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Abstract. In thisNotewestudyaparameteridentificationproblemassociatedwith atwo-dimensional
mechanicalproblem.In afirst part,theexperimentaltechniqueof determiningthedisplace-
mentfield is presented.Thevariationalmethodproposedhereinis basedon theminimiza-
tion of aseparatelyconvex functionalwhich leadsto thereconstructionof theelastictensor
andthestressfield. Thesetwo reconstructedfieldsarecontinuousandpiecewiselinearona
triangulationof thetwo-dimensionalproblem.Somenumericalandexperimental examples
arepresentedto testtheperformanceof thealgorithm. c
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Identification deparamètresmécaniquespar mesuredechampdedéplacement

Résum é. Onétudieunproblèmed’identificationdeparamètresassocíesà deséquationsdela mécani-
queendimension2.Pour cela,dansunepremìerepartie, onprésenteleprocéd́eexpérimental
permettantdemesurer le champdedéplacements.La méthodevariationnelle propośeeest
baśee sur la minimisationd’une fonctionnelle séparement convexe et permetde recons-
truire à la fois le tenseurd’élasticit́e et le champdescontraintesà partir desmesuresdu
champdedéplacements.Lesdeuxchampsreconstruitssontcontinuset linéairespar mor-
ceauxsur unetriangulation du domainebidimensionnel. Pour testerles performancesde
l’algorithme on présentedesexemplesnuḿeriqueset expérimentaux.c
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Milieux continus/identification/problèmeinverse/corrélation d’imagesnumériques

Version franç aise abrégée

Pourdéterminer un champde déplacement d’une texture aléatoireen cours d’essai,on peutacqúerir
desimages pourlesquellesonanalyseunesériedesous-images(ouencorezonesd’étude,ZE) dela région
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d’étude(RE).Lebut dela corŕelationestd’apparierlesZE entreellesdanslesdeuximages.Le déplacement
estalorsun décalagebidimensionneld’un signal.On consid̀ere dansl’ équation(1) un signal �����	� , qui est
le décaĺe d’un signalde référence 
����	� bruité par ����	� (cf. [4] dansle casdecaḿerasCCD), où � estle
déplacement inconnu quel’on cherchèa identifier. L’ évaluation de � revient à minimiserla norme de la
différence(2) parrapport à undéplacementtest � . Lorsque l’on choisitla norme quadratiqueusuelle,cette
minimisationestéquivalenteà maximiser�	����� (3), où � estle produit d’intercorŕelation. Le déplacement
qui maximise le produit d’intercorŕelation estnot́e ��� . Un algorithmesub-pixel baśe surdestransformées
deFourierrapidesestutilisé [1].

La figure 1 montredesmesuresde déformationsobtenuesà l’aide de jauges et unecomparaisonavec
desprévisionsobtenuesparcorŕelationd’imagesnumériques(1008 � 1016pixels,codage sur8 bits).Les
déformationslongitudinaleet transversaleont ét́e mesuŕeeslors d’un essaide tractionsuruneéprouvette
en AU4G avec un montagesṕecial [3]. Un microscope longue distancepermet d’examinerunesurface
de 4mm� . Une taille de ZE de 64 � 64 pixels a ét́e utilisée.L’ écartquadratiquemoyen de l’erreur entre
mesureparjaugeetparcorŕelation d’imagesestde ��������� � . Desdéformationsdel’ordrede �!�	� " peuvent
êtremesuŕeesdemanìere fiable.A l’aide decesmesures parcorŕelationd’imageson a obtenu un module
d’Young de72 #%$ GPa et un coefficient dePoissonde0.3 #%�'& �($ pour descontraintesmoyennesvariant
de10 à 90 MPa. Cesvaleurssontenconcordance aveccellesdonńeespource typed’alliage[7] (72 GPa
et 0.32, respectivement) et avec cellesdéduitesdesmesures par jauges(76 #%�'&*) GPa et 0.33 #%�'& �(�+) ,
respectivement).

