N

N
N

HAL

open science

Smooth mixing flows with singular spectra

Bassam Fayad

» To cite this version:

‘ Bassam Fayad. Smooth mixing flows with singular spectra. 2004. hal-00003488

HAL Id: hal-00003488
https://hal.science/hal-00003488

Preprint submitted on 8 Dec 2004

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00003488
https://hal.archives-ouvertes.fr

ccsd-00003488, version 1 - 8 Dec 2004

MIXING DIFFEOMORPHISMS AND FLOWS WITH PURELY
SINGULAR SPECTRA.

BASSAM R. FAYAD

ABSTRACT. We give a geometric criterion that guaranteesa purely singular
spectral type for a dynamical system on a Riemannian manifold. The crite-
rion, that is based on the existence of fairly rich but localized periodic approx-
imations, is compatible with mixing. Indeed, we use it to construct examples
of smooth mixing flows on the three torus with purely singular spectra.

1. INTRODUCTION

1.1. Mixing is one of the principal characterisctics of stochastic behavior of a
dynamical system (T, M, p). It is a spectral property and in the great majority
of cases it is a consequence of much stronger properties of the system, such as
the K-property or fast correlation decay, which imply a Lebesgue spectrum for the
associated unitary operator: f — f o T defined on L?(M, pu,C). In this paper, we
prove the following

THEOREM. There exist on T%, d > 3, volume preserving flows and diffeomorphisms
of class C> that are mizing and have purely singular spectra.

The only previously known examples where mixing of the system was accompa-
nied by singular spectrum of the associated unitary operator were obtained in an
abstract measure theoretical or probabilistic frame, such as Gaussian and related
systems which by their nature do not come from differentiable dynamics, or rank
one and mixing constructions which do not have yet C*° realizations.

To obtain our examples, we introduce a criterion for singular spectrum, based on
the existence of fairly rich families of almost periodic sets, that is compatible with
mixing, albeit at a slow rate. Then, we construct smooth mixing reparametrizations
of some Liouvillean linear flows on T® satisfying the criterion, hence displaying a
purely singular spectrum. As a by-product we observe, due to Host’s theorem [E],
that the latter mixing reparametrizations are actually mixing of all orders.

1.2. Periodic approximations and singular spectra.

A basic property implying the singularity of the spectrum of (T, M, u) is rigidity,
i.e. the existence of a sequence of times t,, such that for any measurable set A C M
it holds that p (7% AAA — 0) where AAB stands for the symetric difference be-
tween A and B. For smooth systems the latter property is often obtained as a
consequence of a stronger one, namely the existence of cyclic (or more generally
periodic) approximations in the sense of Katok and Stepin, see [@], i.e. the ex-
istence of a sequence of almost periodic towers such that any measurable set can
asymptotically be approximated by levels from the indivual towers.
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Rigidity of (T, M, u) is clearly not compatible with mixing. To get a criterion that
guarantees a singular spectrum without precluding mixing, we relax the concept of
periodic approximations to that of having strongly periodic towers with nice levels
whose total measure might tend to zero but such that any measurable set can be
covered by unions of levels from possibly different towers.

DEFINITION (Slowly coalescent periodic approximations). Let T be an ergodic
transformation of a Riemannian manifold M preserving a volume p. We say that
the dynamical system (T, M, ) dispalys slowly coalescent periodic approximations,
if there exists v > 1 and a sequence of integers k,4+1 > 7"k, such that for every
n € N there exists a sequence

en = U Bn,i

€N
where the B, ;, 7 =0, ..., are balls of M satisfying
(i) supr(Bn,;) — 0,
(il) p (Tk" BMABM) < A7"u(Bn,i), (where A denotes the symetric difference
between sets),

(iii) u( n u en> = 1.

meNn>m
In Section E we will prove the following theorem

THEOREM (Criterion for the singularity of the spectrum). A dynamical system
(T, M, 1) dispalying slowly coalescent periodic approximations has a purely singular
spectral type.

REMARK 1. In general, 11(C,,) need not converge to zero. For a rotation of the circle,
for example, it tends to the contrary to 1, in which case the terminology slowly
coalescent becomes a euphemism. For a mixing system (7, M, u) however, (i)
implies that ©(€,) — 0 and this is what we refer to by coalescent. The terminology
slowly coalescent is then used to refer to property (iii) that is the key property
in guaranteeing a purely singular spectrum. We will abreviate slowly coalescent
periodic approximations with SCPA.

