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Résumé. — Partant des résultats généraux obtenus dans I'article précédent, on étudie les conséquences des effets
quantiques d'indiscernabilité sur les propriétés de transport d'un gaz polarisé & basse température. La théorie
suppose que I'orientation nucléaire M est quelconque (pas de développement en puissances de M),

On commence par un calcul simple du courant de spin en présence d'un gradient d’orientation, compte tenu des
cohérences de spin et de leur évolution due a T'effet de rotation des spins identiques; ce dernier joue en fait un
role essentiel & la limite des faibles températures. Les équations hydrodynamiques d’évolution de M sont non
linéaires et anisotropes. Les effets d’indiscernabilité introduisent également un caractére oscillatoire dans I'évo-
lution des composantes transverses de I'orientation.

Un calcul plus élaboré permet ensuite d’¢étudier les phénomeénes quantiques de couplage entre diffusion de spin
et conduction de la chaleur. De tels phénoménes pourraient étre a la base de méthodes de surpolarisation ther-
miques d'un échantillon gazeux.

Enfin, on s'intéresse aux mélanges des deux isotopes *He et “*He ou, en sus du couplage classique entre concen-
tration isotopique et conduction thermique, apparait un couplage supplémentaire quantique avec la diffusion
de spin.

Abstract. — The general results obtained in the preceding article are applied to the study of transport phenomena
in a spin polarized gas at low temperatures, with particular emphasis on the particle indistinguishability effects
in collisions. The effects of the nuclear orientation M are treated exactly (no M expansion).

First, a simple theory of spin diffusion is presented and the response of the gas to a spin orientation gradient is
calculated. The spin coherences and their evolution due to the « identical-spin rotation effect » are taken into
account ; it is found that they can play an important role, especially in the low temperature limit. The hydrodynamic
equations of evolution of M are non-linear and anisotropic. Particle indistinguishability effects give an oscillatory
character to the evolution of the transverse components of M (spin oscillations).

Then, a more elaborate variational method is used to study the coupling between spin diffusion and heat conduction.
This effect is, again, a sheer consequence of quantum interference phenomena introduced by particle indis-
tinguishability.

Finally, isotopic mixtures of *He and *He are considered. In addition to coupling between isotopic diffusion and
heat conduction, which exists for classical systems, quantum collision effects introduce a coupling between these
two modes and spin diffusion.

Introduction. — In the preceding article, we have
studied the consequences of particle indistinguishabi-
lity effects on the collision term of the Boltzmann
equation for a dilute (non-degenerate) spin polarized
gas. We have seen that these effects introduce several
terms which have the form of commutators or anti-
commutators between spin density operators; the
former correspond to what we have called the « iden-
tical spin rotation effect ». We have also applied our
results to the study of the heat conduction and visco-
sity coefficients and found that both may depend

strongly on the nuclear polarization M of the gas;
the correlations between spin variables and velocities
of the atoms have also been discussed. Nevertheless,
it so happens that only the anticommutators give a
contribution to the viscosity and heat conduction
coefficients, the identical spin rotation effect playing
no role in both cases. This is because the commutators
disappear from the calculations whenever a spin
rotation invariance argument ensures that the average
spin density operator pg and the solution dpg of the
linearized Boltzmann equation can be diagonalized
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in the same basis. In other words, no spin coherence
effects (%) are involved in the applications presented
in the preceding article, and this is why all results
where physically interpretable in terms of a semi-
classical mixture model (the atoms with up or down
spins are considered as two different atomic species,
with cross sections obtained from simple considera-
tions concerning quantum effects in collisions).

In the present article, we wish to study situations
where spin coherences and identical spin rotation
effects do play a role and where the semi-classical
model of a gas mixture is not sufficient. In spin diffu-
sion, the average direction of the atomic spins changes
over the sample, so that all spin operators do not
necessarily commute with each other. Conceptually,
the problem of spin diffusion is more complex than,
for example, heat conduction, one reason being that
the distinguishable or indistinguishable character
of the atoms is governed by the spin orientation, which
changes in space and time. We have already mention-
ed these difficulties in the introduction of the preced-
ing article, as well as the contribution of Emery [1]
who clarified the situation by pointing out that, for
an unpolarized gas, the particle indistinguishability
effects in collisions give a negligible contribution to the
spin diffusion coefficient. In what follows, we shall
confirm this point of view, but we shall also find that
the presence of a significant nuclear polarization can
radically change the situation : in fact, the spin diffu-
sion phenomenon is then dominated by identical
spin rotation effects, and the corresponding hydrody-
namic equations become highly non-linear and ani-
sotropic. Instead of remaining a purely dissipative
process, the spin diffusion phenomenon also acquires
an oscillatory character; this effect may even become
dominant at very low temperatures. Such properties

disappear if M = 0). They are reminiscent of the
effects predicted by Leggett and Rice [2] and Leggett [3]
in normal liquid *He at low temperatures, where they
are induced by the strong degeneracy of the quantum
liquid.

Another aspect of the transport properties in a
spin polarized gas is the coupling between modes :
since particle indistinguishability effects create corre-
lations between atomic spin orientations and velocities,
one can expect that the response of the gas to a heat
gradient may include the production of a macroscopic
spin current. In the theory of the preceding article,
the possibility of such a spin current was ignored from
the beginning by the very choice of the trial density
operator but, here, we shall develop more elaborate
calculations and obtain qualitative predictions for
these effects.

The study of gaseous mixtures of *He and “He offers
additional possibilities for studying quantum effects
in transport properties. In this case, three modes can
be coupled : diffusion of the isotopic concentration,
spin diffusion, and heat conduction. This triple coupl-
ing is studied in the last section of the present article.

1. Spin diffusion in spin polarized gases : simple
theory. — In this section, we study the spin diffusion
in a spin polarized gas with non negligible polariza-
tion M, in the simple situation where there is no tem-
perature or pressure gradient. To derive the spin
diffusion equation, we shall solve by an approximate
method the linearized Boltzmann equation obtained
in the preceding article, which we recall here for
completeness :

T éps(r P —l— VoA Ps(,p) } = Lo[0p(r, p]

are rather unusual in a gas, and their origin is quantum (1a)
interference effects during collisions between identi- -
cal atoms having a high nuclear polarization (they =~ where the collision integral I, is given by :
Lal2te 9] = [ @0 L [ 3 10 { 00 @00 — 500 + 78 Tr (57s0%) — o)) +
8 eXx. - . eX. by ' % '
9 % (0) [Ps: ops(P>) + 9ps(P)) — 9ps(P) — dps(P2)]+ + 5 Tk (0) [.Og, ops(p2) — 555(111)]}
+5 | @0 Lo o~ @ 7% 0~ 70 - @) (b
and :
Pi =P PL=pP+3q —34q
P.=P—-q P.=P—34 19 (1o

(") Following a common usage in optical pumping,
« spin populations » or «spin coherences » refer to dia-
gonal or off diagonal elements of the spin density matrix
respectively (longitudinal or transverse component of the
magnetization).

