "�Z t^�k0 "j�"(X"s )j2ds�2p +�1 + sups�t^�k jX"s j�4p# 1p+ "�2p+1 t E � sups�t^�k "2p j'"(X"s )j2p � 2p�22p E " � 1 + sups�t^�k jX"s j�3p # 1p+"�2p+1E � sups�t^�k "2pj'"(X"s )j2p � p�1p E "�1 + sups�t^�k jX"s j�5p# 35p E 24�Z t^�k0 j�"(X"s )jds� 5p2 35 25pHene if X0 2 L5p, by Proposition 3.1, we have"E � Z t^�k0 j'"(X"s )j2p�1 (jX"s j+ 1)2 ds � � "�2p+1 E � sups�t^�k "2pj'"(X"s )j2p� 2p�22p : (17)Step 2: Estimate of the third term on the right hand side of (16).If X0 2 L4p, by the Hölder inequality and Proposition 3.1, we haveE �Z t^�k0 j'"(X"s )j2p�2j�"(X"s )j2 (jX"s j+ 1)2 ds� � "�2p+1E � sups�t^�k "2pj'"(X"s )j2p� p�1p (18)Step 3: Estimate of the fourth term on the right hand side of (16).Using Doob's maximal inequality, we get2pE � sups�t^�k Z s0 
 j'"(X"u)j2p�1 �"(X"u) ; �(X"u)dBu � �� "� 4p�12 E " sups�t^�k "2p�1j'"(X"s )j2p�1 �Z t^�k0 "j�"(X"s )j2 ( jX"s j + 1 )2 ds�12 # :If X0 2 L4p then, by the Hölder inequality and Proposition 3.1, we obtain2pE � sups�t^�k Z s0 
j'"(X"u)j2p�1�"(X"u); �(X"u)dBu�� � "� 4p�12 E � sups�t^�k "2pj'"(X"s )j2p� 2p�12p :(19)Step 4: Estimate of the �fth term on the right hand side of (16).Sine E � Z t^�k0 j'"(X"s )j2p�1 j�"(X"s )j ( jX"s j + 1 ) ds �� "�4p+12 E � sups�t^�k "2p�1 j'"(X"s )j2p�1 Z t^�k0 " 12 j�"(X"s )j ( jX"s j + 1 ) ds � :8



Using the Cauhy and Hölder inequalities, and Proposition 3.1, if X0 2 L4p, we haveE �Z t^�k0 j'"(X"s )j2p�1j�"(X"s )j ( jX"s j + 1 ) ds � � "�4p+12 E � sups�t^�k "2p j'"(X"s )j2p � 2p�12p(20)By (17)-(20), (16) beomesE � "2pj'"(X"t^�k)j2p� � "2pE � j'"(X0)j2p� + " 12 E � sups�t^�k "2pj'"(X"s )j2p� 2p�12p+ "E � sups�t^�k "2pj'"(X"s )j2p� p�1p : (21)We de�ne A = "�p E � sups�t^�k "2p j'"(X"s )j2p �, then A < 1.Sine �( 1 + jxj ) � '"(x) � '(x) and E � j'(X0)j2p � � , (21) yieldsA� "p + A1� 12p + A1� 1p � � 1 (22)As " < 1, we see that A is uniformly bounded (with respet to " and k ) by some onstant.After deloalization, it follows that for any p � 1, if X0 2 L5p and E h j'(X0)j2p i < 1,E " supt�T "2p j'"(X"t )j2p # � "p (23)Now using the bounds on '(�"x) given by (6), we obtainj'(�"x)j2p � ( 1 + jxj2p + j'"(x)j2p ) :From inequality (23), we dedueE " supt�T "2p j'(�"X"t )j2p # � "p : (24)Using the inequality a2p � b2p � (a+ b)2p and (23)-(24), we haveE " supt�T jX"t � �"X"t j4p # � E " supt�T �� jX"t � �"X"t j2 + 2"'(�"X"t ) ��2p #+ E " supt�T "2p j'(�"X"t )j2p #� E " supt�T "2p j'"(X"t )j2p # + E " supt�T "2p j'(�"X"t )j2p #� "p 9



