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Asymptotic behavior of an elastic beam fixed on a small
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Abstract. We study the asymptotic behavior of the solution of an anigit, heterogeneous, linea-
rized elasticity problem in a cylinder whose diametéends to zero. The cylinder is assu-
med to be fixed (homogeneous Dirichlet boundary conditionfte whole of one of its
extremities, but only on a small part (of size) of the second one; the Neumann boundary
condition is assumed on the remainder of the boundary. We ghat the result depends
onr®, and that there are 3 critical sizes, namely= ¢, r° = ¢, andr® = ¢'/3, and in
total 7 different regimes. We also prove a corrector resuledich behavior af°. © XXXX
Académie des sciencé&slitions scientifiques et médicales Elsevier SAS

Comportement asymptotique d’'une pout&dastique fiXee sur une petite partie
de l'une de ses exémites

Résumeé. Nous étudions le comportement asymptotique de la solution probléme d’élasticité
linéaire anisotrope et hétérogéne dans un cylindretderdiamétres tend vers zéro. Le
cylindre est fixé (condition de Dirichlet homogéne) sutdlité de I'une de ses extrémités,
mais seulement sur une petite partie (de tadl€) de l'autre base; sur le reste de la
frontiere on a la condition de Neumann. Nous montrons qu#&deltat depend de®, et
qu'il existe 3 tailles critiques, & savoir® = &3, r° = ¢ etr® = ¢!/, et au total 7 com-
portements differents. Nous donnons un résultat de ctee pour tous les comportements
der®. © XXXX Académie des sciencesglitions scientifiques et médicales Elsevier SAS

Version francaise abr égée

Dans cette Note, nous étudions le comportement asympéotiq la solution d’un probleme d’'élasticité
linéaire anisotrope et hétérogene posé dans un eglint= (0, 1) x ¢S C R3 dont le diamétre tend vers
zéro et dont I'axe est le premier axe de coordonri@es A I'une de ses extrémités:( = 1) le cylindre
est fixé (condition de Dirichlet homogeéne) sur la towli# la bas&$ = {1} x &S, tandis qu'a l'autre
extrémité ¢, = 0), il est seulement fixé sur une petite paffig = {0} x r°S, de la base, partie qui
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est bien plus petite que car ¢ tend vers zéro. Sur le reste de la frontiere(tfe on a la condition de
Neumann (voir Figure 1). Pout tenseur d’ordre 4 coercif & coefficients continus daf® = (0, 1) x S),
etf € L2(Q)3, h € L*(Q)3*3 donnés, on définit®, F* et H* par (1) et[R) et on définit’s comme la
solution du probleme d’élasticitf (3).

Le but de cette Note est de décrire le comportement asympeotieU< et de donner un résultat de
correcteur poue(U<) quand: etr© tendent vers zéro. Ce résultat est décrit dans le Emdeenoncé dans
la version anglaise ci-dessous, qui fait apparaitre 3gitfitiques, a savoir ~ 3, r° ~ ¢ etr® ~ ¢!/3,
qui séparent 4 zones correspondant & €3, % < r° < g,e < r° < /3 etel/3 <« r° < C, donc
au total 7 cas différents. Le résultat de convergencewm@parlﬂS), ow est défini par la solution dﬂ(4),
tandis que[{6) est un résultat de correcteur pgUr).

Quandr® < &3, 'ensemblel’§ = {0} x ercS, est si petit que la condition de Dirichlet imposée a
U¢ pourz; = 0 disparait complétement a la limite. Quarid< r° < ¢, 'ensemblel’§ est suffisamment
grand pour qu’a la limite on ait, (0) = 0 poura € {2,3}. Quand: < 7* < '/3, onaen outrg; (0) = 0.
Finalement, quand'/? < r¢, 'ensemblel’; est si grand que toutes les conditions de Dirichlet possible
sont satisfaites a la limite, c’est a digg(0) = ¢1(0) = ‘;4‘1‘ = ¢(0) = 0 (voir la version anglaise pour
les définitions des espaces fonctionnels qui |nterV|e Ie probleme Ilmlteﬂ(4) et pour les définitions
de ces fonctions).

