
HAL Id: hal-00003226
https://hal.science/hal-00003226v1

Preprint submitted on 5 Nov 2004 (v1), last revised 30 Oct 2006 (v4)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Influence of the structural modulations and the
Chain-ladder interaction in the

Sr_14− xCa_xCu_24O_41 compounds.
Alain Gellé, Marie-Bernadette Lepetit

To cite this version:
Alain Gellé, Marie-Bernadette Lepetit. Influence of the structural modulations and the Chain-ladder
interaction in the Sr_14− xCa_xCu_24O_41 compounds.. 2004. �hal-00003226v1�

https://hal.science/hal-00003226v1
https://hal.archives-ouvertes.fr


cc
sd

-0
00

03
22

6,
 v

er
si

on
 1

 -
 5

 N
ov

 2
00

4
Influence of the structural modulations and the Chain-ladder interaction in the

Sr14−x
Ca

x
Cu24O41 compounds.

Alain Gellé, Marie-Bernadette Lepetit
Laboratoire de Physique Quantique, IRSAMC / UMR 5626, Université Paul Sabatier,

118 route de Narbonne, F-31062 Toulouse Cedex 4, FRANCE
(Dated: November 5, 2004)

We studied the effects of the incommensurate structural modulations on the ladder subsystem of
the Sr14−xCaxCu24O41 family of compounds using ab-initio explicitly-correlated calculations. From
these calculations we derived t − J model as a function of the fourth crystallographic coordinate τ
describing the incommensurate modulations. It was found that in the highly calcium-doped system,
the on-site orbital energies are strongly modulated along the ladder legs. On the contrary the two
sites of the ladder rungs are iso-energetic and the holes are thus expected to be delocalized on the
rungs. Chain-ladder interactions were also evaluated and found to be very negligible. The ladder
superconductivity model for these systems is discussed in the light of the present results.

PACS numbers: 71.10.Fd, 71.27.+a, 71.23.Ft

I. INTRODUCTION

The Sr14−xCaxCu24O41 family of compounds have at-
tracted a lot of attention in the last years due to the
discovery of a superconducting phase1 in these quasi-
unidimensional systems. The Sr14−xCaxCu24O41 are lay-
ered materials with alternated planes of two-legs spin lad-
ders and planes of spin chains2. The superconducting
phase, observed in the highly calcium-doped systems, at
low temperature and under pressure, is believed to be the
realization of the predicted superconductivity in two-legs
ladders systems3. Indeed, it is currently assumed that the
Sr14−xCaxCu24O41 ladder subsystem can be represented
by a two-leg ladder isotropic t − J model with J/t ∼ 0.4
and a hole doping ranging between 14 and 2.85 holes per
formula unit (f.u.), that is between 0.07 and 0.2 hole per
ladder site. Numerical as well as slave-bosons analyti-
cal calculations6, showed that in this parameter range,
the superconducting pairing fluctuations are dominant.
Hole-pairs are predicted to be bounded on the rungs and
the superconductivity to be supported by pairs collective
modes.

The Sr14−xCaxCu24O41 compounds present structural
incommensurate modulations of both the chains and lad-
der subsystems. It was shown7 using ab-initio calcula-
tions, that, unlike what was usually assumed, the chain
subsystem cannot be considered as a quasi-homogeneous
system for which the structural modulations induce only
small perturbative effects. In fact, the modulations
caused by the influence of the ladders on the chain sub-
system are responsible for the low energy physics of the
latter, that is charge localization and spin arrangement.
These ab initio calculations showed that the parameters
of the second neighbor t−J +V model are strongly mod-
ulated. The major effects are (i) on the on-site magnetic
orbital energies that fluctuate within a few electron-Volt
range, (ii) on the first neighbor effective exchange in-
tegrals that range from ferromagnetic (as expected for
such 90◦ oxygen-bridged copper sites) to antiferromag-
netic (in the calcium highly-doped compounds). More-

over the calcium iso-electronic substitution, that acts as
a chemical pressure, is responsible for large variations
of the t − J model parameters. It results a quite differ-
ent chain ground-state for the undoped and highly-doped
systems. The undoped compound exhibits the forma-
tion of second-neighbor dimers caused by the electron-
localization on the low orbital energy sites, while the
large x compounds exhibit the formation of low spin clus-
ters with antiferromagnetic local ordering.

