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WEAKLY RESONANT TUNNELING INTERACTIONS FOR ADIABATIC
QUASI-PERIODIC SCHRODINGER OPERATORS

ALEXANDER FEDOTOV AND FREDERIC KLOPP

ABSTRACT. In this paper, we study spectral properties of the one dimensional periodic Schrédinger
operator with an adiabatic quasi-periodic perturbation. We show that in certain energy regions the
perturbation leads to resonance effects related to the ones observed in the problem of two resonating
quantum wells. These effects affect both the geometry and the nature of the spectrum. In particular,
they can lead to the intertwining of sequences of intervals containing absolutely continuous spectrum
and intervals containing singular spectrum. Moreover, in regions where all of the spectrum is expected
to be singular, these effects typically give rise to exponentially small ”islands” of absolutely continuous
spectrum.

RiEsuME. Cet article est consacré a I’étude du spectre d'une famille d’opérateurs quasi-périodiques
obtenus comme perturbations adiabatiques d’un opérateur périodique fixé. Nous montrons que, dans
certaines régions d’énergies, la perturbation entraine des phénomenes de résonance similaires a ceux
observés dans le cas de deux puits. Ces effets s’observent autant sur la géométrie du spectre que sur sa
nature. En particulier, on peut observer un entrelacement de type spectraux i.e. une alternance entre
du spectre singulier et du spectre absolument continu. Un autre phénomene observé est ’apparition
d’ilots de spectre absolument continu dans du spectre singulier dis aux résonances.

0. INTRODUCTION

The present paper is devoted to the analysis of the family of one-dimensional quasi-periodic
Schrédinger operators acting on L?(R) defined by

d2

(01) Hzﬁ - —w

+ V(z — 2) + acos(ex).

We assume that

(H1): V: R — R is a non constant, locally square integrable, 1-periodic function;
(H2): ¢ is a small positive number chosen such that 27 /e be irrational;

(H3): z is a real parameter;

(H4): « is a strictly positive parameter that we will keep fixed in most of the paper.

As ¢ is small, the operator (0.1) is a slow perturbation of the periodic Schréodinger operator
d2
dz?

acting on L?(R). To study (0.1), we use the asymptotic method for slow perturbations of one-
dimensional periodic equations developed in [11] and [9].
The results of the present paper are follow-ups on those obtained in [12, 8, 10] for the family (0.1).
In these papers, we have seen that the spectral properties of H, . at energy F depend crucially on
the position of the spectral window F(E) := [E — a, E + o] with respect to the spectrum of the un-
perturbed operator Hy. Note that the size of the window is equal to the amplitude of the adiabatic
perturbation. In the present paper, the relative position is described in figure 1 i.e., we assume that
there exists J, an interval of energies, such that, for all E € J, the spectral window F(FE) covers the
edges of two neighboring spectral bands of Hy (see assumption (TIBM)). In this case, one can say
that the spectrum in J is determined by the interaction of the neighboring spectral bands induced by
the adiabatic perturbation.

(0.2) Hy = +V (2)
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The central object of our study is the monodromy equation, a finite difference equation determined
by the monodromy matrix for the family (0.1) of almost periodic operators. The monodromy matrix
for almost periodic equations with two frequencies was introduced in [12]. The passage from (0.1) to
the monodromy equation is a non trivial generalization of the monodromization idea from the study
of difference equations with periodic coefficients on the real line, see [3].

Let us now briefly describe our results and the heuristics underlying them. Let FE—-a E E+a
E(k) be the dispersion relation associated to Hy (see section 1.1.2) ; consider }

the real and complex iso-energy curves, respectively I'r and I', defined by
(0.3) I'r = {(¢,x) €R?; E(k) + a-cos(¢) = F}, 1
(0.4) D= {((,k) € C% E(r) +a-cos(C) = E}.

The dispersion relation x — E(x) being multi-valued, in (0.4), we ask that the
equation be satisfied at least for one of the possible values of E(k).

The curves I and I'g are both 27-periodic in the x- and (-directions; they are
described in details in section 10.6. The connected components of I'r are called real branches of T'.

Consider an interval J such that, for £ € J, the A

assumption on the relative position of the spectral win- 'K
dow and the spectrum of Hy described above is satis- :

fied (see figure 1). Then, the curve I'g consists of a
infinite union of connected components, each of which O O

is homeomorphic to a torus ; there are exactly two Yoo T Yo
such components in each periodicity cell, see figure 2. ' ’
In this figure, each square represents a periodicity cell.
The connected components of I'g are represented by

Figure 1: “Interact-
ing” bands

. h,0 . /h,

full lines; we denote two of them by ¢ and ;. fy fy Y i
The dashed lines represent loops on I' that connect Q
certain connected components of I'g; one can distin- o 5

guish between the “horizontal” loops and the “ver-
tical” loops. There are two special horizontal loops
denoted by v, 0 and vy, r; the loop 0 (resp. vhx)
connects v to vr — (2m,0) (resp. Yo to vr). In the Figure 2: The adiabatic phase space
same way, there are two special vertical loops denoted
by Yu,0 and 7y ; the loop 7,0 (resp. vy,x) connects vg to v + (0,27) (resp. v to v + (0,27)).

The standard semi-classical heuristic suggests the following spectral behavior. To each of the
loops 7o and 7, one associates a phase obtained by integrating the fundamental 1-form on I' along
the given loop; let &g = ®y(E) (resp. ¢, = ®,(FE)) be one half of the phase corresponding to 7y
(resp. vx). Each of these phases defines a quantization condition

1 1
(0.5) ~D(E) = Tinr and ~0(B) = T tnm,  meN

2 2
Each of these conditions defines a sequence of energies in J, say (Eél))l and (Eﬁf’))l/. For ¢ sufficiently
small, the spectrum of H, . in J should then be located in a neighborhood of these energies.

Moreover, to each of the complex loops v4.0, V4,7, Vu,0 and 7, r, one naturally associates an action
obtained by integrating the fundamental 1-form on I' along the loop. For b € {0,7} and a € {v, h},
we denote by S, the action associated to v, ; multiplied by i/2. For E € R, all these actions are real.
One orients the loops so that they all be positive. Finally, we define tunneling coefficients as

tap =e /s be{0,7}, ac {v,h}.

When the real iso-energy curve consists in a single torus per periodicity cell (see [12]), the spectrum
of H, . is contained in a sequence of intervals described as follows:

e each interval is neighboring a solution of the quantization condition;
e the length of the interval is of order the largest tunneling coefficient associated to the loop;
e the nature of the spectrum is determined by the ratio of the vertical tunneling coefficient to
the horizontal one:
— if this ratio is large, the spectrum is singular;
— if the ratio is small, the spectrum is absolutely continuous.
2



In the present case, one must moreover take into account the possible interactions between the tori
living in the same periodicity cell. Similarly to what happens in the standard “double well” case
(see [14, 24, 15]), this effect only plays an important role when the two energies, generated each by
one of the tori, are sufficiently close to each other. In this paper, we do not consider the case when
these energies are “resonant”, i.e. coincide or are “too close” to one another, but we can “go” up to
the case of exponentially close energies.

Let Ey be an energy satisfying the quantization condition (0.5) defined by ®¢; let § be the distance
from Ej to the sequence of energies satisfying the quantization condition (0.5) defined by ®,. We now
discuss the possible cases depending on this distance. Let us just add that, as the sequences of energies
satisfying the quantization equation given by ®y or &, play symmetric roles, in this discussion, the
indexes 0 and 7 can be interchanged freely.

First, we assume that, for some fixed n > 1, this distance is of order at least ™. In this case,
near Fjy, the states of the system don’t “see” the other lattice of tori, those obtained by translation
of the torus 7,; nor do they “feel” the associated tunneling coefficient t, .. Near Ejy, everything is
as if there was a single torus, namely a translate of =y, per periodicity cell. Near Ej, the spectrum
of H, . is located in a interval of length of order of the largest of the tunneling coefficients ¢, and
th = thoth - (see section 1.3.3). And, the nature of the spectrum is determined by quotient t, o/t,.
So, in the energy region not too close to solutions to both quantization conditions in (0.5), we see
that the spectrum is contained in two sequences of exponentially small intervals. For each sequence,
the nature of the spectrum is obtained from comparing the vertical to the horizontal tunneling coef-
ficient for the torus generating the sequence. As the tunneling coefficients for both tori are roughly
“independent” (see section 1.7.5), it may happen that the spectrum for one of the interval sequences
be singular while it be absolutely continuous for the other sequence. If this is the case, one obtains
numerous Anderson transitions i.e., thresholds separating a.c. spectrum from singular spectrum (see
figure 5(b)).

Let us now assume that ¢ is exponentially small, i.e. of order e~"/¢ for some fixed positive 7 (not

too large, see section 1.6). This means that we approach the case of resonant energies. Note that, this
implies that there is exactly one energy E; satisfying (0.5) for ®, that is exponentially close to Ep;
all other energies satisfying (0.5) for @, are at least at a distance of order e away from FEj.
Then, one can observe two new phenomena. First, there is a repulsion of Iy and I, the intervals
corresponding to Ey and E, respectively containing spectrum. This phenomenon is similar to the
splitting phenomenon observed in the double well problem (see [14, 24, 15]). Second, the interaction
can change the nature of the spectrum: the spectrum that would be singular for intervals sufficiently
distant from each other can become absolutely continuous when they are close to each other, see
Fig. 5(a). To explain this phenomenon, assume, for simplicity, that ¢, and t,r, the “vertical”
tunneling coefficients associated to the tori 7 and 7, are of the same order (in €), i.e. t, 0 ~ tyr ~
ty. Then, if |Ey — E;| ~ &", on each of the intervals Iy and I, the nature of the spectrum is
determined by the same ratio t,/t,. If |Eg — Ex| ~ e /¢, the two arrays of tori begin to “feel” one
another: they form an array for which the tori from both arrays play equivalent roles. In result,
the “horizontal” tunneling becomes stronger: it appears that ¢, has to be replaced by the effective
“horizontal” tunneling coefficient ¢j, g = t/dist(Ep, Er), and the ratio t,/t; has to be replaced by
tv/thef- SO, the singular spectrum on the intervals Iy and I “tends to turn” into absolutely continuous
one.

There is one more case that will not be discussed in the present paper: it is the case when
§ ~ e "¢ with no restriction on 7 positive or, even, when § vanishes. This is the case of strong
resonances; it reveals interesting new spectral phenomena and is studied in detail in [7].

1. THE RESULTS

We now state our assumptions and results in a precise way.

1.1. The periodic operator. This section is devoted to the description of elements of the spectral
theory of one-dimensional periodic Schrodinger operator Hy that we need to present our results. For
more details and proofs we refer to section 6 and to [6, 13].



1.1.1. The spectrum of Hy. The spectrum of the operator Hy defined in (0.2) is a union of countably
many intervals of the real axis, say [Eont1, Font2] for n € N | such that

Ey < FEy<FE3s<EBEy...Fy < Fopi1 <Eopia<.oon,
E, —» 400, n — +4o0.

This spectrum is purely absolutely continuous. The points (F;);jen are the eigenvalues of the self-
adjoint operator obtained by considering the differential polynomial (0.2) acting in L?([0,2]) with
periodic boundary conditions (see [(]). The intervals [Ea,11, Fani2], n € N, are the spectral bands,
and the intervals (Eay,, Fan11), n € N*, the spectral gaps. When FEs,, < Fa,1, one says that the n-th
gap is open; when [Eg,_1, E9,] is separated from the rest of the spectrum by open gaps, the n-th band
is said to be isolated.

From now on, to simplify the exposition, we suppose that

(O): all the gaps of the spectrum of H are open.

1.1.2. The Bloch quasi-momentum. Let x — 1 (z, F') be a non trivial solution to the periodic Schrédin-
ger equation Hyi) = E1) such that, for some p € C, ¥ (z + 1, E) = pt (z, E), Yx € R. This solution
is called a Bloch solution to the equation, and u is the Flogquet multiplier associated to 1. One may
write p = exp(ik); then, k is the Bloch quasi-momentum of the Bloch solution .

It appears that the mapping F +— k(FE) is an analytic multi-valued function; its branch points are the
points Ey, Fsy, E3, ..., E,, .... They are all of “square root” type.

The dispersion relation k — E(k) is the inverse of the Bloch quasi-momentum. We refer to section 6.1.2
for more details on k.

1.2. A “geometric” assumption on the energy region under study. Let us now describe the
energy region where our study will be valid.

The spectral window centered at E, F(F), is the range of the mapping ¢ € R — E — a.cos(().

In the sequel, J always denotes a compact interval such that, for some n € N* and for all £ € J, one
has

(TIBM): [Es,, Esyi1] € F(E) and F(E) C|Ey_1, Eonyal.
where F(F) is the interior of F(F) (see figure 1).
Actually, in the analysis, one has to distinguish between the cases n odd and n even. From now on,

we assume that, in the assumption (TIBM), n is even. The case n odd is dealt with in the same way.
The spectral results are independent of whether n is even or odd.

Remark 1.1. As all the spectral gaps of Hy are assumed to be open, as their length tends to 0 at
infinity, and, as the length of the spectral bands goes to infinity at infinity, it is clear that, for any non
vanishing «, assumption (TIBM) is satisfied in any gap at a sufficiently high energy; it suffices that
this gap be of length smaller than 2a.

1.3. The definitions of the phase integrals and the tunneling coefficients. We now give
precise definitions of the phase integrals and the tunneling coefficients appearing in the introduction.

1.3.1. The complex momentum and its branch points. The phase integrals and the tunneling coeffi-

cients are expressed in terms of integrals of the complex

momentum. Fix E in J. The complex momentum ( — l l{2n+2
k(C) is defined by ®(on_1

(1.1) k(¢) = k(E — acos(()). Yo Gnt1 | Yr

As k, k is analytic and multi-valued. The set I'" defined ._.:FC;;.:W:._
in (0.4) is the graph of the function k. As the branch

points of k are the points (E;);en, the branch points of & *

satisfy T T

(1.2) E —acos(() = Ej, j € N,

As F is real, the set of these points is symmetric with res-

pect to the real axis, to the imaginary axis; it is 27-periodic in (. All the branch points of x lie in the

set arccos(R) which consists of the real axis and all the translates of the imaginary axis by a multiple
4

Figure 3: The branch points



of m.
As the branch points of the Bloch quasi-momentum, the branch points of x are of “square root” type.

Due to the symmetries, it suffices to describe the branch points in the half-strip {¢; Im{ >
0, 0 < Re( < 7}. These branch points are described in detail in section 7.1.1. In figure 3, we show
some of them. The points ((;); satisfy (1.2); one has

0<(Con<Cpri<m, 0<Imlpio<Im@opiz<---, 0<Im(y_1<---<Im(.

1.3.2. The contours. To define the phases and the tunneling coefficients, we introduce some integration
contours in the complex (-plane.

These loops are shown in figure 3 and 4. The loops Yo, Y=, V4,0, Yh,x» Vo,0 and 7, r are simple loops
going once around respectively the intervals [—(an, Conl, [C2n+1, 27— Cont1], [=Con+1, —Canls [Con, Cant1l,

[Con—1,Con—1] and [C2n+2, Can+2]-
In section 10.1, we show that, on each of the above loops, one can fix a continuous branch of the

complex momentum.

Consider I", the complex iso-energy curve defined by (0.4). Define the projection IT: ((,x) € I' — ( €
C. The fact that, on each of the loops Yo, Yz, Yr,0, Vh,xs Yo,0 a0d Y, 7, one can fix a continuous branch
of the complex momentum implies that each of these loops is the projection on the complex plane of
some loop in I' i.e., for ¥ € {J0, ¥xsVh,0s Yh,xs V0,0, Vo,r }» there exists v C I' such that ¥ = II(v). In
sections 10.6.1 and 10.6.2, we give the precise definitions of the curves o, vz, Vn,0, Va,x Yo,0 a0d Yy x
represented in figures 3 and 2 and show that they project onto the curves Yo, Y=, Yn,0, Vx> Yo,0 and
Yv,x Tespectively.

1.3.3. The phase integrals, the action integrals and the tunneling coefficients. The results described
below are proved in section 10.

Let v € {0,7}. To the loop ,, we associate the phase l
integral ®,, defined as

*—

<2n+2

1 Con— Yo,x
(1.3) P, (E) = 5}{ e - H:)Z.U 1C2 "
8l : n

*—@
where k is a branch of the complex momentum that is UO Con Tnr ||

continuous on 7,. The function £ +— &,(E) is real ana-
lytic and does not vanish on J. The loop 7, is oriented
so that @, (F) be positive. One shows that, for all E € J, T T

(1.4) Py(E) <0 and @L(E) > 0.

To the loop vy, we associate the vertical action integral Figure 4: The loops for the phases

Sy, defined as

(1.5) Sy(E) = —% f{ wdC,
Yu,v

where £ is a branch of the complex momentum that is continuous on %,,. The vertical tunneling
coefficient is defined to be

1
(1.6) tyy(E) = exp <_ESU7V(E)> .
The function E — S, ,(F) is real analytic and does not vanish on J. The loop 7, is oriented so that
Sy (E) be positive.
The index v being chosen as above, we define horizontal action integral Sy, by
i

(1.7 Sl B) = =5 § 5(O) .
Yh,v

where & is a branch of the complex momentum that is continuous on 7y ,,. The function E +— S, ,(F)
is real analytic and does not vanish on J. The loop 4, is oriented so that S, (E) be positive. The
horizontal tunneling coefficient is defined as

(18) ) = exp (~15,() ).
5



In section 10.4, we check that

(1.9) Sho(E) = Shx(E) and  tho(E) = thx(E).
One defines
(1.10) Sp(E) = Sho(E) + Spx(E)  and  th(E) = tho(E) - th«(E).

In (1.3), (1.5), and (1.7), only the sign of the integral depends on the choice of the branch of «; this
sign was fixed by orienting the integration contour; for more details, see sections 10.1 and 10.2.

1.4. Ergodic family. Before discussing the spectral properties of H, ., we recall some general well
known results from the spectral theory of ergodic operators.

As 27 /e is supposed to be irrational, the function x — V(x — 2) + v cos(ex) is quasi-periodic in z, and
the operators defined by (0.1) form an ergodic family (see [22]).
The ergodicity implies the following consequences:

(1) the spectrum of H, . is almost surely independent of z ([1, 23]);

(2) the absolutely continuous spectrum and the singular spectrum are almost surely independent
of z ([23, 18)]);

(3) the discrete spectrum is empty ([23]);

(4) the Lyapunov exponent exists for almost all z and is independent of z ([23]); it is defined in
the following way: let x — 1 (x) be the solution to the Cauchy problem

Hz,z’iw = va w|m:O = 07 ¢|/m:0 = 17
the following limit (when it exists) defines the Lyapunov exponent:

lo z,E, 2)|? "z, E, z)|?
o) — 0(E — 1 g (VIO B AP + [0/, B, 2)| ).

r——400 ‘x’

(5) the absolutely continuous spectrum is the essential closure of the set of E where ©(E) = 0
(the Ishii-Pastur-Kotani Theorem, see [23]);

(6) the density of states exists for almost all z and is independent of z ([23]); it is defined in the
following way: for L > 0, let H, ..j, be the operator H, . restricted to the interval [—L, L] with
the Dirichlet boundary conditions; for E € R; the following limit (when it exists) defines the
density of states:

N(E) = N(E,¢) = lim #{ eigenvalues of H, ..rless then or equal toE};
L—+o00 2L
(7) the density of states is non decreasing; the spectrum of H, . is the set of points of increase of

the density of states.

1.5. A coarse description of the location of the spectrum in .J. Henceforth, we assume that the
assumptions (H) and (O) are satisfied and that J is a compact interval satisfying (TIBM). Moreover,
we suppose that

(T): 27 %1611} min(Im (op—2(F), Im (op13(E)) > max max(Sy(E), Sy0(E), Syx(E)).

Note that (T) is verified if the spectrum of Hj has two successive bands that are sufficiently close
to each other and sufficiently far away from the remainder of the spectrum (this can be checked
numerically on simple examples, see section 1.8). In section 1.9, we will discuss this assumption
further.

Define

1. .
(1.11) dp = 3 é}g]mln(sh(E),Sv,O(E),Sv,w(E)) > 0.
We prove

Theorem 1.1. Fiz E, € J. For ¢ sufficiently small, there exists V. C C, a neighborhood of E., and
two real analytic functions E — ®o(E,e) and E — @ (F,¢), defined on V, satisfying the uniform
asymptotics

(1.12) do(E,e) = Oo(E) + o(e), Px(E,e) = ®.(E)+o(e) where sup |e  o(e)] = 0,
EeV; e
6



such that, if one defines two finite sequences of points in JNVi, say (E((]l))l = (E((]l) (e)) and (Egrl/))l/ =

(B2 @) by

(1.13) Yoo(EW ) =T 1 ml  and 2
' e V0T T £

then, for all z, the spectrum of H, . in J NV is contained in the union of the intervals

bo(BY) )= S 4wl (L1) N,

Iél) = Eél) + [—6750/5, 6750/6] and I7(Tl/) = E7(Tl/) + [—6750/6, 6750/6]

that is
o(H,.)NJNV, C <U Ié”) U (U 17<j’>> .
! 4

In the sequel, to alleviate the notations, we omit the reference to ¢ in the functions @y and ®,.

By (1.4) and (1.12), there exists C' > 0 such that, for ¢ sufficiently small, the points defined in (1.13)
satisfy

(1.14)

(1.15)

Moreover, for v € {0, 7}, in the interval J N V., the number of points Ey) is of order 1/e.

In the sequel, we refer to the points Eél) (resp. E7(rl)), and, by extension, to the intervals Iél) (resp.

L(rl)) attached to them, as of type 0 (resp. type 7).

By (1.14) and (1.15), the intervals of type O (resp. m) are two by two disjoints; any interval of type 0
(resp. 7) intersects at most a single interval of type m (resp. 0).

1.6. A precise description of the location of the spectrum in J. We now describe the spectrum
of H, . in the intervals defined in Theorem 1.1. Let us assume the interval under consideration is of
type m. One needs to distinguish two cases whether this interval intersects or not an interval of type
0. The intervals of one of the families that do not intersect any interval of the other family are called
non-resonant, the others being the resonant intervals.

In the present paper, we only study the non-resonant intervals; the resonant one are studied in [7].
The non-resonant is the simplest of the two cases; nevertheless, one already sees that new spectral
phenomena occur.

Remark 1.2. One may wonder whether resonances occur. They do occur. Recall that the derivatives
of @, and P are of opposite signs on J, see (1.4). Hence, as £ decreases, on J, the points of type
0 and 7 move toward each other (at least, in the leading order in €). The motion being continuous,
they meet.

Nevertheless, for a generic V', there are only a few resonant intervals in J. On the other hand, for
symmetric V', there may be numerous resonant energies; e.g., if V' is even, then the sequences (Eél))l
and (Egrl/))l/ coincide and all the intervals are resonant! This is due to the fact that the cosine is even;
it is not true if avcos(+) is replaced by a generic potential.

