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Abstract

The correlation function of a V' — A current with a V 4+ A current is discussed within the
framework of QCD in the limit of a large number of colours N.. Applications to the evaluation of
chiral condensates of dimension six and higher, as well as to the matrix elements of the Q7 and Qs
electroweak penguin operators are discussed. A critical comparison with previous determinations
of the same parameters has also been made.
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I Introduction

We shall be concerned with the correlation function of a left-handed current with a right-handed
current
1 7 v 1+ 5
2

L*(z) :a(x)w_T%d(x) and  R(0) = d(0)y u(0), (1.1)

in QCD and in the chiral limit where the light quarks are massless. In this limit, the correlation
function in question depends only on one invariant amplitude I1;z(Q?) of the euclidean momentum
squared Q? = —¢?, with ¢ the momentum flowing through the two—point function (see Fig. 1):

2i/d4zeiQ'I<0|T{Lﬂ(:c) Y(0)}10) = (¢"g” — ¢*g") HLRr(Q?) . (1.2)

' O "
q

—

Fig. 1 Feynman diagram representing the Il g correlation function in Eq. @) in the large-N. limat.
The solid lines are light quarks propagating in a gluonic background of large-N. planar diagrams.

The interest on the function Iy z(Q?) is twofold: on the one hand, as pointed out in ref. [[[], Tz z(Q?)
in the chiral limit is an order parameter of spontaneous chiral symmetry breaking (SxSB) at all values
of Q2; on the other hand, part of the absorptive part of this function i.e., %ImHLR(t) with t = ¢% >0,
is accessible to experiment via hadronic 7—decays and eTe™ annihilation into hadrons. Furthermore,
it has also been shown [E, E, E, E, E] that the same I, z(Q?) function governs the underlying dynamics
of the leading contributions to the weak matrix elements of the electroweak Penguin-like operators

Q7:6(§L’y#d[1) Z eq(qR’quR) and Qg:—12 Z eq(quR)(quL); (13)

q=u,d,s q=u,d,s

where e, denote quark electric charges in units of the electric charge and summation over quark color
indices within brackets is understood. These considerations raise the IT;,z(Q?) function to the rank
of an excellent theoretical laboratory to test new ideas on the fundamental subject of SxySB in QCD.

Here, we shall be particularly concerned with the study of II;z(Q?) in the limit of a large num-
ber of colors N, in QCD. Part of our motivation is to understand the discrepancies between various
phenomenological analyses which have recently been made E . . . @ | using the experi-
mental data on hadronic 7-decays published by the ALEPH and OPAL collaboratlons at LEP.
There are conflicting results for the chiral condensates which modulate the asymptotic behaviour of
the TI;z(Q?) function at large Q2 values, between those obtained in refs. [, [0, [, [J] and those
obtained in refs. [[J [[3, [[4]. We want to compare these results to those obtained in two succes-
sive approximations to the large—N, limit: the so-called minimal hadronic approzimation (MHA) [E]



consisting of a spectrum of a pion state, a vector state and an axial vector state; and the improved
approximation where an extra higher vector state is added.
In practice, we shall be working with the dimensionless complex function Wi, r[z] defined as

2

: Q
Wir(z] = —ZHLR(ZM/?), with Rez = V,? , (1.4)

and use the mass of the lowest massive state, the p(770 MeV), to normalize quantities with dimensions.
In large—N. QCD the function Wi, r[z] is a meromorphic function and, therefore, in full generality, it
can be approximated by successive partial fractions of the type

N
Wirlz NH z+p HZ+0'j)a with pr=1 and p; #pr for i#k; (1.5)

where P (and N) get larger and larger, but finite. On the other hand, in QCD, the operator product
expansion (OPE) of the two currents in Eq. ([LJ) fixes the large-Q? fall off in 1/Q*-powers of the
invariant function 11, z(Q?) [ to

. 1 1 = (Oa14)
lim II 2n44(Q% 1) Oonia(1P) gy = 5 > T (1.6)
02 —o0 LR Z 2n—+4 2n—+4 (Q2) +2 2; (Q2) +2

Matching the leading asymptotic behaviour for large—z in Eq. (E) to the one of the OPE in Eq. ),
restricts the number of zeros N and the number of poles P in Eq. (IE) to obey the constraint

N—-P=-2. (1.7)

In the chiral limit, all the vev’s (Og,14) in Eq(@) are order parameters of SySB. In particular, the
normalization factor Ay in Eq. (E) is fixed by the residue of the leading term in the OPE,
1 1

Ay =3

QW«%W (1.8)

The case where N = 0 corresponds to the MHA already mentioned where, besides the Goldstone
pole (the pion), which has been removed by the Q? factor in the r.h.s. of Eq. ([[.4), there are two
poles (since P = 2 in this case): the lowest vector state and an axial-vector state |

Strictly speaking, the (Og,44) in the r.h.s. of Eq. ([[.§) are Q2 dependent, because of the log Q?
dependence of the Wilson coefficients o, 14(Q?, ?) via the pQCD series in ais. This log Q% dependence
can only be reproduced if P — oo (and N — oo) in Eq. (). In writing the large—N, approximation
to the Wrz[z] function in Eq. (L), one is implicitly assuming an effective cancellation between the
extra poles and zeros in the complex z—plane which lye beyond a disc of radius sg covering all the poles
and zeros retained in that approximation. In the Minkowski axis, this is equivalent to assuming that,
for all practible purposes, there is a cancellation between the V—spectral function and the A-spectral
function for ¢ > sp, an assumption which is consistent with the fact that in pQCD and in the chiral
limit these two spectral functions are identical. The same approximation, in the deep euclidean region,
suggests that when comparing the asymptotic inverse powers of z in Eq. (E) to those of the OPE in
Eq. (E), the log Q2 dependence of the Wilson coefficients in ca,44(Q?, u?) be frozen at Q2 ~ sq.

