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AGGREGATION FOR REGRESSION LEARNING

FLORENTINA BUNEAT!, ALEXANDRE B. TSYBAKOV, AND MARTEN H. WEGKAMP

ABSTRACT. This paper studies statistical aggregation procedures in regression setting. A
motivating factor is the existence of many different methods of estimation, leading to possibly
competing estimators.

We consider here three different types of aggregation: model selection (MS) aggregation,
convex (C) aggregation and linear (L) aggregation. The objective of (MS) is to select the
optimal single estimator from the list; that of (C) is to select the optimal convex combination
of the given estimators; and that of (L) is to select the optimal linear combination of the
given estimators. We are interested in evaluating the rates of convergence of the excess
risks of the estimators obtained by these procedures. Our approach is motivated by recent
minimax results in Nemirovski (2000) and Tsybakov (2003).

There exist competing aggregation procedures achieving optimal convergence separately
for each one of (MS), (C) and (L) cases. Since the bounds in these results are not directly
comparable with each other, we suggest an alternative solution. We prove that all the three
optimal bounds can be nearly achieved via a single “universal” aggregation procedure. We
propose such a procedure which consists in mixing of the initial estimators with the weights
obtained by penalized least squares. Two different penalities are considered: one of them is
related to hard thresholding techniques, the second one is a data dependent Li-type penalty.

1. INTRODUCTION

In this paper we study aggregation procedures and their performance for regression models.
Let D,, = {(X1,Y1),...,(Xn, Yn)} be a sample of independent random pairs (X;,Y;) with

(11) }/Z:f(Xl)—l—Wz, 1=1,...,n,

where f : X — R is an unknown regression function to be estimated, X is a Borel subset of
R?, the X;’s are either random vectors with probability measure p supported on X or fixed
elements in X', and the errors W; are zero mean random variables, conditionally on the X;’s.

Aggregation of arbitrary estimators in regression models has recently received increasing
attention: Nemirovski (2000), Juditsky and Nemirovski (2000), Yang (2000, 2001, 2004),
Catoni (2004), Gyorfi et al. (2002), Wegkamp (2003), Tsybakov (2003), Birgé (2003). A
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2 BUNEA, TSYBAKOV, AND WEGKAMP

motivating factor is the existence of many different methods of estimation, leading to possi-
bly competing estimators. Local polynomial kernel smoothing methods and penalized least
squares or likelihood estimators (which include B-splines and wavelet type estimators) are
two classes of methods that cover the major trends in nonparametric estimation in regression.
When no method is a clear winner, one may prefer to combine different estimators obtained
via different methods. Furthermore, within each method one can obtain competing estima-
tors for different values of the smoothing parameter (the bandwidth in kernel procedures
and, for the other examples, the calibrating constant in the penalty term or, correspondingly,
the threshold value). This is usually the case when adaptive estimation is considered. In
all these situations we are faced with a large collection of concurrent estimators fl, ey fM.
A natural idea is then to look for a new, improved, estimator fv constructed by combining
]?1, e AM in a suitable way. Such an estimator fis called aggregate and its construction is
called aggregation.

There exist three main aggregation problems: model selection (MS) aggregation, convex
(C) aggregation and linear (L) aggregation. They are discussed in detail by Nemirovski
(2000). The objective of (MS) is to select the optimal (in a sense to be defined) single
estimator from the list; that of (C) is to select the optimal convex combination of the given
estimators; and that of (L) is to select the optimal linear combination of the given estimators.

In this paper we consider a more general setup for the (MS), (C) and (L) aggregation
problems, following Tsybakov (2003). Namely, we do not restrict aggregates to be of the
form of model selectors, convex or linear combinations of the original estimators. Instead,
we only require that aggregates should be estimators that mimic the model selection, convex
or linear oracles. This allows us to construct more powerful aggregates. To give precise
definitions, denote by [|lg|| = (f gQ(a:),u(al:c))l/2 the norm of a function g in Ly (R, 1) and set
fi= Zj\il /\jfj for any A = (A1,...,Ax) € RM. The performance of an aggregate fused to

estimate a function f € La(R%, ) can be judged against the following mathematical target:
1.2 Efllf — FI2 < inf Ef|f — fII% + Anar,
(12) AF=FI2< it Erlifa = fI2+ Ana

where A, 37 > 0 is a remainder term independent of f characterizing the price to pay for
aggregation, and the set H is either the whole RM (for linear aggregation), or the simplex
AM = {)\ = (A, ) ERM ) >0, Z]M:1 Aj < 1} (for convex aggregation), or the set
of M vertices of AM (for model selection aggregation). Here and later E ¢ denotes the ex-
pectation with respect to the joint distribution of (X1, Y1),..., (Xn,Y,) under model (1.1).

The random functions fy attaining infyc ya E¢|[fy — f||? in (1.2) for the three values taken by
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HM are called (L), (C) and (MS) oracles, respectively. Note that these minimizers are not
estimators since they depend on the true f.

We say that the aggregate f mimics the (L), (C) or (MS) oracle if it satisfies (1.2) for
the corresponding set H | with the minimal possible price for aggregation Ay ar- Minimal
possible values A, ys for the three problems can be defined via a minimax setting and they
are called optimal rates of aggregation [Tsybakov (2003)] and further denoted by v, ar. As

shown in Tsybakov (2003), for the Gaussian regression model we have, under mild conditions
M/n for (L) aggregation,

M/n for (C) aggregation, if M < /n,
(1'3) 7#n,M =

V{log(1+ M/y/n)} /n  for (C) aggregation, if M > \/n,

(log M)/n for (MS) aggregation.

\

This implies that linear aggregation has the highest price, (MS) aggregation has the lowest
one, and convex aggregation occupies an intermediate place. The oracle risks on the right in
(1.2) satisfy a reversed inequality:

. o 25 . 25 . 2
it Erllfy = fIP = inf Byl - fIP > ind Byl - £

since the sets over which the infima are taken are nested. Thus, the bound (1.2) for (MS)
aggregation realizes the trade-off between the largest oracle risk and the smallest remainder
term. The bound (1.2) for (L) aggregation realizes the trade-off between the smallest oracle
risk and the largest remainder term. The bound (1.2) for (C) aggregation realizes the trade-
off between an intermediate oracle risk and intermediate remainder term. If the number of
estimators to be aggregated is small, M < /n, the remainder term in the (C) bound is
identical to that in the (L) bound, but the oracle risk in the (L) bound is always superior to
that in the (C) bound. Thus (L) aggregation is preferable to (C) aggregation in this case,
but no comparison can be made with (MS) aggregation. If the number of estimators to be
aggregated is large, M > y/n, the remainder term in the (L) bound becomes too large, but,
in a strict sense, there is no winner among the three aggregation techniques. The question
how to choose the best among them remains open.

