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RATES OF CONVERGENCE FOR POINTWISE CURVE ESTIMATION
WITH A DEGENERATE DESIGN

STEPHANE GAIFFAS

Laboratoire de Probabilités et Modéles Aléatoires, U.M.R. CNRS 7599
and Université Paris 7, 175 rue du Chevaleret, 75018 Paris
email: gaiffas@math.jussieu.fr

ABSTRACT. The model of nonparametric regression with a random design is considered.
We want to estimate the regression function at a point o where the density of the design
is vanishing or exploding. Depending on assumptions on the local regularity of the re-
gression function and on the local behaviour of the design, we find several minimax rates.
These rates lie in a wide range, from slow rates of order ¢(n) where £(n) is slowly varying
(for instance (logn)™!) to fast rates of order n™*/2/(n). In particular, if the modulus
of continuity at zo of the regression function can be bounded from above by a regularly
varying function of index s, and if the density of the design is regularly varying of index
[, we prove that the minimax rate of convergence at xo is of order nfs/(HQS*ﬁ)E(n).

1. INTRODUCTION

1.1. The model. Suppose that we have n independant and identically distributed obser-
vations (X;,Y;) € R x R such that:
(L.1) Y = f(Xi) + &,
where f : R — R is the regression function and where the variables (&;)i=1, .. (the noise)
are centered Gaussian of variance o and independant of X,, = o(X1,..., X, ), the o-algebra
generated by the variables (X;)i=1,.,. The variable Y; is then a noisy observation of the
function f at the random point X;. Let xg € R be the estimation point. The random
variables (Xj;)i=1,.n (the design) are distributed with respect to a density p. Take for
instance the density
B+1 8
pz) = |z — xo|"Lo,17(2),
I'g+1 + (1 _ xo)ﬁ+1 [ }
for zyp € [0,1] and B > —1. When § > 0 this density models a lack of information at
the point zg quantified by the parameter 5. Conversely, when —1 < 3 < 0, g models an
exploding quantity of information at xy quantified by (.

1.2. Motivations. The pointwise estimation of a regression function is a well-known prob-
lem which has been intensively studied by many authors. The first authors who computed
the minimax rate over a nonparametric class of Holderian functions are Ibragimov and
Hasminski (1981) and Stone (1980). Over a class of Holderian functions of smoothness pa-
rameter s, the local polynomial estimator converges with the rate n=5/(1%25) and this rate is
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2 STEPHANE GAIFFAS

optimal in the minimax sense. Many authors worked on related problems: see for instance
Korostelev and Tsybakov (1993), Nemirovski (2000), Tsybakov (2003). Nevertheless, these
results require that the density of the design is non-vanishing and finite at the point of
estimation. This assumption roughly means that the information is spatially homogeneous.
The next logical step is then to look for the minimax risk at a point where the density of
the design g is vanishing or exploding. Such a result would improve the understanding of
the case of very inhomogeneous distribution of the observations. Hall et al. (1997) answer
this question in the case of a Holder type smoothness of order 2: if yu(z) ~ 2 near 0, where
B > 0, the authors show that a local linear procedure converges with the rate n~4/(6+6)
when estimating f at 0. The optimality of this rate is also proved. Guerre (1999) considers
in a more general setup for the design the case of a Lipschitz regression function and in
particular extends the result of Hall et al. for 8 > —1. We intend here to develop the
estimation of the regression function when the design is degenerate in a systematical way.

1.3. Results. The rates of convergence are given in the minimax sense. Let us define the
pointwise minimax risk over the class ¥ (see 3.2 for a definition):

. n 1
(1.2 Ry (5. o 20) 2 (infsup B, {IT; — f(x)}) ",
n fez

where infp,, stands for any estimator T,, based on the observations (1.1), z¢ is the point
of estimation and p is some positive number. The expectation E;} u in (1.2) is taken with
respect to the joint probability P?u of pairs of random variables (Xj;,Y;)i=1,. . In this

paper we prove that the following minimax rates hold:
rn = 0¥ T2 () as n — +oo,

where a,, < b, means 0 < liminf, a,/b, < limsup,, a, /b, < +oo, and where s > 0 is the
local (around z() smoothness parameter of the regression function, and (3 is a parameter
describing the local behaviour of the design density. More precisely, if the modulus of
continuity of the regression function f at xg is bounded from above by a regularly varying
function w at 0 of index s (if w(h) = rh® for instance, we find a classical Hélder ball of
radius r) and if the design density p has the form v(|-—z¢|) close to zy where v is regularly
varying of index 3 > —1, the minimax rate r, of estimation at xg is of order:

n—s/(1+25+6)£w7y(n),

where £, ,, is a slowly varying function depending on w and v. When 3 = —1 it is noteworthy
that
Ty X n*1/2€w7,,(n),

which is barely a minimax parametric rate of estimation up to the slow term ¢. We consider
also the framework of I'-variation for the density of the design, including densities behaving
like exp(—1/|x — zo|®) for > 0 at zp (which is an example of function vanishing at xg
faster than any power function). We show in this I'-variation framework that the minimax
rate is slow, and in this latter example

rn = (logn) =/,

When the design is regularly varying or I'-varying, we prove that

rn = w(hy),
where h,, (the bandwidth) is the smallest solution of the bias-variance equation:
w(h) = ——

/nF,(h)’
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where o is the noise level (o2 is the variance of the &;) and where F,(h) = foh v(t)dt.

1.4. Adaptation. Forthcoming results concern adaptation in regularity and design. The
procedure considered in this paper heavily depends (via the bandwidth h,) on the smooth-
ness parameter of the regression function and on the behaviour of the density of the design
at the point of estimation. An extension of this result is then to look for a procedure able
to estimate the regression function without an a priori knowledge on the regularity of the
regression function nor the density of the design. On design adaptation, see Guerre (1999),
Guerre (2000) and on pointwise regularity adaptation see Cai and Brown (1998), Lepski
(1990), Lepski et al. (1997), Lepski and Spokoiny (1997), Nemirovski (2000), Spokoiny
(1998) among many others.

1.5. Organisation of the paper. We introduce in section 2 the local polynomial estima-
tion procedure, we define our estimator in definition 2.1. We give a bias-variance decom-
position in proposition 2.3, conditional on the design. In section 3 we assume the design is
regularly varying, and we give upper and lower bounds in theorems 3.6 and 3.7. In section
4 we assume the design is I'-varying. The upper and lower bounds are stated in theorems
4.7 and 4.8. Section 5 is devoted to the proofs, and the sections A and B recall technical
results of the Karamata theory (regular variation) and the de Haan theory (II-variation,
I-variation).

2. LOCAL POLYNOMIAL ESTIMATION

2.1. Introduction. The local polynomial estimator is well-known and has been intensively
studied (see Stone (1980), Fan and Gijbels (1996), Spokoiny (1998), Tsybakov (2003),
among others). If f is a smooth function at xg, it is close to its Taylor polynomial at zg: a
function f € C*(zo) (the space of k times differentiable functions at xo with a continuous
k-th derivative) is such that for any x close to xz:

F® (o) (x — ao)*
k! ’

Let h > 0 (the bandwidth) and k € N. We define ¢; 5 (z) £ (““"_—h“’)J and the space
Vieh = Span{(¢;,n) j=o,....k}-

For some fixed non-negative function K (the kernel) we define the weighted pseudo-scalar
product:

(2.1) f(@) & f(xo) + (o) (w —w0) + ... +

(22) (g 2 3 TXg K (F0),
i=1

and |||,k the corresponding pseudo-norm (K > 0). In view of (2.1) it is natural to consider
the estimator defined as the closest polynomial of order k to the observations (Y;)i=1,. , in
the least square sense, that is:

(2.3) fn = arg min |lg = Y| g
9€Vik,n

Then ﬁ(mo) is the local polynomial estimator of f at xg. A necessary condition for ﬁ to
be the minimizer of (2.3) is to be solution of the linear problem:

(2.4) find f € Vi, such that Vo € Vi, (F, Oni = (Y, )ik
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The estimator ﬁl is given by:

o~

(2.5) Fo=rpy,
where

(2.6) Py =0opon + 0110+ ... + Opdp s
with @\h the solution, whenever it makes sense, of the linear system:
(2.7) XKg=vK,

where XhK is the symmetrical matrix with entries, for 0 < 5,1 < k:
(2.8) (XE)j0 = (Dsn s GLudni,

and Y,If is the vector defined by:
YE =Y, ¢jnnr;0<j<k).

