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Abstract. Recently, Breiter et al.(2004) reported the computation of Hansen coefficients X,

for non integer values of 7. In fact, the Hansen coefficients are closely related to the Laplace bgm),
and generalized Laplace coefficients bgf’}) (Laskar and Robutel, 1995) that do not require s, r to
be integers. In particular, the coefficients Xj'™ have very simple expressions in terms of the

usual Laplace coefficients b(ﬂté, and all their properties derive easily from the known properties
of the Laplace coefficients.
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1. Introduction

The aim of this note is to clarify some simple relations between the Hansen
coefficients, and the Laplace’s, and generalized Laplace coefficients. Once these
relations are explicited, the results quoted by Breiter et al.(2004) become simple
translations of known results on the Laplace coefficients.

2. Hansen and Laplace coefficients

The Hansen coefficients (Hansen, 1855) are defined as the Fourier coefficients
X" of the series

r Y +o00

imu ¥,m ik M

-] e = X/"e 1

(5) o= 3 )
k=—00

where v, M are the true and mean anomaly, 7, a the radial distance and semi-

major axis. The transformation v — —v transforms M in —M. Thus X" is real

and XZ’kfm = Xg’m. We have

m 1 N AN ik M
X, :%/0 " e"e " dM . (2)

In particular, for k = 0,

o 11 g (TP
XYM — Ly 3
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Hansen (1855) uses the expressions in term of the true anomaly v

r 1—¢? (1—e?)(1+ 3%
a l4+ecosv (14851 +pBE)

';ﬁ © 2004 Kluwer Academic Publishers. Printed in the Netherlands.
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where ¢ = €, and 3 = (1 — V1 —¢2)/e. We thus obtain immediately the

expansion of (r/a)’*? in Laurent series of ¢

r\ " 2\y+2 ovyt2 L = (k) k
(‘) = (L= F)TS Y b8 (5)

k=—o00
where b¥(a) are the classical Laplace coefficients defined as the coefficients of the
Laurent series

+oo
(1—az) (1 —az )™ = % S b (a)2t (6)

k=—o00

with bgk)(—a) = (—1)kbgk)(a); bg_k)(a) =M (), and for k > 0,

b () = %a’w(s, s+hk+10?) )
where (s)o =1, (s)p = s(s+1)--- (s +k —1) for k > 1. Thus
m_ (D" "
xgm = - (1—e2)3/2(1 _|_52)’Y+2b,(y+)2(ﬂ) . (8)

Any property of the Laplace coefficients can thus be translated into a property
on the Hansen coefficients XJ"". In particular, in 1785, Laplace demonstrated the
most useful relations

. 2 .
) C(s+j) T+a”) 2 —s+1) « 1
U | o)
+1 J ' J s (-1
b @) = (ot Dbh(e) - b )
that are immediately translated as!
+14+m . _ m— _
Xg,m _ Y Xg 1m + PY@XB{ 1,m+1 (10)
v+1 v+1
e N e T (11)
em—~vy—1 m—vy—1

As with the Laplace coefficients, these relations allow to express all coefficients
with respect to the two first ones Xg’o and Xg’l. Breiter et al.(2004) treat as a
special case 7 = (2n + 1)/2. This is precisely the case of the expansion of the
Newtonian potential in Laplace coefficients. In fact, the recurrence formulas of
Laplace (10, 11), allow to express all coefficients not with 4 initial coefficients, as
quoted in Breiter et al., 2004, but from only two of them, namely

XM= )P X = (1 8P 00h(0) . (12)

! Eq. 11 is the same as Eq. (19) of (Breiter et al., 2004).
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with the expressions in terms of the elliptic integrals of first and second kind

K(B), E(B) (Tisserand, 1889)

0 = KO W) = U - B (13)

More generally, X]™ can be expressed with respect to Xg —010 and Xg _M’l,
where [y] denotes the integer part of ~.
3. Hansen coefficients for k € Z

The expressions of the Hansen coefficients for k # 0 are obtained in a similar way
using expansions of (2) in eccentric anomaly E as

1 2w r v+l . . . .
Xl::/,m _ 2_ (_) ezmvezkesmEe—zkEdE ) (14)
™ Jo a
With n = e’ and
_ o (=B
—=—— (1= -pnt); e=p—-—"—, 15
a 1+62( ) ) (1—pn) 1)
we have
y+1 m +o00
r imv n ) l
<a> = s e 2 e 16)

where bg]fr) are the generalized Laplace coefficients defined in (Laskar and Robutel,
1995) as the coefficients of the Laurent series

