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Abstract: In a famous paper where he introduces the A and B coefficients,
Einstein assumed that atomic decays of excited atoms can be stimulated by
light waves. Here we also include atomic decays stimulated by atomic waves. It
is necessary to change the Maxwell-Boltzmann statistics of thermal equilibrium
into Bose-Einstein statistics and to introduce a coefficient C' which complements
the list of the coefficients introduced by Einstein.

Stimulated emission of light can be considered as the first step towards the
laser. Similarly, stimulated production of matter waves can be considered as
the basic phenomenon for an atom-laser.

Most of the results that we obtain here are not new. However, our method is
very close to elementary classical physics and emphasizes the symmetry between
electromagnetic and matter waves from various points of view. The level of
the discussion is indirect for advanced undergraduate and possible direct for
graduate.

1 Introduction

In 1916 and 1917, Einstein introduced the well known A and B coefficients [fl].
For the first time the stimulated emission of photons by electromagnetic radia-
tion was suggested. In the present paper we generalize the argument of Einstein.
We assume that an atom has an internal structure and that a matter wave de-
scribes its space-time behavior. The decay of an atom into its ground state can
happen spontaneously. It can also be stimulated by the electromagnetic waves
or the matter waves which bathe the atom. The latter (decay stimulated by
matter waves) has been ”forgotten” until the 1990s when it appeared in the
context of Bose Einstein Condensation (BEC) and the atom laser [B, B, i, B
In his papers, Einstein put forward "a derivation of Planck’s formula [...]
closely related to Wien’s original argument”. Our goal is different: we want to
emphasize the symmetry between electromagnetic and matter waves. However,
we will follow Einstein and derive a simple description of the ”forgotten” process



via the introduction of a new coefficient C' in addition to the Einstein coefficients
A and B.

We first summarize the usual approach describing atom-photon interactions
using Maxwell-Boltzmann statistics and the Einstein A and B coeflicients. This
is followed by a short summary of matter waves and their properties that are
relevant to our purpose. In section 4 we restore the symmetry between electro-
magnetic and matter waves, which we then apply to the thermal equilibrium
(section 5) leading to the derivation of transition probabilities for all processes.
We obtain the usual Einstein coefficients and a ” forgotten” coefficient from these
probabilities in section 6 and conclude in section 7.

2 The usual approach

We consider two level atoms where F; and F, are the energy of the atom in
each level (with Es — Ey = hiwp > 0). The atoms are in an ideal electromagnetic
cavity with perfectly reflecting walls. The thermal equilibrium, at temperature
T, is achieved. The case of atoms in free space is obtained when the volume V'
of the cavity becomes infinite.

The electromagnetic energy is distributed among the different modes of the
cavity. It is described by Planck’s energy spectral density.

T2 1

1
Po (W, T) = dy X —3= X hw X o (1)

where kp is Boltzmann’s constant. Each term in p,, (w, T') has a precise meaning.

e The electromagnetic wave is characterized by a wave vector . We de-
fine 27rv = ¢ H?H . The electromagnetic waves in an ideal cavity must satisfy

boundary conditions. As a consequence, v can take only resonant values: the

number of possible values between v and v + dv is dN, = Am1 gy x V where ¢

c3

is the speed of light in vacuum and V' the volume of the cavity.

e The energy of a photon is Aiw, where w is the angular frequency. For an
electromagnetic field the relation w = 27v holds true.

— . . . L

e Once k is given, w is known. There remain however d, = 2 polarizations.
The first factor, d, in relation (), is precisely the number of polarizations (the
degeneracy of photonic states) of the electromagnetic waves. Therefore, in an
ideal cavity, the number of modes in the interval [v, v + dv] is

4dri?

AN, = dy, % dv XV (2)

3
e Finally, using Bose-Einstein statistics, the mean number of photons in a
mode at thermal equilibrium is —7rer—.
The spectral energy density ([l]) represents the energy density per interval du.
It is sometimes useful to define a quantity p,(w,T’) that represents the energy
density per corresponding interval dw, i.e.