Sauf quand+ est de taille critique (c’est & dire quand~ * avecA = 3, 1 ou1/3), la forme bilinéaire
B qui intervient dansl]4) et la fonctioR® qui intervient dansI]G) sont nulles. Mais pour ces troiddail
critiques, 5 est une forme bilinéaire coercive (€p(0) pourA = 3, en¢;(0) pour A = 1, et enc(0) et
%(0) pour\ = 1/3, voir (]]) de la version anglaise), de sorte que pour cegsadltitiques ~ ¢*, B est
une pénalisation, par rapport au eds< ¢, des nouvelles conditions de Dirichlet qui apparaitrantrp
r¢ > ¢, ce qui rétablit une certaine continuité dans la traositi

La présente Note est la généralisation au cas de liékéstinéaire de I'etude menée dadf [4], [3] pour
le probleme de diffusion analogue quand le param@&tigui intervient dans ces travaux @st= 0. Les
demonstrations détaillees seront données dans [4].

1. Position of the problem and notation

In this Note we study the asymptotic behavior of the solutiban anisotropic, heterogeneous, linearized
elasticity problem posed in a thin cylind@f whose diameter tends to zero and whose axis is the first axis
of coordinate®)z;. On one of its extremitiessy = 1) the cylinder is fixed on its whole badi§ whereas
on the second onec( = 0) it is fixed only on a small parf'§ of it, of diametersr* much smaller thaa.
The Neumann boundary condition is assumed on the remaiftiez boundary of2*. Mathematically the
problem can be formulated as follows.

Fore > 0, we consider< a positive parameter which tends to zero withLet Sy and.S be two bounded
smooth domains ifk?, with 0 € S. We define? = (0,1) x S, Q¢ = (0,1) x eS andl'* = ' UT%, where
I's = {0} x ercSy, I'§ = {1} x 5. Observe that the size ®f is much smaller than the size of the basis
{0} x &S sincerc tends to zero. The thin cylind€l° is represented in Figure 1 in the case wh&jend
S are both balls oR?.
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The elements oR? are decomposed as = (z1,2'), z1 € R, 2’ = (z9,73) € R%. We denote by
{e!,e? e3} the canonical basis &2 and by£(R2*3) the space of linear maps &°*3 into itself (or in
other terms of fourth order tensors), wh@&#g~<3 is the space of the x 3 symmetric matrices. We adopt
Einstein’s convention of repeated indices. Greek indioesn(d/) take only the value and3, while latin
indices ¢ andj) take the values, 2 and3.

We considerd € C°(Q; £(R?*3)) such that there exista > 0 with

A(y)EE = ml¢?, VEERY?, wyeq,
and we defined® € C°(Q°; L(R2*3)) by

/

Af(x)zA(:cl,%), Va € OF. (1)
We also considef € L2(Q2)? andh € L?(2)3*3, and we defing™® € L?(Q°)3 andH® € L?(Q°)3*3 by
Fé(z) = fi(a, %I)el + efal(z, %I)eo‘, He(x) = h(x, %/), a.e.x € Q°. 2
In the thin domair(2* we consider the elasticity problem
U® € Hp.(Q°)3,

/ A%e(U*) : e(U )da = / FU dx + He :e(U)dz, YU € Hp ()%,
Qs Qe Qe

3)

where
Hi.(QF)={U e H'(Q) : U=00nI"};

observe that in the above formulation, as well as in the radeiof the present Note, complex numbers
never appear, and that (and lateru, 7, w) denotes the test function associated to the solutionand

not its complex conjugate. Observe also that the solutidof (E) satisfies a non homogeneous Neumann
boundary condition on the pad2® \ I'* where it is not fixed, since integrating by pafis H* : e(U*)dx
(whenh and therefordi® is sufficiently smooth) produces both body forces and serfaces. Similarly to
the body forceg™ we could have introduced explicit surface for¢eson 90 \ "¢, but we have preferred
not to include them for the sake of simplicity.