Onpeutdoncconsid́ererqu’aveccesmesuresonconnait lechampdesdéplacementsplans�,�%-/.10%23�145�76 � ,
où 498;: � repŕesentela RE. De même,on supposeconnue la densit́e desforcesvolumiqueset quedes
observations(linéaires) < surl’effort appliqué durantl’essai(cf. équation (4); parexemple,le niveaud’ef-
fort global lors d’un essaide tractionpeut êtreconsidéŕe comme uneobservation linéairedu champde
contrainte inconnu = ). L’objectif principal decequi suit estdetrouver le tenseurd’élasticit́e assocíe et le
champdecontraintesanshypothèsessuppĺementaires(enparticulier d’homoǵeńeitédel’essai).Moyennant
cesdonnées,ondiraqu’uncouple ��>@?A=B� , où > estle tenseurdescomplaisanceśelastiques,estsolutiondu
problèmed’identifications’il satisfait lesrelations (4), (5) et (6).

Le champdescontraintesadmissibles,not́e CEDGFIH , estdéfini par (7). En ce qui concerne le champ des
tenseursdecomplaisanceadmissibles,not́e J , onpeutchoisir, parexemple,l’ensembledestenseurs̀acoeffi-
cientsconstants( J 2 ) oulinéaireparmorceaux ( J � ). Aveccesnotations,onpeutmontrerquela fonctionnelleK ��L5?A>�� définiesur CMDGFIH;�NJ (cf. équation (8)) estséparement convexe et toujourspositive. Pourmini-
miserla fonctionnelle

K
onutilise uneméthodederelaxation : =POQR2 estobtenue enminimisant

K ��L5?S>TO'�
parrapport à sapremièrevariable L et >NOQ�2 estobtenueenminimisant

K �U=%O(Q�2V?SWX� . La deuxièmeétape
del’algorithmeestexplicite.

Pourtesterles performancesde l’algorithme on présentetrois exemples.Dansles deuxpremierstests,
on consid̀ere un problèmescalaireavecdesmesures “parfaites”du champdedéplacementdanslequella
fonction < 2 correspondaux efforts exercés donńes sur chacun descôtés du carŕe unité. Cesproblèmes
de conductivité sont importants,p. ex. en hydrologie et ont déjà ét́e étudíes [5]. Pourque le champde
contraintes satisfasse(4) et (5) on choisit de minimiser la fonctionnellepénaliśee (11). Dansl’exemple
2, on testela capacit́e de l’algorithme à rendre comptede singularités localesou d’endommagementdif-
fus.On constatequele nombre d’it érationsdel’algorithmeestnettement suṕerieur à celui obtenu dans le
casde l’exemple1. Dansle troisièmeexemple,on utilise les mesuresobtenuespar corŕelation d’images
numériqueslors d’un essaidetractionsuruneéprouvetteenAU4G.Avecl’algorithmed’identificationon
a obtenuun module d’Young de YZ� GPa et un coefficient dePoissonde �'?S$ . Pourobtenir cesrésultatson a
besoind’uneseulemesureduchampdesdéplacementset duniveaudechargement correspondant.

Thedevelopmentof reliablemeasurementtechniquesof displacement fieldsenablesonetoconsideriden-
tification proceduresof elasticparametersof solids. Theanalysispresented in this Noteaimsat coupling
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digital imagecorrelation with a variational methodto determine fields of materialparameters. Otherap-
proachescanbeused(e.g.,updating methodsbasedona constitutive law error [6], or virtual fieldsmethod
[2] for whichhomogeneouselasticpropertiesaresought).