We will describe our results for the intervals of type 7; mutandi mutandis, the results for the intervals
of type 0 are the same. One has

Theorem 1.2. Assume the conditions of Theorem 1.1 are satisfied. For e sufficiently small, let (Iél/))l/
and (L(rl))l be the finite sequences of intervals defined in Theorem 1.1. Consider | such that, for any U,
L(rl) N Iél) = (. Then, the spectrum of H, . in L(rl) is contained 1:7(Tl), the interval centered at the point

<i>o<E£!>>>

e

(1.16) B0 = B0 +e 2y (50) tan
20! (E77)
7



and of length

O]
> 2e th EW
(1.17) 0= —=5 < )U) +tor(BY) [ (14 0(1)).
(Ibgr(Eﬂ ) 2 lcos (LO(E" )>
€

The factor A, (V') is positive, and depends only on V and on n (see section 6.2.1).

In (1.17), o(1) tends to 0 when e tends to 0, uniformly in E € L(Tl) and | such that, for any U,
@ ~ W)

I’nly’ =0.

The fact that each of the intervals L(rl) does contain some spectrum follows from

Theorem 1.3. Let dN.(E) denote the density of states measure of H. .. In the case of Theorem 1.2,

for any 1, one has
€
/I)(f) dN.(E) = o
(l/))

“Level repulsion”. Let Ep be the point in the sequence (F
formulae (1.16) and (1.17), one notices a repulsion between the intervals Iy and I.
Indeed, consider the second term in the right hand side of (1.16). As ®/(E) > 0, this term has

the same sign as tan <@> Assume that Ey and F, are sufficiently close to each other. As, by

i closest to B, = 7(rl). Analyzing

1. .
definition, —®(Ey) = g mod 7 and as ®((E) < 0, the second term in the right hand side of (1.16)
E ~
is negative (resp. positive) if E, is to the left (resp. right) of Ey. So, there is a repulsion between I
and I;. As the distance from E, to Ey controls the factor
do(F
€

the smaller this distance, the larger the repulsion.

1.7. The Lyapunov exponent and the nature of the spectrum in J. Here, we discuss the

)

nature of the spectrum in the interval L(Tl . Therefore, we define

tor(E) .. )
1.1 (B) =2 Ldist | E,| {E ,
where, for a set A, dist (F, A) denotes the Euclidean distance from E to A.

1.7.1. The Lyapunov exponent. We prove

Theorem 1.4. On the interval L(rl), the Lyapunov exponent has the following asymptotic
(1.19) O(E,¢) = 2i logt A (EW) + 0(1),
m

where o(1) tends to 0 when & tends to 0, uniformly in E € f,(rl) and | such that, for anyl’, L(rl)ﬂléll) = 0.
Here, log™ = max(0, log).

1.7.2. Sharp drops of the Lyapunov exponent due to the resonance interaction. Formula (1.19) shows
that the Lyapunov exponent becomes “abnormally small” on the interval L(rl) when it becomes close
to one of the points {Eéll)}. Let us discuss this in more details.

Assume that (S}, — SU,F)(Eg)) > 0. If dist (Egrl), Ul{E(()ll)}) > eV (where N is a fixed positive integer)
then, Theorem 1.4 and formula (1.18) imply that

1
prs

On the other hand, when E" is only at a distance of size e%/¢ (for 0 < § < (Sj — Sypx)") from the

set of energies {Eél/)}, on I, one has

O(E,e) = =—(Sh — Sux)(EY) + 0(1) when & — 0.

1
O(E,<) = 5= |(Sh = Sum) (EY) - 5] +o(1) when ¢ — 0.
8



Hence, the value of © on L(rl) drops sharply when E7(rl) approaches the sequence (E((]l/))l/.

1.7.3. Singular spectrum. As a natural consequence of Theorem 1.4 and the Ishii-Pastur-Kotani The-
orem [23], we obtain the

Corollary 1.1. Fiz ¢ > 0. For e sufficiently small, if L(Tl) is non-resonant and if €log )\,T(Efrl)) > ¢,
then, the interval L(rl) defined in Theorem 1.2 only contains singular spectrum.

1.7.4. Absolutely continuous spectrum. If \; is small on the interval Lg), most of this interval is made

of absolutely continuous spectrum; one shows

Theorem 1.5. For ¢ > 0, there exists 1, a positive constant, and a set of Diophantine numbers
D c (0,1) such that

o asymptotically, D has total measure i.e.
mes (DN (0,¢))

(1.20) -

=14e 0 (1).

o for e € D sufficiently small, if L(rl) is non-resonant and if € log )\W(Efrl)) < —c¢, then, one has
mes (L(Tl) N Xac)

mes (I;(Tl))
and X, denotes the absolutely continuous spectrum of H, ..

In (1.20) and (1.21), o(1) tends to 0 when e tends to 0, uniformly in E € I and 1 such that,
for any U, 19 Iél) = 0.

(1.21)

= 1+o0(1),

1.7.5. A remark. The nature of the spectrum depends on the interplay between the values of the
actions Sy, Sp0, Svx. S0, when analyzing our results, it is helpful to keep in mind the following
observation. As underlined at the end of section 1.5, choosing e carefully, one can arrange that the
distance between the sequences of energies of type 0 and 7 be arbitrarily small; moreover, this can be
done in any compact subinterval of J of length at least Ce (if C' is chosen sufficiently large). On such
an interval, the actions E — Sj,(E), E +— S, o(E) and E — S, (E) vary at most of C’e. Hence, at the
expense of choosing ¢ sufficiently small in the right way, we may essentially suppose that there exists
an energy of type 0 and one of type 7 at an arbitrarily small distance from each other such that, on
an e-neighborhood of these points, the triple E +— (Sy(E), Sy0(E), Sy.x(E)) takes any of its possible
values on J. This means that one can pick the values of B — E(()l) and (Sp(E), Syo(E), Syx(E))
essentially independently of each other.

Now, let us discuss two new spectral phenomena that can occur under the hypothesis (TIBM).

1.7.6. Transitions due to the proximity to a resonance. The nature of the spectrum on the intervals
defined in Theorem 1.2 depends on their distance to the intervals of the other family. The interaction
can be strong enough to actually change the nature of the spectrum. Let us consider a simple example.
Assume the interval J satisfies:

1.22 in Sy (F) > Sy (E),
22 By SE) > g, ey o (B)
and

3
1.2 — i i J(FE ).
(1.23) 5, min min S, (E) > max Sp(E)

1

Condition (1.22) guarantees that ) = = min min S, ,(£). Hence, there exists ¢ > 0 such that, for
2 ve{o,r} EeJ

Ee€Jandve{0,nr},

(1.24) Sh(E) — Syu(E) —dy < —c < 0.

Consider now Iél/) and L(rl) both non resonant located in J N V. Then,

e if the two intervals are distant of at least eV (where N is a fixed integer) from each other,
condition (1.22) guarantees that, on these intervals, the spectrum is controlled by Corollary 1.1
and its analogue for the intervals of type 0.

9



e if the two intervals are distant of C'exp (—dp/e) from each other, then condition (1.24) guar-
antees that, on these intervals, the spectrum is controlled by Theorem 1.5 and its analogue for
the intervals of type 0.

That intervals J where both (1.22) and (1.23) hold exist can be checked numerically, see section 1.8.
Thus, not only does the location of the spectrum depend of the distance separating intervals of type 0
for neighboring intervals of type 7, but so does also the nature of the spectrum. Transition can occur
due to this interaction phenomenon: spectrum that would be singular were the intervals sufficiently
distant from each other can become absolutely continuous when they are close to each other (see

Fig. 5(a)).

1.7.7. Alternating spectra. To describe this phenomenon, to keep things simple, assume that, in V,NJ,
the distance between the points {Eél)} and the points {Eﬁ/)} is larger than ¢V (for some fixed N);
hence, all energies are non-resonant in V, N J. Taking Theorem 1.5 and Corollary 1.1 into account,
we see that, on fél) (resp. fﬁll)), the nature of the spectrum is determined by the size of the ratio
tU,O(Eél))/th(E((]l)) (resp. tvﬂr(Eg/))/th(Eg/))). So, if for some § > 0, one has

(1.25) VEeJNVe, Syx(E)—Sp(E)>0d et Syo(E)—Sh(E)< -4,

then, in V, N J, the sequences of type 0 and 7 contain spectra of “opposite” nature: the spectrum in
the intervals of type 0 is singular, and that in the intervals of type 7 is, mostly, absolutely continuous.
This holds under the Diophantine condition on & spelled out in Theorem 1.5. Hence, one obtains an
interlacing of intervals containing spectra of “opposite” types, see Fig. 5(b). In this case, the number
of Anderson transitions in Vi N J is of order 1/e.

One can check numerically that the condition (1.25) is fulfilled for some energy region V, and some
values of a (see section 1.8).

~ CE ~ 6_0/6 ~ e—C/E ~ CE
. — A N —
. i
sing a.C. a.C. sing a.c.  sing a.c.  sing
(a) Almost resonant transitions (b) Alternating spectra

Figure 5: Two new spectral phenomena

1.8. Numerical computations. We now turn to numerical results showing that the multiple phe-
nomena described in sections 1.7.6 and 1.7.7 do occur.

All these phenomena only depend on the values of the actions Sy, Sy 0, Sy r. For special potentials
V', they are quite easy to compute numerically.

We pick V' to be a two-gap potential; for these potentials, the Bloch quasi-momentum £ (see sec-
tion 1.1.2) is explicitly given by a hyper-elliptic integral ([17, 20]). The actions then become easily
computable. As the spectrum of Hy = —A + V only has two gaps, we write o(Hy) = [E1, Fs] U
[Es, E4] U [Es5,400[. In the computations, we take the values

E; =0, Ey = 3.8571429, E3 = 6.8571429, E4 = 12.100395, and E5 = 100.70923.

On the figure 6, we represented the part of the («, E)-plane where the condition (TIBM) is satisfied
for n = 1. Its boundary consists of the straight lines ¥ = E1 +«, £ = Fy +«a, F = F3 — « and
E = E4 — a. Denote it by A.
The computations show that (T) is satisfied in the whole of A. As n = 1, one has Fs, o = —oco. So,
it suffices to check (T) for (2,43 = (5. (T) can then be understood as a consequence of the fact that
Es — Fy is large.
On the figure 6, one sees that, for non-resonant intervals,

e the zones where one has alternating spectral types (see section 1.7.7) are those where either

S%o <5, < Sv,w or Sv,7r <5, < SU’O
10
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- Sy, < min(Syx, S )

E=F+4+a«a

Figure 6: Comparing the actions

e the transitions due to the proximity of the resonant situation (see section 1.7.6) take place in
the part of region {S;, > max(S, r, Sy0)} sufficiently close to {S, < min(S, ,Sy0)}

1.9. Comments, generalizations and remarks. About assumption (T), its purpose is to select
which tunneling coefficients play the main role in the spectral behavior of H,. in the interval J;
this assumptions guarantees that it is the tunneling coeflicients associated to the loops defined in
section 1.3.2 that give rise to the principal terms in the asymptotics of the monodromy matrix that
we describe in section 2.

In the present paper, we restricted ourselves to perturbations of Hy of the form «.cos. As will be
seen from the proofs, this is not necessary. The essential special features of the cosine that were used
are the simplicity of its reciprocal function (that is multivalued on C). More precisely, the assumption
that is really needed is that the geometry of the objects of the complex WKB method that is used to
compute the asymptotics of the monodromy matrix be as simple as that for the cosine. This geometry
does not only depend on the perturbation; it also depends on the interval J under consideration and
on the Bloch quasi-momentum of Hy. The precise assumptions needed to have our analysis work are
requirements on the conformal properties of the complex momentum.

The methods developed in [11, 12, 8 9, 10] are quite general; using them, one can certainly
analyze more complicated situations i.e., more general adiabatic perturbations of Hy. Nevertheless,
the computations may become much more complicated than those found in the present paper.

1.10. Asymptotic notations. We now define some notations that will be used throughout the paper.
Below C' denotes different positive constants independent of ¢, £ and F.

When writing f = O(g), we mean that there exits C' > 0 such that |f| < C|g| for all ¢, z, F in
consideration.

When writing f = o(g), we mean that there exists € — c¢(¢), a function such that

o |f| <c(e)|g| for all €, z, E in consideration;
e c(¢) — 0 when ¢ — 0.

When writing f < g, we mean that there exists C' > 1 such that C~t|g| < |f| < C|g| for all ¢, 2, E in
consideration.
When writing error estimates, the symbol O(fi, fa, ... fn) denotes functions satisfying the estimate

(1.26) O(f1, f2, - f)l < CUf1L+ [fol £ - [ fnl),

with a positive constant C' independent of z, £ and € under consideration.
11



2. THE MONODROMY MATRIX

In this section, we consider the quasi-periodic differential equation

2
(2.1) —%w(x) + (V(z — 2) + acos(ex))(z) = Eyp(x), xR,

and recall the definition of the monodromy matrix and of the monodromy equation for (2.1). We
also recall how these objects are related to the spectral theory of the operator H. . defined in (0.1).
Finally, we describe two monodromy matrices for (2.1).

2.1. The monodromy matrices and the monodromy equation. We now follow [11, 12], where
the reader can find more details, results and their proofs.

2.1.1. The definition of the monodromy matriz. For any z fixed, let (¢;(x, 2))jeq1,2) be two linearly
independent solutions of equation (2.1). We say that they form a consistent basis if their Wronskian
is independent of z, and, if for j € {1,2} and all z and =z,

(2.2) Yi(x, z+ 1) =z, 2).

As (Yj(w, 2))jeq1,2) are solutions to equation (2.1), so are the functions ((z,2) — ¥;(z + 27/e, 2z +
21 /¢))jeq1,2y- Therefore, one can write

1/}2(1'72)

where M (z, E) is a 2 x 2 matrix with coefficients independent of x. The matrix M(z, F) is called the
monodromy matriz corresponding to the basis (1)j);ecq1,2;. To simplify the notations, we often drop
the E dependence when not useful.

(2.3) U (z+2m/e,z+2n/e) =M (2, E)V (z,2), V(x,2)= <¢1(m, z)> ’

For any consistent basis, the monodromy matrix satisfies

(2.4) det M (2) =1, M(z+1)=M(z), V=

2.1.2. The monodromy equation and the link with the spectral theory of H, .. Set

2
(2.5) h = g mod 1.

Let M be the monodromy matrix corresponding to the consistent basis (1)j);—1,2. Consider the mon-
odromy equation

(2.6) F(n+1)= M (24 nh)F(n), where F(n)e C? VnelZ.

The spectral properties of H . defined in (0.1) are tightly related to the behavior of solutions of (2.6).
For now we will give a simple example of this relation; more examples will be given in the course of
the paper.

Recall the definition of the Lyapunov exponent for a matrix cocycle. Let z — M(z) be an SL(C, 2)-
valued 1-periodic function of the real variable z. Let h be a positive irrational number. The Lyapunov
exponent for the matriz cocycle (M, h) is the the limit (when it exists)

(2.7) O(M, h) = Tim % log || M(z + Lh) - M(z + (L — D)h)--- M(z + h) - M(2)].

Actually, if M is sufficiently regular in z (say, if it belongs to L), then 0(M,h) exists for almost
every z and does not depend on z, see e.g. [23].

One has

Theorem 2.1 ([L1]). Let h be defined by (2.5). Let z — M(z,E) be a monodromy matriz for
equation (2.1) corresponding to basis solutions that are locally bounded in (x,z) together with their
derivatives in x.

The Lyapunov exponents ©(E,e) and O(M(-, E), h) satisfy the relation

(2.8) O(E,h) = %H(M(-,E),h).

12



2.2. Asymptotics of two monodromy matrices. Recall that, in the interval J, the spectrum
of H, . is contained in two sequences of subintervals of J, see Theorem 1.1. So, we consider two
monodromy matrices, one for each sequence; for v € {0,7}, the monodromy matrix M, is used to

study the spectrum located near the points (Eg))l.
In this section, we first describe the monodromy matrix M, in detail. Then, we briefly discuss the
monodromy matrix M.

Fix v € {0,7}. The monodromy matrix M, is analytic in z and F and has the following structure:

Al/ Bl/
o o= (2 5.
where, for (z1, -+ ,2,) — g(z1, -+, z,), an analytic function, we have defined
(210) g*(zla"' ,Zn):g(Z_l,“‘ a%)

When describing the asymptotics of the monodromy matrices, we use the following notations:
e for Y > 0, we let

(2.11) Ty = e 2™V/%;
e we put

(2.12) p(z) = e?rimzl,

One has

Theorem 2.2. There exists Vi, a complex neighborhood of E., such that, for sufficiently small €, the

following holds. Let
1

1.
(2.13) Y, = e Eelglrfwv* max(Sy 0(E), Sux(E)), Yy = e Eg}llrlw)v* max(Sy,0(E), Svx(E), Sh(E)).

There exists Y > Yar and a consistent basis of solutions of (2.1) for which the monodromy matriz
(z,E) — My(z, E) is analytic in the domain {z € C: [Imz| < %} X Vi and has the form (2.9).
Fix 0 <y <Y, Lt Vi ={E € V,: ImE| <e}. In the domain

. Y\ e
(2.14) {ze(C. ]Imz\<6}><V*,

the coefficients of M, admit the asymptotic representations:

id

e Cop 1 ida-%g) (1 T
(2.15) Ap =2 %ho tge ! (5 - 6) +0 (Th, Yﬁ}fz), To,0p(2), Tu,ﬂp(2)>
and
P
aze = C 1 @z (1 i%g _id Typ(z
(2.16) B, =2 TO +tge - (5 e +0e s°> +0 (Th, %(), Toop(2), Tv,ﬂp(2)>
with
1 id, id,
(2.17) Co = 3 (ao e+ ag e_TO> .

In these formulae, for v € {0,7}, (2, E) — ay(z, E) is an analytic function and is 1-periodic in z; it
admits the asymptotics
(2.18) ay, =1+ T,,e2™CE==E) L O (Ty p(z)).
The quantities E — ®,(E), E +— T, ,(F), E + Ty(E), E — 0(E) and E + 2,(E) are real analytic
functions; they are independent of z; for £ € V., they admit the asymptotics:
[ J
(2.19) ®,(E) =d,(E) +o(e),
(2.20) Th(E) = th(E)(1 +0(1), Tou(E) =t (E)(1+o0(1)),

where ®,, and ty, t,, are the phase integrals and the tunneling coefficients defined in section 1.3;
[ J

(2.21) O(E) =6,(V)(1+o0(1)),

where 0,(V') is the constant defined in section 6.2; it is positive and depends only onn and V;
13



(2.22) 2n(E) — 20(E) = n(E )2;;1)0@ ) _ g +o(1).

(2.23) 2,(E) = O(1).

Note that the terms containing € in the asymptotics (2.15) and (2.16) are bounded independently of
€. So, with exponentially high accuracy, the coefficients A, and B, are proportional.

Remark 2.1. The description of the monodromy matrix My is similar to that of M;: in Theorem 2.2,
one has to change

(1) the indexes 0 and 7 by respectively 7 and 0;

(2) the quantity 6 by 1/6;

(3) 20(F) by z0(E) + h in formulae (2.18).
Most of the analysis used to construct My is the same as that for M,. The differences are described
in section 5.

Theorem 2.2 is the central technical result of the paper. In the next two sections, we use Theorem 2.2

to study the spectrum of H, ., and the remainder of the paper is devoted to its proof.

2.2.1. Useful observations. We now turn to a collection of estimates used when deriving the results of
sections 1.5, 1.6 and 1.7 from Theorem 2.2. We begin with

Lemma 2.1. Let J. C R be a compact interval inside Vi. There exists a neighborhood of Ji, say Vi,
and C > 0 such that, for sufficiently small e, for E € V, and v € {0, 7}, one has

(2.24) |, (E)| +|®5(E)| < C,
and
(2.25) % < |, (E)|.

Proof. Recall that the phase integrals ®, are independent of e, analytic in a neighborhood of J,
and, on J, the derivatives ®/,(F) are bounded away from zero, see (1.4). Therefore, the statements of
Lemma 2.1 follow from (2.19) and the Cauchy estimates for the derivatives of analytic functions (o(e)

in (2.19) is analytic in the domain V,, and, therefore, on any its fixed compact, one has the uniform

estimates: +-o(e) = o(¢) and dd—EQQO(eS) = 0(g)). This completes the proof of Lemma 2.1. O

We also prove

Lemma 2.2. For sufficiently small €, for v € {0, 7}, in the domain (2.14), one has

(2.26) a, =1+ 0(T,,p(2)) =14+ 0(1),

(2.27) p(2)|Tou (E)| = o(1),

(2.28) ei®r(B)/e| < 1,

(2.29) I Th(E)| + | T (B)| + Ty < Ce /%,

(2.30) Ty = o(Th(E)) and Ty = o(T,.(E)),

(2.31) Ce ™M/ <|TyW(E)| and ée*WM/E < Ty (E)| < Cem2m¥m/e,
(2.32) 0(E)| =1,

(2.33) |2z (B)| < 1.

All the above estimates are uniform.

Proof. As z, is real analytic, estimate (2.33) follows from (2.23) and the definition of V. Esti-
mate (2.32) follows from (2.21) as 6,(V) is a positive constant depending only on n and V. The
estimates (2.31) follow from (2.20) and the definitions of the tunneling coefficients, of the domain V2
and numbers Y, and Yy,. Estimates (2.30) follow from (2.31) as Y > Yj,. Estimates (2.29) follow
from (2.30), (2.20) and the definition of dy. Estimate (2.27) follows from (2.31) as in the domain (2.14),
one has [Imz| < y/e, and y < Y,,. Estimate (2.28) follows from (2.24), the definition of the domain
V¢ and from the real analyticity of the phase integrals. The inequalities in (2.26) follow from (2.30)
and (2.27). This completes the proof of Lemma 2.2. O
14



3. ROUGH CHARACTERIZATION OF THE SPECTRUM AND A NEW MONODROMY MATRIX

In this section, we first obtain a rough description of the location of the spectrum of H, ;. i.e., we
prove Theorem 1.1. Then, we change the consistent basis so that, in a neighborhood of the spectrum,
the new monodromy matrix have a form more convenient for the spectral study.

3.1. The scalar equation. Our analysis of the spectrum is based on the analysis of solutions of the
monodromy equation with the monodromy matrices described in the previous section. A monodromy
equation is a first order finite difference 2-dimensional system of equations, see (2.3). Instead, of
working with this system, we study an equivalent scalar second order finite difference equation. To
derive this equation, we use the following elementary observation

Lemma 3.1. Let M : z +— M(z) be a SL(2,C)-valued matriz function of the real variable z, and let

h be a real number. Assume that Mia(z) # 0 for all z. Define

(3.1) p(z) = Mia(z)/Mia(z — h), v(z) = Mi1(2) + p(z) Maz(2).

A fucntion Uy : Z — C is the first component of a vector function W : Z — C? satisfying the equation
U(k+1) = M(hk+ 2)¥(k), VkeLZ,

if and only if it satisfies the equation

(3.2) Uy (k+1)+ plhk + 2)¥1(k—1) =v(hk + 2)V(k), VEkeZ.

The reduction from the monodromy equation to the scalar equations (3.2) has already been used in [4]
and [12]. To characterize the location of the spectrum of (0.1), we use

Proposition 3.1. Fiz E in equation (2.1). Let f and g form a consistent basis in the space of the

solutions of (2.1), and let M be the corresponding monodromy matriz.

Assume that the functions (x,z) — f(x,2), (z,2) — g(z,2), (,2) — O, f(x, 2) and (x, z) — Org(x, 2)

are continuous on R?.