Pl T) = pple, T) 2. 3)

For electromagnetic waves we have p,(w,T) = p,(w,T) /2.

Thermal equilibrium in the cavity is secured by a connection to a thermal
reservoir at temperature 7. We assume the following properties:

A1 First we assume that the reservoir can exchange some energy with the
atoms in order that the Maxwell-Boltzmann equilibrium law is fulfilled:

& — @e—hwo/kBT (4)
N 4
where N7 (or N3) is the number of atoms with energy F; (or E3) and dy (or
d2) is the degeneracy of level E; (or Es).

A2 Second we assume that photons can be either absorbed or emitted by
the reservoir to achieve the equilibrium spectral density, p, (w, T, above.

A3 Finally we assume that once the thermal equilibrium is achieved, it
remains without the help of the reservoir, although it is a statistical equilibrium
where absorption and emission of photons, and excitation and decay of atoms,
continue to happen.

Assuming conservation of energy, two kinds of effects are possible:

1. Spontaneous mechanisms happen even when no radiation is present
in the cavity. This is the case of a spontaneous decay of an atom from energy
FE5 to energy E; with the emission of a photon whose angular frequency is wy.
The number of spontaneous decays per unit time is A x Ny. In a large enough
cavity two neighboring modes have very similar properties and their frequencies
can be considered to belong to a continuum. In such a case, A is a characteristic
of the atom alone, independent of the cavity dimensions. We do not consider
spontaneous excitation where energy would be created from nothing.

2. Stimulated mechanisms happen only because some radiation is al-
ready present. Two mechanisms are actually possible: i) the absorption of a
photon with energy Aiwy by an atom which is therefore excited from energy Fj
to energy Fs and ii) the emission of a photon with energy fiwg by an atom
which decays from energy E5 to energy F7. The number of events per unit time
of each mechanism is B(aps) X py (wo,T) N1 and By X py (wo,T') N2, where
wo = 2mLy.

The equilibrium condition is
AN» +B(em)p<p (WO;T) Ny = B(abs)ptp (wOaT) Njy. (5)

Within the preceding theoretical framework, one finds that the thermal equi-
librium (Eq. (f) with Egs. () and (f)) is possible at any temperature 7" if and
only if

d2 81

B(abs) = d_lB(em) and A=

v6
03 hUJOB(em) (6)



Therefore the existence of spontaneous emission (i.e. A # 0), implies that
absorption and stimulated emission also exist (i.e. A # 0 = By) # 0 and
B(abs) 7é 0)

These results are well known and can be found in many textbooks [ﬂ, E, ]

3 Matter waves

Matter waves were introduced in de Broglie’s thesis in 1924. At this time the
photoelectric effect had already been interpreted (Einstein 1905) and the Comp-
ton effect observed (Compton 1923). Thus, it was already known that light could
behave as a flow of particles called photons [E] The merit of Louis de Broglie
idea was to reverse the proposition and claim that particles such as electrons
could behave like waves.

Since these early days, the similarity between light waves and matter waves
never ceased to be emphasized, from the first observation of electronic interfer-
ences by Davisson and Germer in 1927 [E] to atom interferometry, and recently
Bose-Einstein condensation of atoms, first achieved in 1995 @]

Several examples can be given of matter waves and their applications: the
electronic microscope and the Collela-Overhauser-Werner experiment with neu-
trons [@] are well known. More recently laser cooling of atoms has lead to the
development of atom interferometry used, for example, for ultra precise inertial
sensors such as gravimeters [[[J, gradiometers [[4] and gyroscopes [Lg. Ulti-
mately the use of the forgotten process to produce Bose-Einstein condensates,
i.e. coherent beams of matter waves with all atoms in the same mode, should
result in atom lasers based on amplification of the matter fields via the forgotten
process. These are expected to lead to significant improvements in matter wave
interferometry and to new applications. Presently, what is often called an atom
laser is a Bose-Einstein condensate which has been produced by other means.

