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DEGENERATIONS FOR DERIVED CATEGORIES

BERNT TORE JENSEN, XIUPING SU, AND ALEXANDER ZIMMERMANN

To Claus Michael Ringel for his sixtieth birthday

ABSTRACT. We propose a theory of degenerations for derived module categories, analogous
to degenerations in module varieties for module categories. In particular we define two types
of degenerations, one algebraic and the other geometric. We show that these are equivalent,
analogously to the Riedtmann-Zwara theorem for module varieties. Applications to tilting
complexes are given, in particular that any two term tilting complex is determined by its
graded module structure.

INTRODUCTION

Geometrical methods were introduced in representation theory of finite dimensional alge-
bras in order to parameterize possible module structures on a given vector space by algebraic
varieties. These varieties carry an action of a reductive algebraic group G such that the or-
bits correspond to isomorphism classes of modules. One says that a module M degenerates
to N if N is in the closure G - M of the orbit of M under the G-action, and in this case one
writes M < N. Riedtmann defined in [L0] a relation <4, by setting M <., N if there is a
module Z and a short exact sequence

0O—N-—--MoeZ—7—0

of A-modules. She showed that M <,, N implies M < N and in 3] Zwara proved that
M < N implies M <,y N.

Since the derived category became a powerful tool in representation theory it seems
desirable to study derived categories from such a geometric point of view. De Concini
and Strickland [[J] studied geometric properties of varieties of bounded complexes of free
modules. For a finite dimensional algebra A Huisgen-Zimmermann and Saorin [[[1] defined
an affine variety which parameterizes bounded complexes of A-modules. For this variety
no group action seems available so that the quasi-isomorphism classes correspond to orbits
under the action. Bekkert and Drozd studied in [ minimal right bounded complexes of
projective modules, where quasi-isomorphism is the same as homotopy equivalence. There
homotopy equivalence classes are obtained as orbits of an action of a group, however Bekkert
and Drozd did not study the topology of their space and in particular they did not study
degeneration.

The purpose of the present paper is to define and to study a geometric structure on a
set of right bounded complexes of projective modules and to show a result analogous to the
result of Zwara and Riedtmann. More precisely, we define a topological space comproj¢
parameterizing right bounded complexes of projective modules depending on a dimension
array d replacing the dimension vector for module varieties. This topological space is a
projective limit of affine varieties and a projective limit G of affine algebraic groups is acting
on it. The G-orbits correspond to quasi-isomorphism classes of right bounded complexes of
projective modules. For two right bounded complexes M and N we define M <A N if there
is a complex Z and a distinguished triangle

N—M&Z—7Z— NI].
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For two right bounded complexes M and N in comproj¢ we say M <top NIt NeG-M.
Our main result is the following.

Theorem. Let A be a finite dimensional k-algebra over an algebraically closed field k and
let N and M be complexes in the bounded derived category of A-modules D*(A). Then, there
is a dimension array d so that N and M belong to comproj® and moreover M <a N if and
only if M <4 N.

Using <44 and <A we show that for two A-modules M and N one can choose a dimension
array d so that the module M degenerates to N in the module variety if and only if the
projective resolution of M degenerates to the projective resolution of N in comproj?. To
illustrate how the topology of comproj¢ can be used we show that a partial two-term tilting
complex is determined, up to isomorphism, by its structure as a graded module. We give
an example showing that this is not true for longer tilting complexes.

The paper is organized as follows. In Section [] we define the variety comproj?, define a
group acting on it, and show some basic properties. In Section P we define <A and show
that <a implies the topological degeneration for two complexes with bounded homology.
In Section B we show the converse. Section [ finally develops consequences for complexes
without self-extensions.

1. GENERAL DEFINITIONS AND ELEMENTARY PROPERTIES

Let A be a finite dimensional algebra over an algebraically closed field k. Let mod(A, d)
denote the affine variety of d-dimensional A-modules. The general linear group Gly(k) acts
on mod(A,d) by change of basis and the orbits correspond to the isomorphism classes of
d-dimensional modules.

