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Large deviations for Wishart processes

C. Donati-Martin*

Abstract

Let X© be a Wishart process of dimension &, with values in the
set of positive matrices of size m. We are interested in the large de-
viations for a family of matrix-valued processes {5_1Xt(5),t <1l}asd
tends to infinity. The process X is a solution of a stochastic differ-
ential equation with a degenerate diffusion coefficient. Our approach
is based upon the introduction of exponential martingales. We give
some applications to large deviations for functionals of the Wishart
processes, for example the set of eigenvalues.

Key Words: Wishart processes, large deviation principle

Mathematical Subject Classification (2000): 60F10, 60J60, 15A52

1 Introduction

Let B be a m x m matrix valued Brownian motion. We consider a Wishart
process Xy, solution of the following SDE, with values in S;, the set of mxm
real symmetric non-negative matrices:

(11) dXt = 1/ Xt dBt—i-dB;\/ Xt"‘(s[m dt, XO =X,

where z € S;' and M’ denotes the transpose of the matrix M.
We recall the following existence theorem (see M.F. Bru [[l]):

if o >m+1, and z € §;; (the set of positive definite symmetric
matrices), then ([.]) has a unique strong solution in S;'.
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In fact, we can extend this result to a degenerate initial condition, and in
the following, we shall allow x = 0. N

We shall look for a Large Deviation Principle for the S;f valued diffusion
with small diffusion coefficient:
{ dXf = e(\/X5 dB; + dBj\/X5) + 61, dt, t <T

(1.2) sl

with 6 > 0. For e small enough, according to the above existence result, ([.2)
has a unique solution Xy € S, for t > 0.
Note that this problem is equivalent to look for a LDP for the family of pro-

1
cesses (—Xt(N(S);t < 1) where Xt(Né) denotes a Wishart process of dimension

N, starting from Nz as N — oo.
When m = 1, ([L.1)) is the equation for the squared Bessel process (BESQ) of
dimension 4.

In a previous paper [[], we studied large deviations for BESQ and squared
Ornstein-Uhlenbeck processes. Note that the diffusion coefficient in the
BESQ equation is not Lipschitz and the Freidlin-Wentzell theory doesn’t
apply directly (in the degenerate cases : x = 0 or 6 = 0).We gave three ap-
proaches; the first one was based upon exponential martingales, the second
one uses the infinite divisibility of the law of BESQ processes (and thus a
Cramer theorem) and the third method is a consequence of the continuity of
the I1t6 map for the Bessel equation (not square), a property proved by Mc
Kean [fi].

We also refer to Feng [[] for the study of a LDP for squares of Ornstein-
Uhlenbeck processes.

In the matrix case, due to the restriction on the dimension d, the laws Q% of
the Wishart processes are no more infinitely divisible. Moreover, we have no
analogue of the Bessel equation for the square root of a Wishart process.
Thus, we shall focus on the exponential martingale approach to extend the
LDP in the matrix case. Since the delicate point is for a degenerate initial
condition, we shall assume that z = 0.

We denote by Cy([0,T]; S;") the space of continuous paths ¢, from [0, 7] to
S such that gy = 0 and ¢, € S for t > 0.

The main result of the paper is:

Theorem 1.1 The family P of distributions of (Xf;t € [0,T]), solution of



([2), satisfies a LDP in Cy([0,T]; SF) with speed €2 and good rate function

1

13) 1) =5 [ Tlhleok)ds ¢ C0.T)S)

where ky(s) is the unique symmetric matriz, solution of

(1.4) ko(8)(s) + @(s)kuls) = 2((s) — 01,0), 5 > 0.

Remark: In the real case (m = 1), we obtain (see [J]),

I(p) = % /0 7@(25 O s,

The outline of the paper is the following. In Section 2, we prove an expo-
nential tightness result for the distribution P of X¢. In section 3, we prove
Theorem 1.1 using the approach of exponential martingales. In Section 4,
we discuss the Cramer’s approach, using the additivity of Wishart processes,
when we put some restriction on the parameter §. In section 5, we give some
applications of the contraction principle to obtain a LDP for some functionals
of the Wishart process.

