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THE KORTEWEG - DE VRIES - KAWAHARA EQUATION IN A BOUNDARY
DOMAIN APPROXIMATING THE QUARTER-PLANE PROBLEM

JUAN CARLOS CEBALLOS#, MAURICIO SEPULVEDAB, AND OCTAVIO VERAC

ABSTRACT. We are concerned with the initial-boundary-value problem associated to the Korteweg - de
Vries - Kawahara (KdVK) equation which is a transport equation perturbed by dispersive terms of 3rd
and 5th order. The (KdVK) equation appears in several fluids dynamics problems. We obtain local
smoothing effects that are uniform with respect to the size of the interval. We also propose a simple
finite different scheme for the problem and prove its stability. Finally we give some numerical examples.

Keywords and phrases: Evolution equations, gain in regularity, weighted Sobolev space, numerical meth-
ods.

Mathematics Subject Classification: Primary35Q53; Secondary 47J353

1. INTRODUCTION

We study the following equation of Korteweg-de Vries-Kawahara type in a boundary domain of IR

Ut + N Uszore + Usae + Uz + U, =0, 2z €[0, L], t€]0,T],

u(0,t) =g(t), tel0, 1],

Ug(Ly 1) =0, Uge(L, t) =0, Upee(L, t) =0, Ugzea(L,t) =0, telo, T,
u(z, 0) = ug(z)

where L > 0, T €]0, oo[ and 7 € IR is a constant. Equation (KdVK) is the boundary version of the
Korteweg-de Vries-Kawahara equation posed in IR

(KAVK) =

U + NUzzzzx + Ugzy + UUL = 0

with —00 < z < +o00, t € [0, T], T is an arbitrary positive time, and 1 € IR. The above equation is
a particular case of the Benney-Lin equation derived by Benney [2] and later by Lin [8] (see also [10]).
It describes one dimensional evolutions of small but finite amplitude long waves in various problems in
fluid dynamics. This also can be seen as an hybrid of the well known fifth order Korteweg-de Vries(KdV)
equation or Kawahara equation. For comprehensive descriptions of results pertaining to the (KdVK)
equation, the reader may consult the review articles of [3, 9, 11] and references therein.

This paper is organized as follows: In section 2 outlines briefly the notation and terminology to be used
subsequently and presents a statement of the principal result. In section 3 we consider the linear problem
and we will find a priori estimates. In section 4 we obtain estimates that are independent of L for the
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2 CEBALLOS, SEPULVEDA, AND VERA

non-homogeneous linear system. In section 5 we prove the existence of a time T),;, depending only
on ||g||m1(0,7) and ||uol|r2((1442)ds) but not on L such that u” exists on [0, Tjnin] thanks to uniform
(with respect to L) smoothing effects. In section 6 we present a finite different scheme for the initial-
boundary-value problem (KdVK); we prove its stability and present some numerical experiments. The
paper concludes with some commentary concerning aspects not covered in the present study. Our main
result reads as follows (Theorem 5.6)

Theorem 1.1. (Eristence and Uniqueness) Let n < 0, ug € L?((1 + 2?)dz), g € H} (RT) and 0 < L <
+00. Then there ezists an unique weak mazimal solution of (KdVK) defined over [0, Tr]. Moreover, there
exists Tmin > 0 independent of L, depending only on ||lug||z2(0,z) and ||g||a1(0,7) such that Tr, > Tin.
The solution v depends continuously on uy and g in the following sense: Let a sequence uf — ug in
L%((1+2?)dz), let a sequence g" — g in H} _(R™) and denote by u™ the solution with data (uf, g") and
17 its existence time. Then

liminf T7 > T7,

n—+4oo

and for all t < T, u™ exists on the interval [0, T| if n is large enough and u™ — u in Hr.

2. PRELIMINARIES

Let © a bounded domain in IR. For any real p in the range [1, oo, LP(Q2) denotes the collection of real-
valued Lebesgue measurable pth-power absolutely integrable functions defined on Q. As usual, L>®(2)
denotes the essentially bounded real-valued functions defined on 2. These spaces get their usual norms,

1/p
l|ul|Lr ) = (/ [u(z)[? dm) for 1<p<+4oo
Q
and
||| oo () = esssup |u(z)]

zeN
For an arbitrary Banach space X, the associated norm will be denoted || - || x. The following spaces will
intervene in the subsequent analysis. For any real p in the range [1, oo] and —oo0 < a < b < 400 the

notation L?(a, b; X) denotes the Banach space of measurable functions u : (a, b) — X whose norms are
pth-power integrable(essentially bounded if p = 4+00). These spaces get their norms,

b
il = [ I, Ot for 1< < oo,
a
and

||u||L°°(a,b;X) =esssup ||u(-, t)||x for p=+oo.
tE(a,b)

We assume that for 0 < L < +oo the initial data ug verifies ug € L%(0, L) and zuy € L2(0, L). Then we
define

L
l[uol| L2 (1422)de) = \// ug (14 22) dz.
0
We introduce the spaces IE and IH defined by
E == {f € L'(0, T; L*((1 + 2*)dx)), vVt f € L*(0, T; L*((1 + 2*)dz))}.
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This space is endowed with the norm

/oT \//OL (2, ) (1 + 2?)dzdt + \//OT /OLtP(:c, t)(1 + 22)dadt

T
= / 1 £11L2((1422)de)dt + [[VE £l L2(0, 702 ((1402)de)
0

£

= |fllzro, T2 ((1402)dz) + [IVE FllL2(0, T302((1422)de)
Let T > 0. We define
Hr = {uec ([0, T); L*((1 +z*)dz)), u, € C([0, T); L*((1 + z)dz))
Vitu, € L*([0, T); L*((1+ z)dz)), Viug, € L2([0, T]; L*(0, L)),
Vtugee € L*([0, T); L*(0, L))}
This space is endowed with the norm
llullw = [lullreeo, 7;02((1+22)d2)) + [|uallL2(0, T;02((142)da))
+ [Vt usllLeo(o, s2(142)dz)) + |[VE Uzl 1200, 7;02(0, 1)) + ||V Ysza| | L2(0, T:12(0, 1))-

In the chapter 5, we need to use the infinitesimal generator of a Cy semi-group S(t) (see the classical
reference [1]). In this sense, we consider the generic inhomogeneous initial value problem

{at() Au(t) + f(8),  t>0,
u(0) = z,

where f : [0, T] — X and A is the infinitesimal generator of a Cy semi-group S(t) so that the correspond-
ing homogeneous equation, i.e., the equation with f = 0, has a unique solution for every initial value
x € D(A).

We need also some well-known inequalities given by :

Lemma 2.1. Let u € L*((1 + z?)dz), v € H'(0, T), w € L*(0, T; L*((1 + z?)dz)), and z € H'(0, L)
with z(0) = 0. Then, we have the following inequalities

lullfe(aieyazy < 3lullZz(raz)dn) (2.1)
oo < (c+VT)[lv|la,m (2.2)

w10, 7 L2((1422yde)y < VT |[wl|L2(0, 75 £2((1402)dz)) (2.3)
l[2llLoe @)y < 2||2|[12(ae) ||22]| L2 (d2) (2.4)

Finally, we note by ¢, a generic constants, not necessarily the same at each occasion, which depends
in an increasing way on the indicated quantities.

3. UNIFORM ESTIMATES ON THE SOLUTIONS TO THE LINEAR HOMOGENEOUS PROBLEM
In this section we consider the linear problem for the equation of Korteweg-de Vries-Kawahara type

Ut + N Uggzer + Uzzz + Uz = 0,

u(O, t) =0, te [0, T[,

Ug (L, 1) =0, Upa(L, t) =0, Uppa(L, t) =0, Upgea(L,t) =0, t e o, T,
u(z, 0) = ugp(z)

(KdVK),
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with z € [0, L], t € [0, T], T an arbitrary positive time, and 1 € R is a constant.

