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Abstract: We give an alternative proof of the localization of Sinai’s random walk in random environment
under weaker hypothesis than the ones used by Sinai. Moreover we give estimates that are stronger than the
one of Sinai on the localization neighborhood and on the probability for the random walk to stay inside this
neighborhood.

Key words and phrases : Random environment, random walk, Sinai’s regime, Markov chain.

CPT-2004/P.068

1 Introduction

Random Walks in Random Environment (R.W.R.E.) are basic processes in random media. The one dimensional
case with nearest neighbor jumps, introduced [1973), was first studied by [Kesten et al] [[977], Binaj
(1987, [Golosoy [[1984]], [Golosoy| [198€] and [Kesten| [198€] all these works show the diversity of the possible
behaviors of such walks depending on hypothesis assumed for the environment. At the end of the eighties
[Deheuvels and Rvs [[1986] and [Révés7 [[L98]] give the first almost sure behavior of the R.W.R.E. in the recurrent
case. Then we have to wait until the middle of the nineties to see new results. An important part of these
new results concerns the problem of large deviations first studied by [Greven and Hollander [[[994] and then

by Feitouni and Ganter{ [[99g], Pisztora and Pove] [1999], Feitouni et al] [1999 and [Comets et al] [2000] (see
T o

Zeitoun] [R001]] for a review). In the same period using the stochastic calculus for the recurrent case (B
Hu and Shi 19984], [Tu_and Shi [[998H], [IY [R0004)], [y [000H] and [lu and Shi [p00]] follow the works of
Schumacher| [[1987] and Brox [[L98€] to give very precise results on the random walk and its local time (see

[R00T] for an introduction). Moreover recent results on the problem of aging are given in Pembo et al] [R00 l| ,
on the moderate deviations in [Comets and Popoy| [200d] for the recurrent case, and on the local time in Ganterf|
bnd Shi 007 for the transient case. In parallel to all these results a continuous time model has been studied,

see for example Bchumacher [[1985] and Brox [[1986]], the works of [Tanaka| [1994], Mathieq [[L995], [Canaks| [[L997],
anaka and Kawazy [[L997), J@iathie;] I 995] and |Ealeﬂ [R001].

Since the beginning of the eighties the delicate case of R.W.R.E. in dimension larger than 2 has been
studied a lot, see for example |Ea1ikoy| (1981, Anshelevich et al] [1989], Durrett| [[L986], Bouchaud et al] [[1987]
and Bricmont and Kupiainer| [[L991]. For recent reviews (before 2002) on this topics see the papers of Bznitmarn

|. See also Bznitmar] [2003], Varadhad 2003, Rassoul-Aghs [200] and [Comets and
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In this paper we are interested in Sinai’s walk i.e the one dimensional random walk in random environment
with three conditions on the random environment: two necessaries hypothesis to get a recurrent process (see
[1975]) which is not a simple random walk and an hypothesis of regularity which allows us to have a
good control on the fluctuations of the random environment.

The asymptotic behavior of such walk was discovered by ], he showed that this process is sub-

diffusive and that at time n it is localized in the neighborhood of a well defined point of the lattice. This
point of localization is a random variable depending only on the random environment and n, its explicit limit
distribution was given, independently, by Kesten| [[L986] and [Golosov| [[L9S€].
Here we give an alternative proof of Sinai’s results under a weaker hypothesis. First we recall an elementary
method proving that for a given instant n Sinai’s walk is trapped in a basic valley denoted {M(),mo,Mo}
depending only on n and on a realization of the environment. Then we give a proof of the localization, this
proof is based on an analysis of the return time to my. We get a stronger result than Sinai : we find that a
size of the neighborhood of the localization depends on n like (log, n)%?(logn)3/? instead of §(logn)? found
by Sinai. Moreover we compute the rates of the convergence of the probabilities (for the random walk and the
random environment). Our method is based on the classification of the valleys obtained by ordered refinement
of the basic valley {M{), mo, MO}. The properties of the valleys obtained by this operation are proved with some
details.

This paper is organized as follows. In section 2 we describe the model, we give some basic notions on the random
environment and present the main results. In Sectionﬁ we give the properties of the random environment needed
in section E to prove the main results. In the Appendix we make the proof of the properties of the random
environment.

2 Description of the model and main results

2.1 Sinai’s random walk definition

Let o = (o, € Z) be a sequence of i.i.d. random variables taking values in (0,1) defined on the probability
space (Q1,F1,Q), this sequence will be called random environment. A random walk in random environment
(denoted R.W.R.E.) (X,,,n € N) is a sequence of random variable taking value in Z, defined on (2, F,P) such
that

e for every fixed environment «, (X,,n € N) is a Markov chain with the following transition probabilities, for
alli € Z

(2.1) P« [Xn :i—l—lan_l :i] = oy,
PO[X, =i~ 1Xp_1 =i =1—a; = G

We denote by (Qg, Fa2,P¥) the probability space associated to this Markov chain.
o Q=0 x 0y, VA, € F and VA3 € Fo, P[A; x Ag] = [, Q(dw) [, P*) (dws).

The probability measure P* [.| Xy = a] will be denoted P2 [.], the expectation associated to P¢: E%, and the

a?
expectation associated to Q: Eg.

Now we introduce the hypothesis we use in all this work. Denoting (¢; = log[(1 — a;)/«;],i € Z), the two
following hypothesis are the necessaries hypothesis

(2.2) Eq [eo] =0,

(2.3) Eq [€] = 0* > 0.

[1975 shows that under P.g the process (X,,n € N) is P> almost surely null recurrent and P-3 implies
that the model is not reduced to the simple random walk. In addition to @ and E we will consider the

following hypothesis of regularity, there exists ™ € R* such that for all x €]0, x|

(2.4) Eq [€7°] < 0o and Eq [e"] < oo.



We call Sinai’s random walk the random walk in random environment previously defined with the three hy-

pothesis , E and @

Notice that Y. Sinai used the stronger hypothesis :

(2.5) o > const > 0, 1 — g > const > 0.

The random potential and the valleys
Definition 2.1. The random potential (Sk, k € R) associated to the random environment « is defined by

Sy = 219’96% k=1,2,---,
ZkSiS71 €iy k:_15_2a ’

for the other k¥ € R\Z, (Sk, k) is defined by linear interpolation, and Sy = 0. We denote (S7*,t € R) the
normalized potential associated to (S, k € Z)

Sk

=——>,FkeZ.
logn

(2.6) Sk

Definition 2.2. We will say that the triplet {M’, 7, M"} is a valley if

(2.7) Sy, = max S,
M <t<m

(2.8) Sy = max_ S,
m<t<M/

(2.9) Sp = _min_ S} .
<t < NI

If m is not unique, we choose the one with the smallest absolute value.

Definition 2.3. We will call depth of the valley {M' 7, M"} and we will denote d([M’, M"]) the quantity

(2.10) min(S7, — S%, 8%, — S5).

Now we define the operation of refinement.

Definition 2.4. Let {M’, m, M”} be a valley. Let M; and 71 be such that m < M; < rmq < M" and

(2.11) Sy, —Sm, = max _ (S —S50).
m<t' <t <M"

We say that the couple (M;,7m;) is obtained by a right refinement of {M’, i, M"}. If the couple (11, M) is

not unique, we will take the ones such that m; and M; have the smallest absolute value. In a similar way we
define the left refinement operation.

In all this work, we denote log,, with p > 2 the p iterated logarithm and we assume that n is large enough such
that log, n is positive. Let v > 0 a free parameter, denoting (n) = (ylogyn)(logn)~" we define what we will
call a valley containing 0 and of depth larger than 1+ v(n).

Definition 2.5. For v > 0 and n > 3, we say that a valley {M’, 7, M"'} contains 0 and is of depth larger than
1+ 7y(n) if and only if

1. 0 e (3T, 17,

2. d ({M',M"}) >1+7(n),

3. ifm <0, ST, —maxm<i<o (S7') = v(n) ,
if m >0, ST, — maxo<i<im (S7) = v(n) .



The basic valley {M}, 19, Mo}

We recall the notion of basic valley, introduced by Y. Sinai and denoted here {Mé, Mo, My}. The definition we
give is inspired by the work of [] First let {M’, 7o, M"} be the smallest valley that contains 0 and
of depth larger than 1+ +(n). Here smallest means that if we construct, with the operation of refinement, other
valleys in {M’, 1o, M"'} such valleys will not satisfy one of the properties of Definition R-3. M}, and M, are
defined from mg in the following way

if mg >0

(2.12) M} = sup{l €Z_, 1l <mg, S;" =Sk, >1+~(n), S|' - o max Sp > V(n)} :
SR=Mo

(2.13) My=inf{l € Zy, 1 > 1o, S;'— Sk >1+~(n)}.

If mg <O

(2.14) M{=sup{l€Z_, | <o, S;*— Sk, >1+7v(n)},

(2.15) My = inf {l € Zy, 1 >mo, S =S5, > 14+~(n), 5" — ~HL%X<OS’? > ’y(n)}
MmosR>

If mo=0

(2.16) Mj=sup{leZ_, 1<0, S~ Sk >1+~v(n)},

(2.17) My=inf{l€Zy, 1>0, S} —SE >1+7(n)}.

One can ask himself if the basic valley exists, in the Appendix @ we prove the following lemma :

Lemma 2.6. Assume @, and , for all v > 0 there exists ng = no(7, 0, E||eo|®]) such that for all n > ng

(2.18) Q [, 1o, Mo} # @] = 1~ (6v1ogy n)(logn) ™.

Remark 2.7. In all this paper we use the same notation ng for an integer that could change from line to line.
Moreover in the rest of the paper we do not always make explicit the dependance on  of all those ng even if
Lemma E is constantly used.

