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PURE-INJECTIVE HULLS OF MODULES OVER VALUATION
RINGS

FRANCOIS COUCHOT

ABSTRACT. If R is the pure-injective hull of a valuation ring R, it is proved
that R ® Rr M is the pure-injective hull of M, for every finitely generated R-
module M. Moreover R ®g M ~ 691<k<nf%/Akf%, where (Ag)i1<k<n is the
annihilator sequence of M. The pure—i_njgctive hulls of uniserial or Bolyserial
modules are also investigated. Any two pure-composition series of a countably
generated polyserial module are isomorphic.

The aim of this paper is to study pure-injective hulls of modules over valuation
rings. If R is a valuation domain and S a maximal immediate extension of R, then,
in [E], Warfield proved that S is a pure-injective hull of R. Moreover, for each
finitely generated R-module M, he showed that S ® g M is a pure-injective hull of
M and a direct sum of gen M indecomposable pure-injective modules. We extend
this last result to every valuation ring R by replacing S with the pure-injective hull
R of R. As in the domain case R is a faithfully flat module. Moreover, for each
2 € R there exist r € R and yel+ PR such that z = ry. This property allows
us to prove most of the main results of this paper. We extend results obtained by
Fuchs and Salce on pure-injective hulls of uniserial modules over valuation domains
([E, chapter XIII, section 5]). We show that the length of any pure-composition
series of a polyserial module M is its Malcev rank Mr M and its pure-injective hull
M is a direct sum of p indecomposable pure-injective modules, where p < Mr M.
But it is possible to have p < Mr M and we prove that the equality always holds
if and only if R is maximal (Theorem [L5). This result is a consequence of the
fact that R is maximal if and only if R/N and Ry are maximal, where N is the
nilradical of R (Theorem Q) If Uy, ..., U, are the factors of a pure-composition
series of a polyserial module M then the collection (ﬁ ®r Uk)i1<k<n is uniquely
determined by M. To prove this, we use the fact that R® r U is a unshrinkable
uniserial T-module for each uniserial R-module U, where T = Endg(R). When
R satisfies a countable condition, the collection of uniserial factors of a polyserial
module M is uniquely determined by M (Proposition B.7).

In this paper all rings are associative and commutative with unity and all mo-
dules are unital. Asin [E] we say that an R-module F is divisible if, for every r € R
and z € E, (0 :r) C (0: z) implies that € rE, and that F is fp-injective(or
absolutely pure) if Exty(F, E) = 0, for every finitely presented R-module F.
A ring R is called self fp-injective if it is fp-injective as R-module. An exact
sequence 0 — F — EF — G — 0 is pure if it remains exact when tensoring
it with any R-module. In this case we say that F is a pure submodule of F.
Recall that a module E is fp-injective if and only if it is a pure submodule of every
overmodule. A module is said to be uniserial if its submodules are linearly ordered
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2 FRANCOIS COUCHOT

by inclusion and a ring R is a valuation ring if it is uniserial as R-module. Recall
that every finitely presented module over a valuation ring is a finite direct sum of
cyclic modules [@, Theorem 1]. Consequently a module E over a valuation ring R
is fp-injective if and only if it is divisible.
An R-module F' is pure-injective if for every pure exact sequence
0—-N—-M-—L—0
of R-modules, the following sequence
0 — Homp(L, F) — Homg(M, F) — Homg(N,F) — 0

is exact. An R-module B is a pure-essential extension of a submodule A if A
is a pure submodule of B and, if for each submodule K of B, either K N A % 0 or
(A+ K)/K is not a pure submodule of B/K. We say that B is a pure-injective
hull of A if B is pure-injective and a pure-essential extension of A. By [B] or [ﬂ,
chapter XIII] each R-module M has a pure-injective hull and any two pure-injective
hulls of M are isomorphic.

In the sequel R is a valuation ring, P its maximal ideal, Z its subset of zerodi-
visors and M the pure-injective hull of M, for each R—module M. As in [E p.69],
for every proper ideal A, we put A* = {s € R | (A:s)# A}. Then A*/A is the set
of zerodivisors of R/A whence A is a prime ideal. In particular {0}# = Z. When
A = P, we say that A is an archimedean ideal. Then A is archimedean if and
only if R/A is self fp-injective.

1. PROPERTIES OF R

The first assertion of the following proposition will play a crucial role to prove
the main results of this paper.

Proposition 1.1. The following assertions hold:

(1) For each x € R there ezist a € R, pePandyc€ R such that z = a + pay.
(2) For each archimedean ideal A of R, R/AR is an essential extension of R/A.
(3) R/PR~ R/P.

Proof. The third assertion is an immediate consequence of the first.

We also deduce the second assertion from the first. Since R is a pure submodule
of R, the natural map R/A — R/AR is monic. Let z € R\ R+ AR. We have
r=a+payfora e R, pe Pand y € R. Hence pa ¢ A. Since A is archimedean,
there exists 7 € (A : pa)\ (A:a). Sorz € R+ AR\ AR.

We proceed by steps to prove the first assertion.