(6 is the angle between vectors g and ', which both
have the same modulus; k is defined by k = g/2h).
In this expression, the first terms are proportional to
o(0) and do not depend on particle indistinguishability
effects (« classical terms»), but all other terms are
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direct consequences of these effects and have an oppo-
site sign for bosons (¢ = + 1) or fermions (¢ = — 1).
The anticommutators are proportional to o™ (6)
and they account for the variations of the scattering
cross sections between atoms either in the same, or
orthogonal, spin states. The commutator in 7;*(6)
corresponds to the « identical spin rotation effect »
and the commutator in tf), to the same effect in the
forward direction (« nuclear spin Faraday effect »).

It should be emphasized that the collision operator
has been linearized with respect to the deviations form
a local equilibrium situation, but that the nuclear
polarization effects are treated exactly. In other words,
we do not restrict ourselves to situations where the
nuclear polarization M is near its value at thermal
equilibrium, which is ordinarily very low, except
in extreme situations [no M expansion has been
necessary to obtain equation (1)]. Since the longitu-
dinal relaxation time T, is usually very long in a
dilute gas [4, 5], a highly polarized sample can be
considered to be in a metastable state.

1.1 A FIRST APPROXIMATION FOR THE SPIN CURRENT.
— The mathematical approximation methods we shall
use are the same as in the preceding article (first order
Chapman-Enskog expansion, truncated basis method).
Here, we give only the main steps of the calculation,
without dwelling on details.

For the problem of spin diffusion, the local equili-
brium density operator (equation (40) of the preceding
article) is given by : -

pS(x, p) = fo(p) PS(r) (2a)

with, for spin } atoms (we simplify the notation M,

to M) :

30 = 4[1 + 6.M()] (2b)

(in contrast to the case of heat conduction and visco-
sity, the function f; is independent of r). The corres-
ponding drift term for 8pg is then :

~ VIR0 = 5 T pVM®a (o

where i = x, y, z and the g;’s are the Pauli matrices.
Since this expression has no component on the unit
2 x 2 matrix, the drift term is orthogonal to the atomic
number density n(r), linear momentum and energy
densities & (r) and W(r) ; since it is an odd function of p,
it is also orthogonal to the spin orientation density
JG(r). The angular dependence of the drift term is
given by spherical harmonics Y " (p), where p is the
unit vector p/p. As a consequence, we can write the
first order Chapman-Enskog term of the density ope-
rator in the form :
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675 = 4 [cc.(p).p +Y eep a] (3%)

As in the preceding article, we shall use a simpler varia-
tional form. In this section, we choose the following
trial density operator :

s =% Y

i=1,2,3

C;.P 0; (18]

which depends only on 9 real parameters (the compo-
nents of ¢,, ¢, and c¢;). Two simplifications have been
made to write (3¢) : first, the p dependence of the vec-
tors ¢’s has been ignored; second, since the drift
term (3a) is traceless (no component on the unit
2 x 2 matrix), the same property is assumed to be
valid for dpg and the term in ¢,.p has been sup-
pressed (?) from (3b). Since the collision operator
I'. given by (1b) is not in general diagonal in p and
can change the trace of operators, expression (3c)
is only an approximation, which will be useful to
discuss in simple terms the main characteristics
of the spin diffusion phenomenon. In the next sec-
tion, we shall use more elaborate calculations and
introduce corrections to the simple approximation
(30).

As in the preceding article, we shall choose a (local)
reference frame Oxyz with axis Oz parallel to the
nuclear polarization M. An important difference is
that this choice does not in general imply that the drift
operator [equation (3a)] becomes diagonal; thus,
we cannot restrict the summation over i in (3¢) to
only the term 1 = 3. As a consequence, the commuta-
tors, which simply vanished in the case of viscosity
and heat conduction, now play a role in the calcula-
tions. In fact, with the trial density operator (3¢), the
cancellation actually occurs for the anticommutators,
not the commutators; this is because dp; is a linear
function of p and

P: +P; =P + P
(momentum conservation in a collision), Despite

these differences, the calculations remain similar to
those of the preceding article and give :

%VMI — MXI Cl— PIX4 SM‘:z

'IBVM}, = PEX4 SMCI + HXI 02

1

FVM: — ?‘!Xl C3 (4&)

(%) If the vector ¢, were not zero, it could not be inde-
pendent of p; this is because the trial density operator has
to be orthogonal to the linear momentum density &.
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direct consequences of these effects and have an oppo-
site sign for bosons (¢ = + 1) or fermions (¢ = — 1).
The anticommutators are proportional to o;*(0)
and they account for the variations of the scattering
cross sections between atoms either in the same, or
orthogonal, spin states. The commutator in 3*(6)
corresponds to the «identical spin rotation effect »
and the commutator in tfy, to the same effect in the
forward direction (« nuclear spin Faraday effect »).

It should be emphasized that the collision operator
has been linearized with respect to the deviations form
a local equilibrium situation, but that the nuclear
polarization effects are treated exactly. In other words,
we do not restrict ourselves to situations where the
nuclear polarization M is near its value at thermal
equilibrium, which is ordinarily very low, except
in extreme situations [no M expansion has been
necessary to obtain equation (1)]. Since the longitu-
dinal relaxation time T, is usually very long in a
dilute gas [4, 5], a highly polarized sample can be
considered to be in a metastable state.

1.1 A FIRST APPROXIMATION FOR THE SPIN CURRENT.
— The mathematical approximation methods we shall
use are the same as in the preceding article (first order
Chapman-Enskog expansion, truncated basis method).
Here, we give only the main steps of the calculation,
without dwelling on details.

For the problem of spin diffusion, the local equili-
brium density operator (equation (40) of the precedmg
article) is given by :

ps(r, p) = fo(p) p5(¥) (2a)

with, for spin 1 atoms (we simplify the notation M,
to M) :

=31 + 6.M(V] (2b)

ps(r)
(in contrast to the case of heat conduction and visco-

sity, the function f, is independent of r). The corres-
ponding drift term for pg is then :

p.VM® o (3a)

1 1
Ep' V,[,TJE(I’)] = 2_“ A3
where i = x, y, z and the ¢,’s are the Pauli matrices.
Since this expression has no component on the unit
2 x 2 matrix, the drift term is orthogonal to the atomic
number density n(r), linear momentum and energy
densities & (r) and W(r); since it is an odd function of p,
it is also orthogonal to the spin orientation density
M(r). The angular dependence of the drift term is
given by spherical harmonics Y " (p), where p is the
unit vector p/p. As a consequence, we can write the
first order Chapman-Enskog term of the density ope-
rator in the form :
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As in the preceding article, we shall use a simpler varia-
tional form. In this section, we choose the following
trial density operator :

ops =3 (3o

i=1,2,3

which depends only on 9 real parameters (the compo-
nents of ¢,, ¢, and ¢;). Two simplifications have been
made to write (3¢) : first, the p dependence of the vec-
tors ¢s has been ignored; second, since the drift
term (3a) is traceless (no component on the unit
2 x 2 matrix), the same property is assumed to be
valid for dps and the term in c,.p has been sup-
pressed (?) from (3b). Since the collision operator
I'. given by (1) is not in general diagonal in p and
can change the trace of operators, expression (3c)
is only an approximation, which will be useful to
discuss in simple terms the main characteristics
of the spin diffusion phenomenon. In the next sec-
tion, we shall use more elaborate calculations and
introduce corrections to the simple approximation
(o).