Despite its complex structure, an atom can be considered as a particle with
a mass M depending on its internal energy : M = My + E/c? where E is the
internal energy and My the mass of the atom in its fundamental level. The total
energy of the atom is then

2 W
hw = \/ (Mc2)? + (ch?) ~ M+ (7)

- - . s
where w is its angular frequency, i k its momentum and the non-relativistic
S —
approximation holds for || k || /M < c.
An atom is generally characterized by its angular momentum, 7, which

plays the role of an intrinsic spin. The value of 72 is 7% (j +1). General
results in quantum mechanics lead to the conclusion that 25 is an integer which
depends on the internal state of the atom, and that the atom is a boson when
7 itself is an integer. This is the only case that we consider [@]

The energy can be degenerate. Therefore, for a given mass, the internal
state is a multi-component vector which belongs to a d, dimensional space.



Keeping the definition 27v = ¢ H? ’

, the fundamental difference with re-

spect to photons is that now the relation between w and v is the dispersion
relation obtained from Eq. ( )

hw = \/(Mc2)2 + (2rhw)?. (8)

Let us imagine that matter waves can be trapped in an ideal cavity where
they appear as a superposition of the resonant modes of the cavity. The number
of resonance values of v in the interval [v,v + dv] is

2
N, = 47T3”
c
and the number of modes dN,, = d, x dN,,.
As we consider bosons only, the mean number of particles per mode at
thermal equilibrium is given by Bose-Einstein statistics

dv xV 9)

1
o) J(rBT) _ |

n =

where p is the chemical potential (see ref. [@] for instance).

In section 2, we assumed that the atoms are not able to be created or an-
nihilated, only their internal energy could change by emission or absorption of
photons. However, considering what we know about the origin of the Universe,
we have to admit that atoms can be created too. Of course, the correspond-
ing mechanism can be complicated and slow but annihilation and creation of
atoms via exchange of energy with the thermal reservoir are possible as well as
annihilation and creation of photons; this is a matter of principle not of order
of magnitude. Thus the number of atoms in the cavity must be determined
from the condition of thermal equilibrium. The same happens to the photons
with the same consequence, i.e. 1 = 0 (see the black body radiation in [[7]).

Therefore :
n= —1 10
= ) /(e T) — 1 (10)

Therefore, the spectral energy density is

4dri? 1

pa(UJ,T):daXC—BXhUJXW. (11)

Analogously to the electromagnetic case one can introduce a corresponding

energy density per interval of angular frequency p, (w,T) defined by Eq. (E)
But now dv/dw is obtained from the dispersion relation (§) and therefore

_ pa(w,T) hw _ pa(w,T) w

pa (W, T) s 2 2 2t 27y
(hw)” — (M c?)

(12)

One can check that the relations (§) to ([[J) are the same for matter waves
and for light waves when setting M = 0 and d, = d, = 2 for the photon.



4 Restoring the symmetry between electromag-
netic and matter waves

In section 2, the atoms and the photons have been considered from two very
different points of view. For instance, the decay of an atom could be stimulated
by the presence of the photons but the presence of the atoms did not produce
any similar effect.

First, in order to restore the similarity between the atoms and the photons,
let us modify the notation. Now, a is an atom in its fundamental state of energy
FE,. This atom can absorb a photon ¢, the corresponding excited state is ayp
whose internal energy is F,,. We assume that thermal equilibrium is driven by
the chemical-like equation

ap=a-+y (13)

where ¢, a and ay are bosons described by waves (i.e. electromagnetic waves
and matter waves) which are trapped in an ideal cavity at temperature 7.

An atom is considered as the quantum associated to a matter wave, therefore
Ny and N, are now occupation numbers of matter-wave-modes, similar to the
occupation number of the electromagnetic modes (i.e. the number of photons).

The mass of the atom depends on its internal energy. Thus we can interpret
the change of the internal energy as the annihilation of an atom with the initial
value of the mass and the creation of an atom with the final value of the mass.

The atoms and the photons are assumed to be trapped in an ideal cavity
without losses. The cavity is coupled to a thermal reservoir at temperature 7'.
We assume the following properties:

B1 The photons and the atoms occupy respectively electromagnetic-modes
and matter-wave-modes. The equilibrium is achieved when the mean number
of quanta per mode is given by the Bose-Einstein statistics n = W ie.
we substitute Eq. ([L0) into Eq. ().