Step 1. Suppose that R is self fp-injective. In this case, R~ Er(R) by [ﬂ,
Lemma XIII.2.7]. We may assume that ¢ R. Then there exists d € R such that
dr € R and dz # 0. Since R is a pure submodule of R we have dz = db for some
b € R. By [fl, Lemma 2] (0 : 2) = (0 : b), whence & = bz for some z € R since R
is divisible. In the same way, there exists ¢, u € R such that cz = cu # 0. We get
that (0:u) = (0:2) =b(0:b) =0. So u is a unit of R. Since z —u ¢ R, there
exists s, ¢ € R and y € R such that 0+#sq=s(z—u) € Rand z — u = qy. We
have c € (0: 2 —u) = (0: q). So ¢ € P. Now we put a = bu and p = qu~! and we
get x = a + pay.

Step 2. Now we prove that ﬁ/rﬁ ~ Egr/rr(R/rR) for each 0 # r € P. If
Naz0aR = 0 then it is an immediate consequence of [f, Theorem 5.6]. Else P is
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not faithful, R is self fp-injective and R~ Egr(R). By Step 1 and the implication
1 = 2 the second assertion holds. So it remains to show that R/ rR is injective
over R/rR. Let J be an ideal of R such that Rr C J and g : J/Rr — R/TR be a
nonzero homomorphism. For each x € R we denote by Z the i image of z in R/ rR.
Let a € J \ Rr such that § = g(a) # 0. Then (Rr :a) C (rR :y). Lett € R
such that r = at. Thus ty = rz for some z € R. Tt follows that t(y — az) = 0. So,
since at = r # 0, we have (0: a) C Rt C (0: y — az). The injectivity of R implies
that there exists x € R such that y = a(z + 2). We put z, =z + 2. If b € J\ Ra
then a(z, — zp) € rR. Hence zp, € 4 + (rR a). Since Ris pure-injective, by [E,
Theorem 4] there exists = € Ngeyzq + (rR ‘R a). It follows that g(a) = aZz for each
acJ.

Step 3. Now we prove the first assertion in the general case. If N,2orR # 0,
then R is self fp-injective. So the result holds by Step 1. If N,.orR = 0, we put
F= ﬂr;ﬁorﬁ. We will show that F = 0. Let z € FNR. Then z € RN7R = rR for
each r € R, r # 0. Therefore xt =0 and FN R = 0. Letxeé, ra € Rand z € F
such that ro = a+ 2. There exists y € R such that z = ry. Sor(x—y) = a, whence
there exists b € R such that rb = a. It follows that R is a pure submodule of R/ F.
Since R is a pure-essential extension of R we deduce that F' = 0. Let x € R. We
may assume that = ¢ R. There exists 0 # r € R such that z ¢ rR. If z € R+ rR
then x = a + ry, W1tha€Randy€]§ WehaveangRelsexerﬁ So r = pa
for somep € P. If x ¢ R+ rR then, since R/Rr is self fp-injective, from Steps 1
and 2 we deducethatx—a—pazETR for some a € R, p € P and z € R Itis
obvious that a ¢ rR. Now it is easy to conclude. (]

As in the domain case we have:
Proposition 1.2. R is a faithfully flat R-module.

Proof. Let z € R and r € R such that rz = 0. By Proposition @ there exist
a € R, pe P and y € R such that x = a + pay. So rpay € R. 1t follows that there
exists b € R such that ra(14+pb) = 0. Hence ra = 0 and r@z = ra®(1+py) =0. O

2. PURE-INJECTIVE HULLS OF UNISERIAL MODULES

The following lemma and Proposition @ will be useful to prove the pure-
injectivity of some modules in the sequel.

Lemma 2.1. Let U be a module and F' a flat module. Then, for each r,s € R,
F®R (SU U T) >~ (F XRnr sU ‘FQrU T‘).

Proof. We put £ = F®RrU. Let ¢ be the composition of the multiplication by
r in U with the natural map U — U/sU. Then (sU :y ) = ker(¢). It follows that
F ®g (sU :y r) is isomorphic to ker(1p ® ¢) since F is flat. We easily check that
1z ® ¢ is the composition of the multiplication by r in E with the natural map
E — E/sE. Tt follows that F @ (sU :y r) ~ (sE :g 1). O

Proposition 2.2. Fvery pure-injective R-module F satisfies the following property:
if (zi)ier is a family of elements of F and (A;)icr a family of ideals of R such that
the family F = (x; + A;F)ic1 has the finite intersection property, then F has a
non-empty intersection. The converse holds if F is flat.
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Proof. Let i € I such that A; is not finitely generated. By [m, Lemma 29] either
A = Pri or A; = Neer\a,cR. If, Vi € I such that A; is not finitely generated, we
replace x; + A;F' by x; +r;F in the first case, and by the family (z; 4 cF).cp\ 4,
in the second case, we deduce from F a family G which has the finite intersection
property. Since F' is pure-injective, it follows that there exists x € F which belongs
to each element of the family G by H, Theorem 4]. We may assume that the
family (A;);cr has no smallest element. So, if A; is not finitely generated, there
exists j € I such that A; C A;. Let ¢ € A; \ PA; such that z; + ¢F € G. Then
r—z; €ck CAF and z; —x; € A;F. Hence x — x; € A;F for each i € I.