II General Properties of II;z(Q?) in Large—N. QCD

The function 117 z(Q?) is the simplest case of a class of Green’s functions, which we call generalized
two—point functions, and which obey rather remarkable short—distance = long—distance duality prop-
erties. Generalized two—point functions are two—point functions with a finite number of local operator
insertions carrying zero momenta, (no insertions in the case of Il z(Q?)). These Green’s functions,
in the large—N, limit, are meromorphic functions which can be approximated by polynomial ratios

N
Wlz; p1,p2, - pp; 01,02 H Z+p H z40j); (2.1)
—1 3



and they are fully determined by their poles, their zeros and the overall normalization Ay . Using this
representation, one can readily see that

wil L i...i 1 ii] _p-~ 1lpi
[Ioj

z p1i'p2  pp o1 o2 oNn
relating the OPE expansion (powers of 1/z) to the chiral expansion (powers of z). In the case of the
Wpr|z] correlation function in Eq. (@) this is the generalization to an arbitrary number of narrow
states of the simple relation [[[7]

[2: p1,p2,--pp; 01,02+ 0N], (2.2)

1 1 1
WLr [_? - _] =22 p1paWirlz; p1,pa], for N =0, (2.3)
Z  pPr p2
corresponding to the case of the MHA, where P =2 and N = 0.
One can easily deduce the following set of properties, useful for phenomenological applications:

1. THE Wpg[z] FUNCTION AT THE ORIGIN

N2 ON for N >1 and Wil =

Wirl0] = Ay
p1p2.- .. PP pP1p2

for N=0 (MHA). (2.4)

Recall that the value of Wi, [0] is fixed by lowest order chiral perturbation theory; so, once Ay
is known, the sign of Wrr[0] fizes the sign of the product of all the zeros >. We therefore have
that

F2 A F?
9192 -ON _ prp for N>1 and O:—02
pip2...pp My pip2 My

with F§ the residue of the Goldstone pole (the pion) contributing to Iy z(Q?).

An

for N=0, (2.5)

In what follows, we shall often use the notation ps = pa and p3 = py-.

2. THE WL Rr[z] FUNCTION AT INFINITY: CONDENSATES

Starting from equation ([L3) with the constraint N — P = —2 (which means that the two
Weinberg sum rules are automatically satisfied) and decomposing it into partial fractions, we
obtain
_ P 1
Wrr Ap_o z+4+0;) = Wi , 2.6
2] = HW 1] D= (2.6)
with
_ P _
wg = Ap_2 H H H H ; (2.7)
itk 1 - Pk) e -1 (pi = Pk +5zk e

where 0;; is the Kronecker symbol. This fixes the residues of the poles, which are physical
couplings, in terms of the poles and zeros. There follows then that:

P
(O2nga) = 2(-1)" ]\4\2/HJr4 Zwkpz : (2.8)
k=1
3. THE LINEAR CONSTRAINT

This is a very interesting constraint, which simply follows by expanding Eq. (E) to first non—
trivial order in inverse powers of z

1 (0
Za] Zi M—aéozi (2.9)

i=1

2Notice that, if there are complex zeros, they have to appear in conjugate pairs of each other and therefore give a
positive contribution to the product.



It relates the difference between the sum of the positions of the zeros and the sum of the positions
of the poles to the ratio of next-to-leading to leading vev’s in the OPE. In other words, once
we know the positions of the poles, the sum of the positions of the zeros, which is always real, is
governed by the next—to—leading order term in the OPE. In the case corresponding to the MHA,
where by definition there are no zeros, this constraint simply becomes:

1 (%)
Mg (Og)

implying that, in the MHA (Og) and (Og) must have opposite signs. This is indeed what the
phenomenological analyses in refs. [E, E, @, ] find, in contradistinction to the results in
refs. [@, , @] which find the same sign for the first two condensates. In fact, in the case of
the MHA, we can show that this alternance of sign for two consecutive condensates is a generic
property. It follows from the relation

1+pa=— (2.10)

n

(Oania) = 2(—1)" M2+ 4y L . ZA:2( D" MZHpp ST ok, for m>1. (211
— PA
k=1

Except for the (—1)™ factor, all the quantities appearing in the r.h.s. are positive; which explains
the alternance in sign with n.

. THE SLOPE CONSTRAINT

The value of the derivative of Wyg[z] at z = 0 is controlled by the O(p*) xPT low energy
constant Lyg [[L§]
Wi rl0] =4Lyo . (2.12)

The relation to the poles and zeros of the Wy g[z]-function in large-N, QCD is as follows
Wi 5[0] Z_*Z for N>1. (2.13)

In the case N =1 it reduces to the interesting relation

F3 (1 11
ALy = iz {— —~ <1 ot pwﬂ : (2.14)

and in the case N = 0, corresponding to the MHA, to the well-known result @, @]
F? 1 3 F?
4Ljg = ——9 (14— = Lipg=-——-" f =2 2.15
10 MZ < + p,4> 10 8 M2 or  pa ) (2.15)

indicating that in the MHA, the slope of W r[z] at the origin has the opposite sign to the value
of Wi r[0], in agreement with experiment.

