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Abstract.

Résumé.

In this Notewe studya parameteidentificationproblemassociateavith atwo-dimensional
mechanicaproblem.In afirst part,the experimentatechnique of determiningthedisplace-
mentfield is presentedThe variationalmethodpropcsedhereinis basedon the minimiza-
tion of aseparatelyorvex functionalwhich leadsto thereconstructiorof the elastictensor
andthestresdield. Thesetwo reconstrutedfieldsarecontinuaisandpiecaviselinearona
triangulationof thetwo-dimensimal problem.Somenumericalandexperimenal examples
arepresentedo testthe performarce of thealgorithm.© 2001Acacemiedessciencesdi-
tionsscientifiqueset médicalesElsevierSAS

Continuum mechanics/identification/ inverseproblem/ digital image correlation

Identification de paraméres mécaniqiespar mesurede champdedéplacenent

Onétudieun problemed’identificationde parametresassocésa deséquatiors dela mécani-
qgueendimensior?. Pour cela,dansunepremere partie, on présentde procede experimental
permettande mesuer le champde déplacementd.a méthodevariationndle propofeest
base sur la minimisationd’une fonctionrelle sépaemen corvexe et permetde recons-
truire a la fois le tenseurd’élasticié et le champdescontraintesa partir desmesuesdu
champde déplacmentsLesdeuxchampsreconstruitssontcontinuset linéairespar mor-
ceauxsur unetriangulation du domainebidimensiomel. Pour testerles performanesde
I'algorithme on présentedesexemplesnuneriques et expérimentaux(© 2001 Acacemie
desscienceﬁditionsscientifiquesetmédicalesEIsevierSAS

Milieux continus/identification/ problemeinverse/corrélation d'imagesnumériques

Version frang aise abrégée

Pour détermner un champde déplacerent d'une texture aléatoireen cours d’essai,on peutacqlérir
desimages pourlesquellen analysainesérie desous-imags(ou encorezonesd’étuce, ZE) dela région
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d’'étuck (RE).Le butdela corrélationestd’apparierlesZE entreellesdandesdeuximagesLe déplacenant
estalorsun décalagebidimensionneld’un signal.On consickre dansl’ équation(1) un signalg(x), qui est
le décak d’'un signalde référerce f(x) bruité parb(x) (cf. [4] dansle casde canerasCCD), ol u estle

déplacemntincomu quel’on cherchea identifier L' évaluation de u reviernt a minimiserla norme de la

différence(2) parrappat & un déplae@menttestv. Lorsqte I'on choisitla norme quadatiqueusuelle cette
minimisationestéquivdentea maximiserh(v) (3), ol x estle produit d'intercorélation Le déplacerent
qui maximise le produit d’'intercoriélation estnoté u*. Un algorithme sub-piel bas surdestransfamées
deFourierrapidesestutilisé [1].

La figure 1 montredesmesuregle deformationsobteruesa I'aide de jauges et une comparaisonavec
desprévisionsobtensparcorrélationd’'imagesnumériques(108B x 1016pixels,codag sur8 bits). Les
déformationslongitudinale et transwersaleont éte mesuéeslors d’'un essaide tractionsur une éprowette
en AU4G avec un montagespecial [3]. Un microsc@e longue distancepernet d’examinerune surface
de 4mn?. Unetaille de ZE de 64 x 64 pixds a ét utilisée.L’ écartquadatiquemoyen de I'erreur entre
mesureparjaugeet parcorrélation d'imagesestde6 x 10 —°. Desdéfarmatiors del'ordre de10 —* peuwent
étremesuéesde mangre fiable. A I'aide de cesmesurs parcortélationd’imageson a obteru un module
d’Young de 72 +3 GPa et un coeficient de Poissonde 0.3 £0.03 pou descontiaintesmoyennesvariart
de 10 2 90 MPa. Cesvaleurssonten conordane avec cellesdonréespour ce type d’alliage[7] (72 GPa
et 0.32 respectiement) et avec celles déduitesdes mesurs par jauges(76 +0.5 GPa et 0.33 +0.005,
respectiement).