Conversely, if F' is flat then by Lemma P.1] we have (sF :p r) = (sR : r)F for
each s, € R. We use [H, Theorem 4] to conclude. (I

Proposition 2.3. Let U be a uniserial module and F a flat pure-injective module.
Then F ®gr U is pure-injective.

Proof. Let E = ForU. We use [E, Theorem 4] to prove that E is pure-injective.
Let (x;)ier be a family of elements of F' such that the family F = (z; + N;);er has
the finite intersection property, where N; = (s;E :g r;) and r;,s; € R, Vi € I.

First we assume that U = R/A where A is a proper ideal of R. So E ~ F/AF. If
s; ¢ Athen N; = (s;F :p 1;)/AF = (Rs; : r;)F/AF. We set A; = (Rs; : 7;) in this
case. If s; € A then N; = (AF :p r;)JAF = (A:r;)F/AF. Weput A; = (A:r;) in
this case. For each i € I, let y; € F such that z; = y; + AF. It is obvious that the
family (y; + A;F);cr has the finite intersection property. By Proposition E this
family has a non-empty intersection. Then F has a non-empty intersection too.

Now we assume that U is not finitely generated. It is obvious that F has a non-
empty intersection if z; + N; = E, Vi € I. Now assume there exists ig € I such that
T, +Nlo 75 E. LetI' = {’L el | N; C Nzo} and F' = (:Ci'i‘Ni)ieI’- Then F and F’
have the same intersection. By LemmaP.1] N;, = F®p(si,U v 74,). It follows that
(iU v 1iy) C U because N;, # E. Hence Ju € U such that z;, + N;, € F ®p Ru.
Then, Vi € I'; 2; + N; C F ®g Ru. We have F ®g Ru ~ F/(0 : u)F. From
the first part of the proof F/(0 : u)F is pure-injective. So we may replace R with
R/(0 : u) and assume that (0:u) = 0. Let A; = ((s;U :y ;) : u), Vi € I'. Thus
N; = A;F, Vi € I'. By Proposition E F’ has a non-empty intersection. So F has
a non-empty intersection too. O

Let U be an R-module. As in [E, p.338] we set
Uy={s€R|3ueclU u#0and su=0} and U* = {s € R | sU C U}.

Then Uy and U # are prime ideals.
Now it is possible to determine the pure-injective hull of each uniserial module.
We get a generalization of [E, Corollary XIIL.5.5]

Theorem 2.4. The following assertions hold:
(1) Let U be a uniserial R-module and J = U* UUy. Then R;®rU is the pure-
injective hull of U. Moreover U is an essential extension of U if J =Uy.
(2) For each proper ideal A of R, E/Aﬁ is the pure-injective hull of R/A.
Moreover RJAR ~ Er/a(R/A) if A is archimedean.
Proof. (1) If s € R\ J then multiplication by s in U is bijective. So U is

an Rj-module. After replacing R with R, we may assume that J = P. We put
U=R;®erU.
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Suppose that P = U*. By [E, Proposition 6] U =U®V where V is a submodule
of U. Let v € V. Then v = # ® u where u € U and z € R. By Proposition D
2 =a+pay, where a € R, p€ P and y € R. Since pU C U, 3 € U\ (PuUpl).
Then u = cu’ for some ¢ € R and = = cau’ + pcay @ v'. We have y @ v/ = z + w
where w € V and z € U. So cau’ + pcaz = 0. Since U is pure in ﬁ, there exists
2" € U such that caw’ +pcaz’ = 0. If 2 # 0 then caw’ # 0. By [, Lemma 5] we get
that u’ € pU, whence a contradiction. Hence V = 0.

Now suppose that P = Uy. If 0 # z € U then z = 2 ® u where v € U and
z € R. By Proposition @ there exist a € R, p € P and y € R such that
x=a+pay. So z=au+y®pau. Let A= (0:au). By [El, Lemma 26], A% = P.
So (0:pau)=(A:p)# A. Let r€ (A:p)\ A. Then 0 #rz € U.

(2) We apply the first assertion by taking U = R/A. In this case, U* = P. The
pure-injective hull of R/A is the same over R and over R/A. Since R/A is self
fp-injective when A is archimedean then we use [E, Lemma XIII.2.7] to prove the
last assertion. O

In the previous theorem, if U is not cyclic and if U* C Uy then U isnot necessarely
isomorphic to Eg/(o.v)(U). For instance:

Example 2.5.AAssur£1e that P = Z and P is faithful. We choose U = P. Then
Ut =Uy=P,U = PR and Eg(U) = R.

If U is a non-standard uniserial module over a valuation domain R then U is
indecomposable by [H, Proposition 5.1] and there exists a standard uniserial module
V such that U ~ V by B, Theorem XIIL.5.9]. So, R®prU ~ R®pV doesn’t implies
U ~ V. However, it is possible to get the following proposition:

Proposition 2.6. Let U and V be uniserial modules and J = U* U U. Assume
that RrU ~ R®r V. Then U and V are isomorphic if one of the following
conditions is satisfied:

(1) Ut =J and J # J?,

(2) U is countably generated.