REMARK 2. If the sets C,, satisfy adequate independence conditions, (i) will follow
from the Borel Cantelli Lemma if Y u(C,) = +o0.

1.3. Spectral type of reparametrized linear flows.

The problem of understanding the ergodic and spectral properties of reparametriza-
tions of linear flows on tori were raised by A. N. Kolmogorov in his I.C.M. address
of 1954 [E] Since then and starting with the work of Kolmogorov himself, this
problem has been intesively studied and a surprisingly rich variety of behaviors were
discovered to be possible for the reparametrized flows. We say surprisingly because
at the time when Kolmogorov raised the problem, some strong restrictions on the
spectral type of the reparametrized flow were expected to hold, at least in the case
of real analytic reparametrizations, Cf. [@] as well as the appendix by Fomin to
the russian version of the book of Halmos on ergodic theory where absence of mixed
spectrum was conjectured for smooth reparametrizations of linear flows.
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We denote by RY, the linear flow on the torus T" given by

dx
dt

:a’

where z € T" and « is a vector of R". Given a continuous function ¢ : T" — R*
we define the reparameterization flow T} , by

dxr «

dt — p(x,y)

If the coordinates of « are rationally independent then the linear flow RY, is
uniquely ergodic and so is T(i’ » that preserves the measure with density ¢. Other
properties of the linear flow may change under reparameterization. While the linear
flow has discrete (pure point) spectrum with the group of eigenvalues isomorphic
to Z™, a continuous time change may yield a wide variety of spectral properties.
This follows from the theory of monotone (Kakutani) equivalence [[L(] and the fact
that every monotone measurable time change is cohomologous to a continuous one
[L7]. However, for sufficiently smooth reparameterizations the possibilities are more
limited and they depend on the arithmetic properties of the vector a.

If « is Diophantine and the function ¢ is C'°°, then the reparameterized flow
is smoothly isomorphic to a linear flow. This was first noticed by A. N. Kol-
mogorov [Ld). Herman found in [[f] sharp results of that kind for the finite regularity
case. Kolmogorov also knew that for a Liouville vector a a smooth reparametriza-
tion could be weak mixing, or equivalently the associated unitary operator to the
reparametrized flow could have a continuous spectrum.

M. D. Sklover proved in [B] the existence of real-analytic weak mixing reparametriza-
tions of some Liouvillean linear flows on T?; his result being optimal in that he
showed that for any real-analytic reparametrization ¢ other than a trigonometric
polynomial there is o such that T , is weakly mixing. In [P, it was shown that
for any Liouvillean translation flow R on the torus T", n > 2, the generic C'*®
reparametrization of Rf is weakly mixing.

Continuous and discrete spectra are not the only possibilities. In [E], B. Fayad,
A. Katok and A. Windsor have proved that for every a € R? with a Liouvillean
slope there exists a strictly positive C* function ¢ such that the flow on T? T(i_’ &
has a mixed spectrum since it has a discrete part generated by only one eigenvalue.
They also construct real-analytic examples for a more restricted class of Liouvillean
Q.

Recently, M. Guenais and F. Parreau [E} achieved real-analytic reparametriza-
tions of linear flows on T? that have an arbitrary number of eigenvalues. They
even construct an example of a reparametrization of a linear flow on T2 that is
isomorphic to a linear flow on T? with ”exotic” eigenvalues, i.e. not in the span of
the eigenvalues of the original linear flow.

Finally, unlike continuous or descrete spectra, there exist real-analytic functions
¢ that are not trigonometric polynomials, and for which a mixed spectrum is pre-
cluded for the flow T , for any choice of a. Indeed, it was proven in [B] that for
a class of functions samsfymg some regularlty conditions on their Fourier coeffi-
cients the following dichotomy holds: ¢ either has a continuous spectrum or is

L? isomorphic to a constant time suspension.
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Reparametrizations and mixing. Katok [E] showed that for a function ¢ > 0 of
class C% any reparametrized flow To‘iy » has a simple spectrum, a singular maximal
spectral type, and cannot be mixing. The singularity of the spectrum was extended
by A. V. Kocergin to Lipschitz reparametrizations [E] The argument is based on
a Denjoy—Koksma type estimate which fails in higher dimension [@] Based on the
latter fact, it was shown in [E] that there exist & € R3 and a real-analytic strictly
positive function ¢ defined on T2, such that the reparametrized flow T(i’ » 1s mixing.