2 Exponential Tightness

We follow the same lines as in [J, Section 2|, that is, we prove exponential
tightness in the space C, of a-Hélder continuous functions with o < 1/2.

_ llot—esll ; +
Let a < 1/2 and set [|¢p||a = SUPg< <t oo Where |.]| is a norm on S;.
Since all the norms are equivalent, we shall choose a suitable norm and we
consider in this section ||M|| =", i, [Mi;].

Proposition 2.1 The family of distributions P. of X¢ is exponentially tight
in Cy, in scale €2, i.e. for L > 0, there exists a compact set K in C, such
that:

(2.1) limsupe?In P(X€ € K1) < —L.

e—0

Proof: Let us fix o/ € (a,1/2) and R > 0. The closed Hélder ball B,/ (0, R)
is a compact set of C*([0, 1]).



Thus it’s enough to estimate P(||X¢||,» > R). For simplicity, we assume
T=1.

[ XN < MF[lar + om0
where M€ is the martingale defined by

M = e(\/X§ dB, + dB;/ X}).

Bounds for | M¢||,. We shall use Garsia-Rodemich-Rumsey’s Lemma which

asserts that if
|| Mg — M¢
/ / | ||>dsdt <K
p(|t — s))

|t—s|
g - bl <8 [ W AR ) dpla).
0

Take U(x) = e« * — 1 for some 0 < ¢ < 1/2 and p(z) = /2. So ¥~ (y) =
% log(1 + y). This yields (see the same computations in [J]):
(2. 2)

Mf — M¢
M5a>R <P eXp ceZu dsdt > K +1
It — s|1/2
— S

with K = i(e(ce 8 )=t _ 1) and Ky = 2sup,p y u'/?" log <

Now by Markov’s inequality,
My — M
{exp €2 I ||)] dsdt.

| $|1/2

then

23) P(IIMla > R)

Now, for a matrix M,

exp(A[[M[[) = [ [exp(A[My]) < [ [lexp(AMi;) + exp(=AM;;)]

0] 4,J

< m?max[exp(AM;;) + exp(—AM,;)]
< m? Z[exp()\Mij) + exp(—AM;;)]
Thus, |
Elexp(A[|M; — MEH)]
<m Z [exp(A M ,(t) — Mf](s))] + E[GXP(_)‘(M;J‘(@ - ij(s))])

< 2m" max Eexp(2A* (M ;)%)]
(2%) ’



where we use in the last inequality the exponential inequality for continuous
martingales

Elexp(A\Z,)] < Elexp(20*(Z),)].

Now,
t
€ 2 € €
(ME). = e / (X5(w) + X (u))du

¢
< 62/ Tr(X)du.

Set Y := Tr(X¢), then, Y is a squared Bessel process, solution of the
following SDE

(2.4) { ;z/x:u_zo 2e,/YEdB, + om dt
e =

with § a real Brownian motion. Thus, we obtain:

ME — M¢€ 22¢2 [t 1/2
e (e TN | < 2t {2 e (22 [viau) |}
1 ¢ 1/2
(2.5) < 2m4{t—/ E [exp (2¢%¢%Y) ] du}

(by Jensen’s inequality). Thus, we obtain:

1/2
2m?
2.6 P(||M¢||la > R) < sup F [exp(2cte Y ,
26)  PUMaz B < 2 {uem [exp(2ce Y,
where K + 1 = Cexp(cRe?/8) and C' a constant.
Now,
-2
Elexp(2c¢2¢ 2Y5)] = Q1 [exp(2¢2X,)]
where ? denotes the distribution of a squared Bessel process, starting from
x, of dimension p. The Laplace transform of the BESQ is known ([f]) and
we obtain: for ¢ < 1/2,
-2 _mée—?
50 [exp(2¢°X,,)] = (1 — 4c®u) ™ 2
implying
P(”MeHa’ > R) < CmAmée’Q‘efcRe’Q/S

for a positive constant A. Thus,
lim limsup €’ In P(|M¢||os > R) = —co. O

R—+o00 0



3 Proof of Theorem i1

From the previous section, we need to prove a weak LDP, that is to prove
the upper bound for compact sets. We assume that 7= 1. According to [},
we shall prove:

i) Weak upper bound:

(3.1) lim limsup €2 In P(X° € B,(¢)) < —1(p)

r—=0 0

where B, () denotes the open ball with center ¢ € C2([0,1]; S) and
radius 7.

ii) Lower bound : for all open set O C C2([0,1],;S5),

(3.2) liminf € In P(X€ € O) > — inf I(yp).
e—0 pe0

3.1 The upper bound

We denote by M,,, resp. S,, the space of m x m matrices, resp. symmetric
matrices, endowed with the scalar product:

(A, BY = Tr(AB)).