We assume that the kernel K satisfies the following assumptions:

Assumption K. K is a non-negative function such that:

Supp K C [-1,1],

K is symmetrical,

Koo = sup, K(z) <1,

There is some p > 0 and k > 0 such that Vx,y € Supp K, |K(z)— K (y)| < plz—y|".

Remark. The conditions on the kernel K are satisfied by all the classical kernels used in
nonparametric curve smoothing. The first assumption is used to make the kernel K localise
the information around the point of estimation zy (see (2.2)). The last one is technical.
The two other ones are used for the sake of simplicity, since we only really need the kernel
to be bounded from above.

Let us define:
Ny = #{X; such that X; € [xg — h,zo + h|},
the number of design points falling in the interval [z¢ — h, 2o + h], and we define the random
matrix (measurable with respect to X,,)

K A -1~y K
XL N XK

The matrix X,f( is a ”renormalisation” of the matrix XhK . We will see that this matrix
is asymptotically non-degenerate with a large probability in the context of section 3 (see
proposition 5.2). Actually our estimator is a bit different from the classical local polynomial
estimator (defined as the solution of the linear system (2.7)) that can be found in the
literature. For technical reasons, we need to introduce a ”correction” term in the matrix
XhK . For a fixed bandwidth h > 0, our estimator is defined as follows:

Definition 2.1. Given some / > 0, we consider #, defined by (2.5) with 9), the solution,
when it makes sense (if N, ; = 0 we take f; = 0), of the linear system:
(2.9) XK =Yk,
where:

Xi X0+ NGl ey e
with A(M) standing for the smallest eigenvalue of a matrix M, and Iyy; denoting the
identity matrix in R**1,
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Remark. One can understand the definition of the matrix ihK as follows: in the ”good”
case, that is when the matrix Xf is non-degenerate (the smallest eigenvalue of Xff( is not

too small: A\(XK) > N;,llﬁ), we solve the system (2.7), while in the "bad” case we still have
a control on the smallest eigenvalue of )~(hK (that we need in the proof of the upper bound),
since A(f(hK) > N:L/hQ.

2.2. Bias-variance equilibrium. A main result on the local polynomial estimator is the
bias-variance decomposition. This is a classical result, many times presented in different
forms: see Cleveland (1979), Goldenshluger and Nemirovski (1997), Korostelev and Tsy-
bakov (1993), Spokoiny (1998), Stone (1977), Tsybakov (1986) and Tsybakov (2003). The
version by Spokoiny (1998) is close to the one presented here. Mainly, the differences are
linked with the fact that the design is random and that we consider a slightly modified ver-
sion of the local polynomial estimator (see definition 2.1). Let us first define the modulus
of continuity at xg:

Definition 2.2 (Modulus of continuity). Let & € N. The modulus of continuity of a
continuous function f at zq is defined by:

(2.10) wek(zo,h) = inf  sup |f(x) — P(x — x0)],
PePy, |z—wo|<h

where Py, is the set of real polynomials of order k.

Remark. It is easy to see when f belongs to a Holder ball of regularity s and radius r that
wrk(zo, h) < rh*/(k!) where k = |s] is the largest integer smaller than s.

We introduce the event

(2.11) OF 2 {X,,..., X, are such that A(X/) > N_ /> and N, > 0}.

Note that on QhK the matrix X}{( is invertible.

Proposition 2.3 (Bias-variance decomposition). Under assumption K, we have on the
event Qf the following decomposition:

(212)  [fa(wo) = f(a0)| S NHAONVEF Thoo (wp (a0, B) + o N, 1),
where vy, 1s, conditional on X,,, a centered Gaussian random variable s.t. E?#{Wﬂ%n} <1

Remark. Inequality (2.12) in proposition 2.3 holds conditional on the design, on the event
QhK . We will see this event has a large probability in the regular variation framework.

Now the problem is, like with any linear estimation procedure, to answer the following
question: how to choose the bandwidth h? A preliminary work is to study the behaviour
of the variance term UZN; }11/ % in the decomposition (2.12). In order to do so, we need some
assumptions on the local behaviour of the law of the design close to the point of estimation

xg. We assume in all the following:

Assumption M. There is some fixed neighbourhood W of zy and some continuous function
v: Rt — RT such that:

(2.13) Vee W, p(z)=rv(lz— zol).

In particular, we assume the law of the design is symmetrical close to zy. The following
result makes a link between the behaviour of the counting process N, ;, (that appears in the
variance term of the decomposition (2.12)) and the behaviour of u close to xy. Actually,
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the regular variation property (defined in section 3) naturally appears under assumptions
on the asymptotic behaviour of NV, ;. This result will motivate assumption R below, that is
the choice of the regular variation framework for the design. Let us denote by P; the joint
probability of the variables (X;)i=1, . n.
Proposition 2.4. Under assumption M, with v monotone, the following properties are
equivalent:

(1) v is regularly varying of index 3 > —1,

(2) There exist sequences of positive numbers (Ap)n>0 and (Yn)n>0, such that limy, v, =

0, liminf,, n)\gl >0, Vo1 ~ Yn a8 1 — +00 and a continuous function ¢ : RT —
R* such that for any C > 0:

Ey{Nn,cvn } ~ ¢(C)An as n — +00,
(3) There exist (Ap)n>0, (Yn)n>0 and ¢ as previously such that for any C > 0 and e > 0:

Nn7C'Yn
P(C)An

The proof is delayed until section 5. It is a consequence of the sequence characterisation
of regular variation (see theorem A.10 for the details).

on,
ngﬁkaAnPﬂ{

—Q>s}:o

3. REGULARLY VARYING DESIGN

3.1. Introduction. The definition and the main properties of regularly varying functions
are due to Karamata (1930). Main references on regular variation are Bingham et al. (1989),
Geluk and de Haan (1987), Resnick (1987) and Senata (1976).

Definition 3.1 (Regular variation). A continuous function v : R™ — R* is regularly
varying at 0 if there is a function ¢ : RT™ — R and a real number 3 € R such that:

3.1 Yy >0, i h)/v(h) = y°.
(3.1) y>0,  lim v(yh)/v(h) =y

We denote by RV(3) the space of functions satisfying (3.1). A function in RV(0) is said
slowly varying.

Assumption R. Assumption M holds with v € RVy(f5) for § > —1. We denote by
¢,(h) £ h=Py(h) the slow term of v.

Remark. Typical examples of regularly varying function (of index ) are z°, 2% (log(1/z))”
for v € R, and more generally any power function times a log or compositions of log to
some power. For other examples, see in the references cited above.

The aim of the following part is to compute the minimax risk for the problem of estimation
at xg when the design is regularly varying at this point in the sense of assumption R. First
we prove upper bounds using the local polynomial estimator, and secondly we prove the
corresponding lower bounds, so the minimax rates will follow.