Suppose that mei[§|M12(z)| > 0. In terms of M, define the functions p and v by (3.1) and define h
z

by (2.5). Let
1 2

(3.3) max |p(z)] < (— min|v(z)|> , indp=indv =0,

z€R 2 zeR
where indg is the index of a continuous periodic function g.
Then, E is in the resolvent set of (0.1).
The proof of this proposition immediately follows from Proposition 4.1 and Lemma 4.1 in [12] based
on the analysis in [4].

Remark 3.1. This proposition is very effective if the coefficient Mjs of the monodromy matrix is
close to a constant. Then, it roughly says that the spectrum is located in the intervals where the
absolute value of the trace of the monodromy matrix is larger than 2. This is the condition one meets
in the classical theory of the periodic Schrédinger operator ([6]).

3.2. Rough characterization of the location of the spectrum. We now prove Theorem 1.1.

Pick E, € J. Let V, be as in Theorem 2.2. Consider the sequences (E7(rl))l and (Eéll))l/ defined by the
quantization conditions (1.13).

Introduce dp by (1.11). Let J,. be a compact subinterval of J N V,. One has

Lemma 3.2. Pick 0 < o < 1. For ¢ sufficiently small, in J,, the spectrum of H, . is contained in the
%%/ _neighborhood of the points (E7(Tl))l and (Eém))m defined by the quantization conditions (1.13).

Lemma 3.2 implies Theorem 1.1 at the possible expense of reducing V. somewhat.
Proof. Define

(3.4) Viewgh = {E € Ju: |E—E"| > % %/° vm}.

We shall prove that, for e small enough, the spectrum of H . in Viguen is contained in the ge=d/e.

neighborhood of the points (Eﬁ))l.
In the remainder of this proof, we assume that ¢ is sufficiently small for the statements of Theorem 2.2
and Lemma 2.1 to hold.
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The proof consists of the following steps.
1. We prove that, for ¢ sufficiently small,

inf
Ee‘/rough

cos (Mﬂ > e~%/e,

- =

This follows from (3.4), from the definition of the set {E(()l)}, and from (2.25).

2. We check that, for E € J,, and for z € R, each of the functions A, and B, has the form
2 o .
il [e@"/a cos(Po/e) + 0(6—250/6)] .
T
Indeed, by the first inequality from (2.26), for v € {0, 7}, z € R and E € J,, one has
a, =14+ 0(T,,).
By means of this estimate and of (2.28) and (2.32), we transform the right hand sides both in (2.15)
and (2.16) to the form
2 i®y /e 3
= (e ™€ cos(Po/e) + O(Ty0, Tox, Th, Ty)) .
h
This and (2.29) imply that A, and B, have the requested form.
3. Let (z,FE) — p(z, E) be the function defined by (3.1) for M = M, (z, E). The previous two steps
imply that there exists C' > 0 such that, for ¢ sufficiently small, one has

sup sup |p(z, E) — 1] < Ce %/c,
z€R EGVrough

4. Let (2, E) — v(z, E) be the function defined by (3.1) for M = M, (z, E). The previous three steps
imply that, for ( € R and E € Viougn, one has

U(Z’E) = A7T + A:r + (,O(Z,E) - 1)A;kr

= % ([2 cos(®,/2) cos(Pg/e) + 0(6*260/5)}

N {(ei@r/e cos(®o /) + 0(6—250/5)) O(e“s”/a)])

= Tih cos(®g/¢) (cos(‘fw/&‘) + 0(6*50/6)) .

5. There exists C' > 0 such that, for € sufficiently small, if £ € o(H. ) N Viough, then

O (E)
9

T
Do (E) ‘

(3.5)

COS

‘ <C |e /ey
COS

Indeed, by steps 1 and 2, for sufficiently small ¢, for £ € Viqugn, one has
min |B(z, E)| >0, ind B;(-, E)=0.
z€R

Moreover, by steps 3 and 4, there exists C' > 0 such that, for ¢ sufficiently small, for E' € Viqygn, if

b, (F) —5o /e T,
‘COS e ‘ 20 <e [cos 2B |
then, one has

i E)? >4 E indv(-, E) = 0.
rzrgﬂglv(z, )= > rggg\p(z, )|, indo(, E)

These two observations and Proposition 3.1 complete the proof of (3.5).
6. In view of (2.29) and of the first step, inequality (3.5) implies that

|cos(®x(E)/e)| < Ce %/,

By the definition of (E,(Tl))l and Lemma 2.1, this implies that there exists [ such that |F — E7(rl)\

<
Cee=%/¢. This completes the proof of Lemma 3.2. O
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3.3. A new monodromy matrix. As said, to study the spectrum, instead of working with the
monodromy equation itself, it is more convenient to work with the equivalent scalar equation (3.2).
The use of this equation is very effective when Mo, the element of the monodromy matrix, is close to a
constant, and My (or/and its derivative in F) is much larger than Mas. To satisfy these requirements

for F near the points (E7(Tl))l7 we introduce a new monodromy matrix. Therefore, we make the following
simple observation:

Lemma 3.3. Recall that h is defined by (2.5). Let M be a monodromy matriz for equation (2.1), and
let U: z+— U(z) € SL(2,C) be a 1-periodic matriz function. Then,

(3.6) MY(z) =U(z+h) M(2)U(2)~*
is also a monodromy matriz for equation (2.1).

Proof. Let f; and fy be the solutions of (2.1) that form a consistent basis for which M is the
monodromy matrix. The components of the vector

(37) Flw,2) =UR)F(v,2), Flr.2) = (ggg) |

are also solutions of (2.1); they form a consistent basis, and MY is the corresponding monodromy
matrix. U

For (z, F) in the domain (2.14), we define the new monodromy matrix MY choosing M = M, (z, E),
the matrix described in Theorem 2.2, and

(3.8) U(z):%<_1i 1) (78”) 7,}22)>, where (z+ h) = /22 eite/e,

Recall that, for (z, E) being in the domain (2.14), by Lemma 2.2, one has & = 1 + o(1) when ¢ tends

oz (2)

to 0. So, we define a branch of v analytic in this domain by the condition 4/ 2= Gy = L+ o(1).

Then, one proves

Theorem 3.1. In the case of Theorem 2.2, in the domain (2.14), the monodromy matriz (z, E) —
MVY(z, E) is real analytic and admits the representation:

T

(39) MU(Z,E) = P(Z,E) + Q(Za E) + @) (Th’ p(z)?:’ p(Z)Tv,O, p(Z)T'U,T('> )
where

4 9 _
(310) P(Z,E) _ = CW(Z’E) CO(Z’E) SW(Z’E)CO(ZaE) ,

T, 0 0
(3.11) Q= E) = % cos @ + HNCOS % cos % —% sin@ - 0 siq% cos %

—Hsin%CW(z,E) o sin% Sin%
In these formulae

_ 17 . Y i 11 s Y i

(3.12) Cr = B {awe@”/s +ace ’q)”/e] , Sp= % [aﬂe@"/s —age Zq)”/a} ,
and (z,E) — a(z, E) is an analytic function that admits the asymptotics:
(3.13) Gr =14+ Ty x [cos(2m(z — 2x)) +isin(2m(z — h — 2z))] + O(pz(z)Tiw, p(2)Ty).

All the above estimates are uniform in the domain (2.14).

Proof. The monodromy matrix MY is analytic in the domain (2.14) as M, and U are. As the
consistent basis in Theorem 2.2 consists of a pair of solutions of the form f; = f and fo = f*, for
U given by (3.8), formula (3.7) defines two consistent solutions of (2.1), say fI and fY, such that,
for x fixed, (z,E) — f{(x,2,F) and (2, E) — fY(z,2, E) are real analytic. So, the new monodromy
matrix (z, E) — MUY (z, E) is also real analytic.

Compute MY . By (3.8) and (3.6),

(3.14) M = where S =~"(2) [v(z 4+ h)Ar(2) +v* (2 4+ h)Bi(2)] .
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The definition of ~ yields

h & Qi
5= Ty (o) 4 2idn0n(2) (Z)B;;(z)] .
V(z) az(z2)
Substituting the asymptotic representations (2.15) and (2.16) into this expression, and using the real
analyticity of Ty, ®g, ¢, 6 and Cy, we get

4 . (& —D0) /e 1
S = — an(z2) e /5Cy(2) + Wzt h) e <6’ + —)

Th v(2) 2 0
idy /e . .
3.15 an(z) y(z+h) e 1 id,)e ido /e
. Yae a2 et
(2) (z)  ag(z)
where a,(z) = 7(;(—:)}1) ar(z), and O denotes O(T},, Typ(2)/Th, Ty op(2), Ty=p(2)). By the estimates
of Lemma 2.2, from (3.15), one obtains
4 - . 1 . .
S = T an(2) €270y (2) + e'®n/e (56@0/5 + 9005(‘1)0/5)> + 0.

Substituting this result into (3.14), we get the formula announced for M, in Theorem 3.1.

The other coefficients of the matrix MY are computed analogously; so, we omit the details.

To complete the proof of Theorem 3.1, it remains only to check (3.13). Put a3 = ar — 1. By
Lemma 2.2, one has a1 = O(pT, ). Therefore,

G(y) = AR oy i (2)aq(2)ar(z — h) 3
(3.16) ") =S enle) < >

= 145 (a2.(2) F ara(2) + 0 (= — ) — % (= = 1)) + O (2)T2,).

In view of (2.18), one has a1 = T, 2™ =27 (E)) 1O (Ty p(2)). Substituting this in (3.16) yields (3.13).
This completes the proof of Theorem 3.1. U

Finally, we note that, similarly to (2.26), one proves that
Lemma 3.4. Uniformly in (z, E) in the domain (2.14), one has
dr =14 O(Tyxp(2)) = 14 O(e" 7 ¥m=9)/5) = 1 4 o(1).

4. THE SPECTRUM IN THE “NON-RESONANT” CASE

We now prove the results on the spectrum of H,. formulated in Theorems 1.2, 1.3, 1.4, 1.5 and
Corollary 1.1.

Pick F, € J. Let V, be as in Theorem 2.2. Let J, C V, NR be a compact interval centered at Fi.
We always assume that ¢ is so small that the statements of Theorem 3.1 and Lemma 2.1 hold.

Let E; be one of the points of (Efrl))l in J,. We assume that F, satisfy the non resonant condition
(4.1) inf |[E™ — Ey| > 2e%/%,
m

In this section, we fix « satisfying
O<a<l.

and study the spectrum in the e*e~%/-neighborhood of E,.
Our main tool will be the scalar equation (3.2); recall that we consider the one associated to the
monodromy matrix MY described in Theorem 3.1.

In the sequel, we use the notations defined in section 1.10. Now, all the symbols are uniform in
E;.

4.1. Coefficients of the scalar equation. Here, we analyze the coefficients of the scalar equation
for energies F satisfying

(4.2) |E — En| < e¥e%/5,
18



4.1.1. The results. We now define a few objects that we shall use throughout the analysis. Let

d(E
(4.3) or = —sin <M> .
€
As B, c {E7(rl)}, one has either o = +1 or o = —1.
Let
4 do(Ex)\ O (E, [ Po(Ex
(4.4) Fr(E)=o0x {Th(EW) cos ( 0(6 )> (6 ) (E—E;)—2A,(V) sin (%) } .
The factor A, (V) is defined in (6.3). The coefficient F(E) will play the role of an “effective spectral
parameter”.
Also, we define the factor
Ty (Ex) ®o(Er)
4.5 Ar = don 2 =
(4.5) r =40 T (B cos .
This factor will play the role of an “effective coupling constant”. Finally, we let
(4.6) 01 = min {50, (27‘(’Y — ghax Sh(E)> }
where dg is defined by (1.11) and Y is the constant from Theorem 2.2. We note that
nh Yy
0< —< —.
< 2r — 2

These inequalities follow from the inequalities Y > Y;; and dg < 7Y, in which Y, and Y,, are the
numbers defined by (2.13).
We prove

Proposition 4.1. Let pU and vV be the the coefficients p and v of the scalar equation (3.2) corre-
sponding to the monodromy matriz MY .

Assume that the condition (4.1) is satisfied.

Fiz 0 <y < 61/(2m). Then, the strip {|Im z| < y/e}, for E satisfying (4.2), one has M2 # 0, and
the coefficients pU and vU admit the following asymptotic representations

(4.7) o (2. B) = 140 (p(2)ee /%),
WW(z,E) = {F(E) + Aesin(2m(z — h — 2:(Eyr))) + o(p(2) Az (E)) + O (p(z)e"sl/e) }

: (1 +0 (p(z)se_‘so/a)) .

Here, the function E — F(FE) is independent of z; F(E) and F'(E) admit the asymptotic representa-
tions:

(4.8)

(4.9) F(E) = F.(E)(1+0(1)) +0(1), and F'(E)=FL(E)(1+ o(1)).

We often shall use simplified versions of (4.7) and (4.8), namely

Corollary 4.1. In the case of Proposition (4.1), one has

(4.10) PV (2, E) =1+ o(1),

(4.11) v (2, E) = {Fr(E) + Ay cos(2m(z — h — 2z (Ey))) + o(A:p(2)) + 0(1)} (1 + 0(1)).
Proof. For 0 <y < 61/(2r) and |Im z| < y/e, one has

(4.12) p(2)e /% 4 p(2)e01/E < e~ (1-2my)/z,

Representation (4.10) is obtained from (4.7) by means of (4.12). Representation (4.11) is obtained
from (4.8) by means of (4.12) and (4.9). O
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4.1.2. Proof of Proposition 4.1. Let us begin with three lemmas. First, we collect simple observations
following from Taylor’s formula. One has

Lemma 4.1. For ¢ sufficiently small, for all E satisfying (4.2), for v € {0,7}, one has

(4.13) |cos (@r(E)/e)| < Ce** g%/

(414 cos (Bx(E)/2) = o= ¥, (B R gl

(4.15) sin (i) ) = sm( )/5) + 0> e 50/6)’

(4.16) ‘cos do(E 5)! > Qe led0/e

(4.17) cos(Po(E)/e) = cos(Po(Er)/e) (1 4+ O(e%)),

(4.18) TW(E) = Th(Bx)(1+ O(e" e /%)), T, (B) = Ty (Br)(1+ O e /).

Proof. These results follow from the Taylor formula. When proving the first five results, one uses (2.24)
and (2.25) and has to keep in mind the definitions of Ey and E;. We omit the elementary details.
The two estimates (4.18) are proved in one and the same way. We prove only the first one. Therefore,
one uses the Taylor formula for log T}, (E) in the neighborhood (4.2) of E;. By (2.20) and the definition
of tp, one has log T (F) = —Q%Sh(E) + g(E), where g(E) = o(1) uniformly in V.. The estimates
|S,(E)| < C and jﬁ’; = 0(1) hold uniformly on any fixed compact of V, (the last estimate follows from
the Cauchy estimates). This implies that, for E in a fixed compact of Vi,

(4.19) | TH(E)| < Ce™HTh(E)],

and this estimate implies the estimate for T}, from (4.18). This completes the proof of Lemma 4.1. [
We also prepare simplified representations for factors Cp, Sy and Cj defined in (2.17) and (3.12). We
prove

Lemma 4.2. Fiz y as in Proposition 4.1. Under condition (4.1), for Imz| < y/e and E satisfy-
ing (4.2), one has

(4.20) Clp = cos (Bo(E)/2) (1+ O (p(z)se*%/E)),

(4.21) Cr = cos (Pr(E)/e) + 02Ty x(Ex) sin(2n(2 — h — 2:(Ex)) + 00Ty x(Ex)),
(4.22) Sy = sin (®x(E)/e) (1 + O(pe=2%/%)).

Proof. The definitions of Cy and Sy, (2.17) and (3.12), and (2.28), (2.26) imply that
(4.23) Co = cos (Do(E)/e) + O(pTyo) and Sy =sin (Dx(E)/e) + OWTyx).

Representation (4.20) follows from (4.23), from estimate (4.16) and from (2.29). Similarly, (4.22)
follows from (4.23), (4.13) and (2.29).
Prove (4.21). The definition of Cr, (3.12), and representation (3.13) imply that

Cr = cos <<I> (B )> + Ty (E) {cos (@) ¢(z) —sin (@) s(z)} + 017, pTy).
where s(z) = sin(2n(z — h — z;(E)) and ¢(z) = cos(2n(z — 2-(F)). Now, representation (4.21) follows

from (4.13), from (4.18) and from estimates (2.30) and (2.27). O
Turn to the proof of Proposition 4.1. Compute pV. By (3.9), we have

(4.24) Miy = Pia+ Qiz + Riz, Riz=0 (Th, P(Z)%a p(2)To,0, P(Z)Tvﬂr) -

Show that, for F satisfying (4.2) and |Im z| < y/e, one has

(4.25) Py = Tih sin(®,(F)/e) cos(do(E)/e) <1 + O(p(z)se_éo/a)) . Q2] +|Ri2] £ C.

The estimate for Pjo follows from Lemma 4.2. The estimate for Q12 follows from (2.32) and (2.28).
Check the estimate for Rjo. By (2.29) and the definition of &, one has |Rya| < C p(2)e %/, Recall
that p = > ™™=l As y < §,/(2n), for [Im 2| < y/e we get

(4.26) p(Z)e_él/E < e—(61—27ry)/6 <C.
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This implies the announced estimate for Ry5 and completes the proof of (4.25).
For E satisfying (4.2), as E, satisfies (1.13), for ¢ sufficiently small, one has |sin(®,(E)/e)| > 1/2 ;
taking (2.29) and (4.16) into account, we get

-1

Ti sin(®x(E)/e) cos(®g(E)/e)| < Cee ™/~

h

From this, (4.24) and (4.25), one deduces

(4.27) MY = Tih sin(®, (E) /&) cos(®o(E) /e) (1 + O(p(z)ee—éo/a)) .

In view of (4.26), there exists g9 > 0 such that, for 0 < € < g¢, the error term in (4.27) be smaller
than 1/2. From now on, we assume that 0 < ¢ < g9. Then, we get MY # 0, and, as p!Y(z) =
M (2)/MY(z — h), the representation (4.27) implies (4.7).

Now, let us compute vV. Note that vV (2, E) = MY (z, B)+MY%(z—h, E)+(pY (2, E) = 1) MY (2 —h, E).
Using the representations (3.9), (3.10) and (3.11), we transform this expression to

(4.28) (2, E) = Py1(2,E) 4+ (Q11(E) + Qoz(E)) + R(z, E),
(4.29) R=(p"(2,E) = 1)(Qa2(E) + r1(2, E)) + r2(2, E),
(4.30) ri(2 B) = O (T, p(2) 5, p(:)Tuo, ()T for j € {1,2}.
We now show that
(431) Pi1(2,B) = (F(E) + Ars(2) + 0(pAs) ) (1+g(2, )
where

- Acos 20E) (o 2x(E)
(4.32) F(E)= %h(E) =, s(2) =sin(2n(z — h — 2:(Ex))), lg(z,E)| < Cp(z)ee” /",
and that
(4.33) |Qu(E)| + |Qu(E)| < C, |R(2,E)| < Cp(2)e /e,
(4.34) lg(z,E)| < Ce, |R(z,E)| <C.

Lemma 4.2 implies that

Pii(z, E) :W

(4.35) :Th‘(lE) - cos 2o2) (14 O (p(z)ee=%/%)) <cos @ + 07Ty xs(2) + o(p(z)Tm))

£

= (F(B) + A(B)s(2) + o(p(=)A(E))) (1+0 (p(x)ee~/))

where 3

TU,T( = Tv,ﬂ'(EW)a )\(E) = 4;1:(7;)’; - COS q)OiE)
In view of (4.17) and (4.18), we have A(E) = A;(1 4 o(1)). This and (4.35) imply (4.31) and (4.32).
The first estimate in (4.33) is proved in the same way as the second estimate in (4.25).
Prove the second estimate in (4.33). As when proving the third estimate in (4.25), one checks that,
for j € {1,2}, |r;| < Cpe=9/¢ and |rj| < C. Recall that |Qa2| < C. These observations and (4.7)
imply that |R| < C[pY (2, E) — 1| + |ro| < C pe=91/%,
The “rough” estimates (4.34) follow from the already obtained and (4.26). This completes the proof
of (4.31) — (4.34).
Now, assume that ¢ is so small that |g(z, F)| < 1/2 for all z and F in the case of Proposition 4.1.
This is possible in view of (4.34). Then, substituting representation (4.31) into (4.28), and taking into
account (4.33), we get

Qu(E) +Qu(F) + R(z,E)
e (1+ 9. E)

= [F(E) + Azs(2) + o(pAr) + O(R(2, E)) + O(9(2, E))] (1 + 9(2, E))
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with
F(E) = F(E) + (Qu(E) + Q(E)).
In view of (4.32) and (4.33), this implies (4.8).
Now, we only have to check (4.9) to complete the proof of Proposition 4.1. For sufficiently small ¢,
the representation for F' in (4.9) follows from

(4.36) F(E) =40 (T),(Ey))™ ! cos (éo(gEﬂ)> &);(EEW) (E—Ex)(140(1)),
(437) Q11(E) + Qun(E) = 20 Ay(V) sin (M> +o(1).

The formula (4.36) follows from (4.17), (4.14) and (4.18). To prove (4.37), we note that, by (3.11),
(

QII(E) + Q22 E) = (9 + 1/9) Ccos ((‘i)ﬂ— — ‘i)(])/e) .
This in conjunction with (4.15), (4.13), (2.21), (6.3) and (4.3) yields (4.37).
Finally, the asymptotics for F” in (4.9) follows from

(438)  F(E)=F.(+0(1), |Fl>Ce™,  [Qy(E)| +|Qh(E)| < Ce,

Prove the first of these estimates. It follows from Lemma 2.1 and estimates (4.19), (4.13) and (4.16)
that . .

iy Ao i 18 b )
Tw(E)
Now, using (4.17), (4.15) for v = 7, (4.18) and the estimate @ (F) = &/ (E;)(1 + o(1)) (following

from Lemma 2.1), we get

(14 o(e”)).

Py - domeos L ()
Th(Er)

This and the definition of F; imply the representation for F’ in (4.38). The estimate for |F/| follows

from the definition of F; and the estimates (4.16), (2.29) and (2.25). The last estimate in (4.38)

follows from (2.24), (2.32) and the Cauchy estimates for E +— 0(FE).

This completes the proof of Proposition 4.1. O

(14 0(1)).

4.2. The location of the spectrum. We now prove Theorem 1.2. Therefore, we apply Proposi-
tion 3.1 to the scalar equation with the coefficients pU and vY computed in section 4.1.
Let J¢ the subinterval of J described by (4.2). One has

Lemma 4.3. The spectrum of H, . in J; is contained in the interval described by

(4.39) [Fr(E)| < 2+ [Ax]) (1+0(1)),

where o(1) is independent of E and E, (satisfying (4.1)).

Proof. First, we find r, a subset of JZ, where MY vV and pV satisfy the assumptions of Proposition 3.1.
Hence, r is in the resolvent set of (0.1).

