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LARGE DEVIATIONS FOR THE CHEMICAL DISTANCE IN
SUPERCRITICAL BERNOULLI PERCOLATION

OLIVIER GARET AND REGINE MARCHAND

ABSTRACT. The chemical distance D(z,y) is the length of the shortest open
path between two points x and y in an infinite Bernoulli percolation cluster.
In this work, we study the asymptotic behaviour of this random metric, and
we prove that, for an appropriate norm p depending on the dimension and the
percolation parameter, the probability of the event

{O<—>J:, D}E?;;C) ¢(1—6,1+5)}

exponentially decreases when ||z||1 tends to infinity. From this bound we also
derive a large deviation inequality for the corresponding asymptotic shape re-
sult.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The matter of this article is the study of the asymptotic length of the shortest
open path between two points in an infinite Bernoulli percolation cluster.

Let us first recall the Bernoulli percolation model and its usual notations. Con-
sider the graph whose vertices are the points of Z?¢, and put a non-oriented edge
between each pair {x,y} of points in Z? such that the Euclidean distance between
x and y is equal to 1: two such points are called neighbours, and this set of edges
is denoted by E?.

Set 2 = {0, 1}Ed. We denote by P, the product probability (pdy + (1 —p)50)®Ed
on the set . For a point w in €2, we say that the edge e € E? is open in the
configuration w if w(e) = 1, and closed otherwise. The states of the different edges
are thus independent under P,. In the whole paper, the parameter p is supposed
to satisfy p € (p, 1], where p. = p.(d) is the critical probability for Bernoulli bond
percolation on Z<.

A path is a sequence v = (21, e1,%2,€2,...,Tn, €n, Tnt1) such that x; and ;41
are neighbours and e; is the edge between z; and x;+;. We will also sometimes
describe « only by the vertices it visits v = (21, 22,...,Zn, Tpt1) Or by its edges

v = (e1,ea,...,¢e,). The number n of edges in ~ is called the length of v and is
denoted by |y|. Moreover, we will only consider simple paths for which the visited
vertices are all distinct. A path is said to be open in the configuration w if all its
edges are open in w.
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The clusters of a configuration w are the connected components of the graph
induced on Z? by the open edges in w. For = in Z?, we denote by C(z) the cluster
containing z. In other words, C(x) is the set of points in Z¢ that are linked to z by
an open path. We write z < y to signify that  and y belong to the same cluster.
For p > p., there exists almost surely one and only one infinite cluster. We denote
by Cs the random set: Co, = {k € Z% : |C(k)| = +o0}, which is almost surely
connected.

We introduce the chemical distance D(z,y)(w) between x and y in Z?, depending
on the Bernoulli percolation configuration w:

D(@.y)(w) = inf 1],

where the infimum is taken on the set of paths whose ends are x and y and that
are open in the configuration w. It is of course only defined when z and y are in
the same percolation cluster. Otherwise, we set by convention D(x,y) = +00. The
random distance D(x,y) is thus, when it is finite, the minimal number of open edges
needed to link z and y in the configuration w, and is thus larger than ||z — y||1,
where ||.||1 is the usual /! norm: ||z|; = Z?Zl ;.

Note that the chemical distance D(0,z) on the infinite Bernoulli cluster with
parameter p > p. can be seen as the travel time between 0 and x in a first-passage
percolation model where the passage times of the edges are independent identically
distributed random variables with common distribution pd; + (1 — p)d4cc.

Antal and Pisztora [1] have proved that the chemical distance cannot asymptot-
ically be too large when compared with the usual distance ||.||;: for each p > p.,
there exists a positive constant p such that

WP, x, DO,) > plally)
(1) lim

ll]l2 o0 (|1

< 0.

If we think of the chemical distance as a special travel time in a first-passage
percolation model, it is natural to expect that the term pl||z|/; in (1) could be
replaced by a smaller term, depending on a directional functional. Indeed, a good
candidate exists, which has been defined in a previous paper of the authors:

Proposition 1.1 (Garet and Marchand [7]). Let p > p. and consider the chemical
distance D(.,.) for Bernoulli percolation with parameter p. There exists a norm
on R? such that, almost surely on the event {0 « oo},
D(0,7T,
VuecZ4  lim DO Tnut) _ p(w),

n—oo Tn,u
where (T, u)n>1 15 the increasing sequence of positive integers k such that ku < co.

It is then natural to study the fluctuations around this limit, and to look for
exponential decay results analogous to the ones obtained, for instance by Grimmett
and Kesten [9], in first-passage percolation. Therefore, the main object of this work
is to prove the following large deviation bound:

Theorem 1.2. Let p in the interval (p., 1] and denote by p the norm on RY given

by Proposition 1.1. Then,

o lan(OHx,%gé(lfs,lJre))
Ve >0 lim < 0.
lzfl—+o0 ll=]l1
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The proof of Theorem 1.2 is divided into two parts: the upper large deviations
and the lower large deviations, which are respectively dealt with in Sections 3 and 4.

First, in Section 3, we prove an upper large deviations inequality or, more pre-
cisely, the following exponential bound for the probability that the chemical distance
between two points x and y is abnormally large:

Theorem 1.3. For every p > p.(d) and every € > 0, we have
— InP, (0, D0,z) > (1+¢)u(x))

lim
llll1 —+oo IE3IR

< 0.

The proof of this result strongly relies, through an appropriate renormalization
argument, on the fact that, when p is sufficiently close to one, the chemical distance
looks like the usual distance ||.||;:

Theorem 1.4. For each oo > 0, there exists p'(a) € (pe(d),1) such that for every
p € (p' (), 1], the Bernoulli percolation with parameter p satisfies:
= WP0ez DO)>(1+a)jel) _

lim
[l —+o0 IE4IR

0.

We also obtain, as a corollary of this result, the continuity in p = 1 of the map
D — [p, Where p, denotes the norm associated to the chemical distance in the
Bernoulli percolation with parameter p:

Corollary 1.5. lim sup |u,(x) —||z|l1] = 0.
Pzl <1

In Section 4, we prove a lower large deviations inequality or, more precisely, the
following exponential bound for the probability that the chemical distance between
two points x and y is abnormally small:

Theorem 1.6. For every p > p.(d) and every € > 0, we have
— WP, (0, D0,z) < (1—¢c)u(x))

lim
ll]l1—+o0 IE4IR

< 0.

In its main lines, the proof follows the strategy used by Grimmett and Kesten [9]
to prove an exponential bound for an analogous quantity concerning first-passage
percolation along the first coordinate axis. However, two types of extra difficulties
arise in our context: we want to obtain an exponential bound in every direction,
not only along the first-coordinate axis, and moreover we want this bound to be
uniform with respect to this direction. Thus, we first study in Lemma 4.2 the
minimal number of open edges needed to join the origin to hyperplanes with a
given direction. Then in Lemma 4.3 we study the minimal number of open edges
needed to cross a box oriented along the same direction. All estimates are done
uniformly in the direction, and, to conclude the proof of Theorem 1.6, we use a
renormalization argument.

Let us discuss briefly the speed — in ||x||; — that appears in the previous large
deviations inequalities. Let us first look at the lower large deviations. Choose an
x € Z%, and then, by the classical FKG inequalities, we obtain:

B, (D(0, (m + n)z) < (1 —£)(m + n)u(x))
> B, (D(0,ma) < (1— &)mp(z), D(ma, (m+n)z) < (1 - )np(a)
> B, (D(0,ma) < (1 - &)mp(2)) B, (D(0,nz) < (1 - e)np(a)).
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Thus, the limit nHIH InP, (D(0,nx) < (1 —e)nu(zx)) exists as n goes to infinity,
and is strictly negative by Theorem 1.6. Now, two distinct cases can occur:

e Either p(xz) = ||«||;. This corresponds to the existence of a flat face in
the asymptotic shape and occurs for some z as soon as p > p.(d), critical
probability for oriented percolation on Z? (see Garet and Marchand [7]). In
this case, because of the inequality D(0,z) > ||z||1, the asymptotic speed
in the direction of x is as fast as it is permitted by the geometry of the
lattice: thus, we have

%thP’p (D(0,nz) < (1 —¢e)nu(z)) = —occ.

e Or p(xz) > ||z||1. Then for any & small enough to have (1 —&)u(x) > ||z,
we can force a deterministic path with exactly n||«||; edges with ends 0 and
nx to be open, which implies that the chemical distance between 0 and nx
is less than (1 — &)nu(x):

Py, (D(0,nz) < (1 - e)np(z)) = p"l*l
1
i.e. InP, (D(0,nx) < (1 —¢e)nu(z)) >Inp > —oco.
nllz]s
Thus the exponential rate in Theorem 1.6 is optimal.