. DISPERSION RELATIONS

The function Wrg[z] and its corresponding spectral function 2ImIl x(t) are related to each
other by the dispersion relation

Q? /°° 1 1
Wrr (Rez) = — dti, ImHLR 2.16
(Rez) =~ | i OF (2.16)

This is the Hilbert transform of a spectral function, which in our approximation of large—N,
QCD has the general form

P
1
—Imllp p(t) = —F3(t) + > i MP6(t — M?) (2.17)

i=1



with the sum ordered in increasing values of the masses M?. The residues a; are positive for
the vector states and negative for the pion pole (the first term) and the axial states.

Sometimes it is also convenient to counsider the Laplace transform (Borel transform) of the
spectral function

Mpr(o) = Mig /OOO dte‘t"%ImHLR(t). (2.18)
The two types of transforms are related by the fact that
L /OO doe e~ Q"7 (2.19)
t+@Q* o
therefore,
Wir(z) = —2M? /0 h doe="M:* My g(0). (2.20)

In practice, one is often interested in observables which are moments of Wy z(Q?)

oo 1 * do
o) /0 dz 2™ WLR(Z)(MQ)HW/O 0_2+mMLR(U); m=0,1,2,---, (221)
p

showing that we can view the observables O™ either as moments of Wy g(2), or as inverse
moments of Mpr(o).

Some interesting properties of the Laplace Transform follow.

e The Laplace transform M r[o] obeys the differential equation

dP P—1 d
{anU—P +aP—1F+"'+G1% +GO}MLR[U] =0, (2-22)
with ap, ap_1, ... ag the coefficients of the polynomial
P
H(ZJFM) =apz’ +ap_12" "+ +ao; (2.23)
i=1
ie.,
P P
ap=1, ap,1:2pi, aOZHPi- (2.24)
i=1 i=1

e The polynomial Hf‘i1(z+ﬂi) is a stable polynomial, because all its roots are in the negative
real axis (the Minkowski axis).

e The most general solution of the differential equation in () is of the form

2

_VO? +o1p1e” 7 + agpae” 7 + -+ apppe” 7, (2.25)
p

with the «; constants fixed by the successive boundary conditions obtained e.g., from the
knowledge of the derivatives of the function M g[o] at the origin.This leads to the system
of equations first discussed in ref. [fl]:

2

_JICTO,E—F a1p1 +  agp2 +--+ appp = Muwa[0],
dM 0
R R T IR - U
P
ap ™t oyt bt appptt = R



The discriminant of this system of equations in the «; is the Vandermonde determinant

1 1 - 1

pl p2 P pP

pt p5 - ppb
On the other hand the successive values of My, r[0], %ﬁ, -+ and % are fixed
by the OPE of the function Wi g[z]. In our case M g[0] = 0; %ﬂ = 0 and the first

two equations in - ) are nothing but the well-known 1st and 2nd Weinberg sum rules.

e The positive moments of the Laplace transform, with the Goldstone singularity removed,
correspond to coefficients of the chiral expansion

o0

/ daaNMLR(o):r(N+1)/ dt g L 1ImHLR() for N>0, (2.27)
0 0

where

1 - 1
—Tmllpp(t) = —TmIlLR(t) + F28(t). (2.28)

6. RECONSTRUCTION OF THE SPECTRAL FUNCTION
It is useful to give the coefficients o, of equation (R.17) in terms of the poles p; and zeros oj.

Inserting (.17) into (2.16) we find

P

1
Wirl2] = pr— Y owpr + Zakpkz n (2.29)
1 Pk
By comparing (P.6) and (£-29), we then have
P
pr— Y arpr =0,
k=1 (2.30)

. P
agpr =wy , with Dok we =0,

where the two sum equations above are just the first and second Weinberg sum rules.

Using a more conventional notation in terms of axial to vacuum and vector to vacuum couplings:

aa = —f% and ay = f2, we conclude from equations (P-30) and (B.7) that

2 172 — —pv) 231

fv My H pv+5zv Jl;[1 o; (2.31)
9 P _ p-2,

pamg - -t b I1 (9, —pa) (2.32)

pa iy (i — pa+dia)

3

7. THE SMOOTHNESS ASSUMPTION

As already stated, the MHA corresponds to the case where N = 0. In this approximation,
the function Wz], or its equivalent M (o), is a monotonous function of the euclidean variable:
0<Q?< o0 or, equivalently, co > ¢ > 0. Introducing an improved approximation with more
poles necessarily brings in non—trivial zeros. Can the zeros change dramatically the smoothness



of the MHA? So far, all the calculations made in the literature in the MHA are based on the
working assumption that the smoothness, beyond the MHA, persists; in other words, one is
assuming an underlying hypothesis of smoothness of large-N. QCD which, in full generality,
has not been proved from first principles. What follows in the next sections is a test of this
assumption, albeit in a very particular case.

We can only suggest a possible scenario on how this smoothness assumption may be a generic
property of large-NN, QCD. It is quite clear that in the case where the spectral function is
positive, the fact that M (o) is then logarithmically convex [@] provides the required smoothness
property; however, in most cases (like the left—right correlation function we are considering here)
this property of positivity does not hold.

In fact, in the case of the left—right correlation function, Witten has proved @], under rather
general assumptions, that IT; z(Q?) > 0 for 0 < Q% < oco. This follows from the positivity of the
measure in the gluonic path integral and Schwartz type inequalities of the fermion propagators,
Witten’s proof, however, is not in general applicable to other generalized two—point functions.

A property of smoothness would follow if one could guarantee that the positions of the zeros
of the generalized Green’s functions are all in the negative half-plane Rez < 0 (i.e. the half-
plane which includes the Minkowski axis). This would be the case if the polynomial of zeros
vazl(z + 0;), like the polynomial of poles Hf;l(z + pi), was also a stable polynomial 3.