It is well known that problem|:[3) has an unique solution (seg,, [}5]). The aim of the present Note,
which announces our papeﬂ [4], is to describe the asympbeti@avior of the solutioli/ and to give a
corrector result foe(U<) ase tends to zero. The result depends on the behavigt ahd exhibits 3 critical
sizes, namely?, ¢, ands'/3, so that there are 7 differentregimes:< €3, r° ~ 3,3 < r° < ¢,7° X ¢,
£ <1t K el3rf xel/3 ande!/? < r* < C, wherer® < ¢ stands for® /e* — 0 (and equivalently
N <« rf forr€ /e* — +0o0), whiler® = £* stands fors /e* — p, for somep with 0 < p < +oo.

To express the results and to make the proofs, we will use haoges of variables. The first change of

variables is given by

:r/

y=y(z) with y3 =, ylizv

which transforms the variable domdilt into the fixed domairf2. This is the usual change of variables
used to study equations in thin cylinders (see, e[by., [@],[i], [L1]). Whenr¢ = 1 andS, = S (but
the same proof works far* = C independent of such thatC'S, C 5), it was used successfully irﬂ[e],
[E], [E] to pass to the limit in|]3). But wherf tends to zero witl, this first change of variables does not
provide the information we need about the behavidiéfin the part of2* close tol'§. Thus we introduce
a second change of variables given by

x

z=2%(x) with z=—

ere’
which transforms the variable domdiy into a variable domai s, the limit of which is the half spacg =
(0, +00) x R2. Observe that the Dirichlet boundary condition is now ingzben the fixed pa0} x S

3



J. Casado-Diaz et al.

of the boundary ofZ¢. This change of variables provides a suitable rescaling nga= 0. It was used
successfully in|]2], |ﬂ3] to study the diffusion problem slari to @) in the geometry that we consider
in the present Note (and even in a more complicated one, wh@iie made of union of two cylinders
{(—t%,0) x er®Sp}U{(0,1) x S} and where the Dirichlet condition is imposedon= —t* andz; = 1;
the geometry considered in the present Note corresponds=ta); a problem of conduction in a notched
beam of the same type was solvedﬁh [1] by using the same cludvgeiables).

We denote byD!2(Z7) the Deny’s space

D22y ={p:pe LZ), Vpe L*(Z)*}.

We will also use the functional spaces (already useflin B}, [Ld])

BN, (Q) = {u : A, € H?(0,1), ((1) = %(1) =0, ua(y) = Ca(y1), Ya € {2,3},
3 € HY0.1), G0 =0, wio) = Gl) ~ G ).

Ry(Q2) = {1} . v € L2(0,1; HY(S)), /Svl(yl,y/)dy/ =0a.e.y; €(0,1),
Se€ HY(0,1), ¢(1) = 0, va(y) = clyn)ya, va(y) = —e(yn)y: },

RD3(Q) = {w ©wy =0, we € L2(0,1; H(S)), /wa(yl,y')dy' =0, Va € {2,3},
s

/ (yswa(y1,y") — yows(y1,y")) dy'=0 a.e.y; € (0, 1)}-
S

For a given(u, v, w) € BN, (2) x Ry(Q) x RD5 (2), we denote byz (u, v, w) the second order symmetric
tensor with values iiR3*? defined by

Eq1(u,v,w) = e11(u), E1g(u,v,w) = e15(v), Eap(u,v,w) = eqp(w), Vo, € {2,3}.

2. The result and some comments

The asymptotic behavior of the solution ﬂf (3) depends orsi ofr® with respect te. Seven regimes
appear in the following Theorem which describes the asytigpbehavior ofU¢ and provides a corrector
result forU< ande(U*).