Let Pi,..., P, be a complete set of projective indecomposable A-modules one in each
isomorphism class. For an element d = (d',...,d") € N' let a(d) be defined by @2:1 P]dj €
mod(A, a(d)).

For every sequence d : Z — N for which there is an iy € Z with d; = (0,...,0) for i < iy
we define comp(A, a(d)) to be the subset of

(H mod(A, a(di))> X (H Homy, (k@) ko‘(di—l))>
i€Z €L
consisting of elements ((M;)iez, (0;)icz) with the properties that 9; is an A-homomorphism
when viewed as a map from M; to M;_1 and 9;0;_1 = 0.

The group [[;cz Gla(a,) acts on comp(A, a(d)) by change of basis and the orbits corre-
spond to isomorphism classes of complexes.

We have a projection mys : comp(A, a(d)) — [];cz mod(A, a(d;)) and we define

l .
comproj? := W]T/[l(H @ P;ﬂ) .
1€Z j=1
We say that d is bounded if there is an iy € Z with d; = (0,...,0) for ¢ > 47. In this case
we identify comp(A, a(d)) with the affine variety of bounded complexes defined by Huisgen-
Zimmermann and Saorin in [[LT], in particular it has the Zariski topology. Also comproj? is
then an affine variety, being a closed subset of comp(A, a(d)).
Naive truncation on the left induces surjective morphisms of varieties

Lpn:comprojdn —  compro jdn—1

11100 = (1T 25 11 )

i<n i<n i<n—1 i<n—1
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and similarly surjective maps

T * comproji — comprojdn

(JImIJ2) — (q]Ma]]o)-
i€Z i€Z i<n i<n
We give comproj¢ the weak topology with respect to the maps {m,}. So, the open sets in
comproj? are of the form U = Un>ne 7-1(U,) for open sets U, in comproj and ng € Z.
Similarly, the closed sets in comproj? are of the form C = Nisne Tn L(C,) for closed sets
C,, in comprojd and an ng € Z. Note that comproj? is the projective limit of the varieties
comproj%n in the category of topological spaces.

The group
l l

] ]
G =] Staben,, (@ P") = [[ 4uta @@ P")
i€Z j=1 i€z j=1
acts on the space comproje by conjugation and the orbits correspond to isomorphism classes
of complexes of projective A-modules. The action of G on comproj¢ induces naturally an

action of G on comprojd for all n such that 7, and ¢, are G-equivariant maps.

We see that G is a connected algebraic group if d is bounded since the endomorphism
ring is a linear space, hence irreducible, and the automorphism group is an open dense
subvariety. Moreover, the action of G is the action of a connected algebraic group on an
affine variety if d is bounded.

The following lemma is well known to the experts, but we could not find a reference
and include a proof below. We do not require the field to be algebraically closed for the
remainder of this section.

Lemma 1. Let X = (@;c5Qi Dz 0) and Y = (e Qi Dicr, 0F) be two right

bounded complexes of projective A-modules with the same homogeneous components @Q; in
each degree i € Z. Then, X is isomorphic to Y if and only if X is homotopy equivalent to
Y.

Proof. If X is isomorphic to Y in the category of complexes, then clearly X is homotopy
equivalent to Y. So, suppose that X is homotopy equivalent to Y, that is there is a mapping
of complexes ¢ : X — Y and a mapping ¢ : ¥ — X of complexes so that there is
a map h of degree 1 so that v — idxy = hOX + 0Xh and likewise there is an A’ with
Y —idy = h'0Y + 0¥ h'. We shall show that X ~ X' @ Ny where im(9%|x/) C rad(X’)
and Ny is contractible, and likewise for Y.

Suppose for the moment that this is shown. Then, since Nx and Ny are contractible, we
get X’ and Y’ are quasi-isomorphic, and therefore, since both are right bounded complexes
of projective modules, homotopy equivalent. Once we can show that then X’ and Y’ are
isomorphic as complexes, then also Nx and Ny are isomorphic. Indeed, Nx and Ny are
isomorphic as graded modules. Now, since Nx and Ny are contractible, they are both
isomorphic to a direct sum of copies of shifted copies of complexes of the form

s 00— M =M ——0— ...