IIT 1I;x in the case of a7 —V — A — V' Spectrum

It is claimed by some of the authors of refs. [, E, Q] that the reason why their phenomenological
analysis of the chiral condensates give the same sign for (Og) and (Os) is due to the fact that the
hadronic 7—decay spectrum is sensitive to the presence of the p’, while the MHA ignores all higher
states beyond the first axial state. Partly motivated by this claim *, we want to analyze here the case,
beyond the MHA, where an extra vector state V', and therefore one zero o, are also included. Let us
collect the relevant equations corresponding to this case.

1. THE CORRELATION FUNCTION

With a spectrum of a pion pole, and V', A, and V' states, the relevant correlation function is

Q? 9 z+o
—1II — WiRrlz] = A , 3.1
“agg er(@) LRl = A e G ) (3.1)
where
g g =2 o822 62
= — = d = —F, M, = — My, — ,. 2
Vg, T ME PP (O6) = — Fg MaMy V_PFPAPY (3.2)

Because of the positivity of Wy g[z] for Rez > 0, the position of the zero has to be in the
Minkowski axis and, therefore, o > 0.

2. THE LINEAR CONSTRAINT
Equation (2.9) now reduces to the simple relation
1 (Os)
5 .
My, (Os)
3In the mathematical literature this goes under the name of the Routh—Hurwitz theorem. See e.g. ref. [E] We

o= (1+patpv)= (3.3)

have recently been able to prove that the successive polynomials H;V:I(z +o0j) for N =1,2,--- up to an arbitrary, but
finite N, are indeed stable polynomials. The proof, however, lies outside the context of this paper and will be published
elsewhere.

4Notice, however, that t here are other phenomenological analyses which using the same 7-data find opposite signs
for (Og) and (Og) [E, , ]



This is one of the key equations of our discussion, which already provides a semiquantitative
argument in favor of the opposite sign option for the condensates (Og) and (Os) . The equation
states that for (Og) to have the same sign as (Og), the position of the zero has to be far beyond
the largest V' —pole:

o>1+pa+pv . (3.4)

Fixing the position of the poles at the values of the observed spectrum (and ignoring errors for
the purpose of the discussion), one has

My =0.776 GeV, My =1.230 GeV (pa = 2.5), My, = 1.465 GeV (pyr = 3.6);  (3.5)

which means that for the equal sign requirement option to be satisfied one must have o > 7.2.
In GeV units this corresponds to a mass of 2.1 GeV. Now, as already stated at the end of section
I, in writing a large—N, ansatz for the Wy g[z] function, one is implicitly assuming an effective
cancellation between the extra poles and zeros in the complex z—plane which lye beyond a disc
of radius sg covering all the poles and zeros retained in that approximation. The result o > 7.2
implies that the radius in question has to be \/so > 2.1 GeV. A priori that seems a good thing
because the OPE-matching is now applied at Q2 > sg; i.e. in a more asymptotic region than
in the case of the MHA ansatz; however, it also implies that there are no further poles in the
region between My ~ 1.5 and the effective mass M, ~ 2.1 GeV corresponding to the zero at
o ~ 7.2. This, however, is in contradiction with the observed a;-like state at M4 ~ 1.64 GeV
and p-like states at My~ ~ 1.72 GeV and My ~ 1.9 GeV below M, ~ 2.1 GeV. Alternatively,
if one excludes those three states A’, V" and V"’ as all the pheng)menological analyses using
7—data do in fact, then the position of the zero o should be o < 11\\4/‘2’
to eq. %, that (Og) and (Og) must have opposite signs, in contradiction with the claims of
refs. [[12, [L3,

~ 4.5, implying according

. THE SLOPE CONSTRAINT

This is the relation between Liy and the position of the poles and the zero

4L1g = pr E—(l+i+ ! )} , (3.6)

pA PV

which was already discussed in the previous section. Since Ljpq is relatively well-known phe-
nomenologically it gives a constraint between pp, pa, py’ and o.

. THE ELECTROMAGNETIC 77T — 79 MASS DIFFERENCE
Recall that

3al [~
2 2 2 2
Mot |em = Z;F—Og/o dQ* [-Q°ILr(Q%)] . (3.7)
In the MHA with a V—A spectrum,
( A) 3 Q 1
mi+|eﬁH = Z;M\Q/PAm log pa . (3.8)

In the case of a V-A-V’ spectrum we find

2 |(v-a-v) _ §gM2 PV (pv: —1)(pa — o) log % + (pv: — pa)(o —1)log py
(pv: = 1)(pa — L)(pv: — pa)

7t lem 47 VPA e ’ (39>

which, for o = py/, reduces to the MHA expression. Since the Am = m,+ —m o mass difference
is dominated by its electromagnetic contribution, we can use its experimental value as a further
constraint on p4, py and o.



5. RECONSTRUCTION OF THE SPECTRAL FUNCTION

In full generality, as shown in the previous section, one can reconstruct the spectral function
from the knowledge of the zeros and poles and the normalization Ay. In our case, using ()

and (R.39), this results in

1 1 1
—ImIl g(t) = —ImIly (¢) — —ImIT4(¢), (3.10)
7r T 7r
with
1 PV 0 — pA 9 N. 2
ZImlla(t) = F25(t) + F2 = 5(t—M3) + ~0(t—s0)(14---), (3.11
Tl (1) = F0(8) + B P oGP = M3) o g5 500~ so)(14-), (311)
and
lImHV(t):FOQP—A{ pvi (o —1) S(t—M2) + g —pv (5(t—M‘2,,)}
™ o L(pa—1)(pv: —1) (pv: = 1)(pv: — pa)
N, 2

where the dots in these equations stand for pQCD ag—corrections. Notice that these spectral
functions, by construction, satisfy the 1st and 2nd Weinberg sum rules. For ¢ = py+ they reduce
to the spectral functions of the MHA case.

