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Abstract. It is proposed to determine the scatter in a W¨ohler diagram by analyzing temperature
changes induced by microplasticity. A unified framework is introduced to study both phe-
nomena. The identification procedure is applied to a dual-phase steel.c� 2001 Académie
des sciences/Éditions scientifiques et m´edicales Elsevier SAS

Fatigue/ Microplasticity/ Poisson point process/ Weibull model

Identification de la dispersion des limites d’endurance à l’aide d’un essai d’échauf-
fement

Résum é. Une détermination de la dispersion dans un diagramme de W¨ohler est propos´eeà partir de
l’ évolution de la temp´erature induite par de la microplasticit´e. Un cadre unifi´e est introduit
pour décrire ces deux ph´enomènes. La proc´edure d’identification est appliqu´eeà un acier
biphasé. c� 2001 Acad´emie des sciences/Éditions scientifiques et m´edicales Elsevier SAS

Fatigue/ Microplasticité/ Processus ponctuel de Poisson / Modèle de Weibull

Version française abrégée

Les essais d’´echauffement peuvent ˆetre utilisés pour d´eterminer les limites d’endurance de m´etaux et
alliages [1, 2, 3]. Lors de cycles de chargement, la temp´erature stationnaire est ´evaluée, et il est ob-
servé qu’après une certaine limite, cette temp´erature croˆıt de manière significative. Ceci correspond `a un
dépassement de la limite d’endurance, au-dessus de laquelle se produit une activit´e microplastique qui
engendre une dissipation intrins`eque. Il est propos´e de décrire ce ph´enomène en utilisant une approche
probabiliste qui soit ´egalement pertinente en fatigue `a grand nombre de cycles (i.e., capable de d´ecrire la
dispersion des limites d’endurance).

L’ évolution de la temp´erature est ´ecrite en consid´erant un ensemble de grains ´elasto-plastiques (appel´es
inclusions) entour´es d’une matrice ´elastique. Le volume de chaque inclusion est not´e� � et devient actif (i.e.,
la microplasticité décrite par une contrainte d’´ecoulement� � se produit) pour une contrainte ´equivalente
(e.g., de von Mises)�� � �� . Les centres des inclusions actives sont distribu´es aléatoirement et ob´eissent `a
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un processus ponctuel de Poisson d’intensit´e� qui dépend du niveau de chargement [4, 5]. La probabilit´e
����� de trouver� sites actifs dans un domaine� de volume� suit une loi de Poisson (1) o`u���� est le
nombre moyen de d´efauts qui est reli´e à l’intensité� par (2) où � � et� sont des param`etres mat´eriels. Le
tenseur des contraintes dans l’inclusions� est relié au tenseur des contraintes macroscopiques� par (4), où
�
� est le tenseur de d´eformation plastique,	 le module de cisaillement et
 une constante d´ependant du coef-

ficient de Poisson du mat´eriau [6]. L’énergie libre�� associéeà une inclusion ´elasto-plastique `aécrouissage
cinématique est ´ecrite en (5) [7], o`u �� est le tenseur des d´eformations ´elastiques (une d´ecomposition ad-
ditive des déformations est utilis´ee),��� le tenseur des d´eformations de dilatation thermique,� le tenseur
d’élasticité,
 une constante de proportionnalit´e de la loi d’écrouissage, ‘ :’ le produit contract´e sur deux
indices,�� une temp´erature de r´eférence,� un incrément de temp´erature relatif `a� � suppos´e rester faible
de telle mani`ere que le dernier terme de (5) est simplifi´e et la capacit´e calorifique� est une constante. Pour
une loi d’écrouissage cin´ematique linéaire, la dissipation intrins`equeÆ dans une inclusion ayant une limite
d’écoulement�� au cours d’un cycle de chargement d’amplitude� � est donn´ee en (6) o`u � est le module
d’écrouissage et��� la partie positive de ‘.’. Pour un processus ponctuel de Poisson,� ��

��
�� est le nombre

d’inclusions activées pour une contrainte ´equivalente variant de� à���� dans un domaine� de volume
� ; l’ énergie dissip´ee sur un cycle ´etantégaleàÆ������. La densité globale d’énergie dissip´ee sur un cycle
� est obtenue en consid´erant l’ensemble de tous les sites actifs pour une amplitude� � (7) ; elle induit une
variation de temp´erature qui est calcul´ee en résolvant l’équation de la chaleur (8), o`u � � est la fréquence
de chargement,� un temps caract´eristique dépendant des conditions aux limites thermiques [8, 9] et�
la température macroscopique . La temp´erature stationnaire� est donn´ee en (9). L’analyse de l’´evolution
de cette derni`ere en fonction de�� permet d’identifier la puissance� du processus ponctuel de Poisson,
caractéristique de la microstructure.