As in the preceding article, we shall choose a (local)
reference frame Oxyz with axis Oz parallel to the
nuclear polarization M. An important difference is
that this choice does not in general imply that the drift
operator [equation (3a)] becomes diagonal; thus,
we cannot restrict the summation over 1 in (3¢) to
only the term 1 = 3. As a consequence, the commuta-
tors, which simply vanished in the case of viscosity
and heat conduction, now play a role in the calcula-
tions. In fact, with the trial density operator (3¢), the
cancellation actually occurs for the anticommutators,
not the commutators; this is because dpg is a linear
function of p and

Py + P2 =P +P;

(momentum conservation in a collision). Despite
these differences, the calculations remain similar to
those of the preceding article and give :

IEVMI=HX1 CIWHX4 SMCZ

%VM}, =HX4 EMcl +HX1 {32

1

5 VM. = nX, c, (4a)

() If the vector ¢, were not zero, it could not be inde-
pendent of p; this is because the trial density operator has
to be orthogonal to the linear momentum density &.
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where = (kg T) ' and the X coefficients are defin-
ed by (%) :
8 m
Xyp == ® EQ[(J;(’}”
8 -
Xo= -3 %{Q[‘r{,;‘.]’ +EW.) (@)
and :
1 ol
EQ =——=| dye " y**3 ) ,(k f ?)
e \/ﬂmﬁL e B a
(40)

(the ©Q integrals have been defined in the preceding
article). The linear system (4a) can be easily solved
and gives :

c, nﬁA VM, + eMX, VM,
c; nﬁd [— eMX, VM, + X, VM,]
1
C3 = HﬁXl VMZ (Sﬂ)
with _
A, = X2+ M*X2. (5b)

On the other hand, the current associated with the
M, component of M is :

Wy =L J Ep 1o 2 Tr 0,550}

=3 ©

We therefore finally obtain :

D y .
IM) = = ;g VM + euM VM)
J(M,) = — ]—ﬁﬁ? [— euM VM, + VM,]{ (7)

JM,) = — Dy VM,

(®) The calculation of X, introduces the angle averaged
cross section

Oy =2 j sin 0 df cos' 0¢,(0)

0

for t =1 and ¢ = t**(k). In general, Q[" differs from the
classical quantity Q%) defined by equation (57b) of the
preceding article. Nevertheless, we know that the integral
78%(0) over all directions vanishes [equation (21¢) of the
preceding article]; this is why the introduction of new
integrals Q¥ is not necessary.

Another way to avoid the introduction of the Q’s is to
change the first commutator of (14) into :

—Tx" ©) [75,

5ps(P2) — 0ps(p2) + 0ps(Py) — Gps(@1)].

No 2

where D, is the « classical » diffusion coefficient :

1

3.1
D, = é‘ —_ﬁ 1 (8a)
and p is the parameter :
X4 (L1 4 =20) Q1)
n= X = [Qf] + B V201 - (80)

These equations give the spin orientation current
associated with the response of the gas to a spin orien-
tation gradient. They are valid only in a local refe-
rence frame with the Oz axis parallel to the orien-
tation M, but they are equivalent to the following
equation, valid in any reference frame :

D, d
SO - S ¥ - | ¢
1 +,112M2{5xi ’

. 4 2 .0
- .t,,u(M x E;IM)J + @ Mj(M % M)} )]

1.2 PuysicaL DISCUSSION. — The simplest situa-
tion occurs when the polarization M is very low;
equations (7) then become :

JM,) = — Dy V(M,).

in(M .i) =

(10)

All particle indistinguishability effects (those depend-
ing on the sign of &) have disappeared from this simple
result, where the coefficient D, depends only on ¢
(and not ¢ *, T°* and t§X ). This is very different from
what is obtained in the case of heat conduction and
viscosity, where the boson or fermion character of the
atoms does indeed affect the transport coefficients
of the unpolarized gas. Emery [1] was the first to point
out this difference and to give its physical explanation :
since collisions between atoms in the same spin state
do not affect directly the spin current J(M, ), the only
important collisions for spin diffusion are collisions
between atoms in orthogonal spin states (atoms which
can, in principle, be recognized from each other by
their spin direction, and therefore are not fully indistin-
guishable).

Actually, these conclusions are not strictly correct :
in our calculation, the disappearance of all indistin-
guishability terms arises from the cancellation of the
anticommutators in of* in the collision term, which
in turn is a consequence of the momentum conserva-
tion in collisions and of the linear p dependence
of 8pg written in (3¢). In the next section, we shall use
a less simple trial spin density operator, and the terms
in ¢¢* will no longer disappear. Consequently, as
also predicted by Emery [1], there are in fact some
corrections to the value of the spin diffusion coeffi-
cient, which depend on quantum exchange effects
for indistinguishable particles. Physically, if these
effects cannot directly change J(M, ), they can do it
indirectly by modifying the velocity distribution of
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spin up or down atoms separately, so that the subse-
quent collisions between atoms with opposite spins
can eventually be affected.

There is clearly a connection between the preceding
physical argument and the model where the gas is
considered to be a mixture of two atomic species,
corresponding to the two possible spin orientations.
It is then natural to expect that, even if M is not small,
all preceding conclusions also apply, as long as this
distinction between two types of atoms can be done
consistently, i.e. when the direction of M which defines
the Oz quantization axis does not change in space.
Equations (7) immediately show that this is actually
true : in such a situation, VM, and VM, vanish, and
J(M,) is determined by D, only. In other words,
whenever « spin coherence » effects are absent, the
spin diffusion process can be thought of in very simple
terms (as a two component gas mixture).

More interesting situations occur when not only M,
but also the direction of M, change in space. Then,
equations (7) show that the diffusion equations beco-
me anisotropic and non-linear. These features, which
are rather unusual in a dilute gas, entirely arise from
the « identical spin rotation effect »; the dimension-
less coefficient u introduces the non-linearity and
.anisotropy into the equations, and equation (8b)
implies that spin rotation in both the scattered and
transmitted wave are important (we shall see below
that the latter, ie. the identical spin rotation effect,
is dominant at low temperatures). It is interesting to
note that the spin orientation current (9) is nothing
but the expression written by Leggett [3] for a dege-
nerate *He liquid. In Leggett’s theory, the origin of
the terms in p is somewhat different, since they are
introduced by the degeneracy of the liquid; in the
frame of Landau’s quasiparticle theory of a Fermi
liquid at very low temperatures, they arise from the
spin orientation dependence of the drift term in
Landau’s kinetic equation (molecular field effects).
The theory of reference [3] uses a relaxation time appro-
ximation for the quasiparticle collision term : clearly,
no term in u would have been obtained in (7), if such
an approximation had been made for a dilute gas. We
have intentionally used the same notation D, and p as
in reference [3], but it should be remembered that, here,
these coefficients include no phenomenological cons-
tant, and can be calculated from first principles as
soon as the atom-atom potential is sufficiently well
known. Also, equation (9) is not restricted to a quasi-
equilibrium situation, and M can be of the order of 1.
In light of the many differences between a dilute gas
of weakly interacting atoms and a strongly degenerate
liquid, it may seem surprising that the spin current
should have the same formal expression in both sys-
tems; the reason is probably that particle indistin-
guishability effects can be described, in an approxi-
mate fashion, as «transient degeneracy effects»
occurring during very short times, when the atoms
are very close during a collision. In this sense, the

TRANSPORT PROPERTIES IN A SPIN POLARIZED GAS 1I

229

time averaged effects of collision may be considered
as a sort of degeneracy of the dilute gas which affects
its transport properties.