Proof. Let ¢ : R®rU — R®pV be the isomorphism. Let 0 # u € U. Then
¢(u) = x ® v for some x € RandveV. By proposition we may assume that
2 =1+ py for some p € P and y € R. First we shall prove that (0:u) =(0:w).
It is obvious that (0 : v) C (0 : uw). Let » € (0 : w). Then  ® rv = 0. From the
flatness of R we deduce that there exist s € R and 2z € R such that = sz and
srv = 0. If s € P then we get that 1 = ge for some ¢ € P and e € R. Since R is
pure in é, it follows that 1 € P. This is absurb. Hence s is a unit and r € (0 : v).

Let v, v’ be nonzero elements of V and z, 2’ € 1+ PR such that z®@v = 2/ @ v'.
There exists t € R such that v = tv’. Now we shall prove that ¢ is a unit of R. We
get that (2’ —tx) ® v = 0. If t € P, as above we deduce that v' = 0, whence a
contradiction.

Let w € U and v € V as in the first part of the proof. By [, Lemma 26] we
have Uy = (0 : w)® = (0 : v)* = V. Let p € P. We shall prove that u € pU if
and only if v € pV. If v = pw for some w € V then ¢(u) = pr @ w = r¢(z) for
some z € R ®pgr U. Since U is a pure submodule, then u = pu’ for some v’ € U.
Conversely, if u = pu’ for some v’ € U and ¢(v') = 2/ @ v where v' € V and
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2' € 1+ PR, we get that 2/ ® pv’ = x ® v. From above, we deduce that v € pV.
So, Ut = V1.

Now we can prove that U and V are isomorphic when the first condition is
satisfied. In this case U and V are modules over Ry. Since J # J? , JRs is a
principal ideal of Rj;. Since JU C U and JV C V, U and V are cyclic over R;.
Let w € U and v € V as in the first part of the proof, and suppose that U = R ju.
If v = rw for some r € R; and w € V then we get, as above, that « = ru’ for some
u' € U. So r is a unit and U and V are isomorphic.

Let {u;}icr be a spanning set of U. For each i € I, let v; € V and z; € 1 + PR
such that ¢(u;) = x; ® v;. Suppose that (0 : U) C (0 : uw), Yu € U. From
the first part of proof we deduce that (0 : V) C (0 : v), Yo € V. We have
Nier(0:u;) = (0:U). Thus Nicr(0:v;) = (0: V). So, for each v € V there exists
i € I such that (0 :v;) C (0:v). Hence v € Rv;. Now, suppose Ju € U such that
(0:u) = (0:U). By [{, Lemma X.1.4] J = U%. We may assume that J = J2
and I is infinite. Then JU = U and JV = V. Let v € V. There exists p € J
such that v € pV. But there exists ¢ € I such that u; ¢ pU. So, v; ¢ pV. Hence
v € Ryv;. Now suppose that I = N. Let (ay)nen be a sequence of elements of P
such that u, = apunt1, Vn € N. We put ¢(ug) = vg. Suppose that ¢(u,) = spv,
where s, is a unit. By the second part of the proof there exists a unit ¢,, such that
AnVni1 = tnp(uy). Hence we set p(u,y1) = t, vpi1. So, by induction on n, we
get an isomorphism ¢ : U — V. Il

Let T = Endg(R). Then T is a local ring by [, Proposition 5.1] and [{, Theorem
XII1.3.10]. For each R-module M, R®p M is a left T-module. As in [@] we say
that a left uniserial T-module F' is shrinkable if there exists two T-submodules G
and H of F such that 0 C H C G C F and F ~ G/H. Otherwise F is said to be
unshrinkable.

Proposition 2.7. Let U be a uniserial R-module. Then:

(1) R@gr U is a left unshrinkable uniserial T-module.
(2) Endr(R®gU) is a local ring.

Proof. (1) Let z € 1+ PR. First we prove that Rz is a pure submodule of R.
Let a,be Rand y € R such that by = ax. By Proposition y = ¢+ pcz for some
ceR,pePandze R. Suppose that a ¢ Rbc. Then bc = ra for some r € P. If
r=1+qx forsomquPandz GR we get that a(1 —1r) *a(rpzqu)*aty
for some t € P and y' € R. Since R is a pure submodule of R there exists s € R
such that a(1 — r — ts) = 0. We deduce that a = 0, whence a contradiction. So
a € Rbc. By using similar arguments we easily show that Rz is faithful.

Let z,2’ € R®rU. We have z = 2®u and 2’ = 2’ @ where T, 1 € 14+ PR and
u,u’ € U. Assume that v’ = ru for some r € R. The homomorphism ¢ : Rx — Rra’
such that ¢(z) = rz’ is well defined and can be extended to R. We get that ¢z = 2.
Hence R ® r U is uniserial over T'.