whih ompletes the proof of the proposition. �Thanks to Proposition 3.2, for every " > 0 and Æ > 0, we haveE " supt�T jX"t � XÆt j2p # � (" p4 + Æ p4 ) :We have proved that the sequene of proess (X"t )0�t�T is Cauhy in Lp, and so onvergesto a ontinuous proess (Xt)0� t�T . By the end of the proof of Theorem 3.2 in [21℄, we anshow that the limit is the unique solution of the multivalued stohasti di�erential equation(9) for whih we have E " supt�T jXt � X"t jp # � " p8 8 p � 2 : (25)Taking " = 1=n, we may obtain the a.s. uniform onvergene for p > 8.4 Euler semi-impliit shemeThe book [15℄ is a good referene for the disretized simulation of ordinary stohasti dif-ferential equations with Lipshitz oe�ients. We are interested here in the ase where theoe�ients are more singular. On other words, the di�usion oe�ient remains Lipshitzontinuous but the drift one is the sum of a Lipshitz term and a monotone one.4.1 Euler semi-impliit shemeLet p � 2, 0 < T <1 and N 2 N� . We propose a Euler semi-impliit sheme with step size� = TN assoiated to the proess (Xt)0�t�T :( X"0 = x 2 Int(dom('))X"(n+1)� = X"n� + �b(X"n�) � ��"(X"(n+1)�) + �(X"n�)(B(n+1)� � Bn�) : (26)By Proposition (2.5), it is easy to see that this sheme is well de�ned. We also introdue theontinuity version: if t 2 [n�; (n+ 1)�), thenX"t = X"n� + (t � n�)b(X"n�) � (t � n�)�"(X"(n+1)�) + �(X"n�)(Bt � Bn�) : (27)We �rst state an simple elementary inequality whih looks like a disrete It� formula.Lemma 4.1 Let fkgk2N and fdkgk2N two sequenes of Rd . For every n 2 N� , we have����� nXk=0(k + dk) �����2 � nXk=0 jkj2 + nXk=0*2 k�1Xi=0(i + di) ; k+ + 2 nXk=0* kXi=0 (i + di) ; dk+ :10



4.2 Estimate in LpWe know from the previous setion that any random variable X"t belongs to Lp.This is alsotrue for the disretized proess.Proposition 4.2 There exists a positive  independent of " and � suh thatE " supn�N jX"n�jp # �  : (28)Proof : By formula (26), we an writeX"n� � x = n�1Xk=0 ��b(X"k�) + �(X"k�)(B(k+1)� � Bk�) � � n�1Xk=0��"(X"(k+1)�) : (29)Applying Lemma 4.1, we getjX"n� � xj2 � n�1Xk=0 ��� b(X"k�) + �(X"k�) (B(k+1)� �Bk�) ��2+2 n�1Xk=0 
X"k� � x ; �b(X"k�) + �(X"k�)(B(k+1)� � Bk�) �� 2 n�1Xk=0 DX"(k+1)� � x ; ��"(X"(k+1)�)E : (30)
Sine x 2 Int(dom(')), the proposition 2.4 is valid, and by de�nition de X"(k+1)�, we obtain�DX"(k+1)� � x; �"(X"(k+1)�)E � ( � � r )j�"(X"(k+1)�)j +  + jX"k� � xj+�jb(X"k�) � b(x)j + j�(X"k�)(B(k+1)� �Bk�)j :We an hoose � small enough so that � � r . By the Cauhy inequality and the Lipshitzproperty of b, (30) beomesjX"n� � xj2 �  n�1Xk=0�jX"k� � xj2 + 2 n�1Xk=0 j�(X"k�)(B(k+1)� � Bk�)j2+ n�1Xk=0�j�(X"k�)(B(k+1)� � Bk�)j + + n�1Xk=0 
X"k� � x ; �(X"k�)(B(k+1)� � Bk�) � :Applying the following inequalitynXi=1 jxijm �  nXi=1 jxij!m � nm�1 nXi=1 jxijm 8m � 1 ; (31)and taking the expetation of supremum, we have11



E " supn�N ��X"n� � x��p# � E 24 supn�N  n�1Xk=0�jX"k� � xj2! p2 35+ E 24 supn�N  n�1Xk=0 j�(X"k�)(B(k+1)� � Bk�)j2! p2 35+ E 24 supn�N  n�1Xk=0�j�(X"k�)(B(k+1)� � Bk�)j! p2 35 + + E 24 supn�N  n�1Xk=0 