One can thus wonder whether the structural modula-
tions induce as important effects on the ladder electronic
structure, as observed on the chain one. This point is
of crucial importance since the existence of such an ef-
fect would strongly questioned the interpretation of the
observed superconductivity. Another point, often ad-
dressed in the literature, is the importance of possible
chain-ladder coupling. Indeed, in the highly calcium-
doped compound, some of the chain oxygen atoms come
close to the ladder coppers as apical atoms. The aim
of the present work is to provide answers to these ques-
tions, by the means of ab-initio calculations. The method
used is an embedded fragment spectroscopy method that
explicitly computes both the correlation effects and the
screening effects. A t − J model, explicitly dependent
on the structural modulations, is derived for the ladders,
from the ab-initio results. The calculations are done on
both ladders and mixed, chain and ladder, fragments,
in the low temperature phases of both the undoped8 and
x = 13.6 calcium-doped9 compounds. It would have been
of great interest to also run calculations in the super-
conducting phase, unfortunately structural data are not
available under pressure. Nevertheless we will discuss
possible extrapolation of the ambient pressure results.

The next section will be devoted to the computational
details. Section 3 will discuss the t − J model, section 4
will discuss the chain-ladder interactions and finally the
last section will be devoted to discussions and conclu-
sions.
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II. COMPUTATIONAL DETAILS

It is well known that, in strongly correlated sys-
tems, the magnetic and transfer interactions are essen-
tially local and can be evaluated using embedded frag-
ment spectroscopy calculations. The use of such tech-
nically finite systems allow to take advantage of ab-
initio multi-reference, correlated, spectroscopic meth-
ods10 that are able to treat explicitly the strongly corre-
lated character of these systems. In the present work we
used the Difference-Dedicated Configuration Interaction
method11. This technique is able to treat properly the
open-shell character of the magnetic/hole orbitals, the
strong electronic correlation of these orbitals, as well as
the screening effects.

The effects of the rest of the crystal on the com-
puted fragments are essentially the Madelung poten-
tial and the exclusion effects. They are respectively
treated by an appropriate bath of point charges, and, on
the fragment first-neighbor shells, by total-ion pseudo-
potentials12 (TIPs). Such approaches have been success-
fully used to study systems such as the high Tc copper
oxides13 or the famous α′NaV2O5 compound14.

The fragments are defined under the following criteria :
they must include the magnetic centers, the bridging oxy-
gens mediating the interactions, and the first coordina-
tion shell of the preceding atoms which is responsible for
the essential part of the screening effects10. Two types
of fragments are used in the present work :

• Cu2O7 fragments for the ladder legs and the ladder
rungs interactions (see figures 1a and 1b),

• Cu2O8 for the chain-ladder interactions (see fig-
ure 1c).

FIG. 1: Schematic representation of the computed fragments.
a) for the ladder legs interactions, b) for the ladder rungs in-
teractions and c) for the chain-ladder interactions. Circles
represent the fragment atoms ; the gray circles represent oxy-
gen atoms, while the black circles represent the copper atoms.

On-site orbital energies (ε) and hopping (t) param-
eters of the t − J model are extracted from the first
doublet-doublet excitation energies, and associated wave-
functions, of the above fragments with one magnetic
electron. Exchange integrals (J) are deduced from the

singlet-triplet first excitation energies on the same frag-
ments with two magnetic electrons. A least-square fit
method is used in order to fit the effective parameters to
the ab-initio results.

The calculations were done using the CASDI set of
programs and the basis sets used can be found in refer-
ence15. The t−J model parameters were computed at 11
different positions along the ladders in order to get a good
representation of their response to the incommensurate
distortions. The computed value were then extrapolated
to the whole system using the crystallographic descrip-
tion of incommensurate systems. It was done using a
Fourier’s series analysis, as a function of the fourth coor-
dinate τ , associated with these systems incommensurate
modulations16. All results of this work are given as a
function of the τ coordinate of the copper atom (on-site
parameters) and of the copper atom of lowest x and z
coordinate for the interaction terms.