6. RADIATIVE WIDTHS

For a meson V in the lowest octet of vector states, the width of the electronic decay V — ete~
is given by the expression

4 2
Ty_ete- = 7730‘ f\2/MV (313)

For an axial-vector A, the width of the decay A — w7y, in the chiral limit, is given by [IE]

o o M2
Dany = — f2=2 My . 3.14
A—mry 24fA FO2 A ( )

The relation between these decay rates and pa, py+ and o is as follows:

PAPV! o—1
fEMZ = F? , 3.15
VM= G T e - 1) (3.15)
2772 2PV’ 0 —pa
M2 = F , 3.16
JaMs = B o = Do — o) (3.16)
F2,M2, = F2PA g v (3.17)

o (pv: = (pv: —pa)’

7. THE ELECTROMAGNETIC PION FORM FACTOR

In Large-N. QCD, the electromagnetic form factor of the pion has a particularly simple expres-

sion oG ;
vGy
F(t)y=1+) TR (3.18)
%

where Fy = fyy My and Gy = gy My are standard couplings of the large—N, effective Lagrangian
of narrow states [@] Requiring that the form factor falls as an inverse power of Q? = —t in the

deep euclidean, one gets the constraint:
> fvgv My = Fy. (3.19)

%



On the other hand the slope at the origin of the pion electromagnetic form factor determines
the Lo coupling [[Lg as follows:

Lo = % > fvav. (3.20)
v

The two constraints (B.19) and (), when restricted to a w, V, A, V/ spectrum, become:

fvav + fvigvipve = pr, (3.21)
fvgv + fvigvr = 2L . (3.22)

In the chiral limit, the coupling gy is related to the p — 7w width as follows
5
M; -
48T F

Ty = 67 (3.23)

The V/—width, however, (and hence the coupling gy+) is poorly known. We can eliminate gy
between the two equations (B-2])) and (B.29), which results in a useful constraint between Ly,
pa, pvr, o and gy (which can be fixed from p — 7).

. MATRIX ELEMENTS OF THE @7 AND (Js OPERATORS

The four quark operators in question are the ones in eq. () We are interested in the evaluation
of the matrix elements of these operators between an incoming K—state and an outgoing 27—
state.

Evaluation of (O;) As discussed in ref. [, the ((77)=2|Q7|K°) matrix element, to lowest
order in xPT is related to the vev

(O1) = (01(5.9"dL) (dryusr)|0) (3.24)

as follows A
My = ((rm)1=2|Q7| K°) = =5 (01). (3.25)

0

On the other hand, in ref. [ﬂ], it was also shown that

(O1) = % (—32'9””/%11%@))%, (3.26)

where the integral has to be evaluated using the same MS-renormalization prescription as
used for the evaluation of the corresponding Wilson coefficient of Q7. One then finds that
in large-N. QCD [{]

3 A? A2
<01>Z*W [fo,MglogWZf%MslogW ; (3.27)
A A % v
where A? = p?exp(1/3 + k) with & depending on the renormalization scheme: xk = —1/2
I

in NDR and x = +3/2 in HV. For a 7—V—-A-V" spectrum this can be written as a function
of pa, py and o in the following way

3M6 pv’ |:
01) = 22V, PV
(1) 3272 5 |PA (pa—1D)(py — 1)
g —py A?
log —
pv: = 1)(pv: —pa) ~ Mipv
5 o—pa log A2
—p
Apa—1)(pv: —pa) ~ MZpa

+papy (

(3.28)
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For py = o this expression reduces to the MHA discussed in ref. [ﬂ]

Evaluation of (O2) This is a vev which appears in the short—distance behaviour of the 11, g (Q?)
function; more precisely

. 2 2 4 _ 4 2% 2 Qs
Jm (QMLR(Q7) x Q' = 47 <4<02> + E<Ol>> +0 (?) . (3.29)
It is related to the evaluation of matrix elements of the Qs operator as follows
8
Mg = ((77)1=2|Qs| K°) = ﬁ(og. (3.30)
0

As discussed in ref. [ﬁ], to a good approximation and including next—to—leading as—corrections
we have

<@wwﬁéﬁﬂgﬁm,;ﬁmﬁ{1(ﬁ%%ﬁ»%ﬁ}®m>

and in the case of a 7-V-A-V"’ spectrum

My pv’ { 0 —pA
10 — 14 2
(O2(1)) 16mas (1) PR A (pa —1)(pv: — pa)
B oc—1 B o—pyr } "
P o= Dlov = 1)~ "V v =1 (ovr = pa)

- ()]

Again, in the limit where py, = o this expression reduces to the corresponding MHA
expression discussed in ref. [fj].