Recently Kocergin showed that for Holder reparametrizations of some Diophan-
tine linear flows on T? mixing is possible [[4].

The mixing examples obtained by reparametrizations of linear flows belong to
a variety of fairly slow mixing systems, also including the mixing flows on surfaces
constructed by Kocergin in the seventies ], for which the type and the multiplicity
of the spectrum remain undetermined.

Modifying the reparametrizations of [E}, it is possible to maintain mixing while
the time one map of the reparametrized flow is forced to satisfy the SCPA criterion
stated above, thus yielding

THEOREM. For d > 3, there exists o € R% and a strictly positive function ¢ over
T of class C™ such that the reparametrized flow Totws is maixing and has a singular
maximal spectral type with respect to the Lebesgue measure.

A dynamical system (T, M, 1) (or flow (T, M, p)) is said to be mixing of order

I > 2 if, for any sequence {(u(!,--- ,ug_l))}neN, where for ¢ = 1,---,1 — 1 the
{u,(,Z )}nEN are sequences of integers (or real numbers) such that lim u{?) = co, and
for any l-upple (A1, -, A;) of measurable subsets of M, we have

lim (T*ui”*---*uif’” An-nT% Ay Al) = u(Ar_1) - p(Ay).

The general definition of mixing corresponds to mixing of order 2. A system
is said to be mixing of all orders if it is mixing of order [ for any [ > 2. Host’s
theorem [E] asserts that a mixing system with singular spectrum is mixing of all
orders, hence we get

COROLLARY. For d > 3, there exists a € R* and a strictly positive function ¢ over
T of class C™ such that the reparametrized flow T! o s mizing of all orders.

The paper consists of two sections. In Section E we prove Theorem-Criterion
. In Section E we apply the criterion to obtain Theorem E

2. SLOWLY COALESCENT PERIODIC APPROXIMATIONS
In this section we prove Theorem .
2.1. We will use the following criterion that guarantees a singular spectrum for
(T, M, ):

PROPOSITION. Let (T, M, u) be a dynamcial system. If for any complex nonzero
function f € LE(M, ), i.e. [y, f(x)du(x) =0, there exists a measurable set E C M
with w(E) > 0, and a strictly increasing sequence l,,, such that for every x € E we
have

n—1
lim sup — > H(Tha)| >0 (2.1)
e i=0
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then the mazimal spectral type of the unitary operator associated to (T, M, p) is
singular.

Proof. Assume that T has an absolutely continuous component in its spectrum.
Then there exists f € LZ(M, u) such that the spectral measure corresponding to
f on the circle S writes as of(dz) = g(z)dxz where g € L*(S,R4,dz) is bounded.
With the notation

n—1

Suf(z) = 3 (T" (@)

we write spectrally

L2 n*Js

< sup,esg(2) /
S

n2

Sup.esg(2)
- .

From this we deduce by the Borel Cantelli Lemma that S, f/n? converges to
zero for almost every x € M. By another use of the Borel Cantelli Lemma we can
then interpolate between n? and (n + 1)2 showing that for almost every z € M we
have S, f(z)/n —.0 which overrules (R.1)). O

<

2.2. Proposition @ has the following immediate corollary

COROLLARY. Let (T, M,pn) be a dynamcial system. If for any complex nonzero
function f € LE(M, i), there exist 7 > 1, a measurable set E C M with u(E) > 0
and a sequence kny1 > 7"k, such that for every x € E we have

-1
lim sup Tl Z f(T%ng)| >0, (2.2)
neee i=0

then the mazimal spectral type of the unitary operator associated to (T, M, p) is
singular.

Proof. The criterion of Proposition @ holds with the set E and the sequence [,
given by: _ _
kl, ey [T]kl, ey kj, 2kj,3kj, ey [Tj]kj, kj+172kj+1; ey [TjJrl]ijrl, e [l

2.3. In the sequel we will assume that (7, M, p1) satisfies (i) — (¢i¢) of Theorem
. We fix 1 < 7 < v and an arbitrary nonzero function f € LZ(M, ). For e > 0
we define the set
D.={zeM|f(x) >2}.
Since f € L3(M,p) is not null, there exists g9 > 0 such that u(D.,) > 0.
Theorem [.2 will hold proved if we show that:

PROPOSITION. Under the conditions of Theorem @, we have that, for p a.e. point
x € D.,, there exits infinitly many integers n such that
(71
L f(T*ng) > g, (2.3)
] 2 S
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2.4. For z € D.,, let N(x) € RT U{oo} be such that for every n > N(z), (2.3
fails for . The function N(x) is naturally measurable and we have to show that
almost surely it is equal to infinity. This will clearly hold if we prove the following

PROPOSITION. Under the conditions of Theorem @, for every N > 0 and for every
measurable set D C D,,, we can find a set D C D satisfying

e u(D) > 0;
e For every x € D, ) holds for some n > N.