Proposition 3.1. Let ug, uor € L?(0, L) and n < 0. Then there exists a continuous t — c(t) such that

l[ull Lo (0, 75 2 (1 422)dz)) < e(T)|luol|L2(0, 1) (3.1)

l[uzllzeo 0, 7; L2((142)de)) < e(T)[|wozllz2(o, 1) (3.2)

[[uellz20, 72200, 2)) < e(T) luollz2(o, L) (3:3)

(L )|z, < e(T) [|wollr2(o, 1) (34)

lullzz0,2) < e(T) ||uollz2(o, 1) (3.5)

luz (0, |20,y < (T)[|wollr2(o, 1) (3.6)

[z (L, t)l|L20,7y < e(T) |[uollz2(0, 1) (3.7)

luallzzo,z) < e(T)|luoallz2(0,1) (3.8)

[uz (0, t)||z20,7) < e(T)l|woellL2(o, L) (3.9)

|[taz (0, D)[|z200,7) < c(T)|w0sllr2(o, 1) (3.10)

IVZ usllz20,y < e(T) [Juoellz2(o, 1) (3.11)

lluzz|lL20, 75 22(0,2))) < (T)||uoel|L2(0, 1) (3.12)

[Vt Ug||Loo(o, 7y 22((0, L)) < (T) [|uol|z20, 1) (3-13)

IVt ua (0, t)l|z20,my < e(T) |luollz2 (o, 1y (3.14)

IVt as (0, t)l|z20,7) < e(T) |luollz2(0, 1) (3.15)

IVt we| |0, 7 22((140)as)) < e(T) lluollz2 (o, 1) (3.16)

IVt tas|lz20, 7 L2¢0, 1) < e(T) |luol|L2 (o, 1) (3.17)

Additionally, if n < 0, we have

|[Uzz||L2(0, 75 200,1))) < ¢(T) ||uol|z2(0, 1) (3.18)

[|Ueoe||20, 72200, 2)) < ¢(T) l|uwollL2(o, 1) (3-19)

[uaa (0, D)l|r2(0,7) < c(T) luollz2(o, 1) (3.20)

||uzzz(0a t)||L2(0,T) < C(T) ||u0z||L2(0 L) (3'21)

|[Uzzz|lL2(0, 75 2(0, ) < o(T)|[uozllz2(0, 1) (3.22)

[Vt Uz (0, 2,7y < o(T) ||uol|2(0, ) (3.23)

IVt Uzzallrz,7;22(0, 1)) < c(T)|luollr2(o, 1) (3.24)
Proof. Multiplying (KdVK)[, by u and integrating over z € (0, L) we have

L L L L
/ uugdzr + 1 / UlpzreedT + / UlppedT + / uuzdr =0
0 0 0 0

each term is treated separately, integrating by parts we obtain

L
E ’u2dIL‘ + 277“’2(07 t) ul‘zz(oa t) - nuiz(oa t) + ui(O, t) + u2(La t) =0

where

L
% / u’dz +u?(L, t) +u (0, ) — s (0, t) — swa(0, ) —nuz, (0, t) = —n[uZ(0, t) + uZ, (0, t)]
0
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hence

4
dt
Integrating (3.25) over (0, t) we have

L t t t L
/ u2dw—|—/ u?(L, s)ds—l—/ u2(0, s)ds—n/ u2,(0, s)ds S/ uidz
0 0 0 0 0
t ¢
| [ 2095+ [ a0 sas]
0 0

L
/ u2d.7: + u2(L7 t) + ui(oa t) - nuiz(ov t) <-=n [ui(oa t) + uizz(ov t)] (3'25)
0

then
lullZ2(0, 2y + 1wz (0, )[Z2(0, 7y + [lu(Ly D)l[72(0, 7y — 1 [[tza (0, V)] [F2(0, 7y < |[uoll72(o, ry
— [ LJuz(0, t)][700 (0, 7) + L |taze (0, )20, 7y ] < (t) |uollZ2o, 1
hence
lullZ2(0, £y + 1z (0, )70, 7y + I1u(Ly D)|Z2(0, 7y = N[22 (05 D)1 Z2(0, 7y < €(2) [[w0l|Z2(0, 1y (3-26)

Therefore we obtain (3.5), (3.6), (3.7), and (3.20).

By other hand, multiplying (KdVK)y by zu and integrating over = € (0, L) we obtain

L L L L
/ zuudz + 'r]/ TUUgggrs AT + / TUUggedT + / Tutgdr =0
0 0 0 0

each term is treated separately, integrating by parts we obtain

d [t L L L
p / rudr — / u?dz + 3/ uidz 4+ Lu*(L, t) — 57)/ u2,dz — 4nug (0, t)uz (0, t) =0
0 0 0 0

there

d [t L L L

— / zu’dr — / u?dzr + 3/ wldzx + Lu*(L, t) — 57]/ u2 dz
dt Jo 0 0 0
—20[u(0, t) + ez (0, ) = —n[uZ (0, t) +uZ, (0, )]

where
d - L L .
pr zuldr + 3/ uidz + Lu®(L, t) — 57]/ uldr < [ uldz — n[uZ(0, t) + u2,(0, t)]
0 0 0
and using (3.5) we have

d L L L
z / oulds+3 / w2ds + Lu*(L, ) — 5n / w2y < c(t) ol Bago, 1) — Mu2(0, £) + 12, (0, )] (3.27)
0 0 0

Integrating (3.27) over (0, t) and using similar calculus to above we have

L t L t t L L
/ zudr + 3/ / u2dzds + L/ u?*(L, s)ds — 57}/ / u? dxds < / zuidz
0 0o Jo 0 0o Jo 0
t

t t
ol | c(s)ds—n[ [ 20 9as+ [ .00 s)ds]
0 0 0

t t
< Lol 220, 1, + lluol Bago, / e(s)ds — 7 [ / u2(0, 5)ds + /

t
W2, (0, s)ds] < e(t) lluol2(o, 1
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then

L
/0 zu?dz + 3||uz|[72(0, 7, 220, £y) + LWL, OlZ2(0, 1) = 5nl|uaal|Z2(0, 7; 2200, 1) < €(t) luollZ2(0,2)-  (3:28)

This way (3.3), (3.4), and (3.18) follows.

Multiplying (KdVK)y, by u,, and integrating over z € (0, L) we have

L L L L
/ Uz Ut dT + 1 / UgrUzrzzsdT + / UgzpUzes AT + / UgzpUzdr =0
0 0 0 0

each term is treated separately, integrating by parts we obtain

d L
% / uidx + 277uz$(0v t) uwﬂww(oa t) - nuim (0’ t) + uiz(oa t) + UZ(O, t) =0
0
hence
d -
G [ e+ 20,0 £ (0 8) < muey(0,8) ~ nluaa(0, 1) — nasa (0, )
0
then
d L
0

Integrating (3.29) over (0, t) we have

L t t t L
/ uida:—l—/ u (0, s)ds+/ u2,(0, s)ds —7]/ u2,, (0, s)ds S/ ud dz
0 0 0 0 0
¢ ¢
0 0

then
I
/0 uzdz + [[uz (0, t)||72 (0, 7y + [|tzz (0, 1)[72(0, 7y — 1 ||Uaz (0, O)[72(0, 7y < [w02F2(0, 1y
[T |tz (0, 8)| |70 0, 7) + T |tz (0, )l 700 0, 7y ] < () l|wo |72 (0, 1)
therefore
L
[ e+ a0 01,7y + e 0, D,

= Nlltwza(0, O)l|72(0, 1) < e(t) lluo 720, 1)- (3.30)
This way (3.8), (3.9), (3.10), (3.21) follows.