9. DuALITY CONSTRAINT

This can be formulated as the requirement that in the chiral limit, there is no 1/Q-term in the
OPE of the Adler function defined as
2 = Q 1
A = dt ————=—Imlly (). 3.33

@)= | g Tl () (3.3)
The Adler function is not an order parameter of SxySB and, therefore, it has contributions from
the perturbative continuum. Then, in the case of two explicit V and V' states plus a continuum
spectrum, the requirement in question reads as follows

N, 4 3 Neas(so)
2fe MY +2f0 My, = ——sp 1+ == 40 ) 3.34

Jv My + 2fy My, T6x23°0 + 3 - + (3.34)
Using the 1st Weinberg sum rule, this can be written as a simple constraint between pp, pa,
pv+, o and the onset of the continuum sy which, obviously, has to start beyond the py/—pole;
i.e., So > Mﬁpvr:

Py o—pa N. 2 sp 3 N.as(so)
14+ —= = —— (1= ). 3.35
pr ( + o (pA—l)(er—pA)) 1672 3 M2 < Jr8 ™ N (3:35)
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IV Numerical Analyses and Conclusions

1. THE CASE OF A m —V — A SPECTRUM (MHA)
(a) Fixing the free parameters pr and p4.

Confronting the MHA approximation to the experimental values of the observables introduced
in the previous section will allow us to test its consistency and adjust the two free parameters
pr and pa of this approximation. We use as input the following set of experimental data

dmy = 4.5936 & 0.0005 MeV ref. [24] (4.1)
Lio = (—5.134+0.19) x 1073, ref. ([l (4.2)
[, ete- = (6.77£0.32) x 107% MeV, ref. (R4 (4.3)
Tuny = (640 +246) x 1073 MeV, ref. [R4] (4.4)
Lo = (6.9+0.7) x 1072, ref. [23 (4.5)
M, = (775.9 £ 0.5) MeV ; ref. [R4] (4.6)

and make the reasonable assumption that these observables follow gaussian probability density
functions (p.d.f.). In fact, some of these observables, when expressed in terms of the MHA
parameters depend not only on pr and p4 but also on (m,+ + myo) and/or My . Therefore, it
is more appropriate for our purposes to use in our fit procedure the dimensionless quantities:

Mg+ + Mo

S — 3@ palog(pa)

Mg T 4w pa-—1 (4.7)
Ly = *EPF <1 + p%) , (4.8)
i Tomerer = T2 (4.9)
]\2,3 Tony = ;1 - pj‘l : (4.10)
Lo = %pF . (4.11)

This, however, has the drawback that the three ratios (£.7), (JL.9) and ([.1d) may no longer have
simple gaussian p.d.f. In order to check this, we have computed their p.d.f. > and found that
for each of them, there is practically no numerical difference between the calculated p.d.f. and
the gaussian one. This justifies the use of the standard y? statistical regression method to fit
our parameters pr and p4 with the result

pr=(12.364£0.35) x 107° and pa = 1.464 4 0.004, (4.12)

with a x2,; = 1.21 for 3 degrees of freedom (dof). The covariance matrix is given by

1.21 1.36 _
cov (pr, pa) = (1.36 162) x 1077 . (4.13)

The quoted statistical errors of p4 and pr have been obtained by evaluating the 1o standard
deviation via the solutions of: Ax?(p;) = min; ;- (X*(pir pj) — X2im.) = 1-
We deduce from these results two conclusions: first that the MHA framework is statistically

relevant and second that the fitted free parameters have small statistical errors. Moreover, they
obey a multivariate gaussian p.d.f.. For My = (775.94+0.5) MeV, we find Fy = (86.3+1.2) MeV

5We do this following the example given in ref. @
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and M4 = (938.7 £ 1.4) MeV, where the errors are only the statistical errors of the fit. The
corresponding perturbative threshold sy defined by Eq. () is /50 ~ 1.3 GeV.

(b) Predictions of the MHA

Using Eq. (), we have evaluated the first few condensates of lowest dimension. The quoted
numbers are given in Table 1 below in the entry MHA (the second line). They have been
obtained using a Monte-Carlo simulation which takes into account the statistical correlation
between the two parameters. The second error is an estimate of the systematic theoretical error
which we have made in the following way:

i) We give a systematic error to the parameter pp of O(T',/M,). Notice that this is the parameter
which modulates the large—N,. counting in all our theoretical expressions (both for the MHA
and the MHA + V7).

ii) We enlarge the experimental error of M, which is the quantity modulating the dimensions
of the calculated observables, by a factor of twenty i.e.,

M, — M, = (776 £ 10) MeV . (4.14)

iii) As already mentioned in the text, the MHA + V’ framework reduces to the MHA one for
o = pys. This suggests a way of introducing an extra systematic error to the MHA results
versus the MHA plus an extra pole (R) results, by fixing the a priori ignorance one has on the
relative position of an extra pole versus an extra zero within reasonable limits. We propose to
quantify this error as follows

a:pRiw, (4.15)
using the experimental values for p4 and pg, (pa = 2.5 and pr = 3.6). Notice that this covers
the possibility that the extra pole is of the V—type (o > pr) or of the A-type (¢ < pg).

The three sources of systematic errors are then added in quadrature.

For the purposes of comparison we also show in the same Table 1 the results of the other
determinations of the chiral condensates; in particular the values quoted by Cirigliano et al. in
ref. [E] 6, Notice that these authors also find an alternance of signs, but opposite to our MHA
prediction, except for the lowest dimension condensate.

Using Egs. (B:29) and (B.3Q) we can also evaluate the matrix elements of Q7 and Qg operators.
The results are given in the line MHA of Table 2 below. Again, the first error is statistical, the
second error is our estimate of the theoretical systematic error in the way described above.

The results in Table 1 and Table 2, corresponding to the MHA, are perfectly consistent with those
previously obtained in refs. [@ and @] using a different treatment of the input parameters.

