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THE BAND-EDGE BEHAVIOR OF THE DENSITY OF SURFACIC STATES

WERNER KIRSCH AND FREDERIC KLOPP

ABSTRACT. This paper is devoted to the asymptotics of the density of surfacic states near the spectral edges
for a discrete surfacic Anderson model. Two types of spectral edges have to be considered : fluctuating edges
and stable edges. Each type has its own type of asymptotics. In the case of fluctuating edges, one obtains
Lifshitz tails the parameters of which are given by the initial operator suitably “reduced” to the surface. For
stable edges, the surface density of states behaves like the surface density of states of a constant (equal to
the expectation of the random potential) surface potential. Among the tools used to establish this are the
asymptotics of the surface density of states for constant surface potentials.

0. INTRODUCTION

On Z% (d = dy + dy, dy > 0, dy > 0), we consider random Hamiltonians of the form

H, = —%A+Vw

=
=
@
=
@

e —A is the free Laplace operator, i.e., —(Au)(n) =3, _,_; u(m);
e V, is a random potential concentrated on the sub-lattice Z% x {0} C Z? of the form
Wryy if Y2 = 0,

and (ujfyl),y1 czd; 18 a family of i.i.d. bounded random variables. For the sake of simplicity, let us
assume that the random variables are uniformly distributed in [a,b] (a < b).

7 = (1,72) € 2" x 2% = 7°.

—
)
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Vi(r1,72) = {

n1-22Jul 2004

O To keep the exposition as simple as possible in the introduction, we use these quite restrictive assumptions.
"7 We will deal with more general models in the next section.

The operator H, is bounded for almost every w. It is ergodic with respect to shifts parallel to the
surface. So we know there exists ¥ the almost sure spectrum of H,, (see e.g. [14, 23].

For H,, one defines the integrated density of surface states (the IDSS in the sequel), in the following
way (see e.g. [8, 2, 3, 20]): for ¢ € C§°(R), we set

(pms) = E(tr(I[p(H) — o(—5 A)]I)

where Tl is the orthogonal projector on the subspace Cdy @ ¢2(Z%2) C ¢?(Z%). Here, &y denotes the vector
with components (do;) ez -

Obviously, equation (0.2) defines the integrated density of surface states ns only up to a constant. We
choose this constant so that ng vanishes below > U Yy where ¥ is the spectrum of —%A. We will see later
O on that, up to addition of a well controlled distribution, ng is a positive measure.

One knows that ¥ = o(—3A)Usupp(dns) (see [3, 9, 2]. We will study the behavior of ns at the edges
of . To simplify this set as much as possible, we will assume that the support of the random variables
(u)aﬂ)ﬂy1 czd: 1s connected. Under this assumption, we know that

sd-00002272, vers

Lemma 0.1. ¥ is a compact interval given by
1 1
(0.3) X =o(-58a)+ U o(~584, + WwII3)
wo€|a,b]

where T12 is the projector on the unit vector 63 € ¢*(Z%).
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This is a consequence of a standard characterization of ¥ in terms of periodic potentials (see [14,
23]). The assumption that the random variables have connected support can be relaxed; more connected
components for the support of the random variables will in general give rise to more spectral edges (as in
the case of bulk randomness, see [16]). For the value of ¥, two different possibilities occur :

(1) S=0(-3A) + [, f] = [-d — o, d + ] where o = a(a), B = B(b) and a + 3 > 0; this occurs
e if do <2 and either a < 0, in which case a(a) > 0, or b > 0, in which case (3(b) > 0,
e if dy > 3 and a > ag or b > by, where, by (0.3), the thresholds ay and by are uniquely determined
by the family of operators (—%AdQ + tT13) e
If @« > 0 (resp. B > 0), we say that the left (resp. right) edge is a “fluctuation edge” or “fluctuation
boundary” (see [23]). If & = 0 (resp. 5 = 0), we will speak of a “stable edge” or “stable boundary”.
(2) ¥ = o(—%A); this occurs only in dy > 3 and if a is not too large, that is, if a € (0, ao).
In this case, both spectral edges are stable.

On the other hand, it is well known (see [24]) that,
o if dy = 1,2, then, for a > 0, o(—1Ag, — all3) = [~da,d2] U{A(a)}, and the spectrum in [—dy, dy] is
purely absolutely continuous and A(a) is a simple eigenvalue;
o if dy > 3, there exists a” > 0 such that

—if 0 < a < a°, then, a(—%AdQ — all3) = [—dy,ds], and the spectrum is purely absolutely
continuous;
— if a = a®, then
x if do = 3,4, then a(—%Ad2 — all3) = [—da, d2], the spectrum is purely absolutely contin-
uous, and —ds is a resonance for —%Ad2 — aH%;
% if dy > 5, then O'(—%Adz —all3) = [—da, da], the spectrum is purely absolutely continuous
in [—da,ds), and —ds is a simple eigenvalue for _%Adz — all3;
—if a > a°, then, o(—3Ay, — all) = [—da,do] U {\(a)}, and the spectrum in [—dy, ds] is purely

absolutely continuous and A(a) is a simple eigenvalue;

For the operator —%Adz + bH%, we have a symmetric situation.

Our aim is to study the density of surface states near the edges of . In the present case, both edges
are obviously symmetric. So we will only describe the lower edge. One has to distinguish between the case
of fluctuation and stable edges. The behavior in the two cases are radically different.

0.1. The stable edge. As the discussion for lower and upper edge are symmetric, let us assume the lower
edge is stable and work near that edge.
In the case of a stable edge, it is convenient to modify the normalization of the IDSS. Therefore, we introduce
the operator
1
H, = —§A +t1 @ I13.
As above, let a be the infimum of the random variables (w;);. For ¢ € C§°(R), define

(s s norm) = E(tr(Ily [p(Hy) — ¢(Hqg)]I))

The advantage of this renormalization is that the IDSS ng norm is the distributional derivative of a positive
measure. Indeed, for ¢ € C§°(R), define

(¢, dNs norm) = —E(tr(IL1 [P(¢)(Hy) — P(p)(Ha)]Tl))

where



Let n!, be the IDSS for H;. As above, one can define a anti-derivative of n'; denote it by —dN!. Let n!

s,norm

: : t s t ot a

be the normalized version of ng, i.e. ng o = ng — ng. One has
a
(04) Nsnorm T Ns = Ny

One problem one encounters when studying ng is that very little is known about its regularity for random
surfacic models (see nevertheless [21]). Thanks to (0.4), we know that ng is the difference of two distributions
each of which is the derivative of a signed measure. So we can take the counting function of dNy as
dNs = dNg norm — dIN¢ is the difference of two measures. Thus, we define its counting function

E
(0.5) NJ(E) = / dN,(e).
—d
An obvious consequence of (0.4) is the
Proposition 0.1. One has
(0.6) NE(E) < Ny(E) < NY(E).
In section 5.1, we study the asymptotics for N!. As a consequence of this study, we prove

Theorem 0.1. Assume do =1 or 2. Then, one has

Vol(Sh—1) 1 ,
(F +d1/2 -1
di(dr + 2)(2m)® (B+d) if d2 =1,

%S_g 2Vol(§ 1) (B 4 d)t/2
T\ di(dr +2)2m)%  [log(E + d)]

where ST~ is the di — 1 dimensional unit sphere.

Ns(E)

if dy = 2.

If @ > 0, this result is an immediate consequence of Proposition 0.1 and of Theorem 1.1 giving the asymptotics
of the IDSS for constant surface potential (see also section 5.1). If @ = 0, one needs to improve upon (0.6)
as the left hand side of this inequality vanishes making it unusable. This is the purpose of Theorem 1.2.

When ds > 3, the situation becomes more complicated and we are only able to use Proposition 0.1 to
get the two-sided estimate

a(l+o(1) _ (2m)¢ ' b(1 +o(1))
(1+al) ~ s(E+d)(E+ d)tt+d/? (1+0I)

where C'is a positive constant depending only on the dimensions d; and da (see section 5.1) and

(0.7) C Ny(E) <C

1 do—2
sa) = glal
1 d ’ d2 ’ !
I= 5 Sup / d— ZCOS(H{) - Zcos(@%) dbs.
01€T% Jh2€T92 j=1 j=1

Here, and in the sequel, the measure df, (« € {1,2}) is the Haar measure on the torus T%, i.e. the Lebesgue
measure normalized to have total mass equal to one.

Let us note that, if @ < 0 < b, the inequality (0.7) does not give much information of the actual
behavior of Ny(E) when dy > 3.

0.2. The fluctuation edge. Here, we assume that Ey = inf 0(H,,) is strictly below —d = inf o(—%A). In

this case, Ey is a fluctuation edge of the spectrum.

Below the spectrum of —%A, the density of surface states ng is positive; hence, it is a Borel measure
and the integrated density of surface states Ng(E) can be defined as its distribution function, i.e. Ng(FE) =
ns((—oo, E)) for E < —d. We will prove Lifshitz type behavior for Ng(E) for E \, Ey which is characteristic
for fluctuation edges. However, the Lifshitz exponent, in the homogeneous case typically equal to —%l, is

given by —%1 in our case. More precisely, we will show
im In|In(Ns(E))] _ ~di
ENE, In(E — Ey) 2
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1. THE MAIN RESULTS

Let us now describe the general model we consider. Let H be a translational invariant Jacobi matrix
with exponential off-diagonal decay that is H = ((hy—+)). ,eze such that,

(HO.a): h_, = h, for v € Z¢ and for some v # 0, h, # 0.
(HO.b): There exists ¢ > 0 such that, for y € Z,

1 _
hy| < P ol
The infinite matrix H defines a bounded self-adjoint operator on ¢?(Z?). Using the Fourier transform, it is
easily seen that H is unitarily equivalent to the multiplication by the function 6 — h(6) defined by

h(9) = Z hve”e where 0 = (61,...,04),
YEZL

acting as an operator on L?(T?) where T¢ = R¢/(27Z%) (the Lebesgue measure on T is normalized so that
the constant function 1 has norm 1). The function & is real analytic on T?. We normalize it so that it be
non-negative and 0 be its minimum.

As both ends of the spectrum of our operator play symmetric parts, we only study what happens at a left
edge, i.e. near the bottom of the spectrum. All our assumptions will reflect this fact.

1.1. The case of a constant surface potential. We will start with a study of the density of surface
states when the surfacic potential V' is constant, i.e. V = tH%. We define the operator Hy = H + 11 ® H%.
We prove two results on H;. The first one is a criterion for the positivity of H; and a description of its
infimum when it is negative; the other result describes the density of the density of surface states near 0
when H, is non-negative.

In the present section, we assume

(H1): the function h : T¢ — R admits a unique minimum; it is quadratic non-degenerate.
If H is —%A, then h = hy where

(1.1) ho(0) := cos(01) + - - - + cos(6y).

In this case, assumption (H1) is satisfied. Below, we give an example why considering more general Hamil-

tonians can be of interest.