Recall that (z, E) — pY(2, E) and (z, E) + vY (2, E) are real analytic as the matrix (z, E) — MY (z, E)
) pr—

is. Therefore, the equalities ind p! (-, E 0 and indvY(-, E) = 0 automatically follow from the
2

1
inequalities min |p% (2, B)| > 0 and max |pY (2, E)| < ~ <min WY (z, E)|
z€R z€R 4 \ zeR
Furthermore, by (4.10), the first of these inequalities is satisfied for all E € J¢. So, in JZ, the
1
assumptions of Proposition 3.1 are satisfied if and only if max 10V (z, B)|'? < 3 miﬂr@l WY (z, E)|.
zE z€

Corollary 4.1 yields

(4.40) max o (2)] /2 <1+ o(1),
(4.41) 3 min V) > 5 (i () + e sina)] + o(1)(1 + 00D

where o(1) is independent of E and E,. So, vV and pV satisfy the assumptions of Proposition 3.1 if

E satisfies the inequality of the form |[F(E)| > (24 |Az|) (1 +0o(1)), where o(1) is independent of E

and E,. Now, Proposition 3.1 implies the statement of Lemma 4.3. ]
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Lemma 4.3 and the definitions of \; and Fy, namely (4.4) and (4.5), imply that, in JZ, the spectrum
of H, . is contained in I, the interval described by

2008 (5~ B2) — A V) 1) tan () <2 ‘Th(f(_;) g+ et | o

£

where o(1) depends only on e. The interval I is centered at the point

- A (V) Ty (B, o (Er

i gy SMONTED (B
290! (Er) €
and it has the length
7 2e Th(Eﬂ')
(4.43) || = = - +Tor(Er) | (140(1)).
@o(Ex) '

7 (Ex) \ 2/|cos (OT)‘
This completes the proof of Theorem 1.2. O
Note that
(4.44) |Er — Ex| + |I;| < Cee™%/c,

These estimates follow from (4.42), (4.43) and estimates (2.25), (2.29) and (4.16).
Finally, we note that, using (4.42), one can rewrite (4.4) as

(4.45) Fo(E) = Tj&fﬂ) cos <<i>0(€E,T)> ‘i;(EEw) (E - Ey).

4.3. Computation of the integrated density of states. We now compute the increment of the
integrated density of states on the intervals described in Theorem 1.2 and, thus, prove Theorem 1.3.
We use the approach developed in [12]. One has

Proposition 4.2. Pick two points a < b of the real axis. Lety be a continuous curve in C, connecting
a and b.

Assume that, for all E € v, one can construct a consistent basis such that the corresponding mon-
odromy matriz is continuous in (z, F) € R X v and satisfies the conditions

. 1. ?
(4.46) min [Mia] >0, max|o(s) < (5 minlo(2))

where p and v are defined by (3.1) with h from (2.5). Assume in addition that the coefficients of M
are real for real E and z. Then, one has

1

c argv(z, E) dz

(4.47) N(@®) = N@ == 55 |

)

o

where f|, denotes the increment of f when going from a to b along .

Proof. In [12], we proved a more general result; we assumed that, for all (z, E') € R+, the monodromy
matrix satisfies the conditions of Lemma 3.1 and got the formula
1

(4.48) N(b) — N(a) = — % arg G(z, B) dz| |
Y[ 0 o
where G is the continued fraction
(4.49) G(z) =v(z) — pl2)
v(z—h)— plz—h)

U(Z—Qh)—p(z;,?,h)

Such continued fractions were studied in [1]. It was proved that, if the functions z — p(z) and z — v(z)
are continuous and 1-periodic and if they satisfy the conditions (3.3), then

e the continued fraction z — G(z) converges to a continuous 1-periodic function uniformly in R;
e if p and v depend on a parameter E, if they are continuous in (z, F') in some domain D, and
if, for all (z, E) € D, they satisfy conditions (3.3), then (z, E) — G(z, E) is also continuous in
D.
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e for z € R, one has

2
(450) G(2) — v(2)] < 3 minfo(2)] ~ \/ (5 min o)) - maxlo(a);

Now, turn to the proof of (4.47). As, in our case, v(z, F) and p(z, E) are real for real z and E, we
conclude that (1) indv = ind p = 0 (which follows from (4.46)); (2) the right hand sides in both (4.47)
and (4.48) belong to £/27Z. The first observation and (4.46) imply that, for all (z, F) € R x ~,
the monodromy matrix satisfies the conditions of Lemma 3.1. In view of the second observation,

formula (4.47) follows from (4.48), the continuity of (z, E) — G(z, E)/vY(z, FE) and the inequality

Sup,cg %:UE;Z’E” < 1 valid for all £ € 7. And, the last one follows from (4.50) and the second

condition from (4.46):

’G(ZvE) — UU(ZvE)’ <9 maxzeRr ‘pU(Z,E)’

sup - < 1.
z€R, Eey ’UU(Z,E)’ minzer ’UU(Z,E)P
This completes the proof of Proposition 4.2. O

4.3.1. The computation. Let E; be as in the beginning of section 4 and, in particular, be such that (4.1)
is satisfied. As above, let JZ, be the subinterval of J described by (4.2).

As seen in the previous section, in JZ, the spectrum of H, . is contained in I, the interval centered
at B, (see (4.42)) of length |I,| (see (4.43)).

To compute the increment of the integrated density of states on I, we use Proposition 4.2 and choose:

- 1
v = {E €Ci: |[FE—E;] = §€a6_60/€}.

Let a < b be the ends of v. Then, by (4.44), one has I, cC (a,b). We prove
Lemma 4.4. On v, the monodromy matric MY and the functions pU and vY satisfy the condi-

tions (4.46).

Recall that the integrated density of states of H, . is constant outside the spectrum of H, .. So, its
increment on I is equal to its increment between the ends of the semi-circle v. And, in view of
Lemma 4.4, the latter is given by the formula (4.47). In view of this formula, to prove Theorem 1.3,

it suffices to check that fol argvY(z, E) dz‘ = —m. This follows from
v

Lemma 4.5. For (z,E) € R x vy, one has

(4.51) vV (2, E) = Fr(E)(1 + o(1)).

Indeed, note that for z € R and E € R, the functions F, and vY take real values. Therefore, the
estimate of Lemma 4.5 implies that fol argvV(z, E)dz| = arg Fr(E)|,. In view of (4.45), the last
¥

quantity is equal to (E — EVW)!7 = —m. So, to complete the proof of Theorem 1.3, we have only to
check Lemmas 4.4 and 4.5. They will follow from

Lemma 4.6. For (z,E) € R x v, one has

(4.52) |E(E)| > Ce* 2,
Proof. The lower bound for |F(E)| follows from (4.45), the definition of v and the estimates (2.29),
(4.16) and (2.25). 0

Proof of Lemmas 4.5. Prove the asymptotic representation for v¥. Therefore, we first derive an upper

bound for the ratio A\;/F;(E). By (4.5) and (4.45), we get |A\:/Fr(E)| = q),s(g”)ril(gjljl Now, the
definition of v and the estimates (2.29) and (2.25) imply that

(4.53) Ar/Fr(BE)| < Celm e %/,

So, the ratio is small when ¢ tends to 0. The representation (4.51) follows from (4.11), (4.53) and (4.52).
This completes the proof of Lemma 4.6. O
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Proof of Lemmas 4.4. By Proposition 4.1, for sufficiently small ¢, for £ € v and z € R, one has
M(z, E) # 0. Finally, for sufficiently small ¢, for all E € ~, from (4.52) and (4.7), it follows that

max |p(z, E)| < ~min |v(z, E)|*. This completes the proof of Lemma 4.4. O
z€R 4 zeR

4.4. Computation of the Lyapunov exponent. We now derive the asymptotics of the Lyapunov
on the interval I, i.e., prove formula (1.19), and, thus, prove Theorem 1.4.

4.4.1. Preliminaries. To compute ©(F,¢), we use Theorem 2.1 and compute the Lyapunov exponent
of the matrix cocycle defined by the monodromy matrix M U(-, E). Tt appears to be difficult to compute
directly 8(MY (-, E),h): one can obtain only rough results. However, using the scalar equation with
the coefficients vV and pY, one can construct another matrix cocycle that has the same Lyapunov
exponent as (MY(-, E), h) and for which the computations become much simpler.

4.4.2. The Lyapunov exponent and the scalar equation. In this section, we assume z — M(z) to be a
1-periodic, SL(2,R)-valued, bounded measurable function of the real variable z. Let h is a positive
irrational number. We check the following simple

Lemma 4.7. Assume that there exists A > 1 such that
(4.54) VzeR, A7l < Mp(z) <A

In terms of M and h, construct v and p by formulae (3.1). Set

(4.55) N(z) = <”(12/)/ VT(p;)Z) _VO”<2)>.

Then, the Lyapunov exponents for the matriz cocycles (M, h) and (N, h) are related by the formula

(4.56) O(M,h) =60(N,h).
Proof. Let
1 Mia(z) 0
H(Z) - M12(Z) <M;§(Z) _1>
One has
(4.57) M(z) = @ HR)N()H (2 —h), I(z)= % log p(z).

Note that, under the condition (4.54),
lI(z)] <log A < o0, VzeR,

and that [(z) is 1-periodic. As h is irrational, by Birkhoff’s Ergodic Theorem ([23]), one has

L 1
.1 .
(4.58) ngréof Z;l(z +jh) = /0 l(z)d=
j:
for almost all z € R. As 2i(z) = logp(z) = log Mi2(z) — log Mi2(z — h), the integral in (4.58)
vanishes. This, the definition of the Lyapunov exponent (2.7), relation (4.57) imply relation (4.56).
This completes the proof of Lemma 4.7. ]

Now, for p = pV and v = vV, we construct NV by formula (4.55). Relations (2.8) and (4.56) imply
that the Lyapunov exponent for the operator H, . is given by the formula

(4.59) O(E,¢) = 2i9(NU(-,E), h).
T
In the next two subsections, we prove a lower and an upper bound for §(NY (., E),h). They will
coincide up to error terms, and, thus, yield the asymptotic formula for O(E,¢).
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4.4.3. The lower bound for the Lyapunov exponent. Here, we prove that, in the case of Theorem 1.2,
for £ € I;, the Lyapunov exponent admits the lower bound:

(4.60) O(NY (-, E),h) >log" |As| + o(1).

Therefore, we use the following construction.
Assume that a matrix function M : C — SL(2,C) is 1-periodic in z and depends on a parameter
€ > 0. One has

Proposition 4.3. Let ¢y > 0. Assume that there exist yg and yy satisfying the inequalities 0 < yo <
y1 < oo and such that, for any € € (0,&9) one has
e the function z — M (z,¢e) is analytic in the strip {z € C; 0 <Imz <y /e};
e in the strip {z € C; yo/e <Imz <y /e}, M(z,e) admits the following uniform in z represen-
tation

(4.61) M(z,2) = Ae)e™m= . <<(1) 8> 4 0(1)> . e—0,

where A(g) and m are constant; m is integer (independent of ).
Then, there exit a €1 > 0 such that, if 0 < e < €1, one has

(4.62) (M, h) > log |A(e)| + o(1);

the number €1 and the error estimate in (4.62) depend only on €o, Yo, y1 and the norm of the term
o(1) in (4.61).

This proposition immediately follows from Proposition 10.1 from [12]. Note that the proof of the latter
is based on the ideas of [25] generalizing Herman’s argument [16].

We apply Proposition 4.3 to the matrix NY(z, E). Therefore, we fix yo and y; so that 0 < yo < y; <
y < 01/(27), where ¢; is the constant from the Proposition 4.1. Then, the estimate (4.60) follows from
Proposition 4.3 and

Lemma 4.8. Assume that Ay > 1. In the strip y» < Imz < vy, for E € I, the functions pV
satisfies (4.10) and vY admit the asymptotics:

(4.63) VU (2, E) = Ay e 272 (Ex)) (1 4 o(1)).
These asymptotics are uniform in E. (satisfying (4.1)), E and z.

We postpone the proof of this lemma and complete the proof of the estimate (4.60). If |A;| < 1, the
estimate (4.60) gives a trivial lower bound as the Lyapunov exponent is always non-negative. So, it
suffices to prove (4.60) in the case |A\;| > 1. Substituting (4.10) and (4.63) into (4.55), for E € I, and
y2/e < Imz < yp /e, one obtains

NU(Z) _ )\7r e_QWi(z_ZW(Eﬂ')) |:<(1) 8) + 0(1):|

as zp is real and |e?™%| > €2™1/¢ > 1. Proposition 4.3 then implies (4.60). O

Proof of Lemma 4.8. The first statement is taken from Corollary 4.1. Let us prove (4.63). First, we
recall that, as E € I, one has (4.39). On the other hand, for Imz > y2/e > 0, one has
A .
(4.64) Aesin(2m(z — h — 2:(Ey))) = 2—” e~ 2milEh=2n) (1 4 o(1)).
i

Note that, as [A;| > 1 and z, € R, the right hand side is exponentially large as ¢ — 0. Then, in the
strip yo/e <Imz < y;/e, for E € I, (4.11), (4.39) and (4.64) imply (4.63). This completes the proof
of Lemma 4.8. U

4.4.4. The upper bound for the Lyapunov exponent. We now prove that, in the case of Theorem 1.2,
the Lyapunov exponent admits the upper bound

(4.65) O(NY (-, E),h) <log" |\:| + C.

This upper bound follows from the definition of Lyapunov exponent for matrix cocycles (2.7) and the
estimate
sup sup [NV (z, E)|| < C(|A«| + 1),
z€R EEL‘-
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which follows from (4.55), (4.10) and the estimate

sup sup |vU(z,E)| < C(IA:| + 1),
ZEREEL‘.

which follows from (4.11) and (4.39). This completes the proof of (4.65). O

4.4.5. Completing the proof of Theorem 1.4. Estimates (4.60) and (4.65) together with the represen-
tation (4.59) imply the uniform representation

VEel, O(Ee) = % log™ |A\r(Ex)| + O(e).

In view of (4.5), to complete the proof of Theorem 1.4, it suffices to check that

Cos <M> ‘ = ¢ inf |E, — Eél)|,
€ e 1l

which follows from the definition of the points (Eél))l and from (2.24) and (2.25). O

4.5. Absolutely continuous spectrum. We now turn to the proof of Theorem 1.5. The idea is to
find a subset of I, where E — O(FE,¢) vanishes. Then, by the Ishii-Pastur-Kotani Theorem ([23]),
this subset is contained in the absolutely continuous spectrum of the ergodic family (0.1).

As before, we assume that h is defined by (2.5), and that the functions pU and vV are the coefficients
of the scalar equation equivalent to the monodromy equation with the matrix MV.

As in the previous subsection, to analyze O(F, ¢), we use the matrix cocycle (NY(-, E), h), the matrix
NU being defined by (4.55) for M = MY. Recall that O(F,¢) is related to §(NY(-, E),h), the
Lyapunov exponent of this cocycle, by the formula (4.59).

First, under the conditions of Theorem 1.5, we check that, up to error terms, NV is independent of z.
This allows then to characterize the subset of I, where §(NY, h) = 0 by means of a standard KAM
construction found in [12].

4.5.1. The asymptotic behavior of the matriz NY. We need to control the behavior of the matrix NV
for bounded |Im z| and E near the interval I;. One has

Lemma 4.9. Fiz ¢ > 0, 5 > 0 and r > 0. For e sufficiently small, if E; satisfies (4.1), and if
elog \r(Er) < —c, then

NY(z,E) = Ny(E) + Ny(z,E),

(4.66) NO(E):<F (&) ‘01>, sup | Nu(z, B)| < Ce e,
|E—Er|<se| Ix|
[Im z|<r

where the constant n is defined by n = min{c, d1}, and F is the function from (4.8).

Proof. It suffices to prove, that under the conditions of the lemma, there exists C' > 0 such that, for
¢ sufficiently small, one has

(4.67) sup  |pY(z, E) —1] < Ce e, sup WY (z,E) — F(E)| < Ce /e,
| E—Er| <5¢| | | E—Er| <3¢l |
[Tm z|<r [Tm z|<r
(4.68) sup |F(E)| <C.
|E—Er | <5 x|

Begin with the proof of (4.68). Recall that, for E in the e*e~%/¢-neighborhood of Ey, one has (4.9).
On the other hand, the interval I is located in the (Cee™%/¢)-neighborhood of E, see (4.44). So, it
suffices to prove (4.68) with F' replaced by Fi.

Recall that I is centered at E,, see (4.42), and that, by (4.45), one has Fy(E,) = 0. The esti-
mate (4.39) is an estimate for Fi(F) on the interval I,. As E + Fy(E) is affine, it implies that

sup |Fr(E)] < 2(14 [A:])(1 4 o(1)).
|E—Ex|<sd I
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As |Az| < 1, this implies (4.68).
Let us prove (4.67). The representation (4.8) and estimate (4.68) imply that, for some C' > 0,
sup  [0Y(z,E) — F(E)| < Cee /¢ sup |F(E)| 4+ C A 4+ Ce /e <

|B— Bl el | | BBl el
[Im z|<r

< 0(66750/5 + efc/e + 6751/6)‘

In view of (4.6) and the definition of 7, this expression is bounded by C e~ /€. This proves the second
estimate from (4.67). The first one follows from (4.7), (4.6) and the definition of 7. Lemma 4.9 is
proved. ]

4.5.2. The KAM theory construction. Here, we formulate a corollary from the construction developed
in section 11 of [12] that is based on standard ideas of KAM theory (see [5, 2]).

Let I C R be a bounded interval. Fix r > 0. Let S, be the strip {z € C; [Im z| < r}. We consider A,
the set of 2 x 2-matrix valued functions (z, ) € S, x I — M(z, ) that are

(1) analytic and 1-periodic in z € Sy;

(2) analytic in ¢ in V(I), a complex neighborhood of I;

a b
(3) of the form (b* a*>'
e 0 .
), and let A € A satisfy A(A) = sup  [|A(z,9)|| < oc.

Let D = < .
U oeV (1), 2€Sr

Fix 0 < h < 1. For z € R — 1(z) € C?, a vector function, consider the equation
(4.69) W(z+h) = (D+ A)(2)Y(2).
Define
H(p) = {h € (0,1); min|h—1/k| > w/k® for k=1,2,3...}.
€
One has

Proposition 4.4. Fiz o € (0,1). There exists A\o(r,0,1) > 0 such that, for any A, D and h chosen
as above and satisfying the conditions

(1) det(D+ A) =1,

(2) A= AA) < Xo(r,o,1),

(3) he H(\?)
there exists ®oy C I, a Borel set of Lebesque measure smaller than \°/? and such that, for all ¢ €
I\ ®, equation (4.69) has two linearly independent bounded solutions.

This proposition immediately follows from Proposition 11.1 of [12]. The constant \o(r,o,I) depends
only on the length of I, but not of its position.

Proposition 4.4 implies

Corollary 4.2. In the case of Proposition 4.4, for all ¢ € I\ ®o, the Lyapunov exponent of the
cocycle (D + A, h) is zero.

Proof. Let ¥(z) be the matrix the columns of which are the vector solutions defined in Proposition 4.4.
Then, ¥(z) is a matrix solution of (4.69). As the vector solutions are linearly independent, det U(z) # 0
for all z € R. For [ € Z, put x(I) = ¥(z 4 (h). Then, x(I +1) = (D + A)(hl + z)x(1), and, as ¥(z) is
bounded, for L > 1, we have

I(D + A)(Lh + 2) - (D + A)(h + 2)(D + A)(2)]| = [Ix(L + Dx " (0)]] < C.

Now, the statement of the corollary follows from (2.7), the definition of the Lyapunov exponent. [J

4.5.3. The proof of Theorem 1.5. The idea is the following. Let S be a constant matrix such that
det S # 0. Clearly,

(4.70) O(NY,h) =0(STINYS, h).
Recall that NV admits the representation (4.66). We shall choose S so that the matrices
(4.71) D=S"'NygS and A=S"'NS
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satisfy the assumptions Proposition 4.4. Then, we apply Corollary 4.2 to the so constructed matrix
D + A. We divide the analysis into “elementary” steps.

Diagonalization. Let E° be a point of I; such that
-1<F(F)<1.

Then, in V°, a neighborhood of E°, one can define an analytic branch of the function E + o(F)
solution to

(4.72) cos p(E) = F(E).
In VY, the exponentials e*¢(¥)
the matrix

are the eigenvalues of the matrix No(E) (see (4.66)); the columns of

iP(E)  gip(E)
S(E):<W1 “ >

are its eigenvectors. Define D and A by (4.71). Clearly,
v 0
(4.73) D(E) = < 0 ew> )

As E +— Ni(E) is real analytic, A(z, E') has the form
a b
A=z 8).

(4.74) VE € V% sup|A(z, E)| < CM sup || N1(z, E)||.
z€R |sin@(E)| zer

For some C' > 0, one has

A change of variables: F — ¢. Now, we change the variable F to ¢, and check that, as a function of
@, A satisfies the conditions of Proposition 4.4 and Corollary 4.2. We use

Lemma 4.10. Fiz > < 1. There exists €9 > 0 such that, for 0 < e <eq the following holds. Let Er
satisfy (4.1). Let I C R be the interval centered at Er and of length s|I;|. Then,

e in a neighborhood of I, there exists a real analytic branch of p(E); it is monotonous on I;

e there exists a positive A = A(s¢) such that o(I) C (A,m — A);

e © — E(p), the function inverse to E +— @(E) is analytic in V(I), the A/2-neighborhood of
the interval o(I), and maps V (I) into the (C|I|)-neighborhood of I.

As F(F) is real analytic, Lemma 4.10 immediately follows from (4.72) and

Lemma 4.11. Fiz s € (0,1). For ¢ sufficiently small, the following holds. Let E, satisfy (4.1) and
define B ={E € C; |E — Ey| < Ls|I|}.
Then, F bijectively maps B onto F(B), and one has

(7)  sw F(E) <sa+o(l),  and, for B~ Byl = 2L], |F(E) =5 +o(1)
FeB

Proof. Fix 0 < a < 1. By (4.44), B is contained in the ee~%/2_neighborhood of E,. Therefore,
F'(E) admits the representation (4.9). This implies that F' is a bijection of B onto F(B). Indeed,
assume that, in B there exist E; and Fj such that Fy # E5 and F(E;) = F(E3). Then, one has

E2 E2

F/(E)E = F /E (14 0(1))dE = F'(Es — Ey)(1+ o(1)) 0.

0= F(FE,) — F(Ey) :/

Eq
So, we get a contradiction, and F' is a bijection.
Estimates (4.75) follow from the following facts:

(1) the representation for F' from (4.9) holds on B (as B is contained in the e®e~%/¢-neighborhood
of E;);
(2) E — Fy(E) is affine, and vanishes at E,, the center of I,;
(3) at the ends of I, one has |F(E)| = 1 + o(1) (by (4.39), which is the definition of I, and as
Ar = O(e7 /%)),
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This completes the proof of Lemma 4.11. O

Now, turn to the matrices D and A defined by (4.71). Make the change of variables E — ¢ so that
E = E(yp). Consider these matrices as functions of ¢ in V(I). Then, for ¢ sufficiently small, they
satisfy the conditions of section 4.5.2:

e z — A(z,p) is analytic and I-periodic in S, (as z — NY(z, F) is analytic in the strip

{[Tm 2| < y}); )
e o — A(z,¢) is analytic in V(I) (as ¢ — E(p) is analytic in V/(I), ¢(V(I)) is in the (C|Iz|)-
neighborhood of E,, and as E +— NY(z, E) is analytic in this neighborhood);

A has the form (;k ;*> (as ¢ — E(¢p) is real analytic, and as F — A(z, E) already had this

form);

D is given by (4.73);

e \(A) < %e_”/e (by (4.66), (4.74) and Lemma 4.10);
det(D+A)=1as D+ A=S"'NUS and det NU =1 by (4.55).