The corresponding norm is denoted by [|Allz. Set H = {h € C([0,1];Spn) :
h € L*([0,1);S,)}. For h € H let

M" = exp (;2{ /0 Tr(h(s)(dXE — 61, ds)) — %(ze, Ze>t}) <1
where .
Zf = / Tr(h(s)\/X<dBy + h(s)dBiA/X¢).
(7%, 7Y, — 4 /O Tr(h(s)X* h(s))ds.

Me®" is a positive, local martingale. In fact, using a Novikov’s type criterion
(see [, Exercise VIII.1.40], [F]), we can prove that M¢" is a martingale, then,



E(M™) = 1.
By an integration by parts, we can write:

1
Mo = exp (—2<I>(X€; h))
€

with
B(p:h) = Gl h) — 2 / Te(h(s)p(s)h(s)) ds

and

Glih) = Te(hi (01 — 61,,)) — / Tr((is — 851,,)hs)ds

for ¢ € Co([0,1]; S).
Remark: If ¢ is absolutely continuous, then,

Glpih) = / Te(h(s) (¢ — 61, ds))

For ¢ € Co([0,1]; 1), h € H,

1

€ € Mf’h
P(XT€B,(g) = P|X €Blo) i
h

1
< exp (——2 inf (1

€° YEBr(p)

>) BOMM
< RS
— eXp 62 1/1€BT(4p) I ?

which yields :

limsupe?In P (X € B,(¢)) < — inf ®(;h).
e—0 »EBy ()

For h € H, the map ¢ — ®(p; h) is continuous on Cy([0, 1], S;'), so that

lir%limsup EIn P (X® € B.(p)) < —®(p; h).

e—0

Minimizing in A € H, we obtain:

lim lim sup €% In P (X € B(p)) < —sup ®(¢; h).

r—0 0 heH



Proposition 3.1 For ¢ € Cy([0,1];S5),

sup ®(p; h) = I(p)
heH

where () is defined by (L.3).

Proof: Since ¢ € Co([0,1];S;h), fol Tr(hspshs)ds > 0 for h # 0. Replacing
h by Ah for A € R, we can see that

1 G?(p; h
J(p) :=sup ®(p; h) = = sup — (i) )
heH 8 heH fo Tr(hspshs)ds

We assume that J(¢) < oo. We denote by ||A|| 2, the Hilbert norm on
Co([0,1]; S given by

1
1Al2sq, = / Te(hpoh)ds.

The linear form G, : h— G(y; h) can be extended to the space L*(p) and
by Riesz theorem, there exists a function k, € L?*(p) such that

1
(3.3) Glyih) = [ Tolhupik (s))ds
0
Thus, ¢ is absolutely continuous and we have
1 1
(3.4) / Tr(hs(os — 01,))ds :/ Tr(hspsky(s))ds
0 0

for all symmetric matrix h(s). Let k, be given by ([.4). We refer to the
Appendix for the existence of an unique solution of ([L.4). Then, it is easy to
see that (B.4) is satisfied for all A symmetric. Moreover, by Cauchy-Schwarz
inequality,

1 1
/ Tr(hypok,(s))ds < / Tr(hypohs) /2 Tr(k () sk(s)) /2ds
0 0

1 1
< ([ Telhp)ds) ([ Talha(s)oko()ds)
0 0
with equality for h = k..
1 2(p;h
Thus, = sup M =1(p).
8 heL2(yp) ||h||L2(<p)
Now, the equality between I(y) and J(¢) follows by density of H in L*(y).
0



3.2 The lower bound
In order to prove the lower bound, we first prove

limionf EInP(X € B, () > —1(p)

for all 7 > 0 and for ¢ in a subclass H of Cy([0, 1]; ;). Then, we shall show
that this subclass is rich enough.