L’amorçage de fissures est d´ecrit par une ´energie critique� 	 [10] associéeà la dissipationÆ cumulée (10)
sur un nombre de cycles�
 . Pour chaque limite d’´ecoulement��, le nombre de cycles `a rupture (assimil´e
à celui d’amorc¸age) est reli´e à l’amplitude�� par (11) où �� est une constante d´ependant de�	� � and
��. L’ équation (11) correspond `a une loi de Stromeyer [11, 12] lorsque la limite d’´ecoulement� � est prise
égaleà la limite d’endurance��. Les inclusions consid´erées précédemment sont suppos´eesêtre la cause
de la rupture en fatigue `a grand nombre de cycles (FGNC). En FGNC, une hypoth`ese du maillon le plus
faible [13] s’applique souvent : la premi`ere inclusion critique (i.e., le crit`ere (11) est satisfait) conduit `a la
rupture de la structure [12]. La probabilit´e de rupture�
 d’un échantillon charg´e uniformément est donn´ee
en (12). En notant que l’intensit´e� est décrite par une fonction puissance de l’amplitude de contrainte (3),
un modèle de Weibull [14] d´ecrit la dispersion des limites d’endurance. Les param`etres� et� ��



� corres-

pondentà ceux d’un mod`ele de Weibullà deux param`etres (le module de Weibull� peut ainsiêtre identifié
à partir d’essais d’´echauffement). Lorsque le champ de contrainte est h´etérogène, les r´esultats pr´ecédents
peuventêtre généralisés en consid´erant le volume effectif [15]� �� à la place de� dans (12). On peut ainsi
tracer un diagramme de W¨ohler en notant qu’une iso-probabilit´e de rupture est d´ecrite par (13).

L’analyse précédente est appliqu´eeà un acier biphas´e (désignation Arcelor : DP60) pour lequel l’amorc¸age
se produit au voisinage d’inclusions de martensite [16]. La figure 1-a montre l’´evolution de la temp´erature
stationnaire� en fonction de l’amplitude�� lors d’un essai de traction/compression (rapport de charge
� 	 �
) pour une fréquence�� 	 
� Hz avecune seuléeprouvette. Une valeur� 	 
��
 est obtenue.
Les deux coefficients de la loi de Stromeyer sont obtenus `a partir de la courbe de W¨ohler (figure 1-b) qui
décrit la dépendance moyenne du nombre de cycles `a rupture avec l’amplitude de contrainte� �. Une limite
d’endurance moyenne�� 	 ��� MPa et�� 	 
� GPa sont identifi´ees.À partir de ces deux donn´ees,
les param`etres de Weibull peuvent ˆetre identifiés (14) o`u � est la fonction d’Euler de seconde esp`ece. La
figure 2 montre une reconstruction satisfaisante du diagramme de W¨ohler avec les dispersions pour l’acier
étudié.

L’approche propos´ee permet de relier les r´esultats d’essais d’´echauffement `a la dispersion en fatigue `a
grand nombre de cycles. Ceci permet une estimation rapide de la dispersion en utilisant une ´eprouvette
pour l’essai d’échauffement et environ une dizaine d’´eprouvettes pour obtenir une courbe de W¨ohler. Une
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analyse directe de la dispersion n´ecessiterait au moins 30 `a 50 essais.

Temperature measurements are used to evaluate the fatigue limit of metals and alloys [1, 2, 3]. By cycling
a sample and determining the steady-state temperature for different stress levels, it is observed that beyond
a given limit, the steady-state temperature starts to increase significantly. This regime change corresponds
to a situation where the fatigue limit is exceeded. Above the latter, crack initiation induced by microplas-
ticity occurs and the associated intrinsic dissipation can explain the temperature change. It is proposed to
describe this phenomenon by using a probabilistic approach that is also relevant in high cycle fatigue (i.e.,
able to describe the scatter of fatigue limits).