The Diophantine condition on €. To apply Corollary 4.2, we have to impose a Diophantine condition
on the number 27 /e. Fix two positive numbers a and b. Consider the set

2—7T—l/k' > & oble, /<::1,2,3...}.

D(a,b) := {5 €(0,1) : min . 3

leN

It can be easily checked

mes (D(a,b) N (0,¢))

The derivation of (4.76) is similar to the estimates in section 4.4.6 of [12].

Fix 0 <o < 1. For e € D((C/A)?, on), the number h defined by (2.5) belongs to the class H(u) with
p=(C/Ae7)7.

Completing the proof of Theorem 1.5. Let A and D be as constructed above and € € D. Then, for
the matrix cocycle (D + A, h), the conditions of Corollary 4.9 are satisfied provided ¢ is sufficiently
small. So, for e sufficiently small, there exists ®.,, a subset of I of measure uniformly small with
AA) < % e~"/% such that, for all ¢ € I\ @, the Lyapunov exponent 6(D + A, h) is zero.

By (4.70) and (4.59), this implies that O(F), the Lyapunov exponent for the family of equations (2.1),
is zero on ¢(I) C I outside a set of Lebesgue measure m := / %

Do

The Cauchy estimates and Lemma 4.10 imply that ‘%(gp)‘ < C|I;| for ¢ € o(I). So, m = o(|1])
where |I| denotes the length of I.

As m is small with respect to |I| and as s in the definition of I can be chosen arbitrarily close to 1,
we conclude that ©(E, ¢) is zero on I outside a set the measure of which becomes small with respect
to |I;| as € tends to zero in D(n). This completes the proof of Theorem 1.5. O

(4.76) =140 <e_b/€> when ¢ — 0.

de.

5. COMPUTING THE MONODROMY MATRICES

In this section, we prove Theorem 2.2. As we have seen, to study the spectrum of (0.1), one has
to compute the coefficients of the monodromy matrix up to terms that are exponentially small (in )
whereas these coefficients are exponentially large outside small “resonant” neighborhoods (where the
points {E,(I)}; are exponentially close to {Ey(l')}17). To achieve such an accuracy, we use a natural
factorization of the monodromy matrix into the product of two simple “transition” matrices and carry
out a rather delicate analysis of the properties of their coefficients.

Below, we always work in terms of the variables

(5.1) x:=x—2z2 and (=c¢z.
In these variables, equation (2.1) takes the form
d2
(5.2) L 0(@) + (V(x) + acos(er + O)la) = Eilz), =€ B,
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The advantage of the new variables is that now we can study solutions of (5.2) analytic in (.
In terms of variables (5.1), the consistency condition (2.2) takes the form

(5.3) Yi(r +1, Q) =9, (+e).

The definition of the monodromy matrix, (2.3), turns into

(5.4) U (2, ¢ +21) = M(C,E) ¥ (2,¢), W(z,() = (75)12((2 8) 7

and, now, the monodromy matrix is e-periodic:

M(C+e E)=M((,E), VY.

5.1. Transition matrices. Here, we describe the factorization and the asymptotics of the transition
matrices.

5.1.1. Factorization. Here, we describe a natural factorization of the monodromy matrix under the
assumption (TIBM).

Two consistent bases. In section 7, we pick a point E, in J and show the existence of V,, a neigh-
borhood of F, such that, for E € V,, there exists two consistent bases which will be indexed by v in
{0, 7}. Let us describe some properties of these bases; they will be central objects in this section.
Fix v € {0,7}. The corresponding basis consists of two consistent solutions to (5.2), say (z,(, E) —
fu(z,(,E) and (x,(, E) — f}(x,(, E); the second solution is related to the first one by the transfor-
mation (2.10). For any = € R, the function (¢, E) — f,(z,(, E) is analytic in the domain

(5.5) {CeC: [Im¢| <Y} xV,,

where Y satisfies the inequality Y > Yjs (recall that Yjs is defined in (2.13)).

Definitions of the transition matrices. ~ As both pairs ({fu, fJ})vefo,r} are bases of the space of
solutions of (5.2), one can write

fo

For v € {0,7}, the 2 x 2-matrix valued function ((, F) — T,((, E) is independent of z. We call it a
transition matriz.

Discuss the basic properties of a transition matrix. As the basis {f,, f} is consistent, for all E,
¢ — T,(C,E) is e-periodic. It is analytic in the domain (5.5). Finally, as the consistent solutions
fv and f} are related by the transformation (2.10), 7, enjoys the same symmetry property as the
monodromy matrix (see (2.9)); we write

[ ay b,
Y

Factorization of the monodromy matrices. For v € {0,7}, we denote by M, the monodromy matrix
corresponding to the base {f,, f,}. The definitions (5.4) and (5.6) imply that

(5.7) Mz (C) = Tr(C) To(¢),  Mo(¢) = To(¢ + 2m) T (C).

Clearly, the monodromy matrices share the basic properties of the transition matrices: they are e-
periodic in ¢, analytic in the domain (5.5) and have the form (2.9).

Note that, once transformed back to the z-variable, the monodromy matrices are analytic in the
domain {¢ € C; [Im(| <Y/e} x Vi.

Finally, by (2.4) and (5.7), one has

(56) Fﬂ—(x’é- + 27T’E) = TW(C7E) Fo(xagaE)’ Fo(CC,C,E) = T0(<>E) Fﬂ(xagaE)? F” = <fy> .

(5.8) det Ty det T, = 1.

The motivation for considering the factorizations is the following. The solutions fy and f; are con-
structed so that fy has a simple asymptotic behavior in the strip {—7m < Re{ < 7}, and f; has a
simple asymptotic behavior in the strip {0 < Re( < 2x}. In result, formulae (5.7) give factorizations
of the monodromy matrices in terms of factors with simple asymptotic behavior.
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5.1.2. Asymptotics of the transition matrices. We now describe the asymptotics of the transition
matrices (7,),ef0,+}- Therefore, we shall use the conventions introduced in (2.11), (2.12) and (2.13)
in section 2.2. We need a few more notations.

1. Asymptotic notations. We shall use all the notations introduced in section 1.10.
2. “Analytic” notations. Pick zp € R and let Vj be a complex neighborhood of zy. Let z — a(z2)
be an analytic function defined and non vanishing in Vy. In Vj, we define two real analytic functions
z— lal (2) and z — ¢(a)(z) by
a(z) = 1al (z) exp(ip(a)(z))

such that 1al (z) =la(2)|, and p(a)(z) = arga(z) when z € VhNR.
3. “Fourier expansion” notations. The transition matrices being e-periodic, we represent their Fourier
expansion in the form

(59) au(C) = au,fl(g) + Qy.0 + Gy 1 BQWC/E + au,Q(C), bu(g) = bu,fl(g) + bu,O + bu,l GQFC/a + bU,2(C)a

where we single out the sum of Fourier terms with negative index, the zeroth and the first Fourier
terms and the sums of Fourier series terms with index greater than 1.

One has

Theorem 5.1. Pick E, € J. There exists V., a complex neighborhood of E,, and'Y > Yy such that,
for sufficiently small ¢ and v € {0, 7}, there exists {f,, fi}, a consistent basis of solutions to (5.2),
having the following properties:

e the basis {fu, f} and the transition matrices T,, are defined and analytic in the domain (5.5);

e the determinant of T, is independent of  and €; it is a non-vanishing analytic function of
FE eV,
e one has

1 1
| avo| =exp (gSh,u + O(l)> ;oo | =exp <ES,W + 0(1)> ,

o lavs | = cxp (é(&w S+ 0<1>> C Lbur | = exp <§<sh,y S0 o<1>) |
and
- plano) = Qigl@w +20) +0(1),  ¢(boo) = %;—cbﬂ +20) +0(1)
Plano) = 5 (Br+80) + O1),  plbro) = o= (Br — @) + O,
- oloon - o (@0~ #) +0(), Pl = e (@ ) £ 0(1),
plar1) = =5 (®x = @ — A7%) +O0(1),  @(bg1) = — 57 (Pr + Do - A7) 4+ O(1),

where O(1) denotes functions real on Vi "R and analytic in E € V,;
e moreover,

(5:13)  ay-1(0) = o(av0)s  buo1(Q) = 0lbuo)s  ana(C) = oP(C/e) anr)s  bualC) = op(C/E) bin).
All the above estimates are uniform in E and ¢ in the domain (5.5).

Theorem 5.1 is proved in sections 7 — 11.

When studying the spectral properties of (0.1), we always assume that E satisfies

(5.14) EeV::=V.Nn{ImE| <e}.

One proves

Corollary 5.1. Pick v € {0,7}. For sufficiently small €, in the case of Theorem 5.1, for E € V£,

one has
1 1 t

(515) ol = ool < = | = 2

|th,V| |th7u|

ool
1] =< —.
TR Ry

where all the tunneling coefficients are computed at the point Re E instead of E.
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Proof. The functions E +— Sy, o(E), E — S}, (E), E — ®¢(F) and E +— ®,(F) are independent of €
and analytic in a neighborhood of J. So, for sufficiently small ¢, for £ € V£, one has

taw(B)l = ltan(Re B)|, [P/ = [P (Re BV,

for v € {0,7} and for d € {h,v}. As the phase integrals are real analytic, one has |e!®»(E)/¢| =< 1.
Estimates (5.15) follow from these observations and representations (5.10) — (5.12). This completes
the proof of Corollary 5.1. U

5.2. Relations between the coefficients a, and b, of the matrix T,. It appears that, with
a great accuracy, the coefficients a, and b, are proportional. This makes the factorizations (5.7)
extremely effective. Recall that Y, is defined in (2.13). Define

by (¢, E)
5.16 R, ((,F) = ——FZ
( ) I/(C ) azy(C, E)

One has

Proposition 5.1. Pick v € {0,7}. Fiz 0 < y < Y,,. For e sufficiently small, in the case of
Theorem 5.1, for Im(| <y and E € VF one has

(517) RV(C,E) — ei(‘P(bu,o)—SO(au,O)) <1 — dLj—:r + Oy> ,
2aw0au0

where

(518) Oy - O(t%Jn TY p(C/€)7 t%,utU,Vp(C/a))'

Proof. In this proof, we assume that £ € V2. We set

1
Yo (E) = %SU,V(Re E),

)

and note that

(5.19) 0<y<Y, <Y, (E)<Yuy<Y,

and

(5.20) Ity (B)| < e 2™ Yo (B)/e,

The plan of the proof is the following. We first prove that, for [Im¢| < y,
(5.21) R, =1, {1 +0 (e’QW(Y’“mC')/E, e2ritmcl/ey, ti,y)] ;

where r,, is independent of ¢ and 7, < 1. Then, we compute r, with high enough accuracy: we prove
that

; det T,
(5.22) r, = el(SO(bu,O)_SD(au,O)) [1 . 2aeoa* + O(t;lLJ/’ 6—27TY/5’ tv y t%’y)] )
v,0%p,0

Representations (5.21) and (5.22) imply Proposition 5.1. Indeed, to get (5.17), one has to substi-
tute (5.22) into (5.21) and to take into account that, in (5.22), the second and the third terms in the
square brackets are bounded by a constant independent of F, ( and €. Note that, from the second
point of Theorem 5.1 and estimates from Corollary 5.1, it follows that

det T,

auoamo

(5.23) < Ctj, ,(ReE).

To prove (5.21), we use the following observation.

Lemma 5.1. Pickv € {0,7}. For sufficiently small €, in the case of Theorem 5.1, one has

e in the strip [Im (| <Y, each of the functions ¢ — a,((, E) and { — b,((, E) has one zero per
period;

e the imaginary part of the zeros have the asymptotics =Y, ,(E) + O(e);

e for any zero of a,, there exists a unique zero of b, such that the distance between them is

bounded by C'e t%,y(Re E).
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We prove this lemma later. In view of the first point of Lemma 5.1, we can represent R, in the form

o2mi(C—G)/e _ 1
(5.24) Ry (Q) = 1L,(C) pu(¢)  where I1,(C) = —or—rs—

where (, (resp. (p) is one of the zeros of a (resp. b) in the strip {|Im¢| < Y}, and p, is a e-periodic
function analytic in this strip. The representation (5.21) then follows from the representations:

(5.25) Hy(g):1+0(e*2ﬂm</€ tow t%,y) for |Im¢| <y,
(5.26) pu(C) = puo + O(e > e/E) for Im¢| <V and p,o =1,

where p, o is the 0-th Fourier coefficient of p. Indeed, to get (5.21), one has just to substitute (5.25)
and (5.26) into (5.24) and to take into account the fact that the error term in (5.26) is uniformly small
when |Im (| < y. And the latter follows from (5.19).

Check (5.25). In view of the second and the third points of Lemma 5.1, and (5.19), for sufficiently
small ¢ and [Im (| <y, we get

_ o27mi(Gp—Ca)
12 i(ec mC( )b/s /18 _0 <6,2W(1m<+yv,y)/s f;% V) —0 (6727rImC/5 t yti V) ’
e T —Qa . B k] 5

where, at the last step, we have used (5.20). This proves (5.25).
Recall that p, o be the zeroth Fourier coefficient of p. To prove (5.26), it suffices to check that,

IL,(¢) — 1 = ?miC—G)/e

(5.27) 1p(C) = puo| < Ce™2mY/E2mmA/e for |Im(¢| <Y and p,o = 1.
Both these estimates follow from the representations
b b
(5.28) p(¢) = a”—l (14 0(1)) for Im¢ = —Y, p(¢) = a”’o (14 0(1)) for Im¢ =Y.
v,1 v,0
Indeed, in view of Corollary 5.1, one has ‘Z”’O ) bu.1 ‘ < 1. Therefore, any of the representations (5.28)
v,0 ay,1

implies that p, o = 1; (5.28) also implies that, for Im¢| =Y, we have |p(¢)| < C. This bound and
general properties of periodic analytic functions imply (5.27). So, to complete the proof of (5.26), we
need only to check (5.28).

We check only the first of the representations (5.28); the other one is proved similarly. First, we note
that, for sufficiently small € and Im({ = -V,

eQWi(C*Cb)/E -1
() = Srcar -1

Indeed, this follows from the last two points of Lemma 5.1 and (5.19). Now, in view of (5.24), it
suffices to check that, for Im{ = -V,

Ry(¢) =

=1+ o(1).

bl/,l

(1+0(1)),

Qy1
which follows from
a,(¢) = a,,,lezm'c(l +o0(1)) and b,(¢) = b,,,leQ’”'C(l +0(1)).

We prove only the first one; the second is proved similarly. By Theorem 5.1, Corollary 5.1 and (5.20),
for Im({ = —Y and E € V£, we have

0,(C) = ay, 1> <1 +o(1)+ 0 <%e—2ﬁ/€>> = 4,167 (14 0(1) + O ((ta) e ™27) )
Ay 1
= ay, 12 (1 to(l)+0 <e*27r(Y7Yv,u)/€)> = a4y (11 0(1))
where we have used (5.19). This completes the proof of (5.26) and, thus the proof of (5.21).
Now, we compute the constant r, from (5.21). First, we prove that

det T,
(529) TV T; = 1 - ° * + O(t%,l/ t’U7V7 e_QTFY/E).
av,0 aV,O
This relation follows from the relations
det T,
(5.30) R, Ri=1-"2Y
ay, a,
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and from the fact that, for ¢ € R,

(531) au(C) = au,O(l + O(tv,u))'

Indeed, recall that all the functions we work with are e-periodic; substituting (5.21) and (5.31)
into (5.30) and integrating along R over a period, we get

det T,

av,0 au,O

rrs(L+0(e ™/ 17 ) =1 - (1+0(tv))-

In view of (5.23), this immediately implies (5.29). So, to complete the proof of (5.29), we have only to
prove the relations (5.30) and (5.31). The relation (5.30) follows from the equalities det T, = a,a},—b, b}
and (5.16). To prove the relation (5.31), we rewrite (5.9) in the form

_ av—1(C) | v 2miC [e ar2(¢)
(532) a,, = ay70 |:1 —+ Tp —+ ;’06 1 + W .

ay2(C)
By (5.13), sup | —=——
y( ) CEE ay7162m</€

prove (5.31), it suffices to check that, for ( € R
(5.33) o) = 21 oy,

ay,0

= o(1), and, by Corollary 5.1, one has Z:—:; = O(tyy). Therefore, to

Let us check this. We know that

(1) g is analytic in the half plane {Im{ < Y} and tends to zero as Im{ — —oo (as it is the
sum of the Fourier series terms with the negative indexes of a function analytic in the strip
{Im ¢ <Y} );
(2) for Im¢ =Y, one has [g| < C (by (5.13)).
This implies that |g| < Ce=?7(=Im0/% in the half plane {Im¢ < Y}. In view of (5.20) and (5.19),
this implies (5.33), hence, (5.29).
Finally, we check that

(5.34) @(ry) = p(byo) — plavo) + O(t%,u o, B_QFY/E)-

Therefore, for ( € R, we substitute the representations (5.21) and (5.31) in the relation b, = R,a,,
and integrate the result over the period. As a,, ¢ is the zeroth Fourier coefficient of a,,, the mean value
of the error term in (5.31) is zero. Hence, b, = r,a,,0(1 + O(t? , ty,, e 2™/%)) which implies (5.34).
Representations (5.29), (5.34) and estimate (5.23) imply (5.2’2). The proof of Proposition 5.1 is
complete. O

Proof of Lemma 5.1. We check the first and the second point for a,; for b,, the proof is similar.
Theorem 5.1 implies that, for [Im¢| <Y, a, admits the representation

(5.35) a,(¢) = au,0(1+ go) + ay1€®™/*(1 4+ g1)  where |go| + |g1] = o(1).

Therefore, the possible zeros of a, in the strip {|{Im (| < Y’} are located in o(g)-neighborhoods of the
points
€

(5.36) 5 In(—ayo/av1)+1le, le€Z.

This, Corollary 5.1 and the first point in Lemma 5.1 imply the second point of Lemma 5.1.

To prove the first point of Lemma 5.1, we apply Rouché’s Theorem to the functions f = a, 0+a,, 1€
and 0f = a, 090 + a,,,1627”'4/ €g1. Clearly, all the zeros of f are simple and they are all listed in (5.36).
Let ¢, be one of them. One compares f and df on the circle centered at (, of radius ce (where c is a
fixed positive sufficiently small constant independent of £). As

2mic/e

O 1w 1ot
then, on such a circle, one has df/f = o(1). This and Rouché’s Theorem imply that a, has a unique
simple zero in ce-neighborhood of (,. This implies the first two points of Lemma 5.1 for a,.

5f(¢) 90 g1 w = 2iC=Ca)/e,

To prove the last point of Lemma 5.1, we compare the zeros of the functions b,b} and a, o, inside the
strip {—=Y <Im(¢ < 0}. We use the following observations:
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e by the first two points of Lemma 5.1, in the strip {—Y < Im{ < 0}, all the zeros b, b}, are
zeros of b,, and all the zeros a, a), are zeros of a,;
e we know a,a), — b,b} = det T, and that T, = O(1) (see the second point of Theorem 5.1).

So, the zeros of a,a}, have to be exponentially close to those of a,a}, —detT,, i.e. to the zeros of b,b}.
To study the distance between the zeros of a,a}, and those of a,a}, — detT),, we again use Rouché’s
Theorem. Therefore, we pick (,, a zero of a, and compare the functions f = a,a}, and 6 f = det T, on

C.., the circle centered at (, of radius
o€

r= —.
GMOGMO

where 1 is a fixed positive constant, sufficiently large but independent of . Note that, by Corollary 5.1,
one has
(5.37) Ir| < roet; ,(Re E).
When applying Rouché’s theorem, we have to control f on C,.. Therefore, we use the relation
2m
(5.38) Q) = - asoavo(l+o0(1)) for [¢— ¢l <€

We prove (5.38) later, and, now, we use it to complete the proof of Lemma 5.1. By means of (5.38)
and (5.37), for | — (4| = r, we get
2T,
7)1 = a gavor(1 +o(1)) = 2mro(1 +o(1).
As §f = detT, = O(1), this implies that

éi££2‘§ CVT@

¢al=r | F(C)
So, if rg is fixed sufficiently large, then, for sufficiently small ¢, f — §f has one simple zero inside the
circle | — (4| = r. As this is a zero of b,, and as r admits the estimate (5.37), this implies the third
point of Lemma 5.1.
To complete the proof of this lemma, we only have to check (5.38). Therefore, first, we note that,
by (5.35), for —Y <Im( < 0, one has

@i = a5(1+o(1)) + af, e 2M/5(1 + o(1)) = g (1+0(1) +0 (52 ) ) = ap o1+ 0(1)),

5

Z”’l. The result of this computation and (5.35) imply

*
v,0

where we have used Corollary 5.1 to estimate
that, for —Y <Im({ <0,

(5.39) F(Q) = a5 gano(1 4 o(1)) + a5 gay,16™/* (1 + o(1)).

The Cauchy estimates applied to o(1), the functions from (5.39) give 8%0(1) = o(1) in any fixed
compact of the strip {—Y < Im( < 0}. Therefore, for |¢ — (,| = €2, we get

271 . )
Q) = T ai,oau,le%“a/f(l +0(1)) + o(ay, gav,0) + o(a,’i70a,,71627r24“/5).

As ay,le%ica/ ¢ = —ay, this implies (5.38). This completes the proof of Lemma 5.1. O

5.3. Asymptotics of the coefficients of the monodromy matrix. Using Theorem 5.1 and Propo-
sition 5.1, we prove Theorem 2.2. Actually, we compute only the matrix M, corresponding to the
consistent basis {fr, fX}. The asymptotic representations for the coefficients of the matrix Mj are
obtained similarly. The proof consists of two steps.

5.3.1. Combinations of Fourier coefficients. First, we define the functions o, and the quantities ®,,
Ty, Th, 0 and z, introduced in (2.15) — (2.18) in terms of the Fourier coefficients of the transition
matrices. The asymptotics of the Fourier coefficient combinations met here are computed in terms of
the iso-energy curve I' in section 12.

1. The phases. The phases ®, are defined by the formulae

b = = (plam0) + laoe) — ¢(bro) + (boo))

(plarp) + ¢laoo) + ¢(bro) — ¢(boo)) -
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In section 12.2, we check that these phases admit the representations (2.19). They imply in particu-
lar (2.28).
2. The constant 0. Let

(5.41) g=— | 220 ges 7.
Q7.0
Note that, in view of (5.8), one has
- 1
| H det TO = ——.
a070 0

In section 12.1, we prove that § admits the representations (2.21) which, in particular imply (2.32).
3. The coefficients Ty, and T, ,. Let

(5.42) Ty = | arpoaop | - and T, = s

QAy.0

Using computations analogous to those done in section 12.1, one proves representations (2.20). These
show that, for F € V£,

(5.43) Th| = [tn] = [thotnx| and |[Top| = [to-
4.The constant z,. Let
1 Gy 1
5.44 = —— L)
(5.44) s= v (22)

Using computations analogous to those performed in section 12.2, one proves (2.22). Estimate (2.23)
is proved in the section 11.3. It implies (2.33).
5. The functions c,,. Define o, = a,/a, . One has

Lemma 5.2. Fiz 0 < y < Y,,. For sufficiently small €, in the case of Theorem 5.1, for [Im(| < y
and E € V., one has (2.18).