The ideal oracle inequality (1.2) is available only for some special cases. See Catoni (2004)
for (MS) aggregation in Gaussian regression; Nemirovski (2000), Juditsky and Nemirovski
(2000), Tsybakov (2003) for (C) aggregation with M > y/n; and Tsybakov (2003) for (L)
aggregation with known marginal measure p and for (C) aggregation with M < /n. For
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more general situations there exist less precise results of the type
(1.4) Efllf = fIIP < Co inf Eylifx — fII” + Apar,
AeHM

where Cp > 1 is a constant independent of f and n, and A, j is a remainder term, not
necessarily having the same behavior in n and M as the optimal one v, ps. A disadvantage
of (1.4) over (1.2) is that, when the oracle risk R* = infycym Ef|[fy — f||? is large, the
additional term (Cp — 1)R* on the right-hand side of (1.4) may be much larger than the
remainder term A,, 57, thus substantially spoiling the convergence properties. This effect is
less pronounced if Cy = 1 + ¢ for some arbitrarily small € > 0 or for ¢ = ¢,, — 0 as n — oo.
Bounds of the type (1.4) in regression problems have been obtained by many authors
mainly for the model selection case (when HM is the set of vertices of the simplex AM), see,
for example, Kneip (1994), Barron et al. (1999), Lugosi and Nobel (1999), Catoni (2004),
Gyorfi et al. (2002), Baraud (2000, 2002), Bartlett et al. (2002), Wegkamp (2003), Birgé
(2003), Bunea (2004), Bunea and Wegkamp (2004), and the references cited in these works.
Most of the papers on model selection treat particular restricted families of estimators, such
as orthogonal series estimators, spline estimators, etc. An interesting recent development
due to Leung and Barron (2004) covers model selection for all estimators admitting Stein’s
unbiased estimation of the risk. There are relatively few results on (MS) aggregation when the
estimators are allowed to be arbitrary, see Catoni (2004), Yang (2000, 2001, 2002), Gyorfi et
al. (2002), Wegkamp (2003), Birgé (2003), and Tsybakov (2003). Here we make the standard
assumption that ]?1, ey AM are uniformly bounded, but otherwise they can be arbitrary.
Various convex aggregation procedures for nonparametric regression have emerged in the
last decade. They include bootstrap based methods, as suggested by LeBlanc and Tibshirani
(1996) and cross-validation based stacking, as in Wolpert (1992) or Breiman (1996). The
literature on oracle inequalities of the type (1.2) and (1.4) for the (C) aggregation case is not
nearly as large as the one on model selection. Juditsky and Nemirovski (2000), Nemirovski
(2000) propose a stochastic approximation algorithm that achieves the bound (1.2) for (C)
aggregation with optimal rate ), ps in the case M > n/logn. They also show that the
bound is achieved by usual (non-penalized) least squares convex aggregation. Yang (2000,
2001, 2004) suggest several methods of convex aggregation, in particular ARM (adaptive
regression by mixing). He proves bounds of the form (1.4) with constants Cy that are typically
much larger than 1 and with rates A, »; that can be equal or approximately equal to the
optimal rates 1, »y when M is a power of n. Audibert (2004) establishes (1.2) for a PAC-

Bayesian method of convex aggregation with almost optimal rates, up to a logarithmic factor.
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Birgé (2003) suggests a convex aggregation method satisfying (1.4) with a constant C that
can be much greater than 1 and with a rate that is optimal for M > /n and suboptimal
for M < y/n. On the other hand, Koltchinskii (2004, Section 8) proves (1.2) for a convex
aggregate fwith optimal rate for M < /n and with almost optimal rate for M > /n.

Linear aggregation procedures have received substantially less attention. For regression
models with random design, a procedure achieving the bound (1.2) with optimal rate ¥, s
of (L) aggregation can be found in Tsybakov (2003). For Gaussian white noise models, linear
aggregation has been discussed earlier by Nemirovski (2000).

Aggregation procedures are typically based on sample splitting. The initial sample D, is
divided into two independent subsamples D} and Dg of sizes m and /¢, respectively, where
m > ¢ and m + £ = n. The first subsample D}, (called training sample) is used to construct
estimators ]?1, e AM and the second subsample Dg (called learning sample) is used to aggre-
gate them (i.e., to construct f) In this paper we do not consider sample splitting schemes
but rather deal with an idealized scheme. Following Nemirovski (2000), the first subsample
is fixed and thus instead of estimators ﬁ, R fM, we have fixed functions fi,..., fas. That
is, we focus our attention on learning. Our aim is to find estimators based on the sample
D,, that would mimic simultaneously the linear, convex and model selection oracles with the
fastest possible rates (or, equivalently, with the smallest possible remainder terms A, a7). A
passage to the initial model is straightforward: it is enough to condition on the first subsam-
ple, to use the learning bounds of the type (1.2), (1.4) obtained for the idealized scheme, and
then to take expectations of both sides of the inequalities over the distribution of the whole
sample D,,.

Another interpretation of aggregation of fixed functions f1, ..., fas is related to parametric
regression for linear models of dimension M, where M can be very large or increasing with
n. In fact, assume that both X; and fj = f; are fixed (non-random), and consider the linear
regression model with design matrix (f;(Xi));<;<, 1<j<ps and the empirical counterpart of

the norm || - || defined by

Lo 1/2
171l = <5Zf2<xi>) .

Then, for HM = AM or HM = RM | the value infycyu ||[fy — f||2 represents the best least
squares approximation of an unknown function f at points X; by the convex or linear span,

respectively, of the columns of the design matrix. Consequently, estimators ]?satisfying oracle
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inequalities of the form
1.5 Eflf— fI2 < Co inf |[fx— f]2 + A,
(15) FIF = £ < Coinf IFn = FI2 + Ao

mimic the best linear/convex least-squares approximation of f in a parametric regression
framework, provided Cp > 1 is close to 1. In (1.5), A, a can be interpreted as the price to
pay for the dimension M of the regression model, and we will show that (for an appropriate
choice of the aggregate f) Ap m = Ynmr, where 9, pr is the optimal rate of aggregation as
defined in (1.3). For the case of linear aggregation, this can be viewed in the spirit of earlier
work on linear models with growing dimension M [Yohai and Maronna (1979), Portnoy
(1984)], but here we obtain non-asymptotic results and our risk is defined in terms of the
regression functions and not in terms of their parameters.

Given the existence of competing aggregation procedures achieving either optimal (MS), or
(C), or (L) bounds, there is an ongoing discussion as to which procedure is the best one. Since
this cannot be decided by merely comparing the optimal bounds, we suggest an alternative
solution. We show that all the three optimal (MS), (C) and (L) bounds can be nearly achieved
via a single aggregation procedure. Consequently, the smallest of the three will be achieved.
Our answer will thus meet the desiderata of both model selection and model averaging.

The procedures that we suggest for aggregation are based on penalized least squares. We
consider two penalties that can be associated with soft thresholding (L; or Lasso type penalty)
and with hard thresholding, respectively.

In Section 3.1 we show that a hard threshold aggregate satisfies inequalities of the type
(1.5), with Cp arbitrarily close to 1, and with the optimal remainder term 1, ps. We establish
the oracle inequalities for all three sets H™ under consideration, hence showing that the hard
threshold aggregate achieves simultaneously the (MS), (C) and (L) bounds when the empirical
norm || - ||, is used to define the risk.

In Section 3.2 we study the performance of a slightly different hard threshold aggregate
under the Ly(R%, 1) norm. We show that this aggregate satisfies simultaneously the oracle
inequalities of the type (1.4) corresponding to the (MS) and (C) bounds, with a remainder
term A, )/ that possibly differs from the optimal 1, 3s in a logarithmic factor, and with Cy
arbitrarily close to 1.