For the sake of definiteness, we assume the minimum of h to be 0. This amounts to adding a constant to H.
We start with a characterization of the infimum of the spectrum of H;. Therefore, write h(0) = h(61,62)

where 0 = (61, 603), 01 € T%, 05 € T, Define

1
1.2 10,.2)= | ———ap,.
12 (61,2) /sz h(61,02) — = ?

We recall that the measures df is normalized so that the measure of T% be equal to 1.
We prove

Proposition 1.1. Assume (H0) and (H1) are satisfied.
H; is non negative if and only if t satisfies

1
1.3 14+tl > 0 where I, := su / ——df
( ) 616’]11311 Td2 h(917 02) ?

Assume now that 1+ tls, < 0. Then, there exists a unique Ey € (—00,0] such that
V0, € TN, 1+ tI(6,,Ep) >0 and 30, € T®, 1 +t1(0y1, Ey) = 0.
Moreover, Ey is the infimum of the spectrum of Hy.

Proposition 1.1 is proved in section 5.
Criterion (1.3) immediately gives the obvious fact that if ¢ > 0 then H; is non-negative. As we assumed
that h has only non degenerate minima, if do = 1,2 and ¢ < 0, then Hy is not non-negative.
4



We now turn to our second result. It describes the asymptotics of N! near 0 when (1.3) is satisfied.
Recall that N! is the density of surface states of Hy.

Theorem 1.1. Assume t satisfies condition (1.3). Define

1
I= ————dbs.
s h(0,02) 2
One has
° Zf d2 =1:
0 P20y (dy +2)(2m)% /Dt (Q1 — RQ;'RY)
] Zf d2 =2
E di—1 1+dq /2
/ dNg(e) ~ 2YlsT ) El E
0 P20 gy (dy +2)(2m)h [ Det (1 — RQ; ' RY) 108 ]
If do >3 and 1 +t-1 >0, then, one has
/E dNt(e) N C(dl, d2) VOl(Sd2—1) VOl(SCh—l) ' t ) S(E)E1+d1/2
0 SN B0+ d(2m)d\/DetQ 1+4+¢tI

Ifdy >3 and 1 +t-1 =0, if we assume, moreover, that 61 — I1(61,0) := / (h(81,62))"tdy has a local
Td
mazximum for 81 = 0, then one has ’

o ifdy =3:
) / Arg(—i|1 — 022 + §(61))d6,
/ dNy(e)de ~ 611<1 R
0 E—0+ dl(dl + 2)7T(27T)d1 \/Det (Ql — RQ2—1R*)
o ifdy=4:
/E dNi(e) ~ — 2Vol(S™ 1) B e
0 SN o+ d - RQ, 'R 108
i (dy +2)(2m) 3/ Det (@1 — RQ'RY)
o ifdy > 5:
B di.d )Vol(Sdz_l)VOZ(Sdl_l) —1
INte) ~ Cldide - — - s(B) BN
/0 5(€) E—0+ d(2m)4\/DetQ J )

Here, we used the following notations:

e Arg(-) denotes the principal determination of the argument of a complex number,
e forn € {dy,ds}, S*" ! is the n — 1 dimensional unit sphere,

e § is a linear form defined below,

e the function s and the constants c(dy,ds) and J are defined by

do 1

1 - b oaia 2\ (d2—
_1 _ L y@dng, g [ L
(o) = 5lel 5L ety = [ Q=) g [ i

e () is the Hessian matriz of h at O that can be decomposed as Q) = <% g )
2
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About the function g, it is defined as follows. We assume do > 3 and 1+t = 0. Let hy(61) = infd h(61,62).
0o cT2

In section 5.1, we show that the function ¢, +— / (h(81,02)—ho(61)) " tdby is real analytic in a neighborhood
da
of 0. Using the Taylor expansion of this function near 0, one obtains

1
e f
Tda (61, 02) — ha(61)
This defines the linear form g uniquely. Then, g is defined by
3(0) := (2m)" \/Det (Q2)g((Q1 — RQy 'RY)~"/%0y).
If the variables (0;,60:) separate in h, i.e., if h(0y,602) = hy(01) + ha(6s), the function § is identically 0.

dfy = tg(@l) + O(‘91‘2)

1.2. The case of a random surface potential. Let V,, be a random potential concentrated on the
sub-lattice Z4 x {0} C Z% (d; is chosen as in section 0) of the form

Wayq if Y2 = 0,
and (w%)%ezdl is a family of i.i.d. bounded, non constant random variables.

Let wy be respectively the maximum and minimum of the random variables (w, ), ¢z, and let @ be its

expectation.
Finally, we define the random surfacic model by

(1.5) H,=H+V,,
and its IDSS by

(1.4) Vo(y1,72) = { Y = (71,72) € 2% x 2% = 74,

(ns, ) = E(tr(Ili[p(Hy,) — ¢(H)]I))
Following section 0, one regularizes ns into Ny as in (0.5).

Remark 1.1. An interesting case which can be brought back to a Hamiltonian of the form (1.5) with H
and V,, as above is the following.

Consider I, a sub-lattice of Z? obtained in the following way T' = G({0} x Z%) where G is a matrix in
GSL4(Z), the d-dimensional special linear group over Z, i.e. the multiplicative group of invertible matrices
with coefficients in Z and unit determinant. One easily shows that the random operator

1
Hy(l) = —5A+ > w,II,
el
(where IL, is the projector onto the vector &, € ¢*(Z%)) is unitarily equivalent to H + V,, where V,, is defined
n (1.4) and h(0) = ho(G’ - 0); here, hg is defined in (1.1) and G’ is the inverse of the transpose of G, i.e.
G =1tGL.

Definition 1.1. We say that E, an edge (or boundary) of the spectrum of H,, is stable if it is an edge of
the spectrum of H + tV,, for all t € [0,1]. If an edge is not stable, we call it a fluctuation edge.

Note that in the case of the introduction, this definition is equivalent to that given there.
As in the introduction, one has to distinguish between

(1) stable boundaries : at these boundaries, the IDSS is given by the IDSS of a model operator computed
from the random model.
(2) fluctuation boundaries: at these boundaries, one has standard Lifshitz tails.

To complete this section, let us give a very simple description of the spectrum of H,. One has
Proposition 1.2. Let H,, be defined as above. Then
oH)= |J o(H).
tesupp(Po)

Here and in the following P, denotes the common distribution of the random variables (w., ),-
6



1.3. The stable boundaries. The stable boundary we are studying is the lower boundary that we assumed
to be 0. Let us first give a criterion for the lower edge of the spectrum of H (that we assume to be equal to
0) to be a stable edge. We prove

Proposition 1.3. Write h(9) = h(61,02) where 0 = (61,02), 01 € T4, 63 € T2. Then, 0 is a stable spectral
edge if and only if w_ satisfies condition (1.3).

Proposition 1.3 is an immediate consequence of Proposition 1.1 and Proposition 1.2. It gives the obvious
fact that, if w_ > 0, then 0 is a stable edge. As we assumed that h has only non degenerate minima, we see
that if dy = 1,2 and w_ < 0, then 0 is never a stable edge. Actually, it need not be an edge of the spectrum
of H,,.

Using the same notations as above, we prove

Theorem 1.2. Assume (H0) and (H1) are verified. Assume, moreover, that 0 is a stable spectral edge for
H,. Then, one has

<1

Ns(E , : Ny(E
(1.6) if w >0, then ljignliolgf Nf((E)) >1 and ifw <0, then 11EH1_>SOIip NE((E))

where N¥ is the IDSS of the operator with constant surface potential @, the common expectation value of
the random variables (w-, ), -
This result admits an immediate corollary
Theorem 1.3. Assume (H0O) and (H1) hold. Assume, moreover, that 0 is a stable spectral edge for H,,.
Then,

L Zf d2 =1:

Vol(S%—1) L gl /2,

NA(E)  ~
P dy (s + 2)(2m)h [ Det(Qy — RQ; ' RY)

° ’ifdg =2

QVOZ(Sdl_l) E1+d1/2

N(E) ) llog B

F=0% dy(dy + 2)(2m) 8\ Det Q) — RQ; 'R

Theorem 1.3 is an immediate consequence of Theorem 1.2 and the bound
N#~(E) < Ny(E) < N&+(B).

As noted in the introduction, Theorem 1.2 is only necessary when w_ = 0 (in which case @ > 0). Moreover,
one obtains the analogue of (0.7) in the present case for dy > 3.
The above results may lead to the belief that

Ns(E) ~ NJ(E)

for all dimensions dy. Let us now explain why this result, if true, is not obtained for dimension dy > 3.
Therefore, we explain the heuristics behind the proof of Theorem 1.2; it is very similar to that of standard
Lifshitz tails with one big difference when dy > 3.

Restrict H,, to some large cube. One wants to estimate the IDSS for H; for this restriction, this comes up
to estimating the differences between the integrated density of states (the usual one) of the operator H,, and
the integrated density of the operator H,_ (see Lemma 2.2). So we want to count the eigenvalues of H,,
below energy F, say, subtract the number of eigenvalues of H,_ below energy FE, divide by the volume of
the cube, and see how this behaves when E gets small. Assume ¢ is a normalized eigenfunction associated
to an eigenvalue of H, below E. Then, one has ((H + V,)¢,¢) > E. Assume for a moment that V, is
non negative. Then, we see that one must have both (Hp,¢) > E and (V,¢,¢) > E. The first of these
conditions guarantees that ¢ is localized in momentum. So it has to be extended in space. If one plugs this
information into the second condition, one sees that (V,p, @) ~ @ with a large probability. So that, to ¢,
H,, roughly looks like H + EH%. There is one problem with this reasoning;:

as V, only lives on a hyper-surface, and as ¢ is flat, it only sees a very small part of ¢; a simple calculation

7



shows that HH%(pH ~ E®/2: on the other hand, when one says that ¢ is roughly constant, one makes an
error of size E“ (for some 0 < a < 1); hence, for dimension ds > 3, this error is much larger than the term
we want to estimate, namely, (V,, ). In other words, because ¢ is very flat, we can modify it on the
hyper-surface (e.g. localize the part of it living on the hyper-surface) with almost no change to the total
energy of ¢; hence, we cannot guarantee that ¢ is also flat on the hyper-surface, which implies that (V,, ¢, ¢)
need not be close @ with a large probability.

1.4. The fluctuation boundaries. In this section we assume that the infimum of > which we call Ey is
(strictly) below inf(o(H)), so that Ep is a fluctuation edge. In this case, we consider a “reduced” operator

H which acts on £2 (Z%). In Fourier representation this operator is multiplication by the function h given
by:

-1
(1.7) B(@l) = ( s m d92> + Ey

We will reduce the proof of Lifshitz tails for H,, = H +V,, to a proof of Lifshitz tails for the reduced operator
H, = H +V,, (where V, is a diagonal matrix with entries (w,,)-,). To prove Lifshitz tail behavior for H,
we have to impose a condition on the behavior of h near its minimum. We either suppose:

(H2): the function & : T% — R admits a unique quadratic minimum.
or we assume the weaker hypothesis:
(H2’): the function h: T¢ — R is not constant.