Onpeutdoncconsicererqu’aveccesmesuresnconraitle champdesdéplacemetsplansu * € (H1 (Q)) 2,
ol 2 C R? repsentda RE. De méme,on suppae conrue la densié desforcesvolumicueset quedes
obsenations (linéaies) L surl’effort appliqué durantl’essai(cf. équatim (4) ; parexemple, le niveaud’ef-
fort global lors d’'un essaide traction peutétre corsideré comne une obsenation linéairedu champde
contrairie inconnu o). L'objectif prindpal de ce qui suit estde trouver le tenseurd’élasticié assock et le
champdecontrairie sanshypothesesuppEnentairegenparticdier d’homogereité del’'essai).Moyenrant
cesdoméesondiragu’uncouge (A, o), ou A estle tenseudescompaisance£lastiquesestsolutiondu
probdémed’identifications’il satishit lesrelatiors (4), (5) et(6).

Le champdescontrantesadmissiblesnot X ,4,,, estdéfini par (7). En ce qui concene le chanp des
tenseurslecomplaisaneadmissiblesnoté £, onpeutchoisir, parexenple,'ensemlte destenseurs.coefi-
cientsconstant$€) oulinéaireparmorcea (€ »). Aveccesnotatiors, onpeutmortrerquela fonctiomelle
F(7,A) définiesurX 4, x & (cf. équation (8)) estseparemenconvexe et toujours positive. Pour mini-
miserla fonctionnelleF’ on utilise uneméthale derelaxation : o "' estobtene enminimisan F (T, A"™)
parrapport a saprenierevariabler et A™t! estobterue enminimisantF (o1, B). La deuiémeétape
del'algorithme estexplicite.

Pourtesterles perfamancesde I'algorithme on présenterois exenples. Dansles deuxpremierstests,
on considcre un prodemescalaireavec desmesurs “parfaites” du champde déplacerentdanslequella
fonction L; correspondaux efforts exercés donrés sur chacun descdtés du carié unité. Cesprablemes
contrairies satishsse(4) et (5) on choisit de minimiser la fonctionnelle pénali€e (11). Dansl'exenple
2, on testela capacié de I'algorithme a rende comptede singulaitéslocalesou d’endbmmagmentdif-
fus. On constatequele nomlre d'itéraions de I'algorithme estnettemat sugerieu a celui obteru dars le
casdel'exemplel. Dansle troisiemeexemple, on utilise les mesuresobteruespar corélation d'images
nunmériqueslors d’'un essaide tractionsur uneéprowetteen AU4G. Avecl'algorithme d’identificationon
a obtenuun modde d’Young de 71GPaetun coeficiert de Poissorde0, 3. Pourobternr cesrésultatoona
besoind’'une seulemesuredu champdesdépla@mentst du niveau de chagemern correspadant.

Thedevelopmentof reliablemeasuremanttechnigesof displacemat fieldsenable®neto consideliden-
tification procediresof elasticparanetersof solids. The analysispreseted in this Note aimsat couging
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digital imagecorrdation with a variatioral methodto detemine fields of materialparaneters. Otherap-
proactescanbeused(e.g.,updatig methals basedon a constitutve law erra [6], or virtual fieldsmethod
[2] for whichhomaeneaiselasticpropertiesaresougl).

1. DisplacementMeasurementby Digital Image Corr elation

To evaluate the displacemenfield of a region of interest(ROI) with a randan texture, a sequencef
imagesis acquiredfor which one consicrs a seriesof sub-imags (e.g., squae regions) which will be
referral to as ZonesOf Interest(ZOls). The aim of the correlation methodis to matchthe ZOl in two
choserimages.Thedisplacemenof oneZOl wrt. the otheroneis a two-dmensionakhift of anintensity
signaldigitized by, say a CCD camera.Onecorsiderssignalsg(x) which are perturtationsof a shifted
copy f(x — u) of somereferercesignal f (x)

g9(x) = f(x —u) + b(x) (1)

whereu is anunknown in-plare displacemenfield assumedo be constantocally (i.e.,indegenden of the
positionx) andb(x) arandan noise(e.g.,phdonnoise readait noise darkcurrentnoisefor CCD cameas
[4]). To evaluatethedisplacemetu, onemay minimize the normof the differencebetweenf(x — v) and
g(x) with respecto atrial displacemenv

min [lg — f(. = v)|I 2)
where'.” derotesadumny varieble. If onechosesthe usualquadrgic norm||f||2 = ff+°° x)|? dx,
thenthe previous minimizétion problen is equivdent to maximizng the quantity h(v)
+oo +oo
h(v) = (g )(v / / F(x = v)dx ®)

wherex dendesthecross-corelationoperdor. Furthernore,whenb is awhite noise the previous estimate
is optimal The displacemet maximzing the cross-corelationproductwill be dendedby u * andcorre-
spondsto an evaluation of the unknown displacerent vecta u. The compuation of a cross-corelation
product canbe perfomedeitherin the original spaceor by usingFastFourier Trarsforms(FFTs). A sub-
pixel algotithm is used[1].