Comparing the direct factors, and using that Nx and Ny are isomorphic as graded modules,
one sees that Ny ~ Ny as complexes. So, we suppose for the moment in the statement
of the lemma that im(9X) C rad(X). But then, oy —idx = hd* + 0%h, and therefore,
(pv—idx)(X;) C rad(X;) for any degree i. Nakayama’s Lemma implies that ¢t is invertible.
Likewise 1 is invertible. Hence, ¢ is an isomorphism.

We need to show that X ~ X’ @ Nx for a contractible Nx and a complex X’ with
im (0% |x/) C rad(X'). Since 9% (rad(X;)) C rad(X;_1), the complex X induces a complex

(X/rad(X), aX) of semisimple modules. Let m be the smallest degree such that X,,_; is
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non-zero. Denote X := X /rad(X). If
0# T : Xy — X1, then X1~ X1 ® X4

11
m—1

_X JR— JR—
so that 0,, : X,, — X
cover X/ | of Y;/’L—l' Since X, is projective, there is a splitting op,—1 : X, _; — X, of

0% and therefore, X,,, ~ X/, ® X" , and X,,, 1 ~ X! ;® X" | so that 9, is transformed

m

is surjective. But then, 9;X is also surjective onto the projective

Xl
by these isomorphisms into 61 id 0 ) Now, by induction define Nx := X" and
X
one gets X ~ X' @ Nx and BX] x+ induces the 0-mapping modulo the radical. This is
tantamount to saying that im(9%X|x/) C rad(X’). [

As a consequence of the lemma we see that the orbits in comproj? under the action of G
correspond to homotopy equivalence classes, or equivalently quasi-isomorphism classes, of
right bounded complexes of projective modules with fixed dimension array d. Note however
that d is not preserved under quasi-isomorphism.

Lemma 2. Let M and N be right bounded complexes of finitely generated projective modules.
Then, there is a dimension array d and homotopy equivalent complexes M ~ M' and N ~ N’
so that M', N’ € comproj2.

Proof. Let n be the smallest degree such that the homogeneous component of M or N is

nonzero. m m m m
M, =P M; & PN, and N}, =P N; & P M;
Jj=n Jj=n j=n j=n

where the differential d,;s is chosen to be djs on M,,, and the differential dpy- is chosen to
be dy on N,,. Moreover,

id if m—k is odd

id if m—k > 01is even
dM/’Mk - 0 else

hereas d; =
0 else A M ‘Nk {

Define the differential on N’ likewise, and get this way that M, ~ N/ for all m, and also
M ~ M’ as well as N ~ N'. [

We define for a complex X the complex X[1] shifted by one degree to the left by (X[1]),, :=
X1 and opM = —9X_ .

2. ALGEBRAIC RELATION IMPLIES TOPOLOGICAL RELATION

Let A be an algebra over an algebraically closed field k, let D~ (A) be the derived cat-
egory of right bounded complexes of finitely generated A-modules, and let D?(A) be its
full subcategory formed by bounded complexes of A-modules. Let K~ (A) be the homo-
topy category of right bounded complexes of finitely generated projective A-modules and
K—(A) the image of D?(A) in K~ (A) under the equivalence K~ (A) ~ D~ (A). Concerning
conventions for derived categories we shall follow [f.

For any X and Y in D™ (A) let X <a Y if there is a distinguished triangle

Y —-X0Z — 7 —Y][l]
for an object Z in D~ (A).
On the topological side we define a relation <;,, by
X<ipY &Y eG-X

for X,Y € comproj?.
We denote by dim(X) the dimension array of a complex X € K~ (A).
Observe that if X and Y are in D(A), then X <A Y implies [X] = [Y] in Ko(D’(A)).
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Theorem 1. Let M and N be right bounded complezes of finitely generated projective mod-
ules with the same dimension array d. Then, M <A N implies M <;,, N in comproj<.