Suppose that B ® r U is shrinkable over T. By | E Lemma 1.17] there exists
zeR ®pr U such that Tz is shrinkable. We have z = ¢ ® u where x € 1 + PR and
weU.SoTz=R® r Ru. There exist 2’ € Tz and a non-injective T-epimorphism
a: Tz — Tz Let K = Ker a. We may assume that a(z’) = z. We have
2 =2’ @ru where 7' € 1+ PR and r € R. Let y be a nonzero element of &. Thus
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y=1tz' =ay @ruforsomet € T,y € 1+ PR and a € R. But there exist s,s' € T
such that 2’ = sy’ and vy = s'2’. So 0 # az’ ® ru € K. Since y # 0 we have
aru # 0. On the other hand z ® aru = a(az’ ® ru) = 0. It follows that aru = 0
whence a contradiction. So R ® r U is unshrinkable.

(2) is an immediate of (1) and [[, Proposition 9.24]. O

Proposition 2.8. Let ¢ be a cardinal. Consider a c-generated R-module M and U
a pure uniserial R-submodule of M. Then U is ¢-generated.

Proof. We easﬂy check that R ®r U is a pure submodule of R Qr M. By
Proposition E R® R U is pure-injective. Hence R® rU isa summand of R® rM
On the other hand R ®pr M is a c-generated T-module. Then R ®pg U is also ¢-
generated over T'. We may assume that R@rU is generated by (1 ® u;);er, where
I is a set whose cardinal is ¢ and uw; € U, Vi € I. Let V be the submodule of
U generated by (u;)icr. Then the inclusion map V' — U induces an isomorphism
R RrV — R ®gr U. Since Ris faithfully flat it follows that V = U. O

From Theorem @ we deduce the following corollary on the structure of inde-
composable injective modules.

Corollary 2.9. Let E be an indecomposable injective module, J = Ey and A(E) =
{(0:r, ) |0#x € E}. Then:

€ - there exists a monomorphism
(1) VA,Be A(E), ACB th ] phi
¢ap:Ry/BR; — Ry/AR;

such that PA,C = ¥ABOYB.C, VA,B,C c A(E), ACBCC.

(2) E~lim{(R;/ARs,¢a5)| A B € A(E), AC B}.

(3) E ~ ]/%\]/(O ‘R, e)]/{] if (0:p, ) =(0:p, E) for some e € E.

(4) Suppose that E contains a uniserial Ry-module U such that A(E) = A(U)
(We know that this condition holds if R satisfies an additional hypothesis:
see [[l, Corollary 22], [§, Theorem 5.5] or Remark[3.4). Then F ~ R;®rU.
Moreover, YA, B € A(E), A C B, there exists r € R such that one can
choose pa.p =1 ® T where 7: Ry/B — R;/A is defined by 7(a + B) =
ar + A, VYa € R.

Proof. (1) If A € A(E) then A* = J by [fl, Lemma 26]. So A is an archimedean
ideal of R;. By Theorem @ there exists an isomorphism

¢a:Ryj/AR; — (0:5 A).

Let uap:(0:p B) — (0 :g A) be the inclusion map , VA, B € A(E), A C B. We
set pa B = ¢21 oua po¢p. It is easy to check the first assertion.

(2) and (3) These assertions are now obvious.

(4) First we prove that U is fp-injective. Let x € E and s € R such that
0 # sz € U. We put u = sz. From A(E) = A(U), it follows that Jv € U such
that (0 :g, v) = (0 :p, x) and consequently u = tv for some t € R. We set
A=(0:g, z). We get that (0 :r, u) = (A :g, t) = (A :r, s). By [l, Lemma 26]
At = Ey = J. It follows that Rjs = Rjt. So U is a pure submodule of E. We
conclude by Theorem E and [E, Lemma XIII1.2.7] that F ~ I/%T] QrU.
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Let u,v € U such that (0 :g, u) = A and (0 :g, v) = B. There exists r € R
such that v =ruand B=(A:r) (if A= B wetakev =uwand r =1). So7is a
monomorphism. (I

3. PURE-INJECTIVE HULLS OF POLYSERIAL MODULES

We say that a module M is polyserial if it has a pure-composition series
0O=MycM,C---CM, =M,

(i.e. My is a pure submodule of M, for each k, 0 < k < n) where My /M)_; is
uniserial for each k, 1 <k <n. By [E, Lemma 1.7.8], if M is finitely generated, M
has a pure-composition series, where My /My_1 ~ R/Aj and Ay is a proper ideal,
for each k£, 1 < k < n. We denote by gen M the minimal number of generators
of M. By [}, Lemma V.5.3] n = gen M. The following sequence (A, --- ,A,) is
called the annihilator sequence of M and is uniquely determined by M, up to
the order (see [f, Theorem V.5.5)).

Now we can extend the result obtained by Warfield[f]] in the domain case for
finitely generated modules.

Theorem 3.1. Let M be a finitely generated R-module. Then I%@RM ~ M. More-
over, M ~ R/JAIR & --- & R/A, R where (A1,---, Ay,) is the annihilator sequence
of M.