3.2. The upper bound.

Definition 3.2. For s > 0, a sequence of positive numbers (d,,), going to 0 and w € RVy(s),
we define

Fs, (wo,w) £ {f:]0,1] — R such that VA < 8,, wy(wo,h) <w(h)},
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where k = |s] (the largest integer smaller than s). We define £, (h) = w(h)h™%, the slow
term of w. For a sequence of positive numbers (o), going to +o0o, we define

U(z0,0p, ) = { f :[0,1] — R such that sup |f(2)] < an}
TE€[x0—0bn,T0+0n]

Finally, we define

Eén,an (1'07 w) £ fén (.%'0, W) N U(HUO, 5n7 an)-
Remark. In a classical Holder ball, we estimate the modulus of continuity at zy by some
power function times a constant (the radius). The above class generalizes the Holder regu-
larity, since it estimates the modulus of continuity by a power function times a slow factor.

Thus we find back a classical Holder balls of radius r by chosing the slowly varying function
{,, constant and equal to r.

Remark. Since we are interested in the pointwise estimation of the regression function f,
we only need a regularity assumption in some neighbourhood of zg. In definition 3.2 we
note that the class of functions depends on the number of observations n, and that we only
ask for a control on the modulus of continuity in a decreasing interval [0, d,,] as n increases.
We will see that a natural choice for §,, is the optimal bandwidth h,,, defined below.

Proposition 3.3. Under assumption R, one has, for any positive sequence 7y, going to 0:

Nn 2

n s Im _ < —

Ve > 0, PM{‘QTLFV(%L) 1‘ > 6} < 2exp(—eC1(B)nF, (1)),

where C1(B) = (3/(B+1) +4/3)71/2 when 3 > —1 and C1(B) = 64/13 when 3 = —1.
Then, when nF,(y,) — +00 as n — +00, we have:

No ~ 2nFy, () as n — +oo,

w

where X, ¥ Y,, means lim,, P{|X,,/Y,, — 1| > ¢} = 0 for any € > 0. The equation (2.12) and

the proposition 3.3 together entail, when f € Fj, (x0,w), (the term A(X/) is of the order
of a positive constant when h — 07, see lemma 5.2) that a natural choice for the optimal
bandwidth h = h,, is the following:

Definition 3.4. Let h,, be defined as the smallest solution (well defined in view of propo-
sition 3.5 below) of the equation:

(3.2) wh) = ——,

where F,(h) = foh v(t)dt.
The following proposition gives the existence, the uniqueness and the form of h,,:

Proposition 3.5. Under assumption R and if w € RVq(s) for some s > 0, there is a
solution to equation 3.2 for n large enough. We have limy,_, 4o hy, = 0 and:

(3.3) By ~ o2/ AF2548) =1/ (+2548) g | (1/n) as n — 4o,

where £, is a slowly varying function. When w(h) = rh® (Hélder regularity) for some
r > 0, we have more precisely:

(3.4) Py ~ (J/r)2/(1+25+6)nil/(HQerﬁ)fs,,,(1/n) as n — +o0o,
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where Ly, is again slowly varying. Moreover, if hy 1 and hy 2 are both solutions of (3.2),
then hyp 1 ~ hyo. It is noteworthy that these results still hold when 3 = —1. In this case,
(3.3) becomes:

hy ~ o0~V @), (1/n) as n — 4o0.

Then we plug-in the bandwidth &, in the estimator f, (see definition 2.1):

(3.5) Fa(z0) 2 fun (z0).
The next result tells that the rate
(3.6) 2 w(ha),

for h, given by definition 3.4 is a rate of convergence for the estimator ﬁl(azo) over the
class ¥p,, a, (%0, w), where o, = n7, for any v > 0. Note that v needs not to be known
by the statistician. We need to introduce some notation. Let C(p) = \/2/—wfR+(1 +
t)P exp(—t2/2)dt. We define )\g > 0 as the smallest eigenvalue of the symmetrical and
positive matrix with entries, for 0 < 7,1 < k:

1
(3.7 ()50 = = 1) [ R ).

We choose the sequence 6, = h, in definition 3.2, since we only need to control the bias

term wy (o, h) (see proposition 2.3) for h in the interval [0, h,].

Theorem 3.6. Let us assume K and R with 3 > —1. We assume there exists v > 0 such
that o, =n7. For any p > 0, the following inequality holds:

(3.8) sup EY APl fa(wo) — f(20)[P} < Cp)(AF) PR, (k + 1)P? + 0,(1),
f c Ehn,an (.%'o,w)

where the rate r, defined by (3.6) satisfies:

r o~ 025/(1"’28"'5)n_s/(1+28+6)€w,u(1/n) as n — +00,

where £, is a slowly varying function. When assumption R holds with 8 = —1, and if
K(0) > 0, we have for any 0 < s < 1:
(3.9) sup b dra? | Falzo) — f(20)P} < C(P)K(0) PKE, + 0,(1),

[ € Zh,an (T0,w)

where

Ty ~ 0n71/2£w,y(1/n) as n — +oo.

Remark. When £, is constant and equal to 7 > 0 (f is in an Holder ball of radius r) we

have:
v~ 025/(1+25+6)r(6+1)/(1+28+/3)n—S/(1+25+5)£S7V(1/n) as n — +oo.

Remark. Is is important to notice when § = —1 that the upper bound (3.9) only holds for
small regularities 0 < s < 1, for technical reasons. In this case, it is clear in view of (2.4)
(here k = 0) that the local polynomial estimator is a Nadaraya-Watson estimator, defined
as:
7. () Yo YiK (S52)
n\T0) = X, — .
> K (S522)

n
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3.3. The lower bound.

Theorem 3.7. Under assumption R one has for any p > 0 and n large enough:
(3.10) Rnp(Ehn a0 (T0,w), i1, 0) = Cyrp,

where 1y, is given by (3.6) and Cy is some constant depending on s and p only.

Then theorems 3.6 and 3.7 together entail that r, is the minimax rate of estimation at
the point xy over the class X, o, (20, w).

3.4. Examples.

First example. The simplest example is the case of a non-degenerate design (0 < p(xo) <
+00) with a modulus of continuity of the regression function bounded from above by w(h) =
rh®. This is the common case found in the literature. In this case, the design is actually
slowly varying (8 = 0, with the slow term constant and equal to the limit at z¢), and solving
(3.2) leads to the classical minimax rate:

= O_2s/(1+2s)741/(1+2s)nfs/(1+23)7

where < denotes here and in all this section the equality in order, up to constants depending
on s and (3, but not on r nor o.

Second example. We choose a,v € Rand r >0, s > 0, 8 > —1. We consider v such that
F,(h) = hP*1(log(1/h))® and w(h) = rh*(log(1/h))?. Then h,, satisfies, in view of lemma
5.5 (see the proof of proposition 3.5 and the proof of lemma 5.5 for the details):

By, ~ (1 + 925+ ﬁ)(a+27)/(1+23+6)(O,/T)Q/(1+2s+,8) (n(log n)ox+2’y)71/(1+23+5)7

and then we find the minimax rate:

T < 028/ A4 2546) L (B+D/(142546) (1) (g )@= 7(1H+B)/5) =5/ (142540)

Remark. We note this rate has the form given by theorem 3.6 with the slow factor £, ,(h) =
(log(1/h))O(B+1D)=50)/(A425+8) When ~(1+4 () —sa = 0 there is no slow term in the minimax
rate, although there are slow terms in v and w. Again, if # = 0 and v = sa, we find the
classical minimax rate of the first example, although the terms v and w do not have the
classical forms.

Third example. We consider the case § = —1. We choose a > 1, thus v(h) = (a —
1)h~1(log(1/h))~ is integrable at 0. We have F,(h) = (log(1/h))}~®. We take the same w
as in the second example, with 0 < s < 1 (when 3 = —1, theorem 3.6 holds only for small
regularities). Then we have:

hyy ~ (25)(2w+1—a)/(28) (U/T)l/sn—l/(%) (log n)(a—1—2v)/(28)’

and then:
T X Jn_l/Q(log n)(o‘_l)/Q.