2.5. Define fo = min(f,2¢g). To prove Proposition E we will need the following
Lemma

LEMMA. There exists Ny such that if n > No and B, is a set satisfying (ii) of

Theorem@and
3
/ Jo(x)du(x 5 ot(Bn)
>

then there exists a set B, C By, with u(By) > u(By)/5 such that (B.3) holds for
every r € By,.

Proof. Let B, and k, be as in (i) of Theorem [.2. For z € M, we use in this proof
the notation

[r"-1
Snf(z) == Z (T ).
=0
Define
e e
B, = U T-*"B. B, = ﬂ Tk B, .
=0 1=0

Clearly B, C B,, C B,, and since 7 < 7, (74) implies for n sufficiently large

W(B,AB,) < 1—00M(B )- (2.4)

Define fo = fo on B, and equal to zero otherwise. We then have

/Bn Sn[ﬁ(]x) dpi(z) = /MS[fO / F(@)du(e / fodue

hence from our hypothesis

/ 5 0@) 1) > B cou(B.). (2.5)

B, [ T2

On the other hand, since fo < 2¢9 we get

/ Sn[f(iﬁm) du(z) < M(Bn)EO + 1 <{:L‘ S Bn
B, T

which in light of (2.4) and (R.5) leads to

u({ze | Snfola)

("]

> 50}) > (1/4—1/200) u(Bn),



MIXING DIFFEOMORPHISMS AND FLOWS WITH PURELY SINGULAR SPECTRA. 7

which using (2.4) again yields
SnfO (:E)

I ({x € B, ] > €0 }) > 1/5u(By),

which is the desired inequality since S, fo and S, fo coincide on B, C B. O

2.6. Proof of Proposition . Let D, a measurable subset of D, such that u(D) >
0, and N € N be fixed. Define N = sup(Ny, N) where Ny is as in Lemma E

By Vitali’s Lemma and properties (i) and (7i7), there exists a constant 0 < ¥ < 1
such that, given any ball B in M, we can find a familly of balls B,,, C B such that

(P1) The B, are disjoint;

(P2) Every B, belong to some €, with n > N;

(P3) (UBni) > 9u(B).

For x € D C D.,, we have fy = 2¢9. Considering a Lebesgue density point we
obtain, for any € > 0, a ball B C M such that

(B1) p(BND) = (1—e)u(B);
©2) [ B@nta) > 2= Jean(B).

We can choose € > 0 arbitrarilly small in (B1), (B2) and then apply (P1)-(P3)
to the above ball B. We can hence obtain a ball B,, € €, such that n > N and
w(B, N D) < (1—1/10)pu(B,,) while an folx)du(z) > 3/2eou(By). We conclude

using Lemma P.§. O

3. APPLICATION: SLOW MIXING AND SINGULAR SPECTRUM

This section is devoted to the proof of Theorem @

3.1. Reduction to special flows.

DEFINITION. (Special flows) Given a Lebesgue space L, a measure preserving trans-
formation T on L and an integrable strictly positive real function defined on L we
define the special flow over T" and under the ceiling function ¢ by inducing on
M(L,T,p) =L xR/ ~, where ~ is the identification (z,s + ¢(x)) ~ (T'(z), s),the
action of

LxR — LxR
(z,8) — (z,8+1).

If T preserves a unique probability measure A, then the special flow will preserve
a unique probability measure that is the normalized product measure of A\ on the
base and the Lebesgue measure on the fibers.

We will be interested in special flows above minimal translations R, s of the
two torus and under smooth functions p(z,y) € C>(T? R%) that we will denote
by TY v, For r € NJ{+oo}, we denote by C"(T? R) the set of real functions

on R? of class C™ and Z%-periodic. We denote by CT(Td, R? ) the set of strictly
positive functions in C”(T9, R). Without loss of generality, we will consider cealing
function ¢ with the property [r, p(z,y)dzdy = 1.
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In all the sequel we will use the following notation, for m € N,
m—1
Smp(z,y) = Z oz +la,y+1a)
1=0

With this notation, given ¢t € R, we have for z € T?