Turning to the upper large deviations, we can once again force a deterministic
path with exactly |[n(14¢)||z|1] + 1 edges with ends 0 and nz to be the only open
path between 0 and nx, which implies that the chemical distance between 0 and
nx is larger than (1 + e)nu(x):

P, (+00 > D(0,nx) > (1 +&)nu(z)) > (p(1 — p)>?) [n(1+e)ll]]+1

3

whence
i 2P (00> DO, “m'U) (L+e)npu(z)) (14¢)In (p(1 —p)*) .
n—-+00 KBRS

Once again, the exponential rate in Theorem 1.3 is optimal.

This phenomenon is quite different from what is expected of large deviations
in first-passage percolation with bounded passage times. Indeed, in the context of
first-passage percolation with bounded passage times, building a bad configuration
that forces the travel time between 0 and nz to be too large should cost more
that ¢"l*l1. We expect then a speed in ||z|¢, see Kesten [10] and also Chow and
Zhang [3]. On the other hand, building a configuration that allows the travel time
between 0 and nz to be too small should typically still need a cost of order ¢*lI#ll
as it is sufficient to build one “too good” path. Thus the speeds for upper large
deviations and lower large deviations in classical first-passage percolation could be
different.

Finally, in Section 5, thanks to the uniformity with respect to the direction
provided by Theorem 1.2, we will also prove a large deviation inequality for the
asymptotic shape of the set B; of points that are at a distance less or equal to ¢
from the origin:

Bi={xeZ: 0z D0 zx) <t}
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Since p > p., we can condition the probability measure on the event that the origin
0 is in an infinite cluster, which has positive probability:

ANn{0eCx})

P,(0 € Cx)

PP(A> - ]P)p(

In order to study the convergence of the random set B;/t, we also introduce the
Hausdorff distance between two non empty compact subsets of R%:
(1) For z € R and r > 0, B, (z,7) = {y € R?: p(z —y) <r}.
(2) The Hausdorff distance between two non empty compact subsets K; and
KCo of R? is defined by

D(K1,K) =inf{r > 0: K1 C Ko+ B,(0,7) and Ko C K1 + B,(0,7)}.

Note that the equivalence of norms on R% ensures that the topology induced by
this Hausdorff distance does not depend on the choice of the norm p. We can now
state the random set version of Theorem 1.2:

Theorem 1.7. For every p > p.(d), for every c > 0, there exist two strictly positive
constants A and B such that
— B
Vi>0 P, (D (Tt,BH(O, 1)) > g) < Ae Bt

This result improves the following asymptotic shape result that was proved by
the authors in Garet and Marchand [7]: for every p > p.(d),

lim D (E,Bﬂ(o, 1)> =0 P,as.

t— 400 t

Let us begin now with the main notations and a reminder of some common useful
results in supercritical percolation theory. We also include in the following section
a technical lemma, to build bases of R? that are adapted to the proof of directional
estimates.

2. NOTATIONS AND PRELIMINARY RESULTS

2.1. Norms, balls and spheres. On the space R%, consider the canonical basis

(e1,...,eq). For every € R?, define the three classical following norms:
d d NV
et = 3 Jealy llel = (32 1), lelloo = ma Il
m=1 m=1

For i € {1,2,00}, » € RY and r > 0, we define the following balls in Z:
Bi(z,r)={yez: |ly—z|; <r}and S; = {x € R : ||z, = 1}.

Recall that
2o < llz]l2 < 2]y < V|2
We also consider the norm p given by Proposition 1.1. We recall the reader that,
for z € R? and r > 0, we chose to consider, for the norm g, balls in R? rather than
in Z%:
Bu(z,r)={y eR": p(y—=z) <r}.
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We also introduce pins = inf u(y), which is strictly positive. As p is invariant
YyEST
under the symmetries of the grid, we get the inequality
pringll]ly < p(x) < plen)|lzr

2.2. Exponential inequalities. Let us rewrite the result of Antal and Pisztora [1]
in an appropriate form to further computations: there exist three strictly positive
constants Ay, By and p, depending only on the dimension d and on the percolation
parameter p > p.(d), such that

(2) Vo € 2% B, (0 x, D(0,x) > pllaly) < A= Prlielh,

We also recall here some classical results concerning the geometry of the clusters
in supercritical percolation. Thanks to Chayes, Chayes, Grimmett, Kesten and
Schonmann [2], we can control the radius of finite clusters: there exist two strictly
positive constants As and By such that

(3) ¥r>0 P,(|C(0)] < +00, 0> B1(0,r)) < Ase™ BT

We can also control the size of the holes in the infinite cluster: there exist two
strictly positive constants Az and Bs such that

(4) Vr >0 P, (CooNBi(0,1) = @) < Age™ P27

When d = 2, this result follows from the large deviation estimates by Durrett and
Schonmann [6]. Their methods can easily be transposed when d > 3. Nevertheless,
when d > 3, the easiest way to obtain it seems to use Grimmett and Marstrand [3]
slab’s result.

Note that in (3) and in (4), the choice of the norm ||.||; is of course irrelevant
thanks to the norm equivalence.

2.3. Stochastic comparison. First, there is a natural partial order =< on Q =
{0, 1}Ed: for w and w’ in €2, one says that w < w’ holds if and only if w, < w! for
each e € E?. Consequently, we say that a function f : w — R is non decreasing
if f(w) < f(w') as soon as w < w’. An event A is said to be non decreasing if its
indicator function 1 4 is non decreasing.

Let us now recall the concept of stochastic domination: we say that a probability
measure y dominates a probability measure v if

/fdus/fdu

holds as soon as f in an non decreasing function. We also write v =< pu.

In the following, it will often be useful to compare locally dependent fields with
products of Bernoulli probability measures: remember that a family {Y,,z € Z4}
of random variables is said to be locally dependent if there exists k such that, for
every a € Z¢, Y, is independent of {Y; : ||z — al|2 > k}.

Proposition 2.1 (Liggett, Schonmann, Stacey [11]). Let d, k be positive integers.
There exists a non-decreasing function m : [0,1] — [0, 1] satisfying lims_1 w(6) = 1
such that the following holds: if Y = {Y,,x € Z4} is a locally dependent family of
random variables satisfying

VeeZ? P(Y,=1)>,
then Py = Ber(m(5))®%".
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This is in fact a particular case, but sufficient for our purposes, of a more general
result given in Liggett, Schonmann and Stacey [11].

2.4. Some consequences of the symmetry properties. Let us introduce some
notation: we denote by &, the symmetric group on {1,...,d}. For each x =
(71,...,24) ERY 0 € &4 and € € {+1,—1}9, we define

U, (x) = Za(i)xg(i)ei.
i=1
Then O(Z%) = {V,.: 0 € &4, e € {+1,—1}4} is the group of orthogonal trans-
formations that preserve the grid Z?. Consequently, its elements also preserve the
norm fi.

When studying the chemical distance in a given direction x, we want to find a
basis of R? adapted to the studied direction, i.e. made of images of = by elements
of O(Z%). The next technical lemma gives the existence of such a basis, and an
extra uniformity property in the direction y:

Lemma 2.2. There exists a constant Cy > 0 such that, for each v € R?, there
exists a family (91,4, 92,2, - 9dz) € (O(Z))? with g1, = Idga and such that the
linear map Ly : R* — R? defined by

Vie{l,...,d} Lg(e;) = gio(2)

satisfies:
(5) vy € RT Callylhllzlly < 1Za()lh < llylhllz(l-
If moreover, for each n € S, we set (n1,n2,...,nq) = (n,92.0(n), ..., gan(n)),
then we have
d
cy 1/2
(6) weR —Llylla< (X @wna)?) < Valyle.

m=1

Note that in dimension two, this construction is much simpler: if R denotes the
rotation with angle /2, we can set

L.(e1) =« and L,(e2) = R(z).

However, this is more intricate in higher dimension. For instance, in dimension
three, if z = (1,1,1), none of the images of x by O(Z9) is orthogonal to x. In
particular, even if ||z|| = 1, L, may not be in O(R?).