Proof It is easy to verify that M is a pure submodule of R ® r M. We have
that R ®p M; is a pure submodule of R ®pr M too. By Proposmon @ R ®pr M,
is pure-injective. It follows that R ®p M ~ (R ®Rr Ml) (R ®r M/My). By
induction on n we get that R @z M ~ R/A|R® - ® R/A,R. So R®r M is
pure-injective By [E Proposition 6] M is a direct summand of R ® r M. So
R QRpr M ~ M @V, where V is a submodule of R ®pr M. From Proposmon @ we
deduce that, for each x € R®R M, there exist m € M, p € P and Yy € R ®r M
such that x = m + py. Assume that x € V. There exists z € M and v € V such
that © = m + pz + pv. It follows that x = pv, whence V' = PV. On the other hand,
R/AR is indecomposable by [, Proposition 5.1] and Endz(R/AR) is local by [[LT],
Theorem 9] or [ﬂ Theorem XIIIL.3. 10] for every proper ideal A. By Krull-Schmidt

Theorem V ~ R/Ay, R®- - GBR/A;C R where {ki, - - k,} is a subset of {1,--- ,n}.
If V # 0, by Proposition EI we get V # PV. ThlS contradiction completes the
proof. O

The Malcev rank of a module N is defined as the cardinal number
Mr N =sup{gen M | M C N, gen M < oo}.

The following proposition is identical to the first part of [E, Proposition XII.1.6].
Here one gives a different proof.

Proposition 3.2. The length of any pure-composition series of a polyserial module
M equals Mr M.

Proof. Let 0 = My C My C --- C M, = M be a pure-composition series of
M with uniserial factors. By [E, Corollary XII.1.5] Mr M < n. Equality holds
for n = 1. From the pure-composition series of M, we deduce a pure-composition
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series of M /M of length n — 1. By induction hypothesis M/M; contains a finitely
generated submodule Y with gen Y =n — 1.

Assume that Y is generated by {ya,...,yn}. Let o,..., 2, € M such that yx =
i + M7 and F be the submodule of M generated by xs,...,x,. If FNM; = M;
then M; C F and M; is a pure submodule of F'. In this case Mj is finitely generated
by Proposition @ It follows that the following sequence is exact:

M, F Y

—_— — = —
PM; PF PY
So we have gen Y = gen F — gen M; < n — 2. We get a contradiction since
gen Y =n—1. Hence FNM; # M;. Let 21 € My \ FN M;. Let X be the
submodule of M generated by z1,...,x,. Clearly Rx; = M1NX. We will show that
Pri = RrxiNPX. Let x € Rryy N PX. Then x = PZZZL arry = rxy where p € P
and r, ai,..., a, are elements of R. It follows that pZZig arry = (r—pai)xi. So
(r —pay)xy € My NF C Rxy. We deduce that » — pa; € P whence r € P. Hence
x € Pxy. Consequently the following sequence is exact:

RZL'l X Y
0— — — = — — 0.
Pz, PX PY

Then gen X = n. (|

0— — 0.

Now we study the pure-injective hulls of polyserial modules.

Theorem 3.3. Let M be a polyserial module with the following pure-composition
series:

O=MyCcMyC---CM,=M
For each integer k, 1 <k <n we put Uy, = My/My_1. Then:

(1) There exists a subset I of {k € N|1 <k <n} such that M ~ @perUs.
(2) R@r M is pure-injective and isomorphic to ®F="R @ g Uy,.
(3) The collection (R ®p Uk)1<k<n is uniquely determined by M.

Proof. (1) Let N be a pure submodule of M. The inclusion map N — N can be
extended tow : M — N. Let f: M — ﬁ@m defined by f(z) = (w(z),z+ N),
for each x € M. It is easy to verify that f is a pure monomorphism. It follows
that M is a summand of N @ m So, by induction on n, we easily get that
M is a summand of @k Uk Since, Vk € N, 1 < k < n, Uk is indecomposable

by [B, Proposition 5.1] and EndR(@) is local by [[LI], Theorem 9] or [f], Theorem
XI11.3.10], we apply Krull-Schmidt Theorem to conclude.

(2) We do as in the proof of Theorem B.1.

(3) Since R ®pr M and R ®pr Uy are T-modules, we conclude by Proposition B
and Krull-Schmidt theorem. O

Corollary 3.4. Let the notations be as in Theorem @ and assume that M is
countably generated. Then any two pure-composition series of M are isomorphic.

Proof. By Theorem @ the collection (§® rUk)1<k<n is uniquely determined by
M. It remains to show that, if U and V are uniserial modules such that R®@pr U ~

R® rV then U ~ V. It is an immediate consequence of Proposition and
Proposition E [



10 FRANCOIS COUCHOT

Recall that an R-module M is finitely (respectively countably cogenerated
if M is a submodule of a product of finitely (respectively countably) many injective
hulls of simple modules.

The following proposition completes , Corollary 35].

Proposition 3.5. The following conditions are equivalent:

(1) Every finitely generated R-module is countably cogenerated and every ideal
of R is countably generated.

(2) For each prime ideal J which is the union of the set of primes properly con-
tained in J there is a countable subset whose union is J, and for each prime
ideal J which is the intersection of the set of primes containing properly J
there is a countable subset whose intersection is J.