Proof. Let U be a subset of comproj. We show that U = (", m, ! (m,(U)). The inclusion
C is obvious. Let C be a closed subset of comproj¢ with U C C. Then C = (0, 7, 1(Cy)
for closed subsets C,, C comprojén. Hence U C 7, H(Cp) and so m,(U) C C,, for every n,
which proves the other inclusion.

Now, if one can prove that whenever M <a N, then m, (M) <a m,(N), and moreover, if
this implies that m,(N) € G - 7, (M), then by the above, N € G- M. This means, that M
degenerates to N in the topological sense.

We still have to show that if M <A N then m,(N) € G - m,(M). We shall use the very
same proof as in the module case by Riedtmann [10]. Let M <a N. Then, there is a
complex Z of projective modules so that

N—M&Z— Z— NI[l]

is a distinguished triangle. This implies that
Z[-1] — N — Mo Z — (Z[-1])[1]
is a distinguished triangle. Hence, M & Z ~ cone(Z[—1] — N) in the homotopy category.
Now, we use that the dimension array of N and of M coincide. Indeed,
dim(cone(Z[~1] — N)) = dim(Z) + dim(N) = dim(Z) + dim(M) = dim(M & Z) .
Hence, cone(Z[—1] — N) ~ M & Z in the category of complexes and so there is a sequence

B
0N e Wy g

which is exact in the category of complexes. This shows at once that M <A N implies
Tn (M) <A m,(N) for any n.
The first assertion is that 3 is invertible if and only if « is invertible and in this case,

B8
0N e Wy g

is isomorphic to

B
0Nz ),

and therefore N ~ M. Indeed, we get an isomorphism of exact sequences

B8
0 — N @9 ZoM W oy Ly
idy 0
H l('lﬂﬁ_l Z’d]u) H
B
0 — N @ ZaM G oy

and likewise for « invertible. '
For any t € k we have a homomorphism of complexes (6 +Zldz ) Let

B+1t-idy
L)
_ (6+i-bidz)

Ny := k:er((
in the category of complexes. For any ¢ with f; : being surjective we have that
fi is locally split. Here we call a homomorphism of complexes g locally split if g is split in
each degree, but not necessarily split as a homomorphism of complexes. For all such ¢ we
see that N is a complex of projective modules with the same dimension array as N. We
now consider m,(Nt), m,(N), mp(M), m,(Z) and the induced mappings on the truncated
complexes. Of course, we still have ker(m,(ft)) = mn(Ny).

We shall prove that

t — m,(N;) € comprojlmmn(N)
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is a rational morphism of varieties, imitating Christine Riedtmann’s proof in [[L0]).

There is an open neighborhood U of 0 in k so that m,(f;) is surjective for all ¢t € U, using
that being surjective is an open condition and that m,(fy) is surjective.

Let

(B,8%) L (4,0%) — 0

be a surjective map of complexes of projective modules. We want to compute the kernel
(C, 80) of this map. Since the structure of C' as graded module is clear, we may choose bases
in B so that we can identify B with C' @ A as graded modules. Let g = (9, 94) : C — B
be the inclusion of the kernel. We have f = ({”j) where f4 is an isomorphism. Then g¢ is
an isomorphism as well and we may assume that go = idc. But then,

ga=—fofs'
since f4 is invertible. The differential on ker(f) depending on f is
. _ ido
00 = (ide,~efi)-0n- ()
Thus we get a rational morphism of varieties Hom(B, A) — comproj®™C) defined on the

open neighborhood of f € Hom(B, A) for which f4 is an isomorphism.
We may now apply this construction to the map fy and by composing with the map

t'_><ﬂ+t-idz>
(0

we get the promised rational morphism of varieties.

Finally, for those ¢ for which 7, (6+t-idz) is an isomorphism, that is for all but the finite
number of eigenvalues of —3, we get m,(NV;) ~ 7, (M) and for t = 0 we get m,(Ng) ~ 7, (N).
Therefore

Tn(N) € G- mp(M).