Proof. Choose z € Z%. Then, for every (g1,...,94) € ((’) (Zd))d, denote by Ay,
the only linear map which satisfies

Vie{l,...,d} A;,...,gd(ei) = g;(x).

d
Let y = > yie; € R%: by linearity, we have
=1

143,00 @)11

d
> vigi(x)
1 i=1

d
..... goledlln =D lyil x llzlls = Iyl )]s

i=1

1

IN
M-~
i

=

X
b
)
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Now define, for each z € R%,

b(SC) = £ ||Aibd,g2,...,g,i(y)”17
and define L, to be an application A7 = which realizes the maximum in the
definition of b(z). Let us set

Cq= zlélgl b(x).
It is easy to see that, for every x € R, L, satisfies Equation (5) and it only remains
to prove that Cy > 0.

Clearly, = +— b(x) is a continuous map. So, since S; is a compact set, it is
sufficient to prove that b(x) # 0 for any = € S;. Let then = # 0: there exists ig
such that z;, # 0. Consider ¢ € {1,...,d}; we can find o € &4 with o(i) = io.
Now let h € {—1,+1}? with h(i) = —1 and h(j) = 1 for i # j: then one has
Vo 1,...0)(x) = Vo n(x) = 2x4e;. It follows that the vector space generated by
{g9(z) : g € O(Z%)} is equal to R?. Then, since x # 0, one can find a family
(g2,---,94) € (O(Z4))?~! such that (z,g2(z),...,g4(x)) is a basis of R?. Thus,

A? . is alinear invertible map. This implies that inf),,—1 [| A7, . (y)llx >0,
and hence that b(z) > 0.
Let us prove inequality (6). If we define
d
B(z) = Z(nm,x)em,
m=1
then we have an:1<x,nm)2 = ||B(z)l||2, and moreover, (B(e;),e;) = (ni,e;)

(Ln(ei),e;) = (L} (ej),ei), which is equivalent to say that B = L. Equation (5)
and the equivalence of norms imply then that

Cq
(7) Ve € RY || Ly(2)]2 > W||$H2

Let us denote by || A2 = sup ||[Az||2. We have:
TES2

1
Inzllz > i lle-
" (L2
It is clear from (7) that |||L; ||z < %;2. Applying to A = L1 the classical identity
IAllz = sup [[Az]2 = sup (Az,y) = sup [[A ]2 = [|A"[]2,
rESs IESz,yESQ rESs

it follows that

4 1/2 C
* d
vz € R? ( E <:L',nm>2) = [|Lyz[2 = J3/2 2l

m=1

which concludes the proof of the left-hand side. The right-hand side is obvious. [

3. UPPER LARGE DEVIATIONS: PROOF OF THEOREM 1.3

The aim of this section is to prove the upper large deviations estimate, Theo-
rem 1.3, for the chemical distance. First, we prove the exponential inequality for
p close to 1 given by Theorem 1.4, then we deduce Corollary 1.5 and finally, via a
renormalization argument, we prove the large deviations result for every p > p..
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3.1. Chemical distance for p close to 1: proof of Theorem 1.4. For this
proof, we also consider the *-topology on Z%: two points x,y € Z% are x-neighbours
if and only if ||z — y|loo = 1. A *-path is a sequence (1, ..., x,) such that for every
1e€{l,...,n—1}, z; and z;41 are x-neighbours. A set E is x-connected if between
any two of its vertices, there exists a *-path using only vertices in E.

Given a configuration w, say that a point x € Z¢ is wired if each bond e = (s,t)
with ||s — 2] < 1 and |t — 2]| < 1 satisfies w, = 1. Otherwise, say that x
is unwired. The wired points should be considered as the good guys, whereas the
unwired points are the bad ones. Let Y, = 1, is unwired}; then z is wired if and
only if Y, = 0.

Let us define V(z)(w) to be the set of points y € Z¢ such that there exists a
x-path of unwired vertices from x to y, which means that there exist n > 0 and
T =T0,X1,..., Ly =y, with Y, =1 for each i € {0,...,n} and ||z; — Zi11]lc = 1
for each i € {0,...,n—1}. Note that V(z) = & as soon as z is wired. By definition,
V() is always a *-connected set. For x € Z¢, we define

Vi(z) = V(x) +{-1,0,1}% and Va(z) = Vi (z) + {—1,0, 1}

Let us show that when p is large enough, V(z) is almost surely a finite set. For
each p € [0,1], the field (Y;),ecza is a locally dependent {0,1} valued stationary

field, with lim P,(Yp = 1) = 1. It follows from Proposition 2.1 that there exists
p—1

r1(p) with
(By)y = Ber(r1(p))®*
and lim,_,; r1(p) = 1. We can thus find p) € (p.(d), 1) such that for every p > pi,

(8) 2d-1)(1 =ri(p)) < 1.

By a classical counting argument, this ensures that V(x) is P, almost surely a
finite set. Suppose for the sequel that p > p}. Under this assumption, we have the
following result:

Lemma 3.1. Let v € Z%. Suppose that s,t € Vy(x) with s < t. Then, there exists
an open path from s to t which only uses vertices in Va(x).

Proof. Since V(zx) is bounded, V(x)¢ has only finitely many *-connected compo-
nents and exactly one of them is of infinite size. Of course, a path from s to ¢t can
meet one or more of these sets. We will prove that for every connected component
K of V(z)¢ and every open path (3 from s to t, the path 5 can be modified to get
an open path from s to ¢ which never enters K\ Va(z).

Suppose that 8 = (s = xg,21,...,2, = t) and define i = min{k > 0: z, € K}
and j = max{k > 0: z; € K}. Clearly ¢ > 0 and j < n. Obviously, {z;,z;} C
O™ (K), where 0I"(K) is the set of points x in K such that there exists y € Z4\ K
with ||z — y||cc = 1. By part (ii) of lemma 2.1 in Deuschel and Pisztora [5], the set
O"(K) is *-connected. Note that by definition of V(x), every point of 9*(K) is
wired. But if @ and b are *-neighbours, then b € a + {—1,0, 1}d. Since a is wired,
there exists an open path from a to b using only edges in a+{—1,0,1}%. Then, there
exists a open path from z; to x; which only uses points in 0*(K) + {—1,0,1}¢ C
Vi(z) + {=1,0,1}4 = Vy(x). O

We can now come back to the proof of the theorem. Let a > 0. Choose z in Z%
and let v = (0 = 9,21, ...,2, = x) be a fixed path from 0 to z with the minimal



10 OLIVIER GARET AND REGINE MARCHAND
possible number of edges n = ||x||;. We let

V= U V().
yEY
Now suppose that there exists an open path from 0 to x. Let us prove that under
this condition, we can find an open path from 0 to x which only uses points in
YUV +{-2,-1,0,1,2}9).

Let i be the greatest integer in {0,...,n} such that there exists an open path
from 0 to x; which only uses points in v U (V + {2, —1,0,1,2}9). Note that since
0 < x; and 0 < x, we have x; < . We want to prove that i = n.

Suppose by contradiction that ¢ < n. The maximality of ¢ implies that x; can
not be wired. So V(z;) D {a;}, therefore it is not empty, which allows to define
j=max{ke{i+1,...,n}: xp € V(z;)}.

e If j = n, then x; and x belong to V(z;). Since z; « z, it follows from
the previous lemma that there exists an open path from z; to x which only
uses vertices in Va(x;). Joint with the part of the path v from 0 to z;,
this gives an open path from 0 to xz which only uses points that are in
YU (V +{-2,-1,0,1,2}9), which is a contradiction.

e If j < n, let K be the connected component of V(z;)¢ which contains x.
On one side, z; ¢ K, so there exists | € {i+1,...n} such that x; € 9!*(K).
On the other side, z; ¢ K and x « x;_; by definition of ¢, thus there exists
z € 0"(K) such that < 2. Since points in 9*(K) are linked, x; < 2,
but z < z and x; < x so finally x; < ;. Since {x;, 2} C Vi(z;), by the
previous lemma we see that there exists an open path from z; to z; using
only points of Va(x;), which contradicts again the maximality of i.

Thus under the assumption that 0 and x belong to the same cluster, we have con-
structed an open path from 0 to x which only uses points in yU(V+{—2, —1,0,1,2}9),
and thus is not too far away from the deterministic path ~.

Define, for every y € Z<, the event

F, = U {z is unwired}

2zt [[2=ylleo <2

and set Z, = 1. Since (Z),cza is locally dependent with lim, ., P,(Z, = 1) =0,
it follows from Proposition 2.1 that there exists ro(p) with

(Py)z =< Ber(ra(p))®*

and lim,_; r2(p) = 0. Note that by definition of (Z),ez¢, the open path we built
only uses points y that are in v or satisfy Z, = 1. Moreover, if we suppose now
that D(0,2) > (14 «)|z|1, the length of this path is also greater than (1+ «)||z||1.