2.2 Main results : localization phenomena
The following result shows that Sinai’s random walk is sub-diffusive :

Proposition 2.8. There exists a strictly positive numerical constant h > 0, such that zf@ and @ hold and
for all k €]0, k™| hold, for all v > 2 there exists ng = no(y) such that for all n > ny, there exists Gy, C

with Q [Gr] > 1 — h ((logs n)(log, n)_1)1/2 and

(2.19) sup {Pg [CJ {Xom ¢ | 305, 10 }] } < %,

acG, m—0

moreover

a€Gh = o*(logn)7—2’

(220 sup {Pg lU {Xm ¢ [~(07 logn)?logy n, (0™ logn)” log, 1] }H < paotan

m=0

Remark 2.9. A weaker form of this result can be found in the paper of [1989] (Lemma 3 page 261).
The set G, is called set of ”good” environments. We will define it precisely in section . This set is defined by
collecting all the properties on the environment we need to prove our results.

P.19 shows that Sinai’s walk is trapped in the basic valley {Mé, o, My} which is random, depending only on
the random media and on n. More precisely, using , with an overwhelming probability {M{),ﬁzo, My} is
within an interval centered at the origin and of size 2(c~!logn)?log, n. In all this work A is a strictly positive
numerical constant that can grow from line to line if needed.



The following remarkable result was proved by L982]

Theorem 2.10. Assume 2.3, .3 and [2.4, for all € > 0 and all § > 0 there exists ng = no(e, §) such that for
all n > ng, there exists C,, C Q1 with Q[Cyr] > 1 —€ and

n
T o

(2.21) lim sup Pg [
log”n

n—+o0 acGy

mo = Mg (10g n)*Q .

In this paper we improve Sinai’s result in the following way, for all x €]0, x*[ we denote 7o = 12 + 21,

Theorem 2.11. There exists a strictly positive numerical constant h > 0, such that zf@ and @ hold and for
all k €]0, 57| hold, for all v > ~o there exists ng = no(7y) such that for all n > ng, there exists G, C 1

with Q [G,] > 1 — h ((logs n)(log, n)_1)1/2 and

(logy n)*/? 4(logy n)*"?
2.22 PS |22 | > < ,
(2.22) aseucg)n{ 0 [ log® n mo| > 67 (logn)1/2 ~ ol0(ylogn)y—0

mo = mo(logn)~2 and G = (1600)2.

Remark 2.12. This result shows that, for a given instant n sufficiently large, with a @ probability tending
to one, X, belongs to a neighborhood of the point my with a P probability tending to one. The size of this
neighborhood is of order (log n)3/ 2(log, n)?/2 that is negligible comparing to the typical range of Sinai’s walk of
order (logn)2. Moreover an estimate on the rates of the convergence of these probabilities are given but we did
not try any attempts to optimize these rates. However if we look for an annealed result, that means a result in
P probability, we get

— mo >g’Y

(1og, n>9/2] <o (logg n) v

2.23 P o2
(228) [ (logn)!/2 logy n

log®n
and the rate in (logs n)(logy n) ™! cannot be improved to something like (logn)~ with @ > 0 without changing
the size of the localization neighborhood.

We recall that the explicit limit distribution of mg was given independently by Kesten| [[L986] and [Golosov] [[L986].

2.3 Ideas of the proofs

In this section we describe in detail the structure of the paper and give the main ideas of the proofs of Propositions
@ and Theorem . For these proofs we need both arguments on the random environment and arguments
on the random walk.

Because of the technical aspect of the arguments on the environment, we summarize the needed results on the
environment in Sectionﬁ and we have put the proofs of these results in the Appendix at the end of the paper.
So assuming the results of section E, the proofs of the main results are limited to the arguments for the walk
given in section @

Results on the random environment (section B) First we describe the ordered chopping in valleys. According
to this construction, based on the refinement operation, we get a set of valleys with the two following main
properties : 1. the valleys of this set are ordered (in the sense of the depth) 2. the depth of these valleys
decrease when they get close to mg. This construction is one of the important point to get estimations more
precise than Sinai’s ones, for the environment, and therefore for the walk. We have collected all the needed
properties of the valleys in a definition (Definition @) All the environments that satisfy this definition are
called good environment and we get the set of good environment (called G,,, n is the time). The longest part
of this work will be to prove that Q[G,,] satisfies the mentioned estimate, this is the purpose of the Appendix.

Arguments for the walk (section M)



First we recall basic results on birth and death processes used all over the different proofs. We will always
assume that the random environments belong to the set of good environments.

The proof of Proposition B is based on a basic argument: with an overwhelming probability, first the walk
reach the bottom of the basic valley m( and then prefer returning n times to this point instead of climbing until
the top of the valley (i.e reaching one of the points M{) or Mg). Moreover, according to one of the properties
of the good environments, the size of the basic valley maz{| M|, |Mo|} < (0~ 'logn)?logyn. So we get the
Proposition. We will see that to get this result we have used very few properties of the good environments.

The proof of Theorem is based on the two following facts : Fact 1 With an overwhelming probability,

the last return to mg before the instant n, occurs at an instant larger than n — ¢,. ¢, is a function of n given
by log ¢, ~ ((logn)®/?(logy n)7/2)1/2. Fact 2 We use the same argument of the proof of Proposition P.§ With
an overwhelming probability, starting from mg with an amount of time n — (n — g,) = ¢, the walk is trapped
in a valley of size of order (log ¢, )?log, ¢n =~ (logn)3/?(log, n)?/2. This gives the Theorem.
The hardest part is to prove Fact 1, for this we use both an analysis of the return time to g (section @) and
the ordered chopping in valleys. The main idea is to prove that for each scale of time larger than ¢, the walk
will return to mg with an overwhelming probability. These scales of time are chosen as function of the depth
of the ordered valleys, i.e for each scale of time corresponds a valleys. What we prove is that for each scale of
time the walk can’t be trapped in the corresponding valley. Indeed, starting from myg, if the walk has enough
time to reach the bottom of a valley it has enough time to escape from it and therefore to return to my.

Arguments for the random environment (Appendiz) While the proof of the results for the random environment
are technical we give some details. This provide completeness to the present paper and shows the difficulties to
work with the hypothesis @

3 Good properties of a random environment

In this section we present different notions for the environment that are used to prove the main results. We give
a method to classify some valleys obtained from {M}, 7o, Mo} by the operation of refinement. To do this we
need some basic result on {Mé, Mo, My}. Then we define the set of the ”good” environments, this set contains
all the environments that satisfy the needed properties to prove the main results.

3.1 Ordered chopping in valleys
Proposition 3.1. There exists h > 0 such that if @, @ and hold, for all v > O there exists ng = ng (%)

such that for all n > ngy, we have

(3.1) Q [MO < (o_l logn)2 log, n} >1—-h ((10g3 n)(log, n)_1)1/2 ,

(3.2) Q [Mé > —(0tlogn)?log, n] > 1 — h ((logs n)(log, n)*l)l/2 .
Before making a classification of the valleys we need to introduce the following notations, let v > 0 and n > 3

(3.3) by = [(7)"/?(log nlogy n)*/?],
(3.4) kn = (0~ logn)?logyn)(bn) ™!,

where [a] is the integer part of a € R. Using E and @ we construct a deterministic chopping of the interval
(—(c7tlogn)?logy n, (6~ logn)? log, n) into pieces of length b,,. Moreover we define :

(3.5) l, = Do?logk,, D = 1000.

We make the following construction, let us take {Mj, o, Mo} as the initial valley (see Section P.1). Let us
denote M, = {Mé,rho} and My = {mo, MO}.

First we consider the first right refinement of the valley {Mé,mo,]\%} we denote {Mj,7,1} the couple of
maximizer and minimizer obtained after this refinement, let us add this points to the set Mgy to get My =
{10, My, 71, My}. Now we consider the first refinement of {rng, M}, we get the couple {My, 7o} that we add
to the set M and so on until we obtain the points {MT, m,} such that MT_l — mo > b, and ]\Zfr —mg <



lnbn. From this construction (see Figure ) we obtain a set of maximizer and minimizer (on the right of my)
Mo = {ﬁlo,Mr,ﬁlm a ,leﬂl,Mo}

In the same way we construct the set My by making equivalent refinement on the left of the valley {Mé, Mo, Moy}
We make a first refinement that gives the points {m}, M1}, then we refine {Mj,mo} and so on until we ob-
tain {m!,, M/,} such that mo — M/,_; > b,l,, and mg — M/, < b,l, (we denote M, this set of maximizer
and minimizer on the left of 1mg). Finally we get a set of maximizer and minimizer M = MjU Mo =

! ol A Y ~
{My,my, M1, -+, M., g, My, -, My, mq, Mp}.

T’

We will use the following notations,

Ifo<i,j<r Ifo<i,j<r
(3.6) %3 = S, = Sy | %0 = Siyy ~ S
. — /o
M,y = SZL- B Sz%fj’ i = S]%Ii’ B S]%I]f’
Pij = S, = S | Hij = Sf%; - S%;-

The beauty of the refinement is that we get immediately the following relations between the random variables
defined in B.6

(3.7) 00,0 > 01,1 > -+ > 6y 2> 0,
(3.8) 01,0 > 21 > -+ > br0 20,

in the same way

(3.9) 80,0 > 011>+ >0, 20,
(3.10) 10> 020>+ >0 20,
and

(3.11) Vi, 0<i<r—1, i1 >0,
(3.12) Vi, 0<i<r' =1, 1,41 >0

We remark that the construction we made is possible if and only if mg — Mé > b,l, and MO —mg > l,by, but
this is true with probability very near one, indeed the following lemma will be proved in the Appendix J :

Lemma 3.2. There exists h > 0 such that if @, @ and hold, for all v > 0 there exists ng = ng (y) such
that for all n > ng, we have

(3.13) Q {Mg —1g > (logn)? (6502 log, n)fl} > 1 — h ((logg n)(log, n)71)1/2

1/2

(3.14) Q [Tho — M} > (logn)?(6502 log, n)_l} > 1—h ((logzn)(logyn)™")

3.2 Definition of the set of good environments

Before defining a good environment, we introduce the following random variables, let v > 0 and n > 3,

(3.15) M. = sup {m €z, m <o, S —Sp. > (log(gn(logn)")) (logn)~'},

N = inf {m € Z, m > ing, S}, — Sp, > (10g(ga(logn)")) (logn) ™'} .

where ¢, = exp { ((2000)%y(log, n)7/?(log n)*/?) 1/2}.