X"k� � x ; �(X"k�)(B(k+1)� �Bk�) �! p235 :(32)Applying the Cauhy and Burkholder-Davis-Gundy inequalities to the two last terms on theright hand side, (32) beomesE " supn�N ��X"n� � x��p # � 12E " supn�N�1 jX"n� � xjp # + + E 24  N�1Xk=0 j�(X"k�)(B(k+1)� � Bk�)j2! p2 35Using again the inequality (31), we obtainE " supn�N ��X"n� � x��p # � 12 E " supn�N�1 ��X"n� � x��p# + + N p2�1 N�1Xn=0 E � j�(X"k�)(B(k+1)� � Bk�)jp �� 12E " supn�N�1 ��X"n� � x��p # + N�1Xn=0 �E " supk�n jX"k� � xjp # +  :After the usual deloalization and appliation of Gronwall inequality, we �nally obtainE " supn�N jX"n� � xjp # � whih ompletes the proof of the proposition. �4.3 Order of the Euler semi-impliit shemeTheorem 4.3 For every p � 2, there exists a positive (p) independent of � and " suhthat E " supn�N ��X"n� � X"n���p # � (p)� p2"p : (33)12



Proof : For every 1 � n � N , we write X"n� and X"n� with the form (29). Using Lemma4.1, we have��X"n� �X"n���2 � 2 n�1Xk=0 ����� Z (k+1)�k� � b(X"s ) � b(X"k�) � ds �����2+2 n�1Xk=0 ����� Z (k+1)�k� ��(X"s ) � �(X"k�) � dBs �����2+2 n�1Xk=0*X"k� � X"k� ; Z (k+1)�k� � b(X"s ) � b(X"k�) � ds++2 n�1Xk=0*X"k� � X"k� ; Z (k+1)�k� ��(X"s ) � �(X"k�) � dBs+� 2 n�1Xk=0*X"(k+1)� �X"(k+1)� ;Z (k+1)�k� � �"(X"s )� �"(X"(k+1)�)� ds+(34)By the monotony and the Lipshitz property with onstant 1" of �", we have� *X"(k+1)� �X"(k+1)� ; Z (k+1)�k� ��"(X"s ) � �"(X"(k+1)�)� ds+� �2 ���X"(k+1)� �X"(k+1)����2 + �2"2 supk��s�(k+1)� ���X"s � X"(k+1)� ���2 :By the Lipshitz property of b and the Cauhy inequality, (34) beomes��X"n� �X"n���2 � � ��X"n� �X"n���2 +  n�1Xk=0� ��X"k� �X"k���2+ n�1Xk=0 � supk��s�(k+1)� jX"s �X"k�j2 + �"2 supk��s�(k+1)� ���X"s �X"(k+1)����2!+2 n�1Xk=0 ����� Z (k+1)�k� ��(X"s ) � �(X"k�) � dBs �����2+ 2 n�1Xk=0*X"k� � X"k� ;Z (k+1)�k� ��(X"s ) � �(X"k�) � dBs+ :For any small enough �, using the inequality (31) with power p2 and taking the expetationof supremum, we obtain 13



E " supn�N ��X"n� � X"n���p #� E 24 N�1Xk=0 � ��X"k� �X"k���2! p235 + E 2640�N�1Xk=0 �����Z (k+1)�k� ��(X"s )� �(X"k�)� dBs�����21Ap2375+ E 24  N�1Xk=0  � supk��s�(k+1)� jX"s � X"k�j2 + �"2 supk��s�(k+1)� ���X"s � X"(k+1)����2!! p2 35+ E 24 supn�N ����� n�1Xk=0 *X"k� � X"k� ; Z (k+1)�k� ��(X"s ) � �(X"k�)� dBs+����� p235 :Applying (31) to eah term on the right hand side, we haveE " supn�N ��X"n� � X"n���p #� N p2�1 N�1Xk=0 � p2 E h��X"k� �X"k���pi + N p2�1 N�1Xk=0 E "�����Z (k+1)�k� ��(X"s )� �(X"k�)� dBs �����p#+ "pN p2�1 N�1Xk=0 � p2  E " supk��s�(k+1)� jX"s �X"k�jp#+ E " supk��s�(k+1)� jX"s �X"(k+1)�jp#! ds+ E 24 supn�N �����n�1Xk=0*X"k� � X"k� ; Z (k+1)�k� ��(X"s ) � �(X"k�)� dBs+! p2 35 : (35)We �rstly estimate the term E " supk��t�(k+1)� jX"t � X"k�jp #. Using the de�nition