Set H the set of functions ¢ such that I(¢) < oo and s.t. k, defined by ([-4)
belongs to H.

For ¢ € H, set h, = ikw As in the previous subsection, we introduce the

new probability measure A
P = M P

where P is the Wiener measure on C([0,1]; My,). Under P,

.2 [t
B, :BH—E/ (/T ho(s)) ds
0
where B is a Brownian matrix on P.
Thus, under P, X solves the SDE
AXf = e(\/X{dB; + dBj\/X§) + (2(XEhy(t) + ho (1) XE) 4 01, )dt.

Under P, Xf a'—sg VU, solution of

AV, = [2(Vhy(t) + hy(£) W) + 61, dt
ie.
By = 81, = 2AWhy (1) + b)) = (Beho(0) + k(1))
Since k, is continuous, this equation has ¢ as a unique solution; thus

X[ — ¢y P as.

e—0

and limOP(X6 € B,(p)) =1 for every r > 0. Now,

€ —>

A~

P(X°€B,(p) = P (XE € BMD)ﬁ)

€ YEBy ()

> exp (—12 sup F(?/J;h@)) P(X* € B(p))



which yields :

liminf e’ In P (X € B,(p)) > — sup F(¢;hy)
e—0 YEBy ()

and by continuity of F(., h),

lim liminfe*In P (X¢ € B,(¢)) > F(p; hy) = I(p).

r—0 €e—0

We now prove the:

Proposition 3.2 For any ¢ € Cy([0,1]:S}) such that I(p) < oo, there

exists a sequence @, of elements of H such that @, — ¢ in Cy([0,1];S;})
and I(p,) — I(p).

Proof: We follow the same lines as in the proof of the corresponding result
for the scalar case in [J].
a) First, let us show that the condition I(¢) < oo implies that

From the scalar case, we know that:

(3.5) TRLIC2))

t—0

= om.

Indeed, Tr(X[) satisfies a LDP (see (B.4)) with rate function given by J(g) =
g 01 %ds and J(g) < oo implies that lim; @ = om. (see [{], [@])-
From the upper bound, the condition /(¢) < oo implies that J(Tr(p)) < oo

and thus (BF) is satisfied.

10



Let us denote [|A||; = Tr(JA|) and ||A]], = (Tr(]AJ*))"/? for a matrix A.
t
loe=dttnlls = 1 [ (¢~ 5Ln)ds |
0
1 t
= 51 [ kel + hotoli
1 t t
< 3 ledklhds+ [ redids)
t
< [ VB IVEk(9lads

) BT ok o)) s

([ 1stesas) " ([ 1)) "

1/2

IN

Thus,

12— snall < (3 [ 8La) " ([ 1ehatorpbonas)

According to (B.5), the first term in the RHS is bounded and the second
tends to 0 as t tends to 0 since I(y) < oo.

b) As a second step, we approximate ¢ by a function ¢ such that k, €
L*([0,1]; S,n). Set

Pr(t) = 0tln, t<r/2
U (t) =0r/2 Iy + (t —7/2)a,, r/2<t<r
Ur(t) = (1), t>r

where the matrix a, is chosen such that 1 is continuous in r. Let &, the
solution of ([[.4) associated with 1. Since ky(s) = 0 for s € [0,7/2], and
¥(s) is invertible for s > 0, ky, € L*([0,1];Sy). Obviously, Yy —> @ in

Co([0, 1]; 85,).

It remains to prove the convergence of I(v,) to I(p), or that

[ mss)elk(s)ds — 0.