T'(2,0) = (RZXSJ”(Z), t— wzv(t,z)(z))

where N (¢, z) is the largest integer m such that ¢t — @, (z) > 0, that is the number
of fibers covered by z during its motion under the action of the flow until time t.

By the equivalence between special flows and reparametrizations Theorem D
follows if we prove

THEOREM. There exists a vector (o, ') € R? and ¢ € C>(T?,R%) such that the
special flow T .,  is mizing and satisfies (i) — (iii) of Theorem , which implies

that the spectral Jtype of the flow is purely singular.

The equivalence between the above theorem and Theorem E is standard and
can be found in [ff], Section 4.

We will now undertake the construction of the special flow T;,a/, o We will first
choose a special translation vector on T?, then we will give two criteria on the
Birkhoff sums of the special function ¢ above R, o that will guarantee mixing and

SCPA. Finally, we build a smooth function ¢ satisfying these criteria.

3.2. Choice of the translation on T2. Given a real number u, we will use the
following notations: [u] to indicate the integer part of u, {u} its fractional part and
lw]|| its closest distance to integers. Let a be an irrational real number, then there
exists a sequence of rationals {%}neN, called the convergents of «, such that

llgn—ralll < [llkell, Yk < gn (3.1)
and for any n € N

1 1
e < (-)'a- M) < .
qn (Qn + Qn-i-l) dn qndn+1
We recall also that any irrational number o € R — Q has a writing in continued
fraction

(3.2)

a = [ag,a1,a9,...] =ag+ 1/(a1 +1/(az + ...)),
where {a;};~, is a sequence of integers > 1, ag = [a]. Conversely, any sequence
{ai}en corresponds to a unique number a. The convergents of « are given by the
a; in the following way:

Pn = @npp-1+pn—2 for n=>2, po=ap, p1=aoar+1,
Gn = anGn-1+qn-2 for n>2 g =1, ¢ =a.
Following [[L]] and as in [[], we take o and o satisfying
¢, > &3 (3.3)
1 > €0 (3.4)

Vectors (a,a’) € R? satisfying (B.J) and (B.4) are obtained by an adequate
inductive choice of the sequences a,(a) and a,(a’). Moreover, it is easy to see that
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the set of vectors (a, o) € R? satistying (B.d) and (B.4) is a continuum (Cf. [Ld],
Appendix 1).

3.3. Mixing criterion. We will use the criterion on mixing for a special flow
T o ., studied in [B. Tt is based on the uniform stretch of the Birkhoff sums S,,¢
of the ceiling function above the x or the y direction alternatively depending on
whether m is far from ¢, or from ¢/,. From [E], Propositions 3.3, 3.4 and 3.5 we

have the following sufficient mixing criterion:

PROPOSITION (Mixing Criterion ). Let (o, a’) be as in ([3.3) and (54) and ¢ €
C*(T*,R%). If for every n € N sufficiently large, we have a two sets I, and I},
each one being equal to the circle minus two intervals whose lengths converge to
zero, such that:

e me {62(]"/2, 262‘1;} = | Dy Smp(z,y)| > %, for anyy € T and any x
e n
such that {qnz} € I,;
e mc {62'7;/2,262‘1"“] = |DySmp(z,y)| > %, for any x € T and any
edn
y such that {q,y} € I;
Then the special flow T

o 5 mixring.

3.4. Criterion for the existence of slowly coalescent periodic approxima-

tions. We give now a condition on the Birkhoff sums of ¢ above R, ./ that is
sufficient to insure SCPA for T on M = M(T? Ra.or, ):

7’
a,al,p

PROPOSITION. If for n sufficiently large, we have for any x such that 1/n* <
{gnz} < 1/n—1/n? and for anyy € T

‘Sqnq;@(xvm - anu < oan (3.5)

then the special flow Tott,o/,g; has slowly coalescent periodic approximations as in

Definition @

Proof. Let C,, be the set of points (z,y,s) € M satisfying 2/n? < {g,2} < 1/n —
2/n?. Tt follows from the definiton of special flows and (B.5) that for (x,y,s) € M
such that 1/n? < {g,2} < 1/n —1/n? we have