of X", theLipshitz property of b, �", � and the proposition 3.1, we haveE " supk��t�(k+1)� jX"t � X"k�jp # + E " supk��s�(k+1)� ���X"s �X"(k+1)����p # � �p"p + � p2 : (36)Using this estimation, the Burkholder-Davis-Gundy inequality and the Lipshitz property of�, we have the following estimate for the seond term on the right hand side of (35):N p2�1 N�1Xk=0 E " �����Z (k+1)�k� ��(X"s ) � �(X"k�) � dBs �����p #� �T�� p2�1 N�1Xk=0 � p2 E " ��X"k� � X"k� ��p + supk��s�(k+1)� jX"s � X"k�jp #� N�1Xk=0 �E " supi�k ��X"i� � X"i� ��p # + � �p"p + � p2 � : (37)
14



We now onsider the last term on the right hand side of (35). By the Burkholder-Davis-Gundyand Cauhy inequalities, we obtainE 24 supn�N ����� n�1Xk=0 Z (k+1)�k� 
X"k� � X"k� ; ��(X"s ) � �(X"k�) � dBs � ����� p2 35� 12E " supn�N ��X"n� � X"n���p # + 2E 24  N�1Xk=0 Z (k+1)�k� ���(X"s ) � �(X"k�)��2 ds! p2 35 :From the Lipshitz property of �, (31) and (36), we dedue thatE 24  N�1Xk=0 Z (k+1)�k� ���(X"s ) � �(X"k�)��2 ds!p2 35� N p2�1� p2 N�1Xk=0 E h ��X"k� � X"k���p i + N p2�1� p2 N�1Xk=0 E " supk��s�(k+1)� jX"s � X"k�jp #� N�1Xk=0 �E " supi�k ��X"i� � X"i���p # + � �p"p + � p2 � :HeneE 24 supn�N ����� n�1Xk=0 Z (k+1)�k� 
X"k� � X"k� ; ��(X"s ) � �(X"k�) � dBs � ����� p2 35� 12E " supn�N ��X"n� � X"n���p # + N�1Xk=0 �E " supi�k ��X"i� � X"i���p # + � �p"p + � p2 � :(38)Using(36)-(38), inequality (35) beomesE " supn�N ��X"n� � X"n���p # �  N�1Xk=0 � E " supi�k ��X"i� � X"i� ��p # +  � p2"p ;We use the Gronwall inequality to omplete the proof. �Remark:i) With the main result of the previous setion, we �nally dedue thatE " supn�N ��Xn� � X"n���p # �  " p8 +  � p2"p : (39)ii) We may also obtain the almost sure uniform onvergene of X"n� toX"t , and of X"ttoXt . 15



5 Appliations5.1 Some modelsLet d 2 N� , 0 < M � 1 and I = (0;M). We de�ne a onvex funtion � : R ! (�1;+1℄of lass C1(I) satisfying �(x) = +1 8x 2 I [ f0+g and �(M�) = +1 if M <+1. We put D = nx = (x1; x2; :::; xd) : x1 < x2 < ::: < xd < x1 + M oand de�ne the funtion ' : Rd ! (1;+1℄ by'(x) = 8<: X1�i<j�d�(xj � xi) onD+1 onD:It is easy to see that ' is onvex, l.s.., proper with dom(') = D. E. Cépa and D. Lépingle[11℄ have shown that in this ase the multivalued stohasti di�erential equation (9) turns intothe stohasti di�erential equation (12).We are interested in the following ases. Let  be a stritly positive real number and B be ad�dimensional Brownian motion. With the initial ondition X0 2 D a.s.:for �(x) = � log(x) on I = (0;1), letdXit = dBit +  X1�i6=j�d dtXit � Xjt X1t � X2t � : : : � Xdt ; (40)for �(x) = � log� sin� x2 �� on I = (0; 2�), letdXit = dBit + 2 X1�i6=j�d ot Xit � Xjt2 ! dt X1t � : : : � Xdt � X1t + 2� ; (41)for �(x) = � log ( sinh(x) ) on I = (0;1), letdXit = dBit +  X1�i6=j�d oth�Xit � Xjt � dt X1t � X2t � : : : � Xdt : (42)Eah system has a unique strong solution. We may �nd detailed studies of the system (40) in[5℄ and [10℄, of the systems (41) and (42) in [11℄.The disretization error is p�" where " is the Yosida approximation parameter of ', � = TNis the step size of the Euler semi-impliit sheme; we must add the error term due the penal-ization approximation (see (39)) and the error term from the numerial omputation.16



5.2 Law support of the proess on [0; T ℄Before proposing the simulations of proess trajetories, it is interesting obtaining a supportresult for this trajetories. Reall �rstly the formulation of the Skorohod multivalued problemgiven in [9℄. Let A be a multivalued maximal monotone operator and w 2 C( [0; T ℄;Rd )verifying w(0) 2 D(A). There exists an unique pair (x; k) suh that:i) x = fx(t) ; 0 � t � T g is ontinuous and taking values in D(A);ii) k = f k(t) ; 0 � t � T g is ontinuous with variation bounded, taking values in Rd andnull at 0;iii) for every pair of ontinuous funtions (�; �) on [0; T ℄ and taking values in Rd suhthat (�(u); �(u)) 2 Gr(A) 8u 2 [0; T ℄, the measure hx(u)� �(u); dk(u) � �(u)dui is positive.In the same paper, it is proved that for every x0 2 D(A), the appliation� : Cx0 � [0; T ℄;Rd � �! Cx0 � [0; T ℄;D(A) �is ontinuous, where Cx0( [0; T ℄;Rd ) is the set of ontinuous funtions with initial value x0.If we now assume there exists a onvex funtion ' of the lass C1Int(dom(�')) suh thatA = �', then from the proof of Lemma 3.4 in [10℄ there exists a ontinuous funtion with�nite variation l verifying l(0) = 0 andx(t) = w(t) � Z t0 5'(x(s)) Ifx(s)2 Int(dom(�'))gds + ltIfx(t)2 Int(dom(�'))gdlt = 0 :Proposition 5.1 With the previous onditions on ', if x0 2 Int( dom(�') ) and the spaeCx0( [0; T ℄;Rd ) is equipped with the Wiener measure Px0 starting from x0 , then the lawsupport of � is exatly the spae Cx0( [0; T ℄; dom(�') ).Proof : It is evident that the law support of � is a subset of Cx0( [0; T ℄; dom(�') ).Conversely, let x 2 Cx0( [0; T ℄; dom( �') ) and a 2 Int( dom( �') ). For any " > 0 , let > 0 with T � 1 suh thatx0(t) = a + (1� t)(x(t) � a) 0 � t � Tbelongs to Cx0 ( [0; T ℄; Int( dom( �') ) ) \ B(x; " ) .Put w0(t) = x0(t) + Z t0 r'(x0(s))ds 0 � t � T :Then w0 2 Cx0( [0; T ℄;Rd ) and it is lear by uniqueness of the solution of the Skorohodproblem, that x0 = �(w0) . By ontinuity of �, �(B(x; " ) ) ontains a ball B(w0; � ) with� > 0 and the properties of the Wiener measure entailPx0( �(B(x; ") ) � Px0( �(B(w0; �) ) > 0 ;whih ompletes the proof. �It has been proved in [9℄ that the probability measure �(Px0) is exatly the law of the proessX in (9) with b = 0, � = I and X0 = x0. 17