Moreover, we always assume that the random variables w., defining the potential (0.1) are independent with
a common distribution Py. We set w_ = inf(supp(F)) and assume:

(H3): P, is not concentrated in a single point and Py([w_,w_ +¢)) > C €* for some k.
We will prove below:
Theorem 1.4. If (H2) and (H3) are satisfied then
- In|In(Ns(E)| ~ da
ENE, In(E—Ey) —  2°
We have an additional result for low dimension of the surface:
Theorem 1.5. Assume (H2’) and (H3) hold. If di =1 then
1
n(V(E)| . In(n(B))
ENE, In(E — Ep) EN\Ey (E — Ey)
where n(E) is the integrated density of states for H.
If ds = 2, then
1
In[In(V,(B))|
ENE, In(E — Ep)

where the computation of « is explained below.

For the sake of simplicity, let us assume Ey = 0. The Lifshitz exponent o will depend on the way & vanishes
at S = {61|h = 0} and on the curvature of S.

To describe it precisely, we need to introduce some objects from analytic geometry (see [19] for more
details). If € is a set contained in the closed first quadrant in R? then its exterior convez hull is the convex
hull of the union of the rectangles R, = [, 00) X [y, 00), where the union is taken over all (z,y) € £.

Pick 6y € S and consider the Newton diagram of h at Oy, i.e.,

(1) Express h as a Taylor series at g, h(0',62%) = > aij (01 — 08)1(6% — 03)7, 6 = (61,60%).
(2) Form the exterior convex hull of the points (7,7) with a;; # 0. This is a convex polygon, called the
Newton polygon.

(3) The boundary of the polygon is the Newton diagram.
8



The Newton decay exponent is then defined as follows. The Newton diagram consists of certain line segments.
Extend each to a complete line and intersect it with the diagonal line §' = §2. This gives a collection of points
(ak,ax), one for each boundary segment. Take the reciprocal of the largest aj and call this number &(h, 6p);
it is the Newton decay exponent. Define a(h,6y) = min{a(hoTy,0) : To(-) = 0o+ T(-—06y), T € SL(2,R)}.

Similarly, define a(iz, 0) if 6 is any other point in S, the zero set of h. Then, the Lifshitz exponent « is
defined by

1.8 « = min a(h, ).

(18) min a(h, 6)

The Lifshitz exponent « is positive as 0 +— a(iz,@) is a positive, lower semi-continuous function and S is
compact (see [19]).

Remark 1.2. Let us return to the example given in Remark 1.1. In the section 6, we check that (H.2’)
holds in this case; so for d = d; 4+ do = 3, Theorem 1.5 applies.

2. APPROXIMATING THE IDSS

To approximate the IDSS, we use a method that has proved useful to approximate the density of
states of random Schrodinger operators, the periodic approximations. We shall show that the IDSS is well
approximated by the suitably normalized density of states of a well chosen periodic operator.

2.1. Periodic approximations. Let (wfyl)Vl czd1 be a realization of the random variables defined above.
Fix N € N*. We define HY', a periodic operator acting on ¢*(Z%) by

Hu])V =H+ VWN =H + Z Wn Z |04, ® 68,) (0,46, ® I, -

€LYy,  AERN+DZN
B2E(2N+1)Z%2

Here, Z§N+1 = ZJ/(2N + 1)ZJ, o = (5]-[)].623 is a vector in the canonical basis of 62(Zd~) where 0;; is the

Kronecker symbol and, d = d; or d = da, the choice being clear from the context. As usual, |u) (u| is the
orthogonal projection on a unit vector wu.

By definition, H.Y is periodic with respect to the (non degenerate) lattice (2N +1)Z¢. We define the density
of states denoted by nl} as usual for periodic operators: for ¢ € C3°(R),

. 1
(oinl)) = [ plaand (@)= tim s PR

Iv|<L

This limit exists (see e.g. [4, 23]). In a similar way, one can define the density of states of H; we denote it by
dng. The operators (HYY )w,n are uniformly bounded; hence, their spectra are contained in a fixed compact

set, say C. This set also contains the spectrum of H, and H. We prove

Lemma 2.1. PickU C R a relatively compact open set such that C C U. There exists C > 1 such that, for
p €CP(R), for K eN, K > 1, and N € N*, we have

CK\" d’
(2.1) (¢,dn) — (2N + 1)d2E{(<p, [dnfy — dno])}‘ < <—> sup J‘p (;17)‘ .
N el d’x
0<J<K+d+2

Proof of Lemma 2.1 Fix ¢ € C§°(R). As the spectra of the operators H) are contained in U, we may
restrict ourselves to ¢ supported in & which we do from now on. By the definition (0.2), one has

(2:2) (ons) =E | Y (60 @ 6y, [0(Ho) — 9(H)6o ® 61,) | = Mn () + Bu(p)

YEZI2
9



where

My(p) =E [ Y (60 ® by, [0(Ho) = (H)Ioo @ 65,) |

Y2 €Z%2
lv2|<N

Rn() =E | Y (00 ® 6y, [p(Hy) — ¢(H)|00 @ 55,)

Y2 €Z%2
[v2[>N
Let us now show that
CK d’p
2.3 R < —
(2.3 mel< (55w S
0<J<K+d+2
Therefore, we use some ideas from the proof of Lemma 1.1 in [17]. Helffer-Sjostrand’s formula ([10]) reads
i [ 09 -1 -
p(Ho) =50 | 55() (= Ho)"Hde ndz.
Z

where ¢ is an almost analytic extension of ¢ (see [22]), i.e. a function satisfying
(1) for z € R, ¢(2) = ¢(2);

(2) supp(p) C {z € C; [Im(z)] < 1};

(3) ¢ € S{z € C; [Im(2)] < 1});

(4) the family of functions x — g—g(x +1y) - |y|™" (for 0 < |y| < 1) is bounded in S(R) for any n € N;
more precisely, there exists C' > 1 such that, for all p, g, € N, there exists C, ; > 0 such that

/07
Dt (@)

(2.4) sup sup ¥ —

0<|y|<1zeR

a:pﬂ <]y\_’" %(x + zy))‘ <C"C sup  sup
oxt 0z o P ¢ <r+q+2z€R
P'<p

As we are working with ¢ with compact support in U, its almost analytic extension can be taken to have
support in (U + [—1,1]) + i[—1,1] (see e.g. [0]).

We estimate E(|(6g ® d+,, [p(Hw) — @(H)]do @ 0,)]) for |y2| > N. Using the fact that the random variables
(Wyy )4 are bounded, we get

E(|<50®5“/2’[ ( )_SD(H)]50®5V2>|)

1 P _ _
< 2B ([ [520 100 0 (G- 121 = = 1) b0 8, oy
<C Y / ‘ )| - E (|{80 ® 65y, (2 — HY )76, @ 80)| - [(3yy & o, (2 — H) 69 @ 0,)|) ddy
M EZM

where z = x + 1y.
By a Combes-Thomas argument (see e.g. [18]), we know that there exists C' > 1 such that, uniformly in
(wy)y, 11 € Z4 and N > 1, we have, for Im(z) # 0,

(2'5) ‘(5'\/1 ® 5’Y27 (Z - Hg)_l&y{ ® 6~/é>‘ + ’<5’YI ® 6727 (Z - H)_I(S% ® 5~/é>’ <
C

~ [m(2)|

e~ Mm(2)|(I1=1l+2—2)/C

10



Hence, for some C > 1,

1

sl ‘ ()P

e~ M) (Il+h2DI/C ggqy

MEZM

<c/

Taking into account the properties of almost analytic extensions (2.4), for some C' > 1, for K > 1 and
N > 1, we get

)’d—i—Z

dJ
IRy (p)| < CFF / WK e N Cazdy  sup |22 ()
(u"’_[_lvl})"’_l[_l’l] IEGZ/{ d x
0<J<K+d+2
CK\ % d’ o
< AT e .
—<N> AN v
0<J<K+d+2

This completes the proof of (2.3).

We now compare My(¢) to (2N + 1)®2E{(¢p, [dnY — dng])}. Therefore, we rewrite this last term as
follows. Using the (2N + 1)Z% periodicity of HY and H, we get

Yo (G e =LA Y (6, 0(HL)6).

~€eZ4 ~eZl
[v[<N+L(2N+1) [v|<N
This gives
(2.6) 2N + 1), dnl) =E | D (8, p(H)S,)
~€eZ4
Iy <N

On the other hand, as the random variables (w-,),, are ii.d. and as H is Z%periodic, as in [18], one
computes

E Z <5V=CP(H5;V)5V> =E Z <571 ® 572790(Hu]y)571 ® 572>
yezd MNEZN, |1|<N
[vI<N Y2 €22, |y2|<N

=N+ DDE | > (00 ® 0y, p(HY )60 @ 6y,)
2 €792
[v2|<N

Combining this with (2.6), we get

2N + D)®E[(0,dn)] = | Y (60 ® 65, 9(HY )00 @ b5,)
Y2 €Z%2
[y2| <N
11



Of course, such a formula also holds when HZY is replaced with H. In view of (0.2), (2.3) and (2.2), to
complete the proof of Lemma 2.1, we need only to prove

N CK\" d’¢
(2.7) E| D (60 ® 6y, [p(HY) = 0(Ho)lbo @ 65,)| < | = sup ()] -
N zeU d’z
Y2 €242 0<J<K+d+2

Iv2| <N
for ¢, K J and N as in Lemma 2.1.
Proceeding as above, for 75 € Z%, |y5| < N, we estimate

(G0 ® 8yg, [ (H) — @(Ho)]bo @ 05,)]

0P
<C — dzxdy-
LI D S S A I
MELN NELM, [ |>N
Y E(2N+1)292)* 15=0

E (\(50 © 6y, (2 — HY) 16, ©6,,)]-
(85 0y (2 = Ho) 0 6,)1)

Here we used the fact that the operators H,, and HY coincide in the cube {|y| < N}.
As H,, satisfies the same Combes-Thomas estimate (2.5) as HY', doing the same computations as in the
estimate for Ry(y), we obtain (2.7). This completes the proof of Lemma 2.1. O

Obviously, one has an analogue of (2.1) for 7 norm, n% or n% ,,.,. One needs to replace HY and H with
their obvious counterparts i.e., choose the random variables (w-,),, to be the appropriate constant.