1. DisplacementMeasurementby Digital ImageCorr elation

To evaluate the displacement field of a region of interest(ROI) with a random texture, a sequenceof
imagesis acquiredfor which oneconsiders a seriesof sub-images (e.g., square regions) which will be
referred to asZonesOf Interest(ZOIs). The aim of the correlation methodis to matchthe ZOI in two
chosenimages.Thedisplacement of oneZOI wrt. theotheroneis a two-dimensionalshift of anintensity
signaldigitized by, say, a CCD camera.Oneconsiderssignals�����	� which areperturbationsof a shifted
copy 
�����[\��� of somereferencesignal 
����	������	�^]_
����`[\���	ab�3���	� (1)

where� is anunknown in-plane displacement field assumedto beconstantlocally (i.e., independent of the
position � ) and �3���	� arandom noise(e.g.,photonnoise,readout noise,darkcurrentnoisefor CCDcameras
[4]). To evaluatethedisplacement � , onemayminimize thenormof thedifferencebetween
����`[N��� and�c���	� with respectto a trial displacement � dfehgikjlj �m[n
��o&([\��� jlj � (2)

where‘.’ denotesa dummy variable. If onechoosestheusualquadratic norm jhj 
 jhj � ]qpfp Q	r�cr j 
����	� j �5s � ,
thenthepreviousminimization problem is equivalent to maximizing thequantity �	�����

�������t]u���B�v
c�G�����w]yx Q	r��r x Q	r��r �c���	�7
����`[z��� s � (3)

where� denotesthecross-correlationoperator. Furthermore,when � is awhitenoise,thepreviousestimate
is optimal. Thedisplacement maximizing thecross-correlationproductwill bedenotedby �{� andcorre-
spondsto an evaluation of the unknown displacement vector � . The computation of a cross-correlation
product canbeperformedeitherin theoriginal spaceor by usingFastFourierTransforms(FFTs).A sub-
pixel algorithm is used[1].

In Fig. 1, strainmeasurementsby usingstraingaugesarecomparedwith predictionsof thecorrelation
technique. Theimagesaretakenbyan8-bitCCDcamera(1008 � 1016pixels). Longitudinalandtransverse
strainsareevaluatedin a tensileteston a 2024aluminum alloy specimen.A specialsetupis usedto avoid
spuriousflexure[3]. For loadlevelsgreaterthan600N (i.e.,anaveragestressof 26MPa),it is observedthat
theflexural strainsareat most1% of thetensilestrains[8]. A long-distancemicroscopemonitors a 4mm �
surface.A ZOI sizeof 64 � 64pixels is chosen. Thermserror is equalto ������� � � . Consequently, average
strainsassmall as ���'�|" canbemeasuredaccurately. Furthermore,it canbenotedthat the averageshear
strains(negligibly smallwith thesetup)arefound to beequalto [E���}� � with anrmserrorof ~'& �,��������� .
Comparable resultscanbe obtained with 32 � 32 pixel ZOIs. Thesedatacanbe usedto evaluate the
elasticpropertiesof the studiedmaterial. A Young’s modulus of 72 #%$ GPa anda Poisson’s ratio of 0.3#%��& ��$ areobtainedfor averagetensilestressesvarying between10 and90 MPa. Thesevaluesarein good
agreement with reportedvaluesfor this alloy [7] (72 GPa and0.32, respectively) andthosededuced from
strainmeasurements (76 #%��& ) GPaand0.33 #%�'& �(�+) , respectively).

With thesemeasures, we know thein-plane displacementfield �%�X- . 0�23�U45� 6 � where 4�8q: � denotes
theROI, somelinearobservationsonthestresstensor= (e.g.,theglobal loadlevel of thetensiletestcanbe
considered asa linearobservationof theunknown stressfield)< 2 ��=v�@]�� 2 ?�&�&�&�?R<^�X��=B�@]��(�m? (4)
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Figure1: Strainsmeasured by gauges(solid lines)andby digital imagecorrelation (symbols) with a sub-
pixel algorithm (225ZOIs,ZOI size:64 � 64pixel ZOIs).
Déformationsmesuŕeesavecdesjauges(trait continu) et par corrélationd’imagesnuḿeriques (symboles)
avecunalgorithmesub-pixel (225ZE,taille dechaqueZE : 64 � 64pixels).

andthedensityof volumeforce Ç . Themaingoalis to find theassociatedelasticitytensorandthestressfield
without any additional assumptions. In practicetheset 4 is theunionof squaresandthedataareknown
at someinterpolation points. For this reason,we considerthattheunknown strainfield È �U�X��� is piecewise
linear.