In Section 4 we study aggregation with the L; penalty and we obtain (1.5) simultaneously
for the (MS), (C) and (L) cases, with C{ arbitrarily close to 1 and with a remainder term

Ay v that differs from the optimal 1, 3/ only in a logarithmic factor.
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Finally, we study lower bounds for (MS) and (L) aggregation in the fixed design case in
Section 5, complementing the results obtained for the random design case by Tsybakov (2003).

2. NOTATION AND ASSUMPTIONS

The following two assumptions on the regression model (1.1) are supposed to be satisfied

throughout the paper.
ASSUMPTION (A1) The random variables W; are independent and Gaussian N(0,0?).

ASSUMPTION (A2) The functions f: X - R and f; : X =R, j=1,...,M, with M > 2,
belong to the class Fy of uniformly bounded functions defined by

Fo e {g ' X —>R‘ sup |g(x)| < L}
zeX

where L < o0 is a constant that is not necessarily known to the statistician.

The normality assumption (A1) on the distribution of errors is convenient since we need
certain exponential tail bounds in the proofs (see Lemma 3.10 below). For example, bounded
regression can be easily incorporated in this framework using maximal inequalities due to Ta-
lagrand (1994a, b) and Panchenko (2003). More generally, subgaussian errors are allowed at
the cost of increasing technicalities, see Van de Geer (2000). In order to retain a transparent
presentation of both the results and proofs, we confine ourselves to the Gaussian regression

framework.
For any A = (A1,...,Ay) € RM | define
M
(@) =D N fi(a).
j=1

The functions f; can be viewed as estimators of f constructed from a training sample (see
the Introduction). Here we consider the ideal situation in which they are fixed, i.e., we
concentrate on learning only. The learning method that we propose is based on aggregating

the f;’s via penalized least squares.
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For each A = (A1,..., ) € RM let M()\) denote the number of non-zero coordinates of
Al
M
M(X) = I{)\; # 0} = Card J())
j=1
where I{-} denotes the indicator function, and J(A) = {j € {1,..., M} : X; # 0}. Introduce

the residual sum of squares

S0 = > (xR
=1

Given a penalty term pen(A), the penalized least squares estimator = (Xl, . ,/):M) is
defined by

2.1 A= i {§ A) + pen(\ }

(2.1) arg min, {5(3) + pen()

which renders in turn the aggregated estimator

f(z) = f5(2).
Since the vector A can take any values in RM | the aggregate fis not a model selector in the
traditional sense, nor is it necessarily a convex combination of the functions f;. Nevertheless,
we will show that it mimics the (MS), (C) and (L) oracles when one of the following two

penalties is used:

(2.2) pen(A) = K; MTE)\) log (1 + %)
or o
(2.3) pen(A) = Y " railAsl;

j=1

where K7 > 0 is a constant independent of M, n, and r, ;’s are the data-dependent weights

defined in (4.3).

We refer to the penalty in (2.2) as hard threshold penalty. This is motivated by the
well known fact that, in the sequence space model (i.e., when the functions f1,..., fas are
orthonormal with respect to the scalar product induced by the norm | - [|,), the penalty
pen(A) ~ M(A) leads to /)\\j’s that are hard thresholded values of the Y;’s (see, for instance,
Hardle et al. (1998), page 138). Our penalty (2.2) is not exactly of that form, but it differs
from it only in a logarithmic factor.

The penalty (2.3), again in the sequence space model, leads to Xj’s that are soft thresh-
olded values of Y;’s. We will call it therefore soft threshold penalty or Lq-penalty. Penalized

least squares estimators with soft threshold penalty pen(\) ~ Z]M: 1 |A;| are closely related to
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Lasso-type estimators [Tibshirani (1996), Efron et al. (2004)]. Our results show that, with
rn;’s defined by (4.3), the soft threshold penalty allows near optimal aggregation. The same

is true for the hard threshold penalty (2.2) under somewhat different conditions.

In what follows, we denote by C,C4, Cs,... finite positive constants, possibly different on

different occasions.

3. NEAR OPTIMAL AGGREGATION WITH THE HARD THRESHOLD PENALTY

3.1. THE FIXED DESIGN CASE. In this section we show that the penalized least squares es-
timator using a penalty of the form (2.2) achieves simultaneously the (MS), (L), and (C)
bounds of the form (1.5) with the correct rates A, pr = ¥, ar. Consequently, the smallest
bound is achieved by our aggregate. The results of this section are established for the em-
pirical loss Hf— flI?. The next theorem presents an oracle inequality which implies all the

three bounds.

THEOREM 3.1. Let X; € X, i=1,...,n, be fixed. Let fvbe the penalized least squares estimate
defined in (2.1) with penalty (2.2). There exist constants C1,Cy > 0 such that for all a > 1,
for K1 = Koao?, with Ko > 0 large enough, and for all integers n > 1 and M > 2,

2

(3.1) Efllf— fI12
aoc

< inf fy — log (1+-——— =
Agllw{a—ﬂ' 2~ S+ Crao”— = log YIS O

This theorem is proved in Section 3.3. The following three corollaries present bounds of

the form (1.5) for (MS), (L), and (C) aggregation, respectively.

COROLLARY 3.2 (MS). Let the assumptions of Theorem 3.1 be satisfied. Then there exists a
constant C3 > 0 such that for all e > 0, for K1 = K1(e,0?) large enough and for all integers

n>1and M > 2,

3 log M
2 . 2 2 -1
Ef”f_anS(1+€)1<1]n<fMHfj—an+ng (14 .

Proof. Since the infimum on the right of (3.1) is taken over all A € RM the bound easily
follows by considering only the subset consisting of the M vertices (A1, ..., A\y) = (1,0,...,0),
(0,1,0,...,0),...,(0,...,0,1) in AM and by putting a = 1 + 2/¢. O
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COROLLARY 3.3 (L). Let the assumptions of Theorem 3.1 be satisfied. Then there exists a
constant C3 > 0 such that for all e > 0, for K1 = K1(g,0?) large enough and for all integers
n>1and M > 2,

~ M
Eff—flI2 < (1 inf ||fx — f? 21471 —.
AP = FIE < (e) inf B = fI7 + Coo® (14271

Proof. Since x +— xlog(1 4+ M/z) is increasing for 1 < x < M,

M(N) M M
1 14+ ————— | = —log2.
sup, Hos (14 gy ) = s
The result then follows from (3.1) with a =1+ 2/e. O

COROLLARY 3.4 (C). Let the assumptions of Theorem 3.1 be satisfied. Then there ezists a
constant C4 > 0 depending on L and o2 such that for all ¢ > 0, for K1 = Ki(g,0?) large
enough and for all integers n > 1 and M > 2,

Eff - SI2 < (1+e) inf [[fa— SR +Ch (1+e+27) v (00),

where
M/n if M < i,
VoL + M/ym}/n  if M > /.

Proof. For M < y/n the result follows from Corollary 3.3. Assume now that M > y/n and

Y (M) = {

let m be the integer part of

nlog?2
e ¢ log(1+ M/ /)’
Clearly, 0 <m <z, p < M. First, consider the case m > 1. Denote by C the set of functions
h of the form

M m
1
h(x) = — kif; k; 0,1,... ki: <m.
(l’) m]; ij(l'), ]€{>7 7m}7jzl j_m

The following approximation result can be obtained by the “Maurey argument” (see, for

example, Barron (1993), Lemma 1, or Nemirovski (2000), pages 192, 193):
2 ), L

3.2 min ||g — < min [[fy — + —.