The knowledge of all coefficients of the gas in terms
of the inter-atomic potential phase shifts [equa-
tions (23) of the preceding article] allows one to calcu-
late the temperature dependence of the effects. Let us
for example study the low temperature limit; using
equations (23) of the preceding article, one easily
obtains :

~Q,-0

35 2 3/2
(ﬂﬁz) =

with :
it 1/2
B =4 m:zo( 2 ) (113)

(ao is the scattering length). The finite limit of Q) & )
arises from the divergence of 7§}, when the collision
energy goes to zero. Consequently :

1}.?._)00.

(11¢)

Under these conditions, if the polarization M is not
zero (i.e. if| uM | > 1), equations(7) become :

po T

£
J(Mx) == DO M__MVMy

(M) ~ + Dy —— VM, (124)
J(M,) = — Dy VM,
with :
Dy ~ (kg T2 - 0. (12b)

We see that the M, and M, currents have much smaller
diffusion coefficients than the M, current; each of
these two currents is proportional to ¢ = + 1 or
— 1 (bosons or fermions) and depends on the gradient
of the other component. Both these facts are conse-
quences of the identical spin rotation effect in the
forward direction, which tends to block the trans-
verse diffusion by rotating the currents J(M,) and
J(M,) with respect to the corresponding gradients.

1.3 SPIN OSCILLATIONS ; HELICOIDAL DIFFUSION
MODES. — Equation {7) shows that, due to the terms
in gy, no reciprocal relation exists between the effects
of M, and M, gradients on the corresponding fluxes.
This is due to the antihermitian character of the com-
mutators in the collision operator I', (see Appendix IV
of the preceding article). Antihermitian operators have
pure imaginary eigenvalues and we expect that the
corresponding effects will be non dissipative (no
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entropy production by the corresponding collision
terms) and have some oscillatory character.

The spin orientation part of the entropy density
is

e[
({52 o

In Appendix III of the present article, we study the
time-dependence of the entropy and check that the

Z .,
o

3]

gt 7

9
or F

M! = — V.X(M)) = Dy AM

We then see that the diffusion of the M. component
is exactly the same as in a classical gas (no particle
indistinguishability effects). The diffusion modes can
be written :

M;(l', 1) = elkr a=t/e(k) (ISQ)
with :
1 e 2
=Dk (15)

as usual The same is not true for the transverse
components M, and My; if we set :

M, + iM| = M, (16a)
we obtain :
i D, . ;

The linearized diffusion modes are then :

M; - cik.r e—:fr’{k} (16(,')

where t'(k) is the complex number given by :

1 Dk
7)) 1+ u® M2

We see that these modes acquire an oscillatory cha-
racter provided that M, # 0; the ratio between
angular frequency of the oscillation and the damping
constant is :

R =|uM, | (17

! r D i ! Ls
=M, = — V.J(M,) = m—gm-[— euMy AM; + AM[] . (145)

=1 + iepuM,]. (16dy

currents given by (7) always introduce a positive
entropy production (no entropy production being
associated with the commutators).

A simple way to see that spin oscillations are indeed
predicted by equations (7) is to assume that M is
large and almost constant over the sample :

M = M, + M(¥)

14a

Mr(r) @ MU ( )
and to linearize the equations with respect to M.
Then, the variations of the directions of the axis Ox,
Oy and Oz are negligible and we can write :

' DO ' '
— V.J(Mx) = WLAMA + S,I'-LMO AM}.]

which may, in principle, become very large at low
temperatures [equation (11¢)]. Also, it is easily seen
from equations (16) that the spatial structure of these
modes is helicoidal when k is parallel to M, ; if these
vectors are orthogonal, the mode structure corres-
ponds to rotations of the vector M’ inside planes
perpendicular to M,,.

Until now, we have assumed that no static magnetic
field B, acts on the spins. In practice, such fields are
often present, but they can trivially be included in
the preceding considerations by using a rotating
reference frame (for the spin components only, not
for the r’s). Then, if M, is orthogonal to B, (as in a
/2 pulse experiment), and if the orientation is slightly
inhomogeneous, the component of M’ parallel to B,
should oscillate (« longitudinal oscillation »), with a
different phase at different points r in the sample.

From an experimental point of view, the effects
studied here have an important advantage, as com-
pared to heat conduction or viscosity studies : to
the lowest order in M, they are linear, instead of
quadratic, so that they should not require very high
polarizations to be observed.

2. More elaborate theory : mode coupling. — The
heat conduction and spin diffusion processes both .
introduce drift terms with an angular p dependence
in Y7(p); thus, there is no reason why they should
not be coupled. The trial density operator written
in (3¢) does not allow obtaining any heat current
since it is traceless; similarly, we have seen in the
preceding article that the trial operator then chosen
was orthogonal to a spin current. Here, we shall
take a broader class of trial density operators, in order
to include both phenomena simultaneously :
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3 3
ops = ;—_{ ;1 ¢;-p i+ @o(p) [go-p ok _; gi-p oi]} (18a)
with :
2
o) = [ﬁ 5 — -;—] | (185)

Moreover, we shall assume that the drift term includes at the same time temperature and spin orientation gra-
dients, so that we can write it :

2
3 S evma|g-Llewn) .

2.1 CALCULATION OF THE CURRENTS. — The method of moments then gives :

ZVM, =n*{X, ¢, +V, g — eMX,c, — eMV,g,}

B
%VM), =n*{eMX,¢c, + eMV, g, +X,¢c; +V,8}
f’ﬁwﬁ = {MV,g, + X, ¢, + V, g5}

zﬁVLOgﬁ = n? {[W, + W, + eW;lg, + eMW, g5}

0=n*{V,c, +[W, + eW,lg, — eMV,c, — eMW,g,}
0=n*{ +eMV,c; + eMW, g, +V, ¢, +[W, +eW,lg,} —

ZBMVLOBﬁ =n* {[W, + eW,] Mgy + V,e5 +[W, +eWilgy}. (20)

The coefficients X are defined by (4b), and the coefficients W have been defined in the preceding article
[relation (55) and (56)], except W, :

55 10 2 55 10 2 .

W, = — F{ C QY — iy Qi + 3 QLA + —_,[ftlrfm] - -3—.:«, T u[t;wd]} (2la)
As for the new coefficients I/, their definition is :
4 10
V==V, = QL2 _ —— Qll1)
: PP [3 LA A (1)
4 10 4. 10
Vo= ﬁ |:3 Q[(tl“z% = "g"gftlﬂl} j‘:‘[(r:f’itu.] =¥ T:[tfl?&?d.]]'