Proof. Start with (5.32) or, equivalently, with

(645) o= 14900 + e 1150, g0 =228 5= 7“2(43/

av ay1e
When proving (5.33), we have seen that |g| < Ce=27(Y=Im0/c in the half plane {Im ¢ < Y}. Similarly,
one proves that |j| < Ce27(Y+Im0)/e in the half plane {Im¢ > —Y}. In view of (5.20) and (5.19), in
the strip [Im ¢| < y, one has |T;,,e*™¢¢| < C. These three estimates imply (2.18). O
Note that (2.18) can be simplified into (2.26).
6. Real analyticity. Note that @, Ty, Th, 0 and z,, regarded as functions of F, are real analytic
in V£ (this follows from the definitions of I-1 and ¢(-)). Therefore, each of them is invariant with
respect to the operation * (see (2.10)).

5.3.2. Computing the matriz M,. The representation (5.7) and the relation b, = R,a, imply that
(5.46) A = arao + RxRyara; and Br = Ryarag+ Ry azay.

Now, for v € {0, 7},

in (5.46), we substitute the representation a, = | ay,0 | eilavo) o -

in (5.46), we replace the functions R, by their representations (5.17);

we express the Fourier coefficient combinations we meet in terms of ®,, T), ., T}, 6 and z,;

we use detToT, = 1.
we use the invariance of ®,, T;, ,,, T}, 0 and z, with respect to the transformation *.

This leads to the formulae

5.47 A, =21 =2 ke T G : o)
o T oot { > a7 Ty - 2 * T, J’
and
—iA axe Gy i | anel™ 0+ ake R0 agel S O0p + age S On
(5.48)  Byeid =201~ Co it ;
Ty, 9 T
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where A = ¢(bo,0) — p(ao,0). Furthermore, one checks that, for Im¢| <y and E € V£, one has

. =% 1 ,@n-ag 1
(5.49) arape’ « { } = 56 e 0+ ] + O (pTyv0, Ty 7, Th, pTy /Th)
and
- 1 idg 1 @ id
(5.50) v o { e } =3¢ 5 <§ e s + Heso> + O (pTv0, pPTv 7, Ty pTy /Th) -

In (5.49) and (5.50), the terms with the curly brackets are the ones from (5.47) and (5.48) respectively,
and p = p(¢/e). These two representations follow from estimates (2.26), (2.27), (2.28), (2.32), (5.18)
and (5.43). We omit the elementary details.

Finally, we “kill” the constant factor e~** in (5.48) by replacing the consistent basis {f,, f*} with
the consistent base {g, g*} where g = e=**/2f: for the monodromy matrix corresponding to {g, g*},
the coefficient with index 11 is equal to A, and the coefficient with index 12 is equal to B, e *2. For
the coefficients My; and Mio of this new monodromy matrix, we keep the old notations A, and B;.
With this “correction”, the asymptotic representation (2.15) follows from the representations (5.47)
and (5.49), and the asymptotic representation (2.16) follows from the representations (5.48) and (5.50)
This completes the proof of Theorem 2.2. O

6. PERIODIC SCHRODINGER OPERATORS

In this section, we discuss the periodic Schrodinger operator (0.2) where V' is a 1-periodic, real valued,
L} -function. First, we collect well known results needed in the present paper (see [13, 6, 19, 21, 20]).
In the second part of the section, we introduce a meromorphic differential defined on the Riemann
surface associated to the periodic operator. This object plays an important role for the adiabatic
constructions (see [9]).

6.1. Analytic theory of Bloch solutions.

6.1.1. Bloch solutions. Let 1 be a nontrivial solution of the equation

2
(6.1) L@V @ (@) = £ (@), weR,

satisfying the relation ¢ (x + 1) = A4 (x) for all € R with A € C independent of z. Such a solution
is called a Bloch solution, and the number ) is called the Floquet multiplier. Let us discuss properties
of Bloch solutions (see [13]).

As in section 1.1, we denote the spectral bands of the periodic Schrodinger equation by [Fy, Es],
[Es, E4l, ..., [Font1, Eontol, ... Consider Sy, two copies of the complex plane £ € C cut along the
spectral bands. Paste them together to get a Riemann surface with square root branch points. We
denote this Riemann surface by S. In the sequel, . : & +— C is the canonical projection.

One can construct a Bloch solution #(z,&) of equation (6.1) meromorphic on S§. For any &, we
normalize it by the condition ¥ (1,&) = 1. Then, the poles of € — ¥ (z, ) are projected by 7. either
in the open spectral gaps or at their ends. More precisely, there is exactly one simple pole per open
gap. The position of the pole is independent of z (see [13]).

Let *: & +— S be the canonical transposition mapping: for any point £ € S, the point £ is the unique
solution to the equation 7m.(€) = E different from £ outside the branch points.

The function z — 1(z, £) is one more Bloch solution of (6.1). Except at the edges of the spectrum (i.e.
the branch points of S), the functions (-, ) and (-, €) are linearly independent solutions of (6.1).
In the spectral gaps, they are real valued functions of x, and, on the spectral bands, they differ only
by the complex conjugation (see [13]).

6.1.2. The Bloch quasi-momentum. Consider the Bloch solution ¢ (z, ). The corresponding Floquet

multiplier A (€) is analytic on S. Represent it in the form A(E) = exp(ik(£)). The function k(E) is

the Bloch quasi-momentum.

The Bloch quasi-momentum is an analytic multi-valued function of £. It has the same branch points

as Y(x, &) (see [13]).

Let D € C be a simply connected domain containing no branch point of the Bloch quasi-momentum k.
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On D, fix kg, a continuous (hence, analytic) branch of k. All other branches of k that are continuous
on D are then given by the formula

kjiJ(g) =+ko(€) +2nl, leZ.

All the branch points of the Bloch quasi-momentum are of square root type: let ) be a branch point,
then, in a sufficiently small neighborhood of Ej, the quasi-momentum is analytic as a function of the
variable \/€ — Ej; for any analytic branch of k, one has

k:(g) =k +cvE— E —1-0(5 — El), a # 0,

with constants k; and ¢; depending on the branch.

Let C, be the upper complex half-plane. There exists k,, an analytic branch of k that conformally
maps C,; onto the quadrant {k € C; Imk > 0, Rek > 0} cut along compact vertical intervals, say
ml 4+ il; where | € N* and I; C R, (see [13]). The branch k, is continuous up to the real line. It is
real and increasing along the spectrum of Hy; it maps the spectral band [Fa,_1, F2,] on the interval
[r(n—1),7n]. On the open gaps, Re k), is constant, and Im k), is positive and has exactly one maximum;
this maximum is non degenerate.

We call k,, the main branch of the Bloch quasi-momentum.

Finally, we note that the main branch can be analytically continued on the complex plane cut only
along the spectral gaps of the periodic operator.

6.2. Meromorphic differential ).
6.2.1. The definition and analytic pmperties. On the Riemann surface S, consider the function
fo < Y(x, &) — ik(g)xw(x,€)> dx

fo x,S)w(x,é)dx .

where k is the Bloch quasi-momentum of 1), and the dot denotes the partial derivative with respect
to £. This function was introduced in [10] (the definition given in that paper is equivalent to (6.2)).
In [10], we have proved that w has the following properties:

(6.2) w(&) =

(1) the differential Q = w d€ is meromorphic on S; its poles are the points of P U @, where P is
the set of poles of ¥(z, &), and @ is the set of points where k'(€) = 0;

2) all the poles of Q are simple;

3) Vpe P\ Q,res , 2 =1;Vge Q\ P,res Q= —1/2;Vr e PNQ, res, Q) =1/2.

4) if 7.(€) belongs to a gap, then w(€) € R;

5) if 7.(£) belongs to a band, then w(&) = w(€).

The following quantities appeared in the description of the spectrum of H, . (see sections 1.6 and 1.7)

(
(
(
(

(63 M) =5 () + 50 )
where
(6.4) 6u(V) = exp(in(V)),  In(V) = / 0(e),

and g, is a simple closed curve on § such that
e g, islocated on C\o(Hj), the sheet of the Riemann surface S where the Bloch quasi-momentum
of Y(z,&) is equal to ky(m.(€)) for Imm.(E) > 0;
e 7.(gn) is a positively oriented loop going once around the n-th spectral gap of the periodic
operator Hy.

We prove
Lemma 6.1. The integral I, is real valued.

Proof. Let & be a point that projects onto an internal point of a spectral band. Let U be a
neighborhood of & where 7! is analytic. Let here £* = 7. !(7.(£)). By the fifth property of w, for
£ € U, one has w(€) = w(E*). Consider g,, the integration contour for I,. We can and do assume that
7(gn) (as a set, but not as an oriented curve) is symmetric with respect to the real line. As 7.(gy)

intersects the real line at internal points of spectral bands, starting from one of these intersections,
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one can continue £ — £* to g, as a continuous function; then, one has w(€) = w(E*). Note that
gy = —gn. One has

(6.5)

:_/gnw(é)df;:—/g w(é’)dfz—/g Q(8).

On &, there are exactly two points, say ¢ and ¢, in @) that project inside the n-th spectral gap of Hy.
Furthermore, on §, there is exactly one point, say p, in P that projects inside the n-th spectral gap
or at one of its edges. On S\ {q, ¢, p}, up to homotopy, one has

gn = —0n + Z 0(5)7

£e{q,4,r}

where C(€) is a infinitesimally small, positively oriented circle centered at £. This and the description
of the poles of Q imply that

(6.6) /gsz(g):—/ Q&) +2mi Y I‘eSgQ(g):—/ Q(E).

In Ee{q,d.p} In

Relations (6.5) and (6.6) imply that [,, = [,,. This completes the proof of Lemma 6.1. O
Lemma 6.1 imply

Corollary 6.1. One has 6,(V) >0 and A, (V) > 1.

7. THE CONSISTENT SOLUTIONS

In this section, we describe the consistent solutions (f,),e0,r} used in section 5.1. Many of the results
presented here are taken from [9].

In [I1] and [9], we have developed a new asymptotic method to study solutions to an adiabatically
perturbed periodic Schrodinger equation i.e., to study solutions of the equation

2
(11) L0 Q) + (V@) + We + Q). 0) = Bl )

in the limit ¢ — 0. The function ¢ — W(({) is an analytic function that is not necessarily periodic.
The main idea of the method is to get the information on the behavior of the solutions in x from
the study of their behavior on the complex plane of (. The natural condition allowing to relate the
behavior in ¢ to the behavior in z is the consistency condition (5.3): one can construct solutions
to (7.1) satisfying this condition and having simple standard asymptotic behavior on certain domains
of the complex plane of (.

We first describe the standard asymptotic behavior of the solutions studied in the framework of the
complex WKB method. The domains where these solutions have the standard behavior are described
in terms of Stokes lines. So, next, we describe the Stokes lines for V', W and E considered in this paper.
Finally, we describe fy and f,, the solutions used to construct the consistent bases and transitions
matrices of Theorem 5.1.

7.1. Standard behavior of consistent solutions. We now discuss two analytic objects central to
the complex WKB method, the complex momentum defined in (1.1) and the canonical Bloch solutions
defined below. For ¢ € D(W), the domain of analyticity of the function W, we define

(7.2) E(Q) =E-W(C()

The complex momentum and the canonical Bloch solutions are the Bloch quasi-momentum and par-
ticular Bloch solutions of the equation

2

(73) L Ve = £,

considered as functions of (.
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7.1.1. The complexr momentum. For ( € D(W), the domain of analyticity of the function W, the
complex momentum is given by the formula x({) = k(£(¢)) where k is the Bloch quasi-momentum
of (0.2). Clearly, x is a multi-valued analytic function; a point ¢ such that W’({) # 0 is a branch
point of k if and only if

(7.4) E;+W({)=FE forsome je&N".
All the branch points of the complex momentum are of square root type.

A simply connected set D C D(W) containing no branch points of « is called regular. Let k, be a
branch of the complex momentum analytic in a regular domain D. All the other branches analytic in
D are described by

(7.5) K

m = £kp+2mrm  where m € Z.

7.1.2. Canonical Bloch solutions. To describe the asymptotic formulae of the complex WKB method,
one needs Bloch solutions of equation (7.3) analytic in ¢ on a given regular domain. We build them
using the 1-form €2 = w d€ introduced in section 6.2.

Pick (p, a regular point. Let & = &£((p). Assume that & ¢ P U Q (the sets P and @ are defined
in section 6.2). In Uy, a sufficiently small neighborhood of &), we fix k, a branch of the Bloch
quasi-momentum, and ¥4 (x, ), two branches of the Bloch solution 9 (z, &) such that k is the Bloch
quasi-momentum of . Also, in Uy, consider 4, the two corresponding branches of 2, and fix
a branch of the function £ — ¢(£) = /K'(£). Assume that Vj is a neighborhood of (p such that
E(Vh) C Uy. For ¢ € Vp, we let

(7.6) Wi (,0) = q(€) /% s (,), where € =E(Q).

The functions W4 are the canonical Bloch solutions normalized at the point (y. Its quasi-momentum
is £(C) = k(E — W(C)).
The properties of the differential Q imply that the solutions ¥4 can be analytically continued from

Vb to any regular domain D containing V.
One has (see [11])

(77) w(\IIJr(" ()’ \II*(" C)) = w(\I]Jr(" <O)a \I]*('a CO)) = k/(go)w(¢+(',50),7/)7(',50))
As & ¢ QU {E;, | > 1}, the Wronskian w(V4(+,(), V_(+,()) does not vanish.

7.1.3. Solutions having standard asymptotic behavior. Fix E = Fy. Let D be a regular domain. Fix
Co € D so that £(¢p) € PU Q. Let k be a branch of the complex momentum continuous in D, and
let W be the canonical Bloch solutions defined on D, normalized at (y and indexed so that x be the
quasi-momentum for W.

We recall the following basic definition from [9]

Definition 7.1. Fix s € {+,—}. We say that f, a solution of (7.1), has standard behavior (or
standard asymptotics) f ~ exp(s% fC kdC) - Vg in D if
e there exists 1{, a complex neighborhood of Fy, and X > 0 such that f is defined and satis-
fies (7.1) and (5.3) for any (z,(, F) € [-X, X] x D x Vp;
e fis analytic in ( € D and in F € Vp;
e for any K, a compact subset of D, there is V C Vj, a neighborhood of Fy, such that, for
(x,(,F) € [-X,X] x K xV, f has the uniform asymptotic

f:eséfc’%dg(\lls—i—o(l)), as ¢ —0,

e this asymptotic can be differentiated once in x without loosing its uniformity properties.

i ¢
Let (f4+, f-) be two solutions of (7.1) having standard behavior fi ~ ete > wd¢ Uy in D. One
computes

w(f, f) = w(Wy, W) +o(1).
By (7.7), for ¢ in any fixed compact subset of D and e sufficiently small, the solutions (f, f—) are

linearly independent.
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7.2. Complex momentum and Stokes lines for W (({) = acos(. Now, following [9], we discuss
the complex momentum and describe the Stokes lines for V', W and E considered in this paper. In
particular, from now on, we assume that

(7.8) W(¢) = arcos(C) E(C) = E — acos((),

that E belongs to J, a compact interval satisfying the condition (TIBM) from section 1.2, and that
all the gaps of the periodic operator Hy are open.

hence,

7.2.1. Complex momentum. 1. The branch points of the complex momentum are located on the
lines of the set arccos (R) which consists of the real line and the lines {Re( = =i} for [ € Z. The
set of branch points of k is 27-periodic and symmetric with respect both to the real line and to the
imaginary axis.
Define the half-strip I = {¢ € C; 0 < Re( < m, Im( > 0}. It is a regular domain. Consider the
branch points located on JII, the boundary of II. £ bijectively maps OII onto the real line. So, for
any j € N, there is exactly one branch point solution to (7.4); we denote it by ¢;. Under condition
(TIBM), the branch points (3, and (2,41 are located on the interval (0,7), i.e. 0 < (25 < Cop+1 < 7.
The branch points (q, (2, ... (on_1 are located on the imaginary axis and satisfy 0 < Im (o, 1 <
- < Im¢y < Im(;. The other branch points are located on the line {Re{ = =7}, and one has
0 <Im{opio <Im(opig < .... In Fig. 7, we show some of these branch points.

2. & conformally maps the half-strip II onto the upper half 1
of the complex plane. So, on II, we can define a branch of the Con—2
complex momentum by the formula : % g Con+2
(7.9) kp(p) = kp(E — accos ), T ¢
2

k, being the main branch of the Bloch quasi-momentum for *—o 0 o o—"e
the periodic operator (0.2). We call k, the main branch of the / Con+t1
complex momentum. g

® ® (n
The discussion in section 6.1.2 implies the following. First, s, ¢
conformally maps II into the first quadrant of the complex r

plane. Fix [, a positive integer. The closed segment z; :
[Co1—1,C) C OII is bijectively mapped on the interval [7(l —
1), 7l]; on the open segment g; := ({27, Co+1) C OII, the real
part of k equals to 7l, and its imaginary part is positive. Two
of the intervals (z;); and (g;); are shown in Fig. 7.

- Figure 7: (z;); and (g;);

7.2.2. Stokes lines. Let (y be a branch point of the complex

momentum.
A Stokes line beginning at (j is a curve  defined by the TN
equation Tm fé (k (&) — K (Co))d€ = 0 (where £ is a branch //I Loy \v/ Con+4
of the complex momentum continuous on 7). There are . ,' l‘ RN
three Stokes lines beginning at each branch point of the Con-3 N ‘g " |‘ #7d7 NCongs
complex momentum. The angles between them at the AN I 1
branch point are all equal to 27/3. Con—2¢ “¢h” ,' ““a” R
Let us discuss the set of Stokes lines for W (¢) = acos(. “e,,’l ‘\ R e
Due to the symmetry properties of £, the set of the Stokes Can—1 Mo ) ‘\ //’/
lines is 27-periodic and symmetric with respect to both AN I’ /z\\’
the real and the imaginary axes. So, it suffices to describe 0 DN
the Stokes lines in II. Here, we follow [9]. gl . ¢ > T

2n 2n+1

In Fig. 8, we have represented Stokes lines in II by dashed

lines. Figure 8: The Stokes lines

Elementary properties of Stokes lines. Recall that the

ends of the intervals (g;); are branch points and, reciprocally, any branch point located on JII is an

end of one of the g;’s.

Consider the Stokes lines beginning at the ends of g,,. The right end of g,, is (2,+1. One of the Stokes

lines beginning at this point goes to the right of (3,41 along R; the two other Stokes lines beginning

at Copy1 are symmetric with respect to the real line. Similarly, one of the Stokes lines beginning at
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Con, the left end of g,, goes to the left of (o, along R, and the two other Stokes lines beginning at (o),
are symmetric with respect to the real line.

Consider the Stokes lines beginning at the ends of g; for either [ > n+ 1 or [ < n — 1. One of these
Stokes lines coincides with g;. Let (y be one of the ends of g;. The two Stokes lines beginning at (g
and different from g; are symmetric with respect to the line {Re( = Re(p}, see Fig. 8.

Global properties of the Stokes lines in I1. First, we discuss the Stokes lines starting at (o54-1,.-., Conta
and (o, denoted respectively by “a”,..., “d” and “e”. They are shown in Fig. 8 and described by

Lemma 7.1 ([9]). The Stokes lines “a”,..., “d” and “e” have the following properties:

e the Stokes lines “a” and “e” stay inside 11, are vertical and disjoint;

e the Stokes line “c” stays between “a” and the line {Re( =} (without intersecting them) and
1s vertical;

e before leaving 11, the Stokes lines “b” stays vertical and intersects
imaginary part;

e before leaving 11, the Stokes lines “d” stays vertical and intersects

Of 114 ?7

The term “vertical line” used in this lemma means a smooth curve intersecting the lines {Im{ = C'}
transversally. The proof of Lemma 7.1 can be found in [9].

é( ”

at a point with positive

{( 2

above (on 13, the beginning

Now, consider the Stokes lines located in II and starting at (2,1, (2n—2 and (o,_3. We respectively
denote them by “f”, “g” and “h”, see Fig. 8. One proves

Lemma 7.2. The Stokes lines “f”, “¢” and “h” have the following properties:

e the Stokes line “g” is vertical and stays between “e” and the line {Re ¢ = 0} without intersecting
them;

e before leaving 11, the Stokes lines “f” stays vertical and intersects
imaginary part;

e before leaving 11, the Stokes lines “h” stays vertical and intersects

Of 114 ?7

We omit the proof of this lemma as it is similar to the proof of Lemma 7.1.

“e” at a point with positive

({ ”

above (oo, the beginning

7.3. Two consistent solutions. We now introduce two solutions of (5.2) satisfying (5.3). For y > 0,
we define S, = {|Im (| < y}.

Fix Y > Im Con+4. The solutions we describe are analytic in the strip Sy

We first describe the branch of the complex momentum used to write the asymptotics of these solutions.
Define the strip

SP={¢ € C;0 <Im¢ < min(Im {2y, 1, Im (25 12) }-

It is regular. Analytically continue x, to this strip. Recall that the integer n in the condition (TIBM)
is even. Let

(7.10) K(Q) = p(C) — n.

As n is even, the discussion in the section 7.1.1 shows that k is a branch of the complex momentum.
It is continuous up to the boundary of the strip S?; one has

K(Can) = K(Cant1) = 0.

7.3.1. The solution fr. Consider Dy, the subdomain of the domain D, = {[Im¢| <Y, 0 < Re¢ < 27}
shown in Fig. 9(a). Its boundary consists of the lines bounding D, and of the segments of Stokes lines
and lines {Re( = C'} beginning at the intersection points of Stokes lines. The domain D, is simply
connected.

Let k, be the analytic continuations of x from SP to Dy, i.e., for ( € D, N SP

(7.11) ki (C) = k().

Let \IISZT) be the canonical Bloch solution analytic D, normalized at m and such that k. is its Bloch
quasi-momentum. In [9], we have proved
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Figure 9: The continuation diagrams

Proposition 7.1 ([9]). Fiz E = E, € J. For sufficiently small ¢, there exists fr, a solution to (5.2),
satisfying (5.3) and analytic in the strip Sy that, on Dy, has the standard behavior

e
(7.12) Fr ~ exp (g/ ,@rdg> oo,

7.3.2. The solution fy. Consider Dy, the subdomain of the domain Dy = {|[Im (| <Y, —7 < Re( < 7}
shown in Fig. 9(b). Its boundary consists of the lines bounding Dy and of the segments of Stokes lines
and lines {Re( = C} beginning at the intersection points of Stokes lines. The domain Dy is simply
connected.

Let kg be the analytic continuation of —x from S? to Dy i.e., for ( € Dy N SP,

(7.13) ko(C) = —r(C).

Let \IJEE) be the canonical Bloch solution analytic Dy, normalized at 0 and such that xq is its Bloch
quasi-momentum. One has

Proposition 7.2. Fiz E = E, € J. For sufficiently small , there exists fy, a solution to (5.2),
satisfying (5.3) and analytic in the strip Sy that, on Dy, has the standard behavior

RS
(7.14) fo ~exp (é/ K0d<> \I’(O
0

The proof of Proposition 7.2 is similar to that of Proposition 7.1; we omit it.

8. T'WO CONSISTENT BASES

In this section, we construct the consistent bases used in the section 5.1.

Fix v € {0,7}. The solution f; is related to f, by the transformation (2.10). First, we compute the
asymptotics of fs. Then, we compute the asymptotic of the Wronskian w(f,, f;). This Wronskian is
constant up to a factor of the form (1 + o(1)). Finally, we correct f so that

(1) the Wronskian w(f,, f;;) be constant (and, thus, f, and f;; form a consistent basis),
(2) the “new” solutions f, and f;; have the “old” behavior in the strip Sy .