III. INFLUENCE OF THE STRUCTURAL

MODULATIONS ON THE LADDER SUBSYSTEM

A. t− J + V model

Figure 2 displays the hopping and exchange parame-
ters for the undoped and calcium-doped compounds. One
first notices that, as was observed on the chains sub-
system17,18, the variations of the parameters are quite
large. For instance, on the x = 13.6 ladder legs, the
hoping modulations reach up to 160 meV. One should
however point out that the nominal values of both the
hoping and exchange integrals are much larger for the
ladder subsystem than for the chain one due to the nearly
180◦ Cu–O–Cu angles. The consequence is that the rela-
tive variations of the parameters are much smaller on the
ladder subsystems. Indeed, even for the hoping on the
ladder legs of the Ca13.6 compound, the relative variation
reaches only 22% of the nominal value, while it was 100%
for the chains nearest-neighbor (NN) hopings. It can thus
be expected that despite their large absolute values, hop-
ing and exchange fluctuations will not be as crucial for
the ladders electronic structure, as for the chains subsys-
tems one. One should even-though remember that these
modulations are not small enough for their effect to be
negligible.

Eccleston et al
19 reported exchange values extracted

from neutron scattering experiments, for the undoped
compound. This values of 130 meV for the ladder legs
and 72 meV for the ladder rungs are to be compared
with our computed mean values of respectively 143 meV
and 111 meV. While the order of magnitude are in good
agreement the ratio between the average rungs and legs
exchange is larger in our calculations (J⊥/J‖ = 0.77)
than in the experimental evaluation (0.55). One should
however notice that the J⊥/J‖ evaluation from neutron
scattering does not take into account the parameters
modulations along the ladders. Let us note that the
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FIG. 2: Effective hopping (a and b) and exchange (c and d)
parameters as a function of the modulation crystallographic
coordinate τ . Figures a and c correspond to the undoped com-
pound and figures b and d to the calcium-doped compound
(x = 13.6). The circles and squares are the computed points
for the legs and rungs, the solid line are the fitted Fourier
series.

J⊥/J‖ ratio for the parent ladder compound, SrCu2O3,

was found to be larger with J⊥/J‖ = 0.8920.

One can point out that both hoping and exchange ab-
solute values increase with the calcium content. This
is specially true for the ladder rung exchange that goes
from a mean value of 112 meV for the x = 0 compound
to 136 meV for the x = 13.6 compound.

Figure 3 reports the on-site orbital energies, ε(τ), for
the x = 0 (c) and x = 13.6 (d) compounds. One sees
immediately that the variations of these on-site energies
are large, however much weaker in amplitude than for
the chain subsystems. Indeed, for the undoped com-
pound, ε varies in a 0.3 eV range while it is 1.2 eV17

for the chain subsystem. Similarly for the x = 13.6 com-
pound the variations range is 1.6 eV for the ladders while
it is 2.4 eV18 for the chains. This results are in agree-
ment with the hoping and exchange results and are due
to the facts that (i) the structural modulations are of
weaker amplitude on the ladder subsystem than on the
chain one, (ii) the parameters modulation of one sub-
system, and specifically the on-site orbital energies, are
essentially due to the structural modulations of the con-
cerned subsystem itself17. It is remarkable that these on-
site energies modulations are totally correlated with the
Madelung potential modulation, both for the chain and
ladder subsystems and both for the undoped and highly
calcium doped compounds (see figure 4). Indeed, despite
the fact that the local environments of the ladders and
chain magnetic centers are very different the computed
on-site orbital energies exhibit the same dependence to
the Madelung potential : ∆ε = 0.42∆VMad.Pot. (where
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FIG. 3: On-site orbital energies differences between NN sites
(a for x = 0 and b for x = 13.6). The circles correspond to the
computed values on the legs fragments and the squares to the
rungs ones. The lines are the fitted Fourier series. Deduced
on-site energies are presented on figures c for x = 0 and d for
x = 13.6. The solid and dashed curves correspond to the two
legs of a ladder.

VMad.Pot. is the Madelung potential on the copper sites
and delta refers to the NN differences).
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FIG. 4: Computed NN-difference of the on-site orbital ener-
gies as a function of the corresponding Madelung potential
differences.