Differentiating (KdVK)y, in the variable  we obtain

Multiplying by zu, and integrating over z € (0, L) we obtain

L L L L
/ TUL Uz dT + 17/ TUgUprzoosdT + / TULUgzzo AT + / TULUgedr = 0
0 0 0 0



KDV - KAWAHARA EQUATION IN A BOUNDARY DOMAIN 7

each term is treated separately, integrating by parts we obtain
L

d [t L
—/ zudz + 2uz (0, t)uz (0, t) — / uldz + 3/ ul, dzr

0

L
+2nuz (0, t)upars (0, t) — 41 Uze (0, )ugse (0, t) — 57]/ mmda: =0

then
d [t L L
—/ zuldz + 2uz (0, t)uzs (0, t) — / uldz + 3/ ul, dz
dt Jo 0 0
L
0, ) = tras (0, OF  20[uns 0, ) ~ tnaal0, OF ~ 50 [ ido
0
hence
d [t L L
— zudz + [ug (0, t) + uze (0, t)]? — / uldz + 3/ ul, dzx
dt Jo 0 0

L
520, ) = tras (0, OF ~ 20[utzs(0,8) = asa0, OF ~ 50 | iy
0
= —n[uz (0, 1) + U300 (0, )] = 27[uZ, (0, 1) + uZ0s (0, )] + u3 (0, 1) + uZ, (0, t).
Performing straightforward calculus

d - L L L
— / muidz — / uidrﬂ + 3/ ufmd:c — 57)/ zmdx < —nfu (0, t)+ mm(O )]
dt Jo 0 0
_27][11‘21: (0’ t) + ugzz (07 t)] + ui (Oa t) + u?m (07 t)

L L
—/ ruldr + 3/ ul,dx — / ul,dz < / uzdz — n[uz(0, t) + u2,,, (0, t)]
0

hence

then

d L L L
G | mde s [ o= [ iude < sl 5y 7000 )+ 1ena(0, 0)
—2n[u2, (0, t) + u2,, (0, t)] + u2 (0, t) + u2, (0, t). (3.31)

Integrating (3.31) over (0, t) and using 3.8) we obtain

L t L t oL
/ zulde + 3/ / u?, dxds — 57}/ / u?,  drds < c(t) ||U0z||iz(0’ )
0 0o Jo 0o Jo

L
/o zubde + 3||uzs||72(0, 7; 120, 1)) = 5 |UzezlT2(0, 7, 1200, 1) < €(B) 10| |72(0, 1y- (3.32)

where

and (3.11), (3.12), (3.22) follows.
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Multiplying (KdVK)y, by z?u and integrating over z € (0, L) we have

L L L L
/ 22uudr + 77/ T UUpppradT + / T UUpredT + / 2 uugdr =0
0 0 0 0

each term is treated separately, integrating by parts we obtain

d [r L L L
yr z*uldr + 2u? (L, t) + L*u?(L, t) + 6/ ruidr — 2/ rudr — 1017/ zul, dz + 6nui(0,t) =0

0 0 0 0
where

d [t 5, 2 2, 2 Lo Lo Lo 2

p7 z u’de +2u”(L, t) + L*u*(L, t) + 6 | zuzde—10n | zuj,de=-2 [ zu’dx—6nu;(0, 1)

0 0 0 0
L
<2L / udz — 6nu2(0, t). (3.33)
0

Integrating (3.33) over (0, ¢) and using (3.5) we obtain
L t oL
/0 z*uldz + (2 + L?) ||u(L, t)”iz(o’T) + 6/0 /0 zuldrds

t oL
- 107)/ / zu? drds < c(t) ||u0||i2(0,L). (3.34)
o Jo

This way
|lzullz2(0, £y < ¢(t) lluollL2(0, ) (3.35)
[lu(L, t)||L2¢0,7) < c(t) [[uol|z2(0, L) (3.36)
V& uz||L2(0, 7; 20, L)) < (t) [Juol|L2(o, L) (3-37)
(3.38)

3.38

||\/5Um||L2(o, 1;12(0, 1)) < ¢(t) |[uol|L2(0, L) (ifn <0)
Adding (3.25) with (3.33), using (3.5) and performing straightforward calculus we obtain

t L
01125 (1 51a0) + 3+ LA)[6(Ly )| ao, 1) + 1t (0, D] a0, 29 + 6 / / w2 dzds

t L
= lluza(0, OlFia0,my 100 | [ wudods < cft) luol (339
0o Jo
and (3.1) follows. Adding (3.30) with (3.32), using (3.8) and performing straightforward calculus we have
a2z ((142)az) + 1ue (0, O)F2(0, 7y + [tz (0; O[Tz, 7) = 7 [[teaz (0, )l 72(0, 1)

+3||Um:||%2(o,T; £2(0,1)) — oM ||u$$w||%2(O,T; r2(0,1)) < c(t) ||u0m||%2(o, L) (3.40)
and (3.2), (3.19) follows.
Multiplying (3.29) by t and integrating the resulting expression in the temporal variable over (0, t) and
using (3.3) we have

L

d t
g [ e+ 020, + (0,0~ ntudes(0,6) < it 0, ) + iy 0,0)) /[ ds
0 0

t d /L )
s|— uydx
/0 lds 0

t t
< —77/ Suiz(o’ S)ds - 17/ suizzx(ov S)ds
0 0

t

t t
ds +/ su2(0, s)ds +/ su2,(0, s)ds — n/ su2,,(0, s)ds
0 0 0
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then
L t [ L t t t
t/ uidw—/ / u2dx ds+/ su2(0, s)ds+/ su2,(0, s)ds—n/ su2,,(0, s)ds
0 o |Jo 0 0 0
¢
<= [ S0, 9) a0, 5)lds
0
hence
L ¢ t t
t/ uidx-l-/ su2(0, s)ds+/ su2, (0, s)ds—n/ su2,. (0, s)ds
0 0 0 0
t oL t
< / / uldzds —7]/ s[u2,(0, s) +u2 .. (0, s)]ds (3.41)
0o Jo 0
where

L
t/o uzdz + [Vt uz (0, )220, ) + [1VE U2 (0, OI72(0, 7y = MlIVEUaa (0, 1)][72(0, 1)

< c(t) ||uollZz(o, 1) (3.42)
and (3.13) follows.

Taking the product of (3.31) by ¢, integrating the resulting expression in the temporal variable over
(0, t), using (3.8) and integrating by parts we have

L
t/o zulde + 3 ||Vt uzel[22 (0, 7,120, £y) = 5N IVEUzeallT2(0, 72200, 1)) < €(8) [Juol[22(0, 1) (3.43)

Adding (3.42) with (3.43)

L
t/o uz(L+ @)de + ||VEus (0, 1)l|72 0,7y + [1VEUaa (0, 1)l[F2(0,7) = 7|1V E taoa (0, 8)l|72(0, )

+3 ||\/¥“wz||i2(o,T;L2(o, L)~ 57]||\/Zu$zw||i2(0,T;L2(0,L)) <c(t) ||“0||%2(0,L)
where
IVt uz 7214 ayaz)) + 1VEU (05 D)l[F200,7) + [[VEUza (0, )[[F2(0, 7y — M [VE thzaz (0, )][72(0, 1)
+3 [Vt ugel| 720, 7 12(0, 1)) = BN 11V UawalIF2(0, 71200, 1y) < €(t) ||uol 720, 1 (3.44)
and (3.14), (3.15), (3.23), (3.16), (3.17), (3.24) follows.
O

Remark 3.1. Let us recall how one obtains (8.2) which is the more surprising estimate since it gives a
smoothing effect.

4. NON-HOMOGENEOUS LINEAR ESTIMATES

Thanks to standard duality techniques, we obtain estimates that are independent of L for the non
homogeneous linear system

Ut + NVzzzze T Vgze + Uz = f(.’E, t), (S [0? L]? te [0’ T[a

v(0,4) =0,  telo,T]

Ve(Lyt) =0, vge(Lyt) =0, Upee(L,t) =0, vpgae(L,t) =0, telo, TJ,
v(z, 0) = vo(x)

(KAVK) y g
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Proposition 4.1. Let vg € L%(0, L), f € [E and n < 0. Then there exists a continuous t — c(t) such

that

l[v]| Lo (0, 7; L2 ((1+22)dz))

||vz||L°°(o,T; L2((14z)dz))

||Ux||L2(0,T)

IVt va | Loo (0, 75 2 (142 der)

[Vt 02 (0, 8)[|22(0,7)

1Vt v22 (0, 8)| 220, 1)

IVt vallz2(0, 7; £2(0, T))

[vz|| Lo (0, T; L2 ((142)dz))

||vz (0, t)||2L2(0,T) + [[vz2 (0, t)”%?(O,T)
—1|Vez2 (0, 8)l22(0, 1

lvezllL2 (0, 7; 20, 1)
Proof. Adding (3.25) with (3.33) we have

L

L
2
S/o vf(l+ z%)dz

L
< 2|19|| L2 ((1402)an) | 1] L2 (1402)da) — M [V2(0, E) + V2., (0, £)] — 2L/ vidz — 6nv2(0, t).
0