The idea is now the following: if 0 < 2 and D(0,z) > (1 + «)||«||1, then by the
previous construction, there must exist an open path between 0 and z with length
larger than (1+a)||z||; and that contains only points in yU(V +{—2,—1,0,1,2}%):
this path must then contain at least al|x|; points such that Z, = 1, which is
unlikely when p is large enough. Let us turn this crude argument into a rigorous
proof via a counting argument.

Let ' be the family of self-avoiding paths from 0 to z. Clearly, if 8 € T,

Pp(vy € ﬁ\% Zy = 1) S r‘ﬁ|7|7‘,
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where r = ro(p) and |5| denotes the number of edges in 5. Remember that
lim,_1 r2(p) = 0. We can thus find ph(a) € (p.(d),1) such that ¥p > ph(a),
r = rao(p) satisfies

9) (2d — 1)r < 1 and (2d — 1)"r® < 1.
It follows that
Pp(0 <z, D(0,2) > (1+ a)llz)

< > P, (Vi € B\, Zi = 1)

BET: |=(1+a) ]
< rlB1=17l

BET: |2 (1+a) ]

—+o0

< > @d)2d -1t

n=(1+a)l|v|

2dr~! (140)
< 2d — 1 )l
S @-na-@i-o )
2d

< 2d — 1)t+epe)l

S GaoDa-@a—1n (G40

As |y| = ||z, taking p'(«) = max{p](a), p5(e)} — quantities respectively defined
in (8) and (9) — ends the proof of the Theorem.

3.2. Continuity of 11, at p = 1: proof of Corollary 1.5. Let o > 0 and x € 78,
Using the Borel-Cantelli lemma and Theorem 1.4, we obtain for p > p/(«):

D(0,nx)
n

m 1{nm<—>0} S (1 + Oé)HSC”l @p a.s.

n—-+o0o

By the very definition of p,, the left-hand side is equal to pp,(z). Using moreover
the fact that p,(z) > ||z||1, we have proved

Va >0 Vp>p'(a) YzeZ |zl < pp(z) < (1+a)|alr
By homogeneity and continuity of p, and |[|.||1, we obtain the same property for
x € Q7 and next for z € R%:

Va >0 Vp>p'(a) VeeR? || < pple) < (1+a)|z],
which ends the proof.

3.3. Upper large deviations: proof of Theorem 1.3. We can now prove the
upper large deviations result Theorem 1.3 for the chemical distance for every p > p..

Step 1: choice of constants.

Let p > p(d) and £ > 0 be fixed.

As 1 is a norm, it is bounded away from 0 on the compact set S, and we can
choose n > 0 small enough to have

3 8
(10) Vi e S (1 + 2—Z> (1+n)u@) +2n< (1+e)u(@) and n< 9P

where p has been defined in (2). Note also

N
11) o= —.
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From now on, let us denote by M a fixed integer which is such that M >

%max(@, 35-), where Cy is the constant given by Lemma 2.2.
For every & € R4 N Sy, there exists 7 € ﬁZd N &y such that ||Z — 7|1 < ﬁ.

Then, by the previous choice of M, one has

A d Cac . . L

(12) a7l S 5y € o andJa(d) - pl)] < plen) 2~ 7l <
Intuitively, 7 is a rational direction that approaches the “real” direction z. Note
that the result in Theorem 1.3 is uniform in the direction, and the proof of this

uniformity will use the fact that ﬁZd N & is a finite set.

Step 2: renormalization.
For z € Z% and N € Z_, let us define the following set around Nau:

TN = {y € Bi(Nz,VN): y < 681(Nx,N)},

where OB1(Nz, N) = {y € Z* : ||[Nz —y|| = N}. We define the related random
variable IV by

v [Ne #IY =0
~ \inf ZV  otherwise,

where inf 72 denotes the point in Z2¥ which is the closest to Nz. If there are
several, use for instance the lexicographic order on the coordinates to choose a
unique point. Note that

e the random variable IY only depends on the states of the edges in By (Nz, N).
o |[Nz—IN|, < VN.
Since IY is close to Nz, the chemical distance D(I{¥, IY) should be of the same
order as Np(z). This is rigorously proved in the following lemma:

Lemma 3.2. The following results hold P, almost surely:

e For ecach v € 74, IN « oo for large N.

e The sequence (I} )n>1 is convergent.

e For each x € 74, e
Proof. e The first assertion easily follows from Borel-Cantelli arguments. At first,
it follows from the exponential decay of the radius of finite clusters — see Equation
(3) — that P, almost surely, ZY = B(Nz,v/N) N Cx for large N. The fact that
B(Nz, VN ) N Cw is Py, almost surely non empty for large N is now a consequence
of (4).

e Let us denote by H the smallest element of C, 7.e. the point in C'y, which
is the closest to 0 and among these points if there are several, the one which is
the smallest for the lexicographic order on the coordinates. For large N, we have
H € B(0,V/N), so (IY¥)n>1 converges to H.

e If x = 0, there is nothing to prove. Suppose then that x # 0. By the previous
point, the sequence with general term D(I¥, IY)/N has the same asymptotic be-
haviour as the sequence with general term D(H,IY)/N. It was proved in lemma
5.7 of Garet and Marchand [7] that for every € > 0,

. ( M >0 Vyezd
P\ (lyllh = M and y < 0) = [D(0,y) — u(y)| < ellylx

0<—>oo>:1.
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By taking M = |C(0)| when 0 ¢ oo, we can remove the conditioning and obtain:

]P)< IM >0 Vyezd >1
P\ Iyl = M and y < 0) = [D(0,y) — u(y)| < ellyl '
Using translation invariance, this implies:
( VeeZ?t IM, >0 YyeZ? >
P, =1.
(Iylly = Mz and y < x) = |D(x,y) — p(y)| < ellyllr
This implies

lim - =0 P,as.

N—o0 [ZEIR 3
Since [Nz — IN|; < V/N, one has |[Nu(z) — p(IN)| < VNu(er) and [|[IN], ~
N||x||1; the desired result follows. O

We can now introduce a macroscopic percolation: in order to study the chemical
distance in the direction 7, we are going to build a large grid, with mesh NM,
whose axes are adapted to M7: the large grid is the image by N Ly of the grid
72, where Ly is given in Lemma 2.2 (see Figure 1). The macroscopic edge € =
{Z,y} has macroscopic ends T and gy that correspond in the microscopic graph
to the points N Ly +(T) and N Ly»(7); for instance, the macroscopic vertex with
coordinates (1,0, ...,0) corresponds to the vertex NM7 in the microscopic lattice.
By construction of Lz, we expect the chemical distance between neighborhoods of
the microscopic ends of any macroscopic edge to have a value of order N M p(7). If
this event occurs, we say that the corresponding macroscopic edge € is open, which
should happen with high probability.

Lemma 3.3. For eacht € ﬁZd NSy, for each positive integer N, we define a field
(Révyr)EE]E'i : ZfE = {fa y};

RN =g and GY = {D (I}, ) I, ) < NMu(i)(1+0)}

La(y)

Then there exists a function p : Zy — [0,1], independent of the choice of 7 €
ﬁZd NSy such that:

NhI'If‘l ﬁ(N) =1 and ]P)RNJ« E Ber(]_?(N)>®]Eda

where Prn.+ denotes the law of the field (Rév’f)eeﬂzd on {0, 1}Ed.

Proof. Our aim is to apply once again the comparison result of Proposition 2.1.
Note that for any choice of 7 € ﬁZd N Sy, and any edge € = {Z, 7}, the macro-

\T

scopic event Gév only depends on states of the microscopic edges in the ball
Bi (NLp#(ZT), NM (2+ (1 +n)u(er))). Note also that, by Lemma 2.2, we have

73l > & 2+ (4 na(er))
= | Lar(@ =) > 2M (24 (1 +n)u(er))
= HNL]\/h:(y)fNLI\/[f(f)Hl >2NM(2+(1+77),LL(61)).