2. THE CASE OF A m—V — A— V' sPECTRUM (MHA+V’)

(a) Fixing the free parameters
Adding a vector resonance V' in the spectrum extends the number of free parameters from two

to four: pp, pa, py: and o. Furthermore, Eq. ) becomes now a function of gy as explained
in Section III.7. The way we treat this is by considering the observable”:

Ly _ 1 1 o(pr—2Lepv)* (pa = Ylpvr — 1)
M, """ T 18n (= pv )Zprpapyr(o —1) ,
as a function of Lg which has an error itself, and is added as an extra parameter in our fit. The

number of d.o.f. does not change since Lg is also taken as an observable. We also impose a
criterion of rejection through the ordering:

(4.16)

.S
pA<er<o<p0:—02. (4.17)
My

6See the original reference for a discussion of the two sources_of errors.
"The decay width of p — 77 is Ty = (150.4 & 1.3)MeV [p4].

13



Table 1: NUMERICAL RESULTS FOR THE CHIRAL CONDENSATES

(O6) (Os) (O10) (Or2) (O14) (O16)
x10% GeV® | x10% GeV® | x10% GeV'? | x10% GeV'? | x10% GeV' | x10° GeV'®
MHA + V’ —7.90+£0.20 | +11.69+£0.32 | —13.12+0.43 | +13.21 £0.62 | —12.54 +0.93 | +11.45+ 1.50
+1.62 +2.53 +3.01 +3.24 +3.29 +3.21
MHA ~7.89+0.23 | +11.71+£0.34 | —13.18 4+ 0.41 | +13.33+£0.42 | —12.78 £ 0.43 | +11.89 4+ 0.40
+2.01 +3.08 +3.61 +3.83 +3.86 +3.78
ALEPH —7.74+0.8 +11+1
OPAL —6.0+0.6 +7.5+ 1.3
Davier et al. [f —6.4+1.6 +8.7+24
Toffe et al.[|L1]) —6.8+2.1 +7+4
Zyablyuk [l —71+15 +7.84+3.0 —45+3.4
Bijnens et al. [If] | —3.2+2.0 | —12.4+9.0
Cirigliano et al. | —4.54+0.83 | —57+£3.72 | +482+10.2 —160 + 26 +426 + 62 —1030 £ 140
ALEPH[[L3 +0.18 +0.64 +2 +5 +14 +30
Cirigliano et al. | —5.06 £0.89 | —3.124+3.82 | +38.7+10.6 —132 427 +354 + 66 —850 + 150
OPAL[[L3 +0.12 +0.45 +1 +3 +6 +20
Rojo et al.[i4] —4+2 —1277, 78 + 24 —260 + 80

The first and second inequalities reflect the knowledge that the new state has a higher mass than
the axial, that it is a V-like pole and, therefore, its residue contributes positively to the W,z (z)—
function; the third inequality follows from the requirement that the perturbative threshold sq
defined in Eq. () already lies beyond the radius where the analytic structure of the poles
and zeros retained satisfies the leading OPE constraint.

A similar statistical analysis to the one in the previous subsection with a x? regression leads to
the following results:

pr = (12.36 £0.03) x 1072, (4.18)
pa = 1.466 4 0.003, (4.19)
pv: = 2.634+0.01, (4.20)

o =2.64+0.01. (4.21)

The results in Eqs. ({.1§) to (4.21)) correspond to a value: Lg = (6.44 4+ 0.02) x 1073, with a
X2, = 0.60 for 1 dof. The errors, which are only the statistical errors of the fit, were calculated
using the same “reduced-y?” procedure as before. We find that the parameters pr and pa
are statistically stable when compared to those found in the MHA case. We also find that
pv+ =~ o, which is consistent with the fact that the MHA approximation seems to have already
the bulk of the full large—N, information. In other words, adding an extra V’'—pole appears to
be compensated, at a very good approximation, by the position of the nearby zero.

¢

In order to make numerical predictions for the chiral condensates and the matrix elements M7
and Mg we need to know the shape of each ”reduced-x2” so as to implement a Monte-Carlo
simulation. Concerning pr and Lg we find parabolic shapes, i.e. gaussian behaviours. In the
other cases the structure of the ”"reduced-x?” are slightly more complicated but since, as already
seen in the MHA case, the resulting statistical errors remain very small as compared to the
systematic errors of the theoretical framework, we have finally assumed that all our parameters
are gaussian and uncorrelated. For My = (775.940.5) MeV, we now find Fy = (86.1+1.1) MeV,
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Table 2: NUMERICAL RESULTS FOR THE (7 AND (s MATRIX ELEMENTS

M, (NDR) M, (HV) Mg (NDR) Mg (HV)
MHA + V’ 0.1240.00 £0.01 | 0.59 £ 0.01 £0.06 || 2.00 +0.03 +0.20 | 2.15 + 0.03 £ 0.22
MHA 0.12+0.00 £0.02 | 0.59 £ 0.01 £0.11 |[ 1.99 £0.03 £ 0.36 | 2.15 +0.03 £+ 0.39
Donoghue et al. 2] 0.16 £ 0.1 0.49 +0.07 2.22 £ 0.67 2.46 +0.70
Bijnens et al. 1 0.24 4+ 0.03 0.37 £ 0.08 1.24+0.8 1.34+0.6
Cirigliano et al. [ 0.22 +0.05 1.50 £ 0.27
Narison [B(] 0.2140.05 1.44+0.35
RBC [B]] 0.27 +0.03 1.1£02
CP-PACS et al. [B]] 0.24 +0.03 1.0+£0.2
Donini ef al. B4 0.11+0.04 0.18 £ 0.06 0.51 4 0.10 0.62 +0.12
Bhattacharia et al. [Bj] 0.32 £ 0.06 1.2+0.2
SPQCDR BJ 0.24 £ 0.02 1.05+£0.10

My = (939.4+1.1) MeV and My = (1258.2+2.5) MeV, where the errors are only the statistical
errors of the fit, and a perturbative threshold in the V—channel (or A-channel) starting, again,
at /50 ~ 1.3 GeV.