2. Formulation of the identification problem

We saythata couple �U>T?S=B� is asolutionto theidentificationproblemif it satisfies(4) andÉ(Ê Ë =�a�Çv]Ì� in 4 (5)=�]�> �c2 È|�U� � � in 4 (6)

Let C DGFIH bethesetof admissiblestressfieldsdefinedas

C�DGFIHÌ]ÎÍLÏ-�Ð � �145�^Ñ É(Ê Ë LÒ-ÓÐ � �U45�^? É�Ê Ë LTaÒÇv]/� in 4%?A< 2 ��L^�z]Ô� 2 ?�&�&�&�?�< � ��L^�@]Ô� �XÕ ? (7)

andlet supposethat C DGFIH is notempty1. Thesetof admissible(elastic)compliancetensorswill bedenoted
by J . Two possiblesimplechoicesare

J 2 ] Í WÖ-`:R×3ØZ×XÑ�ÙvÚ�Û%]/ÙBÛAÚS?AWÜ�zÝ�\Þàß j � j � ?AßÒáb��?�â ��?SWm�zÝ(ãNä/å j � jhj ã j ?Iåæáà�'?oâ ��?7ãtÕ5?J � ] Í Ù Ú�Û is piecewiselinear Ñ�Ù Ú*Û ]/Ù ÛAÚ ?AWÜ�zÝ(�\ÞÏß j � j � ?Sß�áb��?�â���?AWÜ�zÝãNä/å j � jhj ã j ?Iåçáb�'?oâ ��?Aã Õ &
Themostgeneralchoicewouldbe

J × ] Í W9-N�UÐ r �145�7� ×3ØZ× Ñ�Ù Ú�Û ]_Ù ÛAÚ ?SWm�\Ý�NÞàß j � j � ?Aß�áÏ��?�â ��?SWm�zÝãnäÏå j � jhj ã j ?Såçáà�'?oâ ��?7ãtÕ�&
1Fromanabstract point of view, anopenquestion is to find suitable conditionson thedata è�é�ê ëIéAìoìoì7éUê§í in sucha way that this

assumption besatisfied
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With thesenotations,we definethefunctional
K

from C DGFIH �TJ into : byK ��Lt?SWX�z]îxZï�ð �~ È��U� � ��Ý(W �c2 È �U� � �ña �~ LÏÝ(WÜLò[óLbÝ�È ��� � �3ô É � É ãt& (8)

LEMMA 2.1. – Thefollowingpropertiesfor thefunctional
K

hold true
(i)

K ��Lt?SWX�nÞ�� , â��UW,?AL���-TC DGFIH �TJ .

(ii)
K ��L^�(?AWP���@]�� if andonly if (6) is truewith =/]/L5� and >õ]/W,� .

(iii) Thefunctional
K

is separatelyconvex on CöDGFIHu�TJ .

Proof:Let usfirst rewrite thefunctional
K

asK ��L�?SWX�@] �~ x÷ï . L\[\W �c2 È �U� � � 6�ø W . L\[NW �ù2 È���� � � 6 É � É ã^& (9)

With this expressionandsince W belongs to J , (i) and(ii) areobvious. For the separateconvexity of
K

,
we just have to prove theconvexity of thefunction ú 2 ��Wf�EÝ�] 2� È �������öÝ|W,�c2GÈ �U���!� on J andtheseparate
convexity of the function ú � ��L5?AWf�@Ý�] 2� LûÝBWÜL on C DGFIH �ÏJ . For ú 2 , we cancompute the second
directional derivative úBü*ü2ú^ü*ü2 ��WñÑIý,?§ýÜ�z]þ.�ýÜW �ù2 È���� � �76 ø W �c2 .�ýÜW �ù2 È���� � �A6/ÞÔß j ýÜW �c2 È��U� � � j � & (10)

Sinceú � is non-negativeby definition, it follows that ú � is alwaysseparatelyconvex ÿ
3. Algorithm and numerical performance

In order to minimize the functional
K

on CÜDGFIH;�\J a relaxation method is used: =�OQR2 is obtainedby
minimizing

K ��L5?A>`O'� over its first variable L and >ÓOQR2 is obtained by minimizing
K ��=EOQ�23?AWf� . This

secondcomputationis explicit. In eachstepof thealgorithm we minimizea convex function. We illustrate
thealgorithmon threeexamples.