(32 min g — /1 < iy, 16~ 13 + -

For completeness, we give the proof of (3.2) in the Appendix. Since M (X) < m < z, 5 for the

vectors A corresponding to g € C, and since x — x log (1 + %) is increasing for 1 <z < M,

M > } CQGO'Z
+ .
Tn,M n

we get from (3.1):

rs . a+1 Tn. M
Efllf — fII2 < inf { ——|lg = fI|2 + Crac? =Zlog (1
Af =1l _égc{a_lllg flli+ Crao® = log 1+
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Using this inequality, (3.2) and the fact that m = [y v | > @y, /2 for x, a7 > 1, we obtain

~ +1 a+1Y\ 2L?
. Efllf - fI2 < 25 inf [|fy — f|2
(33 NP1 < 255t = AR+ () 2

Cyao?

n

M
+ Chrac? In.M log <1 + > +
n T M

We use this bound for all choices of A € AM with m > M()\) # 0. For m = 0, we only need
to consider the singular case A = 0 as M(A) = 0 if and only if A = 0. Note that for m = 0,

we have 1/x, p > 1, and we use the trivial upper bound

1/2
atly ey Cono (bl o) (sl M/ Y
S " a—1 nlog2

for the right-hand side of (3.1).
To complete the proof of the Corollary, it remains to put a = 1 + 2/e and to note that

M M
log ( 1 <2log (14 —=
s ) =21 ).

in view of the elementary inequality log (1 + (log 2)~'/2y\/log(1 + y)) < 2log(1 + y), for all
y>1. Il

We remark now that the aggregate considered in Theorem 3.1 satisfies also the bounds “in

probability” that are similar in spirit to (3.1) and its corollaries.

THEOREM 3.5. Let X; € X, i = 1,...,n, be fivred. Let f be the penalized least squares
estimate defined in (2.1) with penalty (2.2). There exist constants C1, L1, Ly > 0 such that
for all a > 1, for K| = Koao?, with Ko > 0 large enough, and for all integers n > 1, M > 2
and any § > 0,

) P (17~ 112> i, {25500~ 12+ Cuao™ P tog (14 5o ) | +9)

o
S L1 exXp (—Lg%) .

As in the case of Theorem 3.1, we can consequently obtain the analogues of Corollaries

3.2 - 3.4, by replacing the infimum in (3.4) by its particular form for the cases (MS), (L) and

(C), respectively. We do not include each case, for brevity.
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3.2. THE RANDOM DESIGN CASE. In this subsection we show that an oracle inequality similar
to (3.1) continues to hold if the empirical norm || - ||, is replaced by the La(R?, 1) norm || - ||.
This result is more difficult to obtain and we do not achieve exactly the same bounds.

We need to restrict minimization of the penalized sum of squares to a bounded set in RM.

Define, for any 17" > 0,

M
AM,T: )\ERM:Z’)\ﬂST

j=1
The penalty term needs to be chosen slightly larger than before:
M(N) MV n
. =K 1 14—
(35) pen(y) = K22 M g (14 1)

for some large K7 > 0. We note that here K is not necessarily the same as in (2.2), we just

use the same notation for factors in the penalty term.

THEOREM 3.6. Assume that X1, ..., X, are independent random variables with common prob-

ability measure p. Let T < oo be fixed, and set
B =L*T+ 1)

Let f: f5 where

A = argmin{S()\) + pen(\)}
)\EA]W,T

with the penalty given in (3.5). Then there exist constants Cy,Co > 0 such that for all a > 1,
for K1 = K1(a, B,0?) large enough, and for all integers n > 1 and M > 2,
(3.6) Efllf—fI?

) a+1 9 o M(X) MvVn a(o? + B)
< f fx— C log |14+ ——— Co——.
- /\EI/I\?[]\{,T {a —1 || A f” + 149 n Og + M(A) V 1 + 2 n

Because of the slight increase in the penalty, the remainder term in (3.6) is somewhat
larger than the one given in (3.1): we now have M V n in place of M under the logarithm.
As corollaries, one obtains the following (MS) and (C) bounds for the estimator f defined

in Theorem 3.6.

COROLLARY 3.7 (MS). Let the assumptions of Theorem 3.6 be satisfied and T > 1. Then
there exists a constant C > 0 such that for all e > 0, for K1 = Ki(e,0?) large enough and
for all integers n > 1 and M > 2,

log(M V n)

EfIF = FIP < (142) inf [1f; = £+ Co? (1427) 2B,
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COROLLARY 3.8 (C). Let the assumptions of Theorem 3.6 be satisfied and T > 1. Then there
exists a constant C' > 0 depending on L and o such that for all € > 0, for K = Ki(g,0?)
large enough and for all integers n > 1 and M > 2,

Eqlf — fI2 < (1 inf ||fy — fII?+C’ (1 Ny (Mm
= F1P < Wt e) inf it = FIP + O (L& +e7") v (M),

where

3000) = {(Mlog n)/n if M < m,
" V{log(1+ (M Vvn)/yn)}/n if M > /n.

As compared to Corollaries 3.2 and 3.4, these results present slightly different rates of
convergence: here the factor log M is replaced by logn for values M < n. The proofs are
omitted since Corollaries 3.7 and 3.8 readily follow from the oracle inequality (3.6) and the
fact that AM c A m,r for T'> 1 via an argument similar to the proofs of Corollaries 3.2 and
3.4.

3.3. PROOF OF THEOREM 3.1. Let A be a fixed, but arbitrary point in RM. Define for all
1<m< M,

Ap V) ==X -XeRM: M(\)=m}.

Let Jp, k=1,..., (%), be all the subsets of {1,..., M} of cardinality m. Define

AN ={A= (1, ) € Ap(N) 2 N # 06 j € Ji}

where )\; = A; + Aj. The collection {Am,k()\) 1<k < (%)} forms a partition of the set
Ay (N). Furthermore, define affine subspaces of R™ of the form

B k(N = {h = (fx(X1),...,f5(Xn) €R": A€ Ay (N}

and let H;)%kW denote the projection of the vector W = (W1, ..., W,,) onto By, ;(\). Clearly,
dim (B, k(X)) < m. Finally, we define for each v € RM,

1 & £(X;) .
Valy) = 23w D e e 20,
72V

and V,(7) o 0, otherwise.
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LEMMA 3.9. For alla> 1,b> 0 and A € RM, we have

2 a M(N) M
||f>\ f||n+ Kl—n log 1+7M()\)\/1

1+b0 a

s 2
_ < -

Kim M
A 2 Bl Ml
— 1§nrlna§XM 1;}:1;()3”) {(a + b) [T, W% - log <1 + ey 1> }

N a(a+b)
a—1

a

VZ(N).

n

Proof. By the definition of X, for any A\ € RM,
S(A) + pen(N) < S(A) + pen(A).
Rewriting this inequality yields
IF= I < = fI2+2(W.F =) +pen() —pen(d),

where < -, - >, denotes the scalar product associated with the norm ||-||,. Since || f—fx|ln = 0
implies that <W 7o fA> — 0, we find
n

1F =S < 16 = FIR +2Va(X = VIS = falln + pen(3) — pen(})

< fa = F7+ 2Va (A= VIS = Flln + 2Va(3 = N[Ifs = Flln + pen(3) — pen(})

< (4 D~ FI2 V2R =N+ T~ IR+ V2R ) + pen() — pen(R),
where a,b > 0 are arbitrary, and we used the inequality 22y < cx?+y?/c valid for all z,y € R
and ¢ > 0. Consequently, for any ¢ > 1,b > 0, we find

1+b a a

el P fli+ pen(A)

a 2’\_ _ a
@t HVIA =) - —

If=flI2 <

a—1

+ 1 pen(X).