Remark 3.3. Proposition shows that for the scale of time n, Sinai’s walk is trapped in the basic valley
{M{, Mo, Mp}. In the same way we will prove that starting from mo with a scale of time g,, Sinai’s walk is
trapped in the valley {M,mo, M~ }. This argument will be used in the proof of Theorem .



Now we can define what we call a good environment

Definition 3.4. Let n > 3, k €]0,k1[, v > 0 and w € Qq, we will say that o = a(w) is a good environment if
the sequence (v, i € Z) = (a;(w), i € Z) satisfies the properties B.16 to

(3.16) e The valley { M}, 70, My} exists :
(317) 0e [M(/)’ Mo],
(3.18) 0,0 > 1+7(n), 6o > 1+~(n),
(3.19) If mo > 0,5y, — g (Sp) > ~(n),

. if 7 o — ny > .
(3.20) if mo <0, Sy, amax (S2) > ~v(n)
(3.21) o _max_ ((a)7!) < (logn)*,

NI <1< Mo
(3.22) “max_ ((B)7) < (logn)*.
M <I<Mo
(3.23) o My < (07 logn)?logyn, — M} < (0~ logn)?logy n.
(3.24) o M. >1g—Ln, M- <iwng+ Ly.
(3.25) o < 2(logn)?(ylogyn) /2,
(3.26) ' < 2(logn)'/?(vlogy n) "1/
e Forall 0<i<r-—1
(3.27) Nii+1 > v(n),
(3.28) Sit1,i+1 = v(n),
(3.29) pit1,0 > v(n).
e TForall0<i<sr —1

(3.30) v =7 (n),
(3.31) 5;+1,i+1 = 7(n),
(3.32) Hip1,0 = 7(n).
(333) o 5111 S 1-— ( ),
(3.34) 81 <1=7(n).
(3.35) o 0., < (loggn)(logn)™",
(3.36) 5T,,T/ < (log ¢)(logn)~*.

where L,, = (8log|(log n)”qn]o*1)2 log, n and recalling that g, = exp { ((2000)%y(log, n)™/?(log n)3/2)1/2}, 5.,
& s .ot ., and g are given by B.g and y(n) = (ylogyn)(logn) ™.

We define the set of good environments G,, as
(3.37) G, ={w € M, a(w) is a "good” environment } .

Remark 3.5. We remark that a good environment « is such that the different random variables Mo, Mé, mo,
rr'y6. 6", p. and i/ that depends on « satisfy some properties in relation to deterministic parameters like
n, v, o and K.

The properties —@' concern the existence of the basic valley {Mé, mo, Mg} with his main properties.

The properties B.21| and @ are technical properties due to the hypothesis @ There is no equivalent properties
in Sinai’s paper because the stronger hypothesis @ is used.

(respectively B.24 - ) give an upper bound of the distance between MO and My (respectively M. and M-)
and the origin (respectively to the random point my).

The properties from 3.25 to B.36 concern the properties of the valleys obtained by the ordered chopping of
{MO, mo, MO} effectuated in the previous paragraph. We remark that .25 - and .26 - give a deterministic upper




bound for the number of right (respectively left) refinement performed in the ordered chopping in valleys, these
upper bounds depend on n. This n dependance that does not appear in Sinai’s work comes from the fact that
we perform a chopping in valleys in such a way that the successive valleys are nested and contain mg. This is
a basic ingredient to get a result stronger than Sinai’s one for the random walk itself.

Proposition 3.6. There exists h > 0 such that if .4, 2.3 hold and for all x €]0, k] hold, for all v > 0,
there exists ng = ng(k,7y) such that for all n > ng

(3.38) Q[Gn] > 1— h ((logg n)(logyn) )%

Proof.

The proof of this proposition is done in the Appendix @ In fact ng = no(k,vy,0,E [|eo|3} JE [e‘oﬂ ,C), where C' =
Eq [e7] V Eq [e™"] but for simplicity we do not always make explicit the dependance on o, k, E [|eo]?] , E [€]
and C of no. A

4 Proof of the main results (Proposition 2.8 and Theorem [2.11))

4.1 Basic results for birth and death processes

For completeness we recall some results of [1967] on inhomogeneous discrete time birth and death
processes, we will always assume that « is fixed (denoted « € Q in this work).
Let z, a and b in Z, a # b, suppose Xy = a, denote

inf{k € N*, X}, = b},
400, if such a k not exists.

(4.1) To = {

Assume a < x < b, the two following lemmata can be found in [] (pages 73-76), their proof follow
from the method of difference equations.

Lemma 4.1. For all a € Q;, we have

o ey Soieayr P (logn(SP — Sp)) 41
(42) Pz [Ta > Tb] = b71+1 " n )
i=a+1 &XP (logn(Sp —S7)) +1
o ey _ Sias1 XD (logn (ST — S7)) + 1
(4.3) P2 T < Ty] = =2t "
i=a+1 XP (logn(Sp —S5y)) +1
Let us denote T; AT} the minimum between T7; and T}
Lemma 4.2. For all a € Q;, we have
b—1 b—1 1 .
(4.4) Bo, | [To+ pqet] = 2izest 2ist oyl )
. a a b—1 .
Zj:aJrl Fo(j,a) +1
x—1 rz—1 xz—1
« T T « a a N 1 .
(45> Em [Ta /\Tb] :Ea—i-l [Ta+1/\Tb+1] 1+ Z Fn(]aa) - Z Za_an(]al)a
j=a+1 l=a+1 j=lI

where Fy,(4,1) = exp (logn(S;’ —-Sm).

4.2 Proof of the sub-diffusive behavior (Proposition 2.8 )

Ideas of the proof First we prove that starting from 0 the probability to hit mg before one of the points
M} —1 or My+1 goes to 1 (lemma [L.3)) and starting from 77 the probability of staying in the interval [M}, Mo]
in a time n goes to 1 when n goes to infinity (lemma [L.5).

In this section we will always assume that mg < 0, (computations are the same for the other case).



Lemma 4.3. There exists h > 0 such that zf@ and@ hold and for all k €]0, k™| holds, for all v > 2 there

exists no = no(y, k) such that for all n > ng there exists G, C Q1 with Q [Gy] > 1 — h ((logs n)(log, n)’l)l/2
and for oll o € G,

(4.6) PG [TSLU > TZ%IOH] < o 2(logyn)(logn) "% + (n(logn)?) L.

Proof.
Assume v > 2, using lemma Q we easily get that

a |70 0 ~ n n
P [T 2 Thn] < bl e (oxp (—tomn(S3, = 1)) +1
Using and B.29, we get [L6 W
Remark 4.4. By hypothesis M(/) < g < 0 therefore P [Tgo > TZ%I,_J =0.
0

Lemma 4.5. There exists h > 0 such that zf@ and@ hold and for all k €]0, k™| holds, for all v > 2 there

exists no = no(y, k) such that for all n > ng there exists Gn, C Q1 with Q [Gy] > 1 — h ((loggn)(log, n)_1)1/2
such that for all a € G,, we have

47 PG, |The_, ATC,, > n| =1 (logn)™,
moreover
(4.8) P [ 770 gy 10ma 1 A Tl togmy2 oy mg1 > 2] = 1= (logm) ™7,
Proof.
For all i > 2, define
e | f{k>T; 1, X; =2z},
(4.9) T; B { 400, if such k£ does not exist.
vz _ ooz ) nf{k € N*, X} =z with Xy = z},
(4.10) Ty =T B { ~+o00, if such k does not exist.

We denote 71 = T ™% and 7; = T#~% —T# 7%, for all i > 2. Let n > 1, remark that 70~ = 77 pmo—mo
n so

n
« mo mo _ e mo mo Mo —1mo
(4.11) PG, [Tpe  ATRe, >n| = PB4, |The ATZC >n Y > n]
=1
n
le mo mo Mo —mo
(4.12) > Ph, [Ty ATg0,, > > o 1
i=1

By the strong Markov property the random variables (7;,1 <4 < n) are i.i.d therefore

(4.13) g,

n

~ ~ ~ ~ - - ~ ~ n

mo mo mo—mmo | __ o o —1M0 mo mo

T Ao, >3 1 = (P [T <TRe A )
i=1

Moreover it is easy to check that

(4.14)  Pg, {mem < ngil A ngﬂ} = Qg PY, 41 [TEEE < Tgfﬂ} + BoPL, 1 {ngj < Tt

Using .9 and we get that there exists ng = ng(k,7y) such that for all n > ny and all « € G,,
P31 [TE0FE < TEe*!] < nm (G000, in the same way PG,y [T0=) < T ™| < n= (9. Using this

Mo+1 N -1
and , we get for n > ng and all o € G,
(415) P%O TE? 1 A TM7:nO+1 < T"hﬂg’mo] S n*l*'y(n).
0o 0

10



Replacmg and usmg - and the fact (1 — )" >1—nzx, forall0 <z <1andalln>1we get
. For .§ we use

Proof (of Pr0p051t10n )

By the strong Markov property and remark @ we get that

« Y Y e m m e 0 0
(4.16) P [ﬂ {Xm € [M(g,MO] }] > P2 [TM? AT > } _PS [T > 79 +1} :

Using Lemmata [.d and [£.5, we get R.1d. We get using and 23 ®

The next lemma will be used for the proof of Theorem .

Lemma 4.6. There exists h > 0, such that if 2.3 and 2.3 hold and for all k €]0, x| holds, for all v > 2 there

exists no = no(y, k) such that for all n > ng there exists Gn, C Q1 with Q [Gy] > 1 — h ((loggn)(log, n)_1)1/2
and for oll o € G,, we have

(4.17) Po [THo , ATRO > qn] >1—(logn)™7 |
where L,, and ¢, are given at the end of Definition |3.4 .
Proof.

Using what we did to prove Lemma E replacing My by M- and Mé by M. (see for the definitions of M-
and M- ), we easily get this lemma. W

4.3 Analysis of the return time 770 —"0

It is easy to check that Eg, [Tﬁ“)_’mo] = 00 Q.a.s, however we will need an upper bound for the probability
P2 [T™0=™0 > k] with k > 0. We denote a V b = max(a, b).