The field (Rév ’f)gezd is locally dependent, for some constant k that does not depend
on N, nor on the choice of # € 3:Z4N Sy, nor on M. Since (RY")zcpa is invariant
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FIGURE 1. The macroscopic grid NLy+(Z%) adapted to the di-
rection 7. The vertex T of the macroscopic grid has coordinates
N Lj#(Z) in the microscopic grid. It is surrounded by a small ball
with radius v/N which contains a black point, denoted by I iVMf(E),
which is the point of the infinite cluster that is the closest to
N L p+(Z) in the microscopic grid. The macroscopic edge between Z

and ¢ is said to be open if D (IiVMi(E), IivM;(y)) < NMup(r)(1+mn),
which happens with a probability going to 1 as N goes to infinity.
As the states of the macroscopic edges are locally dependent, by
choosing N large enough, the chemical distance in the macroscopic

grid can be made very close to the [!-distance.

under translations and symmetries of the grid Z¢, we only have to prove that

. N\
i () <
uniformly in # for the edge € = (0,e1). But the set ﬁZd N Sy is finite, so it
is sufficient to prove this limit for any 7 € ﬁZd N &1. By applying Lemma 3.2
to x = Lys(ep) for a given 7 € ﬁZd N &1 and using the fact that almost sure
convergence implies convergence in probability, we end the proof of Lemma 3.3. O

Choose now N large enough to be sure that p(N) given by Lemma 3.3 satisfies

(13) PN) > ( - 1) > pe(d),

where p'(.) is defined in Theorem 1.4 and « has been defined in (11). For each 7 €
ﬁZd NS&1, we can construct a macroscopic percolation with mesh NM: we say that
the edge € € E? is open in the macroscopic percolation associated to 7 if the event

év o+ occurs, and closed otherwise. This induces a dependent percolation model on
the macroscopic edges: all vertices in the macroscopic lattice will be denoted by an
overlined letter, the infinite cluster of this macroscopic will be denoted C',, while
the chemical distance in this macroscopic lattice will still be denoted by D. The
previous lemma compares this locally dependent macroscopic percolation with i.i.d
Bernoulli percolation, and the choice we made for N allows us to use the result of

Theorem 1.4.

1+ 3
1+ 2«
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The strategy is now the following: for a large x € Z%, choose a # whose direction
is close to the one of x and build the macroscopic percolation associated to 7. Use
Theorem 1.4 to find a macroscopic path from a point not too far from 0 to a point
not too far from x, and whose length is well-controlled. Then come back to the
initial microscopic percolation, and verify that the existence of this macroscopic
path implies, on the event 0 < z, the existence of an open microscopic path whose
length is also well-controlled.

Step 3: Construction of the macroscopic and microscopic paths.
From now on, we suppose, without loss of generality, that = € Z% satisfies

(19 ol = SV

We emphasize that the constants o and N have been defined in (11) and (13) before
any choice of x.

Then, we associate to & = z/||z||; an approximate # € :Z% N S; satisfying
Equation (12).

We build the macroscopic percolation associated to 7 and denote by
(15) z = [llzlli/(NM)]ex

the vector in the coordinates of the macroscopic grid that approximates x, where
|t| denotes the integer part of the real number t.

Remember that, thanks to Lemma 2.2, the application Lj; maps e; to M7 and
satisfies

Vie {1,...,dY pu(Las(es)) = Mu(P) and || Lass(es)|ly = M,
1
(16) and Vie—2'nS VteR' CaMtl < |Lar®)lr < Mt

For each z € Z% and cach r > 0, we define the annulus
Alzr)={ye2?: r/2 < |y — 2| <7}
and consider the following “good” event of {0, 1}Ed in the macroscopic percolation:

G Ja € A(0,a|Z|1) 3b€ AT, |F|:) such that
N @« band D(a,b) < (1 +3a)||Z|:

Note that for the complementary set of G, we have:
G° C {A0,a]Z|1) N Co = 8} U{AE, a||Z||1) N Co = @}
U e, @olzlh) {@ < b, D@,b) > (1+ 3a)|Z|1}
beB1(T,allZ1)
c {AQ,a|Z|1) N Coo = U{AZ, a|Z|1) N Coo = &}

- - 14+ 3a -
@b D@ — b
{a<—>b, (@, b) > 1+20¢Hb a|1}

Y e, @olzlh)

beB, (z,allzlh)

As G is an increasing event, we have by Lemma 3.3:

Ppn. (G€) < Ber(5(N))EE (G°).
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It follows that
PRE,N(GC) < QPMN)(Bl(O, OéHle) NCsx = 9)

- - 1+3a,_ -
+ gezsaoz,;xnznl) Py (a<—> b, D(a,b) > 1+2OzICL—bh) ;
beB: (7 a7l

By the choice (13) we made for N, the inequality p(N) > p.(d) is satisfied, so, by
Equation (4),
Pﬁ(N) (81(0, OéHle) NCyx = @) < Age_Bg'aHEHl.

Moreover, our choice of N in (13) was intended to apply Theorem 1.4: thus, there
exist two strictly positive constants A and B such that

va € B1(0,a||Z||1) Vb€ Bi(T,alZ|1)
1+ 3«
1+ 2«

Pﬁ(N) <E A 1_77 D(Ea Z_)) > ||E - E|1> S AeiBHgfalll.

Thus we obtain:

PRS,N(GC)

2A367B3a||i||1 + (CQHEHI)QdAefB(172a)HEH1’

2A367B3a||z||1/NM + (C’a(”zHl/NM + 1))2dAefB(172a)||z||1/NM,

where C' is a constant depending only on the dimension of the grid Z.

So, with a probability tending to 1 exponentially fast with ||z||1, there exists a
path in the macroscopic percolation from a point in the set A(0, «||Z||1) to a point in
the set A(T, a|[Z||1) which uses only edges € such that GY" holds and whose length
is smaller or equal to (1 4+ 3a)||Z|l;. This implies the existence of a microscopic
open path from some microscopic vertex S € NLy+A(0,a|Z|1) + B1(0,VN) to
some microscopic vertex T € N L+ A(T, o||Z|1) +B1(0,v/N), and whose length, by
Lemma 3.3, is smaller than (1+3a)||Z|[1(1+n)NMpu(F) < (1+3a)(1+n)?|z|l1px(2)
by the choice of 7 in (12) and the definition (15) of .

ININ

Step 4: It remains now to link the ends S and 7" of this microscopic path to 0 and
x respectively, and to prove that with high probability, these links are very short.
Thanks to the definition of the annuli and to Equations (16) and (14), one has

{ 2Cualjally < lol — R < |8l < afjally + VN < oz,

2
§Caallz]y < “%Ht — VN <||T — |lz] 171 < allz]l + VN < §aljals.

It follows that the distance between S and 7' is at least

9 9
el ~2 (Galel ) = (1= Ja) lslh

So, by Equation (3), we have
Pp(S < T, |C(9)] < +00)

< ) Py (s 08 (s, (1= Ja) el ) 1060 < )

gCaallzlli<llsllh < Fallzl

d
9
< (1+2x§a|x||1) A2€—Bz(1—%a)||m||1.
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So with a probability tending to 1 exponentially fast with ||z|/1, S and T belong to
the infinite cluster. Now,

P,(S < 0, D(0,5) > nlz|)
> P,(0 < 5, D(0,5) > 7l|z|1)

gCaallz|1<lIslh<g ezl

IN

(]

Pp(0 < s, D(0,5) > pl[s]l1)

§Caallzlli<llslli < Fallzlly

AqeBullsl

(]

§Caallz|li<[lsllh < Fallzl

IN

9 d ;

The second inequality is due to the choice (10) for n, the third to the result of Antal
and Pisztora (2). We have

llz =Tl

IN

Iz = [lz)l1#llx + l]l2]l:7 — Tl

C 9
(S2+3) alll < 2aliets = 2ol

IN

and thus, similarly,

Py(T < x, D(z,T) > nllz1)
< Py(T <z, D(x,T) > pllz —T|1)
< > Py(x < t, D(z,t) > pllz — t]1)
2Cqallalli< -z 17l < 2allell
< 3 Ay e-Billa—tl
2Cqallzlli <=zl 7l < el
9 d ,
< (1 +2x §a||x||1> Aje~ BraiCaalizl

where the last inequality follows from the estimate:

. . Cq
lz =t = [|lzll? =t = llz = |zli?]h > S

> lallal.