This enables us to prove

Lemma 2.2. Fiz I, a compact interval. Pick o > 0. There exists vy > 0 and p > 0 such that, for v € [0,1],
Ecl,ve(0,vy) and N > v~", one has

(2.8) E(NY(E—v)—e™” " < NJE)<E(NY(E+v)+e” "

where Nﬁ,rm’w = NN — NY | and NY (resp. NY ) is the integrated density of states of HY (resp HY , i.e.
HY where wy = w_ for all ).
Let us note here that one can prove a similar result for the approximation of N norm by Nr{\grmw or that of
Nt by NV,
Proof Let us now prove Lemma 2.2. Pick ¢ a Gevrey class function of Gevrey exponent a > 1 (see [11]);
assume, moreover, that ¢ has support in (—1,1), that 0 < ¢ <1 and that ¢ =1 on (—1/2,1/2]. Let £ € I
and v € (0,1),and set

pEL() = jo,m) * ¥ (Z) ‘
Then, by Lemma 2.1 and the Gevrey estimates on the derivatives of ¢, there exist C' > 1 such that, for
N>1,k>1and 0 <v <1, we have

Crkl—i-a k
Nv > '

We optimize the right hand side of (2.9) in k and get that, there exist C' > 1 such that, for N > 1 and
0 <v <1, we have

[E((9E.,ANL)) = (55 dNG)| < C(N 4 v )P em /O HCN/C)
Now, there exist vy > 0 such that, for 0 < v < vy and N > v~ 17" we have

(2.10) E((¢g.0, dANY)) = (0p., dN)| < e ",
12

(2.9) E((9p.0.ANY)) — (90 dN,)| < C(ND)? (

—1/(1+«)



By definition, ¢, = 1 on [0, E], and ¢p, has support in [~v, F + v] and is bounded by 1. As dN) and
dN; are positive measures, we have

(2.11) E(N.,(E)) < E((¢py, dNJ)) <E(NL(E +v)).
Hence, by (2.10) and (2.11), we obtain
Ny(E) < (¢, dNs) = E[(¢p, ANJ)] + [(95,0, dN5) = E((9E, ANS))]

<E(NN(E+v)) + e
and
Ni(E) 2 ($5-vw» ANs) = El(@E-10, ANJ)] + [( -1, AN5) = E((PB-v, AN))]
>E(NY(E - v)) — e "
This completes the proof of Lemma 2.2. O

2.2. Some Floquet theory. To analyze the spectrum of HY, we use some Floquet theory that we develop
now. We denote by F : L?([—m,n]%) — ¢2(Z?%) the standard Fourier series transform. Then, we have, for
u e L([—m,m]"),

(Hou)(0) = (F*Hy,Fu)(0) = h(0)u(0) + Y  ws(Ilgu)(0)
B€eZ4

where (Ilgu)(0) = (271T)dei60/[ y e~ P0u(6)db.

Define the unitary equivalence
7T 0

U:L*([-m ) — Lz([_2N+ 12N +1

1) @ C(Zin 11)

d
YELG N 11

where the (uy(0)) are defined by

d
YELGN 11

. 2
(2.12) u(f) = Z ¢"%u,(0) where the functions (6 u,Y(H)),YEng+1 are 2N7j|-— 1Zd-pelriodic.
'YEZgNH
The functions (u.,) ey, AC computed easily; if the Fourier coefficients of u are denoted by ()74, then,
one gets
(2.13) Uy (f) = Z iy o1y’ VI,
Bezd
The operator UF*HY FU* acts on LQ([—ﬁ, W”H]d) ® 62(Z3N+1); it is the multiplication by the matrix
(2.14) MY (0) = HN(0) + V.
where
N N
(2.15) HY(0) = ((hg_g/(9)))(6’[3/)6(2%]“)2 and V' = ((wgl(sﬁlﬁi552055é0))(ﬁlﬂi)e(zg}vﬂ)z-

(B2,85)€ (252 1)?

Here, the functions (h-) are the components of A decomposed according to (2.12). The (2N +1)% x

V€L 14
(2N + 1)%-matrices H" () and V.V are non-negative matrices.

This immediately tells us that the Floquet eigenvalues and eigenvectors of HY with Floquet quasi-
momentum 6 (i.e. the vectors, u = (ug)geza), solution to the problem

HNu = \u,
Uy =e Mug for B e Z, vy € (2N +1)Z7)
13



are the eigenvalues and eigenvectors (once extended quasi-periodically) of the (2N +1)? x (2N +1)? matrix
MY (0). For E € R, one has

NN(E) = /E dnN(E) = / #{eigenvalues of M2 () in [0, E]}d6.
0 [ r_la

T _}
2N+1’2N+1

Considering H as (2N + )Zd periodic on Z9¢, we see that the Floquet eigenvalues of H (for the quasi-

momentum ) are (h(0 + 557 +1))~/€Z§ ; the Floquet eigenvalue h(f + 5% +1) is associated to the Floquet
eigenvector u, (), v € Z4y 41 defined by
1 —i(0+5251)3
w0 =GN T een,

In the sequel, the vectors in (*(Z4, ) are given by their components in the orthonormal basis (u(f)) Ty

The vectors of the canonical basis denoted by (v;(6)) 1678y, have the following components in this basis

1 (042720 )
w0 = Gr @ e,

We define the vectors (v;);cza = by

2N+1
1 i 27yl

(2N + 1)d/2 (e"2ne )'YEZgNH'

v = e Wy (0) =

3. THE PROOF OF THEOREM 1.2

To prove Theorem 1.2, we will use Lemma 2.2 and the Floquet theory developed in 2.2. We will start
with

3.1. The Floquet theory for constant surface potential. We consider the operator Hgv = Hu])V where
w = (t) ez I8 the constant vector and t # 0. The matrix M} (0) defined by (2.14) for H} takes the
2N+1

form (2.14) where

(3.1) Vi = ((35,5;952008,0)) 5, 1 ez i)
(B2,83)€(Z5%11)°

Our goal is to describe the eigenvalues and eigenfunctions of M}¥(#). As usual, we write § = (61,6;). By
definition, the operator H}¥ is Z% x (2N + 1)Z%-periodic. It can be seen as acting on (2(Z%, (2(Z%)); as
such, we can perform a Floquet analysis in the ;-variable as in section 2.2 (in this case, just a discrete
Fourier transform in ;) to obtain that H}¥ is unitarily equivalent to the direct sum over #; in T% of the
2N + 1-periodic operator H}Y (A1) acting on ¢2(Z) defined by the matrix

HtN(el) = ((h(91§ﬁ2 - ﬁé) +1 Z 552725%72))(ﬁg,ﬁé)e(ZdQP'
Y2 €(2N+1)Z%2

Here h(01; B2) is the partial Fourier transform of h(61,603) in the fy-variable.
For each 6, we now perform a Floquet reduction for H} (f;) to obtain that H}N (f;) is unitarily equivalent
to the multiplication by the matrix
- N '
Mt (917 92) = ((h(ela 927 62 - Bé) + taﬁQOéﬁéO))(52,ﬁé)€(zg12v+1)2

The matrix-valued function (01,62) — MtN (61,09) is 2nZ% -periodic in 6; and 2]\2,11%[2 periodic in 65.

It is a rank one perturbation of the matrix Mév (01,02); the eigenvalues of this matrix are the values
27
h <91, Oy + 12

2N +1
where ny < (2N + 1)% (we do not repeat the eigenvalues according to multiplicity). Assume ¢ > 0. The
standard theory of rank one perturbations [24] yields

> . Let us for a while order these values increasingly and call them (EY (01, 602,t))1<n<ny)

Lemma 3.1. For 1 <n < ny, if EY(01,02,0) is an eigenvalue of multiplicity k, then
14



e cither it is an eigenvalue of multiplicity k for MN(0,);
e or it is an eigenvalue of multiplicity k — 1 for M} (61) and the interval (EY (61,0), EY,(61,65,0))
contains exactly one simple eigenvalue; this eigenvalue is given by the condition

t<50, (E — Mév(el))_1(50> =1;
Here, we took the convention E§N+1(01,92,0) = +o00. One has a symmetric statement for t < 0.

For 1 <n < ny, let (gpiv j (01,02,t))1<j<;j, denote orthonormalized eigenvectors associated to the eigenvalue
EN(01,0,,t) where j, denotes its multiplicity.

In the sequel, it will be convenient to reindex the eigenvalues and eigenfunctions of the matrix M} (6y,65)
as (BN (61,02,t)) and (@%(91,92,?5)) Clearly, the functions (61,62) — EX(61,62,t) and

VQEZ;?VH 7262;12\7“
(01,02) — @%(91, 0>,1) can be chosen to be 27Z% -periodic in 6; and 2]\2,11Zd2—periodic in 5.
Let us now show the

Lemma 3.2. The eigenvalues of M} (0) are the values {E,, ,(01,0,t); v € ZZ}VH, Yo € Zg?VH} where

(3.2) By, (01,02, t) = EX (91 + v 1,92,15)

A normalized eigenfunction associated to the eigenvalue E,]Yg (91 + 22]7\;111,92,0 is the vector

. 27 2
(3.3) Uy g (01,02, 1) := (2N 4 1)~N/2 <e—251(91+—21\r111)(p% (91 L2 7927t>> 7
2N +1 ﬁlEZ;}V+1
1.e. the vector of components
—dy/2 [ —iB1(01+ L) 5o 21
(3.4) (2N +1) <e NF el 0, + N + 1 61€Z§}V+1
52€Zg?\r+1

if cp,%(@l,t) has components (055(91))

do .
B2€Zo 11
1

The vectors (v, ~,(61,62,1)) ) form an orthonormal basis of KQ(ZgNH X ngw_l).

d
71 ezzzl\ur

do
Y2€ZLoN 41

Proof. Orthonormality is easily checked using the fact that the vectors (@%(01,92,15)) 4~ form an

V2€Zo% 41
orthonormal basis.

Let us now check that v., -, (61,602,t) satisfies the eigenvalue equation for M} (0) and E,, .,(61,02,t) given
in (3.2). Therefore, first note that the matrix M}V (#) is nothing but the multiplication operator by the
matrix-valued function MtN (A1) to which one has applied the Floquet reduction of in the 6;-variable. Hence,
by (2.13), the matrix elements of M;¥(6) given by (2.15) satisfy, for 51 € ZZ}VH,

~ 2 . 27 .oy 27
(3.5) My <91 + 72]\7;111> e~ Ortamih) — Z mg, g, (91)6_161(9”'#)
BQEZZ}VH

Both sides in this equality are matrices acting on £2 (Zgﬁv 1), the matrices mg, 5 () being defined as

mp,—p; (9) = ((h61_61762_5é(9)))(6275é)€(zd2 )2

2N+1
15



If we now apply both sides of equation (3.5) to the vector 4,0% (91 + 22]7\;111,15), we obtain, for §y € Zg}v 1)

—iBl (01 + 22y N 27y1
Zd:l hg gy (B1)e TN g, (91 oyt
B1E€LoN 11

~ 2 . 27 2
= MY <91 + >e‘2ﬁ1(91+ﬁ)¢§2 (01 4+ t>

2N +1 2N + 1’
2my —iBi(O1+ 220y N 21
=EN (0 Oy, t ) e P11 N 0 0yt
—y2<1+2N+17 27)6 (10-y2 1+2N+17 29

This is nothing but to write

21y

MtN(e)U717“/2 (61,02,1) = E»]y\; <91 + ON 1’

02, t) Uy ya (61,02,1).