Remark. This rate is barely the parametric rate of estimation (up to the slow log factor).
This is due to the fact that since the design is very ”exploding”, we have a lot of information
at the point of estimation x, thus we can estimate f(xg) very fast. Also, we note the para-
maters of regularity of the regression function (the radius term r and 7) have disappeared
from the minimax asymptotic rate.
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4. T'-VARYING DESIGN

4.1. Introduction. The framework of regular variation includes any design density behav-
ing close to the point of estimation as a polynomial times a slow term. It does not include
for instance a design with a behaviour similar to exp(—1/|z — xg]), prolonged at zy by 0.
This function converges to 0 at xg faster than any power function. Such a choice for the
density of the design can model a very big lack of information at xg, thus it is natural to look
for a framework including such behaviours, and for the corresponding pointwise minimax
risk. In fact such a function belongs to the following class, introduced by de Haan (1970):

Definition 4.1 (I'-variation). We denote by I'Vy, the class of all non-decreasing and con-
tinuous functions v : R™ — RT such that there exists a continuous function p : Rt — RT
with:

(4.1) vy eR, lim v(h+yp(h))/v(h) = exp(y).

We denote by I'Vy(p) the class of all such functions. The function p is called the auziliary
function of v.

We delay the technical properties of this class of functions in section B. Here we assume
the following:

Assumption G. The variables (X;);=1. , satisfy assumption M with a function v € T'Vy.

Remark. A density behaving like exp(—1/|z — x¢|) close to zg satisfies (2.13) with v(h) =
exp(—1/h), where v belongs to I'Vo(p) with the auxiliary function p(h) = h2.

4.2. The upper bound.

Definition 4.2. For 0 < s < 1, a sequence of positive numbers (d,,), going to 0 and
w € RVy(s), we define

Fs, (w0, w) = {f:1]0,1] — R such that Vh < §,, sup |f(z) — f(zo)| Sw(h)},
|z—x0|<h
and as previously we denote by £, the slow term of w. For a sequence of positive numbers
(atn)n going to +00 we define
26n704n ('IO’ w) é ‘7:(5n (:EO? UJ) m u(x(]’ 6n5 an)a

where the class U is given in definition 3.2.

To prove the upper bounds, we can consider two Nadaraya-Watson type estimators. Let
K be a kernel satisfying assumption K, and h > 0 a bandwidth. Let (7,),>0 be a sequence
of positives numbers converging to 0, to be specified above. The first estimator is the
regressogram:

- Y i1 Yilix, —ao|<h
4.2 h) £ == s
(4.2) Folao. ) & S

9

where N, ,, = >0 1)x,—2o|<h- The second estimator is defined by:
A 2 im Yl h(Xi — o)

(4.3 Fulao, ) & S0
n,p, n
where
N r—h z+h
(4.4) Kmh(:v):K(p(h) ) +K<p(tb) ).
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and

n
Fn,p,h 2 ZKPJL(Xi — Zo).
i=1

Since Supp K C [—1,1], the estimator f,(zo,h) makes a local average of the observations
Y; such that X; € [zg — h — p(h),zo — h + p(h)] U [zg + h — p(h),z¢ + h + p(h)], which is
an interval not containing the point of estimation xy. In spite of this, ﬁl(mo, h) (for a good
choice of the bandwith) is minimax (see theorems 4.7, 4.8). If u satisfy assumption G, there
is barely no information at zg, so the procedure actually ”catches” the information ”far”
from xg.

Proposition 4.3. Under assumption K, if f € Fs, (zo,w) and if 0 < h < 0, is small
enough and such that K, ,n > 1y and Ny p > 1y, we have:

(4.5) | Fuo,h) — f(x0)| < w(h) + N, 1 lynal,
~ ——1/2
(4.6) a0, h) = f(wo)| < 20(h) + oK, il mal
where (Y ;) j=1,2 are, conditional on X, centered Gaussian variables s.t. E?,H{Wiﬂ.'{n} < 1L

As in the regular variation framework, the problem of the choice of an optimal bandwidth
arises.

Proposition 4.4. Under assumptions G, K one has for any sequence (yn)n>0 of positive
numbers such that lim,_, 1 v, = 0:

(4.7) PZ{‘% - 1( > e} < 2exp(—£2nF, (1,)/6),
(4.8) PZ{‘% — CK‘ > 5} < 2exp(—Cie®nF, (1)),

where cx £ [ K(y)exp(y)dy and Cy £ C1(K) = (3 [ K*(y) exp(y)dy + 1/3)71/8.

Then in view of proposition 4.3 and proposition 4.4 we define the optimal bandwidth
h = h,, as in the definition 3.4:

Definition 4.5. Let h,, be defined as the smallest solution (well defined in view of propo-
sition 4.6) of the equation:

(4.9) w(h) =

where F,(h) = fh

o v(t)dt.

The following proposition gives the existence and the uniqueness of h,,. Moreover it tells
that h,, is ”large”, since it converges slowly to 0.

Proposition 4.6. Under assumption G there exist a solution to equation 4.9 for n large
enough. We have lim,,_, 1 hy, = 0 and:

(4.10) hn = @(n™),

where @ belongs to the de Haan class 1TV (€) (see definition B.5) with ¢ a slowly varying
function depending on v. Moreover, since IIVo(£) C RVy(0) (see lemma B.6), ¢ is in
particular slowly varying.



12 STEPHANE GAIFFAS

Let us define the rate
(4.11) T 2 w(hn),

where h,, is given by definition 4.5. Then we define ﬁl(azo) £ ﬁl(:co,hn) and f,(zg) £
fn(xo, hy), with n, = rT where 7 > 0, and «,, = r,’ where v > 0.

Theorem 4.7. Under assumptions G, K one has for any p > 0:

(4.12) sup P fa(zo) — f(z0) P} < C(p) + 0n(1),
f c Ehn,an(m'o,w
(413) sSup ?,u{r;p’ﬁl(xO) - f(xO)’p} < C(K7 p) + On(1)7

f € Ehn,an ('IO, C(J)

where 1y, is given by (4.11), C(K,p) is a constant depending on K and p only, C(p) is the
same as in theorem 8.6. Moreover we have:

Ty = Kw,y(n_l),
where L, is a slowly varying function such that limy,_,g+ £, ,(h) = 0.
4.3. The lower bound.
Theorem 4.8. Under assumption G, one has for any p > 0 and for n large enough:
(4.14) Rop(Ehnan (To, w), i1, 20) = Csrp,y

where 1y, is defined in (4.11) and Cy is some constant depending on s and p only.
Then 7, is the minimax rate of convergence over the class Xy, 4, (2o, w).

4.4. Example. We consider a density p satisfying G with v(h) = exp(—1/h®), for a > 0
and we take w(h) = rh® for r > 0 and 0 < s < 1. It is an easy computation to see that v
belongs to the class ['Vg(p) for the auxiliary function p(h) = a~th**!. In this case, we find
the following minimax rate (see section 5.2.1 for the details):

rn < r(log n)fs/a.

As told by theorem 4.7 and 4.8, we find that the minimax rate in this example is very slow.
We note that the parameters s and « are on the same scale.

5. PROOFS

We begin with the proofs of the results on the local polynomial estimation procedure in
the considered model, without assumptions on the density of the design. First we give the
proof of proposition 2.3. In all the following, (-, -) denotes the Euclidean scalar product on
RFL e = (1,0,...,0) € RFFL || - ||l stands for the sup norm in R¥*! and || - || stands for
the Euclidean norm in RFF1,

Proof of proposition 2.3. On QhK we have in view of definition 2.1 that )NChK = XhK and XhK
is invertible. Let 0 < & < 1/2, and n > 1. We can find a polynomial P}L’a of order k such
that -
sup |f(z) — P (2)] < wig(wo, h) + —.
|z—zo|<h f d \/ﬁ

In particular with A = 0 we get |f(xo) — P?’e(x0)| < 2. Defining ), € R¥*! such that

=
P}L’e = Py, (see (2.6)) we get

~ E: ~

[fn(z0) = f(@o)l < —= +[{Oh = On, e1)| =

N + (X)) TIXE (0n — 0n) , e1).