Lemma 4.7. For all o € Q1 and all n > 1, we have for all i, 0 <i<r

. _ 2
(4.18) EﬁmoJrl |:(Tﬁ7;z(?+1 /\Tgig:ll) :| < Din(6i+1,i+1_77i,i+1)\/0’

- 2
with D; = D;(a,n) = |M; — mpl® (mauxm0 1<AT, (o%)) , and for alli, 0 <1 <7’

. 2 , ,
(419) E%O 1 |:(T'r7hngo 1 T]\TZ? 11) :| < Dgn(&ﬂ,iﬂ*m,iﬂ)w’
- 2
with D}, = Dl(a,n) = |M] — mg|® (male{SlSmo (é)) . See [3.4 for the definitions of Miivts Oia1iv1> Miitl
and 8;11,i4+1, recalling that r and v’ are (respectively) the number of right (respectively left) refinement (see
section

Proof.
We only prove ( the proof of is identical). It is easy to check, with the method of difference equations,

M; l 2u;—1 .
(4.20) E2 [(Tmo AT )1 _ izt Zjmmtt 100D
: mo |\ Friot+1 N yp 4 72 - ’
Zj:ﬁm.H Fn(]vmo) +1
with
(4.21) w = E¢ [Tl /\TJIMH} ,

u; is given by E and F,(.,.) at the end of Lemma @ First we give an upper bound of - Denoting
C; = Ci(a,n) = max,;, i<y, (al) (M; — 100)? it is easy to check that u; < C; (1 + Z] o1 (j,mo)). We
have

M; l 2u M; l
(4.22) oo Y F—RGh<20 Y, > <1+ Z zmo>(az>1Fn(j,l>-

l=mo+1j=mo+1 l=mo+1 j=mo+1 i=mo+1

11



Now let us consider the first refinement of {mO,M }, denote m;41 the minimizer obtained and M;, 1 the
maximizer, it is easy to check (see Figure E that

M; l (1 + Zz o1 (’L,ﬁlo)) M 3 1
(4.23) Z Z OC:_I F (], ) < % maX~. (_) n(5i,0)V(5i+1,0+5i+1,i+1),

I=mo+1 j=mo+1

where §__ is given in @ Using and we get

M; l
(4.24) > 2 2 1Fn(j,l) < Dy x nl0i0)V0it10Hdit1ite)
I=ro 41 j=rmot1
where D; = D;(«, |M mol® (maxm0<l<M (o%)

Moreover it is easy to check that Z] o1 Fn(d,mo) > nd.0 replacing this and in and noticing that

Jit1,0 — 00 = —Mii+1 We get | [ ]

Proposition 4.8. For all « € Q1, n > 1 and ¢ > 0 we have, for all i, 0 <i<r

(4.25) m0+1 [Tm0+1 > q} (D; (Ot it 1+1)VO) -2 4 n_é“’,
- 2
with D; = |M; — mo|® (maxm <1<a, (a%)) , and for all 1, 0 <4 <7/

(4.26) e

mol

[T%S*l > q} < (D;n(5;+1,i+1—77;,¢+1)V0)q—2 + n_‘s;,o .

. 2
with D} = | M/ — mqg|® (maXMQSZSmo (é)) . See @for the definitions of 7727”1, 5§+17i+1’ Niit1 ond ;g1 it1,
recalling that r and v’ are (respectively) the number of right (respectively left) refinement (see section @

Remark 4.9. - 4.25 does not imply that Prot1 [ng“ > q] is sumable on ¢, indeed on the right hand side of
1.25, ”n~%0°” does not depend on g¢.

Proof (of Proposition @)
Let us estimate Pg, |, [Tm”+1 >q, let 0 < i <, we have

my

le mo+1 leY m, +1 mo+1 m +1 mo+1
(4.27) P2, [TE ™) > q) S PG,y (TR ATEOE > q) + P,y [TH0*! > T0rL ],

Using [.3 and recalling that 6,9 = S]’& = Sp, we get PR g {T;@U"H T;}":ll} < n~%0. Moreover, by Markov

mo — mo+1

use (similar computations give [.24).

mo+1 mo+1
inequality we have P [T~ A TMH_ L > q} < <E~ Al

|:(Tmo+1 A Tmo+1) }) g2 To end the proof we

4.4 Proof of Theorem R.11]

The sketch of the proof is the following we prove (with a probability very near one) that (Xj)i<g<n hit mo in
a time smaller than n. Then we show that it does not exist an instant 1 < k < n — g, (¢(n) is given at the
end of Definition @) such that the R.W.R.E. will not return to 7 (Proposition ) Finally we prove that
starting from Mg, in a time smaller than n — (n — ¢,,) = ¢, the R.W.R.E. can not escape from a region which
size is of order (log ¢,)? (Proposition [£.14) .

First we introduce the next event, let n > 1and 1 <q¢<n

(4.28) A= |J  {Xk=rio}.

n—q<k<n

12



Let 64 > 0, we have

X X
4.2 Pe || —1 — < P
(4.29) 0 H (log n)? mo| > 6q] = 70 [ (log n)?

Now we estimate each probability of the right hand side of in Propositions and .

> 5, Aq] LRy A

—mg

Proposition 4.10. There exists h > 0 such that zf@ and hold and for all xk €]0, k™| holds, for all
v > 12/k + 21/2 there exists ng = no(y, k) such that for all n > ng there exists G,, C Q1 with Q[G,] >

1 —h((logsn)/(log, n))l/2 and for all o € G,

le% c 2(10g2 n)9/2 (10g2)2
(4'30) IED0 [‘Aqn} < (,y>1/2(1ogn>77(12/n+21/2) +0 (1Ogn>77(6/n+4) )

qn 15 given at the end of Definition .

Proof.
First we remark that forallm > 1 and all1 <¢<n

(4.31) PG [AS] < Pg T3, >n] +P§[AS, To, <n] .

We estimate each term of the right hand side of , the first one in Lemma and the second in Lemma
113

Lemma 4.11. There exists h > 0 such that if[2.3 and[2.3 hold and for all x €]0, x*[[2.] holds, for ally > & +4

there exists ny = nf(k, ) such that for all n > n} there exists G, C 1 with Q [Gy] > 1—h ((logs n)/(logy n))l/
and for all o € G,,, we have

5(1 2
(4.32) Py [TO, > n] < (log ”>6 .
o4(log n)v_(?+4)
Proof. R R
Let us consider the valley {M{, mo, My}, we assume mg > 0 (computations are similar if mg < 0). We have
(4.33) PG (T8, >n] < P§|To, ATY, , >n| +P5[T% _, <T3,| .

For the second probability on the right hand side of we have already see (lemme E) that for all v > 2
there exists ny = n1(k, ) such that for all n > n; and all « € G,

(4.34) PG [T](\Z, L < T%O} < 0 %log, n(logn) 72

For the first probability on the right hand side of we have by the Markov inequality

M{-1

(4.35) Pg [TO AT >n} <K [TO AT, J nL.

To compute the mean in we use lemma @, it is easy to check that :

mofl ’ﬁ'bo*l

(4.36) Eg [ iy 1AT,%J < >y O%Fn(j,l)

l=M J=1

where F,(j,1) = exp (logn(S}" — S]”)) Let us consider the first refinement of { M, 7m0}, it gives the point M/
(for the maximizer) and m} (for the minimizer), so we get

mg 1m0 1

(4.37) Z Z —F (4,1) < Con‘sivl,

=My J=!

13



where §] ; = S’l{ — Sp, and Co = Cola,n) = (M} —100)? MaX <)<, (a%) Using [1.37, and we get

(4.38) PS [T,%O AT

0 5 -1
My -1 > n:| < (C()TL 1’1>7’L .

Using formulas B.21), B.23 and B.34 we get that for all v > £ +4, there exists ns = na(7) such that for all n > ny
and o € G,

(2log, n)?
o*(logn) (£
We get .32 using .33, .34 and (.39 and taking n} = ny Vny. R

Lemma 4.12. There exists h > 0, such that if .4 and 2.3 hold and for all x €)0, x| holds, for all
v > 12/k + 21/2 there exists ng = no(y, k) such that for all n > ng there exists G,, C Q1 with Q[G,] >

1 — h ((logs n)(log, n)_1)1/2 and for all a € G,

(4.39) PS [T,%O AT, > n} <

9/2

: 3(logy n) 1
4.40 Py [AS , T2 <n] < 2 o
(4.40) 6 (G Ty <n] < o10(y)1/2(logn) Y~ (F+%) + ((logn)’Yl/Q(log2 n)l/Q)

qn 18 given at the end of definition .

Proof.
We recall that for all 1 < g < n we have denoted Ag = ﬂn—qgkgn {X} # mo}. Denoting

(4.41) A= {{szmo} N {Xm7ém0}}a

1<p<n—g—1 m=p+1

we remark that {Ag, TT%U < n} C fl;. Therefore we only have to give an upper bound of Pg [flg] , by the Markov
property we have

(4.42) P[4 = ). PR, [ﬂ {Xm?émo}] P§ [X,, = o).