(3) Each uniserial module is countably generated.

(1) < (2) holds by [, Corollary 35]

(3) = (2) Let J be a prime ideal. Then J and R; are uniserial R-modules. So
there are countably generated. If Ry is generated by {t,! | n € N}, where t,, ¢ J
Vn € N, then J = N,enRt,. Now it is easy to get the second condition.

(1) = (3) Let U be a uniserial module and J = U* U Uy. Then U is an R;-
module. But R/J countably cogenerated is equivalent to R; countably generated.
Hence U is countably generated over R if and only if U is countably generated over
R;. So we may assume that J = P.

First assume that U* = P. If PU C U then U = Ru where u € U \ PU. Now
suppose that PU = U. Let r,s € P such that *U # 0. If rU = rsU then by
[ Lemma 5] we have U = sU, hence a contradiction. Let {p, | n € N} be a
spanning set of P such that p,+1 ¢ Rp,. Then U = U,enp,U. We may assume
that p,U # 0, ¥n € N. So p,U C pn1U for each n € N. Let u, € ppt1U \ puU
for each n € N. Then U is generated by {u, | n € N}.

Now suppose that Uy = P. Assume that (0: ) = (0 : U) for some v € U. Let
v € U such that u = av for some a € R. By [[], Lemma 2] (0 : u) = ((0: v) : a).
We get that (0:v) = ((0:v) :a) = (0:U). Since (0 : v)! = P by [il, Lemma 26]
a is a unit, and consequently U is cyclic. Now we assume that (0 : U) C (0 : u)
for each u € U. We have (0 : U) = Nyuer (0 : u). By [[], Lemma 30] there exists a
countable family (up)nen of elements of U such that (0 : U) = Npen(0 : u,) and
Unt1 & Run, Vn € N If w € U, since (0 : u) # (0 : U), then there exists n € N such
that (0 : uy,) C (0:w). Hence u € Ru, and U is generated by {u, | n € N}. O

Remark 3.6. In the same way, one can prove that the two first conditions of
[, Proposition 32] (respectively [m, Corollary 34]) are equivalent to the following:
each indecomposable injective module E such that E; = P contains a uniserial
pure submodule which is countably generated (respectively each indecomposable
injective module contains a uniserial pure submodule which is countably generated).

Proposition 3.7. Suppose that R satisfies the equivalent conditions of Proposi-
tion @ Then any two pure-composition series of a polyserial R-module are iso-

morphic.

Proof. It is an immediate consequence of Proposition@ and Corollary @ (]
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4. TWO CRITERIA FOR MAXIMALITY OF R

By Theorem @ if M is finitely generated, then M is a direct sum of gen M in-
decomposable pure-injective modules and gen M = Mr M by [E Corollary XII.1.7].

But Theorem @ proves that, if M is polyserial, then M is not necesssary a direct
sum of Mr M 1ndecomposab1e pure-injective modules.

As in [fl], if # € R\ R, we say that B(z) = {r € R| 2 ¢ R+ rR} is the breath
ideal of x. Then Proposition is a generalization of %, Proposition 1.4]. The
following lemma is useful to prove this proposition.

Lemma 4.1. Let J be a proper ideal such that J = N.gjcR. Then JR = ﬂcch}Aﬁ.

Proof. By Theorem P4 ]%/Jﬁ is the pure-injective hull of R/J. In the proof of

Step 3 of Proposition it is already shown that ﬂ,wgoaé = 0 if NgzoaR = 0. So
we apply this result to R/J to get the lemma. O

Recall that the ideal topology of R is the linear topology which has as a basis
of neighborhoods of 0 the nonzero principal ideals.

Proposition 4.2. Let A be a proper ideal. Then R/A is Hausdorff and non-
complete in its ideal topology if and only if A = B(x) for some x in R\ R.

Proof. To show that R/B(x) is Hausdorff, we do as in [f], Proposition 1.4], we
prove that a ¢ B(x) implies that pa ¢ B(x) for some p € P. We have z = r + ay
where r € R and y € R. By Proposition D = R+ PR. So y = s+ pz, for
some s € R,pe Pand z € R. Therefore we get x =r+as+paz € R+paR For
each a ¢ B(z), © € 14 + aR for some r, € R. If the family (r, + aR)q¢p(z) has
a non-empty intersection then, by using Lemma [I.1, we get that € R + B(x )R
whence a contradiction. So R/ B(x) is non-complete.

Conversely, assume that R/A is Hausdorff and non-complete. Then there exists a
family (ra+aR)a¢ 4 which has the finite intersection and an empty total intersection.
Since R is pure-injective, the total intersection of the family (rq 4+ aR)a¢ 4 contains
an element x which doesn’t belong to R. Clearly B(z) C A. If x =r+ bR for some
r € Rand b € A then r € r, + aR for each a ¢ A, since R is a pure submodule of
R. We get a contradiction. So A = B(x). O

The following lemma is a generalization of [ﬁ, Lemma 1.3]. Tt will be useful to
prove Theorem Q

Lemma 4.3. Let x € R such that © = r + ay for some r;a € R and y € R. Then
B(y) = (B(z) : a).