Bl
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Then we have for j € {0,...,k} by (2.4) and (1.1):
(XE O —01)); = (fn — PS, dinng =Y = P, dindn i
=(f =P/ djmnx + Y = [, djnhnxk
=(f- P}w? binnk + (&, dinnk
2 Bhj + Vi,

thus Xf(é\h —0) = B + V3. In view of assumption K, we get:

g
|Bugl =1 = Pr=s dimni| <IF = Pl djnlln g < NopKoo(wr ko, h) + ﬁ%

thus || Bpllce < NpnKoo(wsr(wo, h) + —==). Moreover, since A71(A}) < Ni/,? < n'/2 on
QK we have:

(X)) ™ By en)| < 1K)~ Bl

B

< NXE)HIVE+ 1] Balloc
AN XEWE + 1K owy i (w0, h) + Vi + 1K e,

where we last used the fact that |[M~!|| = A=!1(M) for a positive symmetrical matrix. The
variance term V}, is clearly conditional on X,, a centered Gaussian vector, and its covariance
matrix is equal to o2 XX *. Thus the random variable (XEY=1V},, e1)n.k is, conditional on
X,, centered Gaussian, of variance:

op = o (er, (XI)TXEXE) er) < o¥er, (XE)TXE (X)) e

since K < 1. Then

A& = (= XE2) < | xKer|| < VE+ 1,
z||=1

since X,f( is symmetrical and its entries are smaller than 1 in absolute value. Thus:

v SN AT <N (R + DA,
and the proposition follows. O
Proof of proposition 2.4. (2) = (1): In view of assumption M one has for n large enough

El{Nn.cy,} = 2n foc% v(z)dr = 2nF,(Cv,) thus (2) entails 2n\,1F,(Cvy,) ~ ¢(C) as

n — oo and then F,, € RV in view of theorem A.10. Since F,(0) = 0 we have more
precisely F,, € RVy(«) for a > 0 and since v is monotone, using proposition A.6 we have
IS RVO(Oé — 1).
(3) = (2): Let € > 0. We define the event
Nn.c
aniCe = {|Mnom <o)
"9 =Usiom
Then:
A ER{Nn ey} = A B N, (L o) + 1ac (00) } < (146)0(C) + 0, ' PR{AS(CLe) },
and then lim sup, A, 'E7{ Ny, ¢, } < (1+2)¢(C). On the other side:

M BN, ey} 2 A B Nn,cy 1a, 00} 2 (1= €)(C)P{An(C )},
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and then lim inf, A\, "EZ{Nc,,} > (1 — )¢ (O).

(1) = (3): Let v € RVo(B) and 0 < ¢ < 1/2. If 8 > —1 we define v, = n~ /BT
and theorem A.4 entails F, € RVy(8 + 1), thus we can write F,(h) = h+14,(h) where
¢, is slowly varying. If 3 = —1 we define 7, = n~!, and proposition A.5 entails again
F, € RVy(B + 1). We note that lim, vy, = 0 and v,41 ~ 7, as n — +oo. In view of
proposition 3.3 we get for n large enough:

n Nn,C'yn 2
]P’ﬂ{ O 1‘ > 6} < 2exp(—Cie*(C)An /4),
where we used £, is slowly varying and where we defined \,, £ 2nF,(v,) and ¢(C) £ C*1.
Then we clearly have lim, n\,! = 400 (when 8 = —1, lim, n\;! = lim, £, 1(n™1) = +0c0),
and the proposition follows. O

5.1. Regularly varying design. We define Ky(x) = %1|m|<1 the rectangular kernel.

Proof of proposition 3.3. This proposition is actually a corollary of lemma 5.1 below, for
the choice K = Ky and a = 0. When 3 > —1, the Karamata theorem A.4 entails F,(7,) ~
(1+B8)"1yv(ym) as n — +oo, and entail together with (5.2) the result. When 8 = —1, the
result is straightforward in view of (5.3) for the choice K = K. O

Proof of proposition 3.5. Let us define G(h) = w?(h)F,(h). When 3 > —1, the Karamata
theorem A.4 entails F,, € RVo(8 + 1). When § = —1, the proposition A.5 entails F,
is slowly varying. Thus, in view of proposition A.2, G belongs to RVy(1 + 2s + () for
any # > —1. The function G is continuous and such that lim;_,g+ G(h) = 0 in view of
proposition A.3, since 1+ 2s+ § > 0. Then for n large enough h,, is well defined and given
by hn, = G~ (0%/n), where G~ (h) = inf{y > 0|G(y) > h} is the generalised inverse of G.
Theorem A.9 entails G~ € RVy(1/(142s+ (3)), thus there is a slowly varying function £, ,
such that G~ (h) = h1/(+25+8)¢  (h). Thus:
h, = 0_2/(1—1—25—}—6)n—l/(1+25+6)€w (0’2/’11) ~ O_2/(1+23+B)n—l/(1+25+6)€w7y(1/n) as n — 400,

N4

where we used £, , is slowly varying. When w(h) = rh®, we can write more precisely
hn, = G=(02/(r?n)), where G(h) = h**F,(h), so (3.3) and (3.4) follow. The asymptotic
equivalence of any solutions h, 1 and hy, 2 is given by the theorem A.9. O

Study of the term )\(X}{i ). We recall that the matrix XX is defined as the symmetrical

and non-negative matrix with entries, for 0 < j,1 < k, (X,f()j,l = Ky h,j+1, where:

n
V74 - Xi — o O‘F, Xi — o
n,h,a—AN]ll < ‘ > < >a
it 2 1 h h

1=

for « € N. Let us define K, 1, o = n,th,h,on and:

1
(5.1) Kap 2 (14 (-1)%) /O YK (y)dy.

We define, for any € > 0, the event

K
Dn,a,K,a = {‘ Dol Ka,ﬁ‘ < 5}-
1Y (Yn)



POINTWISE ESTIMATION IN NONPARAMETRIC REGRESSION 15

Lemma 5.1. For any o € N and 0 < ¢ < 1, one has under assumptions K, R with 3 > —1
that for any sequence (Vn)n of positive numbers converging to 0:

(5.2) {Dn o Ks} < 2exp(—0182nfyny(*yn)),

for n large enough, where C; = Cy(a, 3,K) = (3 fol Yy BR2(y)dy + Koo /3)1 /8. When
6 = —1 we have:

(5.3) P"{‘% - 2K(O)‘ } < 2exp(—Cae®nFy (7)),

where Cy = Cy(K) = (2 + Ko /3)71/8.

Proof. Let o € N, 0 < ¢ < 1 We first prove the result when 8 > —1. We define Q; 1. =
(%) K(%), i ana EM{QZ,MQ}. Under assumption R one has for ¢ €
{1,...,n}:
1 ( 1)a 1
ana 7/ ya+6K Yy gu Yin dy7
Py o B3 b= o W)€ (ym)

where we used assumption K and the fact that for n large enough [zg — v, 2o + V0] C W.
Now theorem A.7 entails:

1 1 1
lim / y TP K (y), (yyn)dy = / Yy TP K (y)dy.
n—+o0 £, ( n) 0 0

Then for n large enough:

5.4 c ( ina 2l
( ) n,a,K& {n')/n n Zl , >€/ }

We have Eﬁ{Zma} =0, |Zinal < 2K in view of assumption K. We get in the same way
as previously

n 1
Vo = D B 2200} < nER{Q7 00} ~ 2070 () / Yy K (y)dy as n — +oo,
- 0

then for n large enough we have b2 , < Conv,v(yn), where Cp £ 3f01 y? PR (y)dy > 0.