B2 Second we assume that photons and atoms can be either absorbed or
emitted by the reservoir, in order to achieve the equilibrium spectral densities
(@) and (@I).

B3 Finally we assume that once thermal equilibrium is achieved, it remains
without the help of the reservoir although it is in statistical equilibrium where
annihilation and creation of photons and atoms, continue to happen.

From the old point of view the dissymmetry between matter and light lies
in the difference between the assumptions A1 and A2 of section 2. Here, this
dissymmetry has disappeared but the Maxwell-Boltzmann statistics used in as-
sumption A1 has been changed into Bose-Einstein relativistic statistics.

The various modes of the excited atoms ay are labelled by a set of indexes
called m; the modes of the atoms a are labelled by n and the modes of the
photons ¢ by a set of indexes k. We use the notation (ay),, for an excited atom
ayp in the mode m , and the similar notations (a),, and (¢),. With this notation



Eq. ([[3) becomes
R
(@), = (a), +(P)- (14)
L

Following assumption B3 above, we assume that the equilibrium is achieved
when, during a given arbitrary time, the number of reactions to the right (reac-
tion R is the same as the number of reactions to the left (reaction L). Moreover
we accept the usual assumption that the number of reactions per unit time is
proportional to the number of quanta in the modes involved.

We introduce the concentrations [ay],,, [a], and [p], i.e. the number of
atoms or photons per unit volume respectively in mode m, n and k. The volume
of the cavity is V. We define a, Bups), Bem) and 7:

(i) The number of spontaneous reactions R per unit time is a x [ag],, V.

(ii) The number of reactions L per unit time is B(qps) X @], V x [a],, V.

(iii) Given an excited atom, agp, in the mode m, we consider its decay (reaction
L) stimulated by the presence of the photons in the mode k. The number of
such reactions per unit time is B(em) X [0], V' X [ag],, V.

With Maxwell-Boltzmann statistics where Myc? > hwo and Mc? > kgT,
and within the ”broad band” approximation [B], these mechanisms result in
Eq. (B
(iv) Finally, we assume that the reaction R can also be stimulated by the pres-
ence of the atoms a in the mode n, which restores the symmetry between elec-
tromagnetic waves and matter waves. We call this mechanism the ”forgotten”
process [[9). The number of such reactions per unit time is y x [a], V x [ag], V.

5 Thermal equilibrium and its consequences

Compared to the year 1917 the conception of matter has changed dramatically.
We will now explain why this conceptual change leaves the description of thermal
equilibrium practically unchanged. However, we will emphasize the importance
of the ”forgotten” process.

Now we assume that equilibrium is achieved when the mean number of
quanta per mode is given by Bose-Einstein statistics and when the number
of reactions R per unit time is equal to the number of reactions L. Therefore

1
[V = meormem -1
1
WV = o 1 (15)
1
[G/QD]m Vo = e(hwa¢)/(kBT) — 1,
and
Bravmy X [V x [, V' = @ x[agly, V+ Bremy X [V X [ag],, V
+y x [a],, V x [ag],, V. (16)



The energy of the atom a in the mode n is hw,, similarly hw, is the energy
of the photon in the mode k and hwq,, is the energy of the excited atom ay in
the mode m. We assume that the energy (hwq, hw, or hwg,) defines the mode
except for the polarization of the light and the degeneracy of the internal energy
of the atoms [2(].

One can check that the equality (E) holds true at any temperature if and
only if

Wap = Wa + Wy and B(abs) =a= ﬁ(em) =7 (17)

The first relation in ([[7) expresses the conservation of energy while the other
relations imply that the ”forgotten” process does exist (i.e. v # 0) because
spontaneous decay is observed (because a # 0).