Comparing the ε values as a function of the calcium
doping, one sees that as for the chain subsystem the
calcium-doped compound presents much larger on site or-
bital energy fluctuations than the undoped system. This
difference is in fact much larger than for the chain sub-
system since the x = 13.6 versus x = 0 average orbital
energy ratio is 5.3 for the ladders while it is only 2 for the
chains. Another important point, that will be discussed
in more details later on, is the fact that the ε variation
range is weaker than the hoping integral in the x = 0
system (0.3 eV versus 0.660 eV), while it is much larger
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in the x = 13.6 compound (1.6 eV versus 0.670 eV) and
can be expected to induce in this case a hole localization
on the ladders.

Another important remark concern the orbital energy
difference between two sites belonging to the same rung.
Indeed, for the undoped system this difference is strongly
modulated, with a NN energy difference larger than be-
tween NN leg atoms (see figure 3a). For the highly doped
compound however, the two copper sites of a same rung
are iso-energetic. Indeed, the maximum absolute value of
the computed orbital energy difference between two sites
on the same rung is smaller than 1 meV. This energy
degeneracy witness a hidden extra symmetry since the
two copper sites of a rung respectively correspond to τ
and −τ . One retrieve this symmetry on figure 3d where
the ǫ(τ) function is symmetric around τ = 0.5. The ex-
pected consequence of such a symmetry is the fact that
the holes present in the ladder subsystem should be de-
localized between the two sites of the ladder rungs, while
localized in the ~c direction.

IV. CHAIN-LADDER INTERACTIONS

In this section we will address the possibility of a chain-
ladder coupling due to the structural modulations. In-
deed, as mentioned in the introduction, in the highly
calcium-doped compounds, the chains can be distorted
in such a way that their oxygen atoms come into an
apical position of the ladder copper atoms with a small
Culadder–Ochain distance (2.7 Å). In the undoped com-
pound however, the Culadder–Ochain distances always re-
main larger than 3.1 Å.
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FIG. 5: Effective hoping between the chain and ladder closest
copper sites as a function of the difference between the two
copper coordinates along the ~c axis (∆z(Cu)). Circles repre-
sent the computed points and the dashed lines are a guide for
the eyes.

Figure 5 displays the effective hoping integrals between
chain and ladder closest copper sites. One sees immedi-
ately that unlike what has been supposed in the litera-
ture, the chain-ladder hoping terms remain weak what-
ever the Culadder–Ochain distances. Indeed, both the
nominal values and the variation ranges (in meV units :
[−11.7, 1.5] for the x = 0 system and [−18.5, 5.5] for the

x = 13.6 compound) are of the same order of magnitude
for the undoped and calcium-doped compounds.

We also computed the chain-ladder magnetic couplings
and the on-site orbital energy differences between the
chain and ladder systems. The effective exchange were
always found weaker than 1 meV, that is negligible.
As far as the chain-ladder orbital energy differences are
concerned, the results obtained from the present chain-
ladder fragments are in full agreement with the results
presented on the ladder subsystems and those from ref-
erences17,18 on the chain subsystems. One should point
out that the present calculations allow us to set the chain-
ladders relative energy levels, as will be discussed further.
Let us also notice that the orbital energy differences be-
tween chain and ladder sites are not proportional to the
Madelung potential differences on the related sites, un-
like what was observed for the intra-subsystems orbital
energy modulations (see figure 4).

As a conclusion on can say that both hoping and ex-
change values between the chains and ladders are found
more than one order of magnitude weaker than the intra-
chain and intra-ladder interactions, for both compounds.
The chain and ladder layers can thus be safely considered
as non-interacting.

V. DISCUSSION AND CONCLUSION

One of the most controversial subject about the
Sr14−xCaxCu24O41 family of compounds is the chain to
ladder hole transfer as a function of the calcium content.
While it is clearly established that the hole transfer in-
creases both with the calcium content and the applied
pressure, the actual amount of transferred holes does not
reach a consensus, even for the x = 0 system. This sub-
ject is of importance for the understanding of the system
properties since (i) it is supposed to be crucial for the
superconducting phase3 and (ii) it is more generally di-
rectly related to the systems conduction properties since
the conduction is supposed to occur in the ladder sub-
system.