Since the Z; ,, o are independants we can apply the Bernstein inequality. If 7, = YV (Vn),
equation (5.4) and the Bernstein inequality entails:

72

PreD <2 n < 2exp(—Ce?
{ nozKe} exp<2(b%7a+2[(oo7-n/3)> eXP( 1€ nVn”(Vn)%

thus (5.2) follows. When 3 = —1, v(t) =t~ 14,(t), and we procede as previously. We define
n 2 Qino— E?#{Qi,mo}- We have in view of proposition A.8:

EM{Qino} = /Kt/h Bt /t = 2(0) > 0.

lim
n—+oo F), ( ) n*’+00 F(

Then for n large enough one has

{|apes -2k 0> <} c ﬂﬁm);%

>€/2}.
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The Z;,, are independant and centered variables, and |Z; | < 2K. Moreover, in view of
assumption K, we have

n

1
bh &Y EZE} <nE{QFn0) = 2%/0 K2(t/ya)v(t)dt < 20F, (7).

=1

Then using again the Bernstein inequality we get (5.3). O

The following proposition is a deviation result for the difference between the smallest
eigenvalue of the matrix Xf and the smallest eigenvalue )\g > 0 of the positive matrix X BK

(defined in (3.7)). This proposition entails that the matrix X,fi is non-degenerate with a
large pobability when n is large.

Proposition 5.2. Under assumption R with 38 > —1, if v, is a sequence of positive numbers
converging to 0, and 0 < & < 1, then one has for n large enough:

Pp{IA(XS) — A5 | > e} <4k + 1) exp(—=C(B)n°nymv (1)),
with A§ = MX§) >0, C(8) = (3/(8+1) +1/3)71/8 and 1 & szrrires-

Proof. Since )\g is the smallest eingenvalue of Xé( we have )\g > 0, otherwise, defining
p(y) = (1,y,...,%"*) and since XﬁK is symmetrical, we have

1

2

0=A§=”;ﬁf1<w X5t x) = (zo, Xj o) =/ (‘zop(y)) "y K (y)dy,
~1

where xg # 0 is the normalized eigenvector associated to the eigenvalue )\g , and where

we used the fact that A(M) = infj,— (v, Mx) for any symmetrical matrix M. Then

Vy € Supp K we have txop(y) = 0, which leads to a contradiction since y — ‘zop(y) is a

polynomial. For any € > 0 we introduce the events:

— 1
(55 Ane={PXE) =K1 <el Buae = {|Knswa - B%Kaﬁ( <e}.
We note that
2k
(5.6) ﬂ Bn,a,a/(k-{-l)Q - Anﬁ,
a=0

for 0 < ¢ < 1. Noting that Dy, o xy,e; = {!211];7:;(’% ﬁ! < 51}, we have

Dn,O,Ko,sl N Dn,a,K,a C Bn,a,z—:a

and for any a € N, where ¢; £ W Now using (5.6) we get for n = —2(5+1)(2+1)2+8'
2k
Dn,07K0777 m ﬂ Dn,C‘hKJ? - An7€'
a=0

Finally, lemma 5.1 entails for n large enough

]Pm{A 8} ]Pm{D ,0 Ko,n} + Z Pn{Dn a,K,n} < 4(k + 1) eXp(_C(ﬁ)HQHVHV(’Yn))' U
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Proof of the upper bound.

Proposition 5.3. For any p > 0 and h > 0 such that N, > 0, the estimator fh (see
definition 2.1) satisfies:
sup Fullfa(@o)lP} = O((vnaw)P).
f € u(ﬂfo, h’ an)
Proof. Using the fact that A\(A+ B) > A(A) + A\(B) when A and B are symmetrical and
non-negative matrices, we get A\(XX) > Ni/ ,? > 0, and then XX is invertible. Thus equation
(2.9) entails | f5(z0)| = [(XE)1XEG, , e1)| = [(XE) 1Y}, e1)|. In view of (1.1) we can
decompose for j € {0,...,k}:
(Yn)j = (Y ¢jnni = ([ djnink + (&, dindnix = Bhj+ Vi
Since f € U(xg, h, o) we have under assumption K that | By, ;| < Ny p Koo, thus || Byl <
Ny Koo As in the proof of proposition 2.3 we have that ((XF)~1V},, e;) is, conditional
on X,, a centered Gaussian variable, of variance:
o = o er, (X)X (X M ea) < o¥er s (X)) XX )
< a2l THPIXE |-
Assumption K entails all the elements of the matrix XhK are smaller than N, , K, thus
|XE| < (k+1)NypKeo. Since f(hK is symmetrical we get ||(3V(hK)_1|| = A_l(ihK) < Ng}/Q,
and then v} < Kyo?(k + 1). Finally, we have

| Fa(z0)] < [{(XE) 1By, en)| + (XE) Wi, en)| < ICXE)HIBwl + oVE + 1yl
<

Vk+ Lanyn + o|yml),
where vy, is, conditional on X, centered Gaussian with variance smaller than 1. The result
follows by integration. O

Proof of theorem 3.6. Let 0 < € < 1. Let assume 3 > —1. Let define the event
N,
A K K n,hn
& () - aF < eh {5 — 1| <&}
An,& {’ ( hn) 3 ’ 8} 2nF,,(hn) €
Proposition 5.2 and proposition 3.3 together entails:
Pr{AS } < 2exp(—C(B)enF, (hy)) + 2(k + 2) exp{—C(8)n*nhnv(hy)}

2(k + 3) exp(—C(B)n*r,” /2),
for n large enough, where we used the Karamata theorem and 72 = w?(hy,) = 02/(nF,(hy)).
Since limy, nFy, (h,) = +00, we have for n large enough A, . C {A(Xf ) > Ni/,?n} and in
particular on the event A, . the matrix XhKn is invertible. Then using proposition 2.3 and
since f € Fp, (xo,w), we get:

[Fa(x0) = F(20)[1a,. < AF — &) 'VE+ 1Ko (w(hn) +

<
<

(2 —e)nk,(hy) hh"D

< O = &) WEF TKecw(ha) (1 + [, )

where we last used the definition 3.4 of h,,. Since 7y, is conditional on X,, centered Gaussian
such that E?M{yin\%n} < 1, we get for any p > 0 and n large enough:

L BRAIfale) — o)L, R < O - )Pk + DPPRECE)
EFhy, (Zo,w
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where C(p) is defined in section 3.2. Now we work on the complementary event A5, .. We
recall that o, = n? for some v > 0. If N,, ,,, = 0 we have by definition ]?n(m'o) = 0 and then
sup B, {1 fawo) = Flao)PLag } < rPnl P (AT} = on(1).
fEu(l'OvhmOén)

Then we assume IV, ,,, > 0. the proposition 5.3 entails:

sup B {ra?l(eo) — F@o)l} < 20 (8], A1 ulwo) P} + ) Rt A}

feu(xzo,hn,an)
< O(r,PrPH20)  JPrlAg ) = 0,(1).

Then we have proved inequality (3.8). Since w € RVy(s) and G~ € RVy(s/(1 + 2s + f3))
(see the proof of proposition 3.5) we have in view of proposition A.2: wo G~ € RVy(s/(1+
25 + 3)). Thus we get 7, = w(hy,) = w(G~(0%/n)) and:

Ty = 0'28/(1+28+ﬁ)Tl_s/(1+28+ﬁ)€w7y(O’z/n) ~ 0,25/(1-1—25—}—6)n—s/(1+25+ﬁ)£w7y(1/n) as n — +00.