Let us now verify that at thermal equilibrium the results above are prac-
tically the usual ones when the ”forgotten” process is neglected. We consider
Eq. (E) with B(aps) = @ = B(em) = 7. Then the sum of the last two terms is

X o, V x[ag],, V (1 + %) . Using Eq. (1) it is easy to check that %ﬂ <1
k

even with extreme (impossible!) values of hw, and kgT'. Therefore the contribu-
tion v x [a], V x [ag],, V in Eq. ([Lf) is completely negligible and the ”forgotten”
process does not play any significant role at thermal equilibrium.

Moreover one can easily calculate Nq,/N, where Ny, (respectively N,) is
the mean number of atoms with energy Fq, = hwq, (respectively E, = hw,). It
is the number of atoms in one mode with energy hwq, (respectively hw,) times
the number of modes with such an energy. From the preceeding assumptions
we obtain

dll(p . . _ dll
Na‘P = e(hwaw)/(kBT) _ 1 and Slmllarly Na = e(hwa)/(k—BT)_l- (18)
Finally, using the relation hwq, ~ hw, ~ Moc? > kT we obtain
hwa)/(kpT
Nap , dag €MV dag (s i) /(05T) (19)

N, ~ dy etwar)/GksT) — g

a

which is identical to Eq. ([]) under the simple change of notation (ap — 2, a — 1
and fwg, — hw, = hwp).

We notice that at thermal equilibrium nothing is significantly modified if
we use Maxwell-Boltzmann statistics instead of Bose-Einstein statistics and if
we neglect the ”forgotten” process. However, far from equilibrium this is not
necessarily the case.

Now we can use standard methods to give an estimation of v in the simplest
case of a homogeneous line width.

Let « be the probability per unit time that an excited atom ay, in a given
mode m with given energy fiwq,,, decays spontaneously into a+¢ where the pho-
ton ¢ is in the mode k with energy hw, and the atom a in the mode n with energy
hw,. Let us define the probability per unit time, dp , that an excited atom de-
cays spontaneously into a photon with angular frequency wy, € (W, Wk + dw)



and a ground state atom with angular frequency w, € [Wan — dw,wan] Where
Wap = Wq + wy,. We then have

dp = a x dydy X dNgiy (20)

where dN, 4, is the number of pairs of resonance values (v,, v,) that satisfy
Wy € [Wek, Wek + dw], W € [Wan — dw, wan] and wey = we + we,.

For the photons, the number of resonant values of v,, dN,,, over the band-
width dw are given (c.f. Eq. ([l)) by the number of possible values of v, i.e.

4’;—L’,,’ZCZVV, and 27y = w which holds true for photons, therefore

d
N, = Lelely (21)

w3

Similarly for the ground state atom, the number of resonant values of v, over
2

the bandwidth dw are given by 2%~ dvV, but with the relation between v and

c3

w given in Eq. (§). This leads to

vy, o/ (wa)® — (Moe? P

AN, = V=
N, w3 2m2¢3h
(Moc?) V2Moc? Eydw
- Odey (22)
272c3h

where Ej, = hw, — Mpc? is the kinetic energy of a, and where we have used
hwq + Moc? ~ 2Myc?.

Comparing Eq. (1) to Eq. () we note that even in extreme conditions
dN, is much bigger than dN,. For example, with By ~ kT ~ 10713 eV,
Myc* =~ 1 GeV and hw, =~ 20 eV we have dN, ~ 10%dN,. As a result the
number of possible energy pairs dN, 4, is entirely determined by dN., because
for each w,, there exists a w, such that we, = w, + w, (but not vice-versa), so
we have dNj4, ~ dN,. Under these conditions Eq. (R() becomes

WeVpdw

dp = a X dypdy X (23)

e
On the other hand, under the assumption that the atom is at rest and the
assumption of isotropy, the spontaneous emission of a photon is characterized
by a function f, (w, —wyo) which defines the line shape of the emitted light.
The quantity f, (w, — wyo) dw is interpreted as the probability that the emitted
photon displays an angular frequency w, € [wyk, wer + dw]. Therefore
1
dp = _ft,a (wga - W«pO) (24)
tep
where ¢, is the time constant which characterizes the spontaneous emission (i.e.
1/tsp = A, the Einstein coefficient).
It is then straightforward to obtain a by eliminating dp between Egs. (E)

and (@)



s 1

o = ﬂabs = 6em f«p(wtp - W«pO) X % (25)