(b) Predictions of the MHA+V’
The restriction of (2.§) to the P = 3 case (MHA+V’) reads

3 3
Oapia) = 2(—1)" 1 M2+ 1=V —2 4.22
(O2n44) (—1) v pF};( J)H(pi*PkJr(Sik)pk &=

where p; = 1, po = pa and p3 = py+. The resulting values of the chiral condensates are given in
the first line MHA + V' in Table 1. The matrix elements of Q7 and Qg are now obtained using
Eqs. (B:23), (B29) and (B.3d),([B.39) and the corresponding results are given in the first line MHA
+ V’ of Table 2. The systematic errors of the MHA + V’ predictions have been estimated using
the prescriptions i) and ii) already described earlier for the MHA predictions. Within errors,
the two set of predictions from MHA and from MHA + V’ are perfectly consistent with each
other.

The shape of the function Wy g|z] in E) with the parameters fixed at the central values
resulting from the fit in Eqgs. (@) to (4.21) is shown in Figs. 2a, 2b and 2c. Figure 2a shows
the shape of the function Wi r[z] in the euclidean region (z > 0). Figures 2b and 2c show the
shape of ReW r[z] (the thick solid red lines) in the Minkowski region for —2 < z < 0 in Fig. 2b
and in the region of the V' in Fig. 2c. Notice the different scales of the three figures. The
delta functions contributing to ImWy g[z] are also shown (the thin vertical blue lines V' and A
in Fig. 2b, and the thin vertical blue line V' in Fig. 2c.)

3. COMPARISON WITH OTHER DETERMINATIONS

The authors of refs. [E] and [B] give results for quite a few observables. This offers the
possibility of making a comparative study with our predictions. The way we do that is by
asking the following question: “what are the values of pp, pa, py: and o which, using the
large—N. parameterization MHA +V’ given in the text, can fit the predictions of these authors?”

Concerning the work of Bijnens et al. [[3], we have used their predictions (with their errors) for
(Og), (Og), M7, Mg and the perturbative threshold (which in the case of Aleph they take at
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Fig. 2a The predicted shape of the function W g|z] in Eq. @) in the euclidean.

30
20
10

0

102 xWLR[Z]

40 A /\

-2 -1.5 -1 -0.5 0

Fig. 2b The predicted shape of the function Wi g[2] in Eq. (1) in the Minkowski region —2 < z < 0.
The vertical lines are the delta functions contributing to the imaginary part, the continuous solid lines,
are the shape of ReWpg[z] in that region.

S0 = 2.53f8:£ GeV) as input data. Using this input, and imposing the constraint ps < py: <
o < sq it is possible to find a fit with a x2,, = 11.9/(3 dof) and the central values:

pr=0.011, pa =169, py =208, oc=4.10, (4.23)
with s
Fy = 81.2 MeV d = — =4.34. 4.24

The problem with this fit, which reflects the rather bad x2;, , is that ¢ < 1+ pa + py in
contradiction with the equal sign value for Og and Og which these authors find.

It is possible, however, to find a reasonable fit, using as input the predictions of Bijnens et
al. [[IF], if one leaves free the position of . We have found a solution with a x2;. = 1.2/(3 dof)
and parameter values:
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Fig. 2c The predicted shape of the function Wir[z] in the V' region.

pr = 0.0147150009 4.25
pa=34718 4.26

5.75
o =15.55"512

(4.25)

(4.26)

pyvr = 3.7119 (4.27)
(4.28)

Fy = 86.9733 MeV (4.29)
(4.30)

. PF
Po = F—0250 = 518,

where the errors are only the statistical errors of the fit. The problem of this fit, however, is
that the position of the zero is far beyond the onset of the pQCD threshold (¢ > pp) and many
states, which have not been included in the analysis, can fill this gap.

Concerning the work of Cirigliano et al. [@], we have used their values for the condensates
from Og to O14, with their errors, as well as their predictions of My and Mg, with their errors
as well, as input values. Like in our previous analysis, we have first imposed the constraint
pa < pvr < pg® and o < pg™ for so = {1.95,2.15,---,3.15} GeV>. We have found a solution
with, however, a very bad x2,, = 134.5/(4 dof). The central values of the resulting parameters
are
pr =0.010, pa =160, py =178, o=348, (4.31)
with
Fo=093.7TMeV and py=3.59. (4.32)

Again, we find that this solution satisfies the relation ¢ < 1+ pa + py+ in contradiction with
the equal sign value for Og and Og which the authors find.

If we relax the constraint on o < pg it is then possible to find a “better fit” with a x2. =
3.26/(4 dof) and central values for the parameters:

pr=0.009, ps=1.02, py, =203, oc=540, (4.33)
with 5
Fo=92.39 MeV and pg = —02 = 3.47. (4.34)
P

The problem with this fit, however, is twofold. On the one hand the position of the axial state
is too near to the first vector state (pa = 1.02) and also the fact that there is still a large gap
between the onset of the pQCD continuum (pg = 3.47) and the position of the zero (o = 5.40).
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We conclude from these analyses that the results of Bijnens et al. [@], as well as the results
of Cirigliano et al. [, if interpreted within the framework of large-N, QCD, show internal
inconsistencies. As recently discussed by Donoghue [, this could very well be the reflect of
unphysical extrapolations in the hadronic spectral function which (implicitly or explicitly) have
been made in the phenomenological analyses reported in refs. [@, E, @]
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