THEOREM — LetU* be the solution of[3). There exist a closed linear subsgaakB N, () x Ry (Q) x
RD5(9), afunctionP® € L?(0¢)3*3, and a bilinear continuous nonnegative fofron £ x £ such that,
defining(u, v, w) as the solution of the variational problem

(u7v7w) E 85
/ AE(u,v,w) : E(U,v,w)dy + (B(u,v,w), (,7,0)) = @)
Q
:/fﬂdy+/h:E(U,5,m)dy, V(u,v,w) € &,
Q Q
then, wherr tends to zero, we have
1 x| 3 9
@ Jo, | [UF@ — w2l +§2|5U2<w>—ua<w1>| dz — 0, (5)
1 x x
€ _E 2y - pE(—— 2 —0.
o U@ = Bl w)en, ) = P D)Pde — 0 (6)
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The definitions of, P¢ and B do not depend on the forcgsandh which definegFe and H¢, but only on
the setSy, on the fourth order tensaf, and on the behavior of whene tends to zero, and more specifically
of its behavior with respect te*, £, ande'/?, such that there are 7 regimes, which are described now.

o If 1° < £3, theng = BN,(Q) x Ry(Q) x RD+(Q), P° =0, B = 0.

o If r¢ =~ 3 withr¢/e3 — p, thenE = BN, (Q) x Ry(2) x RD3(Q), and definingy®, a € {2,3},
as the solution of

RS D1’2(Z)3, ©* =e*on{0} x So,
[ AOele®): e@)iz =0, g€ DH(2)% 5= 00n{0} x S
Z

then one has )

527“5

Pe(z) = — Ca(0) e(¢¥)(2), a.e.z € Z,

(B(u,v, w), (w,v,w)) = p/ZA(O) (Ca(0) e(p™)) = (C5(0) e(p?)) dz, ¥(u, v, w), (@, 7,W) € €.

o If e3 < r® < g, then
& = {(u,v,w) € BNy(Q) x Ry(Q) x RD5(Q) : a(0) =0, Ya € {2,3}}, P*=0, B=0.
o If r¥ = e withr® /e — p, then
& = {(u,v,w) € BNy(Q) x Ry() x RDy () : (a(0) =0, Ya € {2,3}},
and definingp! as the solution of
o' e DY2(2)3, ' =e' on{0} x S,
{ /ZA(O)e(cpl) e(@)dz =0, Vpe DY (Z)* $=00n{0} x Sp,

and then setting’ = ' + a, ©*, where(as, a3) is defined by

(ag, ag) S RQ,
{ /ZA(O) (e(e") + ane(9)) : (@pe(¥”)) dz =0, V(aa,as) € R,

then one has )
Pe(z) = —— (1(0) e(¢')(2), a.e.z € Z,

(Buv,0), @57)) = p [ A0) (GO0 e(") : C0)e@h) dz. v 0). (@.7.7) €.

o If e < 1€ <« /3, then
& = {(u,v,w) € BNy () x Ry(Q) x RD3 () : (4 (0)=(¢1(0)=0, Vae{2,3}}, P*=0, B=0.
o If r* = /3 with (r°)3 /e — p, then

& = {(u,v,w) € BNy(Q2) x Rp() x RDy () : ¢a(0) = (1(0) =0, Ya € {2,3}},
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and defining)' as the solution of
’(/)1 € D1’2(Z)3, ’l/)1 = 2362 — 2’283 on {0} X S()7
[ A s @itz =0, VT € D*(2)°, T=00n{0} x S,
Z
andy?*, a € {2, 3}, as the solution of
Y € DY3(Z2)3, v = z1e* — z,et on{0} x Sy,
/ A0)e(®) : e(@)dz =0, ¥ € DV2(Z), T = 00n{0} x So,
A
and then setting)’ = " + b, ©*, where(bi, b5, bi), i € {1,2, 3}, is defined by
(b1, b5, 03) € R?,
/Z AQ0) (e(v") + b el)) + (Bie()) dz =0, V(BB By) € RY,

then one has

P =2 (0 el + G20 i) ) ae € 2
— — _ 1 & «
(Bl (@) = [ AO) (o016 + T2 0)e(%))
— 1 dga To —
(et + G20}z, ¥luwvv0). (@) € €
o Ifel/3 « e < C, then
E= {(u, v, w) € BNy () X Ry(Q) x RDy (Q) : (o (0)= (1(0)= Z—;?(O): c(0)= 0, Yae{2, 3}},

P =0,B=0.