We evaluated the relative energy of the chain and lad-
der subsystems, responsible for the possible hole transfer,
from the following parameters :

• the on-site orbital energies,

• the NN bi-electronic repulsion in both subsystems.

In references17,18, the NN bi-electronic repulsion V was
computed for the chain subsystem using three centers
fragment calculations. It was found to be almost inde-
pendent of the structural modulations, temperature and
calcium content. This can be understood by the fact that
the NN repulsions are essentially dependent on the Cu–
Cu distances and not on the Cu–O–Cu angles that dom-
inate the modulations of the other effective interactions.
We thus evaluated the NN repulsions on the ladders sub-
system using the average computed chain value of 0.6 eV
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and the standard Ohno formula21 for the distance depen-
dence

V (R) =
V0

1 + R/a0

where R is the inter-site distance, a0 is the Bohr radius
and V0 a R = 0 effective constant. Extracting V0 from
the chain repulsions we get V0 = 3.7 eV. We thus find

• for the intra-ladder repulsions : Vleg ≃ Vrung ≃
0.44 eV, and Vdiag ≃ 0.32 eV (diagonal repulsion
on a plaquette),

• for the inter-ladder repulsions : Vleg−leg ≃ 0.6 eV.

Using these approximations and the computed orbital en-
ergies we determined the relative energies of the chains
and ladders as a function of τ (see figure 6). Since the
ladder hole-doping remains small we considered that the
repulsions where acting on all ladder sites. One sees im-

−1

0

1

2

3

4

ε+
V

  (
eV

)

0 0.5 1
τ

−2

−1

0

1

2

ε+
V

   
(e

V
)

x=0

x=13.6

chain

ladder

chain

ladder

FIG. 6: Chain and ladder energies as a function of τchains.
The site energies were evaluated as the sum of the orbital en-
ergies and the repulsion terms with neighboring atoms when
the latters have lower orbital energies and are thus occupied
prior to the considered one. The ladder fourth coordinate
τladder has been rescaled to 2cchain/cladder, so that the rela-
tive τ variation range of the two subsystems is proportional
to the number of sites per f.u. in each sub-system. The hori-
zontal line represents the Fermi level.

mediately that while for the x = 0 compound the ladder
energy curve is always about 0.65 eV lower than the first
empty sites of the chains, for the x = 13.6 compound,
the most energetic ladder sites are at the Fermi level.

These results are coherent with a complete hole local-
ization on the chain sub-system for the undoped com-
pound and a small hole transfer to the ladders for highly
doped systems. It seems however difficult to extract a
precise value of the chain to ladder hole transfer (for the
x = 13.6 compound). Indeed the hole transfer can be ex-
pected to be sensitive to very small energetic variations,
since the Fermi level is located in a region with large den-
sity of states, both for the chain and ladder subsystems.
For the ladders subsystem, EF is located on an energetic
plateau. For the chain subsystem, EF crosses the energy
curve, unlike what happens in the undoped system where
the Fermi level is located in an energetic gap. This may
explain the large experimental range of values obtained
for this hole transfer.

Another consequence of the Fermi level localization on
a ladders energetic plateau, is that the holes are localized
on (quasi) iso-energetic rungs — while they are localized
on very energetically different sites in the chain subsys-
tem. These rungs are not first neighbors, but in most
cases second and in some cases third neighbors. The holes
can thus be considered as evolving on a subset of the lad-
ders with (quasi) iso-energetic sites. In such a model, the
rungs belonging to the the real ladder located in between
two hole-supporting rungs can be considered as bridging
ligands. The resulting effective hoping and exchange in-
tegrals between the hole-supporting rungs are thus mod-
ulated according to the number and the characteristics of
these in-between rungs. In such a model, these effective
interactions between hole-supporting rungs can be ex-
pected to be rescaled to much lower values than the NN
ones on the real ladder, and thus much lower values than
the on-rung ones (|teffleg| ≪ |trung| and |Jeff

leg| ≪ |Jrung|).