When assumption R holds with f§ = —1 and 0 < s < 1, the bias variance equation (2.12)
becomes:

| Fu(@0) = F(@0)] < (Krpn0) ™ Koo (@(hn) + 0N, * [, ).

We define the event A, . = {|2n£/?ﬁn | 6} N {‘27117;:7/1% - < 6} so (5.3) in

K(0)]
lemma 5.1 and proposition 3.3 together entail Pj{ A}, .} < 4exp( 2C(B)nF,(hy)). The
rest of the proof is straightforward. O

Proof of the lower bound. Since we are considering a pointwise risk, we know (see for
instance Tsybakov (2003)) that a 2-hypothesis reduction scheme is enough to prove the
lower bound. The following proposition can be found in Tsybakov (2003).

Proposition 5.4. If there are 2 elements fy and fi1 of a class 3, such that the Kullback-
Leibler distance between the corresponding probabilities Py and Py satisfies K(Py,P1) < Q <

+oo with | fo(zo) — f1(zo)| = 2¢ry, for some constant ¢ > 0, then the pointwise minimaz risk
R p(X, i, xo) over the class ¥ defined by (1.2) in the model (1.1) satisfies:

R 7P(E //JaxO) > C(C?Qap)’rn’

where C(c,Q,p) = ( —Q\ I2Ve2 \/—>1/p

21/p
Proof of theorem 3.7. In view of proposition 5.4 all we have to do is to find two functions
fon and f1, such that:

1) There is some 0 < @ < +o0 such that L(P§,P}) < Q,

(
(2) fon, fin € Ehpan (o, w),
(3) |fon(xo) — fin(xo)| = 2cry, for some constant ¢ > 0.

We choose the 2 following hypothesis:
fon(®) = w(hn)1jz—ag|<hns fin(@) = w(lz — 20)1jz—zq|<hn

(1): Since the ¢; are centered Gaussian of variance o and independants of X,, we have:
) 2
K(®3,P|Xn) = 5 Z fon(X3) = frn(X3))",

thus by the definition 3.4 of h,: K(Pg,PT) = 5% || fo.n— f1 "HL?(;L nw?(hy)F,(hy)/o? = 1.
(2): For h € [0,hy,], we have wy, . r(zo,h) = 0 (take P as the constant polynomial equal
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to w(hy)) and wy, , k(70 h) < w(h) (take P = 0). Moreover for n large enough, we clearly
have fon, fin € U(zo, hn, ) since oy, — +00.
(3): If we take ¢ = 1/2 we have |f1 ,(z0) — fon(zo)| = w(hy) = 2cry,. O

This lemma is used to compute the minimax risk of the examples in section 3.4.
Lemma 5.5. Let v > 0 and o € R. If G(h) = h7(log(1/h))*, then we have:
G (h) ~ 4 R (log(1/h)) "7 as h — 0.

Proof. When o = 0, the result is obvious. We assume o € R*. We look for h such that
hY(log(1/h))* = z, when x > 0 is small. If @ > 0 we define ¢ = log(h)/®), so this equation
becomes

(5.7) texp(t) = —ya/* /o,

where t < 0. The equation (5.7) has two solutions for x small enough, but they cannot
be written in an explicit way. Then let us consider the Lambert function W defined as
the function satisfying W(z)ew(z) = z for any z € C. See for instance Corless et al.
(1996) about this function. We are only interested here by its real branches. This function
has two branches Wy and W_; in R. We denote by W the one such that Wy(0) = 0
and W_; the one such that lim,_,o- W_;(h) = —oo. The two solutions of (5.7) are then
to = Woi(—v2t/%/a) and t1 = Wy(—y2'/%/a) and hy £ exp(aW_i(—yz'/*/a)/7) is
the smallest solution. By the definition of W we have for —1/e < z < 0 and a € R:
eW-1(®) = (—g)(—=W_y(2))~ and since W_, satisfies W_(—xz) ~ log(z) as = — 0%
we have hg = (yz/ /)7 (=W_1(—yz'/*/a)) =7 ~ v/ Yzl (log(1/2))~ /7 as x — 0T,
When a < 0 we procede similarly. We have t > 0 and (5.7) has a single solution ¢ =
Wo(—yz'/%/a), thus h 2 exp(—aWy(—vz/*/a)/v). By the definition of Wy we have
Vz >0 and a € R: e®o(@) = 32 "%(z) and since Wy satisfies Wy(z) ~ log(x) as  — +oo
we find again h ~ v/ 72!/ (log(1/z))~*/7 as 2 — 0%, O

5.2. I'-varying design.

Proof of proposition 4.3. We prove inequality (4.6), since the proof of (4.5) is similar and
more direct. We denote the weights of the Nadaraya-Watson estimator by:

K h X; — o

(o) & K= 20

Ky pn(Xi — x0)
We have |fn(z0,h) — f(z0)] < S (X)) — fo)|wni(zo) + | Doy &wni(xo)]. In view
of assumption K and since f € Fj, (xg,w), we have for h small enough |f(X;) — f(zo)| <
w(h+p(h)) < w(2h) < 2w(h), where we used w € RV(s) with 0 < s < 1, and p(h) < h, in
view of lemma B.2. Then the result follows, since Y ;" | {wy i(zo) is, conditional on X, a

-1
n,p,h O

centered Gaussian variable of variance 02 > I | w? .(70) < 02K

Proof of proposition 4.6. Let us define G(h) = w?(h)F,(h). Let y € R. In view of the-
orem A.1 and lemma B.2 we get lim_,o+ 4, (h + yp(h))/l,(h) = 1, thus lim;,_g+ w(h +
yp(h))/w(h) = 1. Moreover F,, € I'Vy(p) in view of proposition B.4, then lim, .o+ G(h +
yp(y))/G(h) = exp(y), and then G € I'Vy(p). The function G is continuous and such that
limy,_,q+ G(h) = 0, so for n large enough, h,, is well defined and given by h,, = G~ (02 /n).
Then theorem B.7 entails G™ € IIVy(¢) for £ = por* ™, with ¢ slowly varying. Moreover, the
lemma B.6 entails G is in particular slowly varying. Then h, = G~ (0?/n) ~ G~ (n7!)
as n — 400, and the proposition follows with the choice ¢ £ G . U
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Proof of proposition 4.4. We prove inequality (4.8). Let us define Z; ,, = K, -, (X; — x¢) —
Ef{ Ky, (Xi — z0)}. Assumptions M, K entail for n large enough:

1
—— B {Kp., = /K V(Y + yp(n))dy.
p('}’n)y(')’n) ,u{ P57y ( } fYn n ( n))
In view of assumption G and proposition B.1 we get:
lim / K(y)v(vn + yp(yn))dy = / K(y)e?dy,
n—-+o0 1/(7y,)

then for n large enough one has in view of lemma B.3:

{%_CK‘>E}C{‘7U)7” ZZ’"

The variables (Z; y,)i=1,...n are clearly independant and centered, and assumption K entails
|Zin| < 2. In the same Way as previously one has for n large enough

>5/2}

n
b2 2N EN{Z2,} = nE{Z2,} < 3nF,(vn) / K2(y)evdy,
=1

thus we can apply the Bernstein inequality: we define 7,, £ snF,(v,), and we get:
_.2

{\Wp%) ~ex| >} <2ep(qry ) <2ep(-GnEON)

thus the inequality (4.8). Introducing the variables Z; , £ 11, —aol<yn — PRAIXi — 2ol < v}
and using again proposition B.3 and the Bernstein inequality, we prove (4.7) in the same
fashion as (4.8). O

Proof of theorem 4.7. We prove inequality (4.13). Let 0 < ¢ < 1, and let define the event:

An, —{121?’7”’}”3‘%1@}-

Since nk,(h,) — +oo and 7, — 0 as n — 400, we have for n large enough A, . C
{Fn%hn > 1y, }. Thus for n large enough, proposition 4.3 and proposition 4.4 together entail,

in view of the definition 4.5 of h,, that | f,, (x0) — F(@0)|1a,. < 2w(hy)(1+(cx —) V2, ]).
Thus we have

sup B, {1 P|fa(20) — f(@0)1a, .| %n} < C(K,p),
FE€Fh, (xow)
where C' (K, p) is a constant depending on K and p only. Now we work on the complementary
event A . If Ky pp, =0, since f(x0) = 0 and f € U(xq, hn, an) we have in view of (4.8):

}L,p{r;p’ﬁl(x()) - f(xO)’pl.A%,s 17n " hn_O} (1+’\/ ]Pm,u{'A E}
<r p(1+7) exp(—Cro?r,?) = on(1).

n

When Fn,p,hn > 1)y, proposition 4.3 entails for n large enough:

~ ——1/2
[Fa(@o) = F(0)] < 20(hn) + 0K i [0, | < 20721+ 0, ),
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thus
b Ara | Fulao) — @) Lag g, o} < Clopirai 2Py {45}
< Cloyp)ry "7 exp(—Cior,?) = ou(1),
uniformly for f € ¥p, o, (z0,w). Now assumption K entails

E} {201z, | 1 %n} < 27(an + 0,771 2C(p)),
thus:

swp  ED{rtlfale0) - fao)lLag 1x . o} = oalD)
feU(zo,hn,on) o
and (4.13) follows. One can prove in the same way (4.12), using (4.7) and (4.5). Since
rn = w(hy) = w(p(n™!)) where w is regularly varying and ¢ is slowly varying, we have in
view of proposition 4.6 that defining /,, , £ woy we get 1, = lyp(n™1) with £, slowly
varying. O

Proof of theorem 4.8. We introduce the same hypothesis as in the proof of theorem 3.7,
with h,, given by definition 4.5. The proof is then exactly the same. U

5.2.1. Proof for the example in section 4.4. The equation to be solved is:

(5.8) RIT25T exp(—1/h%) = Yy,
where y, £ o2a/(r?n). Defining t £ h™=®, equation (5.8) becomes t~(1+25+@)/@ exp(—t) =y,
that we rewrite zexp(xz) = a/(1 + 2s + a)y;a/(HQHa), for x £ a/(1 + 2s 4+ a)t. Then we

have z = Wy (a/(l + 25+ oz)y;a/(HQera)), where Wy is defined in the proof of the lemma

5.5. Using the fact that Wy(z) ~ log(z) as x — +o0, we get  ~ 75— logn as n — +o0,

thus h,, ~ (logn)~'/* as n — +o0, and the result holds since r,, £ rhs. O

APPENDIX A. REGULAR VARIATION : KARAMATA THEORY

We recall here some results about regularly varying functions. The results stated in this
section can be found in Bingham et al. (1989), Geluk and de Haan (1987) and Senata
(1976).

Theorem A.1 (Uniform convergence). If ¢ is slowly varying at O then one has:
lim 4(yh)/l(h) =1,
T ((yh) /(1)

uniformly on each compact set in (0, +00).

The uniform convergence theorem is the most important result in the theory. It was first
proved by Karamata in 1930.

Remark. It is of special importance to notice the uniformity does not hold on an interval
including 0. This is the reason why some extra assumptions will be required in Abelian
type theorems.

Proposition A.2. If {1 and {5 varies slowly, one has:

(1) L9 waries slowly for any o € R,
(2) €1 x by, b1 + Ly vary slowly,
(3) Iflimy_,o+ la(h) = 0 then £y o ly varies slowly.
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Proposition A.3. If R varies reqularly with an index v # 0, then as h — 07 one has
0 ; 0
+o0o  ify <.

The asymptotic behaviour of integrals of regularly varying functions plays a key role in
the proofs of this paper. See the proof of lemma 5.1 for instance.

Theorem A.4 (Karamata). If ¢ varies slowly, and if v > —1, one has:
h
(A1) / t70(t)dt ~ (1 +~)"thiT70(R) as h — 0T,
0

and in particular h — foh t7e(t)dt is regqularly varying of index 1+ .
The following proposition is an extension to the Karamata theorem when v = —1:

Proposition A.5. If { varies slowly and [ ((t)dt/t < +oo for some n > 0, then h —
foh L(t)dt/t is slowly varying, and

1o dt
lim — [ ((t)— = +o0.
B0+ (h) /0 ®) t >
Proposition A.6. If R is some positive monotone function such that h — foh R(t)dt belongs

to RVo(y) for some v > 0 then R € RVy(y — 1).

Theorem A.7 (Abelian theorem). If ¢ is slowly varying at 0 and K is a function such that
fol tOK (t)dt < +o0 for some § > 0 then:

(A.2) /01 K(t)((th)dt ~ £(h) /01 K(t)dt as h — 0%,

Proposition A.8. If ¢ varies slowly with fon L(t)dt/t < 400 for somen >0, and K is such
that Vt € R, |K(t) — K(0)| < p|t|® for some p >0 and k > 0 one has:

1 1
/ K(t/h)e(t)dt/t ~ K(O)/ ((t)dt/t as h — 0.
0 0
Now we give a result concerning the inversion of regularly varying functions. If R is
defined and bounded on [0, +o0[ one can define the generalised inverse:
(A.3) R~ (y) = inf{h > 0 such that R(h) > y}.

Theorem A.9 (Inversion theorem). If R € RV(y) for some v > 0, then there exists
R~ € RV((1/v) such that

(A.4) R(R™(h)) ~ R~ (R(h)) ~ h as h — 0T,
and R~ is unique up to an asymptotic equivalence. Moreover, one version of R~ is R™.

Theorem A.10. If (0,)n>0 and (An)n>0 are sequences of positive numbers such that 0p41 ~
0n as n — 400, lim, §, = 0, and if there is a positive and continuous function ¢ such that
for any y > 0:

lim A, R(ydn) = ¢(y),

then R wvaries regularly.
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APPENDIX B. I'-VARIATION : DE HAAN THEORY

We describe here the properties of I'-varying functions and Il-varying functions. The
results are due to de Haan. The references are the same as for regular variation. All the
following results can be found there in.

Proposition B.1 (Uniformity). If v is a function such that (4.1) holds for ally € R, then
(4.1) holds uniformly on each compact set in R.

Lemma B.2. If p is such that (4.1) holds, then:
B.1 li h)/h = 0.
(B.1) Jim p(h)/

Lemma B.3. The auxiliary function p in definition (4.1) is unique up to within an asymp-
totic equivalence and can be taken as h — foh v(t)dt/v(h).

Proposition B.4. The class T'Vy(p) is stable under integration. If v € T'Vy(p), then
Fy(h) = [l v(t)dt € TVo(p).

We have seen that under the operation of functional inversion, the class of regularly
varying functions RV is stable. In the case of I'-variation, the inversion maps the class
I'Vy in another class of functions, namely the de Haan class I1Vy.

Definition B.5 (II-Variation). A function v is in the de Haan class IIVy if there exists a
slowly varying function £ and a positive real number ¢ such that:

(B.2) vy >0, lim (v(yh) —v(h))/Uy) = clog(y).

The class of functions v satisfying (B.2) is denoted by IIVy(¢). The function ¢ is called the
auzxiliary function of v.

The following lemma tells us II-variation can be viewed as a refinement of slow variation:
actually, any Il-varying function is slowly varying.

Lemma B.6. For any { € RV((0) we have:
HVQ(K) C RVO(O).

Theorem B.7. If v € I'Vy(p) then £ = po v is slowly varying and v— € IIVy({).
Conversely if v € IIVy(€) for some £ € RV((0) then v € I'Vy(p) with p=Lov—. In both
senses the inverses and their auziliary functions are asymptotically unique.
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