The constructions described here are standard for the adiabatic complex WKB method. The proofs
of Lemmas 8.1 and 8.2, and of Theorem 8.1 below essentially repeat the proofs of the analogous
statements found in [10] and are therefore omitted.

8.1. Asymptotics of f;. To discuss the asymptotic behavior of f, we need some additional material.

8.1.1. Preparation. Define 30 = (—Can,C2n) C R and 3. = ((on+1, 2™ — Cant+1) C R. Note that £ maps

30 into the n-th spectral band, and 3, into the (n + 1)-st spectral band.

Recall that the leading terms of the asymptotics of the solutions having standard asymptotic behavior
44



are fixed up to the choice of ¢, the branch of \/k’(£(()) from the definition of the canonical Bloch
solution, see (7.6). Let ¢, be the branch of ¢ from the definition of \I'E:). Fix it so that

() >0 for (€3,

This choice is possible as, inside any spectral band of the periodic operator, k:; > 0.

8.1.2. The asymptotics. Let D], be the domain symmetric to D, with respect to the real line. Note
that 3, C D, N D;. One has

Lemma 8.1. In D;, the solution f; has the standard behavior
(8.1) fi e e el g% (g ),

Here, kK, 1s the branch of the complex momentum analytic in D;, that coincides with K, on 3,; the

( )7

function W7 is the canonical Bloch solution analytic in D} that coincides with \I/(f) (complementary

to \I/(+ from the asymptotics of f,) on 3,.
The proof of Lemma 8.1 mimics that of Lemma 6.1 in [10].

Note that k. = k5, and that ¥ = ({)*,

8.2. The Wronskian of f, and f;. The solution f, and f; are analytic in the strip Sy; so does
their Wronskian. As both f, and f; satisfy condition (5.3), it is e-periodic in . One has

Lemma 8.2. The Wronskian of f, and f) admits the asymptotic representation:

(8.2) w(fo, 1) = w@V 02y 49, €Sy

Here, g, is a function analytic in Sy such that, for real ¢ and E, Reg, = 0. Moreover, g, = o(1)
locally uniformly in any compact of Sy provided that E is in a sufficiently small complex neighborhood
Of EQ.

The proof of Lemma 8.2 mimics that of Lemma 6.2 in [10].

Remark 8.1. Note that w(W} v o V))\C v #0asE(v) € PUQ.

As g,, the error term in (8.2), may depend on (, we redefine the solution f, setting

foi= 1)@ where Q= /14 g/w(@®, v,

In terms of this new solution f,, we define the new f. The solutions (f,, f;;) form the basis the
monodromy matrix of which we study. For these “new” f, and f,;, we have

Theorem 8.1. The solutions f, and f; are analytic in Sy, satisfy the condition (5.3), and

(8:3) w(fur £5) = w(@, 9|y

Moreover, f, has the standard behavior, (7.14) or (7.12), in D,, and f;; has the standard behavior (8.1)
in Dj.

The proof of Theorem 8.1 mimics that of Theorem 6.1 from [10].

Let ¢ — ¢4(x,E(C)) be the two branches of the Bloch solution ¢ — (x,&({)) that are analytic
in ( € SP and such that k, the branch of the complex momentum defined in the beginning of the
section 7.3, is the Bloch quasi-momentum for ¢;. By (7.7) and the definitions of the canonical Bloch
solutions ¥, one has

lifv=m

(84)  w@, v, = s()K(EW)) (s, Y- )=y, Where 3(”):{ “1ify =0,

9. TRANSITION MATRICES

In this section, we compute the asymptotics of the transition matrices 7, defined by (5.6) for the bases

(fu, f}) for v € {0,7}.
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9.1. Elementary properties of the transition matrices. One can easily express the coefficients of
the transition matrices, see (5.6), via the Wronskians of the basis solutions; formulas (5.6) immediately

imply

Lemma 9.1. One has

(fﬂ'(’<+277')’f (aC)) _w(fO('aC)afﬂ(’<+27T))
o RGO 0D Y T TG0 B0
and
(92) aO(C) _ w(fO(aC)afﬁ(?C-)) bO(C) _ w(fﬂ(a()afO(aC))

w(fw(a()af;(7g))7 w(fﬂ(a()af%(?C))

For v € {0,7}, by the definition of the standard behavior, the basis {f,, f;} is defined and analytic
for (¢, E) € Sy x V(YY) where V(Y') is a neighborhood of E, € J; this neighborhood is independent
of . One has

Lemma 9.2. Pick v € {0,7}. The matriz T, is analytic and e-periodic in ¢ € Sy and analytic in
Ee V(f/) Moreover, det T}, is independent of ¢ and does not vanish.

Proof. As the solutions f, and f;; are analytic functions of the variables ¢ and E, so are the Wronskians
in formulae (9.1) and (9.2). Moreover, by (8.3), the Wronskians in the denominators of (9.1) and (9.2)
do not vanish. This implies the analyticity of the coefficients of the transition matrices. The periodicity
in ¢ follows from the fact that all the solutions satisfy (5.3). Finally, relations (5.6) imply that

(9.3) w(fr(@,(+2m), f7 (2, ¢+ 2m)) = det Tr w(fo(z,¢), f5(z,¢)).
Now, (8.3) imply that det T} is independent of (. Similarly one checks that detTj is independent of
(. This completes the proof of Lemma 9.2. U

9.2. The asymptotics of the transition matrices. We first introduce some notations:

(1) For the Fourier coefficients of a, and b, we use the notations introduced in (5.9), and recall
that p(z) = e27lm=l,

(2) Let Yz, Y, » and Yy, Y, be the distances marked in Fig. 9(a) and Fig. 9(b) respectively.
E.g., Yy is the imaginary part of the point of intersection of the Stokes lines “g” and “h” (see
Lemma 7.2). Note that, for any v € {0,7}, one has

(9.4) 0<Y,, <Y, <Y.

(3) We use the branch x introduced in the beginning of the section 7.3; ¥y (resp. Q4) are the
branches of ¥(z,E(:)) (resp. ) such that x is the Bloch quasi-momentum of ¢y. When
integrating k (resp. integrating () or continuing analytically 1)) along a curve, we choose a
branch of k (resp. €2, 1) near the starting point of the curve and then continue it along the
curve.

(4) Let v be a curve and g be a function continuous on 7. We denote by A arggq|, the increment
of the argument ¢(¢) along the curve ~.

The asymptotics of the transition matrices coefficients are described by

Proposition 9.1. Pick v € {0,7}. Fiz Y so thatY,, <Y <Y,. There exists V,(Y), a complex
neighborhood of E, independent of €, such that, for e sufficiently small, j € {0,1} and E € V,(Y),
one has the uniform asymptotics

. o (r — )i
(9.5) ay,j exp( e/ﬂdC—]M—i—/Qs—i—iAargq\a—i-o(l)), a=ay;,

. ol — Vi
(9.6) by j = exp (sé / kdC — jw + / Qs +iAargqls+ 0(1)) . B=0;
B B
where  s=414f v=m, ands=—-1if v=0.

In (9.5) and (9.6), one integrates along the curves shown in Fig. 10 chosen such that £(¢) ¢ (P UQ)
along them; for each of the integration curves, q denotes a branch of ¢ — /K'(E(C)) continuous on

this curve.
For ((,E) € S(Y) x V,(Y), one has the uniform estimates

(9.7 ay-1(¢) = olavp),  by,-1(¢) = 0(buo), av2(C) =o(p(¢/e)av,1);, bu2(C) = o(p(C/€)by,1).
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Figure 10: The integrations paths for Theorem 5.1

In the remaining part of the present section, we first explain how Theorem 5.1 is deduced from
Proposition 9.1. Then, we turn to the proof of Proposition 9.1. We begin with describing general
asymptotic formulae for the Wronskians of two solutions having standard behavior; this material
mostly stems from [10]. Then, using these formulae, we compute the Wronskians in the formulae for
the transition matrix coefficients (see Lemma 9.1) and, thus, complete the proof of Proposition 9.1.
Note that we carry out the analysis only for the asymptotics and the estimates for ag and by. The
coefficients a, and b, are analyzed in a similar way.

9.3. The proof of Theorem 5.1. In section 10, we study the actions (Sy.),ef0,+} and prove
Lemma 9.3. Pick E, € J. For each v € {0,7}, one has S, ,(Ey) = 27Y,, ,(Ey).

Lemma 9.3 and the condition (T), see section 1.5, imply that, in Proposition 9.1, we can choose Y so
that (1) 27Y > maxpgey Sp(F) and (2) Y,, <Y <Y, simultancously for v = 0 and v = 7. We then
define Vi, = Vp N V. With this, each of the basis solutions fo, fj, fr and f; is defined and analytic in
the domain (5.5). This and Lemma 9.2 imply the first and the second point of Theorem 5.1.

In section 11, we derive the estimates of the third point of Theorem 5.1 from the asymptotics (9.5)
and (9.6).

Finally, the last point of Theorem 5.1 is an immediate consequence of the estimates (9.7). So, Theo-
rem 5.1 is proved.

9.4. General asymptotic formulae. We recall results from section 8 of [10]. Consider equation (7.1)
assuming only that W is analytic and that E is fixed, say ¥ = Fy. Let h and g be two solutions
of (7.1) having the standard asymptotic behavior in regular domains Dy, and D,:

irC i<
(98) B et 0 (0,0), g~ et o™ Wy (2, Q).

Here, Kk, (resp. kg4) is a branch of the complex momentum analytic in Dy, (resp. D), ¥y, (resp. ¥y)
is the canonical Bloch solution defined on Dy, (resp. Dg) and having the quasi-momentum ry, (resp.
kg), and (p, (resp. (4) is the normalization point for h (resp. g).

As the solutions h and g satisfy the consistency condition, their Wronskian is e-periodic in (. First,
following [10], we describe the asymptotics of this Wronskian and of its Fourier coefficients. Then, we
develop simple tools to compute some constants coming up in these formulae.

9.4.1. Asymptotics of the Wronskian. Let d be a simply connected domain such that d C Dy N D,.
Arcs. Let v be a curve connecting (, to (; going first from ¢, to some point in d while in D, and,
then, from this point to ¢; while in Dj,. We call v an arc associated to the triple (g,h,d) and denote
it by (g, h,d).
Two arcs associated to one and the same triple are called equivalent.
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Continue xj, and k4 analytically along (g, h,d). Then, there exists m € Z and o € {—1,+1} such
that for ¢ close to «y, one has

(9.9) kg(C) = okp(C) + 2mm.

We call o = o(g, h,d) the signature of vy, and m = m(g, h,d) the index of v. These two integers do not
change when we replace the arc v by an equivalent one.

Meeting domains. A domain d is called a meeting domain if the functions Im x;, and Im x4 do not
vanish and are of opposite sign in d. One has

Lemma 9.4 ([10]). Suppose the functions Imry, and Im kg do not vanish in d. Then, d is a meeting
domain if and only if o(g,h,d) = —1.
Fourier coefficients. Let S(d) be the smallest strip of the form {C) < Im({ < Cs} containing the

domain d. One has

Proposition 9.2 ([10]). Fiz Ey. Let d = d(h,g) be a meeting domain for h and g, and m = m(g, h,d)
be the corresponding indez (at energy Ey). Then, there exists Vi a neighborhood of Ey such that for e
sufficiently small, for E € Vy and ¢ € S(d), the Wronskian of h and g is given by the formulae

(9.10) w(h,g) = Wme = W (14 0(1)),
where

i
9.11 Wm = (qq/qn)| -~ exp —/ deJr/
e (o) le=g, <5 g hd) ¢

g

Cn
Qg ’U)(\I/Jr,\l’,)mzcg.

In these formulae:
® W, is independent of ;
e we choose the arc (g, h,d) so that, along it, E(¢) & PUQ;
o ( — q4(¢) = VK(EW)) and ¢ — Q4(C) = Q(E(C)) are the analytic continuations of the
function and the 1-form from the definition of ¥, along v(g,h,d).
o U, =W, and V_ is the canonical Bloch solution “complementary” to W .

Fiz K, a compact subset of S(d). Then, there exists VOK a neighborhood of Eqy in Vi such that the
asymptotics (9.10) is uniform in K x Vi&.

The factor w,, is the leading term of the asymptotics of the m-th Fourier coefficient of w(h, g).

9.4.2. Closed curves and the index m. In practice, it is not too difficult to compute the index m.
However, as one needs to control several Fourier coefficients of each Wronskian, the computations
become lengthy. Fortunately, there is an effective way to compare the indexes of two (non-equivalent)
arcs. To this end, we define the index of a closed curve.

Closed curves. Let ¢ be an oriented closed curve containing no branch points of the complex mo-
mentum. Pick (5 € c¢. In Vj, a regular neighborhood of (y, fix k, an analytic branch of the complex
momentum. We call the triple (¢, (o, k) a loop.

We shall consider ¢ as disjoint at {y and speak about its beginning and its end. Continue x analytically
along c¢. This yields a new branch of the complex momentum in V. Denote it by x|.. Hence, there
exists o € {—1,+1} and m € Z such that, for { € V}

(9.12) kle(Q) = or(C) + 2mm.
The numbers o = o(c,{p, k) and m = m(c, (y, k) are called the signature and the index of the loop
(Ca C(]a K“)'

Consider two loops (c1, (1, /1) and (cg, (2, k2). Assume that one can continuously deform ¢; into ¢,
without intersecting any branching point. Assume moreover that, in result of the same deformation,
(1 becomes (o. This deformation defines an analytic continuation of k1 to a neighborhood of (5. If
this analytic continuation coincides with ko, we say that the loops are equivalent. The indexes m and
o calculated for equivalent loops coincide.

Let us explain how to compute the indexes m and o. Let G be the pre-image with respect to £ of the
set of the spectral gaps of the periodic operator (0.2). Note that

e on any connected component of G, the value of the real part of the complex momentum is
constant and belongs to {rnl; | € Z};
e locally, outside {¢; W'({) = 0}, all the connected components of G are analytic curves.
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Now, we can formulate

Lemma 9.5. Assume that ¢ does not start at a point of G. Assume moreover that ¢ intersects G
exactly N times (N < oo) and that, at the intersection points, W' £ 0. Let r1, ro, ..., ry be the
values that Re k takes consecutively at these intersection points as ¢ moves along ¢ (from the beginning
to the end). Then,

(913)  oleCo.k) = (-1, and  m(c, G, k) = % (rv =71ty =+ (D))

The proof of Lemma 9.5 mimics the proof of Lemma 8.2 in [10] which describes the index of a 27-
periodic curve.

Comparing the indexes of arcs. Let d and d be two (distinct) meeting domains for the solutions i and
g, and let v and 4 be the corresponding arcs. One can write

(9.14) J=c+7,

where c is a closed regular curve; its orientation is induced by those of v and 5.

As o(g,h,d) = o(g,h,d) = —1, one has o(c,(y,Kk9) = 1. As an immediate consequence of the
definitions, we also get

(9.15) m(g, h,d) = m(c, Cgskg) +m(g, h,d).

This formula and Lemma 9.5 give an effective way to compute the indexes of arcs.

9.5. The asymptotics of the coefficient by. The coefficient by of the matrix Tj is given in (9.2).
As w(fx, fF) is given by formula (8.3), we have only to compute w(fz(-,¢), fo(-,¢)). One applies the
constructions of section 9.4 with

h(.%',C) :fﬂ(x7<)7 g(x,C) :fO(x7<)7 Dy = Dy, Dg:DO§
(9.16) Ch=m, (g=0;
(9.17) kn(C) = k(Q) for ( ~m, and £K4(¢) = —~r(C) for ¢ ~ 0.

In (9.17),  is the branch of the complex momentum defined in (7.10).
Let Yy and Y, o be the distances marked in Fig. 9(b). They satisfy (9.4).

9.5.1. The asymptotics in the strip {—Y, 0 < Im( < Yp}. Let us describe dp, the meeting domain,
and v(fo, fr,do), the arc used to compute w(fr, fo) in the strip

So={C€C; —Y,0<Im( < Yp}.

The meeting domain dg. It is the subdomain of the strip Sy between the lines v, and ~» defined by

(AP

e the line v; consists of the following lines: the Stokes line “e” symmetric to the Stokes line “e
with respect to the real line, the segment [0, (2,,] of the real line, the segment [0, {2,,—2] of the
imaginary axis and the Stokes line “g” (see Fig. 8);

e the line 9 consists of the following lines: the Stokes line “a” symmetric to the Stokes line “a”
with respect to the real line, the segment [(2,,+1, 7] of the real line, the segment [, (23] of
the line Re ( = 7 and the Stokes line “c” (see Fig. 8).

The Stokes lines mentioned here are described by Lemmas 7.1 and 7.2. In particular, these lemmas
imply that v Ny = 0.

Note that dy does not intersect Z, the pre-image of the set of the bands of the periodic operator (0.2)
with respect to the mapping €. So, in dy, one has Im x # 0.

The arc v(g, h,dy). It is the curve By shown in Fig. 10; it stays in dy and connects (; = 0 to ¢, = 7.
Index m. In view of (9.17), in do, one has kp, = —r4. This implies that m(g, h,dy) = 0.
The result. Proposition 9.2, formulae (9.2) and (8.3) imply that, for ¢ € Sp,

(9.18) bo = bo(1 +o(1)), by =exp (—é / kd¢ + / Q_ +1iA argq|5> where 8 = (.0,
B B

and, as ¢, one can take any branch of the function ¢ — +/k/(£(¢)) continuous on f.
When deriving the formula for by, we have used the facts that
e (), is the branch of {2_ corresponding to the branch x chosen above;

o (qq/qn)(Cn) = A argdgls as, at (p, gy is real and |gy/qn| = 1;
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e the quantity Aarggy|s does not depend on the branch of ¢, as long as it is continuous on /3.

9.5.2. The asymptotics in the strip {—Yy < Im({ < =Y, o}. Let us describe d;, the meeting domain,
and y(fr, fo,d1), the arc used to compute w( fr, fo) in this strip

S1={CeC; =Yy <Im( < —-Y,0}.

3%
a

The meeting domain di. Let dq be the subdomain of the strip 57 located between the Stokes line
(symmetric to “a” with respect to the real line) and 73, the curve which consists of the following lines:
e the Stokes line “f” symmetric to the Stokes line “f” with respect to the real line, the segment

[{P}] [P}

[Con—1, Con—2] of the imaginary axis, and the Stokes line “g” symmetric to the Stokes line “g
with respect to the real line.

The domain d; is a meeting domain in view of
Lemma 9.6. In di, one has Imr, = —Imkrg > 0.

Proof. The sign of Im k remains the same in any regular domain D such that D N Z = (). Moreover,
the sign of Im x flips as ( intersects (transversally) a connected component of Z at a point where W’
does not vanish.

By (7.10) and (7.11), one has Imk; = Imk = Imk, > 0 in Dy NII. As one goes from II to d; in
D, without intersecting Z, we get Im r,(¢) > 0 for ¢ € d;. Similarly, by (7.10) and (7.13), one has
Im kg = —Imk, < 0 in Dy NII. Furthermore, to go from II to d; staying in Dy, one has to intersect
two connected components of Z, namely, the segment [—(ay, (2,] of the real line and the segment
[—Can—1,Con—1] of the imaginary axis. Hence, Imko(¢) < O for ¢ € d;. This completes the proof of
Lemma 9.6. ]

The arc (g, h,dy). It is the curve By shown in Fig. 10; it connects (; = 0 to (p, = 7.

Index m. One has
’7(9’ h’ dl) =co+ 7(95 ha dO)a
where ¢ is the closed curve shown in Fig. 11. By (9.15), we get

m(g, h,dr) = m(co, 0, kg) +m(g,h,dy) = m(co, 0, kg).

So, the index m(g, h,d;) is equal to the index of the loop
(0,0, kg). Recall that the indexes of equivalent loops co-
incide. To compute the index, we pick a point (y € ¢q
as shown in Fig. 11 and we replace the loop (cg,0, k) by
the equivalent loop defined by the same curve ¢y and the
point (3. The branch of the complex momentum fixed
for this new loop is the analytic continuation of the old
branch along ¢y from 0 to (p in the clockwise direction.
For this new branch, we keep the old notation .

In view of Lemma 9.5, it is sufficient to compute x, at
the intersections of ¢y and G. The set G is 2m-periodic
and symmetric with respect to the real line and to the
imaginary axis. The connected components of G located
in the {0 <Im¢, 0 < Re( < 7} are described in section 7.2.1, part 2.

In Fig. 11, the curve ¢ intersects two connected components of G, the segment [Ca,_1, C2n_2] of the
imaginary axis and the segment [(2,, 2+1] of the real line. So, Lemma 9.5 implies that

Figure 11: The curve cg

(919) m(COaO, “g) = m(COaCO,Kg) = % (Re Kg((2n71) —Re ’{g(CQn)) 5

as Rer stays constant on any connected component of G. As k, is defined by the formulae (9.17)
and (7.10), one has

(9.20) kg(Can) = —K(Can) = —(kp(Can) — mn) = —(7n — 7n) = 0.
Along the interval [—(ap, (25], one has k4(¢) = —k(() € R; hence,

Kg(Con—1) = —K(Can—1) = —(#p(Can—1) — ) = —(7(n — 1) — 7n) = .
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Substituting this and (9.20) into (9.19), we finally get
m(g, h,d1) = m(co,0,rq) = 1.
The result. Proposition 9.2, formulae (9.2) and (8.3) imply that, for ¢ € Sy,

272i

(1+0(1), b =exp <—£ / kd( — — + / Q- —i—iAargq\ﬁ) where = (1.
B &}

(9.21) by = bre ="

Completing the analysis. The coefficient by being e-periodic, we write its Fourier series

[e’s) 1 §+27r
(9.22) bo(¢) = Y bos €™/ where by = g/ bo(C)e~ 2 LS/2d¢ for 1 € Z,
¢

l=—00

As by is analytic in the strip {|{Im (| < Yp}, ¢ can be taken arbitrarily in the strip {|Im¢| < Yo}
The asymptotics and the estimates for by in Proposition 9.1 are obtained by analyzing its Fourier
coefficients. To estimate the Fourier coefficients with non-positive index, one uses (9.18) and (9.22)
with ¢ € Sp. To study the Fourier coefficients with positive index, one uses (9.21) and (9.22) with
¢ € S;. We omit the elementary details and note only that by in (9.18) is the leading term of the
asymptotics of by, and that b in (9.21) is the leading term for by ;.

9.6. The asymptotics of the coefficient ag. By (9.2), it suffices to compute the Wronskian
w(fo(-,¢), f£(-,¢)). The computations of the coefficient ag follow the same scheme as the ones of
by. So, we only outline them. Now,

(9.23) h=fz g=fos  Dn=Dz, Dy=Dy;

(9.24) CGh=m, (4=0;

(9.25) kn(C) = —R(C) for ( ~ 7, and ky(¢) = —k(¢) for ¢ ~ 0.
Recall that the complex momentum is real on [(241, 27 — (ant1]. This imply that
(9.26) kn(¢) = —k(C) for ¢ ~ .

9.6.1. The asymptotics in the strip So. In this case, the meeting domain dy is the subdomain of the
strip Sp located between the lines the lines 71 and 75 symmetric to 2 with respect to the real line
(see section 9.5.1). These two lines do not intersect.

The arc (g, h,do) is the curve agg shown in Fig. 10. One has m(g, b, dy) = 0.