Denote by G the event G seen not as an event in the macroscopic percolation,
but as a set of configurations of the microscopic percolation. Note that the event

GN{IC(S)| = +oo} N {S < 0,D(0,8) < yllzlr} N{T = z,D(z,T) < 1l|z1}

is included in

{oom D02 < (14 32) 40 uto) +20) el }.
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Thus, using Equation (10) for n, and collecting all our previous estimates, we obtain:

Pp (0 = 2, D(0,2) > u(&)(1 +&)lzl1)

3
< By (000 D00 > (14 2) 1+ 0@ +20) lel
< By (G) 4P,y (S = T,IC(S)] < +00) + By (S < 0,D(0,5) = nz])
By (T < 2, D(a,T) > nll|1)
Ca 2d
< —~arallzlh = — ot (1=2a) |||y
< 24e +(1+NM||30|1) Ae

d
4 (1 +2x §a||x|1) Ape=B2(1=3)z]l

allzlly

9 d
+2 (1 + 2 X §a||z|1) Ale_Bl 2

which ends the proof of the Theorem.

4. LOWER LARGE DEVIATIONS

The aim of this section is to prove the lower large deviations estimate for the
chemical distance given by Theorem 1.6. First, we introduce some definitions linked
to the convexity of the asymptotic shape 5B,,(0,1). Then, in Lemma 4.2, we study
the minimal number of open edges needed to reach a given hyperplane at distance
r of the origin, and, in Lemma 4.3, the minimal number of open edges needed to
cross a parallelepipedic box. Finally, we prove the lower large deviations results.

4.1. Definitions. For each y € RY\{0}, the ball B,,(0, u(y)) is a convex set, so one
can find a vector n, € Sy such that the linear form ¢, defined by

Ve € R ¢, () = (ny,x)
satisfies to ¢, (y) > 0 and to

(17) Ve e R (u(x) < py) = (dy(x) < dy(y)).

Note that the choice of n, is not necessarily unique. Using the fact that the
norms u and ||.||2 are homogeneous, it is possible to choose the vector n, in such a
way that for each y € R%\ {0} and each r > 0, one has n,, = n,. In the following,
we associate to every y € R4\ {0} a unique n, satisfying these properties. We also
introduce the hyperplane H, = ker ¢, = (n,)*: geometrically speaking, y + H, is
a support hyperplane of the convex set B, (0, 1(y)) at the point y.

B(0, 1u(y))

Ty

y+Ker¢, =y+ H,

FIGURE 2. Support hyperplane of the convex set B,(0, u(y)) at
the point y: the hyperplane H, may not be orthogonal to y.
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For y € R4\ {0} and r € R*\{0}, note
Sy ={z eR?: ¢y(x) < ¢y(y)} and S;° = {z € R?: ¢y(x) > ¢y(y)}.

Then Sg — resp. S,° — is the open half-space, delimited by the support hyperplane
y+ Hy of B,,(0, u(y)) at the point y, containing — resp. not containing — the origin
(see Figure 2).

The aim of the next lemma is to obtain, uniformly in y € S3, a bound on the
norm of points in the half-plane S7:

Lemma 4.1. There exist two constants cq,cly > 0 such that for every y € Sa, we
have

° (yany> Z Cqd.-
e For every r >0, inf{||z||l2, 2 € S} > car.

e For every r >0, inf{||z]1, 2 € S5} > cyr

Proof. As p is a norm, it is equivalent to ||.||2, so there exists K1, K2 € (0,+00)
such that

Ve e R Killz|a < p(z) < Kalz|o.

Note ¢q = £L. Choose y € Sy and set z = cgn,. We have u(z) < Kozl =
K> Yy Y 2

Kocqg = K1 < p(y). It follows that ¢, (z) < ¢,(y), or equivalently

Cd = <$any> < (yany>

Now, let z € S2): we have

[zll2 > (zanry> = ¢Ty(z) > (bry(ry) = <ryanry> = r(Qany> > car.

The last point is clear by the norm equivalence.
O

4.2. Passage-time from a point to a hyperplane. Choose a direction y € Ss.
Define then for r > 0

by(r) = inf{D(0,2): 2 € S}

This quantity is analogous to the usual passage time between the origin and a
hyperplane orthogonal to the first-coordinate axis at distance r of the origin. In
this special case, y = (1,0,...,0), and thanks to the symmetries of the grid, the
direction of the support hyperplane of B,,(0, 1(y)) at the point y is orthogonal to y.
But in a general direction y, the relevant hyperplane for the growth of the set B; of
wet vertices at time ¢ in the direction y is H,, which does not need to be orthogonal
to y (See Figure 2). As in the paper by Cox and Durrett [1], we can study this
quantity by using the asymptotic shape result given in Garet and Marchand [7]:
for every p > p.(d),

t——+oo

B —
(18) lim D (Tt,BH(o, 1)) =0 P,as.

and obtain the following lemma:

by(r)

r

Lemma 4.2. sup
YES2

—,u(y)‘ —0 P, as.
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Proof. As we work under P,, we restrict ourselves to the event {0 < co}.

Let € > 0. By the asymptotic shape result (18), there Rj a.s. exists a random T’
such that
By
t
For every r > 0, for every y € Sa, there exists a point z¥ € Spy such that b,(r) =
D(0,2Y) > ||z¥]|1. Note that, by the previous lemma, we have ||z¥|; > inf{||z||; :

z € Spy} > cyr, and thus, as soon as cyr > T', we have

t

B
(19) Vt>T - C(1+¢)B, and B, C + B.(0,¢).

vy c 82 r_ ¢ Bby(’”)
by(r) — by(r)

This implies, by definition of H, and by convexity of B, that b—l(T) <<25:y>>
Y Mty

C(1+¢)B,.

Yy €
(1+¢€)B, and thus P, a.s., for all r large enough,

r 1+¢
by(r) = nly)

On the other hand, by definition of b,(r), we have S5 N By (,)—1 = @, or, in
other words, By, (r)—1 C Sgy. By dilatation, we obtain

VyESQ

Byt o
by(r) —1 By =T

and by definition of H,, this leads to:

B, (r)-1 0
by —1 OO0 C St ia
Using (19), we obtain, as soon as ¢jr —1 > T,
By, (r)-1
VyeSy; B —Y =+ B,(0
yeS, B,C by(r)—1+ .(0,€),
and thus B, N SF:y(I),l-lra)y = o, leading to

((as+99) o =

Finally, we get: @p a.s., for all r large enough,

r 1
Yy €S > —e.
2 by(r) =17 ply)

which ends the proof. O

4.3. Crossings of parallelepipedic boxes. We want first to find d directions
(y1 = y,92,...,ya) with y; € Sz such that the asymptotic time constants are
the same along all these directions and such that the directions of the support
hyperplanes of B, in these directions are linearly independent.

For y € Sy, consider the vector n, € S orthogonal to a support hyperplane of
B, in the direction y as defined previously, and the isometries (gn, 2., 9n,.a) €

(0 (Zd))CF1 given by Equation (6) in Lemma 2.2 and set
(n17n27"'and) = (nyvgny,Q(ny)v"'7gny,d(ny))7

(ylay25"'7yd) = (y7gny,2(y)a"'agny,d(y))'
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For k € 24, a € (Ri)d, we define boxes adapted to study the travel times in the
directions y1,¥2,...,yq4; they are analogous to the rectangular boxes introduced
to estimate the travel time in the first-coordinate axis in classical first-passage
percolation.

(v, N

(Yms m)

Ty (ko) = {vGZd:Vme{l,...,d}kmg <km+am},

ve Zd\T(y)(k?a a):
ovje{l,...,d}\{m} k; < (2;:”;;)) <kj+aoy
{vnm)
.<ym7nm> < km
odw € Ty (k,a) [lw—v]1 =1
ve Zd\T(y)(k’ O‘) :
T (K — ovje{l,...,d}\{m} k‘§%<kj+aj
+ (y)( ,Oé) < > > k ‘o
) = m m

odw e Tiy(k,a) [Jw—v|1=1

8TT(y) (k, a) =

We can now define, using the same terminology as in first-passage percolation, the
crossing time of the box T\, (k, ) in the m-th direction:

|7], where 7 is an open path from
tly(k,a) = inf{ a point in 9™T(,)(k, @) to a point in 07 T(,)(k, )
included but its ends in T, (k, a)

The next lemma gives a convergence in probability, uniformly in the direction y, of
these minimal crossing times of boxes:

Lemma 4.3. Let a = (aq,...,aq) € (0,+00)?. Then for every e > 0 we have

vm e {l,...,d}  lim sup sup P,(t(, (k,ra) < (u(y) —e)ram) = 0.
T=E0 pezd yeS,

Proof. Fix a = (a1,...,aq) € (0,400)? and ¢ > 0. Choose

Cd&‘ .
2 = —
( 0) n 6pd5/2 ( 12311%(1 Oém) > Oa

where Cy is given in Lemma 2.2 and p is the constant introduced by Antal and
Pisztora — see Equation (2); set 7 = nr.