The system of 7 equations (20) can be split into two subsystems of 3 and 4 equations, respectively, co'nnecting
the «scalar » and « longitudinal » parameters g, g, and ¢; on one hand, the « transverse » parameters ¢,, ¢,, g,
and g, on the other. Solving the first subsystem gives the heat current J,, and spin current J(M) :

1

T3y = — {K(M)V Log T + cky MDj n VM. } (220)
T res) R == BB N ol o st Do KR (22b)
[f g ™ g ] == OEI(M) & f

The quantity D, is the « classical » diffusion coefficient given by (84), and the diffusion correction parameter «,
is defined by :

Va)? W, + W, + eWy(1 + M?

M) = :
(M) X, [W, + W, ] [W, + Wy + eW,5] — eM?> W [W, + eW,]

(23)
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The heat conduction coefficient (M) is given by :

-8 M
with :
eW, X,
T 24,
‘ X,[W, + eW;] - V% o)
2
e eW [ X (W, + eW3) + Vi] (240)

Wy + W, + eWy) [X,(W, + eW3) — Vi]
[ the value of k, is given by equation (61a) of the pfeceding article]. The coupling coefficient Dy, is given by :

5_ Dy w,V,
21— a,(M) W, + WSl [W, + W, + eWs] — eM> WW, + eWs]’

(25)

y: -_—
DTM_

In a similar way, solving the subsystem for the parameters ¢,, ¢,, g, and g, gives the spin currents relative
to the transverse components :

1 + AM?
D VM My (M) VM
J(Mx) OI +;|.; M2 +)‘.2M4[ :c_i_8 ﬂ( ) y:l
g (26)
1 + AM
JM, i S )
(M) = = Do T 3% L= ME(D) VM, + V)]
where :
T W, + W) X, — VE]
1 + A" M?
i_ﬂa_{ — A At
M) = o (27a)
and :
W, +eW) X, =2V, V (W, + eW,) + V2 W
,ub=—( 1 ) Xy VW, 3) 1 'a Q7b)

(W, + eW3) [(W, + eWy) X, — V2]
(the values of the coefficients A, A, A5 and 1” are given in Appendix II).

2.2 NEW EFFECTS PREDICTED BY THE THEORY. — Several differences with the results of the precedmg
sections are immediately apparent on the equations that we_have obtained.

First, the coefficients which had already been calculated have now a different, more precise, value. In the
heat conduction coefficient k(M) for example, the coefficients £’s are now given by the more complete expres-
sions (24b) and (24¢). The coincidence between our new value of k when M = 0 and the value of the simpler
calculation [equation (61a) of the preceding article] is merely a consequence of the choice of the trial operator
(18a), where the o, component still has the very simple p dependence assumed before. Such a trial operator
is therefore more adapted to the study of the M dependence of the transport coefficients, which is our purpose
here, than to a precise calculation for M = 0 (which would be possible by taking into account the p dependence
of g,). It is interesting to note that variations of k(M) are still given by the ratio between two linear functions
of M?; it would be necessary to include more complicated terms in dpg to obtain terms in M* for instance.
In a similar way, the comparison between (22b) and (26) with equations (7) reveals several differences. In this
case, we obtain M* corrections, and the « spin rotation coefficient » u is now a function of M?. The diffusion
correction parameter o,(M) introduces a M? dependence of the diffusion coefficient for M, ; as already men-
tioned in the preceding section, this is an indirect effect of particle indistinguishability on collisions between
atoms in the same spin state.

Second, we see that M, and heat diffusion are no longer independent, but become two components of two
coupled modes. The coupling coefficient D1, is proportional to ¢, which illustrates the fact that the coupling
is a pure consequence of particle indistinguishability effects ; nevertheless, some similarity can be found bet-
ween this coupling and effects occurring in classical gas mixtures where it is well known that a coupling exists
between thermal and concentration modes [6, 7]. This is not surprising since, as shown in § 2.2 of the preceding
article, the two spin states are very similar to the two components of a classical gas mixture, when there is no
transverse magnetization. Also, both crossed terms in (22) are proportional to M : only a gas having a signi-
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ficant nuclear polarization will exhibit this coupling. On the other hand, this polarization should not be complete
(M = 1) : then VM, and the (1 — M?) coefficient in the right hand side of (22b) would vanish (%). The physical
origin of the mode coupling in a partially polarized gas is clearly the spin-velocity correlations introduced by
the spin dependence of the collisions, as already discussed in the preceding article.
When T — 0, we obtain the following limits [see also equations (11)] :
e~ QFD ~ 240,

o] oex-]

(1,2)
Q[g] e 3 QD

Qi ~ 120, @
and :
e L= M0 4 4 g 3 M)
2
wM) = BT M 1 (4 1 001 5 27 M) (e}
21 + 8 M2 +(1+8) (45 — 16 M?)
ey 29b
M) = Ko 10— M) + (L + @5 + 13 M) 290
o B 4
™ 721 —a(M) 430 — M?) + (1 + &)1 + 27 M?) (29¢)
: 3(16 & + 59) + 20 - |
For fermions, we then obtain : N (‘ 6e +39) i _"_"'"I"
Gog »53) [16c + 5911
I+ M2
Iy _ : 21 10 M
?—_{KO_]_TVLOgT_EnkBDOWVMZ} (30(1)
T = = = D p WVLogT + 2D, Vil (308)
: N 5l R e

On these results, we see that the heat conduction coefficient (M) becomes infinite when M — 1, as in the
preceding calculation ; this is because the divergence of the atom mean free path in the gas [8] always occurs
and introduces a divergence of x(M), whatever the choice of the trial operator dps. The same divergence is
visible for the coupling coefficient between VM, and Jy,, but not for the coupling coefficient between VT and
J(M,). The importance of the non-diagonal coupling coefficient is particularly obvious on (30b) : roughly speak-
ing, when M =~ 1, a relative gradient of temperature produces the same effect as a 4 times larger spin orien-
tation gradient. Experimentally, this means that it is possible to maintain a quasi-stationary non-uniform state
of the gas by compensating the effect of a spin orientation gradient with a suitable temperature gradient (%).
To conclude this discussion, we can remark that the M dependence of the (diagonal) spin diffusion coefficient
disappears again in the zero temperature limit : no indirect effect of the collisions between atoms in the same
spin state is then possible, since the corresponding cross section vanishes.

3. Isotopic mixtures. — Let us now consider a dilute gaseous mixture of the two isotopes *He and “He.
In the preceding section, we have seen that two transport phenomena which have a Y 7(p) dependence are coupled
by particle indistinguishability effects occurring in collisions. It is therefore natural to expect that, in a mixture
of two isotopes, the mass diffusion phenomenon — which has the same angular dependence — will also be
coupled to the heat and spin diffusion. ;

In this section, it is more convenient to use v (velocity) variables instead of p (linear momentum). The dis-
tribution function for the *He atoms is written :

and we keep the same notation pg(r.v) for the 2 x 2 density operator of the *He atoms, although this operator

() This 1 — M? coefficient is also necessary to satisfy the Onsager symmetry relations (see Appendix III).