In Fig. 1, strainmeasuremantsby usingstraingawgesare conparedwith predctions of the corrdation
techniqe. Theimagesaretakenby an8-bit CCD camea (1008x 1016 pixels). Longitudinalandtrans\erse
strainsareevaluatedn atensileteston a 2024aluminum alloy specimenA specialsetupis usedto avoid
spuriowsflexure[3]. Forloadlevelsgreatethan600N (i.e.,anaveragestresof 26 MPa), it is obseredthat
theflexural strainsareat most1% of thetensilestrains[8]. A long-distancemicroscge monitas a 4mm?
surface.A ZOlI sizeof 64 x 64 pixds is chosenThermserra is equalto 6 x 10 5. Consegently, average
strainsassmallas10~* canbe measurediccurately Furthemore, it canbe notedthatthe average shear
strains(negligibly smallwith the setup)arefound to be equalto —10 =% with anrmserrorof 2.4 x 1075.
Comparake resultscan be obtaired with 32 x 32 pixel ZOIs. Thesedatacanbe usedto evaluate the
elasticpropertiesof the studiedmaterial. A Younds modulus of 72 +3 GPa anda Poissors ratio of 0.3
+0.03 areobtairedfor averagetensilestressesalying betweenl0and90 MPa. Thesevaluesarein goad
agreemet with repated valuesfor this alloy [7] (72 GPaand0.32 respectiely) andthosededuce from
strainmeasuremes (76 £0.5 GPaand0.33+0.005, respectiely).

With thesemeasurs, we know thein-plare displacerentfield u* € (Hl(Q))2 whereQ) C R? dendes
theROI, somelinearobsenrationsonthestresgensoro (e.g..theglobal loadlevel of thetensiletestcanbe
considerd asalinearobsenrationof theunkrown stresdfield)

Ll(a) = g15---) LN(O') = 9N, (4)
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Figurel: Strainsmeasurd by gawges(solid lines) andby digital imagecorrelation (syminls) with a sub-
pixel algotithm (225Z0Is, ZOlI size:64 x 64 pixel ZOlIs).

Déformationamesuéesavecdesjauges(trait continy et par corrélationd’imagesnumériques (symboles)
avecun algoarithme sub-pxel (225ZE, taille dechaque ZE : 64 x 64 pixels).

andthedensityof volumeforcef. Themaingoalis to find theassociateélasticitytensorandthestresdield

without ary addtional assumptios. In practicethe set(2 is the union of squaresandthe dataareknowvn

at someinterpdation points. For this reasonye corsiderthatthe unknown strainfield e(u *) is piecavise
linear

2. Formulation of the identification problem

We saythata couge (A, o) is asolutionto theidentificationprodemif it satisfieg4) and

dive +£=0 inQ (5)
o= A'e(u) in Q (6)

Let ¥4 bethesetof admissiblestresdieldsdefinedas
Ladm = {T € L*(Q) ;divT € L*(Q) , divt +£=0 inQ, Li(7) = g1,..., Ln(7) = gn}, (@)

andlet supposehatX . 4,, is notemptyt. Thesetof admissiblgelastic)comgiancetensorswill bedended
by €. Two possiblesimplechdcesare

& = {BeR”®; B;=B;;,Bx:x>ax]*,a>0,Vx,Bx:y < Mx|ly[, M >0,Vx,y},
& = {Bjjispiecaviselinear; B;; = B;;,Bx: x > alx|’,a > 0,Vx,Bx : y < M|x|ly|,M > 0,Vx,y}.
Themostgenerakhoicewould be

& = {B € (L™°(2)***; Bij = B;;,Bx:x > afx|’,a > 0,Vx,Bx :y < Mx|ly|,M > 0,Vx,y}.

1Froman abstrat point of view, anopenqueston is to find suitabk condiionson thedataf, g, . .., g in suchaway thatthis
assumptia be satisfied
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With thesenotatiors, we definethefunctioral F' from X 4., x € into R by

F(r,B) = /Q{%e(u*) Ble(u’) + %T:BT - ‘r:z—:(u*)}dxdy. ®)

LEMMA 2.1. — Thefollowing propertiesfor thefunctioral F' holdtrue
(i) F(m,B) > 0,V(B,T) € Zgqm x E.
(i) F(r*,B*) = 0if andonlyif (6)istruewitho = 7* and A = B*.
(i) Thefunctioral F' is sepaatelyconvexonX 4, x €.