Proof. Let ¢ ¢ B(y). Then y = s+ tz for some s € R and z € R. It follows that
xr=r+as+aty. Sot¢ (B(z):a).

Conversely, if t ¢ (B(x) : a) then we get the following equalities z = r + ay =
s+ taz for some s € R and z € R. Since R is a pure submodule of R it follows
that a(y —tz — b) = 0 for some b € R. From the flatness of R we deduce that
(y—tz—b) € (0: a)R. But ta ¢ B(z) implies that ta # 0, whence (0 : a) C Rt.
Hence t ¢ B(y). O
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Theorem 4.4. Let N be the nilradical of R. Then R is maximal if and only if
R/N and Ry are mazimal.

Proof. Suppose that R is maximal. It is obvious that R/N is maximal. By [ﬂ,
Lemma 2] Ry is maximal too.

Conversely assume that R/N and Ry are maximal. Let K be the kernel of the
natural map R — Ry. Then K% =0. So K is an R/K-module. Thus R is maximal
if and only if R/K is maximal. In the sequel we may assume that K =0. So N = Z
and it is an Ry-module. It is enough to show that NN is a linearly compact module.
Let (A;)icr be a family of ideals contained in N and (z;);e; a family of elements of
N such that the family F = (z; + A;);es has the finite intersection property. We
put A =nN;c;A;. We may assume that A C A;, Vi € I.

First suppose that N C A*. Assume that the total intersection of F is empty.
Then R/A is non-complete in its ideal topology. By Proposition @ there exists
z € R\ R such that B(z) = A. Let b € A* \ N. There exists a € (A : b) \ A.
Since B(z) = A we have = r + ay for some r € R and y € R. By Lemma E3
B(y) = (A : a). Since b € B(y) we have N C B(y). By Proposition [L.9 R/B(y) is
non-complete in its ideal topology. This contradicts that R/N is maximal. So the
total intersection of F is non-empty in this case.

Now we assume that N = Af. Then A is an ideal of Ry. By [il, Lemma 29]
either A = Na for some a € N or A= N,¢gaRN.

First we assume that A = Na. We may suppose that A; C aRy, Vi € I. Since F
has the finite intersection property, z;+afRy = x;4+aRyN, Vi, j € I. Lety € x;+aRy
for each ¢ € I. Then (z; —y + A;)ier is a family of cosets of aRy which has the
finite intersection property. But aRy/aN is a uniserial module over R/N. Then
aRy/aN is linearly compact since R/N is maximal. Thus Nier(z; — y + A;) # 0.
Hence the total intersection of F is non-empty.

Now suppose that A = N,¢4aRx. By Proposition @ and , Lemma 30] there
exists a countable family (a,)nen of elements of N \ A such that A = N,enan Ry
and a,, ¢ an+1 RN, Vn € N. By induction on n we get a subfamily (4;, )nen of the
family (4;);er such that A; C a,Ry in the following way: we choose ig € I such
that A;, C apRyx and, Vn € N, we pick in41 such that A;,, C A;, Na,11Ry.
Then the family (z;, + anRn)nen has the finite intersection property. Since Ry is
maximal there exists x € z;, + a, Ry, ¥n € N. But the equality A = NygaaRy
implies that, Vn € N, there exists an integer m > n such that a,, Ry C A;, . Since
xr— 2, €anRy and x;, —x;, € A;, we get that x € x;, + A;,, Vn € N. Hence
F has a non-empty total intersection. The proof is now complete. (I

Theorem 4.5. Then R is maximal if and only if, for each polyserial R-module M,
M is direct sum of Mr M indecomposable pure-injective modules.

Proof. If R is maximal, then each polyserial module M is a direct sum of Mr M
pure-injective uniserial modules by [ﬂ, Proposition XII.2.4].

If R is not maximal then R/N or Ry is not maximal by Theorem Q

Assume that R’ = R/N is not maximal. Then F = j%\’/ R’ is a nonzero torsion-
free R'-module. Let z € R’ \ R, T be its image in E and U the submodule of F
such that U/R'Z is the torsion submodule of F/R'Z. Then U is a pure submodule
of E, a rank one torsion-free module and a uniserial module. Let M be the inverse
image of U by the natural map R — E. Then M is a pure submodule of R and a
non-uniserial polyserial module with the two following (standard) uniserial factors:
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R and U. We have Mr M = 2. Let W be a submodule of R’ such that MnOW =0
and M — R//W is a pure monomorphism. Thus R*¥ "W =0 and R’ — R//W is
a pure monomorphism too. It follows that W = 0 and M=RcRa&U. (Let us
observe that M and U are not finitely generated by Theorem EI)

Suppose that R’ = Ry is not maximal. After replacing R’ with R’/rR’, where
r is a non-unit of R’, we may assume that R’ is coherent and self fp-injective by
, Theorem 11]. Then F = R\’/R’ is a nonzero fp-injective R’-module. By [E,
Lemma 6] E contains a pure uniserial submodule U. We define M as above. Then

Mr M = 2 and M is an essential submodule of j%\’ So ]\7 = ]/%\’ O
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