The asymptotics of ag for { € Sy is described by

(9.27) ap = do(1 +o(1)), ap=exp <—é / kd( + / Q_ +iAarg q|a> where a = ag.

9.6.2. The asymptotics in the strip S1. Now, the meeting domain dy is the subdomain of the strip S
located between the line 3 (see section 9.5.2) and the line 7s.
The arc (g, h,dy) is the curve ap; shown in Fig. 10. One has
7(97 h7 le) =c+ ’Y(ga h7 CZO)a
where ¢ is the closed curve shown in Fig. 11. The computation done for by in S yields
m(g, h, Jl) =m(co,0,Kq) = 1.
In result, for ¢ € 51, we get the asymptotic formula
L 2mic N i 2m2i :
(9.28) ag =aje = (1+o0(1)), a=exp|—— [ kd({——+ | Q_ +iAargq|, | where a =ag;.
€ (03 € (6%
The asymptotics (9.27) and (9.28) imply the formulae and the estimates for ay in Proposition 9.1.

10. PHASE INTEGRALS, TUNNELING COEFFICIENTS AND THE ISO-ENERGY SURFACE

In this section, we first check the statements found in section 1.3.3. We also prove Lemma 9.3
giving a geometric interpretation of the vertical tunneling coefficients.
Then, we analyze the geometry of the iso-energy curves I" and T'g (see (0.4) and (0.3)) and justify the
interpretation of the phase integrals and tunneling coefficients in terms of these curves.
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10.1. The complex momentum on the integration contours. The phase integrals and the tun-
neling coefficients were defined as contour integrals of the complex momentum along the curves shown
in Fig. 3 and 4. We have claimed that, on each of these curves, one can fix a continuous branch of the
complex momentum, which we justify in

Lemma 10.1. Let v be one of the curves Yo, Y, V1,05 Yh,xrs Vo,0 aNd Yy . Any branch of the complex
momentum, analytic in a neighborhood of a point of v, can be analytically continued to a single valued
function on ~.

Proof. The curve v goes exactly around two branch points of the complex momentum. They are
of square root type (see section 7.1.1). So, it suffices to check that, at the branch points, the values
of the complex momentum coincide. For the curve 4y, ., this follows from the facts that £ (defined
n (7.8)) bijectively maps the interval [(ay,, (2n+1] onto the n-th spectral gap of the periodic operator,
and that the values of a branch of the Bloch quasi-momentum coincide at the ends of a gap. For 4,
this holds as & maps the interval ({2541, 27 — C2n+1) into the n-th spectral band so that both ends are
mapped on Eo,i1. For 4, «, it holds as £ maps the segment ((2p42,2m — (2p42) into the (n + 1)-st
spectral band so that both its ends are mapped on Fs, 9. The analysis of the other curves is done in
the same way. O

10.2. Independence of the tunneling coefficients and phase integrals on the branch of the
complex momentum in their definitions. The independence follows from the observations:

e only the signs of the integrals defining the phase integrals and the tunneling coefficients depend
on the choice of the branches of the complex momentum being integrated;

e the branches of the complex momentum being chosen, each of the phase integrals and each of
the tunneling action is real and non-zero.

Let us check the first observation. Let v be one of the curves Yo, ¥x, V4,0, Vh,x> Yo,0 and ¥, . Let
k be a branch of the complex momentum continuous on 7. The formula (7.5) describes all the other
branches continuous on . As + is closed, this shows that only the sign of the integral fﬁ{ kd(¢ depends
on the choice of the branch k.

Recall that x, is analytic in the strip SP (see section 7.3). To prove the second observation, we fix a
branch of the complex momentum on each of the integration contours. For 7, and -y, ,, we fix this
branch so that x = k, — 7n on the parts of the contours in C; for v, ,, we choose K = K, — ™n on
the parts of the contours in C; N {r < Re(}. We orient the contours 4, 44 » and 7, » clockwise, and
we orient the contours 7p, 74,0 and 7, ¢ anticlockwise. Then, the second observation follows from

Lemma 10.2. For E € J, for the above definitions of the integration contours and of the branches of
the complex momentum defined on them, each of the functions ®,, Sy, and S, is positive.
Proof. Begin with ®,. As (2,41 is a square root branch point of x, and, as x({2,4+1) = 0, we get

27 —Con+1

P, (E) = /C k(¢ + 40) dC,

2n+1

where one integrates along R. As £(() is even, one proves that

(10.1) B, (E) = 2/
¢

2n+1

s ™

K(Ci0)dc =2 [ (ylQ) = m) .
C2n+1
Inside the integration interval, one has Imk, = 0, and 7n < Rek, < m(n + 1). This implies the
positivity of ®.
Arguing as above, for S}, r, we get

Cant1

(10.2) Spn(E) = —i /< (p(¢) — ) d,

2n

where one integrates along R. Inside the integration interval, one has Rek, = mn and Imx, > 0 so
that Sh,w > 0.
For S, », one obtains

s

(10.3) Sun(E) = —2i / (kp(C) — m(n + 1)) dC,

Cont2
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where one integrates along m+iR. Inside the integration interval, 7n < Rek, < m(n+1) and Im, =0
which implies S, » > 0.
Arguing similarly, one proves the positivity of ®g, S, 0 and Sy . We omit further details. U

10.3. Proof of the inequalities (1.4). One has

7r Gon
O, (F) = 2/ (kp(() —mn)d¢ and Pu(E)= —2/0 (kp(¢) —mn) dC.

Cant1

The first equality was established when proving Lemma 10.2. The second is proved similarly. In view
of (7.9), we get

™ C2n
P (E) = 2/ ky(E —acos()d( and ®4(E) = — / Ky (E — acos €) d,
0

Con+1

where k), is the main branch of the Bloch quasi-momentum described in section 6.1.2. As, inside any
spectral band of the periodic operator Hy, the derivative kzla is positive, this proves (1.4).

10.4. Proof of (1.9). We can choose the oriented contours 7y, o and 7,  so that one be the symmetric
of the other with respect to the origin. As £(() is even, for { € 7, one has kK(—() = k({). These
two remarks imply relations (1.9).

10.5. Proof of Lemma 9.3. We shall prove the statement of Lemma 9.3 for v = w. For v = 0 the
argument is similar. As S, »(Ey) € R, (10.3) implies that

(10.4) Sun(Ey) = ReSyn(Ea) = 2Im [ (ry(C) — m(n+1)) dC.

C2n+2
Let us deform the integration contour in the right hand side so that it go successively

e from (9,12 along the Stokes line “b” to (44, the point of intersection of the Stokes lines “b”
and “a” (see Fig. 8),

e from (3, along the Stokes line “a” to (2,41,

e from (9,41 to m along the interval [(2,+1, 7] which also is a Stokes line.

As kp(Cony1) = mn and Ky (Cany2) = m(n + 1), the definitions of the Stokes lines then imply that

Cba 42n+1
Syr(Ey) =2Im (kp(¢) —m(n+1))d¢ + 2Im (kp(¢) —m(n+1))d¢
C2n+2, along “b” Gba, along “a’’
T2l (15p(€) — (m + 1)) dC = 0+ 27T Gy + 0 = 2T o,

Con+1, along R

As the set of the Stokes lines is symmetric with respect to both the real line and the line 7 + iR, the
definition of Y, » implies that Im (3, = Y, ~(E4). This and the result of the last computation imply
that S, »(Ey) = 21Y, »(Ey). The proof of Lemma 9.3 is complete.

10.6. The iso-energy curve. The iso-energy curve I is defined by (0.4). A point (¢, x) € C? belongs
to I' if and only if x is one of the values of the complex momentum at the point (.
We now discuss the iso-energy curve under the assumptions (H), (O) and (TIBM).

10.6.1. The real branches. Consider the real iso-energy curve I'g defined by (0.3). Its connected
components are the real branches of the iso-energy curve. One has

Lemma 10.3. The real iso-energy curve is 2m-periodic in both the k- and (-directions; it is symmetric
with respect to each of the lines {k = mn} and {{ = mm} for m,n € Z.
Any periodicity cell contains exactly two real branches of I'.  Each of them is homeomorphic to a
circle.
There exists vy and 7., two disjoint connected components of I'r such that the convex hull of g
contains the point (0,7n), and the conver hull of vx contains the point (7, mn).
The curves vy and 5 are disjoint and are inside the strip {mr(n — 1) < k < 7w(n+1)}.
Any other real branch of T' can be obtained either from ~y or vx by 2w-translations in k- or/and in
(-directions.
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Proof. The analysis of I'g is quite standard. A detailed example can be found in [10]. So, we only
outline the proof of Lemma 10.3. The periodicity and the symmetries of I'g in ¢ follows from the
symmetry and periodicity of the cosine and from formula (7.5).

Describe two real branches of I'. Recall that one has k,([Cant1,7]) C [mn,m(n + 1)[, £,([0,C2n]) C
|m(n—1),mn] and kp([C2n, C2n+1]) C mn+iR . On the first two intervals, &, is monotonously increasing;
on the last interval, the imaginary part of x, has only one maximum; this maximum is non degenerate.
The graphs of k), on each of the intervals [0, (25| and [(2n41, 7] belong to I'r. The real branch 7 is
obtained from the graph on [0, (2,,] by the reflections with respect to the lines {x = 7n} and {¢ = 0}.
The real branch ~;, is obtained from the graph on [(2,,41, 7] by the reflections with respect to the lines
{k =mn} and {¢ = 7}.

We omit further elementary details of the proof. O

10.6.2. Complex loops. We prove

Lemma 10.4. The closed curve 5o (Tesp. vx, Yh,0s Vhxs Yo,0 0nd Yo r) (see figures 3 and 4) is the
projection on the (-plane of a loop Yo (TesSp. Y, Yh,0s, Vhms Yo,0 and Vo) that is located on I'. These
loops satisfy:

the loop vy connects the real branches v, and ~o;

the loop 0 connects the real branches vy and v, — (27,0);
the loop 7y~ connects the real branches v, and v + (0,2m);
the loop 7,0 connects the real branches o and o + (0, 2m).

In Fig. 2, we sketched the loops described in Lemma 10.4.

Proof of Lemma 10.4. By Lemma 10.1, the complex momentum can be analytically continued along
each of the above closed curves on C. This implies that each of them is the projection to C of a loop
on I'. Fix v € {0,7}. For d € {h,v}, the loops discussed in the lemma satisfy:

(105) T = {(Ca ’z&p(g))v C € :)/V}a and Yd,v = {(Ca "z&p(C))a C € :Yd,l/}'

Here, for v, ., &, denotes the branch of the complex momentum that coincides with &, on the parts of
the contours in C; N {rv < Re(}; for v, and ~;,,, it is the branch that coincides with , on the parts
of the contours in C. Therefore, we note that the curve 7, . intersects 7 and 7. At the intersection
point of 4, » and 7, (resp. ¥p), the branches of &, fixed on these curves coincide. This implies that
Yh,x connects the real branches v, and .

The analysis of the other loops is done in the same way; we omit further details. O

10.6.3. Interpretation of the phase integrals and the tunneling coefficients in terms of the iso-energy
curve. Let E be real. Pick v € {0,7} and d € {v,h}. Formula (10.5) shows that, up to the sign, ®,
and Sg,(F) coincide with % 35% kd( and —2% kd¢. So, choosing the orientations of 7, and 7,4, in

2
2 Yd,v
a suitable way, we get ®, = %f% kd¢ and Sy, (F) = —% kdC.

i
2 Yd,v
11. PROPERTIES OF THE FOURIER COEFFICIENTS

We now prove the estimates and the asymptotics of the Fourier coefficients found in Theorem 5.1
which will complete the proof of this result.

11.1. Computing the semi-classical factors. Proposition 9.1 shows that the leading terms of the
first Fourier coefficients of a, and b, contain factors of the form et Jy i They are computed in

Lemma 11.1. For E € J, one has

7 P+Pr ) Do—Pr
(11.1) exp <_g/ mg) =¢ 2 4L, exp (‘g/ ﬂd() = L
@g,0 Bo,0
1 ;20— B —dn? _ 1 j Pot+Pr— 42 _
(11.2) exp (—g/ nd() =e ' 2 tv,0 th;r, exp (—g/ nd() =e ' 2 o thjr,
0,1 0,1
7: 4’0“’ s 7/ _ i _ —
(11.3) exp (E/ lidC) tho, exp (E/ ndC) — ¢ 2 (®o ‘I’")th,é’
Qr.0 7,0
i e _ i ; ®rt®g—dr? _
(11.4)  exp <g/ nd() et tox th,é’ exp (2/ lidC) =e 2e tox th’%).
Q.1 7,1
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Here, the integration contours are the curves shown in Fig. 10; in each of the integrals, k is the
branch of the complex momentum obtained from the one introduced in the beginning of the section 7.3
by analytic continuation along the integration contour from its beginning to its end.

Proof.  All the formulae (11.1) — (11.4) are proved similarly. Check the first formula in (11.1).
Therefore, we deform the curve ag so that it go along the real line going around the branch points
Con and (o1 along infinitesimally small circles. We get

—/ IidCZIl-i-IQ—i-Ig
@0,0

where

C2n Can+1 ™
(11.5) I = —/ K(C + iO) ¢, I, = —/ Ii(C + iO) d¢ and I3= —/ l%(( — iO) dc.
0

CQn CQn-{»l
Here, in I1 and I3, we integrate the branch of the complex momentum « introduced in the beginning of
the section 7.3, and, in I3, & is the branch obtained from x by analytic continuation from the interval
(Con+1,m) + 40 to the interval ((on41,7) — 90 around the branch point (2,41 in the anti-clockwise
direction.
Consider I3. As (on41 is a square root branch point of k£ and as k((2p+1) = 0, we have #(¢ —i0) =
™ ™
—k(C 4 140) for ¢ € ((ont1,m) C R. So, I3 = / k(¢ +10)d¢ = / (kp(¢) — mn)d¢. Comparing
2n+1 Can+1
this with the right hand side of (10.1), we get I35 = %‘bw. Similarly, one proves that I} = %‘1)0. In view
of (10.2), one has Iy = —iS), r. Combining the obtained expressions for I1, I and I3, we get

) . ; 1
exp (—2/ /de) = exp (é(fl + I + I3)> = exp (2_25 (@0 + @) + - Shﬂf) :
@0,0

This and the definition of ¢, , implies the first formula from (11.1). The second formula is proved
similarly.

Describe the computation of the integrals in (11.2). Let f,y kd( be one of them. First, using a symmetry
argument, we rewrite the integral in terms of the branch x,. As & is real analytic in a neighborhood
of 0, one notes that f7 Kkd( = f7 kd(, where 7 is the oriented contour symmetric to v with respect to
the real line. One expresses the integral f7 kd( in terms of the tunneling actions and phase integrals
using arguments similar the ones presented above, and, then one computes f,y kd( using the fact that
the phase integrals and the actions are real for real E. We omit further details.

Describe the computation of the integrals in (11.3) and (11.4). Let fﬁ{ kd( be one of them. Again,
using a symmetry argument, we rewrite the integral in terms of the branch x,. As the function
¢ — £(i€) is real analytic in a neighborhood of 0, one notes that fﬁ{ kd( = —fi7 kd(, where —7 is the
oriented contour symmetric to v with respect to the imaginary axis. Then, one computes the integral
f_7 kd( as the integrals in (11.1) and (11.2). We omit further details. This completes the proof of
Lemma 11.1. U

11.2. Proof of (5.10) — (5.12). Being valid for £ € J, formulae (11.1) — (11.4) remain valid in some
neighborhood of J independent of € (as equalities between analytic functions). The formulae (5.10)
and (5.12) follow from the asymptotics (9.5) and (9.6), and from formulae (11.1) — (11.4). To illustrate
this, let us prove the formulae for ago. Let Vp be the neighborhood of E, from Proposition 9.1.
Using (9.5) and (11.1), for E € Vj, we get

(11.6)

_ 7
ap,p0 = thjr exp <2—€(‘1>7r + p) + /
(e}

where we have used (1.10) and the fact that Q_ and ¢ are independent of €. As E — t} (F),
E — ®y(F) and E — ®,(FE) are real analytic, (11.6) implies the representations concerning agg
from (5.10) and (5.11).

11.3. Proof of (2.23). Pick v € {0,7}. Let Vi be the neighborhood of E, from Theorem 5.1. By
means of (5.44) (5.11) and (5.12), for E € Vi, we get z, = O(1/e). The Cauchy estimates then imply
that 2/, = O(1/e) in any fixed compact of V.. So, at expense of reducing somewhat Vi, we have
proved (2.23).

Q- +iAArgg|q,, + 0(1)) = t,:}) exp <2—Z€(<I>7T + &) + O(l)) ,

0,0
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Figure 12: The curves g and g,

12. COMBINATIONS OF FOURIER COEFFICIENTS

Here, we study the asymptotics of the quantities 0, T}, T, 0, Ty, g, &, and zg, zr. We always use
the branches k, ¥4+ and 2+ described in the beginning of section 9.2. Also, we systematically use the
notations and constructions from section 6.

Let & be a point in §. Assume that it is not a branch point, and that 7(&) € R. Consider U, a
neighborhood of & where 7! is analytic. On U, we define the mapping * : £ — 77_1(@). For ~,
an oriented curve in § containing no branch points and beginning at &y, we continue the map * along
~ and, thus, define the oriented curve ~*.

12.1. The constant ¢ and the coefficients T}, T, T, . They are defined in (5.41) and (5.42).
The asymptotics (2.21) and (2.20) are obtained in the same way; so, we justify only the asymptotic
for 6.

The proof that, for sufficiently small €, in the case of Theorem 2.2, one has (2.21) with the constant
0, defined in (6.4), consists of three steps.

12.1.1. Asymptotics of I 32—’?) . Let g be a curve on S that goes around the branch points as shown

in Fig. 12, part a, and that, for 7(€) > 0, is on the sheet of S where k,(7(£)) is the Bloch quasi-
momentum of ¢ (z,E). We check that

— oxp (/gsz(é) +/g* Q(E) +0(1)>.

The representations (9.5) and the first formulae from (11.1) and (11.3) imply that

Z:—O exp ( / JREGR / 20+ o<1>>

exp ( [ o= euo+ o<1>> l
as thx = th,0, see (1.9).

Recall that the curves (a,0),e{o,r} are shown in Fig. 10. We can and do assume that —a; o is the
symmetric to ag o with respect to the origin.

As there are only two different branches of ( — Q((), and as the branch points of Q coincide with
those of x, the analytic continuation of Q4 along ay o, near 0, the end of g, coincides with €2_.
Therefore, (12.2) can be rewritten in the form

(12.3) | e | = | exp <fa0’0 Q+ [, 0+ 0(1)> |

Now, we make the change of variables ¢ — £({). It maps each of the curves g and —a, o on g, and
we get

0,0
Q.0

(12.1)

0,0
Az 0

(12.2)

exp (fao,o Q_(¢)+ *[;CVW,O Q,(C)) = exp (2 fg Q(fj)) ,

where we have used that, for ¢ near 0, the branches { — Q4 (() correspond to the Bloch solutions
¢ — Yi(x,E(C)) with the quasi-momenta ¢ — +k,(£(()). In section 6.2, we have formulated general
properties of €). The fifth property implies that

(12.4) /Q(é) = / Q(E).

g g
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So,
| exp (Lo @O+ [, ) | = ex0 (1, 26) + [, 246)) -
This and (12.3) imply (12.1).

12.1.2. Computation of detT,. Here, we prove that

(12.5) det Ty = —exp <— / Q)+ Q(é)) .
g
Relations (9.3), (8.3), and (8.4) imply that
_ wlnfDleron k(B0 w@s (- Ete) ¢ (- Eta))
(12.6) At T = =G, — @ wls (=) (- F=a)

A~

Furthermore, it follows directly from the definition of Q that Q(&)+Q(€) = —dlog fol Y, E)p(x, ) d.

Note that ¥ (x, £)Y(x, é ) remains the same when we interchange £ and &. Therefore, it depends only
on F = m(€) and is single valued on the complex plane. So, we get

3 fol ¢+(9€7€)¢7 ($7e) d$‘ o
12.7 (S, 26) + @) = e=E-a
( ) exp fg ( ) + ( ) fol Yy (z,e))—(z,e) dw‘e:E+a
On any simply connected domain of C containing no branch points of 1, one has (see, for example, [11])

1
/O b (2, EYY_ (2, B) dx = —ik (B)w(v, (- B), (-, E)),

where 14 are two different branches of ¢ and k is the Bloch quasi-momentum of . This for-
mula, (12.7) and (12.6) imply (12.5).

12.1.3. Completing the proof of (2.21). Let g, C S be the curve shown in Fig. 12, part b; its part
marked by “«” is on the part of S where k,(7(£)) is the Bloch quasi-momentum of ¢(z,€). Rela-
tions (12.1), (12.5) and (5.41) imply that 6 = exp (3%” QE) + 0(1)>.

Now, let us compare fén Q(€) with fgn Q(€) where g, is the curve in (6.4). Note that, on S, modulo

contractible curves, one has g, = g,. When deforming on S the curve g, to g,, one may intersect
poles of 2. The poles and the residues of 2 are described in section 6.2. This description implies that

the above two integrals coincide modulo 27i. So, we have 6 = exp < fgn Q)+ 0(1)). This completes
the proof of (2.21).

12.2. The phases {®,},-0 and {z,},—0.. These are defined in (5.40) and (5.44). The asymptotics
of all the phases (see (2.19) and (2.22)) are obtained in the same way; we justify only the asymptotic
for @,

So, we prove here that, for sufficiently small €, in the case of Theorem 2.2, ®, admits the asymp-
totics (2.19).

The asymptotics (9.5) and (9.6) and formulae (11.1) and (11.3) imply that

1. 1 1 1
12.8 —br = —Pr £ (5 5) +5s+o0(1
( ) . - g 7r+42( )+28+0()7
where
(12.9) S= Jono b Jago 2= F oo O = S, O
(12.10) s = Aargq|, ,+ Aargql,,, + Aargqly  — Aargqly,

where (a0, 60.0)cc {0,x} are sketched in Fig. 10. We can and, below, we assume that, as the oriented
curve o, (resp. fp,) is symmetric to the oriented curve —ay g (resp. —fGx,0) with respect to zero.

First, show that S — S = 0. Arguing as when deducing (12.3) from (12.2), we get

S=- f—Q’Tr,O Q-+ fcm,o Q- f—ﬁw,o by -~ fﬁo,o -

Now, we make the change of variables ¢ — £(¢). As E(app) = E(—anrp), and E(—Bro) = E(Boo), We
get

(12.11) S == Jie@on) UE) = Je(a ) AE)-
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As when proving (12.4), we see that the terms in (12.11) differ only by complex conjugation. So, S is
real and S — S = 0.

Finally, we show that that s = 0. This will complete the proof of the asymptotics of .

When computing the increments of the argument of ¢(¢) = /k'(£(¢), we choose the (continuous)
branch of this function which is positive on the interval (—(2,,(2,). Then, in a neighborhood of
zero, ¢*(¢) = q(¢) and q(—¢) = ¢(¢). Therefore, and due to our “symmetric” choice of the curves

(,0)vefo,ry and (Bu,0)vefo,n}> We get

A arg Q|am0 =— Aarg q|a070 and Aarg q|ﬁﬂ70 =— Aarg q|m = Aarg q|ﬁo’0 )
This and the definition of s implies that s = 0. O
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