3. GEOMETRIC RELATION IMPLIES ALGEBRAIC RELATION

We shall prove in this section that under some conditions the inverse implication of
Theorem [[] is true as well.

Let d = (dy,...,dy) be a bounded dimension array. We associate to the affine variety
comproj®(k) an affine k-scheme comproj%(—). This k-scheme has the following functorial
description. Let R be a commutative k-algebra. Let comproj?(R) denote the subset of

H Homp(R%) | Roldi-1))

USY/
consisting of elements (9;);ez with the properties that ; is an R®j, A-homomorphism when
viewed as a map from @;:1(R®kde?) to @2:1(R®kdeffl) and 0;0;_1 = 0. For a k-algebra
homomorphism f : S — R there is naturally a corresponding map f* : comproj¢(S) —
comproj%(R) sending a tuple of matrices (0;) to the tuple (f(8;)). Similarly we may associate
to the affine algebraic group G a smooth affine group scheme G(—) over k. The action of G
on comproj¢ extends to an action of G(—) on comprojl(—).

We may verify Grunewald-O’Halloran’s conditions which are necessary to apply [H, The-

orem 1.2].

Theorem 2. Let d be a dimension array. Let M,N € comproj be two complezes with
bounded homology. If M <;,, N then M <A N.

Proof. Let n be an integer such that the homology of M and N vanishes in all degrees
larger or equal to n. We will construct a short exact sequence of complexes
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where Z(;,) is a complex of projective A-modules. We are going to follow the steps of Zwara’s
proof for the module case.

By Grunewald-O’Halloran’s result [f, Theorem 1.2] there is a discrete valuation k-algebra
R with maximal ideal m and residue field £ and with over k finitely generated quotient field
K of transcendence degree 1 and a complex Y in comprojd: (R) so that k ®r Y = m,(N)
and as complexes of K @ A-modules, K @rY = g (K ®; m,(M)) for a g € G(K). Since
the valuation on R is discrete, m is principal, generated by an element f.

Since d,, is bounded there is a non-zero element z € R so that zg is a tuple of matrices
with entries in R. Using the explicit definition of the action we get,
So, we may assume that g is a tuple of matrices with entries in R. Restricting the mul-
tiplication with ¢ to R ®j mp,(M) gives a morphism of complexes of R ®j A-modules
¢ : R®p m(M) — Y. Let X denote the image of this morphism. Both X and Y
are complexes of free R-modules, with equal rank in all degrees, therefore there exists some
s such that m*Y C X.

Now we take the point of view that the complexes X and Y are graded R ®; A-modules
with differentials. Fix a k-basis B of R. As complexes of A-modules we have

X = @Xb
beB

where X = p(< b > ®pmp(M)) = m,(M) and where < b > denotes the k-subspace of R
generated by b.
For each h we have a short exact sequence of complexes

0— Y/mY — Y/m"Y — v/mhy — 0

We will show that there exists an h such that Y/m"*1Y ~ 7, (M) & (Y/m"Y) as complexes
of A-modules where the mapping (Y/mY) ~ (m"Y/m"™Y) — (Y/m"*Y) is induced
by multiplication by f* and canonical inclusion. Let V = @;V; be a graded vector space
formed by taking vector space complements of X; in Y; in each degree i. Note that V is a
finite dimensional vector space since Y is bounded and m*Y C X. Let Zy be the smallest
A-subcomplex of Y containing V. Then Zj is a finite dimensional complex of A-modules,
since Y is bounded. Now Y = X + Z; as complexes of A-modules. Let V be a finite subset
of B such that Zo N @y, X» = Zo N X. Such a subset exists since Zj is finite dimensional
over k. Let Z1 = Zo + @y Xp. ThenY = Z; @ @bev Xp. Since V is finite there exists an
integer ¢ such that m**1 X N @Drey Xp = 0. Thus there is a finite subset WW of B such that
mwHXe P xePx, =X
bew bey

Let Zo = Z1 + @bGW Xp. Then Y = mtlX @ Zs.