Integrating the above equation over (0, t) we obtain

L
/ v (1 + z?
0

t oL I
—1017/ / xvfmdxds</ va(1+ 22 da;+2/ V]| 22 ((1+22)d2) | | F]| L2 ((1402)de) dS
o Jo

(AN VAN VAN VARSI VAN

IN

INIA

INIA

(T) 1 f]lz2 (0, 7; L2((1422)dz))
(T) |1 fllz2 0, 7; L2((1422) da))
(T) I£llz2 (0, 7; L2((1422)dz))
o(T) || f]le
o(T) || f]le
o(T) || f]le
o(T) || f]le
(T)

c(T) | f11L2(0, T; L2 (1422) da))

(T 1112200, 75 2((1422)da))
c(T) 1 £1lL2(0, 7; L2 (1422)de))

N2 (0, ) + 12,4 (0, t)]—zL/Ovd — 6n22(0, 1)

—n[/o 2(0, s)ds+/ Mm(Osds]—QL// 2dwds—6n/ 2(0, s)ds

where

t L
[oll e 0,7 221502y + (3 D) [[0(Es D] Bago, 29 + 122 (0, )| ao, ) +6 / / wv?deds

t oL
— 1 |[vz2 (0, )l 720, ) — 1077/0 /0 avl,deds < (1+ L?)||vol| L2 (o, 1)

+ 2|[vl|zoo (0, 7 L2 (1402 da) || ] 210, 7 L2((1422)dz)) — N [[02(0, B)][72(0, 7y + |[Vza (0, B)]172(0, 7y ]

— 2L |Jv||z2(0, ; 22(0, £)) — 61 [[02(0, 8)[|Z2(0, )

AN N N AN N N N N
O J O Ot b W N =
N N N N N N N N

~—~~
..,[;
=]
N—r

(4.10)

L
4 v*(1 + 2?)dz + (3 + L)v*(L, t) + v2(0, t) + 6/ zvide — nvg. (0, t) — 107}/0L:cvizd:c
0

t t t oL t
)dz + (3 + L)/ v*(L, s)ds +/ v2(0, s)ds + 6/ / rvideds — 77/ Vg2 (0, s)ds
0

(4.11)
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and using straightforward calculus (4.1) follows.
For (KdVK)yg we have(see [1] for the construction of this semi-group).

o(@, ) = /0 S(t— o) f(z, s)ds /O,

t
vp(z, t) = /0 0, S(t—s)f(z, s)ds /1 L2 (1 42)da)

t
lva (@, Dllz2(@4o)de)y < /||3z5(t—5)f($, $)llz2(142)amyds [ (t) € L*(0, T)
feate, Dllzquiaon® < [ [ 105~ )50, Mirammamts| )/ [ a
T
[ st Dllsuemrs@ar <[] [ 10,5695 Miscasmts| w0 /1
0 0 0
T T t
| leste Ollsusmavod] <[] [ 1086 = 1@ llsaands| 160 at
0 0 0

Using Fubini’s theorem and Cauchy-Schwartz inequality we have

T
| oste Ol umavar] < / / 111025t = 5)£(z, 5)l|22((1 0100 dids

r T 12 T 1/2
< /0 l/o |7/J(t)|2dt] l/o 10:5(t — s)f (=, s)||%2((1+z)dz)dt] ds
T /2 T 12
T V2w o 1/2
< MVO |¢(t)|2dt] /0 l/o IIf(z,s)||iZ((l+z)dz)dt] ds
T /2 o s 1172
< M /0 |7/J(t)|2dt] /0 £ (s 8)||22((112)dz) l /0 dt] ds
T /2 o
< MTV? /0 |1/’(t)|2dt] /0||f(x, 8)||L2((1.4-2)dz) 45
(2.1)

T /2 o
V3 M T/ / w}(t)l%”] / 1£(@, 9)l|2((1+02)da)ds

1/2

T
< CI/O |¢(t)|2dt] 1110, 75 L2 (1422) da))

therefore
1/2

T
<c l/o |¢(t)|2dt] ||f||L1(o, T; L2((1+22)dzx))- (4.12)

T
‘/0 [lve (2, )l L2((1+2)a2) P ()t
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If (t) = [[ve (2, D) L2 ((1+2)dz) then
1/2

T
<ec l/() ||vz(-’17, t)||%2((1+w)dz)dt ||f||L1(O,T; L2((1422)dz))

T
‘/O Ve (@, O[T ((142)d2) 9t
then

|ve (@, D) (720, 7; 22 ((142)day) < € 102 (@, O)L2(0, 73 L2 (1 +2)dx) || F1| 1 (0, 75 L2 (1 422)da))

hence

vz (2, B[220, 75 L2 (142)de)) < € || FllLr(0, 75 L2((1422)da)) (4.13)

and (4.2) follows.
Multiplying (KdVK)ny g by v, and integrate over z € (0, L) we have

L L L L L
/ VgV dT + n/ VpzVrroesdT + / VpzVazadT + / VpUpz AT = f(z, t)dz
0 0 0 0 0

Each term is treated separately, integrating by parts and using straightforward calculus we obtain
d [F L
7 v2de — 1 Vg2 (0, 1) — Vazee (0, £)]* 4+ v2(0, t) + v2,(0, t) — nv2,,(0, 1) = —2/ f(z, t)vgzde

0

M[v35(0, 1) + 03,4, (0, t)]
hence
i/L 240 +02(0, ) + 2, (0, £) — o2, (0, t)<—2/L F@, dz — nu2, (0, ) + v, (0,8)]  (4.14)

then

d [t
E/ vidz +v2(0, t) +v2,(0, t) —nv2,,. (0, t) < / v2 da:—{—/ f2(z, t)d
0
Differentiating (KdVK)y g in z-variable we have
Ugt + N Vgzzzee + Vezzz + Vzz = azf(wa t)-
Multiplying the above equation by zv, and integrate over z € (0, L) we have

L L L L L
/ TVL Vg dT + 17/ TV VpzozssdT + / TV VpzzadT + / TV Vg dT = / 20,0, f(z, t)dz
0 0 0 0 0

Each term is treated separately, integrating by parts we obtain

L

d
g zvide + [V, (0, t) + V22(0, 1)]2 — 29 [U44 (0, t) + Vaaz (0, )]2 — 7 [v2(0, 1) — Vawee (0, 1)]?
0

L L L L L
—577/ v2  dr + 3/ v2 dr — / vide = —2/ v f (z, t)dz — 2/ Tz, f(z, t)dz
0 0 0 0
v (0, 1) + 07, (0, ) — 20 [v75(0, £) + 030 (0, )] = 1 [17(0; £) + V300 (0, 1))

where

d [t L L L L L

7t / zvide — 57]/ v2 . dx + 3/ v2dx < / vide — 2/ v f (z, t)dz — 2/ TVye f (z, t)dz
0 0 0 0 0 0

+ ’Ui (07 t) + 'Uzz (07 t) - 27] [ng (Oa t) + 'Uia::z (07 t)] -7 ['U?v (0’ t) + 'Ui:m:m (07 t)]
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then
4 rr L L L L
— xvﬁdm—fm/ vgzzdm+3/ v dx < 2/ vﬁdm+/ (z, t)dz
dt Jo 0 0 0 0
L L
| ddat [ 2@ e~ 202,00, 6) + 62,0, 0] = 0200, 8) + 02 (0, 0)
0 0
+v3(0, 1) +02,(0, )
hence

d [t L L L L
— rvide — 57]/ V2 dT + 3/ v2 dz < 2/ vidz + / Pz, t)(1 + 2*)dz
0 0 0 0

dt /o
L
/ V2 dz — 20 [v2,(0, t) + v2,,(0, t)] — N [V2(0, t) + V2,4, (0, £)] +v2(0, t) +v2,(0,t)  (4.16)

Multiplying (4.15) by two and adding (4.16) we have
L

d L L
(14 )iide+3 [ v2do + 220, 0+ 262,(0,0) — 2, 0,) =50 [ oiuda
0 0

dt J,

L L L L L
< 2/ v2 + 2/ v2,de + 2/ 2(z, t)dz —l—/ vide +/ 2?2 f?(z, t)dz
0 0 0 0 0