M
Next, since RM = U%:o U,(g;"z Ap k(X), we find that
(a+b)V2(A = \) — pen(})
= (a+b)V2A—=A) —pen(A — A+ A)

< max max max a+b)VEA) —pen(A+ M) }.
— 0<m<M 1§k7§(%) XEAmyk()\) {( ) ( ) P ( )}

It remains to bound the term on the right in view of the last two displays. The case m = 0
is degenerate as Ag(\) = Ag1(A) = {—=A}. Note that for A = —),

(a+b)VZA) —pen(A + \) = (a +b)V,2(N),
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since pen(0) = 0 and f_) = —f). For each m > 1, we have

max max a+b)V2(\) —pen(X + A
s, s {(@+ DY) - pen(h+)

S nax o max a+ b)|IL), W |2 — pen(X + A
1§k§(%)>\eAmyk(>\){( )l k I pen( )}

by the orthogonality of W — H)‘m,kW and (f5(X1),...,f5(Xy)) for all A € Ay, k(N

K, M
_ b) |, W2 — —mlog [ 1+ ———
Kﬁ@ﬂ@+wfm‘“ nm%<+va}

in view of (3.5) and since M (A + A) = m for all A € A, 1(N).

This concludes the proof of the lemma. O

From now on, we take a = b > 1. Since, by Assumption (A1), the errors W; are normal
N(0,0?), the standardized statistic no=2||II) , W||2 has a x? distribution with m degrees of

freedom for all 1 < k < (% ) The following tail bound for such a statistic will be useful.

LEMMA 3.10. Let Z4 denote a random variable having the x? distribution with d degrees of
freedom. Then for all x > 0,

22
3.7 P{Zy—d>zv2d} <exp| ————F—— | .
37 Wa—dzay L‘p(%umﬁ%)
Proof. See Cavalier et al. (2002), equation (27) at page 857. O

LEMMA 3.11. There exists C > 0 such that, for any integern > 1 and any a > 1, K1 = Kqao?
with Ko > 0 large enough,

K M ac?

A 2 1

. W [ —— [ < (——

(3:8) Ey 1&%\413?2(}%1) {2a”nm’k I n o (1 - mV 1>} =¢ n’
0,2

(3.9) EfVZ(A) <

n .
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Proof. Inequality (3.9) is trivial and we will prove only (3.8). For any § > 0 we have

K M
| {mnmkwni ~ rmlog (1 * >} - 5]
) n m

Sil—l

—~
~—

IN

= 1=

K M

—
Sl
~— =

= Pl|Z, > K mlog 1+% + n
2a02 m 2a02
m=1 k=1
M
M L — K M
:Z< )P[ UL 12\/mlog<1+—>m+ no ]
m V2m 2a02 (/2 m V2 o 2a02V2m

1

M K M
() e (e (5) +2})
T \m ao m ao

by Lemma 3.10 for K; = Kpao? with Ky > 0 large enough and some universal constant
Cp > 0. Using the crude bound (%) < (eM/m)™ [see, for example, Devroye et al. (1996),
page 218], the inequality 1+logx < 2log(1+x), ¥V > 1, and taking K¢ such that Cy Ky > 4

m

M=

3
I

we get
M M
M K M M
Z < ) exp <—Com 21 log (1 + >> < Z exp <—m10g <1 + >>
= \m ac m — m
< Z exp(—mlog2) < oo.
m=1
These inequalities finally yield the bound on the tail probabilities
0
(3.10) ps < C3exp <—C’4n—2>
ao

for some constants Cs, Cy > 0, which easily implies the bound (3.8) on the expected value. [
Proof of Theorem 8.1. Theorem 3.1 follows directly from Lemmas 3.9 and 3.11. O

Proof of Theorem 3.5. First notice that, by Lemma 3.9, for a = b > 1 there exists C; > 0
such that

_ . 1 M(N) M
PTG a+ 2 2 -
P<||f bl _)\lerﬂlgw{—a_le,\ fllz + Crao - log <1+ M(A)v1>}+5>

¢ A o Kim M
= - —Q >
=F (a — 1 1<me 1;?53»1) {ZaHHm,kWHn - log (1 + Y >} > 5/2)

—_

+P <a2a21 V2(\) > 5/2) .
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Next, the rescaled variable no=2V,2(\) has a x? distribution with 1 degree of freedom. Com-
bining the exponential bound for tail probabilities of x? random variables (Lemma 3.10) and

the exponential bound (3.10) completes the proof. O

3.4. PROOF OF THEOREM 3.6. By the same reasoning as in the proof of Theorem 3.1,

1= s = e+ a)lF =B+ {17 =717 = a+al f - £12}
< (@+a){If = fIE+2(W.F=£) +pen(d) —pen(}) }

n

I -1 - A+ alF- 712}
= (1+ ){Hf/\—an+2<Wf—f>\> + pen(\ pen(/\)}

n 2

~ ~ a ~
{17 = 117 = 4 T - 11 - S pen D).
The first term on the right, provided K; > 0 is chosen large enough, can be handled in exactly

the same way as in the proof of Theorem 3.1. It remains to study the second term on the right.

Considering separately the cases M(A) =0 and 1 < M(A\) < M we obtain

1 ~
~pen(})

14+a
< U Uy — A
_maX{ 05 1<Hrlna<XM)\]\4S&I)) A= —5pen( )”

where Uy = ||fx — f||? — (1 + a)|[fx — f||2. For each 1 < m < M, let the sets A,,1(0),
1<k< (]‘”{), form a partitioning of the set A,,(0) = {\ € RM : M(\) = m}. Deduce that,
for any § > 0,

If = 17 = L+ a)llf = fII7 -

1+a

(3.11) P{nf APl - 12— E % en(®) 2 5}

<P{Uy>6/2} + ZIP’ sup Uy > D(é)}

m—1 A:M(N)=m

m=1 ke AEAL 1 (0)

m ()
SP{UOZ5/2}+ZZP{ sup U,\ZD(CS)}
=1

where

(I +a)Ky nvV M 4
D(5) = 5 —tmlog (1+ = ) + 2.
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The following result establishes a bound on the shatter coefficient of the class of subgraphs of
the functions (f — f)? that will be subsequently used to control the behavior of the empirical

process on the right-hand side of (3.11).

LEMMA 3.12. Let S(n,m, k) be the shatter coefficient of the collection of sets
{@B): (=1 2)28, 820, 2€X}, A€ Au(0).
Then, forany 1 <m <M, 1<k < (%), we have
n
< -
logS(2n, m, k) < Cm {1 + log (1 + m>}

where C' > 0 is an absolute constant.