Example 1: To testtheperformanceof thealgorithm, we considera scalarproblem with “perfectmeasure-
ments”on theunit square4Î]ó�U�'?��!�v�Ò����?��V� discretizedwith squares.For instance,thesolutionto this
conductivity problem is important in hydrology andit hasbeensolvedin Ref. [5]. At thenodal pointsare
given � � ]��{a��ma 2× ��� × a�� × � , 
@];[ É(Ê Ë ���	� ��
����� � , where ����� ];� 
 �7�wa��÷�!� . On theboundary, the
givensurfaceforceis �X] 2D����������� O . We assumethat J`]ÌJ 2 and < 2 �U=B�@]�=�& �ò]Ô� onall theboundaries
of 4 . Sincethestressfield solutionis constrained by (5) andby =�& �à]q� on �c4 , we chooseto minimize
thepenalizedfunctionalK �f��L5?S�G�T] K ��L�?I�G�ùa � 2"! É�Ê1Ë L`aÒÇ ! �#%$�& ï(' a)� � ! L�& *`[ + ! �#%$�& � ï(' ? (11)

where L hascontinuous,piecewise linearcomponentson the triangulation, � is continuousandpiecewise
linearand � 2 and � � aretwo penaltyfactors.In examples1 and2, we take � 2 ] 2, and � � ] 2, $ , where �
is themeshsize.Theobservedconvergenceis ! � O [ �-��� ! # $/.10 �1��2�3 �54V� and

K �U= O ? � O � .60 �U��273 2�8!� .
Example 2: To testtheperformanceof thealgorithm to capture local singularitiesanddiffusedamage, we
considerthesituationwhere� ��� ]q� 
 �:9�a\����[Ó� 
 ~(� � � , where9 is apositiveconstant,for a localsingularity
andwhere� ��� ]u� 
 �7�w[<;,�G�7��a)� � � , where; -N���'?��!� , for diffusedamage. Onecannotethatthenumber
of iterations increaseswhen 9 decreasesandthatfor 9 lessthanor equalto ��& ����) we loosetheconvergence
(cf. figure2); for ��& ����) we canobtainbetterresultsby usinga refinedmesh.For theotherexample, the
number of iterationincreaseswhen ; tendsto � ( ��� iterations for ; ]û� , �!~ for ;k]û�'&*) and =�� for;9]Ì�'& >%>"> ).
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Figure2: Computed conductivity � ��� for different values of 9 : �'&h� , ��& ��� and �'& �(�+) ( ����� quadrangular
elements).
Conductivit́e �-��� calcuĺeepour différentesvaleursde 9 : ��&l� , �'& �'� et ��& ����) ( ���(� élementsquadrangles).

Example 3: We usethedataobtainedby digital imagecorrelationon the tensiletestdescribedin Section
1. In this case,4 is thesquarecorresponding to �����%=f�N�����%= pixels, Çö]q� , < 2 �U=M� and < � ��=B� arerespec-
tively theresultantsof theappliedtensileforceon theupper andlower edgesof 4 . Theadmissiblesetfor
elasticcoefficientsis J 2 . A Young’s modulus of Y÷� GPa anda Poisson’s ratio of ��& $ areobtained by the
identificationalgorithm. Thesevaluesarein good agreementwith theresultsof Section1.

The resolution of the digital imagecorrelation technique is sufficient to allow for an identificationof
elasticpropertiesof many solids. By usingthevariational approachusedherein, or others[6, 2], onecan
envisionawayof determining damagefieldsbasedupon the(state)coupling betweenelasticityanddamage
[7].
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