L L L
< 2/ vidz + 2/ v2 dx + c/ Pz, )1+ 2%)dx — n[v2,(0, t) + v2,,.(0, )]
0 0 0

- 27] [vzw (07 t) + Ugww (01 t)] -n [Ug (07 t) + vgwww (0’ t)]

where
d [t L L L L
—/ v (1 + z)dx + / v2 dr —2nv3 (0, t) — 57)/ v2 dr < 2/ vide + c/ 2(z, t)(1 + 2*)dz
dt Jo 0 0 0 0
2 voz (0, )] (4.17)

Multiplying (4.17) by t and integrate in the temporal variable over (0, t) we have

t [q4 (L t L ¢ t oL
/ s d_/ v2(1 + z)dz ds+/ s/ vﬁzdxds—Qn/ sv2,.(0, s)ds — 57]/ s/ v2,dzds
0 s Jo o Jo 0 o Jo
t oL t oL t t
< 2/ s/ vidrds + c/ s/ f2(z, t)(1 + 2*)dzds — n [/ sv2,(0, s)ds +/ sv2,.2(0, s)ds]
o Jo o Jo 0 0
t t t t
— 27 [/ sv> (0, s)ds +/ sv2_ (0, s)ds:| -7 [/ sv2(0, s)ds +/ sv2,..(0, s)ds:| .
0 0 0

0




14 CEBALLOS, SEPULVEDA, AND VERA

then
L t L t t L
t/ vi(l+x)d$+/ s/ vizdxds—Qn/ sv2,.(0, s)ds—517/ s/ v2,  dxds
0
// 1+$dxds+2/ / vd:cds—i—c/ / 2z, t)(1 + 2*)dzds
-n [/ z:z:(o’ S)ds +/ zzzz(o 8)d8:| - 277 |:/ z:z:(07 S)ds +/ zzz(o S)d :|
0 0 0 0
t t
-7 [/ sv2(0, s)ds+/ v, .. (0, 5)ds ] .
0 0
hence
t t t
IVE el + [ lloselliao s =20 | 02,00, s = 5n [ lossel B, s
t
< ||Uw||2Lz(o,T; L2((1+z)de)) T 2/0 5||Uw||iz(o,L)d5 + C||\/Ef||2Lz(o,T; L2((14+22)dz))
t t t t
| [ ot st [ it 0, 05| <20 | [ 20,0+ [ s 0,51
0 0 0 0
t t
-n |:/ 57}3}(07 5)d5‘+/ zacza:(o S)d :|
0 0
finally

IVt vzlT2((112)az) + IVEVz2l 3200, 7, 12(0, 1)) — 201|VE V2w (0, D320, 7) — 51lVawallF2 (0, 7 12(0, 1)
< ||v$||i2(0,T;L2((1+m)dm)) + 2||\/£v$||%2(0,T; r2(0,L)) T c||Vt flli

o [[ 020, 9o+ [ 1200 105] ~ 20 [ [ 2,00, s+ [ i2into, 908
[ [ 20, s+ [ it 9108]. (418)

Using straightforward calculus the other terms are estimates the similar form that section one and the
proposition follows. O

5. NONLINEAR CASE
We now prove in this section a local existence result for the nonlinear system
Ut + NUzzzrs + Ugzr + Uy + Uy = 0, HAS [07 L]7 te [Oa T]7
u(0, t) = g(t), telo, T,
Ug(Ly 1) =0, upe(L, t) =0, Upye(L, t) =0, Ugyes(L, t) =0, telo, TJ,
u(z, 0) = up(z)
where L > 0, T €]0, co[ and 1 € IR is a constant. Let ¢ be a smooth function defined over IR™ such that
£(0)=1and {(z) =0, Vz > 1.

(KdVK)

Definition 5.1. A weak solution of (KdVK) on [0, T] is a function u(z, t) € Hr such that
’U)(.’E, t) = U(iE, t) - §($) g(t)
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satisfy
w(z, t) = S(t)wo(x) — /0 {€9s + 1 €owazag(s) + 9(8) (Cozo + o) + (w + E9(s)) (we + €29(s)) }ds

where wo(z) = uo(z) — £(z) g(0).
Let w be defined by
w(z, t) = u(z, t) — £(z) g(t)
then replacing in (KdVK) we have
Wi + £9¢ + 1 [Woasaz + Savazad] + Wasa + Eazag + (W + £9)(We + &og) + Wz +£29 =0
then
Wi + NWasawa + Wasa + Wa = —[£9¢ + N savasd + 9(Eoas + &) + (W + £9) (wz + &o9) |
= —F(w, wg, g)-
This way, system (KdVK) becomes

Wt + N Wezrer + Were + Wz = —F(w, Wy g)a TE [Oa L]a te [0> T]a

w(0, t) =0, telo, T],

we(L, t) =0, wWee(L,t) =0, Weee(L,t) =0, Wpea(L,t)=0, telo, Ty,
w(z, 0) = up(z) — &(z) 9(0)

where F(w, wy, 9) = €9t + N&zazwzg + 9(Ezzx + &) + (W + £9) (W + €29)- Indeed, we have transformed
the original problem (KdVK) into a problem with a Dirichlet boundary condition g = 0.

We write w(z, t) = S(t)wo(z) — fot S(t — s)F(w, wg, g)(s)ds where S(¢) is the linear semi group. We
introduce the following functional £ defined by

(KdVK),

L(wo, g, w) = S(B)wo(z) — / S(t — 5)F(w, w,, g)(s)ds

Lemma 5.1. There exists a constant c(T) depending on T, independent of L such that for all ug €
L?(0, L) and n <0
1S (&)uollm < c(T) [luol|L2 (o, L)

and the map t — c(t) is continuous.

Proof. It is an consequence of inequalities (3.1), (3.2), (3.16) and (3.17).
g

Lemma 5.2. There ezists a constant ¢(T') depending on T, independent of L such that for all f € E and

n<0
[ se-are

and the map t — c(t) is continuous.

<c(T)|f]le
H

Proof. It is an consequence of inequalities (4.1), (4.2), (4.4) and (4.5).

Lemma 5.3. For all w € H'([0, L]) such that w(0) = 0, one has

Ve wllze,2) <5 (y/I1wllzasae) y/lwsllzasaan + [0]lz o saran) (5.1)
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Theorem 5.1. Let n < 0. Suppose that wo, zo € L2(0, L), g and h are in HL (R™), then there exists a
continuous function t — c(t) such that for all T € [0, Tp],

1£(wo, g, w) — L(20, b, 2)llu < e(T) [|wo = 20|20, 1)
(T)VT (llgllaro,7) + -llar 0,7y + 2+ [lwllm) llg = hlla o, )
o(T) TH* |lw — 2/m (|lwllm +[]zlln)
(T)VT [[w = z|lm (I~llz1 0, 7) + llwllm + 112l )- (5.2)

+ o+ o+

Proof. We have

L(wo, g, w) — L(z0, h, 2) = S(t)(wo — 20)(z) — /0 S(t— s)[F(w, wg, g) — F(z, 2z, h)](s)ds. (5.3)

Let
H(s) = F(w, w,, g)(s) = F(z 2, B)(s)
= é-gt+n§zwzzzg+g(§zwz+§z)+(w+£g)(wz+€xg)
= gEz (gz - hz) + (g - h) (gw + é‘wxz) + E (gt - ht) + né‘zwxzz (g - h)
+ Ezwg_gth"'_gwmg_gzzh""wwz_zzz
= Fi+F,+F;3 (5.4)
where
Fl = ggw(g2_h2)+(g_h) (€x+€zzx)+€(gt_ht)+77€wzzacw (g—h)
F, = Gwg—E&ezh+8weg—Ezh
F3 = wwg— 22

Hence in (5.3) we have

L(wy, g, w) — L(z0, h, 2) = S(t)(wo — 20)(z) — /0 S(t— s)H(s)ds.

Using Lemma 5.1 and 5.2 we have

[|IL(wo, g, w) — L(20, by 2)|ln = HS(t)(wo —20)(z) — /0 S(t— s)H(s)ds y
< 15O - )@l +|| [ 56 ]|
< o(T) |lwo = 2ol z2(0, ) + ¢(T) || H|[e

e(T) [|wo — zol|z2(0, )

+ T) (||H||L1(0, T 12(1402)dz)) + [[VEH|| 200, 75 L2(1+m2)dw)))
We estimate separately the three parts of H.