It follows that we have a chain of inclusions

m TPy CmP2X Cm'tlX CY
where the last two inclusions have direct complements as complexes of A-modules. Thus
Y/ms+t+2Y o~ (mt+2X/ms+t+2y) D Wn(M) D (Y/mtJrlX) ~ 7Tn(M) D (Y/mertJrly)

where the last isomorphism follows since

m X /m Y ~ m X /mt Y and m' X /mt Y @ YV/m T X ~ Y /mt Y
Now since Y/mY = 7,(N) we get the promised short exact sequence of complexes 0 —
Tn(N) — (M) & Z(,y — Z(y — 0 by choosing Z(,,) = Y/m*H+1y.

Now construct a complex N’ by splicing m,(N) with a projective resolution Py of

H, (7, (N)). Similarly we form a complex Z by splicing a projective resolutions Py of
Hy(Zy)) with Z(,). By the horseshoe lemma there exists a short exact sequence 0 —
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Py — Pygz — Pz — 0 of projective resolutions where Pyjqz ~ Py @ Pz as graded

modules and where Pprqz is a projective resolution of Hy,(mn(M) @ Z(,)) = Hp(mn(M)) ©
Hp(Z(n)). Moreover we have a short exact sequence of complexes

0— N — M —7Z-—0

where the complex M’ is formed by splicing Pysgz with the complex 7, (M) @ Z,). Now
N’, M’ are homotopy equivalent to N, M @ Z, respectively. Thus we get a triangle N —
M @& Z — Z — N[1], which completes the proof of the theorem. [

4. CONSEQUENCES FOR THE GEOMETRY OF COMPLEXES

We continue with some consequences and observations on comproj® and the orders <a
and <;op.

Example 4.1. We consider the quiver () defined by e; — 5. Then, up to isomorphism,
there are 3 indecomposable k@-modules, the indecomposable projective module P; corre-
sponding to the vertex 1 and the two simple modules S; and P,. Moreover, in the represen-
tation variety mod(kQ@, (1,1)) of 2-dimensional k@Q-modules with two different composition
factors, one has that the projective module with top 1 degenerates to the direct sum of the
two simple modules. The projective indecomposable module with top 1 can be considered as

being in comproj((g)’((l))), where (g) indicates that in a certain degree the module is PféBPQb.

The semi-simple module S7 & s is in comproj(((l))’(})). So, the modules are represented in
different varieties comproj? and here it is not possible to consider degenerations between
them if one declares that a complex X degenerates to a complex Y if Y is in the closure of
the orbit of X. Nevertheless, one may consider another non minimal projective resolution

of P, as
idp,, ,0
Py (Zi ) P,® P.
0 1
This complex can be seen as being in comproj((l)’(l)), and the minimal projective resolution

of S16 P, is

Py MPQ{BPl

for ¢ being the embedding P, — Pj. Therefore, P; and S; & P, can be both visualized in
0 1

comproj ((1)’(1)) Moreover it is easy to see that P <, S1 © P». This observation is one

of the motivations not to ask for the complexes to be minimal as is done in [l and to allow

zero homotopic direct summands.

Let M and N be d-dimensional A-modules. We write M < N if M degenerates to N in
mod(A,d).

Proposition 3. Let M, N € mod(A,d) for some dimension d and let Py, Py € comproj?
for some dimension array d be a projective resolution of M and N, respectively. Then,
M < N in mod(A,d) if and only if Pyr <top Py in comproj.
Proof. If M < N, then by Zwara’s theorem [[3] there is an exact sequence

0—N-—ZpM —7Z—0

for an A-module Z. This implies a distinguished triangle
Py — Pz @ Pyy — Pz — Py[1]

in K~ (A) where Py is a projective resolution of Z. Hence, Py; <a Py and so by Theorem ]
we have Py <ip PN.