Using the change k = n — p, we get

k
(4.43) PylA < Y P?ﬂﬂ{m#mo}] ST g, [T > k]

q+1<k<n—1 q+1<k<n—1

Remark 4.13. We recall that R.W.R.E. is null recurrent P.a.s, so for the moment, we can’t say anything on
Eqﬂgkgnq P [Tmoﬁmo > k]

First let us decompose the sum in

(444) Z IED%10 [T’ho—’ﬁlo > k] = Z aﬁlop%oJrl [Tg:ooJrl > k}
q+1<k<n-—1 q<k<n-—-2

(4.45) > BaePhg [Thg ™' > K]
q<k<n-—2

Let us give an upper bound to the sum on the right hand side of . We want to find ¢ as small as possible
but such that this sum goes to 0. For this we use step by step the inequality to P31 [Tg{?“ > k] T we
have

n—2
(4.46) > Pe o [Tt > k] = S P [Tt > k]
[norr)+1<k<n—2 k=[n’1.1]4+1
r—1 [n%i:]
(4.47) > X Pha[Tat >

i=1 k:[n5i+1,i+1]+1

14



For the sum on the right hand side of , by inequality (taking ¢ = 0) we have

n-2 _ po11 n (01,1—70,1)VO
o o1 n —n’t Dgn'°v ;
(4.48) S Py (TRt > k] < 5t > —
k=[n’11]+1 k=[n’11]+1
n DO

(4.49)

—  pdoo nd1,1An0,1”’

- 2
where Doy = | Mgy — mo|® (maxmongMO (o%)) . For the other terms (1 < i < r — 1) of the sum in [1.47, using
the inequality we have

(7] - 8iyi _ pitiit1 [2 750 D, (n(Fit1,i+1—7,i41)V0
@so) Y Ea[mmten < DoET, oy DT
k=[nditlitl]41 n- k=[n%i+ 141 )41
1 D;

(4.51)

nHi0 + nOit1,i+1 AN 41’

where we have used that 6; 0 — d;; = pi0 and D; = |MZ — 1ol® (maxmo<l<Mi (al )) So, for the sum - .47 we
get from that

[n 3q, i) r—1 r—1
. D.
Q mo+1 7
(4'52) Z Z PmUJFl [Tﬁl(? > k} = Z nMi0 Z NOi+1,i+1ANi i1
=1 k= [ Si41,i+1 +1 =1 =1
(4.53) < r—1 (r—1)Dg

pming<i<r—1(ki,0) pming<i<r—1(Git1,i41AN5,i41)
and we have used that D; is decreasing in i. Collecting the terms and we get

n r—1 rDg

(4.54) > g Py [THot > k] <

ndo,o pming<i<r—1(ki,0) nmino<i<r—1(0it1,i+1AN:,i41)
[ROrr]+1<k<n—2

Now using the good properties B.1§, B.21], B.27, B.2§, B.29, B.2d and B.25 we easily get that for all v > 12 4+ 21,
there exist n; such that for all n > nq, a € G,

3(’)’ log, ”)9/2
o10(7)1/2(logn) = (F+3)

(4.55) > g Pe oy [T >k —1] <

[n®rr]4+1<k<n—2

Finally, using and therefore choosing ¢ = [g,], where g, is given at the end of Definition @, we get that
fora117>1—:+22—1,n>n1 and o € Gy,

(4.56) S am P (TR > k] < > g P 1 [T > k]
q=[gn|<k<n—2 g=[n%"r)|+1<k<n—2
(4 57) 3(1Og2 n)9/2

710(3)172(log n) = CF+ )

Making similar computation for the sum on the right hand side of - one get the same upper bound with
q = [gn]- Usmg these estimates, [L.4], [.44, [£43 and the fact {AC T < n} C A7 we get the lemma taking
qg=[qn] and nf =n,;. A

We get Proposition collecting the results of Lemmata .11, f.19, using and taking nj, = n} vV n} and
q=l[q] W

Proposition 4.14. There exists h > 0, such that if .3 and [2.3 hold and for all k €]0, x| holds, for
all v > 0 there exists ng = no(y, k) such that for all n > ng there exists G,, C Q1 with Q[Gy] > 1 —

h ((logs n)(logy n)_1)1/2 and for all o € Gy,

15



1
(logn)’

X
4.58 Py || —
( ) 0 H (10g TL)2
84, = Ln(logn)=2, g, and L, are given at the of definition [3.4.
Proof.

Let us introduce the following stopping time T}5,,(q) = inf {{ > n — ¢, X; = mo}. We remark that A; & n—q <
T (¢) < n. Taking ¢ = [¢,], by the strong Markov property we have

—mg

> 6‘171’ AQn:| S

X, - n
(459) P || =5 —mo| > 0q., Ajg| = >, P Hig mo
]

0g, | PG [T (gn) = 1] .
|| (logn)? ] o (log n) > qn] 0 [Tro(an) =1]
n—|4qn

Therefore we get

IN

e [ X" ]
(4.60) P§ Togn ~ ™ > gns Agn) Z]P’ o L ATEO L < gy — 1 PY [T (gn) = 1]

(4.61)

Using Lemma @ we get . |

Now we end the proof of theorem

Assume @ E hold let x €]0, x™[ such that @ hold, let us denote vy = 2 —|— , let v > ~p. Taking ¢ = [¢y]
and 6 = L, (logn)~2 in E we obtain from Propositions {10 and - that there exists n1 = ny(k,7) such
that for all n > n; and all « € G,

IN

P% [Thwir, ANToe—r, < dn]

mo+L

n 3(log, n)%/? 1
4.62 P —" _ _ 5 <
( ) 0 |: (logn)2 0 > qn:| — 010(7)1/2(1Ogn)7—70 + (1Ogn)v_(6/ﬁ+4) )
Moreover we remark that one can find ny > n; such that for all n > ng we have §,, = Ly, (log n)*2 <

7(1600)?(logy n)*/?(logn)~1/2.
APPENDIX

A Proof of the good properties for the environment (Proposition B.6))

In all this section we will use standard facts on sums of i.i.d. random variables, these results are summarized
in the Section B of this appendix.

Elementary results on the basic valley {M{),ﬁzo, Moy}

We introduce the following stopping times, for a > 0,

o rrtan . [ inf{m e N*, S >a},
(A.1) Us =U; (57,5 €N) = { +00, if such a m does not exist.
o r—ram s [ inf{m e N*, S < —a},
(A.2) Uy =U; (5,5 €N) = { ~+00, if such a m does not exist.
Proof of lemma @ To prove this lemma it is enough to prove that the valley {U1+7(n), m, Ul-l—v(n)} satisfies

the three propertles of Definition @ with a probability very near 1. Let x €]0,x™[, and v > 0. By definition of
U, and U m, Uy } satisfies the two first properties of Definition @ We are left with

1y 2 Uy AUy 0 Uiy )
the third property. Assume m > 0, we remark that S” — maxo<i<m (S7") < v(n) = maxo<i<m (S§*) > 1

Ulfv(n)
moreover maxo<i<m (S) < 1+ v(n) . Therefore

(A.3) Q\|S" — max (S}) S*y(n)} < Q [1 < max (S7) <1+4+~v(n)

Ulfyimy  0<t<m 0<t<m
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Using and Lemma @, it is easy to prove that there exists ny = ni(v,0,E [|60|3]) such that for all n > n;

logy 1 1
A4 no<— >1—- —= .
(A.4) QIsh < 2] 21- 12 (0 ()
Let us denote A = {1 < maxo<i<m (S7') < 1+ 7(n), S% < —v(n)}, by [A-] and [A.4 we have
logy 1 1
. n_ — "< < — .
(A35) Q[sy, - g (51 <200 < QU+ P2 (s 40 (1))

Let us define

(A.6) w.

( )_{ inf{m e N*, S7 € [1,1+~(n)]},
y(n) =

400, if such m does not exist.

Denote A’ = Uj>W7<n) {S]” < —v(n), ﬂi:an)H {Sp <1 +’y(n)}}, we have A C A’ so Q[A] < Q[A].
Making a partition on the values of W, ,, using that {W,,) = 7} = {S' € [1,1 4 v(n)]} and the strong
Markov property we get

/ ) . o0 rlia(n)
(A'7) Q [A] < 1_V(S$2mgl (Q [U'y(n)-i—m < Ul-i—v(n)—m}) ;)/1 Q [W’Y(") =T Sr € dm]

(A.8) < Q [U{ < U;(n)} .

Using lemma [B.4, we get that there exists ny = na(0, E[|eo|?]) such that for all n > ny

_ 2logyn 1
A. Fol< 2 .
(A.9) @ {Ul < UQV(”)} ~ logn (7 0 (log2 n))

Collecting what we did above and taking ng = n1 V ny we get the lemma. W

Proof of proposition @,

Let us prove , noticing that My < U

4y (n)’ and using remark , for all G > 0 we get

(A10) @ [MO > (0~ logn)? log, n} < Q [Ujﬂ(n) ANUG > (0 1ogn)2} +Quf >ug] .

1/2
Taking G = ( 2log, n ) with h; > 0 and using [B.1§, we get that there exists 7, = n1(h1, 0, Eq [leol?]) such

h% logz n

that for all n > ny

by

(A.11) Q [Ul-:-'y(n) ANUG > E(logn)ﬂ < 2 logg n 7
where g1 < 0.7. Choosing correctly the numerical constant h; we get for all n > nq:
1
+ - -1 2
(A.12) Q {Ul-i—v(n) ANUg; > (07" logn)*log, n} < gy
Taking D = logn in we get for all n > n;
_ 1 (log, n)3/2

+ — APe2 )

(A-13) QU 2 Vg < G+O( logn )

Using [A.10, [A.13, A.13 and the expression of G we get B.1, the proof of B.9 is similar. B

We recall that for all k €]0,xT[, C = C(k) = Eg [e"°] V Eq [e™"%] < +o0.

Proof of lemma . Denote

(A.14) Ag = {]\2/0 > (0~ logn)?logy n, M{) < —(o~logn)? log, n}
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Let u, = [((logn)?)(6502(logy n)) ™| + 1 and v, a sequence such that u, x v, = [(07!logn)?log, n] + 1. Using
B.1 we know that there exists nj = nj) (e, o, Eq [|€0|3]) such that for all n > ny

~ - ~ 5 logsn 1/2
(A.15) Q[Mo—moﬁun} SQ[Mo—moﬁun, Ao} +h|—— :
logy 1
We recall that, in all this work, h is a strictly positive numerical constant that can grow from line to line if
needed. Let us denote B, , = {—[(c"tlogn)?log, n] — 1,[(c~logn)?logy n], -+ ,[(c~tlogn)?logy n] + 1}, by
definition SMO — Sy 2> logn, so

(A.16) Q [MO —1mo < Un, AO} < Q@ { max max max (S, —S;]) > log n} .

meEBy o m<I<m+tu, m<Ij<m-+tun,

Making similar computations to the ones did in the proof of @ we get that there exists ny = ni(o, C, k) such
that for all n > nq,

4logsn
(A-17) @ [mrélgfg m IS mun MG St (151 = 5j1) 2 logn| < o2(logn)t/33”

using [A.15], A-16, [A.15 and taking ng = n{ V ny we get B.13 Similar computations give B.14. B

The following result is essential to the proof of the other good properties.