P2 ((1422)de) = 1€&e (97 — h?) + (9 — h) (€& + Eana) + N €azaaa (9 — h) + € (e — Be)l|12((1422)da)
|| [E Ez (g + h’) + (éz + gm:m:) + né.za:mzz ](!] - h)||L2((1+z2)d:1:) + ||£(gt - ht)||L2((1+m2)dm)
c(2+[g(@)] +[R(E)]) |g(t) — h(t) + clge(t) — he(t)]

ININA
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because £ is compactly supported. Moreover and using H'(0, T') — L*°(0, T'), one gets

IFille < VTIIFillL2(o, 1y 12((144?)do)
< VT (2+]lgllmo, 1) + 1Bl a1 0, 7)) 119 =kl o, 7)- (5.5)

Now we estimate the term F5.

F, = Guwg—&azh+Elwy9—E2:h
§zw(g—h)—i—{m(w—z)h—i—éwz(g—h)—i—ﬁ(wz—zz)h

then

[[F2llL2(0, 75 L2 ((1422)dz)) = €e w (g — R)|[12(0, 7; L2((1422)do)) + |16e (W — 2) h|12(0, 7; L2((1422)da))
+  [l€wz (9 — W)l|L20, 7; L2 (1 422)d)) + € (Wa — 22) Rl|L2(0, T; L2((1422) da))-

Using that ¢ is compactly supported and H' (0, T) < L>(0, T') we have

||F2||L2(0,T; L2((1+22)dz)) < C||g - h||L°°(0, T)||w||L2(o,T; L2((14z)dz)) T C||h||L°°(0, T)||w - Z||L2(0,T; L2((14z)dz))
+ ¢ |lg — hllLe (0, )l|wellL2(0, T; L2 (142)d)) + IRl Lo 0, 7) || We — 22| L2(0, 75 L2 (140)dz))
<cllg = k|10, ) llw|| L2 (0, T; L2 (142)dz)) T+ Bl 10, Tyl |w = 2[|L2(0, T; L2 (142)de))

+ c|lg — hllaro, 7y l|Wel|L2 0, T; L2 (140)da)) T €|Pl|E1 (0, ) [|We — 22|20, T; L2((142)dz)) -
Therefore
|1 F2lle < e VT (Ilwllmllg — bllao,7) + 1w — zlln 1Bl 0, 1)) - (5.6)

We estimate the term Fj.

Fy = wwy—22; =(w—2)wy + 2 (Wy — 22)
= lwws —zzlle = |[[(w—2)ws: +2(we — 22)|[e < |[(w — 2) wa|le + ||z (wz — 22)
= ||Blle < [[(w—2)wslle + ||z (we — 22)|E

= ||(w = 2) wall£1(0, 7 L2((1422)de)) + ||[VE (W — 2) Wal| 1200, 7; 12((1422)dz))
+ 2 (we — 22)|| 110, 75 £2((1402)de)) + [[VE2 (Wa — 22)||12(0, T 12 (1422)d2))
= |[(w — 2) wa |10, 7; L2((1422)dz)) T 112 (Wz — 22)||L1 (0, T; L2 ((1422) dz))
+ |Vt (w = 2) wallz2(0, T; L2((1422)dz)) + ||VE2 (Wa — 22)||L2(0, 7; £2((1402)de)
= I3+ F3

where

Fy 3 = ||[(w = 2) we||p1 (0, 75 L2((1422)de)) T+ |12 (Wa — 22)||L1 (0, 7; L2 (1422)da))
and

Fy,3 = ||Vt (w — 2) wall 120, 7, 12((1422)de)) + ||[VE2 (Wa — 22)||12(0, 75 12((1422)da))
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then using that if ¢ > 0 and b > 0 then va+ b < +/a+ Vb we have

Fr3 = |[(w-

2) We |11 (0, Ty L2((1402)da)) T |12 (Wa — 22)[| 21 (0, 7y L2 ((1422) da))

T
= / ||( —Z) wm||L2((1+z2)dm)dt+/ ||(w —Zz) Z||L2 (1+z2)dz)dt

= / \// w—2) w21+x2dxdt+/ \// e — 22)2 22(1 + 22)dz dt
= / \// (w—z)zwgdx+/ (w—2)2w2z?dz dt

0 0 0

T L L
+ / / (wz—zz)2z2d$+/ (wgy — 25)? 22 22 dz dt

< \// 2 w2 dx —i—\// w2x2d:c>dt
L L
+ / (wg — 25)%22dx + / (wgy — 25)%222%dz | dt (5.7
0 0
but
L L
/0 (w—2wzdz < lw—2z[|7 0, 1) /0 w2dz
L
< w—zlhen [ ui+o)de
(2.4) \
< 2||w = 2|[r2((142)de) |[We = 2al|L2((1+0)de) [|Wa L2 (14-0)da) (5.8)
and
L L
/ (w—2)?wiz?dz < ||lz(w-— z)2||Loo(0,L)/ zw? dr
0 0
L
< IVE@=Dlimr | w2(+2)ds
then

||z (w -

hence using Lemma 5.3

|lz(w = 2)wal[r2(0, 1)

L
2 w20, 1) < ||\/5<w—z)||%w(o,m/0 w? (1+z) de

IN

vz (w - )|~ 0, \// w? (1+2) da

5 (\/Hw — 2||L2((142)dx) \/sz — Zg||L2((14a)da) + || — z||L2((1+m)dm)>

IN

X ||wz||L2((142)de)- (5.9
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This way, using (5.8) and (5.9) for the first term in (5.7) we obtain

\//OL(“’ ) tuipda \/ /0 - z)2w£w2dw> dt < /O ' \/ /0 C(w-2uide di

T L T
1/2 1/2
—1—/0 \//0 (w — 2)?w2z?de dt < \/5/0 [|lw— z||L/2((1+z)dz)||wz - 2z||L/2((]_+z)dz)||wz||L2((1+$)d$) dt

T
1/2 1/2
+5 / (11 = 2135 i 100 = 2all Ty + 110 = 2122 1 t21ae) ) el 221 20
T
< C/O ||lw — z||L2((1+z)dz)||ww - Zw“LZ( 1+m)dz)||wz||L2((1+w)dw) dt
T

T
+ 5/0 llw = 2[|L2((140)dz) [|Wz| |2 (1 12)dz) At < c]lw — 2][1 /0 |[ws — z$||L2((1+z)dz)||ww||L2((1+z)da:) dt

T
+5||w - z|||H/ l|lwellL2((142)dz) 4 < (VT + TH*)||w — 2||m |[w]|n.
0

Therefore

\// 2Pwldz + \// )2 x2dw> dt < (VT + T jw— 2w ||wllw.  (5.10)

Using the similar technique for the second term we obtain

L L
\// (1y — 22)? 22 dos +\// (s — 22)? 22 22 dx) dt < (VT + TV |Jw = 2|[m |[wllw.  (5.11)
0 0

This way from (5.10) and (5.11) we have

Fi 3 <c(VT+TYY||w — 2||m |Jw]|n- (5.12)

Now we estimate the term F, 3. Using the Lemma 5.3, we estimate the following term

lz(w — 2) wallr2(0,) = [Vz (w—2) VT wsl|r2(o, 1)
< ||\/E(w - Z)HL‘X’(O,L)”\/EU).'EHLz(O, L)
< 5 (Yl = Hllzsaraan yllwe = zlliaine + 1w = 2lliam)
X |IWVzwel|r20, 1)
< 5y/llw = 2llzaien /11 = zallz e IVEwllzen
+ 5w = 2||L2((1+2)de) [VZWe|L2(0, 1)
< 5 \/||w — 2|2 ((142)dz) \/sz — Zz||L2((142)dz) |[Wal|L2((142)da)
+ 5l|lw — 2|[z2((142)dz) Wzl L2((142)dz)> (5.13)
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hence from (5.13)

IVtz (w = 2) wallz2(0, 75 1200, 1))

CEBALLOS, SEPULVEDA, AND VERA

IVt vz (w = 2) VT ws||12(0, T; £2(0, 1))

< 5 \/||w - z||L°°(0,T; L2((14z)dz)) ||\/7:/wz||L°°(0,T; L2((14z)dz)
X \/me — Ze||L2(0, 75 L2 (140)da)) VT
+ 5w — 2||pe= (0, T; L2((142)de)) |[VEWa|| L2 (0, T; 12 (142)d2)
< cllw = 2l lwliny/llwe = zell2, 7 12142102y VT

+ ¢ |lw— z|lu VT |[w]|n
< C\/T||w—z|||H||w|||H, VOL<tLT.