T (2,9, 8) = (T + qndy@, Y + 4ndhe’s 5 + Sgra (2, Y) — dndl)

but from (B.9) we have that ||g.q, el < ¢,/qns1 = o(e™) as well as ||qng, || <
In/dp 41 = 0o(e” ). Therefore (B.4) implies that d(T9% (x,y, s), (z,y,s)) < 2/ed.
It is therefore possible to cover C,, with a collection of balls C,, such that each ball
B € @, has radius less than 1/ng, and satisfies u (anq; BAB) < e "u(B) which
yields conditions (i) and (ii) of Definition .2

On the other hand it is clear from the difference of scale between the successive
terms of the sequence ¢, that the sets C), are almost independent and the fact
that p(Cp) > 1/ninf, yyer2 (2, y) then implies by the Borel Cantelli Lemma that

m ( N U C. | =1, which is condition (iii) of the Definition [L.d. 0

meNn>m
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3.5. Choice of the ceiling function ¢. Let (a,a’) be as above and define

fl@y) =1+ Xn(z) + Ya(y)

n>2
where
1
Xn(z) = eTcos(2ﬁqnz) (3.6)
1
Yo(y) = s cos(2mqy). (3.7)

Relying on the Proposition-Criterion stated above, we proved in [E] that the
flow Té,a', # 1s mixing. In order to keep this criterion valid but have in addition the
conditions of Criterion @ satisfied we modify the ceiling function in the following
way:

e We keep Y, (y) unchanged.

o We replace X,,(z) by a trigonometric polynomial X,, with integral zero, that is
essentially equal to 0 for {g,z} < 1/n and whose derivative has its absolute value
bounded from below by 1/e% for {g,x} € [2/n,1/2—1/n]U[1/2+2/n,1—1/n].
The first listed properties of X,, will yield Criterion @ while the lower bound on
the absolute value of its derivative will insure Criterion B.3

More precisely, the following Proposition enumerates some properties that we
will require on X,, and its Birkhoff sums that will be sufficient for our purposes,
and that we will realize with a specific construction at the end of the section.

PROPOSITION. Let (a,a’) be as in Section [3.3. There exists a sequence of trigono-
metric polynomials X, (x) satisfying

(1) [ Zufa)dz =0
T
(2) For any r € N, there exists N(r) € N such that for every n > N(r),

I X ller < 5
e )
(3) For {qnl'} € [0,1/71], |Xn(z>| S (]/_2;
" 2
(4) For {gnz} € [2/n,1/2—1/n], X} (x) > —, as well as
edn
~ 2
for {gnz} € [1/242/n,1 = 1/n], X} (z) < ——;
edn
~ 1
(5) For n € N sufficiently large, ||S, Z Xl < F"
I<n—1 n

(6) For n € N sufficiently large, we have for any m € N, ||Sy, Z X/l < qn.
I<n—1

Before we prove this proposition, let us show how it allows to produce the ex-
ample of Theorem @

3.6. Proof of Theorem @ Define for some ng € N

ple,y) =1+ Y Xu(z) + Ya(y) (3.8)

n=no
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where V;, is as in (B.7) and X,, is as in the proposition above. From (B.7]) and
Property (2) of X,,, we have that ¢ € C*°(T,R). Also from (@) and (2) again, we
can choose ng sufficiently large so that ¢ is strictly positive. We then have

THEOREM. Let (a,a’) € R? be as in Section 3.4 and ¢ be given by ). Then
the special flow Tott,o/,g; satisfies the conditions of Propositions @ and and s
therefore mizing with a singular mazximal spectral type.

Proof. The second part of Proposition @ is valid exactly as i?ELﬂ] since Y,, has
not been modified. Briefly, the reason is that due to (B.d) and (B.3)-(B.4) we have
Yo(y +1la’) ~ Y, (y) for every | < m < ¢, so that |S,,,Y, | is large as required
for m € [e2tn /2, 2e9n+1]. Meanwhile, S,, > ken Y& is much smaller because these
lower frequencies behave as controlled coboundaries for this range of m. As for
Sm Y psn Yk, it is still very small since m < e +1. The latter phenomena will be
further explicited and used in the sequel.

Let m € [20" /2,2¢%%] and define I,, := [3/n,1/2 —2/n] U [1/2 + 3/n,1 —2/n].
For z such that {g,z} € I,, it follows from (é) that for any I < m, 2/n <
{gn(z +ma)} <1/2 —1/n. Hence, by Property (4) of X,

- 2m

Sm X (x) = —=

- e‘Zn.