1. Temperature change

The aim of this first section is to evaluate the temperature change in a cyclic test for different stress
levels in the presence of microplastic activity. The latter is accounted for by considering a set of elasto-
plastic grains, referred to as inclusions, randomly distributed within an elastic matrix. The volume of each
inclusion is denoted by�� and it becomes active (i.e., microplasticity described by a yield stress�� occurs)
for an equivalent (e.g., von Mises) stress level�� � �� that is random. The centers of the inclusions are
assumed to follow a Poisson point process of intensity� [4, 5]. The probability� ���� of finding� active
sites in a domain� of volume� follows a Poisson distribution

����� 	
�������

��
����������� (1)

where���� is average number of active sites, so that the intensity of the Poisson point process� is the
average density of active sites in a domain�

���� 	 ��� (2)

The intensity of the Poisson point process depends on an overall equivalent stress amplitude� �

����� 	



��

�
��

��

�


� (3)

where�� and� are material-dependent parameters. Equation (3) shows that the higher�, the more sites
are active (i.e., inclusions for which the yield stress�� is exceeded). In the present case, it is assumed that
the active sites are distributed within a considered volume. A similar analysis can be performed when the
initiation sites are located on the surface of a sample. The plastic inclusion is assumed to be surrounded by
an elastic matrix. The stress tensor in the plastic inclusion� is related to the macroscopic stress tensor�

by
� 	 �� �	�
� 
���� (4)

where�� is plastic strain tensor,	 the shear modulus and
 is a constant related to the Poisson’s ratio of the
material [6].

The free energy�� associated to an elasto-plastic inclusion with kinematic hardening is written as [7]

�� 	
��

�
�
� � � � �� � ���

� � � � ������ �

��

�
�
� � �� �

����
�

���
� (5)

where�� denotes the elastic strain tensor (an additive strain decomposition is used herein),�
����� the ther-

mal strain tensor,� the fourth order elasticity tensor,
 the proportionality parameter of a linear kinematic
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hardening law, ‘:’ the tensorial product contracted with respect to two indices,� � a reference temperature,
� a temperature change with respect to�� assumed to remain small so that the last term in Eqn. (5) is
simplified and the heat capacity� is temperature-independent. For a linear kinematic hardening law, the
corresponding intrinsic dissipated energyÆ in one inclusion over a loading cycle for a given value of the
yield stress�� and stress amplitude�� (in the case of proportional load history,�� � ��) can be expressed
as

Æ��� ���� 	

����
�

��� � ���� (6)

where� is the hardening modulus [i.e.,� 	 
 � �	�
� 
�] and��� the Macauley brackets (i.e., positive
part of ‘.’). With a Poisson point process,� ��

��
�� is the number of inclusions activated for an equivalent

stress ranging from� to� � �� in a domain� of volume� , i.e., the number of sites whose mean fatigue
limit lies between� and�� ��, and whose dissipated energy during a load cycle isÆ���� ��. The global
dissipated energy density per cycle� becomes

����� 	

� ��

�

Æ������
��

��
����� 	


�

���� 
���� ��

�
��
�

�
�
� (7)

The dissipated energy per cycle� induces a temperature variation that can be evaluated by solving the
heat conduction equation. In the latter, the only relevant source term is�, which is scaled by the load
frequency��

�� �
�

�
	

�������
��

� (8)

where� is a characteristic time that depends on the heat transfer boundary conditions [8, 9] and� the
overall temperature. The corresponding steady-state temperature� reads

� 	

����

������ 
���� ��

�
��
�

�
�
� (9)

Equation (9) shows that, because of the assumption of a gradual activation of microplasticity, there is a
gradual change of the steady-state temperature� with the applied stress amplitude� �. The analysis of
temperature measurements allows one to determine the power� describing the temperature variation and
characterizing the underlying random microstructure (i.e., the higher�, the smaller the scatter of the yield
stress��).