5.3 Linearization methodWe �rstly onsider the proess R+ , alled the Bessel proess with dimension 2 + 1 that isthe solution to the one-dimensional equationdXt = dBt +  dtXt ; (43)We propose a linearization method where the Brownian motion is approximated by a pieewiselinear path w de�ned for every t 2 [n�; (n+ 1)�), 0 � n � N � 1, byBt ' w(t) = B(n+1)� � Bn�� t + ( (n+ 1)Bn� � nB(n+1)� ) :The equation (43) beomes, for every t 2 [n�; (n+ 1)�), 0 � n � N � 1,dX t = � B(n+1)� � Bn�� + Xt � dt :Sine the Brownian motion has independent inrements, the approximate value Xn+1 (attime (n+ 1)�) satis�es(Xn+1 �Xn)Yn+1 �  ln� Xn+1Yn+1 + XnYn+1 +  � = �Y 2n+1where (Yn)1�n�N�1 are i.i.d. N ( 0;p� ) random variables. This equation has one or twopositive roots Xn+1. We hoose the largest one. The error order of this method is smallerthan 12 . Indeed, by Theorem 7.1 in [9℄ we havesupt�T jXt � Xtj � 2 supt�T jBt � w(t)j a.s.The error order is estimated thanks to the following proposition ( we may �nd a proof of in[18℄):Proposition 5.2 There exists a positive  suh that, for every � 2 (0; 1),E " supn�N supn��t�(n+1)� jBt � Bn�j2 # � � log� 1� � : (44)5.4 Penalization method1. For the one-dimensional equation (43), we have the expliit formula of the Yosida approxi-mation of �' �"(x) = x � px2 + 4"2" :Using the semi-impliit sheme (26) we get the expliit expression (from now on we write X"nin plae of X"n�)X"n+1 = ( 2" + � ) �X"n + Yn+1 � + �q�X"n + Yn+1 �2 + 4( " + � )2( " + � ) ;18



where (Yn)1�n�N are i.i.d. N (0;p�) variables.2. In the multidimensional ase or in the one-dimendional ase with ot or oth, we do nothave any expliit formula for the Yosida approximation of �' but we an program a numerialomputation of �" (see the Annex). After obtaining �", at the (n+ 1)-th step, we solve theequation X"n+1 = X"n � ��"(X"n+1) + Yn+1 (45)where (Yn)1�n�N = (Y 1n ; : : : ; Y dn )1�n�N are independent r.v. with i.i.d. with N (0;p�)omponents .Sine �" is Lipshitz with onstant 1" , if � is muh smaller than ", the funtion ���"(x) +Yn+1 + X"n is Lipshitz with onstant �" < 1. By the �xed-point theorem the followingalgorithm: �rst step: X"n+1;1 = ���"(X"n) + Yn+1 + X"n(k + 1)� th step: X"n+1;k+1 = ���"(X"n+1;k) + Yn+1 + X"nonverges quikly to the solution X"n+1 of (45). In eah loop, we use the Newton method withonstraints (see the annex) to alulate �"(X"n+1;k).In [10℄, the authors have proved existene of simple ollisions ( two partiles at the same plae)if and only if  < 12 in the ase (40) and (41), and existene of simple ollisions with positiveprobability if and only if  < 12 in the ase (42). Fig 1 displayss the simulated trajetoriesof �ve partiles (d = 5) following equation (40) with  = 0:25 and Fig 2 displays the samesystem with  = 1.