K dydaweVy tsp
One can now calculate the probability per unit time, W), of stimulated decay
of an excited atom ay in mode m into a photon ¢ in mode k and a ground state
atom a in any mode. First we notice that the decay due to the photons in mode
k, towards a special given mode of a, has a probability per unit time (.., X
[¢l, V (see the property (iii) of section 4 above). Therefore, the probability of
a decay towards the various modes n of a which display the same energy is

31 ug(wy)
——— — fo(wy, — wpo) X £
d(,pwlpl/(p tsp (P( ¥ ¥ )

W(em) =d, x ﬂ(em) X [‘P]k V= (26)

hw,
where we have introduced the electromagnetic energy density of the mode k
defined as ui(wy) =[], X hwg,.

Similarly the probability per unit time, Wi,ss), of absorption of a photon ¢

in mode k by a ground state atom a in mode n to form an excited atom ay in
any mode is

da:,a ﬂ.cs 1 U (w</7)

fo(wy —weo) x

W(abs) = da«p X ﬁ(em) X [(p]k V= : (27)

do dpweVy tsp hw,
Expressions (2§) and (R7) are well known in the usual laser theory and can be
found in many textbooks (e.g. [f).

On the other hand, the "forgotten” process leads to new results. We cal-
culate the probability per unit time, Wy, that an excited atom a¢ in mode m
undertakes the forgotten process i.e. that it decays into a ground state atom a
in mode n and a photon ¢ in any mode. The decay due to the atoms a in mode
n, towards a special given mode of ¢, has a probability per unit time v x [a],, V
(see the property (iv) of section 4 above). Therefore, the probability of a decay
towards the various modes k of ¢ which have the same energy is

wed 1 Un (Wa)
Wy=dy,xvyxl[a], V= daoor Efq,(ww — Weo) X

hwg, (28)
where up(w,) = [a]n X fiw, is the energy density of the ground state atoms in
mode n.

At_thermal equilibrium we have [a],, < [¢]x (from Eq. (L3)) which, using
Eqgs. (E) and (@), implies Wy < W), i.e. the probability for an excited atom
to decay via stimulation by a matter wave is much smaller than via stimulation
by an electromagnetic wave, and the ”forgotten” process is practically negligible.
However, this may not be the case far from equilibrium. For example, one
can imagine a situation where one particular mode [a],, is strongly populated.
This would lead to decay preferentially towards that mode via the ”forgotten”
process, which in turn increases the population of that mode, and so on. That
kin[a of mechanism is the basis of the experimental proposal for an atom laser
in [H].

10



6 The Einstein and the ”forgotten” coefficients

Now, on one hand we consider that the frequency width of the electromagnetic
spectrum of the radiation in the cavity is much larger than the width of the
natural decay spectrum of the atom (broad band approximation). On the other
hand we model the spectrum of the radiation in the cavity by monochromatic
radiation with angular frequencies w,, where £ is an integer and wyr41 — Wy =
dw,. The function f,(wye — weo) has a maximum for wy,e =~ wo; it is negligible
for |wyr — wyo| > Aw with Aw < wyo, and it fulfills the condition [ f,(wee —
wyo)dw = 1. Assuming dw, < Aw we can write :

Z fo(Wer — wpo)dw, ~ 1 ) (29)
¢

We consider a given initial state characterized by the number IV, of atoms
ay with angular frequency wq, and the number N, of atoms a with angular fre-
quency w,. We use the preceding results to calculate the number d/N of photons
which are emitted or absorbed during a time interval dt, through the various
processes.