Proof. Note that

{@B): (fx=1)*(x) = B, B =0}
= {@8): f@ - @) <-VB Bz 0} u{(@0): A - fl)= VB, B=0}

and recall that the VC-dimension of the collection of sets {(a?, B): fx(z) — flz) > VB, 8> 0},
A€ Ay k(0), is less than m+1, cf. Theorem 13.9 of Devroye, Gyorfi and Lugosi (1996) or van
de Geer (2000), page 40. Similarly, the VC-dimension of {(33,,3) : fa(z) — flz) < =B, B> O},
X € Ay, 1(0), is less than m + 1. Apply Lemma 15, page 18, in Pollard (1984) to deduce that
the collection of sets {(z,3): (fr — f)*(z) > B, B >0}, A € Ay, x(0), has VC-dimension Vj,
less than m + 1. The shatter coefficient S(2n,m, k) is related to the VC-dimension of the
latter class by the inequality

2
log S(2n,m, k) < Vj {1 + log (1 + Vn)}’
k

see, for example, Theorem 4.3 on page 145 of Vapnik (1998). To conclude the proof, use the

fact that the right-hand side is an increasing function of Vj . g

Now, using the inequality D(8) + alfy — f||*> > 2\/aD(6)|/fx — f|| and Theorem 5.3* on
page 198 of Vapnik (1998) we get
P sup Uy > D(6)
)\EAmyk(O)

= P{3A € Anr(0) 1 Ifx = Il £ 0 and (1+ a)[IIfs = £12 = Ifx = FI2] = D) +allfx - £1?}

<P sup Hf/\_f”z_ Hf/\_f”% > 2y/aD(9)

T €A 0):lIfa—fl120 Ifx = /] = 1+a
anD()

S 48(2n7m7 k) exp {_ﬁ} .
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Therefore,
M ()
ZZ]P’{ sup U>\>D(5)}
m=1k=1 (A€Amx(0)
v () anD(0)
<4 2 -

M M n aK1m nvV M and
<4 <m> P {Cm [Hlog (E)]}GXI’{_z(Ha)B log <1+ mv 1) ~2(1+a)?B

by Lemma 3.12
)
< Csexp (—06n—> , Va>1,
aB

for K1 = Ki(a, B) large enough, and some universal constants C5,Cs > 0, where we have

used the same crude bound for (% ) as in the proof of Lemma 3.11. Furthermore,

m\\f\l}

1+a

P{Uo>0/2} < JP’{HfIIZ ~Ifll7 =

B and < _n5 Va1
P VT 0 v 2B =P T aaB) T

where the last but one inequality follows, e.g., from Proposition 2.6 in Wegkamp (2003). The

IN

exponential bounds in the last two displays and (3.11) easily imply

s {17~ 12 = 1+ ) F - 713 - pen() | < 22

for some constant C'; > 0. This concludes the proof of Theorem 3.6. ([l

4. NEAR OPTIMAL AGGREGATION WITH A DATA DEPENDENT L PENALTY

We consider here only the fixed design regression. In addition to Assumptions (A1) and (A2),

throughout this section we suppose the following.

ASSUMPTION (A3) The matrix

v, = <% ij(Xi)fj’(Xi)>
=1

is positive definite for any given n > 1.

1<j,j'<sM

}
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Let &min be the smallest eigenvalue of the matrix ¥,,. Note that under our assumptions
(4.1) 0<&mn <||fHI12<L? j=1,...,M.
We propose the aggregation procedure defined by the following choice of weights:

(4.2) X = argmin {3\()\) + pen()\)}
)\EAM,T,Q
where
M
M . 2 2
Avrz = eRY: Y A <T? 3,
j=1
for T' > 0 large enough, and the penalty term is given by

M

i 2log M + logn

(4.3) pen(A) = Zrn7j|/\j\ with 7, ; = 2\/§U\|fj]\n\/+.
j=1

THEOREM 4.1. Let X; € X, i=1,...,n, be fized. Let \ be the penalized least squares estimate
defined by (4.2) with penalty (4.3). Set ]7: f5. Let T'> 0 be such that T?Emin > 2L2. Then,
for all a > 1, and all integers n > 1, M > 2, we have,

~ +1 16a® [o?L*\ 2log M +logn
44) Eff—fI2 < inf {EToyf - f)2 M(A
g BTS2 <t (ST AR 0 (T ) TR 5
(T+M_1/2)2L2
n+/m(2log M +logn)

COROLLARY 4.2 (MS). Let assumptions of Theorem 4.1 be satisfied and T < (log(M Vv n))*/%.
Then there exists a constant C = C(T,L,0?, i) > 0 such that for all € > 0 and for all
integers n > 1 and M > 2,

1 = fI2+C(14e+et) BV

Bl f— fIZ < (1+e) -

inf
<M
Proof. Using assumptions on T and (4.1), we trivially get T > /2L2/€nin > M~Y/2. This
implies that the last summand in (4.4) is O(1/n). The rest of the proof is analogous to that

of Corollary 3.2. U

COROLLARY 4.3 (C). Let assumptions of Theorem 4.1 be satisfied and T < (log(M V n))'/4.
Then there exists a constant C = C(T,L,0?, i) > 0 such that for all € > 0 and for all
integersn > 1 and M > 2,

Efllf = fI7 < (1+€) inf 16— fIZ+C (1+e+e) i (M),
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where

_c ) (Mlogn)/n if M < \/n,
w”(M)_{ (log M)/n  if M > \/n.

Proof. We bound the last summand in (4.4) as in the previous proof and we use then the

argument similar to that of the proof of Corollary 3.4. O

COROLLARY 4.4 (L). Let assumptions of Theorem 4.1 be satisfied and T < (log(M V n))'/%.
Then there exists a constant C = C(T, L,0%, &nin) > 0 such that for all e > 0 and for all
integersn > 1 and M > 2,

M log(M V n)

Esllf — fII? < (1 inf [[fx— fI2+C(1 -1
rf f“n-(""g))\le%MH)\ fI2+C(1+etet -

Proof. We bound the last summand in (4.4) as in the proof Corollary 4.2 and we use that
M(X\) < M. O

Proof of Theorem 4.1. We begin as in Loubes and Van de Geer (2002). By definition, fv: f5

satisfies

M M

SO+ g\l SO+ gyl
j=1 J=1

for all A € Ay 72, which we may rewrite as

M M
1= 12+ D gl < 16— FIR + 3 ra gl + 2 (W, F = 65)
j=1 j=1 "
We define the random variables
1 ¢ :
Vi = Ez;fj(Xi)Wi, 1<j<M,
1=
and the event
M
j=1
The normality assumption (A1) on W; implies that /nV; ~ N (0,0%(/f;]2), 1 < j < M.
Applying the union bound followed by the standard tail bound for the N(0,1) distribution,
yields
M

nr2 .
(45) P(A°) < ZP{\/_|V| > Ve /2} SZ O’Hfgllne p(_w>

VT 8a2|| f5112

Jj=1 Jj=1
1

Mn/m(2log M + logn)
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Then, on the set A, we find
2 <W7f - f>n =2) Vi =) < raglhi = Al
j=1 j=1

and therefore, still on the set A,

M M M
1F=FI2 < I = FI2 4D gl = N1+ D rmgldil =D Il
j=1 j=1 j=1

Recall that J(A) denotes the set of indices of the non-zero elements of A\, and M(\) =
Card J(\). Rewriting the right-hand side of the previous display, we find, on the set A,