Let us make some comments about the statement of this Theorem
Assertion [b) is a corrector result, since uslv'@: U* as test function irﬂ3) and Korn’s inequality, one

can prove that
L/ le(U%)Pdz < C [i/ |f|2dz+i/ |h|2dz]
Q2] Ja- 12[ Jo 12 Jo

and since one can also prove that

1
192¢] Jae
If one examines the definition éf, one realizes that the number of Dirichlet boundary cood&imposed
in the definition of¢ increases with the size of. Indeed, in view of the definitions dBN,(2), Ry(Q2)
andRDj (1), the sole functions which have a trace far= 0 are(,, (1, ZICT‘; andc, wherea € {2, 3} (the
other functions, namely; andw,,, have no trace far; = 0). Whenr® < 3, the sef’§ = {0} x er€Sy is
too small and the homogeneous Dirichlet boundary conditigposed forr; = 0 to the solutiort/* of (E)
completely disappears at the limit. Wheh < ¢ < ¢, the setl’§ is sufficiently large to impose at the
limit that ¢, (0) = 0 for a € {2,3}. Whene < r° < ¢!/3, one further hag; (0) = 0. Finally when

'\ 1 e L N2
|E(u,v,w)($1,?)| dx + |QE| o |P (E?N de ~ 1.

6
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e'/3 <« r¢, the sefl’§ is so large that all the possible Dirichlet boundary cowdisi are imposed at; = 0,
namely(a (0) = (1(0) = g (0) = ¢(0) = 0.

Except in the three regimes where the sizeofs critical (i.e. when® ~ ¢*, with A = 3, 1, or 1/3),
one always ha®® = 0 and5 = 0. For these three critical sizes, one can show thata coercive bilinear

form, in the sense that there exists same 0 such that

(B(u,v,w), (u,v,w)) = np Z 1Ca (0)]%, whenr® = &3,
a=2,3
(B, v,w), (w0, w)) > nplGa(0), wheny< ~ <, @
¢, |
(B, v,w0), (w,0,0)) =m0 (O + 3 [L20)] ), whenre = /5.
a=23 dyy

This implies that for every critical size ~ ¢, the new Dirichlet boundary conditions which appear for
r¢ > ¢* (with respect to those imposed for < ¢*) are penalized by the value pf This introduces some
type of continuity in the transition of the Dirichlet conigdih between the two regimes which are separated
by a critical size=*. For these three critical sizes, the functigrts !, ¢*, 1, andy)* are in some sense
generalized capacitary potentials{éf} x Sp in Z, and the bilinear forn$8 is in some sense an asymptotic
trace of some type of capacity Bf in Q2 for the weighted energ}h%‘ Jo: A(x)e(p) : e(p)da.

The present work is the natural generalization to the elastse of [], [IB], where diffusion problems
were posed in the union of two cylindefs—t°, 0) x er®Sp}U{(0,1) x S}, with botht® andr© tending to
zero (the present geometry corresponds te 0). Whent® = 0, the diffusion problem was in comparison
more simple, since only one critical size, namety ~ ¢, appeared in the analysis, separating a pure
Neumann boundary condition [corresponding to the analajuesatisfyingu € H'(0,1), u(1) = 0]
for r* <« ¢ and a pure Dirichlet boundary condition [correspondingh® analogue of; satisfyingu €
H'(0,1), u(0) = u(1) = 0] for r* > e. These works were related t{ [1], where a notched beam for
diffusion problems was considered. The present work istalsted to []7], &], where a multidomain made
of an elastic vertical beam of length 1 and of raditignd of an horizontal plate of radius 1 and of height
was considered.

The detailed proofs of the results of the present Note wiliiven in a forthcoming papef][4].
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