On the other hand, Properties (2) and (6) imply that

[EHEEENS o 9 90 d B3 ¥ 9P
I<n I>n
1
< gutm Y
I>n+1 €7
2m
S Wt anm
e 2
m
= ol=)

for the current range of m. With an exactly similar computation for the other part
of I,,, the criterion of Proposition %bolds proved.

Let now z be as in Proposition 3.4, that is 1/n? < {g,z} < 1/n — 1/n?%. From
(B-9) we have for any I < g,q/, that 0 < {g,(x + la)} < 1/n, hence Property (3)
implies

|Sgq, Xn(@)] < Z—? (3.9)

the latter being very small compared to 1/e?" since ¢/, > e39". From Properties (5)
and (2) we get for n sufficently large

~ 1 1
| Sonq, ZSle [ < -+ 4ndy, Z ar
I#n an I>nt+1 €72
2
< (3.10)

@
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On the other hand, it follows from (B.1)) and (B.9) that for any y € T, for any
l7] < q},, we have

sin(mjg,a’)

S, 12TJY —
[ S € | sin(mja’)
- !
< Hin (3.11)
qn+1
which yields for Y; as in @)
1
S, SV ’ = o) (3.12)
I<n
while clearly
1
Sy, V|| = o(—). (3.13)
I>n € 2
In conclusion, (B.H) follows from (B.9), B-10), (B.19) and (B.13). O

It remains to construct X, satisfying (1)-(6).
3.7. Proof of Proposition E Consider on R a C* function, 0 < 6 < 1 such
that
O(z) = Oforz<1,
O(x) = 1foraz>2.
Then, for n € N, define on R the C* function

) = [ |otnant) 0 (nante — 5+ 2 |

2¢n  ngn
It is easy to check the following
1
o {u(x) =0  foraz < —;
nqn
2 1 1
e & (x)=1 forzE[—,——];
ngn 2¢n  Ngn

1
o {u(x) = 6n(1/2) for x > 7
We then introduce the function

Sn(z) = &n(w) — &(%)9 [nq" (m 1 + i)}

B % ndn
and define for z € [0,1/¢,] the function
. 3
£a(a) = o (a(a) — sl 1/2)

that we extend to a C° function over the circle periodic with period 1/g,. It
satisfies

. /TXn(z)dz = 0;

e For any r € N, for n sufficiently large HX"

) cr e 4
o X, (z)=0  for {g,z} €[0,1/n];
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o X/ ()= e% for {gnz} €[2/n,1/2—1/n], and
X/ () = ;T for {gna} € [1/242/n,1 —1/n].

Finally, we consider the Fourier series of X, (z) = 3, ., Xp £€?™ and let

qn+1—1
X, = Z Xnykei%km.
k=—gn41+1
The Fourier coefficients fj of a function f € C*°(T,R) satisfy for any k € Z

13

@m)" Rl < 1 f e < igg@ﬂl’fl)r”lfkl- (3.14)

Hence, we have for any r € N

HXn - Xn

IN

> k) [ Xkl

[k|>gn+1

1 5 1
%HXanrw Z 2

‘k‘EQn,+1

C'r‘

IN

1

= O(—
a,°

)

which allows to check (1), (2), (3) and (4) for X,, from the properties of X,,.
Proof of Properties (5) and (6). We have due to our truncation

Xn(2) = thn(z + @) — () (3.15)

where

qnt+1—1

’l/)n(l') _ Z ,l/)nﬂkei%rkz

k=—qn41+1

with

Xn,k
ei2mko _ 1

Yrno=0 and for k # 0, ¥k =
Since |k| < gn1, it follows from (B.1]) that

[t k| < qn+1|Xn,k|

which with () implies

A

[Yaller < 27Gnia[| Xnllorse
< 27an+1

3an
4

e

for sufficiently large n. Hence, from (B.15) and (B.4) we get

S K| < 1 S il

I<n—1 Int1, 27
< 1 qi+1
n+1 1<n—1 e 4
< qn

dn+1
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so that property (5) follows. Similarly, we have for sufficiently large n

[1]
2]

3]

(17]
(18]

(19]

Smo Y Xi| < 2 ) Iiles

1<n—1 I<n—1

< n-
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