Choose k € Z% and y € Ss.

We introduce the following partition of Z? into boxes of size 7, which tends to
infinity when r goes to infinity, but will still be small when compared to r: for every
7 € 74, and every A C Z¢

(v, M)

R)T) = veZi:VYme{l,...,d} Tpmr<
(@) { (.. .d) el

< (T + 1)7} :
Ry (A) = {Z€Z': Ry, @ NA#0o}

Then R, (8’_”T(y)(k, ra)), which plays the role of an approximation at a larger
scale of GTT(y)(k, ra), is x-connected and a simple estimation leads to

Ry (07T (k,ra)) | < <2 + %) 1T (2 + %) .

1<;j<d
J#m
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The partition into boxes with size 7 was introduced to obtain this estimate: while
|0™ T, (k,ra)| is of order r?~1, the cardinal |Ry,) (9™ y)(k,re)) | of its approxi-
mation with large boxes remains bounded when r goes to infinity. If v € 97T\, (k, ra),
then there exists a unique T, € R, (0™7T(y)(k, 7)) such that v € R, (Z,). We
define
W(v) = {T € Ry (07 T(y)(k,ra)) : ||T — Tollee = 2} # 2.

If R, (T) N C # @, then define ¢(T) as the point in R, (T) N Co which is the
closest to T(x+4(1/2,...,1/2)) (use the lexicographic order if necessary). Remember
that the box R(,)(T) has size 7, which tends to infinity with r, and thus as r goes
to infinity, we expect the probability that R, (Z) N Cs # @ to go to 1.

Now, in the following inequality, we approximate the event {tz’;) (k,ra) < (u(y)—
g)rau, b by the event in (21), and the three last terms correspond to the difference
between them, and are expected to be small.

Py(tiy (k,ra) < (u(y) —e)ram)

VT € Ry (0™T(y)(k,ra)) Ry (T)NCo # @
Vv € 0Ty (k,ra) (v 0Ty (k,ra) = v < 00)

(21) < P, | e3ve d™Ty,)(k,ra) such that
Jw € 07Ty (k,ra)  D(v,w) < (u(y) — e)ram
T € W(v) D(v,c(T)) < pllv — (@)1
(22) +Pp (Hf c R(y) (8’_”T(y)(k:, Ta)) R(y) (f) NCyx = @)
(23) +P, (Jv € 0™ T ) (k,rer) v 07T (k,rar), v ¥ 00)
VT € R(y) (GTT(y)(k’, ra)) R(y)(f) NCx # 2
(24) +P, | o3v € 07Ty (k,ra) VT € W(v)

D(v,c()) = pllv — c(@) 1
Let us estimate the three error terms first.

Estimate for (22). Let T € Z%, and let us prove that R(,)(Z) contains a ball for the

norm ||.||z with radius proportional to 7. Let us introduce first the point az € R9,
which represents the center of R, (Z), such that

vm e {1,...,d} %z (Em—i-%)r

Then we have, with ¢4 given by Lemma 4.1,

Ry(@) = {vGZd: Vme {1,...,d} —%g<z<ya”;";”><%}
> {vEZd: ||f—a5||2§%}.

Thus the box R(,(T) contains the ball Ba(az, 7cq/2); this radius does not depend
on the direction y.
Using then Equation (4), we get:

(22) < Ry, (8TT(y)(k,To¢)) | suZpd P, (B2(z,7ca/2) N Coo = D)
z€

1 Q; Bscanr
< <2+—> 11 <2+—])A36Xp< )
)iz 1 2vd

#m
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which tends to 0 when r goes to infinity, uniformly in the direction y € Ss.

Estimate for (23). Note that if v € 0™T(,(k,ra) and w € 7' T(,)(k,ra), then, by
definition of the box, we have:

‘7@} — U’nm> ‘ > roy,.
(ym;nm>

By Lemma 4.1, we have:
Vi|w =l = lw =]z = [(w = v,1n)] = caramn,

and thus, using translation invariance and Equation (3):

(23) < |07 Ty, (k,ra)[P, (|0(0)| > %ram, 0 oo)

Kor® 1Ay exp <Bgc—dram
Vd ’

which tends to 0 when 7 goes to infinity, uniformly in the direction y € Sy. (K, is
a constant depending only on the dimension and «).

Estimate for (24). Let v € 0™\, (k,ra) and T € W(v) such that R, (T) N Cs #
&. Then by construction,

IN

(v —c(T), m)
<yma nm>

But then, using Lemma 4.1, we obtain

max > T.
1<m<d

_ 1 _ 1 B
[o—c@Ih = ﬁllv — (@2 = Nz max (v —c(T), nm)]
> G (v—c(®@),nm) | _ car

max .
Vdism<d|  (Ym,nm) | T Vd

Using Antal and Pisztora’s result (2), one has the following bound:

m d—1 canr
(24) < 07Ty (k,ra)| x 57 2d Ay exp <31 W) ,
which tends to 0 when r goes to infinity, uniformly in the direction y € Ss.

Estimate for (21). Let v € 0T\, (k,ra) and T € W(v) such that R, (T) N Cs #
&. Then by construction,

(v = (@), nm)

max
(Y, im)

1<m<d

‘S?)T.

But then, using equation (6) in Lemma 2.2, we have

2

_ _ d _
lv—c@l < Vdllv—c@)|2 < C—dHU — (@) (ni),2
ds/? ds/? (v —¢(T), )
z — (7 <
O 1203, I = e@mm)l < ) ‘

3d°/2r
—_ Cd M
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We obtain:

iz € R ) (0T, (k, 7)) such that
21) < Py o3uwe 3 T(y)(k, ra)

_ 5/2,,
D(e(@), w) < 2L 4 (u(y) - 2rag,
By the choice (20) we made for 7, we obtain that
(21) < Ry (90T (k,ra)) |

oRN(T)NCo # I, )
P () _ .
T < ody € 07Ty (k,ra), D(c(T),y) < (u(y) — 5)ram
1 Q; €
< (2 + _> ]._.[ (2 + _]> Py ( by, (mr) < (w(y) — 5 ) amr ),
nr 1<j<d n ( ( 2) )
Jj#Fm

which tends to 0 when r goes to co by Lemma 4.2. Note that this convergence is
uniform in k € Z¢ and y € Ss. O

4.4. Lower large deviations: proof of Theorem 1.6. We essentially follow the
main lines of the proof in the classical case by Grimmett and Kesten [9]: A “too
short” path should cross “many” boxes in a “too short” time, and by the previous
result and a counting argument, this probability can be made exponentially small.
The two main difficulties are to deal with geometric problems due to the fact that
we want large deviations not only along the coordinate axes, but in all directions
and the uniformity we require in this direction.

Step 1: Definition of boxes adapted to direction y.
Choose M and N large enough, that will be fixed later.
For k = (k1,...,kq) € Z¢, we define:

At N+ 1)

_ {UEZd Vm e {1,...,d} }

NE —M<%<N(k +1)+M

Sey(k) = {vEZd: vm e {1,...,d} Nk, <

Tiy) (E)

The S(y)( )’s are large “twisted square” boxes, adapted to the studied direction of
progression y and its conjugates (y2, . . .,%4), that induce a partition of Z?, and the
T, (k)’s are still much larger boxes centered in the S(,)(k)’s.

In T(,(k), the small box S, (k) is surrounded by 2d boxes of the type (1 < m <

vezZt:
bom® = Vj#m NEkj—M< &8 < N+ 1)+ M
N(km +1) < %@V(lﬂ +1)+ M
veZ:
By, . (F) = Vji#m NE; 7M<<<”"J>><N(k +1)+M

NE,, — M < fvnm) o - N

<yma77lm>
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We define the inside border and the outside border of the box B, (k), relatively

(y),m

to T(y) (k})

0B, (F) = {veTR\B, . (F): FweB; (&) |v—wl=1},

SonB (F) — { 0 € Ty (Rry - T, B = LR, F)\ T (R) - }
out2 (y),m Jw € B(y),m(k) lv—wlh =1 ’
and the borders of the other boxes can be defined in the obvious analogous manner.