Proof:Let usfirst rewrite thefunctioral F' as

1
F(r,B) = 3 / (r— B_le(u*))TB (1 —B~'e(u*)) dxdy. 9)
Q
With this expressionandsinceB belong to &, (i) and(ii) areolvious. For the separateorvexity of F,
we just have to prove the convexity of thefunction ¢ 1(B) := 1e(u*) : B~'e(u*) on & andthe separate
corvexity of the function ¢,(7,B) := 17 : BT 0n Suam x &. For g1, we cancompuite the second
directioral derivetive ¢}’

¢7(B;C,C) = (CB 'e(u))" B~ (CB'e(u*)) > a|CB'e(u*)>. (10)
Sinceyp, is nonnegdive by definition it followsthaty, is alwaysseparatelgonvexl

3. Algorithm and numerical performance

In order to minimize the functional F on X ,4,, x & arelaxdion methal is used:o ™! is obtainedby
minimizing F (7, A™) over its first varisble 7 and A"*! is obtaired by minimizing F(o™*1,B). This
seconccompuationis explicit. In eachstepof the algoiithm we minimizea convex function. We illustrate
thealgorithmonthreeexanyples.

Exampe 1: To testthe perfamanceof the algaithm, we considera scalamprodem with “perfectmeasure-
ments”on the unit squaref2 = (0,1) x (0, 1) discretizedwith squares.For instancethe solutionto this
condetivity problem is impartantin hydrology andit hasbeensolvedin Ref. [5]. At thenodal pointsare
givenu* = z+y+ 1(2® +¢°), f = —div(Vu*/ac,), Wherea,, = 1/(1 + y*). Onthebowndary the
givensurfaceforceis g = %%. Weassuméhaté = &, andL, (o) = o.n = gonall thebourdaries

of Q). Sincethe stressfield solutionis constraind by (5) andby o.n = g on 912, we choseto minimize
thepenalizedunctioral

Fy(7,b) = F(7,b) + mlldivt + f[f>(q) + 12ll7n — gllt200), (11)

wherer hascortinuous,piecevise linear compmentson the triangulation, b is continibusandpiecevise
linearand~y; and~,; aretwo penaltyfactors.In examges1 and2, wetakey; = % andvy; = h% whereh

is the meshsize. Theobseredconvergenceis ||a,, — Gez||r2 ~ O(h%57) andF (0, a,) ~ O(h!-16).

Exampe 2: To testthe performarce of the algorithm to captue local singuarities anddiffusedamag, we
considethesituationwherea., = 1/(e + (y — 1/2)?), wheres is apositive constantfor alocal singularity
andwherea,, = 1/(1 — D)(1+ 4?), whereD € (0, 1), for diffusedamag. Onecannotethatthe numkter
of iteratiors increasesvhene decreaseandthatfor ¢ lessthanor equalto 0.005 we loosethe corvergence
(cf. figure 2); for 0.005 we canobtainbetterresultsby usinga refinedmesh. For the otherexanple, the
numler of iterationincreasesvhen D tendsto 1 (10 iteratiors for D = 0, 12 for D = 0.5 and 86 for
D =0.999).
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Figure2: Compued conductivity a., for differentvalues of € : 0.1, 0.01 and0.005 (400 quadrangilar
elements).
Conductivié a., calculeepou differentesvaleursdec : 0.1, 0.01 et0.005 (400 élementguadrangles).

Exampe 3: We usethe dataobtainedby digital imagecorrelationon the tensiletestdescribedn Section
1. In thiscase{ is the squarecorrespondig to 1008 x 1008 pixels, f = 0, L, (o) and L, (o) arerespec-
tively the resultantof the appliedtensileforce on the upper andlower edgesof 2. The admissiblesetfor
elasticcoeficientsis ;. A Yourg’s moduus of 71GPa anda Poissors ratio of 0.3 are obtainel by the
identificationalgorithm. Thesevaluesarein goad agreenentwith theresultsof Sectionl.

The resolutio of the digital imagecorrelationtechnigie is sufficient to allow for an identificationof
elasticpraopertiesof mary solids. By usingthe variatioral appoachusedherein or others[6, 2], onecan
ervisionaway of deternining damag fieldsbasedupan the (state)coupling betweerelasticityanddamage

[71.
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