This completes the proof of Lemma 3.2. O
In the course of the proof of Theorem 1.2, we will use the

Lemma 3.3. Fizt such thatt > 0 if do = 1,2 and 1 +tl > 0 if do > 3. Then, for p > 2, there exists
C > 0 such that, for N > E~° and E sufficiently small, the eigenvalues of M} satisfy

L+ |y

(3.6) E71772(91,92,t) <F— <2N 1

2
) <cx

Proof. When ¢ is positive, (3.6) is clear by Lemmas 3.2 and 3.1, that is, by the intertwining of the eigenvalues
2 2
of M{¥(6) and M} (), and as the eigenvalues of MY (6) are the values h <01 TGN T2 > which

N +1"° " 2N +1
satisfy (3.6) as h(0) > C|0|.
Assume now that do > 3 and t satisfies 1 + t1,, > 0. To complete the proof of Lemma 3.3, by
Lemma 3.2, it is then enough to prove that, there exists C' > 0 such that for, one has

|91|2 >(CFE = V’}/g, E,]Y\;(el,QQ,t) > F.

By the intertwining properties and the properties of h, this is clear except for the lowest of the (Efy\g )z -
Assume now that |01/ > E. Then, by our assumptions on the behavior of h near its minimum, for some
C > 0, one has that (01, e) — I(0y,e) is real analytic in {|61]|*> > E} x {|le| < E/C}. Hence, using a standard

estimate for Riemann sums, we get that, for |01|> > E and |e| < E/C,
L+ {8, (Mg (61) — €)'do) = 1+ tI(61,¢) + O(E"*E")

So that, as 1+tl > 0, for E sufficiently small, the equation 1-+¢(dy, (M (1) —e)~*8y) = 0 has no solution
for |61]> > E and |e| < E/C. By the above discussion, this implies that, all the E%’ (61,02,1) lie above E/C.
This completes the proof of Lemma 3.3. O

3.2. The proof of Theorem 1.2. We now have all the tools necessary to prove Theorem 1.2. Notice that,
asw > w_, as 1 + w_I > 0, we know that 1+ I, > 0. So that the asymptotics for N¥(E) are given by

NZ(E) ~ C@)- f(E).

The precise value of the constant C(@) and of the function f(F) are given in Theorem 1.1. The constant
C(w) is a continuous function of @; and, for any ¢ € R, the function f(F) satisfies f(E + cE?) ~ f(E) when
FE — 0; moreover, f is at most polynomially small in E. All these facts will be useful.

We start with the proof of (1.6). We will use Lemma 2.2. As above, fix N large but not too large, say

N ~ E~* for some large p. Fix § > 0 small. Consider the matrix M2 ', 5(0) obtained by the Floquet reduction

of HN + (W 4 0)II3. Let H}' (E,0) be the spectral space of M2, ;(f) associated the eigenvalues less that E.
Then, we prove that
16



Lemma 3.4. Fiz § >0, p > 2 and a € (0,1/2). For N ~ E=? and E sufficiently small, with a probability
at least 1 —eP™", for all 6 and all p € Hf;v(E,H), one has

(MY (0)p,0) < Ello]?.

This lemma immediately implies the desired lower bound. Indeed, it implies that, for N ~ E~°, with a
probability at least 1 — e” ", one has

NY.S(E) = S #{eigenvalues of M2, ;(0) in [0, E]}d6
T 2N+1°2N+1
< S #{eigenvalues of M2 () in [0, F]}d6
T 2N+172N+1
= NJ'(B)

Taking the expectation of both side, and using (2.8) (and the fact that the number of eigenvalues of M (6)
and M2 ;(6) are bounded by (2N + 1)), we obtain

NOH(E — E?) — CE%e P™" < N,(E)

Considering the remarks made above, we obtain

e Ns(E)
C(w)él}gnllol}rf FE)

As C(w) has the same sign as @, this completes the proof of (1.6).
Proof of Lemma 3.4. Pick F small and ¢ € H(];V(E, ). Then, by Lemma 3.3, ¢ can be expanded as
¥ = Z Ay 2 U1 70 (0, 8)

In|<CEY2N
'7262212V+1

where the vectors (v,(f)), are given by (3.3) and (3.4). Using these equations, we compute

(3.7) Voo = Y wpldsl
61623}\,“
where
(38) Ap=—— Y ande, = Y 50,2 (6 4+ =T g,
. ) 61 — (2N+1)d1/2 e C’yl an C'Yl = . a'y1,'yz 07(;0«/2 1 2N+17 2
| |<CEY/2N 72622?\,+1

So the vector (Ag, )g, is the discrete Fourier transform of the vector ¢ = (¢, ), supported in a ball of radius
CEY2N. To estimate this Fourier transform, we used the following result

Lemma 3.5 ([18]). Assume N, L, K, K' L' are positive integers such that
e 2N+1=(2K+1)2L+1)= (2K +1)(2L' +1)
e K <K' and L' < L.

Pick a = (an)nEng+1 € (3(Z4 ) such that,

for |n| > K, a, =0.
Then, there exists a € EQ(ZgNH) such that

() lla—=allegg, ) < Crullallegg, ) where Cxxr <i/xr—0 K/ K.

(2) write a = (dj)jeZgLHf orl' € Z4;, 1 and k' € Z3.,,, we have

2mg- (U +k" (2L +1)) i2-rrj~k’
Z ajel42N+1 = Z aje 2K+,
_d _7d
JE€LY 44 JELY 44
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3) llalle

This lemma is a quantitative version of the Uncertainty Principle; it says that, if a vector is localized in a
small neighborhood of 0 (here, of size K/N), up to a small error 4, its Fourier transform is constant over
cube of size N/(6K).

To apply Lemma 3.5, we pick N such that (2N +1) = (2K +1)(2L' +1)(2M +1) where K > CE'/2N;
this is possible as N ~ E~ with p large; we pick for example, L' ~ CE~(1=)/2 and L' ~ CE~"/2 (for some
fixed 0 <v < 1).

We apply Lemma 3.5 to the vector ¢ = (c,, ), defined in (3.8); by Lemma 3.5, there exists ¢ = (Cy, ), s0

that, if we set
~ 1 2‘rrﬁ1 Y1
40 = BN T IR > e,

= H ”52 (z4

2N+1 2N+1)

d1
N1 E€LyN 41

then, for 7] € ZgL,H and (3] € ZgK,H, we have

(3.9) Ayisersn = A

Fix 7 > 0 small to be chosen later. We replace A by A in (3.7) and use the boundedness of the random
variables to obtain

_ C i
(VNeo) <(L+m) > welds [+ A - A2
ﬁ162§}v+1
Using (3.9) and points (1) and (3) of Lemma 3.5, we get that

c o, 1 )
(Vo'p) < Z P 2+ QI+ 1)h Z (L +mwsyrg ooy | | L+ 1T Ag 2L + 1)
Bl ezt

wlez

2K +1 2L/ +1

Pick n such that n-wy < §/4 and E sufficiently small that %E” /2 < §/4. We then obtain

1 -
(3.10) (VY. p) < Z /2 + BU 1% Z Wy er | | QL+ 1) Ag 2L + 1)

B EZ 7 EZ

2K/ +1 2L/ +1

Now, if w satisfies

1
d
VB € Loy iy, QL + 1% Z W48y (2L +1) S W+ 0/2

'yl€ZZL,+1

then, (3.10) gives

(VNe,0) < @+9) Z 2L+ 1)"Ag 2L + 1) = (Vi s0, 0)

P GZQK’Jrl

where V;V is defined in (3.1). Here, we have used the points (2) and (3) of Lemma 3.5, and the definition (3.8)
of the vector ¢ = (¢4, ), -
Summing all this up, we have proved

Lemma 3.6. Pick 0 <v < 1. Pick N as described above. For E sufficiently small, the probability that, for
all 0 and all o € HY (E,0), one has

(M (0)p, o) < Bllel*.
is larger than the probability of the set

1
d _
w; VB € Logger iy QL+ 1)& E Wyt 4320 41) S W+ 0/2

g GZQL’ +1
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The probability of this event is estimated by the usual large deviation estimates (see e.g. [7, 5]). This
completes the proof of Lemma 3.4. O

4. THE FLUCTUATING EDGES

In this section, we investigate the behavior of the density of surface states Ns(E) at the bottom Ej of
the spectrum of H,, in the case when Ey < inf o(H) = 0. As we saw in Section 0.1, this is always the case
for dimension do = 1 or ds = 2 and it holds in arbitrary dimensions if the support of common distribution
Py of the w,, has a sufficiently negative part. Thus, we are looking at a fluctuation edge as described in
Section 0.2. Due to the symmetry of the problem we may, of course, consider the top of the spectrum in an
analogous way.

4.1. A reduced Hamiltonian. In the present situation it is convenient to think of the Hilbert space
(2(Z4+92) as a direct some of £2(Z% x {0}) =: H, and (2(Z4+%2 \ 24 x {0}) =: H,, the indices referring
to “bulk” and “surface” respectively (see [13] whose notations we follow). According to the decomposition
H = Hgs @ Hp we can write any operator A on H as a matrix

Ass Asb
A=
[ Aps  App ]

where Ags and Ay, act on Hg and Hy respectively and Agy, : Hy — Hs, Aps : Hs — Hp “connect” the two
Hilbert spaces Hs and Hy. The bounded operator A is symmetric if Aj, = Ay, A7y = Ay and A = Ay, In
the case of our random Hamiltonian H,, we have: (H,)ss = (Ho)ss + Vi, while (Hy)w = (Ho)p, and Hyg, as
well as Hps are independent of the randomness. Moreover, by assumption, (H, )y > 0, while inf o(H,,) < 0.
Consequently, the operator ((Hg)p, — E]lbb)_1 exists for all £ < 0 and the operator

G(E) := (Ho)ss + Viy — Hag (Ho)pp — Ellyy) ™" Hys — Ell g,

the so called resonance function is well defined. The operator Gs(E) is a sort of a reduced Hamiltonian. Its
inverse plays the role of a resolvent. It is not hard to show that the set R(H,) = {E €]—00,0[;0 € 0(Gs(E))}
(the resonant spectrum) agrees with the negative part of o(H,). See Prop.1.2 in [13] for details. For later
reference, we state this as a lemma:

Lemma 4.1. For £ < 0, E is an eigenvalue of H,, if and only if 0 is an eigenvalue at G5(F). Moreover
the multiplicities agree.

In fact a little linear algebra proves that, for block matrices, we have

(4.1) C D _D'C(A+BDIC)" (D-CA-'B)"!

when all the terms make sense.