Let us give the final results before we outline the derivation. One finds

(i) for spontaneous emission : dNs, = A Ny, dt = éNw dt,

(ii) for absorption : dNabs = B(aps) Py (Wpo) Nedt with

d I 1
Blaps) = —2 X — 30
(abs) dody 47T71W<p01/5,0 tsp (30)
(iii) for emission stimulated by the photouns :
dNem = Biem) Py (Wp0) Napdt with
1 o 1
Bem) = 7 X g 31
(em) = 4, x dmhw,aov2g tsp (81
(iv) for the forgotten process (emission stimulated by the atoms) :
dN§ = Cpq (wao) Naypdt with
1 3 1
C = < - (32)

—_— x —_—
do ~ AThweov2) tep

where wqo = Wap — Weo-

B(aps) and B¢y are the well known Einstein coefficients but C' is a new
one.

We now detail the derivation of the above expressions. Let us for instance
calculate Bi(cy). We assume that, at a given angular frequency w,, the two
electromagnetic polarizations display the same energy density uy (w,). There-
fore the number of photons produced during dt by the stimulated emission due
to the electromagnetic radiation at angular frequency wy is dy Wiem) Nay dt
where W) is given by Eq. ( @) The stimulated emission due to the radia-
tions at the various frequencies w,, results in the number of emitted photons

11



dN(em) = D -pdp Wiem) Nayp dt. The function f, (w, —weo) is a quickly vary-
ing function of w,, while uy (wye) is slowly varying within the framework of the
broad band approximation. More precisely, we assume uy (wye) =~ uk (Wyo)
Wer ~ Weo and Vep ™~ Vo, for wep — Aw < wer < weo + Aw. Therefore we can
use these expressions for uy (wg,g) , wee and vy to calculate dN(¢p,). We obtain

dN(em) = Zdw X W(em) Nawdt
£

1 wd 1
= dp X — ——— —up (Wep Wt — W Nydt
zg: (7 ds@ hw@zé%e tsp ( sa) fsa( [ 900) ap

1 w3

12

1
— - Na,dt (33
dy hw 20 tep pti (wp0) ;f@ (Wee = wen) Nag (33)

dy up(weo)
dwy

The spectral energy density is
relation (f) then

= P, (weo) where p, is defined by

1 w3 1 .
dN(em) = @mgpw (WLPO) ;fso (Wapl - WLPO) dwy Ngydt. (34)

Finally, using Egs. (R9) and (§) we find

dN(em) = B(em) Py (WL,GO) Nawdt (35)
with 5
1 c 1
Bieyy) = — X —————. 36
(em) d, 47r7uu¢01/300 Lsp (36)

This expression for B(c,,) can be found in many textbooks such as [E] where it
is calculated in a way very similar to the one presented above. It is also derived
in [§].

Expression () for B(aps) is obtained by the same method and we will not
detail it here.

To calculate C' we express d/N¢ using expression (@) for Wy . In this ex-
pression, wy = Wqe — Wy is a function of w,, because the mode m, of the initial
state is given. We assume that the d, atomic modes at the same frequency w,
display the same energy density wu, (w,) so

ANy = > da x Wy Nay dt

14
1 7w 1 datin (Wa)
= Zd_w % et_fw (Wor = wpo) X hw Nag dt. (37)
7 da WotVpl tsp a

We assume that w, and u, (w,) are two slowly varying functions of wyy, then,
with the conditions that we have already assumed, we find

)Zfsa (Wee — wyo) Nag dt
¢

31 dotin (Wao

1
dN; = —
! d, WpoVeo tsp hwao
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1 7T03 1 daun (wao)

N, dt. (38)

1
= — — X
do WeoVpo tsp  Iwao dwe

It is not obvious whether to introduce the spectral density p, (wao) of the atoms
because éw,, which appears in the expression above is not the angular frequency
separation between two neighboring atomic rays.