Minimal distance between the two points of one refinement (property [3.25 -)

Lemma A.1. There exists h > 0 such that zf@ @ hold and for all k €]0, k™ . holds, for all v > 0 there
exists ng = no(o, &, E [|eo|*] , C, ) such that for all n > ng

T - logs n 1/2 log, n
. I _ml< < -o3 o2
(A.18) Q L_Jl{M i, < bo ) _h<10g2n) +O((logn)1/33 ,
(A19) 0 O{M ~'<b} <, (logsn 1/2+O logy n
' o U= =" ogy n (logn)t/33 )~

b, is given in @, M_’, m’ M and 7. have been defined Section .

Remark A.2. This lemma shows that the distance between two points obtained by the operation of refinement
is larger than b,,.

Proof.
Let « €]0, x*[ and v > 0. Recalling B4 and B.5, let us denote

(A20) A = U {17 — 1w}, < b}
=1
onl+1 [

A21 Ay = S _S SU_SU .
( ) ’ 1= E’CJ] 1j= Hl {(H—l)b <wX<Z<Jb ( )< by <"?L(J+1)b m<u<7f£$”+b ( )}

Denoting Cy = (Vo UL, {1) € b, (14 1]} and Dy = UL 1Uz_7[k A = ) < b, NI €
(b, (I + 1)by ]}, it is clear that {A;,C1} C {D;}. Now denoting Cy = () {M’ < o — } and Dy =
Ui Ul i — g < bn, NIy € b, (L+ 1)b], Ny < ity — Lby |, we easﬂy get that {Dy,Cs} C

D5. Finally denoting C3 = lfi[k im0 € [lbn, (I +1)by]}, D3 = UZ 1 Ulk Hkl] 1 U] l+[l {M/ —mj < by,
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M!_, € [Iby, (1 + 1)by], 170 € [bnss bu(j + 1)]} and noticing that {M.'_1 < 1ty — lnbn, M!_y € [Ibn, (I + 1)bn]} c

K2

{mo > 1by, + lnbn}, we get that {D2,C3} C D3. Moreover if we make a refinement of {Mi,l, Mo}, we get the

points M/ and M/ such that SM{ — Spy = MAX 7 << z<img (S, — Sw), so D3 C Ay. Therefore we have :

(A.22) Q[A1] < Q[A2] + Q[CT] + Q[C3] + Q[C5]

It is easy to see that {C¢ C A5}, {C§ € A} and C§ C {rmg— M} > (logn)?(6502 log, n)~'} so using Proposition
and Lemma B.9 we have some upper bounds for the three last probabilities of [A.23.
Now let us give an upper bound for Q[As], first we introduce the following event, let s > 0

A.23 As = S, —S:) < gn,
(4.23) 3 —([kn]+1)bnnglimxs<[kn]+1)bnmg?%%ibnmg%%rbn(| =Sl =g

where g, = ((1 + 5)320%b,, log k,,)/?, we have
(A.24) Q[A2] < Q[As, A5] + Q [A]].

Applying inequality B4, (taking [L] + 1 = ([kn] + 1)b, and log K = log(k,)) we get that there exists n; =
ni(o, s, K, E [|60|3, CD such that for all n > ny

(A.25) Q4] < ‘;i

n

We are left to estimate @ [As, As], we have

[kn]+1

[kn]+1
(A.26) Q[A2,A3] < Z Q U {( max (S, — Sy) < gn}
]

i+1)b, <w<z<jb,
i=—[kn]—1 | j=itlln Jon Sw<z <

We remark that the event {max;, <w<z<jb, (S — Sw) < gn} is decreasing in j, so

[kn]+1

(A.27) QAo 4s] < Y

(S. — S) < gn] .
= —[kn]—1

max
[<i+1>bn<w<z<<i+un1>bn

Denoting (an,n € N*) and (d,,n € N*) two strictly positive increasing sequence such that [l,] = d,, X a,, we
get by independence

(A.28) Q A2, As] = 2([kn] + 1) (Q[Sarp, < gn]) "7

(log(kn+2))
(log([,> e==/(2m)1/2))’

Now applying the Berry-Essen theorem to Q [Sa,,5, < gn] and choosing d,, = —2 we obtain

that there exists no = na(0, Eg[|eo/?]) such that for all n > no

(4.20) Q2 As] <

Finally, taking s = 4 and using [A.24, [A.2] and [A.29 we get that there exists n3 = ns(o, k,Eq [|eo|*] , C,7y) >
n1 V ng such that for all n > ng

log, n) 1/2

(4.30) QL) = 0 (72

Collecting and we get . Similar computations give .
|
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Corollary A.3. There exists h > 0 such that if @, @ hold and for all k €]0, ™| holds, for all v > 0
there exists no = no(o,E [|eo]] , C,~) such that for all n > ng

logs n 1/2 log, n
A.31 "< 2%k, +1]>1—h 22— 0 —2—
(A.31) Q' <2 +1]2 (10g2n> O((logn)1/33>’
(A.32) Qr <2 +1]>1—h (198" v o (1os2n
. r n >1— oo _ o2 )
B 0gy 1 (logn)1/33

r and v’ have been defined section lﬂ and ky, s given in .

Proof.
This corollary is an easy consequence of lemma, @, the proof is omitted. W

Minimal distance between two maximums (properties B.27 and B.30)

Proposition A.4. There exists h > 0 such that zf@ @ hold and for all k €]0,x™ . 2. holds, there exists
no = no(o, &, E [|eo|®] . E [€§] . C, ) such that for all n > ng

o 1/2

(A.33) Q LQ) iit1 > 7(”)}] >1—-nh GZE—EZ) / -0 <1ogl2n> ’
-1 ) logsn 1/ 1

(A.34) Q OO Ui 27()} | 2 1= h (@) - (10g2n) ’

where y(n) is given a the end of Definition , n.,. and 1) are given in ‘

Proof.

Let us prove

To prove this proposition we will use the lemma @ Let n > 3, and v > 0, we recall the following notations
bn = [(7)Y/%(log nlogy n)3/2] + 1, k, = ((0~*logn)?logy n) /by, Let us denote

(A.35) A= ﬂ {7(071 logn)?logyn < M < (¢~ logn)?log, n},
1=0
' [kn]+1
(A.36) A=J | {m]€bngbulG+ D), M€ [bnj,bu(G + D]},
i= 1j_ [kn]—1
n]+1
(A.37) Ay = U U {M] € brjiba(G+ 1)), My € [bngiba(G + D]},
1= 1]— [n] 1
r’—1
(A.38) Ay = J {0 <nii <)}

We have Q[43] < Q[4s, Af, A] + Q[A41] + Q[A], moreover A C Ag (see [CTd) and Ay < UL, {A1; — ) < b, },

therefore using Lemma and the inequality |A.1§ we get that there exists h > 0 and n; such that for
all n > n1, Q[As] < Q[As, AS, A] + h((logyn)/(logn))'/2. Let us denote L;;(n) = maxy, ;<j<s, (i+1) (S5) —
maxy, j<i<y, (j+1) (5'), define

[kn]+1  [kn]

(A.39) A= U{O<L7J y(n)},

i=—[kn]—1j=i+1

by definition of the refinements we have M; < M, ; and Sy > SM, , Vi 0 <4 <r'—1, therefore { A3, A5, A} C
Ay then Q [As, AS, A] < Q[A4]. Finally, we get that for all n > n3

(A.40) Q[As] < Q[A4] + h((logy n)/(logn))'/?
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Denoting

knl+1  [kn]+1

(A.41) A5 = U U {0< L) <v(n)},
= k] 1 j=i42
[kn)+1
(A.42) A= |J {0<Lisi(n) <v(n)}.
i=—[kn]—1

we have that

(A.43) QA4] = Q[A5] + Q[Ae] .

Now we estimate the two probability @ [A5] and Q [Ag] in (respectively) lemma [A-H and [A.§. For the proof of
these lemmata we have used the paper in preparation of [Cassandro et al] [2004H].

Lemma A.5. Assume 2.4, .4 and 24, for all v > 0 there exists njy = n}, (0,7, E [€§]) such that for all n > ny,

1/2 41
(A.44) QlAs] < 10 (02) Zboggf/g ([kn] + 1)/
where k, 1s given by , bn by @
Proof.
We have
[kn]+1
(A.45) Qs < Y Z QU0 < Lij(n) <~(n)}].

t=—[kn]—1J=1+2

Now we give an upper bound for Z knl+1 Z Z+2 Q {0 < L; j(n) <v(n)}]. Denoting Z; 11 ;(n) = — Z;’Qin(iﬂ)ﬂ €

and Y = —ming, <p<(i+1)b, Z(Hl)b €m — MAXjp, 4 1<k<(j+1)b, an:jbn_ﬂ €m, it is easy to see that for all 4 > 0,

L; j(n) = (Zi41,j(n) +Y)/(logn). Therefore we have

(A.46) QO <L;;(n)<~v(n /Q 0<Zit1,(n)—y <vy(n)logn, Y €dy|.

Zit1,j(n) and Y are independent so

(A.47) /RQ 0<Zit1,(n) —y <~v(n)logn, Y edy] < sgp (Qly < Ziy1,5(n) <v(n)logn+1y]).