(®) We have only discussed here situations where the spin orientation keeps the same direction over the gas. Nevertheless,
if this direction changes, the hydrodynamic equations introduce couplings between longitudinal and transverse components
of M, so that the spin oscillations discussed in the preceding sections can affect the heat current.
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differs from that used in the preceding section by a factor (m5)*, where m; is the mass of the *He atoms. We
have :

@, v) = Tr { ps(r,p) } - (31

A straightforward generalization of the considerations developed in the preceding article leads to :
a
a pS(rs V) + V.Vrps(r, "') = coil(3-3) + Icul](3_4)

D4 + V.V EN) = Lni@3) + L4 (32

where I,,(3-3) is given by the right hand side of equation (325) of the preceding article [with the substitutions
3 %
0, — O3, U, = U33] and :

Ion(3-4) = da”z U3y fi’ o *(0) [4f("2) ps(vy) — *f(v,) ps(v1)] (33a)
Ln(@-3) = | d°v, 034 | d2G 62%(0) [PF(vy) (V) — 3f(v,) % (v)] (33b)
L4 = | d°v; vy, 9' o (0) [4 (v2) f("l) - Y ) 4f("1)] (339

We are concerned here with situations where the pressure of the gas is uniform, but where there exists
gradients of temperature, isotopic concentration, and spin orientation. The local equilibrium is then described
by :

Yolr, v) = [m; ‘j[(r)]m ny(r) ¢~ BtIma?i2 . (40

3/2
il = [mz—i(r)‘} " ) e B g0

= 3fo(x, v) o) (34b)
with :
A1) + ny(r) |:n:|
"= | 34
5G] Bl G
(this condition ensures the uniformity of the pressure). We shall define the isotopic concentration x(r) by :
= n;(r)
X0 =00+ m® G3)
We then have :

32
Holr, v) = [E:| (%) [B@®]P2 [1 — x(x)] e Fomav?i2

0 R ms \*? 52 — B®msv3j2 =0
ps(r, v) = B ! T [B)]>" x(r) e ps(r) . (36) |
From this, we obtain the following drift term for the *He atom :
AAL PRSI {[ . } VB() + v.V Log[1 - x(r)]} (370)

and, for the *He atoms :

V.V, { o2, ¥) } = v.Vpd@) + BLC, v){ [ Sﬁ = m32”2] v.VB(T) + v.V Log x(r) } (376)
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We now set :
e, v) = *fole, V) [1 + 64, v)]
pstE, V) = (e, V) + Yolt, V) 5BE, V). (38)
A linearization of the collision integrals (33) then gives :
0l oy(3-4) = d*v, v34 | d%§ qu(g) *fo(vy) fo(“'z) [6ps(¥)) — dps(vy) + P9[d *f(vy) — o 4f("2)]]
r r-
0ln(4-3) = d3’-"2 v3a | 4’4 62 4(0) 4fo("1) 3f0{"2) [6 4f(" ) — %(vy) + Tr{ 0ps(vy) — 6ps(v,) 1]
01 ,(4-4) = davz Ugq q Ok () 4f0("1) 4f0("2) [5 4f("1) + 0 4f("'2) g 4f("l) o 4f("'z)] (39)
The trial density operators that we shall use are given by :
57w = — [ 2220 cov + 400) gy (400)
’ = x() 0° PolU) 84-V,
0ps =3 { €o.V + €3.¥03 + 5(v) [8o.V + &3.V03] }, (40b)
with :
54 gi(0) = [ﬁm“v’—%]. @400

In (40aq), the factor (1 — x)/x ensures that the linear momentum density @,(r) + &,(r) vanishes; in (405), we
have ignored any o, or ¢, dependence, because the corresponding terms are not coupled to VT and Vx. With
these trial density operators a calculation similar to that of the preceding section allows one to predict a cou-
pling between three modes : spin orientation diffusion, mass diffusion and heat conduction. The method of
moments leads to a system of 5 independent linear equations which determine the values of the 5 constants
€o, €3, Z0, 83 and g, as a function of the « forces » VM, V Log x and V Log T. We shall not give here the details
of the calculations, which are somewhat cumbersome; instead, we shall emphasize the M dependence of the
coefficients. The mass diffusion current is proportional to ¢,, the spin current to ¢5 and the heat current to a

linear function of g, and g,, and one obtains :

M*)FVLogT + eM(1 — M*) HV Log x]

(41)

A + BM?
IL,) =~ +Cﬂ; O M [(D + eM? E)VM, + eM(1 —
A + BM?
J(x) = MGVM, + LVLogT + NVL
(x) 1T CME 1 O M° [eMG L+ g og x]
Iy A + BM?
b MQ VM, +eM*)VL0iogT + RV Lo
T =75 CM? + ¢ e LPMe VM. + gV gx]

- where the coefficients D, E, ... are homographic func-
tions of M2, On these equations, one can remark that
“all coupling coefficients between spin orientation gra-
dient or flux on one hand, and isotopic or temperature
gradient or flux on the other, are proportional to eM.
Their origin is purely a particle indistinguishability
effect [they arise from the anticommutators in equa-
tions (15)]. There are other coupling coefficients, such
as the coupling between V Log x and Jy for example,
which do not disappear if particle indistinguishability
effects are ignored; it is in fact well known [6, 7] that
these effects occur in mixtures of classical gases.
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4. Conclusion. — The hydrodynamic equations of
a dilute spin polarized gas include several non-linear
terms which are consequences of the Pauli principle
(or symmetrization principle for bosons), and can be
calculated from first principles, in terms of the collision
phase shifts. Several unusual effects are predicted by
the theory. For example the coupling between spin
diffusion and heat conduction can, in principle, be
used to increase the polarization of a gaseous sample
by thermal methods. Conversely, it could also be used
to obtain information on thermal processes from spin
resonance measurements. It may be hoped that these

It
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effects will be observed, either in *He? or in H1, in
the near future.
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Appendix I. — In this appendix, we study the
entropy variations predicted by the spin Boltzmann
equation, which is the starting point of our study
[equation (32a) of the preceding article], and we
show that it is always positive (Boltzmann H theo-
rem).

The total entropy 8 is defined by :

St = — kg Tr, Tr, { pLogp } (I.1a)

where Tr, is the trace operation with respect to the
external variables, Tr, the same operation with
respect to the spin variables, and p the one atom
density operator. According to a well known pro-
perty of the Wigner transform, we have :

¢ = — kg Tr, { jd3rjd3p(p Log p)w} (1.18)

where (p log p),, 1s the Wigner transform of the
operator p log p. Now, when the variations of p(r, p)
are sufficiently slow in the phase space, we have :

(0 log p),, =~ py(r, p) Log pr, p) (L.2)
where p(r, p) is the semi-classical 2 7 + 1) x (2 [ + 1)
spin operator which appears in the spin Boltzmann
equation [ the term neglected in (I. 2) involves products

of r and p derivatives of p, and log p,, multiplied by #].
We then have :

S = Jd"‘r S(r) (1.3a)
where the local entropy S(r) density is defined by :

S = — knjdsp Tr, { o p) Log ot p)} (1.3b)

If we set :

p(r, p) = f(x, p) Y (I.4a)

with

Tr, {30} =1 (1.4b) -

we also have :

S®) = — ke J T T
Ty (70 Bogity. 1.5

This is nothing but the sum of a « classical »
entropy and a «spin entropy » which, for spin

1 particles, is given by :

e ) { [1 + M(@®)]Log (‘;M’))

+ [1 — M(®¥)] Log(—l—j—-z—m)}. (1.6)

In the full Boltzmann equation, it is easy to show
that the drift term does not give rise directly to any
total entropy variation [although it can of course
produce local changes]; this is because the drift
term can be derived from an hamiltonian p%/2 m.
Thus, we shall concentrate here on the cntropy
variations arising from the collision term.