/2 r—0

11



[ mtheekehds = [ T - dL)ds

r/2 r/2

_ / " Tr(y(s)(ar — 61,))ds.

r/2
Note that a, and ky, (s) for s € [r/2,r] are diagonalisable in the same ba-
(r)
sis with respective eigenvalues: (agr))i and k;(s) = —6” and that,
or/2+(s— r/2)
according to step a), lim0 azm = ¢. Thus, for r small enough,

/ ' Tr(ky (s)1h(s)ky(s))ds = / ' > (@ = 9)" ds < 1/527%:((1@—
r/2 r2 5 0r/2 4 (s — r/2)a§r) B —

and the last quantity tends to 0 as r tends to 0.

c¢) Thanks to b), we must find an approximating sequence ™ of ¢ in H
for ¢ satisfying k, € L*
Let k™ be a sequence of smooth functions with values in S,, such that k™
converges to k, in L*([0,1],S,,). Let ¢™ be the unique solution of

{ QI § A SO QIR
M

Since

el ||</ ot rds<2/ L™ 1% ds + 5,

the Gronwall inequality shows that

sup sup ||| < oo
n  tel0,1]

where we have chosen the operator norm on the set of matrices in the previous
inequality. Another application of Gronwall’s inequality entails that:

sup [|¢r — i || — 0.
te[0,1] n—oo

Now, the convergence of I(¢™) to I(y) follows from the convergence in L?
of k™ to k, and the convergence in L>([0,1]) of o™ to . O

12



4 The Cramer theorem

Let Q° denote the distribution on C(R,S;.) of the Wishart process of di-
mension 0 > m + 1, starting from x € S;. We recall the following additivity

property (see [M]):
5 & _ i+
Qx D Qy - Qery :

Let 6 > m+ 1 and take e = ﬁ, then X¢, solution of ([[.3) , is distributed as

L3 X; where X; are independent copies of Q2. From Cramer’s theorem
([B] chap. 6), we obtain:

Theorem 4.1 Let 6 > m + 1. The family P of distributions of (X;;t €
(0,T]), solution of ([.Q), satisfies a LDP in Cy([0,T); S\ with speed € and
good rate function:

(1) Vo= s ( [ ) —am).

where
(12) Ao =1 % (e | ) T(Xdw) )|

The Laplace transform of the @Q° distribution can be computed explicitely
in terms of Ricatti equation, extending to the matrix case, the well known
result for the squared Bessel processes (see [§], [B, Chap. XI]).

Lemma 4.2 Let p1 be a positive S, -valued measure on [0, T]. Then,
(4.3)

Q2 (exp(- [ T ) = ol T O exn(l [ T

where F,(s) is the Sy, -valued, right continuous solution of the Riccati equation

(4.4) F+F*=pu, F(T)=0.

Proof: From Ito’s formula,

F.(t)X, = F.(0)z+ / tFM(s)dXS+ / tdFM(s)XS

= RO [ R [ aeox - [ mex, o

13



Consider the exponential local martingale

zi= e (5 [ Wm0~ § [ TEGXE )

where My = X, — 01, s. Then,

2= e (5 (TR0 = 1B 0)0) 5 [ TR — [ Tt ).

Now, X, is positive and F,(t) is negative'. Thus, Tr(X,F,(t)) < 0and Z, is a
bounded martingale. The Lemma follows from the equality F(Zy) = E(Zr).
UJ

Remarks:
1. The condition F(T') = 0 in (f.4) is equivalent to F(T—) = —u({T}).

2. Taking dus = 206;(ds) where © is a symmetric positive matrix, we
find that F,(¢t) = —20([,,,+2(1—1)©)!, t < 1, from which we recover

(see [I):
(4.5)

Q° (exp(— Tr(X,0))) = det(I,, + 20) % exp(— Tr(z(I,, +20)7'0)).
For m = 1, this example is given in [J], Subsection 8.3.

Let us try to make the correspondence between ¢ and p in (@) If pisa
negative measure, then, from (f.3),

| It =8 = [ ol —5 T, 0)0)=5 [ TP (6

Since du(t) = —%(Ft + F?), an integration by parts gives:
(4.6)

T 1 /T ' 1 /T

| i) =80 = 5 [ TP 0L [T ()0 ds

The optimal function F(s) giving the supremum in ([£.§) solves the equation:
G5 — 0L = psF(s) + F(s)ps

that is F'(s) = k,(s)/2 where k, is the solution of ([.4), and for this F', the
RHS of (£.§) is exactly ().