We would like to conclude this work on a few opened
questions on the super-conducting phase. First, the on-
site energy variations are quite-large on the calcium-
doped system, both for the chains and ladders subsys-
tems. These modulations strongly increase as a function
of the chemical pressure. Whether the applied pressure
would act along the same line, it would induce an even
larger distortion of the chains and ladders subsystems.
Such a phenomenon would be quite incompatible with
the usual super-conductivity theory in the ladder systems
since it would induce an even larger modulation of the
ladder on-site orbital energies. Another discrepancy be-
tween the present results and the super-conductivity pre-
dictions is that the super-conductive pairing is supposed
to occur for (i) low ladder hole doping, (ii) 2|Jrung| >
|Jleg| (both are verified in the present case) and (iii)
|Jrung| > |trung| with is far from being verified since
|trung| > 4|Jrung|. One thus wonder either what type of
structural distortions under applied pressure could cor-
rect these features hindering the super-conductivity or
whether the origin of the observed super-conductivity
arise from another origin that the usually accepted ho-
mogeneous ladder t − J model.

Acknowledgments : the authors thank Dr. J. Etril-
lard for providing us with the undoped compound crystal-
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(a)
x = 0 εl ∆εr tl tr Jl Jr

a0 0.0 0.0 -659.2 -572.2 -143.9 -111.6
a1 -153.0 204.3 28.3 12.4 -13.7 2.5
a2 8.9 3.4 2.0 -5.1 -1.0 -2.5

ϕ1 0.819 0.875 0.655 0.750 0.904 0.750
ϕ2 0.786 0.688 0.089 0.500 0.982 0.500

(b)
x = 13.6 εl ∆εr tl tr Jl Jr

a0 0.0 0.0 -672.5 -624.7 -159.3 -136.4
a1 -811.4 73.9 11.5 -0.2 8.0
a2 -209.5 -11.1 4.0 -10.5 4.5
a3 4.4

ϕ1 0.500 0.000 0.284 0.001 0.284 0.995
ϕ2 0.004 0.000 0.529 1.000 0.537 0.997
ϕ3 0.972

TABLE I: Analytic fit of the t − J model, a) for the x =
0 undoped compound, b) for the x = 13.6 calcium-doped
compound. All energies are given in meV.

lographic structures, Dr. Maynau for providing us with the
CASDI code. The present calculations were done at the
CNRS/IDRIS computational facilities under project n 1104.

Appendix

The computed results were fitted as a function of the
fourth crystallographic coordinate τ , using a Fourier se-
ries, according to the following expression

a0 +
∑

n

an cos [2πn(τ − ϕn)] (1)

Only terms with a non negligible contribution to the se-
ries were retained.

The results are summarized in tables Ia for the x = 0
and Ib for x = 13.6.

1 M. Uehara, T. Nagata, J. Akimitsu, H. Takahashi, N. Mori,
K. Kinoshita, J. Phys. Soc. Jap. 65, 2764 (1996) ; T. Na-
gata, M. Uehara, J. Goto, J. Akimitsu, N. Motoyama, H.
Eisaki, S. Uchida, H. Takahashi, T. Nakanishi and N. Mri,
Phys. Rev. Lett. 81, 1090 (1998).

2 M. McCarron, M.A. Subramanian, J.C. Calabrese and
R.L. Harlow, Mater Res. Bull. 23, 1355 (1988).

3 E. Dagotto, J. Riera and D. Scalapino, Phys. Rev. B 45,
5744 (1992) ; M.Sigrist, T. M. Rice and F. C. Zhang, Phys.
Rev. B 49, 12058 (1994) ; H. Tsunetsugu, M. Troyer and
T. M. Rice, Phys. Rev. B 49, 16078 (1994).
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7 A. Gellé and M.-B. Lepetit, Phys. Rev. Letters 92, 236402
(2004).

8 J. Etrillard, M. Braden, A. Gukasov, U. Ammerahl, A.
Revcolevschi, Phys.C Supercond. 403, 290 (2004).

9 M. Isobe, M. Onoda, T. Ohta, F. Izumi, K. Kimoto and
E. Takayama-Muromachi, Phys. Rev. B 62, 11667 (2000).

10 M.-B. Lepetit, Recent Research Develepments in Quantum
Chemistry, p. 143, Vol. 3, Transworld research Network

(2002).
11 J. Miralles, J. P. Daudey and R. Caballol, Chem. Phys.

Lett. 198, 555 (1992) ; V. M. Garćia et al., Chem. Phys.
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