1. Effect of the « classical » collision term. — Let
us first ignore the collision terms which are introduced
by particle indistinguishability. The local entropy
production due to collisions then is [equation (32b)
of the preceding article] (°) :

d_S S 3 3.9 2
(§). =t [ [0l [#7 00

" Tr {[1 + Log p(D] [f(2) p(1") — £(2) ps(1)] } .
1.7 -

In this integral, ¢ and q' play a symmetrical role.
Since interchanging, g and ¢ amounts to inter-
changing both p, and p, with p| and p), the trace in
the integral can also be written :

Tr { [Log p,(1') — Log p (D] f(2) py(1) } -

Now a theorem, proved below, states that :

Tr { [Log p,(1) — Log p,(1)] pi(1) } >
> [Log /(1) — Log/(1N]f(1) (L.8)

the egalxty being valid if and only if p,(1) and p(1')

are proportional. :
Consequently, the classical collision term gives

rise to an entropy variation which is greater than :

kn J d3p f d*q % J d*q a,(0)
S f(2) [Log f(1) — Log (1]

(°) Here, we simplify the notations f(p;) into f(i) and
ps(pi) int{) ps(l)‘
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which is nothing but the classical entropy creation rate
corresponding to the motion of the atoms. The rest
of the reasoning is well known : a symmetrization
with respect to the p,, p,, p; and p), variables allows
one to change the integrated function into :

I fQ) - AN 1(2)] x
x [Logf(1) + Logf(2) — Log f(1) — Log (2]
(1.9)
which is either positive or zero, this second possibility
occurring only if :

S =10 f(2)

that is if the translation degree of freedom of the

atoms are described by the Boltzmann equilibrium
function fy(p). Consequently, we see that the « classi-

(#). -

Jd3 JdS fdz "Low®) + o(m = )]
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cal » collision term always introduces a positive local -
entropy creation, which can vanish only if the Boltz-
mann equilibrium is reached for the velocities, and if
the internal spin state described by p(p) is independent
of p [this second condition is introduced because (I.8)
reduces to an equality for any p, and p|]. Then the
local equilibrium density operator :

p(p) = fo@) P?

depends on the arbitrary spin density operator p°;
this is a consequence of our assumption that there is
no spin relaxation due to collisions.

Although it is not necessary here, it is conveniént
for the next section to use a more symmetrical form
of the « classical » term in the collision creation of
entropy. Using the p,, p,, p}, p> symmetries, we can
change (I1.7) into :

(I.10)

e { [Log p,(1) — Log p(10] [ /(2) p(1) — £(2) p(1)] +

+ [Log p(1) — Log p (2] [f(2) p,(1) — f(1) py(2)]

+ [Log p,(2) —

Log p,(10] [f(1) py(2)
+ [Log py(2) — Log p,(29] [f(1) p(2) — (1) 93(2’)]} ;

— /(@) p1]
(I.11)

PROOF OF THE THEOREM. — Let us consider two hermitian definite positive operators p and p’, with res-
pective eigenvalues p,, and p;, and eigenkets | p,, > and | p, >. The traces of p and p’ are :

f=Tr{p} =3 p,

If 4 is any positive number, the inequality :

xLogx>=2x—1

can be written with x = p,/Ap, and gives :

Pm [LOg Pm — L’Og pn]

pm(2 + LOg ’;l') = ipﬂ

F'=Tr{p'} =Y p,.

(1.12a)

(I.12b)

Let us now multiply both sides of this inequality by the real positive number ( P | Do > Py P > and sum

over m and n. Since :

the term in p,, log p,, introduces the number Tr { p log p } ; similarly, the terms P and p, introduce the traces

S and f”. Finally, since :
2 < Pul Pu ) Py | Pu > P log p,

mn m

we obtain :

Tr { p [Log p — Log p] }

=2 pulpLogp | P, > <Dyl P>

=z +LogA)f— A"

=Tr{pLogp'}

(1.13)

This relationship is true whatever the choice of the positive number A If we set :

A= lo =fif

we obtain :

Tr{ p [Log p — Log p] }

= fLogflf". (I1.14)
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The equality occurs only if p,, = 4, p, (that is x = 1) whenever { p,, | p, > is not zero; if we introduce the ope-
rator : 3 ;

p=1lop
we can readily check that any eigenvalue of p is then an eigenvalue of p’, and conversely; the eigenspaces are
the same, and we see that (1. 12) becomes an equality if and only if :

p=pP=4p.

2. Effect of the particle indistinguishability term. — In equation (32a) of the preceding article, the term
proportional to ¢ introduce an entropy variation :

().~ — s [@r [@ad [ed r@m {1+ Loenw]| [0 0. - b0 ] | +
4 i(0) Tr { [1 + Log ps(l)] 1), £42)] } 4 ik, Tr { [1 + Log ps(l)] [o.(1), ps(2)]}- (1.15)

The two last terms are introduced by the « identical spin rotation effect » and they give rise to no entropy pro-
duction. This result can easily be checked for the term in 7} *(6) since it changes sign when p; and p’, are exchanged
(inversion of q and q" which leaves 6 unchanges). As for the terms in tf,, it is also zero, since 1 + Log p (1)
commutes with p(1) (circular permutation of the operators inside the trace). In fact p (2) plays the role of an
effective hamiltonian, and it is well known that the entropy does not change in an hamiltonian evolution.

We are now left with the two anticommutators in ¢3* (). Using the p,, p,, p}, p>, symmetries, the integrated
function can be transformed into

— e L o) Tr { [Log p 1) + Log p,(2) — Log p{1") — Log ps(zf)] [[ps(n, 2@l — (1, p2)] ] }

8m
(1.16)
Now, a theorem (proved below) states that :
& fr { [Log p, + Log p, — Log p; — Log 94] [[pl,pzh - [ps, pd{l } <
<Tr {{Log p1 — Log pa] [ f2 p1 — fa pa] + [Log py — Log pa] [f2 p1 — f3 pal
+ [Log p, — Log psl[f1 p2 = fa p3] + [Log p, — Log pul [fi p2 — f5 P4l } (1.17)

Using (I1.11), we therefore obtain :

ds ds k q . ex o
&), +(5)> i [ [ € [ #4100 + atx -0 - 21O 0 Fpu pn i )

= (118

where F(p,, p,, p}, p5) is the trace written on the right hand side of (1. 11). But the combination of cross sections
between brackets is always positive [equation (20) of the preceding article], as well as the function F. Conse-

quently :
ds ds :
(HT)CL +. (a?)z =0 (1.19)

the equality occurring if and only if the atomic velocities are in the Boltzmann equilibrium and the spin state is
velocity independent [equation (I.10)].