To estimate this last term we use the following concentration inequality (see [L986] pages 401-413)

T)1/2
(A45) D (Q < Zuga n) < () logn-+4]) < H—,

where Z2 = Z%(y(n)) = Z;’;(ljﬂ;l) E[1AHZ|, H, = W(n)‘igogn
distributed to ;. We have E [1 A (H,)?] > (y(n)logn) 2E {(elS)Q]IbHS] Noticing that E [(els)2 H1>HS} =

and €f = ¢, —¢,, ¢ is independent and identically

E [(615)2} -E [(ef)Q I< Hs} we get by Schwarz inequality and Markov inequality

(.49 Bl ten] > 200 (2@ @) Glogm

We deduce that there exists nf = n{, (0,7, E [¢§]) such that for all n > nj, E {1 A (HS)Q] > 30%/(2(v(n)logn)?),

therefore for all n > ny

(A.50) z>\/ \/b —izl)

n)logn
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Inserting in and using and we obtain for all n > nj

S\ 172 oo n
(A.51) QO <L;;in)<~mn)] < (;7) (on )1/2((3)1;5 )1/2‘

Therefore, using for all n > n{ we have

(kn]+1 [kn]+1

(A5 > > QUOS L <0l < 5 (%) R k] + 1)

=0 j=i+2

Making similar computations for the case ¢ < 0 we get a similar result, so we get lemma @ ]

Constraint on k,, and b, Now we can justify the choice for b,, and k,, recalling that k,, xb, = (071 logn)?log, n
we want that

(a5 (7)o el -

be close to 0 but by, small. Using that b, = [(7)/?(log nlog, n)*?]+1, we get that there exists hi = hy(o,7v) >0
and no such that for all n > no,

(A.54) 10( )1/271°g2”([k]+1)3/2 < m()"
| (b 72 = " lioggn)

So using and lemma @, we get that there exists ny = n/ (0,7, E[ed]) > nf V na such that for all n > n}

n]+1 1/2
1
A.55 Sy — Sy < < h .
A Q) U U {m?;%m)(w bnjggsﬁm“)—“")} < 1(10g2n)

= n] 1 =142
Now we prove the following lemma

Lemma A.6. Assume[2.3, [2.3 hold and for all k €]0, k*[ [ holds, for ally > 0 there exists nf = n{(o,E [|eo|?] ,
E [e§] ,C,~) such that for all n > n{

(2[kn] + 3)(logy n)*/2 167 v
(4.56) Q] < o (214 (557) )
Proof.
We have
[kn]+1 [kn]+1
(A.57) Q| U 0<Liwmm<ym}| < Y Q< Lisa(n) <v(n).
i=—[kn]—1 i=—[kn]—1

Using the fact that we can write maxy, (i11)<i<b, (i+2) (S]") = X 4+ maxy, (i41)+1<1<b, (i42) (Zz b, (’L+1)) with

X eo(en, ,e,+1)) and Y = maxy j<p<p, (i+1) (Sp) € 0 (€1, , €, (i+1)) We easily get by independence
that
(A58) QD= L <9()] < sw Qo< max (59 <40 ).

replacing this in [A.57, we get

[kn]+1
459 Q| U (0L 9@} <@+ 3sp(Qfr < may (59 <o) ).
i=—[kn]—1 v =T
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To estimate sup,, (@ [z < maxi<k<p, (SF) <z + y(n)]) we remark that

n _ 17+ +
(A.60) Q |z <  max (Sp)<z+~(n)| = Q@ _UI <b, < UIJF,Y(H)}
[ b
_ + o0 ot
(A.61) = QUF <2 US 2 bn}
(b
n + +
(A.62) + Q[F<Uf<bi< Ulﬂ(n)] .

We have to estimate the two probability in and . We begin with , we remark that

by 4 + n
(A.63) 5 <US <b, < Uz-w(") =< bn/IQI?]:(Sbn (Sr) <z +~(n),
from this we deduce by the concentration inequality (see equations to [A.51)) that there exists ng =
n3(o,E [ef]) such that for all n > ng

bn + + n 167\ /2 vlog, n
(A64) @ {3 <Ug <bp < Uxﬂ(n)] < Sl;P (Q {y <Sp <yt 7(”)}) < <@> )2

Now we estimate the probability in , by the strong Markov property we have

bn/2 papoy(n)
bu g
(A65) Q {Uj <2 U 2 bn} - ¥ / QUf =t.siedy) Q[ US = bu 1],
1=0 "%

moreover x — y < 0, therefore @ [ U;Zr,y(n)iy > b, — l} <Q [ U,:r(n) > b, — l}, so we get

b
+ O ot +
(A.66) Q [UI <2 Uiy 2 bn] <Q| Uiy 2 ba/2].
To estimate this probability we use remark and lemma [B.4 (taking ¢ = 'Yllsggil", a= %, L="0b,/2
and D = logn), we get that there exists ny such that for all n > ny
27 (logy )"/
+ Z7VEe2 0
(A.67) QU zbu/2] < s
Inserting and in (respectively) and and using we get for all n > ny
[kn]+1

w69 Q| U (0= Lunl) <50y | < LD (5 (0) 0,

1/2 9.2 3/2
=1 (by)Y/ 302 ) o(logyn)3/

taking ng = n3 V ns we get Lemma @ .
Recalling E and @ we get from Lemma @, that for all x €]0, k™[, v > 0 there exists nf = n{ (o, s, E [|60|3} ,
E [¢§] ,C,~) > n{ such that for all n > n/

kn]+1
_ (logy n)' 3/
(A.69) Q i_EkJn]l {0<Liita(n) <y(n)}| = O (W) '

To end the proof of Proposition @, we collect , , , and finally , and we take ng = n1VnjVvnf.
We get with similar computations. W
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Distance minimal between the maximum and the minimum of one refinement (properties

and B.31))

Proposition A.7. There exists h > 0 such that if 2.2, 2.3 hold and for all k €]0, k%] holds, for all v >0
there exists no = no(o,E [[eo]®] ,E [€§] , C,~) such that for all n > ng

(A.70) Q :O: {0it1,i41 2 7(”)}] >1-h (10g_3n)1/2 -0 ( . ) :

logy 1 logy 1
r'—1 logs n 1/2 1
ATl i > >1-h -0
( ) Q i=0 { cHb = /7(7,1/)} N (logQ n) (logQ n) ’

where ~y(n) is given at the end of Definition [.4, 6. and &' are given in B.4.

Proof.
First we remark that by construction the event {J;+1,,41 > 7(n)} decrease in i, so Q [ﬂ:ol {0i+1,i41 = v(n)}| =

Q [0rr > y(n)], then we use the same method used to prove Proposition @ [ |

Minimal distance between a minimum and Sy, (properties and )

Proposition A.8. There exists h > 0 such that if 2.2, 2.3 hold and for ail k €0, k] holds, for all v >0
there exists ng = no(o, E [|€0|3} JE [eé} ,C,7) such that for all n > ng

(A.72) Q [Q:{MH,OZV(H)}] zlh<1°g—3”>1/20< ! )

log, n log, n

rl logs n 1/2 1
(A.73) Q| M (aro = v} 21h(—3) o( )
1=0

log, n log, n

where y(n) is given at the end of Definition , ... and p’ are given in @

The proof of this proposition is similar to the proof of Proposition @ and is omitted.

Control of the first and the last refinement (properties B.33, B.34], B.3¢ and )

Proposition A.9. There exists h > 0 such that if @, @ hold and for all x €]0, 57| holds , for all v >0
there exists no = no(o,E [[eo]®] ,E [€§] , C,7) such that for all n > ng

logsn 1/2 1
, <1- >1—h(—2—) -
(A.74) Qbi<l-ym)]=1-h <10g2 n> © logon /)’
(A.75) Qo <1—v(m)] >1-h logs n 1/270 !
. 1,1 = v - 10g2n IOan )
B logsn 1/2 (log, n)t1/2
. r,r < n ! >1- K - S
(A.76) Q [6r,r < (log(gn))(logn)™'] 21— h (10g2n) 0 ( (log ) 1/66 ) ’
B logs n 1/2 (log, n)1/2
A. !, < (log(gn))( N>1- 3 —o( =2
(A.77) Q [5r < (log(gn))(logn) ] = h (loan) o (logn)1/66 )

where y(n) and q, are given at the end of Definition .

Proof.
Let us prove [A.74, by construction 6, ; < 147(n). So we have to prove that the event —y(n) < 6,1 —1 < v(n
has a probability very near 0, to do this make we make use similar computations used to prove Proposition .
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A similar remark work for .
Let us prove , by construction we have

(A.78) M§ < M, < My,
(A.79) M, — 10 < Iy X by,.

Using and proposition B.1, we know that there exists ny = ny (o, E [|eo|3D such that for all n > n;

(A.80) Q [—(071 logn)?logyn < M, < (¢~ logn)?log, n] > 1 — h ((logg n)(log, n)*l)l/2

Let us make the following chopping [(o~ " logn)?logy n + 1] = b, x k], with b, = [l,, x b,]+1, we have 6, > &,
therefore, denoting L'(n) = max_p xp <m<b! xk! MAXn<j<m4b!, MAXm<i<m+b,, (‘Sl” — Sﬂ)

(o1 2 - . )
(A.81) { (0= logn)? logyn < N, < (0~ logn)2log, n

Y 8 < 80 < L'(n).
and mg — M, <1, X by,. }i <00 < L'(n)

From this and we deduce that for all n > n; we have
1/2

(A.82) Qb < L'(n)] > 1 — h ((logg m) (logy ) ")

sing wit =k, +1=|(c""logn)“log,n|+ 1, B = and s = one can check that that there
Usi ith K =k, [L]+1 L 2log, 1, B =), and 4 heck that that th

exists nos =ns (0,5, K, E |eo|3 ,C') such that for all n > ns
/ 277 1/2] (log, n)11/2

Using and we get that for all n > no

2 1/2 —1\1/2 (logy n)*/2
(A84) Q [(L,T(logn) < (160020, log k! )/ } >1—h((logzn)(logyn)~")"" -0 (W :

Moreover we remark that there exists ng = ns (o, s, k) such that for all n > ns
(A.85) 160020, log k!, < (2000)%(7)'/2 (logy n)™/? (log n)>/2.

We get , taking ng = n1 V ng Vng. Similar computations give the result for 5;/;'- |

Proof for the property

Lemma A.10. There ezists h > 0 such that if .3, hold and for all k €]0, x™[ holds, for all v > 0 there
exists no = no(v,0,E [|eo|*]) such that for all n > ng
L logs n /2
logy n ’

L logsz n 1/2
logy n ’

see for the definitions of M« and M-~ and Definition for L, one.