1See the Appendix (A.2)

14



5 Some applications

From the contraction principle, we can obtain a LDP for some continuous
functionals of the Wishart process X°¢.

5.1 The eigenvalues process

Let (A<(t) = (A{(t),...,A,(t));t € [0,T]) denote the process of eigenvalues
of the process X°¢.

Proposition 5.1 The process A satisfies a LDP in Cy([0,T],R") with rate
function:

(5.1) () = %Z/O %dt.

Remark: (\(t)), is solution of the SDE (see [l]):

AN (1) = 26/ A5()dBi(1) + {6+ €2 %}dt
kAi b

from which we can guess the form of the rate function J in (B.d]) since the
drift b, in the above equation satisfies be(\) — 0. Nevertheless, since the drift

be(A) explodes on the hyperplanes {\; = A;} and the diffusion coefficient is
degenerate, the classical results (see [§, Theo. V.3.1]) do not apply.

Proof of the Proposition According to the contraction principle,
J(z) = inf{I(p);ev.(p) = x}.

Write ¢; = P{lAtPt where A is the diagonal matrix of eigenvalues of ¢; and
P, is an orthogonal matrix. Then,

th — Pt_lAtPt + Pt'_lAtPt + Pt_lAtPt.
We denote by k; the matrix Pk, (t) P, where k,, solves ([4). Then,
Tre(ky ()(t)k,(t)) = Tr(kA(Dke)

and

kij(E)Ai(t) + ki (D) A;(8) = 2(Xs(t) — 0)85; + Ri;(t)



where the matrix R is defined by

R(t) = PtPtilAt + AtPtPtil.

Now, it is easy to verify that R (t) = 0, thus:

LA (A1) — 0)? RE()A;(t)
Tr(kA(t)ky) = — —
r(keA(t)ke) Z 0 +;)\i<t)+)\j(t)
and the infimum of the above quantity is obtained for R = 0, corresponding

to P, independent of ¢. For this choice, I(¢) = J(A) where A is the set of e.v.
of . I

5.2 A LDP for the r.v. Xj

Proposition 5.2 The r.v. X¢ satisfies a LDP, in scale €2, with rate func-
tion:
1 o mé  mo

(5.2)  K(M)=3Tr(M) - S In(det(M)) — ==+ —=In(3), M € ;.

Remark: For m =1,

1
K(a) = 5[(@ —0) —In(a/d)], a>0
which corresponds (for 6 = 1) to the rate function obtained in the study of

a LDP for a yo(n) distribution as n — oo.

Sketch of proof:

i) Since the application ¢ — ¢(1) is continuous, we must minimize I(p)
under the constraint ¢(1) = M. The optimal path ¢ solves the Euler La-
grange equation (see [, Chap. 7), given in terms of &, by:

2k, (s) + k2(s) = 0,5 € (0,1).

This leads to k;'(t) = 51, + C and ¢(t) = dtl, + t*A with a matrix A
determined by (1) = M. Note that this is the same path as in Section 4,
Remark 2.

Now, it is easy to verify that for ¢(t) = 6tl,, + t*(M — 61,,), I(p) = K(M)
where K is given by (b.2).

16



ii) Of course, we can compute K directly, using the Laplace transform
([{.3) (with = 0) and then,

K(M) = sup{Tr(OM) + gln(det( —20))}.
e
The optimal Oy is given by M = §(1,,, — 26,) ™"

5.3 A LDP for the largest eigenvalue

Let us denote by A the largest eigenvalue of the Wishart process X°¢.

max

Proposition 5.3 The process {\S,,.(t),t € [0,T]} satisfies a LDP in Cy([0,T; R,)
with rate function given by

Lo (f) = inf{J(2), 2 = (f, 22, ..., xm),x:(t) < f(t) fori=2,...m}

where J is given by (5.1).
For f belonging to a class of functions F to be defined in the proof,

T (§f _ 52 T (f —§)2
(5.3) [mam(f):%[/O %dw(m—n/o %]

where f(t) = 0t +infy<,(f(s) — s).
Proof: We assume that the eigenvalues are given in decreasing order: \;(¢) >

Aa(t) > ... > Anld).