This way from (5.14), the first term in F5 3 is estimated by

IVt (w — 2) wal|£2(0, 75 L2((1422)dzy) < € VT [Jw — 2||m |[w]lm

and the similar form we estimate the second term in F5 3.

IVt (e — 22) 2l|L2(0, 7 L2((1402)da)) < € VT |[w — 2||m ||w] |-
Therefore the Theorem 5.1 follows.

Let

To>0, r=2¢(T) (llwollzz, 1) + VTo (2+llgllmo,m)) ) llgllmso,7)-

We denote by IB,.(0) the ball of center zero and of radius r in Hr.

(5.14)

(5.15)

(5.16)

Theorem 5.2. Let n <0 and g € Hlloc(IR+). Then, there ezists a time Ty € (0, Ty| such that the appli-
cation (wo, g, w) — L(wo, g, w) maps the ball B, into itself.

Proof. Using (5.2) with zg =0, h =0, z = 0, one gets

|L(wo, g, w)||m

If w € IB,.(0), then

<

N+ IN +

+
[

e(To) |lwol|z2(0, £y + ¢(To) v/To (|1wllm + 19l 0, 7) + 2) gl 20, )
o(To) Ty [wl [}y + (To) v/To [w][f
e(To)l|lwol| 20, )y + e(To) v/To (Ilgll a2 0, 7) + 2) 191lar2 (0, 7)
(To) V/To l[wllllgl zr2 0, 7y + e(To) Ty"* [l + e(To) v/To |lwllf
)
)

[

(%) (Ilwoll 20,1 + /o (gl 0,7 +2)) llgll 10,
(To) V/To l[wllullgl s 0, 7) + e(To) To " llwllfs + e(To) v/To Il

r
2

r
[|1£(wo, g, w)||n < 2 +cv/Tor ||glla 0, ) +cT01/4 2 4 ¢/Ty r2.

Choosing Tj such that

,
e (VEurllglmom + T3/ #* + VT 1) <

1/4
+e(To) V'To |[wllwllgllm 0,7y + e(To) Ty'* [[wllfs + e(To) v/To [l
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we have that (wg, g, w) = L(wo, g, w) maps the ball IB,.(0) into itself.
]

Theorem 5.3. Letn <0 and g € Hlloc(IR"'). Then, there ezists a time Ty € (0, T1] such that the appli-
cation (wp, g, w) = L(wo, g, w) s a contraction over (IB,(0), || - ||m)-

Proof. Using (5.2) with wg = 29 and g = h we have

1£(wo, g, w) = L(wo, g, 2|l < e(T)TH* [[w — 2/l ([[wlln + []2]In)
+ (D) VT w2l (1gllz 0, 1) + [wllm + ]2l )-
so that, if w, z € B,.(0) then

2o, 9, w) ~ Lo, g, 2w < D) T oo — =l 27+ o)V 2l (gl 0,7+ 2r)
< ¢ <2rT1/4+2rﬁ+ﬁ||g||H1(o,T)>

then the application (wo, g, w) — L(wo, g, w) is a contraction over (IB,.(0), || - ||m)-
Theorem 5.4. Let n < 0. Then there exists a unique w defined in Hr, weak solution of (KdVK).

Proof. To apply the Banach’s fixed point theorem for (wg, g, w) — L(wog, g, w) on IB,(0), which is a
complete metric space and yields local existence and uniqueness.
O

Theorem 5.5. If n < 0. Then the solution w depends continuously on wo € L*((1 + z?)dz) and
g € HL (R™).

Proof. From (5.2) for small times, one gets

lw—z2llu < eT)|lwo — z2ollz20, )y + ¢(T) VT (lgllar2 0,7y + |kl 20,7y + 2 + |[wllm) |lg = hlleri o, )
+ (D) TV ||w = 2|lm ([Jw|lw + [2llm ) + e(T) VT |[w — 2l[u([|k]|m710,7) + [w]lm + |2]m)-

Then if wg — wp in L%((1 + x?)dz) and if ¢ — h in H?(0, T) one gets that w — 2z in IHy. These
results were obtained locally in time. But, since the time interval where this result holds depends only
on ||wo||L2(0 L and ||g||g1(0, 1), it can be extended as long the solution exists. The proof follows.

O
Finally as consequence of theorems 5.4 and 5.5 we have our main result:

Theorem 5.6. (Ezistence and Uniqueness) Let 7 < 0, ug € L?((1+ z2)dz), g € H} (R") and 0 < L <
+00. Then there ezists a unique weak mazimal solution of (KdVK) defined over [0, TL]. Moreover, there
exists Trnin > 0 independent of L, depending only on ||uo||r2(0, 1) and ||g||m1(0,7) such that Ty, > Thn.
The solution u depends continuously on uy and g in the following sense: Let a sequence uy — ug in
L%((1+ 2?)dz), let a sequence g™ — g in H} _(IR") and denote by u™ the solution with data (u}, g") and
T7 its existence time. Then

liminf T7 > T7,

n—+oo

and for all t < Ty, u™ exists on the interval [0, T| if n is large enough and u™ — u in Hr.
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Remark 5.1. All the estimates obtained in the previous section can be applied to the quarter plane
problem (L = +00) since they are uniform with respect to L. This gives

Corollary 5.1. Letn <0, ug € L*((1 4 z2)dz), g € H} (RT) and L = +o0o. Then there exists a unique
solution of (KdVK) in the space
Hr = {uecC(0, T]; L*(R"; (14 2%)dz)) such that
u, € C(0, T; L*(R™; (14 2%)dz)), vVt u, € L°(0, T; L*(RT; (1 4 z)dz))
V't Uz € L2(0, T; L*(R™; dz)), vVt ugee € L2(0, T; L*(RT; dz))}.
for some T > 0.

Remark 5.2. We consider the Korteweg-de Vries-Kawahara equation in a quarter plane

Ug + N Ugzees + Ugze + UU + Uz =0, x>0, t2>0,
(KdVK)QP =4 u(0,t) =g(t), t=>0
u(z, 0) = ug(z), z > 0.

In this context, we are interested in the following result: Consider a family of initial values ul € L*([0, L])
such that

L
sup [ fuf (@) (1+ ) da
0

L—oo

and such that ul — ug in L?OC(IR+) strongly. Then, for all T > 0, if L is large enough, u’ the solution

of (KAVK) with initial data u} is defined on [0, T] and u* — w in LP(0, T; L% (IRT)) strongly for all
1 <p < 400, where u is a solution of (KdVK)gp with initial value ug.

In order to prove this question, we need similar results for Korteweg-de Vries-Kawahara equation as
those obtained by J. Bona and R. Whinter [5, 6, 4] for the Korteweg-de Vries equation.

In the next section we present numerical results for regular solutions of the KdV-Kawahara equation
(KdVK).

6. NUMERICAL SIMULATIONS

We consider finite differences based on the unconditionally stable schemes for simulation of solitons
described in [7].

Description of the scheme. We note by u? and v} the approximate value of u(iAz,nAt) and
v(iAz, nAt), solutions of the nonlinear problem (KdVK) and the linear problem (KdVK)y, respectively,
where Az is the space-step, and At is the time-step, for i = 0,..., N, and n = 0,..., M. Let the discrete
space :

XN ={u=(up,u1,...,un) € RNV+1 | with up =0and uy =uN_1 =UN_2 =UN_3 =UN_4}

and (D%u), = u,%;u, and (D~ u), = u’%ﬁé’_l the classical difference operators (here, we suppose
u_1 = 0). In order to obtain a positive matrix we have to chose a particular discretization. The numerical
scheme for the approximation of the nonlinear problem (KdVK) reads as following :
utl — 1 9
— 4 AT 4+ D W =0 6.1
o+ Aut 4 D[] (6.1)
where

1
A=qD*D*D*D D™ +D*D*D " + (D" +D").
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In the same way, the numerical scheme for Linear problem (KdVK)y, reads as following :
,Un—i-l — "
— 4+ A"t =0 6.2
NI (6.2)
In order to obtain estimates for the solution of the numerical scheme for the linear case, we have the
following Lemma describing the quadratic forms associated to the different matrices.