M
1F=fI < = FI7+ [ Do sl =Xl = D2 maglhl
Jj=1 JEI(N)
+ = D0 N+ DD sl
jeJ(\) JEI(N)
< = FlIR+2 D el = Al
JeJ(N)

by the triangle inequality and the fact that A\; = 0 for j ¢ J(\). Since {min > 0, we have
Eatall F = Eal2 = D0 [y =Nl
j€J(N)

Combining this with the Cauchy-Schwarz and triangle inequalities, respectively, we find fur-
ther that, on the set A,

(46)  IF=f17 < = fla+2 Y raglhy = Al
J€I(N)
< b= SR+ 26k |0 o2, (IF = S+ 168 = )
J€J(N)
< = £I2 + 2y gntirav/ M) (I1F = Flla + 162 = £lln)
where

2log M +1
rnd§f2\/§La\/ og M + ogn'
n

Inequality (4.6) is of the simple form v2 < ¢ +vb+cb with v = ||f — f||n, b = 27 /M (N) /Emin
and ¢ = ||fy — f||n. After applying the inequality 27y < 22/a + ay? (z,y € R, a > 0) twice,
to 2bc and 2bv, respectively, we easily find v? < v2/(2a) + ab? + (2a + 1)/(2a) ¢?, whence
v? <a/(a—1){b*(a/2) +2(a+1)/a} for a = 2a > 1. Recalling that (4.6) is valid on the set
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A, we now get that

242
{min(a —1) "
Consequently, since by the Cauchy-Schwarz inequality,

~ . a+1
B (17 A2 < e {25 - g2+

eAyre la—1

M
IF = flloo <L NI +1) < (VMT + 1)L,
j=1

we find
Eflf = fI2 < By [If - fI20a] + (VBT + 1)2L7P(A%)
. a+1 9 2a%r2
4. < f fr— T M(A
( 7) - )\E/I\?V[’T’g {(Z -1 H A an + ((I - 1)£min ( )
(T+M71/2)2L2
n\/w(QlogM#—logn).

It remains to show that (4.7) remains valid with the set A/ 72 replaced by the entire RM . For
this, observe that A & A/ 72 implies Zj\il /\]2- > T2, and thus ||[fy]|2 > &min Zj‘il A? > EminT2.
Therefore, for A\ & Ay 1,2, we have

I = flln 2 [Ifxlln = [1flln > V&uinT — L > L

by our choice of T'. On the other hand, for A = 0 € Ayr72, we have

Hf/\ - f”n = ”f”n < L

and pen(0) = 0. Thus, the value of the whole expression under the infimum in (4.7) for
A = 0 is strictly smaller than the value of this expression for any A & As 7,2, which proves

the result. 0

As in Section 3.1, we present now a statement in probability that complements the results

of this section.

THEOREM 4.5. Let X; € X, i=1,...,n, be fized. Let \ be the penalized least squares estimate
defined by (4.2) with Aprro replaced by RM and with penalty (4.3). Set f= fs. Then, for
all a > 1, and all integers n > 1, M > 2, we have,

~ +1 16a® [ o?L?\ 2log M + logn
48) P(|Ff=fII2> inf {ZT2f — £ M(\
sy (171122 ing, { S50 - AR+ g0 (T ) PR )
1

< .
= Mny/7(2log M +logn)

Proof. This result follows directly from the proof of Theorem 4.1. Note first that now (4.6)
is valid for all A € RM™ and not only for A € A M2 Using (4.6) and the argument after it we
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find that the left hand side in (4.8) can be bounded by P(A€). The result follows by invoking
(4.5).
g

REMARKS.

1. The method presented in this section is not strictly an L;-penalized one. Indeed, it im-
plements two penalties: the data dependent Li-penalty Z;‘il Tnj|Aj|, and the Lo-penalty
Zj]\i 1 )\? that appears implicitly via the choice of the set Ay 2. The resulting minimization
problem can be solved in practice using standard convex programming software. The Lo
part of the penalty is less influential, since it should typically be applied with T' — oo as M
(respectively n) grows, which means that the restriction to Ay 72 becomes asymptotically
negligible. Moreover, the restriction is not always needed. For example, the bound in proba-
bility (Theorem 4.5) is obtained for X that minimizes the Li-penalized least squares over the

entire RM.

2. Assumption (A3) is mild, and it is also made by Efron et al. (2004) in the context of
LARS. In practice, this assumption can always be checked. A stronger assumption is that
Emin > ¢ for some constant ¢ > 0, independent of n and M if one or both of these parameters
are allowed to grow (which is typically the more interesting case). There are at least two
important examples where such a stronger assumption holds. The first example is standard
in the parametric regression context: M is fixed and ¥, /n — ¥ where ¥ is a nonsingular
M x M matrix. The second one is related to nonparametric regression: M = M, is allowed
to go to oo as n — oo and the functions f; are orthogonal with respect to the empirical norm.
This corresponds, for instance, to sequence space models, where the estimators f; = fj are
constructed from non-intersecting blocks of coefficients. Aggregating such mutually orthog-
onal estimators may lead to adaptive estimators with good asymptotic properties [cf., e.g.,
Nemirovski (2000)]. Local image smoothing provides us an application where the condition
Emin > c is naturally satisfied. For example, Katkovnik et al. (2002, 2004) suggest differ-
ent methods of aggregation of local image estimators obtained from non-intersecting sectors
around a given pixel (these estimators are mutually orthogonal with respect to the empirical

norm).
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3. Inspection of the proofs shows that the constants C = C(T, L, 02, &min) in Corollaries
4.2, 4.3, 4.4 have the form C = A + A&

of &min. In general, &y, may depend on n and M. However, if £,in > ¢ for some constant

r;iln, where A; and As are constants independent
¢ > 0, independent of n and M, as previously discussed, the rates of aggregation given in
Corollaries 4.2, 4.3, 4.4 are near optimal, up to logarithmic factors. They are even exactly
optimal (¢f. (1.3) and the lower bounds of the next section) for some configurations of n, M:
for (MS)-aggregation if n® < M < n® and for (C)-aggregation if n'/2 < M < n% where
0<dad <a<oo.

4. From the bound in Theorem 4.1, we see that T is allowed to grow with n and M (as
fast as T = (log(M V n))'/* is possible). Moreover, the proof of Theorem 4.1 reveals that by
taking a larger constant than 21/2 in (4.3), even faster rates are allowed, for example, 7' can
grow as a power of n. This may be needed to guarantee the condition 72 > 2L2/&nin for n
large enough, because the value L is typically not known and &;, may depend on n and M.
However, the condition T2 > 2L? /£y, is only needed to cover the linear aggregation. For
(MS) and (C) aggregation, Corollaries 4.2, 4.3 can be obtained directly from (4.7), and thus
it suffices to take any 7' > 1, since AM C A M,1,2, or to replace Ay 72 by AM in the definition
of \.