According to the contraction principle, I,,,, is given by the minimium of :

1o [T (@(t) — 0)?
_ 2t Z/ (#:(t) —9) dt
8 —='Jo (1)
under the constraint {x;(t) < f(t),i =2,...m} with z; = f fixed.
Set
1 [T
T
F' is a convex function on Cy([0,T); R+) and introduce the convex function

Gsly) =y —f € C([0, T);R).
The problem is to minimize F(y) under the constraint G(y) < 0.
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To f, we associate the measure ¢ associated to the Ricatti equation
2up = H +H? on (0,T), H(T) = =244(T)

(f(t) - 8)

2/(t)
Then, we define the measure djis(t) = dus(t)1(s@)=f())-

with H; =

Let F = {f;dfis is a positive measure on [0, T]}. For f € F, let us show
that the Lagrangian

L(y,p) = F(y) + (G (y), 1)

has a saddle point at (f, jif), i.e.,

(5.4) L(fs ) < L(f, i) < Ly, i)

for all y € Cy([0,7T"); R,) and all positive measure p.
The first inequality follows from

<Gf(i)vu> <0= <Gf(i)7ﬂf>
since supp(fif) C {t, f(t) = f(t)}.

For the second inequality, we must show that f minimize F/(y)+(Gy(y), fis).
The optimal path of this problem of minimization solves the Euler- Lagrange

equation (see [H]):

d (0g, . ag, . _ ag, . -
5.5) — | = = — 0, T — = —(T).
655) 55 (o)) = Ghti) +s o0 1), (F0i)) = =s(1)
with g(a,b) = (bgj)Q. The auxiliary function H; = (92(;)(;)5) associated to the

optimal path y satisfies the Ricatti equation:
26y = H+ H* H(T) = —2ji;(T).

By the choice of iy, it is easy to see that f solves the Euler-Lagrange equation
(FA) (or the associated Ricatti equation).

According to Luenberger (Theo2, Section 8.4), the existence of this saddle
point implies that :

f minimize F'(y) under the constraint Gy(y) < 0.0

For a fixed time, we have the following result:
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Proposition 5.4 The r.v. XS, (1) satisfies a LDP in Ry with rate function

max

gien by
a 0 by 0 :
(5.6) Kpaz(a) = 575 In(a) — 3 + 3 In(d) ifa>0o
a 0 § 9
. = - — — —_ = — ) <
(5.7) Kpae(a) =m <2 5 In(a) 5 + 5 ln(é)) ifa<9§

The proof is immediate from (p.2). We minimize K (M) under the constraint
||M|| = a, where ||.|| denotes the operator norm.

6 Appendix

(A.1) On the equation AX+XA = B.

Let A and B two symmetric matrices, with A strictly positive. We are looking
for a symmetric matrix X, solution of the equation ( see ([.4)):

AX+XA=B (x)

Since A is symmetric, let P and D be orthogonal and positive diagonal
matrices such that A = P~'DP. Then, from (%), the symmetric matrix
X = PX P! satisfies:

DX +XD=PBP ' =B

that is:

N B;;
and X;; = T +] 7 Thus, X is uniquely determined.
i T4

(A.2) On the Riccati equation.
We consider the Ricatti equation (see (f.4)):

(6.1) F+F>=pu, F(T)=0.
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F(t) = C+ pu(]0,t]) — /Ot F?(s)ds

where C' is chosen that F(T) = 0. We diagonalize F(t): F, = P, 'D,P,
with D; the matrix of eigenvalues of F; and P, orthogonal. Then, the Ricatti
equation can be written as:

D(t) + D*(t) = P(O)u:P~\(¢) + R,

where R is a matrix, whose diagonal entries are zeroes. Set v = PuP~!, then
v is a positive S -valued measure and the eigenvalues of F' satisfy the scalar
Riccati equation:

di(t) + di(t) = va(t), di(T) =0

with v; a positive measure on [0,T]. We know (see [d], Chapter XI) that
d;(t) < 0 (d; is related to the decreasing solution of the Sturm Liouville
equation ¢ = ¢;v;;). It follows that the matrix F'(¢) is symmetric negative.
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