Lemma 6.1. For all u € Xy, we have

1((D+ + D )u,u) =

5 0 (6.3)
_ 1/ 1 _ 12 _
(D*DTD u,u) = 5 (Aw [D~u|| +Az|D'D u|2) (6.4)
1/1
(DTDT*DT*D™ D u,u) = -5 <A— [D—D—u]f+Ax|D+D—D—u|2) (6.5)
x

N
where (u,v) = Zuivi and |u| = +/(u,u).
1=0

Proof. The matrix %(DJr + D7) is clearly an antisymmetric matrix, and we have the first identity of the
Lemma.
The second and third equality is a consequence of the following identity

1
(D, 2,2) = 5 (lansal’ =[] — Aa|D*22) (6.6)
for all z € RY™!, which is easy to prove directly from the formula
1 1
(a —b)a = 5((12 —b2)+§(a—b)2. (6.7)

We remark that (DT Dt D~u,u) = —(D*D~u, D™ u) for all u € Xy, and we apply (6.6) with 2 = D~ u
in order to obtain (6.4).

In the same way, we remark that (D™ D*DTD~D~u,u) = (D*D~D~u,D~D~u) for all u € Xy,
and we apply (6.6) with z = D~ u in order to obtain (6.5). O

Corollary 6.1. If n < 0, the matriz I + kA is definite positive, and for any u™ € Xy there exists an
unique u™*! solution of (6.1). We have the existence and uniqueness solution for the linear case (6) too.

The following estimate shows that the numerical schemes (6.1) (6) are [2-stables.

Proposition 6.1. For any v" € Xy verifying the linear scheme (6), we have

n—1
|Un|2 + At2|vk+1—vk|2
k=0

n

+ At Z [vak]f + AtAz Z |D+D7uk|2

Awk::l k=1
At o k2 % + == k2 02
- A—wZ[DDv]1+AtAzZ|DDDv| = [v%)2.
k=1 k=1

Proof. We multiply the numerical scheme (6.1) by v"*!. Then, applying the Lemma 6.1, and the equality
(6.7), with @ = v**! and b = v*, we deduce the identity of the proposition. |
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In order to obtain the unconditional stability for the nonlinear version of the scheme, we will find
a discrete estimates that is equivalent to that of (3.28) (see Proposition 3.1). Let us denote by z the
sequence z; = iAz. We have the following Lemma :

Lemma 6.2. For all u € Xy, we have

1 1 1 1
~((DY 4+ D )u,zu) = =Az?|DTu* - Sud — = |uf? (6.8)
2 4 4 2
3
(DTDTD u,zu) = §At|D7u|2
1 2 N_B- + =12 + -, k12
+5AtAz > (i-1)D D u* + [DTDu]] (6.9)
=2
5 1 N-3
(D*D*D* DD u,zu) = —§At|D_D_u|2—§AtA:c2(Z (i—1)|DF D™D~ u*?
=2
o k2
—2(N -2) [D*D=Du]}y_,—2[D*D"D ) (6.10)
where (zu); = iAzu;.
Proof. We note that (D~ zu); = (zD u); + Al—wu,-,l. Then
N
(DY 4+ D™)u, zu) Zum ((D~w); +ui—1) + (D" u,u) = —(DTu,u) — |ul?.
=1

Using the identity (6.6) in this last relation, we conclude (6.8). Following the same idea and applying
the same identity (6.6) is easy to prove (6.9) and (6.10) O

Proposition 6.2. For any v™ € Xy verifying the linear scheme (6), we have

n—1
"> + At2|ﬁ(vk+l—vk)|2
k=0

1 2 S —. k|2 2 = + -, k2
+ <3At+2A:r,>Z|D P+ AtAZ? Y N (i - 1)| DT DT
k=1 k=1 i=2
n n N-3
- SUAtZ |D- D v*| —nAtAwQZ Z i—1)|D*D~ D v*|?
k=1 k=1 i=2
n—1
+ AtAz? Y ([DTD oM} - 20(N - 2) [D* D= D)5, - 29 [D* DD H]})
1 N—-2 1
k=0
= 1
= z'P + kz_l (|vk|2 + 50%) .

Proof. We multiply the numerical scheme (6.1) by zv"*!. Then, applying the Lemma 6.2, and the
equality (6.7), with a = \/zv**! and b = \/zv*, we deduce the identity of the proposition. O

From the identities of Proposition 6.1 and 6.2 and following similar analysis of the proof of Proposition
3.1, we deduce the following result :
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Proposition 6.3. Ifn <0, there exists a constant C > 0 (independent of At and Ax) such that for any
vP € X verifying the linear scheme (6), it satisfies :
k:|2 C|’U0|2

sup |v
k=0,...,p

IN

P
Atz |ID=u*> < Cluol*
k=0
Moreover, if n < 0 we have
P
At T |DTDTUF? < Clul*.
k=0

Now, let us introduce the non-homogeneous linear scheme approximating the solution of the (KdAVK) x5
problem :
vn+1 — "
At
The existence proof of the continuous case studied in the previous sections applies in the discrete non-

homogeneous linear case and the discrete nonlinear case for any discretization of the non-linear part, in
particular for f, = %D*[u"]Q. Thus, we obtain the following result of convergence :

+Avn+1 — fn

Theorem 6.1. For any u™ € Xy verifying the non-linear scheme (6.1), with a = 1, and n < 0, there
exists 9 > 0 such that, if At < &g, then there exists T > 0 and a constant C = C(T') > 0 (independent
of At and Azx) such that :

sup |v*[? Cluvol?
k=0,...,p

IN

P
Atz |ID=uF> < Cluol*.
k=0
Moreover, if n < 0 we have

P
Atz |D~D~u*? < Clug)?.
k=0

This result means that independently of the discretization of the nonlinear term, the scheme is uncon-
ditionally stable. Let us observe that in agreement with the gain of regularity of the (KdVK) equation,
we obtain an additional estimation with respect to the analogous numerical scheme of the KdV equation,
studied in detail in [7].

Some numerical results.
We study the re-normalized Korteweg-de Vries-Kawahara equation with initial and boundary condition
on [0, L], with L =10 :

1 1 1 1
Ut + ﬁnuzzmzz + ﬁnumzz + Zuum + zuz - 0

We have taken 7 = —1, At = 2.5x107°, Az = 5 x 10~%. We compute the solution during 9600 iterations
in time, that is on the time interval [0, 7] with T = 0.24.
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The initial value (Figure 1) is
a 4o

@)= ok (Lo~ 172)) T cosh? (2La ~ 1/8))

with o = 123% and 8 = 2. This correspond to the superposition
of two solitons with different speeds. Using, Matlab we obtain In
Figure 2, we have represented the solution at time t; = i7/10 for

1=1,...,9. Figure 1 : Initial Value u,

ol ] ol ]
ol ] ol ]
ol ] ol ]

Figure 2 : Interaction of two solitons for the Korteweg-de Vries- Kawahara equation (n = —1).
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In figure 3, we have represented the solution of a KdV equation (with n = 0), with At = 2.5 x 1076,
Az =5 x 1075, We compute the solution during 96000 iterations in time.

o 05 1 15 o 05 1 15 o 05 1 15

Figure 3 : Interaction of two solitons for the Korteweg-de Vries equation (7 = 0).

35\
The validity of the results can be expressed by the graphic of the L

function ¢ — |lua(-,t)||£2(0,L), Where ua is the discrete solution of
the numerical scheme (see Figure 4). In theory, if the support of the
solution stays in the interval (0, L), the norm L? must be conserved.
It is not rigorously the case of our simulations, but watching on the
graphs of Figures 3, we can say that it is approximately certain for
the KdV equation (n = 0) : we have 0.06% of lost of the norm L? i
value. In the case of the simulation of the KdV-K equation (Figure s
2), we note that the first pic touch the boundary z = 0 and then, we Figure 4 : t = |lua(-,t)||2(0,1)
have 0.25% of lost of the norm L? value. forn=0and n = —1.

0,05 01 015 02
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