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FIG 1. � Paths of �ve partiles from the system (40) with ollisions.19
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FIG 2. � Paths of �ve partiles from the system (40) without ollisions.5.5 Some properties of partiles1. In the ase (40), we de�ne the funtion f : Rd ! R byf(x) = 12d dXi;j=1 �xi � xj �2 :Applying the Ito formula and after some omputation as in [12℄, p.251, we getProposition 5.3 (f(Xt))t�0 is a Bessel square with dimension (d� 1)(d + 1).Remark: Other funtions have an analogous property, for examplef(x) = dXi=1 �xi�2 :Thanks to the previous proposition, we an ompute exatly the expetation of f(Xt). Onthe other hand, we alulate the expetation of f(X"t ) by the Monte-Carlo method. The a.s.uniform onvergene of X"t to Xt allows us to test the proposed method. For d = 3 and  = 1,Fig 3 ompares a Monte Carlo simulation of f(X"t ) with the theoritial value (d�1)(d+1)t.20
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FIG 3. � Exat expetation and Monte-Carlo approximation.2. We an �nd the proof of the following theorem in [17℄ whih presents the asymptotibehavior of partiles with hyperboli interation.Proposition 5.4 Let  � 12 . For the partiles of system (42) we havelimt!1 Xitt = 2i � (d+ 1) a.s. 8 1 � i � d : (46)Fig 4 displays a simulation with d = 3 and  = 1.
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FIG 4. � Asymptoti behavior of the system(42).ANNEXTo obtain the approximate value X" at eah time step, we need to solve the equationx = ���"(x) +  ; (47)21



where  is the sum of the previous approximate value and a r.v. Y = (Y 1; : : : ; Y d ) 2 Rd(the hoie of Y on eah step is independent) whose omponents are Gaussian entered withvariane � in R and �" is the Yosida approximation of subdi�erential of '.Sine �" is Lipshitz with onstant 1" , if we hoose � < ", then the funtion ���" isLipshitz ontinuous with onstant smaller than 1. The algorithmx(0)x(k+1) = ���" �x(k)� + onverges quikly to the solution of equation (47).We alulate �" by the formula�"(x) = x � �"x" ; x 2 Rdwhere �"x 2 Int( dom(') ) and minimizes the funtionf(y) = 12" jx � yj2 + '(y) ; y 2 Rd :Sine ' is proper l.s.. onvex, we use the Newton method with onvex onstraints (see [7℄).Consider for example the system (40). We must solve the problem (P1):miny2D f(y) = 12" jx � yj2 �  d�1Xi=1 dXj=i+1 ln( yj � yi )x 2 Rd ; " 2 R�+ ;  2 R�+ :The funtion f is stritly onvex, twie di�erentiable and tends to in�nity on the boundaryof the domain, the problem (P1) has a unique solution x 2 D satisfying8><>: xi � xi � "Xj 6=i 1xj � xi = 0 8 i = 1; : : : ; dx = (x1; : : : ; xd ) 2 D :Putting y(i�1)d� i(i�1)2 +j�i = xj � xi 8 1 � i < j � d ;sk = "yk 8 1 � k � ed ; ed = d(d�1)2 ;the problem (P1) beomes8>>>>>>>>><>>>>>>>>>:
xi � xi � Xj<i s(j�1)d� j(j�1)2 +i�j + Xj>i s(i�1)d� i(i�1)2 +j�i = 0 8 i = 1; : : : ; dxi � xj + y(i�1)d� i(i�1)2 +j�i = 0 8 1 � i < j � dyi si � " = 0 8 1 � i � edyi > 0 8 1 � i � edsi > 0 8 1 � i � ed :22
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