Proof.
Denote f(n) = (log(gn(logn)?))/(logn), where g, is given at the end od Definition .4, we have

Y
=
IN

(A.86) Q [M> o+ Ln}

(A.87) 0 [M<

IN

g — Ln}

IN

(A.88) QM =m0+ La| = Q[inf {m > 1o, Spy— Sih, = f(n)} = 1o + L]
(A.89) = Q[inf {m > g, |S — Sk | > f(n)} > 1o+ Ln],
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because 7719 is a minimizer of the valley { M}, o, My} and by definition My > M-. Using Proposition B.1, we

know that there exists n; = ny (O’, E [|eo|3D such that for all n > n;

] 1/2
(AQO) Q [*(0'71 10g TL)2 1Og2 n < mgy< (0'71 1og TL)2 10g2 TL] >1—h <log3 n) ,
0go N

so for all n > ny

(A.91) Q [inf {m > mo, |Sy, = S5, = f(n)} =170 + Ly
[(67 logn)? log, n]+1 logs n. 1/2
a9) < > Qlint {m > b, 157, = SE1 > F)} 2 b+ L]+ (252)
log, n
k=—[(c~1logn)?logyn]—1
We get that for all n > ny
Q [inf {m > 1o, |S% — 8% | > f(n)} > 1o + Ly]
B _ logs n 1/2
(A.93) < 2([(c logn)?logyn] + 1)Q [Uf(n) A U]}"(n) > Ln:| +h (1ng n) .

Applying inequality we get that there exists no = no (o, E {|eo|3]) such that for all n > ny

1
- + _
(A.94) QUgiuy AUfy 2 In| =0 <1Ogn) .
Replacing this in and using , we get taking ng = n; V na. The proof of is similar. W

Proof of Proposition @

We only have to collect the results of the Lemmata E, @ and , of the Propositions EI, @, @, @
and A9 and of the Corollary [A.3.

B Standard results on sums of i.i.d. random variables

We recall that for all k €]0,xT[, C = C(k) = Eg [e"°] V Eq [e™"%] < +o0.

In this section we recall some elementary results on sums of i.i.d. random variables satisfying the three hypothesis
P4, -3 and P4 We will always work on the right of the origin, that means with (S,,,m € N), by symmetry
we obtain the same results for m € Z_.

The following lemma is an immediate consequence of Bernstein inequality (see [Lo7d)).

Lemma B.1. Assume @, @ hold and for all k €]0,x™] holds. For all ¢ > 0 and p > 0 such that
q < (02p) A (o*p/(2C)) we have

B.1) Qs > d < 2ew {5 (1- 22},

For allp > 1, s> 0 and k > 1 such that logk < (1 + 5)3202p, for all 0 < j < p we have

(p—j)logk (pj)(logk)3/20}
(1+ s)64p (1 + $)3202p)3/2 [~

(B.2)Q [|Sp — 55 > (32(1 + 5)0plog k)m] < 2exp { log k +

The following lemma gives an upper bound to the largest fluctuation of the potential (S,,r € R) in a block of
length B of a given interval.
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Lemma B.2. Assume @, @ hold and for all k €]0,xT] holds. For all s > 0, all integers K > 1 and
B > 1 such that log K < 0%k%B we have

Si—S; 1+ 5)320°Blog K)'/?
@ { Koigick zB<_]H<1(z+1)B zB<lH<1(z+1)B (151 = 851) > ((1 4 5)3207 Blog K)

(BS) < 2K—(s—0((logK)/B)l/2) (1 +O(HK7B)) -

where Hyc g = K—(-1/64=0(10g K)/B)'"*) " For Il L > 1, K > 1, all integers B > 1 such that [L]+1 = K x B
and all s > 0 such that log K < (1 + 8)32020%k? B, we have

_gq. 2 1/2
Q {[L]Fi?anL]HmJIE%JrB mSI}ISan)ﬂerB (181 = 851) > (1 + 5)320" Blog K) }
(B.4) < B+ 1)K-6=0WeK)/B)) (1 4+ O (Hy p)).

Proof.

Let us prove B.3, let s > 0, K > 1 and B > 1 two positive integers, denoting ¢ = ((1 + 5)3202Blog K)/2.
Using the fact that (o, € Z) are i.i.d. we get

(B.5) Q[ max max max (]S —5;]) >q} <1- (1—@ [2 max. (1S;1) >qD2K+2.

—K-1<i<K —iB<j<(i+1)B iB<IL(i+1)B 1<

By Ottaviani inequality (see for example [Breimar ] page 45)

QlSsl>4q/4

B.6 Q [2 max S;l) > q} < .
o 2 (50 = 9 < T L QSs — ST 4/A)
Using [B.1], we have
(B7) Q[lSs| > g¢/4] < 2eXp{—logK (1 +5-0 ((10gK)/B)1/2)} ,
Similarly, using @, for all K > 1 such that log K < (1 + 5)320%k? B, we have
(B.8) sup Q[|Sp— S| >¢q < 2K*(171/6470((10gK)/B)1/2).

0<j<B

Therefore, inserting @ and @ in @ we get for all K > 1 such that log K < (1 + s)3202x%B

(B.9) Q|2 max (1S;]) > (1 + 5)3202Blog K)/2| < 2K~ (1+s=CesK)/B)'?) (1 4 O (H p)).

where Hg p = K—(1-1/64= O(log K/B)'/?) Inserting @ in @ and noticing that (1 — x)* > 1 — ax for all
0<x<1anda>1weget@
Now we prove B4, let L > 1, B > 1 an integer and K > 1 such that [L] + 1 = K x B, we have [K] x B <
[L]+1<([K]+1) x B, we remark that
(B.10) max max max (]S — 55|
—[L]-1<m<[L]+1m<I<m+B m<j<m+B

(B.11) <  max max max max (151 —S51),

0<g<B —[K]-1<i<[K]—1iB+q<I<(i+1)B+q iB+q<j<(i+1)B+q

therefore we have

_gq. 2 1/2
(B.12) Q {LH%?nX<Lm<IIE%+B mgl;lga%&B (151 —S;]) > ((1 + 5)320“Blog K)

< (B+1 S, — S,

s (B >XQ[[K}?<%£[K] 1S g ipe i g (S0 =Sil) >

(B.13) ((1+ )320°Blog K)l/ﬂ .

Using @ we obtain @ |
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Lemma B.3. Assume that for all k €]0, k™| holds, for all integer L > 0 and all D > 0 we have

(B14) @ [—ingaéL (Bi/ai) < D‘ﬂ >1-D%Q2L+1)Eq [e"] ,
(B.15) Q [_??éL (1)) < D6/n} > 1— DL+ 1)Eg -] |
moreover if D > 21+#/6

(B.16) @ [—?%% (1/ai) < DW} >1- D %221 4+ 1)Eq [e"®] |
(B.17) Q {_glgaéL (1/8:) < D“/”} >1- D %2"(2L + 1)Eq [e "] .

Proof.
This lemma is a simple consequence of the fact that the random variables (a;, ¢ € Z) are i.i.d. W

Recalling A1) and [A.d, we have :

Lemma B.4. Assume @, @, and . Let k €]0,k™[, a >0, ¢ > 0 and let us denote d = a V c. There exists
2
ny = no (U,E [|eo|3D such that for all n > ng, L > (2(0“0075")) +1 and D > 1 we have

(B.18) QU NUF > 1] < QqW

(B.19) QU; <US] < ia <c+ 1;;) :

(B.20) QU; >Uf] < Cia (a+ lidn) .

where q1 = 0.7 + %M <1 and Hy = (¢ ZW)/O —q1) + (6log D)/ + (L*/?(C)Y/?0)/ D3.
Proof.

We have

(B.21) QU NUF >L] < QU NUS>L]=Q [OIEIa<XL|Sl| < (dlogn)} .

Let b= [(2(‘11;)#))2} + 1, for all L > b there exists k = k(b, L) such that &k x b < L < b x (k+ 1), let us denote
[k] the integer part of k, we easily get that

(B.22) QUs AUS>1L] < (Q Ha.lib/2

2(dlogn) (k]
obl/2 ’

Now we use the Berry-Essen theorem (see Chow and Teiched 1997 page 299), we get
2(dlogn) / 3, 75Eq [|eol?]
obl/2 Vor (dlogn)o?

Moreover 2 fo
To prove B.19 we use Wald s 1dent1ty (see [ll 972]) for the martlngale (S, t € R) and the regular stopping

time U = U A UZ. Using that Eq [S] = 0 and Eq (S" n a) I <U+} < 0 we get that

Sp
0’b1/2

(B.23) Q [

c 1
+
c+a c+a

(B.24) QU; <US] Eq {(SZ; - C)HUJSU;} :
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We have
(B25)  Eq [(Sps — Myr ey | =Fa (i — My cvrvsimnr| +Be (S — Mt <o vy -

For the second term on the right hand side of [B.25, noticing that (S* — Nyrcp- =i < oan lut <us ,u=i We
have

(L]

" 1
(B-26) Eq {( vr T C)HUng;,U<[L]+1} < @ ZEQ {(fi)HUng;,U:z} :
i=1
For all D > 1, we have
1 [L] 1 [L]
(B27) @ ZEQ [(ei)HUng;,U:z} = 1ogn ZEQ |: €Z)]IUJF<U , U=i,max; <;j<r)(€;)< logD:|
i=1
(B.28) +

logn Z]EQ [ U*gU;,U:i,maxlsjs[L](ej)>g1ogD}
L

61ogD o|L] 6 1/2
B.2 < j —log D
(B-29) ~ klogn logn @ 1;12)[2] (e3) > k08 ’

where we have used that for the sum in the right hand side of the €; are bounded by glogD and for the
sum the Cauchy-Schwarz inequality. To end we use [B.14, for all D > 21++/6

6log D . o([L])*/? (EQ [emog(gg)bl/z.

klogn D3logn

(B.30) Eq [( vF C>HUC+§U;,U<[L]+1}

For the first term of the right hand side of , using Cauchy-Schwarz inequality we get
n 1 2
(B.31) Eq [(SUC+ — c)HUjSU;Uz[L]H} < Z QU >)"?,

then, to estimate, Q [U > i] we use [B.1§. Collecting what we did above we get B.14. W

We use the following notation Q[.|So = y] = Q4[] (Q[.|So = 0] = Qo[.] = Q[]).
Remark B.5. e For all a > 0, b >0 and [ > 0 we have

(B.32) QUI > <QUf AU, >1]+QUF >U].
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Figure 1:

case : Niit1 < Oit1,it1 case : Mii+1 > Oit1,it1

Figure 2:
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