Conversely suppose Py <top Py and so by Theorem [} we have Py; <A Py. Then, there
is a complex Z and a distinguished triangle

Py — Z ® Py — Z — Py|[1]
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Taking homology of this triangle gives a long exact sequence
— Hi1(Z) — Hi(Pn) — Hi(Z) @ Hi(Py) — Hi(Z) — Hi—1(Pn) —
where H;(Pn) = H;(Py) = 0 for i > 0. For i = 0 one gets an exact sequence
0— H(Z) — H(Z) — N — Ho(Z)® M — Ho(Z) — 0.
This implies that
0— N —Hy(Z)®M — Ho(Z) — 0

is a short exact sequence and hence M < N in mod(A,d), again by Zwara’s theorem [L3].
This proves the statement. |

Lemma 4. Let d be any dimension array and let T be an element in comproj¢ so that G-T
is open. Then, T is a minimal element for <A and for <ip.

Proof. If G- T is open, then comproj?\ {G - T} is closed and for any X 2 T one has that
G- X C comproj?\ {G-T}.

Hence, T is minimal with respect to <;,,, and since <A implies <;,,, the complex T' is
minimal also with respect to <a. ]

Observe that we only used the topology of the space in the previous argument. We shall
see that for bounded d the orbits of 7" with Hom pe(4)(T, T[1]) = 0 are open.

Lemma 5. Let d be a bounded dimension array and let X be a complex in comprojd. If
Hompp4y(X, X[1]) = 0 then G - X is open in comprojt

Proof. First assume that d is a bounded dimension array. From Theorem 7 in [L1]] we
see that the orbit of X in comp(4,a(d)) is open if Homps 4y (X, X[1]) = 0. The result
now follows since comproj is a subvariety of comp(A, a(d)) and since G - X = comproj¢ N

(Gly(a) - X). n

Lemma 6. The relation <, s a partial order on the set of isomorphism classes of com-
plexes with bounded homology with fixed dimension array d.

Proof. If N € G-M and M € G- L, then clearly N € G-L. If N € G-M and M ¢
G - N, then by the proof of Theorem [l| we get 7,(N) € G- 7, (M) and 7, (M) € G - mp(N)
for all n € Z. This implies m,(N) ~ 7, (M) for all n € Z

We show that whenever X is a complex with bounded homology in comproj?, then
denoting by m an integer so that the homology of X is 0 in all degrees higher than m,
then Y € G- X if and only if Y € wzl(G -me(X)) for all £ > m + 1. Indeed, assume that
Y € W;l(G -me(X)) for all £ > m + 1. Then we have an isomorphism of homology groups
H,(Y) ~ H,(X) for all n, which shows that H,(Y) = 0 for all n > m + 1. Then there is
an isomorphism 7, 41(Y") =~ m,,4+1(X), which lifts to a homotopy equivalence Y ~ X and so
Y € G- X. The reverse implication is trivial.

Hence, one has N ~ M. ]

Remark 4.2. [[1], Theorem 7] cited in the proof of Lemma [ shows that the tangent space of
the variety of complexes comp(A, ) at some point X modulo the tangent space of the orbit
of X under the group which is acting at X is isomorphic to Hom pe(»)(X, X[1]). A similar
result can be proven for comproj¢ and the action of our smaller group. We also mention
that Lemma [f has a converse in the case where d is bounded. Namely, if G - X is open in
comproj? then Hompy4y(X, X[1]) = 0. This can again be seen from [[[], Theorem 7].

Corollary 7. Complezes with Homps(4)(X, X[1]) = 0 are minimal with respect to both <a
and <iop. In particular partial tilting complexes are minimal with respect to both orders.
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We also give a consequence which doesn’t require an algebraically closed field.

Corollary 8. Let A be an algebra over a field K. Then, up to homotopy equivalence there
s at most one two-term partial tilting complex

T=...—0—P —FP—0—...
with fixed homogeneous components Py and P;.