In the bandwidth dw,, around weo, the number of resonant atomic angular
frequencies is given by expression (@) 0Ny = #ebiew, x V. In the same
bandwidth there is only one resonant frequency for the photons (the consequence
of the definition of dw,) so 6N, = £225225w, x V =1 (c.f. (RI)). Therefore

ON, = el The gpectral energy density is pg (waeo,T) = d“u"%wi“")m =

We0Vp0 We
CI‘I%"T(:’”O)%. Substituting this into Eq. (Bg) and using the definition (1) of
pq we finally obtain

dN§ = C pg (Wao) Nag dt (39)
with 5
1 1
C = < = (40)

—_— X ——
dg 47rhwaol/§0 tsp

One can notice the similarities between the expressions for C' and B(c,)-
A permanent state is achieved when dNs, +dNep, +dN¢ = dNgps. Therefore,
at thermal equilibrium, Eq. (E) becomes

ANa:,a + B(em)ptp (wtpOa T) Nat,a + Cpa (waO; T) Nazp = B(abs)pap (W<p0; T) ]\Ea- )
41
One can easily check that the expressions obtained above guarantee the validity
of Eq. (@) at any temperature when N, and N, satisfy Bose-Einstein statistics.
It is also possible to derive the conservation of energy and the coefficients
Bem), B(absy and C directly from Eq. () where N, and N, fulfill Bose-
Einstein rather than the Maxwell-Boltzmann statistics. However, in this paper,
we chose to emphasize the elementary underlying processes providing, for ex-
ample, the transition probabilities Wicp), Wiass) and Wy (Egs. (@), (@) and
(BY)) as functions of the observed electromagnetic line-shape f,(wy, — wep).-

7 Conclusion

We have derived a general description of atom-photon interactions of the form
ap = a + ¢ that includes the ”forgotten” process of decay stimulated by the
matter waves a, additionally to the well known spontaneous decay and the
decay stimulated by the electromagnetic waves . Our aim was to provide
a description based on fundamental elementary principles, and to emphasize
throughout this work the symmetry between atomic and matter waves. To
do so, we have followed standard textbook descriptions of the involved known
processes (in terms of transition probabilities, energy densities, observed line
shapes, and Einstein coefficients) but applied them to also derive analogous
expressions for the ”forgotten” process that cannot yet be found in textbooks.
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Throughout this work the various mechanisms have been considered for the
case of thermal equilibrium. But, similarly to the well known photonic pro-
cesses, our results (in particular the transition probability W; and coefficient
C of the ”forgotten” process) are quite general and remain valid far away from
equilibrium. Non-equilibrium conditions (population inversions etc.) are the
fundamental ingredients of lasers, and one expects the same to hold true for
atom lasers i.e. sources of coherent matter waves. Atom lasers based on matter
wave amplification have not yet been built, but several proposals for a practi-
cal realization based on the ”forgotten” process can be found in the literature
[E, @, E] Indeed, any practical realization will necessarily involve conditions far
from thermal equilibrium, as can easily be seen from Eq. (B) For example, a
single atom «a inside a cavity corresponds to [a],V = 1 and therefore the thermal
equilibrium condition (B) is only satisfied for temperatures T ~ 103K which
are impossible to attain in practice.

It is easy to generalize the results that we have obtained to the general
bosonic case ab = a+b where ab, a and b are massive or massless bosons of any
kind (photons, atoms, molecules, etc.). If we assume that the same concepts
are valid for the decay of an atom and for the chemical reaction ab = a + b,
i.e. the concept of line shape where f, (w — weo) becomes fj, (w — wyo) and the
concept of stimulated and spontaneous reactions, then all our considerations
apply to the general bosonic case. Moreover if we assume that in the same
elementary angular frequency interval dw, the number of resonance frequencies
is much higher for b than for a, the developments of the preceeding sections
(sections 3 to 6) remain unchanged, except for the substitution ¢ — b and
Vp = wy/2m — vy = \/(hwy)? — (Mpc?)?/21h where M, is the mass of b in its
fundamental state. Under these conditions, the formulae (6), (£7), (), (Bd).
(B1)), and (BZ) hold true for the general bosonic case, and the photon case is
simply recovered when setting M = 0 and d, = 2. This simple generalization
further stresses the symmetry between electromagnetic and matter waves as
now the atom-photon interaction is just a special case of a general bosonic
interaction.

If a perfect symmetry exists between electromagnetic and matter waves, it
may be relevant to raise the question of the physical nature of holography with
atomic waves, a surely premature question for the time being.
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