We denote by N(A, E) the number of eigenvalues (counted according to multiplicity) of the operator A
below E. For A; = [~L, L]¢ we set (Hy,r)ij = (Hy)ij if 4,5 € A and (H,, 1);; = 0 otherwise. For energies
FE below zero the integrated density of surface states of H,, is given by

1
N,(E) = lim —— N(H,, 1, E).
(E) = i, p oy ¥ Her B)
Defining
Gg(E) - (Hw,L)ss - (HL)Sb((HL)bb - E]lbb)_l(HL)bs - E]lss-

We have, as above, that E < 0 is an eigenvalue of H, 1, if and only if 0 is an eigenvalue of GZ(E).
In the following, we will express the density of surface states Ng(E) (for E < 0) in terms of the operators

GE(E).

Lemma 4.2. The eigenvalues p,(E) of GE(E) are continuous and decreasing functions of E (for E < 0).
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Proof of Lemma 4.2. Continuity is obvious from the explicit form of the entries of the (finite-dimensional)
matrix Gé(E) In the following calculations we omit the superscript L. Let 0 > Fs > E1, then

Gs(E1) — Gs(By) = —Hg((Hy, — E1) ™" — (Hup — E2)™ ') Hps — (E1 — En)
= (By — Ev)Ha((Hy — B1) ™' (Hyp — E2) ™) Hys + (B2 — E)).
Since Ey,Fy < 0 the operator (Hy, — Ey)~'(Hy, — Eo)~! is positive, the operator Gy(E;) — Gs(E3) is
positive. 0

Proposition 4.1. For F < 0:
N(H,,r, E) = N(G{(E),0).

Proof of Proposition 4.1. For F sufficiently negative, G4(FE) is a positive operator. Let us now increase
E (toward E = 0). Then, E is an eigenvalue of H,, , if one of the eigenvalues of GZ(E) passes through zero
and becomes negative. O

It follows from this proposition that (for £ < 0)
NJ(B) = lim N(GL(E),0)
GL(F) depends on FE in a rather complicated way through the resonance function. We will therefore

approximate Gg(E) by an operator with much simpler dependence on E in the following way:
let Ey = inf o(H,,) then we set:

GYHE) = (Hur)ss — (Hp)so(Hp)ow — Eo) " (Hp)ps — E
This operator should give a good estimate for the eigenvalues of H, near Ej, in fact:

Lemma 4.3. For By < E<0:
N(G5(E),0) < N(Gs(E),0)

Proof of Lemma 4.3.

Go(E) = Gy(E) = (E — Eo)Hg, ((Ho — E) ™" (Hy, — Eo)™") Hps.

So )
GL(E) > GX(E).
O
For a bound in the other direction we observe that:
Lemma 4.4. For By < E < Ey <0 we have
Gy(B) - Gy(E) < C(E — Ey)
Remark: The constant C in the above estimate depends on Fy and Ej.
Proof of Lemma 4.4.
Gs(E) — G5(B) = (E — Eo)Hgp((Hy, — BE) ™ (Hy, — Eo) ™ ") Hys
< (E — Eo)Hg((Hy — E1) ™ (Hy — Eo) ™) Hos
< C(E — Ey).
Here, we used that
(Hy — E) ™" < (Hyp — 1)
O

Summarizing, we have got:

Proposition 4.2. There is a constant C, such that for Ey < E < Ey/2 <0

N(és(E)vo) < N(HwaE) < N(GS(E) - C(E - EO)7O)'
20



The advantage of having G(E) rather than G(F) lies in the fact that G4(E) depends linearly on E, in
fact:

Gs(B) = Hys — Hg(Hp — Fo) 'Hys +V, — E
=H+V,—FE

where H is the operator B

H = Hg — sb(be - EO)_IHbs-
This operator is of a similar form as the Hamiltonian H, however it acts on ¢£2(Z%), i.e. on the surface only
where the random potential V,, lives. The price to pay is the complicated looking “bulk term” Hg,(Hp, —
E())_les.
Nevertheless, H is still a Toeplitz operator and it is not too hard to compute its symbol, i.e. its Fourier
representation.
In fact, a look at formula (4.1) shows that

(4.2) H=[((H-E)™") ] " +E.

Ss

Consequently the symbol of H is given by:

We summarize these results in a theorem:

Theorem 4.1. Let H, = H +V,, as in (1.5) satisfying assumption (H1). Assume moreover, that Fy =
info(H,) <0. Define H, = H+V,, as in (4.2) and let N{(Hw, E) be the integrated density of surface states
of H,, and N(H,, E) the integrated density of states for H,. Then

In|In Ny(H,, E)| . In|InN(H,,E)|

BB, In(E — Ey) BBy In(E — Eo)
where the equality should be interpreted in the following way: if one of the sides exists so does the other one
and they agree.

In other words, the Lifshitz exponent for the density of surface states of H,, and and the Lifshitz exponent
for the density of states for H, agree.

4.2. Lifshitz tails. In this section we investigate the integrated density of surface states Ng(F) for the
operator H, = H + V,, acting on (2(Z% x Z%). We assume throughout that Fy = inf o(H,) is (strictly)
negative and F < 0.

By the previous section the investigation of Ny(E) for E near Ejy can be reduced to estimates for
the integrated density of states N(E) of the operator H, = H + V,, which acts on ¢*(Z%). Hence the
problem of surface Lifshitz tails boils down to ordinary Lifshitz tails in a lower dimensional configuration
space. However the (free) operator is somewhat more complicated, in fact in Fourier representation it is

multiplication by
~ 1 -1
M) = </ h(61,02) — Eo d02> +Fo.

We remind the reader that V(1) = w,, for 71 € Z% and (Wyy )y ez is a family of independent random
variables with a common distribution F.

Throughout this section we assume that supp(Fp) is a compact set. Moreover, if we set w_ = inf(supp(Fp))
we suppose that Py([w_,w_ +¢) > C ) for some k.

Theorem 4.2. If h has a unique quadratic minimum then
m In | In(Ng(E))| _ _dy
EN\ Ey ID(E — Eo) 2"
Proof. The theorem follows from [16, 19] and the considerations above. O

For dimensions dy = 1 and d; = 2 we have the following result:
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Theorem 4.3. Assume that h is not constant. If dy = 1 then
In|In(Ns(E))| . In(n(E))

11m — 11m
ENE, In(E — Ep) ENEo (E — Ejp)

where n(E) is the integrated density of states for H.
If ds = 2, then

In | In(N,(E))|
im ——— =
ENE, In(E — Ey)

where o is defined in (1.8).
Note that n(E) ~ (E — Ey)? for some p > 0. See [16, 19] for details.

To conclude this section we consider some examples that fulfill the assumptions of the previous theorems.
Let us first assume that H is separable, i.e. that

h(@l, 92) = h1(91) + h2(92)

This is satisfied for example by the discrete Laplacian where h is equal to hgy given in (1.1). The function
h has a unique quadratic minimum if and only if both h; and hy have unique quadratic minima (which we
may assume to be attained at 6; = 62 = 0).

We will show in the following that the function

_ 1 -1
h(@l) = </ h1(91)—|—h2(92)—E0 d92> + Ey

has a unique quadratic minimum in this case as well. Differentiating the function
1

0,) = / db

PO = | 380 T haten) = B

we obtain: Vi (6)
V(b)) = — / L df
e (h1(61) + ha(f2) — Eg)2
so the (possible) maximum of p is at 6; = 0.
The second derivative at 61 = 0 is given by:
1
VVp(0) =—-VVh(0 / do

which obviously gives a negative definite Hessian.

We remark that no assumptions on ho were needed; in fact, the above arguments work for ho = const as
well. 3

The same reasoning also shows that h is not constant as long as hy is not constant.

So we have proved:

Theorem 4.4. Suppose h(61,02) = hi(01) + ha(02) then
(1) If hy has a unique quadratic minimum, then
In|In(Ns(E))| _ dy

BB, In(E— By 2
(2) If dy =1 and h is not constant then
1
(VB In(n(B)
ENEy In(E — Eyp) ENEy (E — Ey)

where n(E) is the integrated density of states for H.
(3) If dy =2, then
in In|In(Ns(E))| _
ENE, In(E — Ey)

where o is defined in (1.8).
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5. THE DENSITY OF SURFACE STATES FOR A CONSTANT SURFACIC POTENTIAL

In this section, we prove some useful results on the density of surface states for a constant surface
potential. In some cases, this density may even be computed explicitly (see e.g. [2]).

The model we consider is the model introduced in Proposition 1.2 namely H; = H + t1 ® I3 where
H is chosen as in section 1 and t is a real coupling constant. The proof of all the results we now state is
based on rank one perturbation theory (see e.g. [24]). The main formula that we will use is the following;:
for z € R, one has
1

t

1 +tI(Z) ®[d92
where I(z) is the operator acting on ¢2(Z%) that, in Fourier representation, is the multiplication by the
function I(61, z) defined in (1.2).

Formula (5.1) is easily proved if one makes a partial Fourier transform in the (v1,6;) variable of H
and H;. If one does so, one obtains a direct integral representation for both H and H; namely

(5.1) (Hy—2)"' —(H - 2)7' = - (H-z) "1 eOi(H—2)""

H = H(@l)del and Ht = Ht(Hl)del
T T

where H(61) and Hy(6,) (both acting on ¢?(Z%)) differ only by a rank one operator, namely,
Hy(01) — H(0) = tII2.

Formulae (5.1) and (1.2) then follow immediately from the well known resolvent formula for rank one
perturbations that can be found e.g. in [24].

Proposition 1.3 follows immediately from Proposition 1.2 and formulae (5.1) and (1.2). Indeed, by
formula (5.1) and the special form of the operator I(z), z is a point in o(H;) \ o(H) if and only if, for some
61, one has

1 +t[(91,2) =0.
If we pick z € R below 0 (recall that 0 = inf(o(H)) = inf(h(R?)), we see that z € o(H,) if and only if
tI(61,z) = —1 for some 6;. As, for z < 0, I(6;, z) is a negative decreasing function of z that tends to 0 when
z — —o00, we see that this can happen if an only if ¢t7(6;,0) < —1 for some #;. This is the first statement
of Proposition 1.1. Indeed, the function 6 +— ¢I(01,0) is continuous of T% except, possibly, at the points
where h assumes its minimum, and it takes its minimal value exactly at one of those points.

As, for the second statement, let I(z) := max 1(0y,z) and consider the function f: z+— 1+ tI(2).
01T

This function is clearly continuous and strictly decreasing on | — oo, 0] and by assumption, it is negative near
0(as 14+tly < 0) and f(z) — 1 as z — —oo. So, the function f admits a unique zero that we denote by Ej.
The analysis given above immediately shows that Ejy is the infimum of Hy: as 6y — I(6, z) is continuous
on T% that is compact, for some 6, one has 1 + tI(6;, Ey) = 0. So that Ey belongs to o(H;); on the other
hand, for E < Ej, for any 6, one has 1 +¢I(61,F) > 1+ tI(E) > 0, hence, E & o(H;). This completes the
proof of Proposition 1.1.