The point is that a path, visiting S(,)(k) and exiting from T{,)(k), has to cross
one of these 2d boxes surrounding S, (k) in T{, (k) from a point in its inside border
to a point in its outside border, say B(J;)ym(ﬁ) for instance. And, roughly speaking,
the fastest way to cross it is to follow the y,, direction, and this should take an
amount of steps of order p(ym, )M = u(y)M if M is large. We can easily estimate
the size of borders of boxes:

Lemma 4.4. There exist a strictly positive constant Ky depending only on the
dimension d and not ony € Sy such that for every k € 74, for everym € {1,...,d},

1
— (N +2M)¥ 1 < 0, B, (k)| < Kq(N +2M)%1,
K, (y).m

1
E(N +2M)7 < (8w B, (K)| < Ka(N +2M)41

The same is also true for the borders of B, m(E)s.

Step 2: Construction of crossings.

The construction is exactly the same as the one in Grimmett and Kesten [9]. We
thus only give the way to adapt it.

Let r > 0 large enough and let v = (v(0),...,v(v)) be a path from 0 to a point
in S7y. We associate to v the following two sequences. First set k(0) = 0 and
a(0) = 0. Let then v(a(1)) be the first vertex along 7 to be outside 7{,)(k(0)), and
let k(1) be the coordinates of the small box of type S containing v(a(1)): v(a(1)) €
S (k(1)), and build the two sequences recursively, to obtain (a(1),...,a(7(7)))
and (k(0),...,k(7(y))) such that:

(1) 0=0a(0) <a(l) <---<alrt(y)) <v,

(2) v(a(i)) € Sy (k(7)),
(3) a(i+1)is the smallest integer a larger than a(i) such that v(a) ¢ T\, (k(i)).

The final terms satisfy:

Va(r(7)) <j<v v(j) € Ty (k(1(7)))-

Note that the portion (i) of v between v(a(i — 1)) and v(a(i)) has to cross one of
the 2d boxes of type By m(k(i — 1)) surrounding S, (k(i — 1)) in Ti,)(k(i — 1))
from a point in its inside border to a point in its outside border. We are interested
in these crossings and the amount of steps they use.

But first, by the process of loop-removal described in Grimmett and Kesten [9],
remove the double points from I' = (k(0),...,k(7(7))), and obtain

L= (1(0),...,1(c(7))),
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where [(a) = k(jo) and 0 < jo < --- < jo(y) < 7(7). Note that although we can
have j,(,) < 7(7), it is always true that k(j,(,y) = k(7(7)). By construction,

<nym ’ ym> N
and this property is preserved by the loop-removal process in the following sense:
(ny,, 1 +1) = l(]»‘ Mo
(nyrn ? ym>

Vme{l,...,d} Vje{0,...,7(y)—1}

Yme{l,...,d} Vje{0,...,0(y)—1} N

Step 3: Coloring of crossings.
Consider the portion (i) of v between v(a(i — 1)) and v(a(i)), and define:
)= e | v(a@) — vlai = 1)
me{1,...,d} (N s Ym)
By construction, M < L(i) < M + N for 1 <i < 7(i). Now, for i € {1,...,0(7)},
consider the portion (j;) between the two boxes S, (k(j; —1)) and S, (k(j:)) and
give to the vector [(i) = k(j;) the color white if

~(ji) is open and |y(j;)| < (u(y) — 2¢)L(ji),
and in black otherwise. Denote by w(7y) the number of white points in the sequence

(I(1),...,1(c(7))) of crossings associated to 7. The next lemma corresponds to
Lemma 3.5 in the paper by Grimmett and Kesten [9]:

Lemma 4.5. Suppose that €, r, M and N satisfy the following:

(1) € is small: 0 < e <min{u(z): z € Sa},

(2) M/N islarge: Nz €Sy M(u(z)—3e) > (M + N)(u(z) — 4e),

(3) ris large:  Vz e Sy re>(M+2N)(u(z) — 4e).
Then for any y € Sz, an open path vy, travelling from 0 to Spy and whose length |
is less or equal to r(u(y) — be), satisfies

r

w(v) =

-1
M+ N

eo
and o(vy) >
2uten )
Proof. The proof for a fixed y € Sy is exactly as in Grimmett and Kesten [9]. The
only difference is the uniformity in y € S, that can be obtained because p is a
norm and is bounded away from 0 and bounded away from infinity on the compact
set . O

Note that the event {i(i) is white} in contained in the event

a vertex in S, (k(j;)) is joined to a vertex
Ey)i = outside T{,)(k(ji)) by a path using
less than (M + N)(u(y) — 2¢) steps

To conclude the proof by a counting argument, as these event are only locally
dependent, it only remains to prove the following lemma:

Lemma 4.6. Let 0 < € < iy = min{p(z) : z € S1}. Then

p(M,N,e) = 5% p, ( Fv € Sy (k) Fw ¢ Ty (), )

- ijg%‘: v w, Dw,w) < (M + N)(u(y) —2¢)

goes to 0 when M and N go to infinity, provided that M > % Sug ().
rES2
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Proof. Note that M > % Sélg p(x) implies (M + N)(u(y) — 2¢) < M(u(y) —¢)
and use Lemma 4.3 on the time needed to cross a box:

p(M,N,e) < 2d sup sup sup P,(t(} (k. ar) < (u(y) — €)anr).
keZd yeSa 1<m<d

5. LARGE DEVIATIONS FOR THE SET OF WET VERTICES: PROOF OF
THEOREM 1.7

We can now prove Theorem 1.7, which follows quite naturally from the uniform
estimates in Theorem 1.3 and Theorem 1.6.
Let p > p.(d) and € > 0. Let us note first that, for every t > 0,

P, <D <%,B#(o, 1)) > 5) < P, <% ¢ B,(0,1 +5))

+P, (B#(O, 1) ¢ % + Bu(0,5)> .

Let us now estimate each term separately.

Step 1. In the first term, we estimate the probability that the random set B; grows
too fast, which corresponds to the existence of a point & whose distance D(0, z)
from the origin is shorter than expected. Thus

B, (% ¢ B,(0,1+ 5))

= By (3wezt DOw <t () >14e)

= P, (390 ez D(0,z) < 1 +€u(m), w(z)>(@1 +5)t)

= — 1
< Z Z P, (D(O,:L‘) <7 +Eu(z)>
k=04t 21 =k
uler)
< Z Z Ae Bl with Theorem 1.6
k=01t |z 1=k
pler)
< > CETMAe PR < Altde P

—(ate)t

T uler)
Step 2. In the second term, we estimate two types of discrepancies between By /t and
B,: on the one hand the probability that the random set B; grows too slowly, which
corresponds to the existence of a point  whose distance D(0, ;) from the origin is
larger than expected and on the other hand, the probability that the random set
B, contains abnormally large holes. By definition,

P, (B#(O, 1) ¢ = +B#(O,s)>

t
= P,(3z eR? u(x) <t, Bu(z,et) N By = 2).
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Note that, as soon as t is large enough, one has

Vo € B,(0,t) Jy € Z¢ such that
3 3 t
—Etg,u(y)g 1- % t and B, y,E— C By (z,et),
4 4 8
and so we obtain
— B
P, <B#(0, 1) ¢ Tt + B#(O,s))
— t
P, <E|y€Zd %tﬁu(y)g (1%)@ B, (y,%)ﬁBt®>

Z P, (Bu (y,%t)th:@).

Ser<p(y)<(1-3 )t

IN

IN

If the event B, (y, %t) N B, = @ occurs, then either B, (y, %t) contains no point of
the infinite cluster, or it contains a point of the infinite cluster whose distance from
the origin is larger than ¢:

— t — t
F (1 (52 =) < By (b (52 e -0)

+ P, (ﬂzEBH (y,%t) t<D(0,z)<oo).

By Equation (4), the first term is less than As eXP(*gﬁ?;t))- Note also that if

z € By (y’ %t)v then p(z) < p(y) + %t < (1 - %8) t. Thus
= et
P, (ﬂz €B, (y, g) t < D(0,z2) < oo)

< 3 P ((1 _ %)‘M@;) < D(0,2) < oo) .

zeBu(y,%)

For such z, we have p(z) > u(y) — %t > 5—8‘515, and by Theorem 1.3, there exist two
positive absolute constants A, B such that

P, (ﬂz €B, (y, %t) t < D(0,2) < oo) < Aet)de P,

And we finally obtain:

IN
BN
w
@
”
=)
/T\
o
w
™
~
N———
—+
=
™
=
=8
('b‘
oo}
2

< Ct? (A3 exp (—

which ends the proof of the theorem.
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