5. LOWER BOUNDS

For regression with random design and the Ly(R%, p)-risks, lower bounds for aggregation and
optimal rates 1, 37 as given in (1.3) were established by Tsybakov (2003). In this section we
extend the lower bounds of Tsybakov (2003) for (MS) and (L) aggregation to regression with
fixed design. Further, we state these bounds in a more general form, considering not only the
expected squared risks, but also other loss functions. This generalization allows one to treat

7

optimality of the upper bounds “in probability” obtained in the previous sections (Theorems
3.5, 4.5). It shows that the remainder terms in these bounds are optimal or near optimal for
the (MS) and (L) aggregation.

In this section we suppose that X7, ..., X, are fixed and that M < n. Let w : R — [0, 00)

be a loss function, i.e., a monotone non-decreasing function satisfying w(0) = 0 and w # 0.

THEOREM 5.1. Let X; € X, i=1,...,n, be fited and 2 < M < n. Assume that HM is either
the whole RM (the (L) aggregation case) or the set of vertices of AM (the (MS) aggregation
case). Let the corresponding v nr be given by (1.3) and let M log M < n for the case of (MS)
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aggregation. Then there exist f1,..., far € Fo such that, for any loss function w(-),
5.1 inf su Ew[_1<T— 2 inf ||fy — 2>}>c,
(1) nf sup Epu [y (I~ 71— inf, 16— 713)] 2

where infr, denotes the infimum over all estimators and the constant ¢ > 0 does not depend

on M and n.

Setting w(u) = w in Theorem 5.1 we get the lower bounds for expected squared risks
showing optimality or near optimality of the remainder terms in the oracle inequalities of
Corollaries 3.2, 3.3, 4.2, 4.4. The choice of w(u) = I{u > a} with some fixed a > 0 leads
to the lower bounds for probabilities showing near optimality of the remainder terms in the

corresponding upper bounds (see Theorems 3.5, 4.5).

Proof. We proceed similarly to Tsybakov (2003). The proof is based on the following lemma
[which can be obtained, for example, by combining Theorems 2.2 and 2.5 in Tsybakov (2004)].

LEMMA 5.2. Let w be a loss function, A > 0 be such that w(A) > 0, and let C be a finite set
of functions on X such that N = card(C) > 2,

If —gllZ2>4s*>0, V fgeC, f+#g,

and the Kullback divergences K (Py,Py) between the measures Py and Py satisfy
K(Ps,Py) < (1/16)logN, V f,g€C.
Then for ¢ = s?/A we have

inf sup E yw wilHTn — f||i] > cqw(A),
Tn fec

where infr, denotes the infimum over all estimators and c¢; > 0 is a constant.

The (MS) aggregation case. Let HM be the set of vertices of AM, Mlog M < n, and VM =
(log M)/n. Pick M disjoint subsets S1,. .., Sy of {Xi,..., Xy}, each S; of cardinality log M

(w.l.o.g. we assume that log M is an integer) and define the functions
filx) =~rIl{z e S;}, j=1,....,M,

where v < L is a positive constant to be chosen. Clearly, {f1,...,fa} C Fo. Thus, it
suffices to prove the lower bound of the theorem where the supremum over f € Fj is replaced
by that over f € {f1,...,fu}. But for such f we have mini<j<p || f; — f]|2 = 0, and
to finish the proof for the (MS) case, it is sufficient to bound from below the quantity
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SUD feffy, o far} Epw(, 3| Tn — £112), where 9y, 1 = (log M) /n, uniformly over all estimators
T,. This is done by applying Lemma 5.2. In fact, note that, for j # k,

452,

272 log M get
(52) 155 — il = B

Since W;’s are N(0,0?) random variables, the Kullback divergence K (P, Py, ) between Py,
and Py, satisfies

n .
(53) K(Ppy ) = 55l = Sl 5= 1o M.

In view of (5.2) and (5.3), one can choose v small enough to have K (P, Py, ) < (1/16)log M
for j,k =1,...,M. Now, to get the lower bound for the (MS) case, it remains to use this
inequality, identity (5.2) and Lemma 5.2.

The (L) aggregation case. Let HM = RM and 4,y = M/n. Define the functions f; =
vI{z = X;}, j=1,...,M, with 0 < v < L and introduce a finite set of their linear

combinations
M

(5.4) L{:{g:ijfj:wEQ},
=1

where () is the set of all vectors w € RM with binary coordinates w; € {0,1}. Since the
supports of f;’s are disjoint, the functions g € U are uniformly bounded by ~, thus & C F.
Clearly, minycpu |[fx — f||2 = 0 for any f € U. Therefore, similarly to the (MS) case, it is
sufficient to bound from below the quantity sup y¢;, Efw(xb;}WHTn — f|12) where 1, s = M/n,
uniformly over all estimators T,.

Note that for any g1 = Z;‘il wjfj €U and go = Z;‘il wé-fj € U we have

(5:5) lgr = g2ll7 = — D (wj — wy)? < ¥*M/n.

o M
T
n <

7=1
Let first M > 8. Then it follows from the Varshamov-Gilbert bound (see, for instance,

Tsybakov (2004), Chapter 2) that there exists a subset Uy of U such that card(Uy) > 2M/8

and
(5.6) lgr — g2l > C1v*M/n.
for any g1, 92 € Up. Using (5.3) and (5.5) we get, for any g1, g2 € U,

K(Pg,,Pg,) < Coy*M < C3v° log(card(Up)),
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and by choosing v small enough, we can finish the proof in the same way as in the (MS) case.
If 2 < M <8, we have ¢, pr < 8/n, and the proof is easily obtained by choosing f; = 0 and
f2 = yn~2 and applying Lemma 5.2 to the set Uy = {f1, fo}. O

APPENDIX A

LEMMA A.1. Let f,f1,...,f;m € Fo and 1 < m < M. Let C be the finite set of functions

defined in the proof of Corollary 3.4. Then (3.2) holds and

L2
A1l min ||g — f|I? < min [|fy — f|I* + =—.
(A1) min g — /1 < min, 63— S+

Proof. Let f* be the minimizer of ||fy — f||? over A € AM. Clearly, f* is of the form

M M
fr :ijfj with p; >0 and ij <1.

=1 =1
Define a probability distribution on j =0,1,..., M by
__fw it j £ 0,
= M e
/ 1= p; ifj=0.
Consider m i.i.d. random integers ji,...,j, where each jj is distributed according to {;}
on {0,1,..., M}. Introduce the random function

_ 1 &
k=1
where
_ )i i #0,
95 = p
0 ifj=0.
For every x € X' the random variables gj, (), ...,g;, (z) are 1.i.d. with E(g;, (z)) = f*(x).

Thus,
2

B(f(e) — J*(2)? = E [%Z{gjm)—wk(x))}
k=1

1

2 L?
< EE(gjl (z)) < prolt

Hence for every z € X and every f € Fy we get

(42) E(fu(a) ~ @) = E(fu(a) - @) + (F°(2) - f@)?
2
< T (@) @)
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Integrating (A.2) over pu(dx) and recalling the definition of f* we obtain

B L
: —fI? € mi —fI?+ =.
(A.3) Ellfm = fII© < Aléligf\lfx 7+ —

2

Finally, note that the random function f,, takes its values in C, which implies that

E| fn — fII> = min |lg — f|*.
geC

This and (A.3) prove (A.1). The proof of (3.2) is analogous, with the only difference that

(A.2) is integrated over the empirical measure rather than over u(dz). O
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