5.1. Asymptotics of the density of surface states. The starting point for this computation is again
formula (5.1). This enables us to get a very simple formula for the Stieltjes-Hilbert transform of the density
of surface states n! for the pair (Hy, H). Using the Fourier representation and Parseval’s formula, one
computes

tr(TL [(Hy — 2)~" = (H — z)‘l]Hl)
- Z / / e2%2p, / e1202 40, "
T L+ t1 917 2) Jraz h(0y,02) — z Jrez h(01,02) — =
= / - e=1202df, / ety
voezdz VT 1 +H(91,2) 12 h(01,02) — 2 Jpaz h(01,02) — 2

_/ —t / dfs a0
"~ Jras 14101, 2) Jpar (h(61,82) —2)2
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One then notices that

—t df d
/le 1+ tl(elv Z) /’]I‘dQ (h(ely 92) - Z)2d91 dz /le Og( i (917 Z))d91

Here, and in the sequel, log denotes the principal determination of the logarithm.
This immediately yields that the Stieltjes-Hilbert transform of N! is given by

<L,dN;> - / log (1 + £1(61, 2))d6;
A Td1

where [ is defined by (1.2).
It is well known that one can invert the Stieltjes-Hilbert transform to recover the signed measure dN! (see
e.g. the appendix of [23]). By the Stieltjes-Perron inversion formula, one has

E 1 [F 1 1
/ dNt(e) = lim —/ <<7,,stt> — <7,,dN§>> de
0 e—0+ 2t Jo —e—1€ —e+1e

(5.2)
= lim — / / [log(1 +tI(01,e+ ic)) — log(1 + tI(61,e — ic))]db: de.
T

Notice that, for e real,

/ 1
te
Td2 (h(@l, 92) — 6)2 + 82

hence, this imaginary part keeps a fixed sign. So, for #; € T%, one has

Im (14 tI(01,e+ic)) =

dfs;

log(1+tI(01,e+ ic)) —log(1 +tI(61,e —ic)) = log (1 Oy e + ZE))

1+ tI(61,e — ie)
For e € R, one has [1+tI(01,e+ic)| = |[1+tI(01,e—ic)|. As moreover the imaginary part of 1+tI(6;, e+ic)
keeps a fixed sign, one has

|log(1 + tI(61,e+ ic)) —log(1 + tI(01,e —ic))| < 2.

As T% and [0, E] are compact, one can apply Lebesgue’s dominated convergence Theorem to (5.2) and thus
obtain

(5.3) / AN (e / [ 1(0r.cyapye

where

1 1+tl(01,e+ie

(5.4) f(81,¢) = lim 5 log <1 iugei:e:’si) — lim — L arg(1 +t1(61, e + ic)
where Arg is the principal determination of the argument of a complex number. Notice here that this
formula is the analogue of the well-known Birman-Krein formula (see e.g. [1, 25]) for surface perturbations.

We will now compute the asymptotics of f(61,e) for e small. First, let us notice that we need only to
compute these for #; small, i.e. close to 0. Indeed, we have assumed that h takes its minimum only at O.
Therefore, as T¢, is compact, if 61| > §, we know that, for some & > 0, for all 6o, one has h(fy,6) > &'
Hence, if |#1| > 0, the function I(6;, z) is analytic in a neighborhood of 0, so that f (6, e) = 0 for e sufficiently
small (independent of 61). So, we now assume that |6;]| < ¢ for some § > 0 to be chosen later on.

We now study I(6;,z) for |z| small. Pick x a smooth cut-off function in 6, i.e. such that x(6y) =1 if
|92| < 5X and X(@g) =0if |92| > 25}(‘ Write

B x(02) 1 —x(62)
o 1= [ i) = W=

For the same reason as above, the second integral in the right hand side term is analytic for |z| small for all
f1. We only need to study the integral

(5.6) J(0r, 2) = /T . %d@
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Therefore, we use the assumptions that 0 is the unique minimum of A and that it is quadratic non-degenerate.
This implies, that for § > 0 sufficiently small, for |#;| < J, the function 6y — h(f,6;) has a unique
minimum, say #2(61), that this minimum is quadratic non-degenerate. Let hy(61) be the minimal value, i.e.
ho(01) = h(01,02(01)). Then, the functions 61 — 602(01) and 01 — h(6;) are real analytic in |6;] < 0.

All these statements are immediate consequences of the analytic Implicit Function Theorem applied to the
system of equations Vg, h(01,62) = 0.

So, for |f| < 0, one can write

h(61,02) = ha(61) + (02 — 02(61)), Q2(61) (62 — 02(61))) + O(|62 — 62(61)[*)

where QQ2(61) is the Hessian matrix of h(61,62) at the point 2(61).

We can now use the analytic Morse Lemma (see e.g. [12]) uniformly in the parameter ;. That is, for some
o > 0 small, there exists By(0,d0) C U (the ball of center 0 and radius dg in T9) and ¥ (0;) : 6y € U —
P (61,02) € Ba(62(61),200), a real analytic diffeomorphism so that, for 6 € U,

(5.7) h(01,9(01,02)) = ha(61) + (02, Q2(61)02).

Moreover, the Jacobian matrix of ¢ at 02(0;) is the identity matrix, and the mapping 6, — () is real
analytic (here, we take the norm in the Banach space of real analytic function in a neighborhood of 0).
Before we return to the analysis of J, let us describe ha(-) and 2(-) more precisely. Let () be the Hessian
matrix of A at 0. As h has a quadratic non degenerate minimum at 0, () is definite positive. We can write
this d X d-matrix in the form

Q1 R
65) o= (% &)

where ()12 is the restriction of @ to R when one decomposes R? = R% x R%. Both @; and Q2
are positive definite; actually, the positive definiteness of () ensures that the matrices Q1 — R*Q5 'R and
Qs — RQl_lR* are positive definite. Using the Taylor expansion of i near 0, one computes

02(61) = —Q3 'R0 + O(101]*),  Q2(61) = Q2 + O(|64)),

(5.9) ha(61) = ([Q1 — R*Q5 ' R]61,61) + O(|6:1 ).

Let us also note here that

(5.10) Det Q = Det Q1 - Det (Q2 — R*Q7'R) = Det Q2 - Det (Q1 — RQ; 'R*)
We now return to J. Performing the change of variables § — () in J(61, z), we get

B X(01,02)
(5.11)  J(01,2) —/sz (02, Q2(01)02) + ha(6h) — 2

Choosing ¢ sufficiently small with respect to d, (defining x), we see that x(¢(61,602)) = 1 for all |0;] < 6
and |02| < d. Hence, the function (61, 62) is real analytic in a neighborhood of (0, 0).

To compute the integral in the right hand side of (5.11), we change to polar coordinates (recall that y
is supported near 0) to obtain

df> where x(01,02) := x(¢(61,02))Det (Vg,p(01,02)).

400 - do—1
B ~1/2 X1, )T
(5.12) J(01,z) = Det (Q2(601)) /0 72+ ha(61) — 2
where
~ 1 v
(5.13) x(01,7) = —(27T)d2 /Sd21 X(01,r&)dE.

The factor (27)~% in the last integral comes from the fact that dfs denotes the normalized Haar measure
on T, i.e. the Lebesgue measure divided by (27)%. Note again that (61,r) — ¥(1,7) is real analytic in a
neighborhood of 0, and

X(01,0) = ﬁDet (Voy1b(61,65(61))) - Vol(S=1).
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Moreover, as fgdz €Fd¢ = 0 if k is multi-index of odd length, we known that the Taylor expansion of x(61,7)
contains only even powers of r, i.e. there exists a function x(61, ) analytic in a neighborhood of (0,0) such
that )2(91,7‘) = )A((elv’rz)‘

We now use the

Lemma 5.1. Let x be a smooth compactly supported function such that x be real analytic is a neighborhood
of 0. Define the integral Jy(z) to be
+00 o (p2)m—1
Jo(2) = / x()rm— .
0

r2+z
Then, one has
(5.14) Jy(2) = 8(z) - H(z) + G(2)
where

(1) G and H are real analytic in a neighborhood of 0;
(2) they satisfy H(0) = x(0) and G(0) > 0 if x(0) > 0 and x > 0;
(3) the function S is defined by

1 n mn—
e if n is even, then S(z) = 5 (—1)57:72 -log z;
™ n-1 n-1 1
e if nis odd, then S(z) = —-(—1) 2 z 2 —.
/ () =5 (-1
Here, \/z and log z denote respectively the principal determination of the square root and of the

logarithm.

The proof of this result is elementary; after a cut-off near zero, one expands x in a Taylor series near 0, and

computes the resulting integrals term by term essentially explicitly (see [15] for more details).
Putting (5.5), (5.6), (5.11), (5.12) and (5.14) together, we obtain that

(5.15) 1(91, Z) = S(hg(@l) — Z) . H(@l, hg(el) - Z) + G(Gl, hg(@l) — Z)

where

e S is described in point (3) of Lemma 5.1;

e (01,z) — H(01,2) and (61, z) — G(61, z) are real analytic in #; and z in a neighborhood of 0;

e one has )

H(6,,0) = WDet (Q2(61)) /% - Det (Vg,¢b(61,6)) Vol (S= )
and G(0,0) is positive.

The last point here is obtained combining point (2) of Lemma 5.1, (5.12) and (5.13), and using the decom-
position (5.5).

The first immediate consequence of (5.15) is that, if e € R and ha(6;) > e, then

I(61,e +ie) — I(61,e —ic) — 0 when ¢ — 0.
This implies that, if ha(f1) > e, one has
f(@l, 6) =0.

Assume now that ho(61) < e. As 0 < hy(b1), —e < ha(f1) — e < 0. We now need to distinguish different
cases according to the dimension do. Consider the case

e dy = 1: by (5.15), as H and G are analytic, one has

T ]
lim I(0,e+ic) = ————————
Lim, 1(01 ) 2\ /Tha(61) — €|
Using again the fact that H and G are analytic and that H(6;,0) does not vanish for #; small, we
get

H(@l, hg(@l) — 6) + G(@l, h2(91) — e).

. 1—|—7f](91,€—|—i€) ,ZG(0,0) |h2(91) —€|
m — = —1+41
e—0t 1+ t1(01,e —ic) tH(0,0)
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As G(0,0), H(0,0) and ¢ are also positive, one finally obtains

1
f(01,e) = 5 [1 +0 ( |ha(61) — 6\)} “Lipy(0y)<e)-
e do = 2: in this case, one computes
1
Elilé1+ [(91, e+ iE) = 5(‘ log ’hg(@l) — 6” + iﬂ)H(@l, hg(@l) — 6) + G(Gl, hg(@l) — 6).
Using again the fact that H and G are analytic, we get

1+tI(01,e+ic) % ' ) -
< |10g|h2(91)—e||> (1+ O[(log |h2(61) —el)™])-

li =
o0t 1+ (01, e — ie)
So that finally, one has
1
f1,e) =
T4 = g o) — el
e dy > 3: in this case, one has to distinguish two cases whether 1 + ¢1(0,0) = 0 or not, as well as the
case of even and odd dimensions.
Let us first assume:
— that 1 +¢(0,0) > 0: as H and G are analytic, one has

(14 O[(log |h2(61) — €[)™']) - Liny(01)<e}-

liHOI+ 1(91,6 + ’iE) = ( liHOI+ S(hg(@l) — € — Z€)> . H(@l,hQ(el) — 6) + G(Gl,hg(el) — 6).
£E— £—

As G is analytic and as S(0) = 0, one has G(01, ha(61)) = I(61,0). So, for 6 small, we know
that 1+tG(01,0) # 0. Here, we used the continuity of G and the fact that ho(6;) is of size |61
hence small. This gives
lim 1+ tI(91,€ + ZE) 14 t- s(h2(01) — e) . H(@l,O)
e—0t+ 1+ tI(01,e —ic) 1+t-G(01,0)

(1+R)
where
s(e) = lim [S(z —ie) = S(z +ie)], R = O((ha(61) — ) - [S(h2(61) — €}, (h2(01) — e))-

So that finally, for e small, one has

(5‘16) f(el, 6) _ t- s(hgl(e—i)tc—:(ee)l-g(el, 0)

1{h2(91)§6} (1+ R).
where

(5.17) s(x) = %\x!

dy—2

2
and R is given above.