2. Scatter of the fatigue limits

By using the same hypotheses on the material microstructure, the present section aims at analyzing the
scatter in high cycle fatigue. It is assumed that microcrack initiation is described by a critical value� 	 of
the cumulative dissipated energy for each inclusion [10]

�
 Æ��� ���� 	 �	 (10)

where�
 is the number of cycles to failure (i.e., the propagation stage is neglected with respect to the ini-
tiation stage). For each yield stress��, the number of cycles to failure�
 is related to the stress amplitude
�� by

�
 ��� ���� 	
��
�

����� � ���
� (11)

where�� is a constant depending on�	� � and��. Equation (11) corresponds to Stromeyer’s law [11,
12] when the microscopic yield stress is related to a given fatigue limit��. Consequently, by using the
previous thermodynamic approach, the coefficients of Stromeyer’s law can be related to microplasticity
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within the material. In HCF, a weakest link assumption [13] usually applies. The first critical inclusion
(i.e., criterion (11) is satisfied) causes the failure of a sample or structure [12]. Consequently, the failure
probability�
 of a uniformly loaded sample reads

�
 	 ������� 	 
� ������� �� (12)

By using the intensity� expressed as a power law of the stress amplitude [see Eqn. (3)], a Weibull
model [14] is retrieved for the fatigue limits. The parameters� and� ��



� then correspond to those of

the so-called two-parameter Weibull model. If the latter can be identified from temperature measurements,
it is possible to relate the gradual temperature change (characterized by the power�) to the scatter in fatigue
limits (described by the Weibull modulus�) since both are related to the intensity� of the Poisson point
process. It can be noted that the results derived so far assume a uniform macroscopic state of stress. They
can be generalized to heterogeneous situations in which an effective volume [15]� �� is used instead of the
total volume� in Eqn. (12). Equation (12) describes the scatter of the fatigue limits. A constant failure
probability is then obtained by combining Eqns. (12) and (11) in which the yield stress� � corresponds to
the fatigue limit�� for a given failure probability�


�
 �����
 ����� 	
��
�

����
 ���� �����
 ��
� (13)

By using Eqns. (3), (12) and (13), it is possible to draw a W¨ohler plot of a given material from data obtained
from temperature measurements when one fatigue limit and� � are known.

3. Identification strategy

The previous analysis is now applied to a hot-rolled dual-phase steel (about 15 vol% martensite and 85
vol% ferrite, Arcelor designation: DP60). For this class of materials, initiation occurs around martensitic
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Figure 1: -a-Steady-state temperature� vs. stress amplitude�� for a DP60 steel. -b-W¨ohler Diagram of
the same steel for tension/compression tests (load ratio� 	 �
). The open symbols are experimental data
(triangle: no failure) and the solid line is the identification.
-a-Temṕerature stationnaire� en fonction de l’amplitude de contrainte�� pour un acier DP60. -
b-Diagramme de Ẅohler du m̂eme acier pour des essais de traction/compression (rapport de charge
� 	 �
). Les symboles correspondent aux données exṕerimentales (triangle: essai interrompu) et le
trait continuà l’identification.

sites within the volume of the material [16]. The temperature measurements are carried out on asingle
sample by recording the steady-state temperature after 3000 cycles before the stress level is increased and
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the procedure repeated. In Fig. 1-a, the steady-state temperature� (here measured by a thermocouple)
is plotted as a function of the stress amplitude�� in a tension/compression test (load ratio� 	 �
)
for a frequency�� 	 
� Hz. From these data, the value� 	 
��
 is obtained. The two coefficients
of Stromeyer’s law are determined from the analysis of the W¨ohler curve (Fig. 1-b) where the average
dependence of the number of cycles to failure with respect to the stress amplitude� �. A (mean) fatigue
limit �� 	 ��� MPa and a stress�� 	 
� GPa are obtained. From the knowledge of the mean fatigue
limit, the last Weibull parameter���
� can be evaluated (since� is known, so that the effective volume
��� can be calculated)

�� 	 ��

�
��

���

���

�

�

 �




�

�
� (14)

where� is the Euler function of the second kind. From these parameters, the scatter in fatigue limits as well
as the overall scatter can be predicted. Figure 2 shows the results for the studied dual-phase steel. A good
agreement is obtained.
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Figure 2: Prediction of three different failure probabilities�
 in a Wöhler diagram for a DP60 steel. The
open symbols are experimental data (triangle: no failure).
Prévision de trois courbes de probabilité de rupture�
 dans un diagramme de Ẅohler pour un acier DP60.
Les symboles correspondent aux données exṕerimentales (triangle: essai interrompu).

4. Summary

The present approach relates temperature measurements to the scatter HCF. It allows for a fast estimate
of the latter by using one sample for the temperature measurements and about 10 samples to obtain the
classical W¨ohler curve. A direct analysis of the scatter in HCF would require at least 30 to 50 samples.
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