1 Ix
(1-—az)(1—az )" = 5 S o () (17)
k=—o00

We have bg]fr)(—a) = (—1)kbs]f2 (); bg,_rk)(a) = bgfs)(a), and for k > 0
(s)k

bg’;}(a) = FakF(r,s%—k:,k:—{—l;az) . (18)
The classical expansion in Bessel functions
. . +m
ezkesmE — Z Jn(ke)nn , (19)
n=—00

allows the computation of the Hansen coefficients X, in terms of Bessel func-
tions and Laplace coefficients as

1

“+o0o
mo_ (k—n—m)
N7 = s 3 E e ()
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4. Recurrence relations

As for the Laplace coefficients, one can derive recurrence relations for the gener-
alized Laplace coefficients. Multiplying Eq. (17) by A = 1 — az and respectively
B =1—az"!, one derives the two recurrence relations

k k
b (@) = abH (@) = () (21)
k k—
bhir() = b1 (@) = b)) (22)
The derivative of (17) with respect to z gives also
JREN
asATTIBTT —arz 2ATSBTT = 3 k;m kbgf}(a)zk_l . (23)

This relation provides directly the recurrence relation

as b (@) — ar bl (@) = ko) (a) | (24)

s,T

but if we express A7*"!B~" in terms of bglfr)(a) and A=*B~""! in terms of

bg]fr)ﬂ(a), one obtains with (21) the relation

(1—a?yrb®) (@) = (r = & (@) + a(s + k- 1)pE D (@) . (25)

,T

Conversely, when A~*"1B~" is expressed in terms of bgli)lﬂ,(oz) and A=*B~""in

term of bg?(a), with (22), we have

(1-— az)sbg]fgl’T(a) =(s+ k:)bgk () +a(r—k— 1)bg’fr+1)(a) . (26)

Finally, when A=*"1B~" and A=*B~""! are expressed in terms of bg]fr)(a), we
have
k
(r =k = Db (@) = (s +k = DbV (@) + (alr —s — k) = pl(a) . (27)
k) ) a k)

The five relations (21, 22, 25, 26, 27) allow then to express any generalized Laplace
(k)

coefficient by (cv) in terms of only two of them, namely
bgof)[s]wfm(a) and bglf)[s]wfm(a) . (28)

In particular, all generalized Laplace coefficients involved in Eq. (20) can be

expressed in terms of the two Laplace coefficients bf%)_y(a) and b&)_y(a).
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5. Expressions in terms of true and eccentric anomaly

The general Hansen coefficients X,"™ can be expressed in simple form with
respect to the Bessel functions J,(ke) and the generalized Laplace coefficients
bg@ (6) (20), but although recurrence relations exist for both functions, they will
not translate easily into recurrence relations for the Hansen coefficients X,Z’m

when k # 0. On the opposite, in the expression in terms of the true anomaly

r il ) +oo )
(_) elmv — Z Yk’y,mezkv7 (29)

k=—o00

or of the eccentric anomaly

r L I .
(_) el — Z Z]Z’melkE, (30)

a k=—o0

the Fourier coefficients ;"™ and Z]"™ (see also Brumberg, 1995) have very simple
form in terms of Laplace and generalized Laplace coefficients. Indeed, from (5)
and (16), we have

(~1)k

Yo = (1 — €)' (1 + B2 7Em(8) ; (31)

1
v, (k_m)
Zk - 2(1 _}_62)7 b—’y-l—m,—'y—m(ﬁ) : (32)
All the previous recurrence relations on Laplace and generalized Laplace coeffi-
cients can then be translated into recurrence relations on the (Y;™) and (Z]™)
coefficients.

6. Conclusion

The computation of Hansen (1855), or the later computation of Hill (1875) and

Tisserand (1889), are very similar to the present presentation, the novelty here

being the use of Laplace, and generalized Laplace coefficients to express the

Hansen coefficients in a simple form. This explicits the fact that nowhere in

the original demonstration of Hansen is requested the fact that « is an integer.

This is particularly visible for the computation of X" that are very simple
(m)

expressions of the Laplace coefficients b, 5. As for the usual Laplace coefficients,

(k)

recurrence relations allow to express the generalized Laplace coefficients bsr in

terms of only two of them, bio_) (slr—[r] and bgl_) Sr—lr)’ for example. The Laplace and
generalized Laplace coefficients are also introduced naturally in the expression of

(r/a)Y exp(imv) in Fourier series of the true and eccentric anomaly (29-32).
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