From these asymptotics and from (5.3), integrating f in (5.3), using (5.9) and (5.10), one gets that
o if dy = 1:

E ot
(5.18) / dNi(e) ~ Vol(s“~1) L plta/?
0 B=0% 4, (dy + 2)(2r)h \/Det (Q1 — RQ;'R*)

o if dy = 2:
=0 ) (dy +2)(2m)% /Det (Q1 — RQ; ' Rr) 108 F|
o if dp >3 and 1 +t1(0,0) > 0:

(5.19) /E dNt(e) ~ c(dy, dz) Vol (S~ H)Vol (st 1) - ;
: 0 S B0+ d(2m)d\/Det Q 1+ t1(0,0)
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where S%271 are respectively the di2 — 1 dimensional unit spheres, and s is given by (5.17). Here, ¢(d;, d2)
is the integral

1
(5.20) c(dy,ds) = / rdi =11 — ) (d2=2/2g,
0

5.1.1. The borderline case. Though it will not find direct applications in this paper, let us now turn to the
case when dy > 3 and 1+ ¢I(0,0) = 0. Notice that this assumption implies ¢ < 0. When 1 + ¢t1(0,0) = 0,
one has to take a closer look at the vanishing of 1 + tG(61,0) when 61 — 0. We will now assume that

(H): I(61,0) has a local maximum for #; = 0.
Remark 5.1. Notice that this assumption was also necessary for fluctuating edges. Actually, in that

setting, we even required that the maximum be non-degenerate if d; > 3. This seems quite natural as the
case 1 + t1(0,0) = 0 is exactly the border line between the fluctuating edges and stable edges.

Let us recall that as above, we need to compute the asymptotic when e — 07 of the integral
fOed = [ o)ty
{h2(61)<e}

where f is defined by (5.4). Using (5.9) we can find a analytic change of variable 61 — () such that
ho(y™(61)) = (Q161,01) =: q2(01) where Q1 = Q1 — R*Q5 ' R (the matrices Q1 2 and R are defined in (5.8))
and ¥(01) = 61 + O(|61]%). So, we want to study

/ f(¢(91),e)‘DetVGl”tb(@l)‘d@l
{g2(61)<e}

Td1

Let us perform one more change of variable in the integral above, namely 67 < \/ef1; hence, we need to
study

/ F(/er), €)[Det Vo, t(v/eb)|dby
{q2(61)<1}

Notice that, for e small, on {(Q1601,601) < 1}, one has

‘DetVGll/J(\/Eal)’ =1+ O(\/E)

We now study f(1(y/ef;),e) for e small and {g2(01) < 1}.
Using the analyticity of G and H, for € > 0, we start with rewriting (5.15) in the following way

(5.21) 1+ t[(w(\/éﬁl), e+ iE) =1+ tG(l/J(\/Eal), 0) + teazG(0,0)(QQ(Hl) — 1)+
+tS(e- (q2(6r) — 1) —ie))H (¢ (Vebr),0) + O(e + € + [e - S(e)]).

Let us now distinguish between the different dimensions, i.e. between the cases do = 3, do = 4 and dy > 5.
Substituting the asymptotics for S given in Lemma 5.1 and using the analyticity of G and H, one obtains
the following:

o If dy = 3: define Fiy(01,¢e) = lil%l+ 1+ tI(¢(\/eby),e £ ic). For ga(f1) < 1, one has
e—

Fi(B1,e) = e <:Fz't(27r)_d2\1 — g2(01)[Y*Det (Q2) "2+t g(6)) + 0(\/E)>

where
. 1
(5.22) t-g(6h) = Jim %[1 +tG(Y(Vebh),0)].
This gives, for ¢2(01) < 1,

fW(Vebr),e) s %Arg(—i(%)_dQDGt (@)1 = g2(00)['* + 9(61)).
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(5.23)

We notice that this last argument is non positive. As a result we obtain that

/ Arg(—i[1 — 021Y2 + 5(6,))db;
161]<1 . pltdi/2

E
| anterde ~
0 E—0t dl (dl + 2)7-((27'(')d1 \/Det (Ql - RQ2_1R*)

where
g(01) = (27T)d2 Det (Q2)g((Q1 — RQz_lR*)_l/291)
and g is defined by (5.22).

Remark 5.2. In some cases, g and g are identically vanishing. This happens for example if h is a

“separate variable” function, i.e. if h(y,02) = h1(01) + ha(62). Indeed, in this case, ho(61) = h1(61)

and I(0y,ha(01)) = 1(0,0), hence, G does not depend on 0y, i.e. G(01,2) = G(2).

When ¢ vanishes identically, formula (5.23) becomes (5.18) except for the sign which changes to —.

The integral / Arg(—it|l — 62|'/2 + §(61))db; is negative. Hence, comparing (5.23) to (5.19),
161]<1

we see that, asymptotically when F — 07, fOE dN!(e)de is larger when 1+ ¢I(0,0) = 0 than when

14 tI1(0,0) > 0. This is explained by the fact that, when 1 + ¢1(0,0) = 0, a zero energy resonance

(or eigenvalue if dy > 5) is created. This resonance (eigenvalue) carries more weight. Of course, the

same phenomenon happens for the spectral shift function.

To conclude the case dy = 3, let us notice that we did not use assumption (H).

If dy = 4: let us start with computing dy, G(0,0). Therefore, we use G(01,0) = I(61,h2(01)) and

compute

00, G(0,0) = 03, 11(61, h(6:))jg,—0 = — ( /
o 0g, (0, 62) B
= /sz (7(0, 852 101 =0

as 0 is a local maximum of I(61,0). This computation immediately gives that 14 tG(¢(y/e€b1),0) =
O(e). Hence, equation (5.21) gives

9, (h(61,02) — ha(61))
ay  (h(01,02) — ha(61))? d91>91:0

Fab1.6) = te(aa(8) — Dlioge + loglaa(®r) ~ 1]+ 1) - (14 e )

where h(e) is bounded and does not depend on the sign +. This gives, for ¢2(61) < 1,
1
0 ~
f(?][)(\/g 1)’e)e—>0+ Hoge\

Integrating over 6 and e, we obtain

E d;—1 1+d1 /2
/ i) 2Vol (S 1) E
0

~

- _dl(dl +2)(2m)h \/ Det (Q1 — RQy 'R*) 1108 Bl

e If 1+¢I(0,0) =0 and dy > 5: we now compute 892162(0, 0). Therefore, we continue the computation

(5.24)

done above to obtain

B g, (h(61,62) — ha(61))
831(;(070) o _891 </]1-d2 (h(@l, 192)2_ hZ(;l))l2 d01> |01=0

N 97, (h(61,02) — ha(61)) (96, (h(61,02) — ha(61))]?
o </1rd2 (h(61,02) — ha(61))? dal) 6120 i (/sz (h(01,02) — ha(61))3 d01> 161=0

__ [ 9,106 (06, h(0,02))2 R
- /sz (0,02 " Q/sz (0,07 T ( /T@ (h(0,02))2d91> Q2
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where Q2 is defined in (5.8). On the other hand, one has
1
0,G(0,0) = —0,1(0,2),—0 = —J where J:= / ——db.
(0,01 = =00, s v 0.7 "
Plugging this and (5.24) into (5.21), we obtain
1+ tl((Vebr),e tic) = —ted +o(e) +tS(e- (q2(61) — 1) F ie)(H(0,0) + o(1)).
where o(e) does not depend of 4. This gives, for g2(61) < 1,
s(e - 01)—1
f(w(\/gel)7e) ~ ( (Q2( 1) )) .

e—0t J

Integrating over 61 and e, we obtain

c(dy,dg)Vol(S2=1)Vol(Sh—1)  —1

E
dNt(e) ~ C— . s(E)EN/?
/0 S(e)E—>0+ d(2m)?\/Det Q J s(B)

where ¢(dy, dz) is defined in (5.20).

6. APPENDIX

Pick E < —d. We now prove that, for h taken as in Remark 1.1, the function & defined in (1.7) is not
constant. For the purpose of this argument, we write ; = (#',---,6%). To check that h is not constant,
by (1.2) and (1.7), it suffices to check that the function 6; — I(61,FE) is not constant, hence, that the
function 8! — J (') defined by

1 1 1
1 0y = —— I(6",62, ... HdlEdHQ---delzi/ S —
(6 ) J( ) (27T)d1_1 /[O,Qﬂdll ( ’ ’ ’ ’ ) (27T)d_1 [0727T]d71 h(@l, 9/) —F

is not constant. We used the notation 0 = (61, 602) = (*,6’).
Recall from Remark 1.1 that k() = ho(G’ - 0) where G’ € GSL(Z) and hg is defined in (1.1). So, the n-th
Fourier coefficient of J is given by

znGl 1 eznel
I d@’d@l = / —db
27 /0 [0,27] /0 2mjd—1 h( 01,0") — (2m)d 0,274 ho(G' - 0) — E

ein( (G'—1.9)t zn(G’ L)t in(G'~1.9)
df = / —————df
(27T) /[0,27r]d ho(@) -E (27T) [—7,m]d _hO(H) —FE
where (G'~1 - )! denotes the first coordinate of the vector G’~1 - 6, and 6, the vector (m,...,7) in R% So

to prove that .J,, does not vanish for any n which implies that J is not constant, it suffices to prove that the
Fourier coefficients of (ho(#) — E)~! do not vanish. This is a consequence of the Neuman expansion

1 -1 ho(0)\"
~ho(0) —E E kZO( -E )

Indeed, the n-th Fourier coefficient in each of the terms of order k larger than n in this series is positive
: it is easily seen as —FE > 0 and the multiplication operator (hg)™ is unitarily equivalent through Fourier
transformation to (—%A)"; so the Fourier coefficients of (hg)™ are the entries of the zeroth row of the matrix
(—%A)" and, the n first super- and sub-diagonals of this convolution matrix are positive.
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