PROOF OF THE THEOREM. — Let us consider 4 kets | 1 3,2 >,]3 ), |4 >; afirst stef) in the proof is to show
that

FIKCTI3)C3125<2145<4115> +<2135(311)<1]4)><4]|27]
é|<l-13_>|2|<2i4>|2+|<1|4>|2|<2|3>|-2 (1.20)

To do this, we can introduce 2 similar particles a and b, with density operators :

pl=la:1y<a:1| g =|b:2><b:2]
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or:
p§=|a:2>_<a:2| pre=0b:¥3 Chi i
(we may assume that the kets are normed to one, but this is not essential). A possible density operator of the
system 1§ :
p(a b) = 3o} ® pi + p2 ® pil. (1.21)
Since this operator is positive, we have :
| (@ b) | pla, b) | ¥(a, b) > > 0 1.22)
whatever the choice of the 2 particle ket | Y/(a, b) ). If we set :
|y, b)) =xla:3;b:4) +|a:4;b:3)

we obtain for the right hand side of (I.21) a polynomial in x of degree two, of which the discriminant has to be
negative. A very simple calculation shows that this condition can be written :

[<1I3><3125<2[45<411) +ea | <[CLI3)P[C214> [ + |14 2{<2]3) ]

from which inequality (I.19) is readily obtained.
We can now multiply (I.20) by the positive number

[ps P2 — p; ! [Log p), + Log p? — Log p; — Log p}]

where p), p2, p; and p} are the respective eigenvalues of operators p,, p,, p and p,. After a summation over
the indices m, n, p and r, a simple calculation then leads to inequality (I.17).

Appendix IT
1 Vi

1 1 T X,(W, + W)
D0=—_._ .

np* X, = Vi 2
X, (W, + eW;)

i kg % W)’ Xy =2V, V(W + eW;) + VIW,
“0 /i (WI + £W3)2 Xl . V%(W} + 8W3)

WixX,— W,V3:

e (W, + W)X X, — 2V, V (W, +eW;) + Viw,
L WAX -2V VW + VIO, + W)
(W, + eW,)2 X, — VAW, + eWy)
,1,1 =(X1 Wi~ V]. V4)2 T {(Wl o 8W3) X4 — V} V4) }2 +2(V4 X1 L= Vl X4){ V4(W1 + EWJ) - V1 W4}
. (W, +eWy) X, — Vﬂz
2 Wi Xz - V3

W, + W)X, — VI

Appendix III. — In this appendix, we study the entropy changes of the gas in the hydrodynamic regime
(mean free path / < macroscopic distance L), obtained within a first order Chapmann-Enskog expansion.
We know from appendix I that the local entropy creation introduced by collisions reaches its minimum zero
value if (and only if) the local equilibrium is obtained. Since the difference between py(r, p) and the equilibrium
density operator p2(r, p) is a first order quantity in /L, the collision entropy production will be a second order
quantity which is negligible to our first order approximation. Then, all entropy variations will come from the
changes in time of the macroscopic quantities which define the local equilibrium [energy density W (r), spin
orientation M(r)]. '

As an example, let us study the entropy variations corresponding to the hydrodynamic spin orientation
currents written in (7). These currents have been obtained for a physical situation when the density » and tempe-
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rature T are uniform, the only non-uniform quantity being the spin orientation M(r). It has been assumed
[equation (3¢)] that the translational degrees of freedom remain in the Boltzmann equilibrium. Equations (I.5)
then becomes, for spin 3 particles :

Su(r) = — kg n Tr { p,(r) Log pyn) }

1 1 — M
= — kBTn{ [1+ M(n)] Log(——%(r)) + [1 — M(r)] Log(—z(r-)-)}. (III.1)
The function §,, depends on M only and :
dSy  kgn 1+ M
d—M”TL"g(lmM)S“- JiE2)
The time dependence of S is due to the variation of M :
9 My oMy MyoMy M, M,
aM=m " *m o tmM @
where :
oMy,
atx' = — V.J(My). (1I1.3)
Then :
ds,  dSy & M,
& - a2 M)
s, & M, 3 M, dSy
=—V {d—i; % J(Mx,)} + i; J(Mx,).V(—H— dM)' (111.4)

On the right hand side of this equation, the first term is an exact divergence and corresponds to a conservative
entropy flux (its integral over the whole gas vanishes, except of course if there are other causes for entropy crea-
tion, e.g. a nuclear relaxation on the walls). We shall therefore concentrate on the second term. Since it does not
contain any space derivative of the currents J, it can be calculated in the local reference frame Oxyz with axis
Oz parallel to M, and we obtain :

dSM) - {( .. M)( M, ) 2 M,
ar, == R IM) - g | g7 les g7 ) VM — 57 VM | + LVM, ¢
( At Joon conservative 2 Z M 1 - M M 1 — M?> M

(I11.5)

Using equations (7), we then obtain :

ds,,,) kg n |:VM2 + VM"’] 1 (1 + M) 2 }
F =2 Dy | —=25-7|=Log|——= )+ VM? ——— . (L
; ( d? Jnon conservative 2 0{ 1+ 2 M?* | M 1 - M 1 - M3 (LLL5).

It is then easy to see that the entropy production is always positive.

Let us now consider the more elaborate theory of section 2, and study the consequences of the couplings
between VM, and VT on the entropy production. If we use equation (22b) for the current J(M,), and result
(I11. 5), we obtain a crossed term in VM, and V Log T which is equal to :

dsSy, kg n 5 2
il = - : )| —— VM
( P )m‘ 5 M(1 — M*) Dy, V(Log )[1 —p M.

= Diy kg nM V¥V Log T.VM, . (I11.7)
On the other hand, the time derivative of the thermal entropy of the gas is :

d dSy dw 1
g T =TV

J 1
=—V-{%}—?JW.VLogT. -~ (IIL.§)
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Using (22a), the crossed term in the dissipative part of this variation can be written :
kg nMDyy, VM,V Log T (I11.9)

which is nothing but (III.7). The two crossed terms in the entropy creation are therefore equal (Onsager rela- -
tions).

References

[1] EmERY, V. 1., Phys. Rev. 133A (1964) 661. [5] Bareg, R., Lavog, F. and BrosseL, J., Phys. Rev. Lett.
[2] LeGGETT, A. J. and Ricg, M. I., Phys. Rev. Lett. 20 34 (1975) 1488.

(1968) 586. [6] CaaPMmaN, S. and CowLiNg, T. G., The Mathematical
[3] LeEGGETT, A. J., J. Phys. C 12 (1970) 447. Theory of Non Uniform Gases (Cambridge Uni-
[4] Luszczynski, K., NorBerG, R. E. and OPFER, J. E., versity Press) 1952.

Phys. Rev. 128 (1962) 186; [7] HirscHFELDER, J. O., Curmss, C. F., ByroN BIrD, R.,

Gangs, J. R, Luszczynski, K., NORBERG, R. E., Molecular Theory of Gases and Liquids (Wiley)
Proceedings of the 8th Conference on Low Tempe- 1964.

rature Physics, ed. Davies (Butterworth, London) [8] LHuILLIER, C. et LALoE, F., J. Physique 40 .{1979} 239 ;
1963. J. Physique Collog. 41 (1980) C7-51.