Proof. Since two-term complexes of projective modules are entirely determined by their
homology, and since for any field extension L of K one has H(L ®x X) ~ L ®x H(X)
for any complex X, we may assume that K is algebraically closed. Let «; = dim(P;) for
i € {0,1} and a := (a1,ap). The variety comprojd(g) is an affine space, and therefore
irreducible as algebraic variety. Moreover, since T' is a partial tilting complex, the orbit
G - T is open in comproj¥®) . Therefore, G - T is dense. Let S be another partial tilting
complex in comproj¥®). Also G - S is open and dense, and therefore S <top T as well as
T <iop S. Hence, S ~ T by Lemma fj. n

Example 4.3. Corollary § does not hold for general dimension arrays. Let A be given by
the quiver

.l < (D)
B
with relations affa = fa3 = 0. For this algebra take the indecomposable complex (unique
up to isomorphism so that P; is in degree 0)

hn=..—-0—P —P —P—0— ...

and Ty := P; — P5. Then, T :=T] ®T5 is a tilting complex. Let d be the dimension array
of T. The complex S
(0 0)
(0,id) 0 0

P — PP — Pd Py
is homotopy equivalent to the tilting complex S’
P (a—’oz Po@ Ps.
Here both tilting complexes T" and S have the same dimension array, but are not isomorphic,
and therefore belonging to different irreducible components of comproj?. Using [§] and a
slightly more detailed examination of comproj? one observes that comproj has exactly two
irreducible components.

The complex T} @ P;[2] is a tilting complex as well and denote by e the dimension array
of T @ Py[2]. A short examination yields that comproj¢ has two irreducible components,
one C3 of dimension 3 and another component Cy of dimension 4. The orbit of 77 & P [2] is
open in C3, whereas the complexes corresponding to the points in Cy are not partial tilting
complexes. Observe however, in Cy there is an open orbit of a complex U ~ P;[2] & P, with

HOme(A)(U, U[l]) =0 ?é Home(A)(U, U[2])

Remark 4.4. Observe that a tilting complex T over A is the image F'(B) of an equivalence
F : DY(B) — DP(A) of triangulated categories. By the Rickard’s and Keller’s main
theorem [f], ] there is a so-called twosided tilting complex X of A® x B°’-modules which are
projective on the left and on the right, so that X ®Hé — is an equivalence. For any dimension
array d let X ® d be the dimension array which is obtained by tensoring a complex with
dimension array d by X, and taking the total complex of the resulting bi-complex. Then,
by definition X ® g — induces a morphism of varieties

comproj(X) : comprojld3 — comprojf(m .
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It should be an interesting question to study the image of this morphism inside comproji(@d.
Note that studying varieties using functors is already far from trivial in the module case
(see Bongartz [B] and Zwara [[[4]).

There is another consequence of these statements. Indeed, define for any two complexes
X and Y in K—°(A)

X <Hom Y VU € Db(A) : dimk(Home(A)(U,X)) < dimk(Home(A)(U,Y))

Lemma 9. Let X and Y be two complezes in comprojl for bounded dimension array d.
Then, X <iop Y = X <#gom Y.

Proof. Define for any two complexes X and Y with appropriate bounded dimension array
d and e the mapping

(pX7y . H HomA(Xi, Y;‘_H) — Homcb(A) (X, Y)
1€EZ
by oxyv(f) == Oxf + fOy. It is clear that this image is exactly the set of 0-homotopic
homomorphisms. Hence, we have that

dimg(Hompe4)(X,Y)) = dimg(Homen4)(X,Y)) — dimg(im(px,y)) -
We use the argument from [[, §3, Theorem 2, special case| to show that
{U} x comprojé — N

given by (U, X) — dimy(Hompe (U, X)) is upper semi-continuous. Then, setting n =
dimg(Hompy 4y (U, X)), one gets {Z|dimy(Homps4)(U,Z)) > n} is closed, and if Y €
G- X, then Y € {Z|dimy(Hompe4)(U, Z)) > n}. Hence,

dimg(Hompe4y(U,Y')) > dimy(Homps4)(U, X)).

This proves the statement. u
Acknowledgment: We would like to thank the referee for helpful remarks.
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