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Computing limit linear series with infinitesimal
methods

Laurent Evain (laurent.evain@univ-angers.fr)

Abstract:

Alexander and Hirschowitz [[]] determined the Hilbert, function of a generic union
of fat points in a projective space when the number of fat points is much bigger
than the greatest multiplicity of the fat points. Their method is based on a
lemma which determines the limit of a linear system depending on fat points
which approach a divisor.

On the other hand, Nagata @], in connection with its counter example to the
fourteenth problem of Hilbert determined the Hilbert function H(d) of the union
of k2 points of the same multiplicity m in the plane up to degree d = km.

We introduce a new method to determine limits of linear systems. This gener-
alizes the result by Alexander and Hirschowitz. Our main application of this
method is the conclusion of the work initiated by Nagata: we compute H (d) for
all d. As a second application, we determine the generic successive collision of
four fat points of the same multiplicity in the plane.

1 Introduction

Let X be a (quasi-)projective scheme, £ a linear system on X and Z C X
a generic 0-dimensional subscheme. In this paper, we adress the problem of
determining the dimension of £(—Z7), or more precisely the limit of £(—Z2)
when Z specializes to a subscheme Z’.

Our result gives an estimate of this limit when Z moves to a divisor and satisfies
suitable conditions( Z is the generic embedding of a union Z; U Zs--- U Z; of
monomial schemes). More precisely, we introduce a combinatorical procedure
to construct a system L', “simpler” than £ in the sense that it has smaller
degree, and we settle an inclusion lim £(—Z) C £’. In concrete exemples (see
the applications below), the inclusion suffices to compute dim £(—Z2): there is
an expected dimension d. which verifies

d. <dim £L(—Z) = dimlim £(—Z) < dim L = d,,

hence dim £(—Z) = d.
To give a flavour of the theorem, suppose for simplicity that Z is the generic



fiber of a subscheme F C X x A! flat over Al = Spec k[t] and such that the
support of the fiber F'(t) approaches a divisor D when ¢ — 0. We find an integer
r and a residual scheme F.; C F(0) such that

lim L(—F(t)) C L(—=rD — Zyes).

t—0

There is a trivial inclusion

lim £(—F(t)) C L(=F(0)),

but of course our result is more detailed and is not reductible to this trivial case.
In the examples we consider, the last inclusion of the tower

lim £(~F(1)) € £(—rD — Zyes(0)) € L(~F(0))
is always a strict inclusion.
The method to prove the result is infinitesimal in nature. There is a unique flat
family G over A! whose fiber over a general t # 0 is £L(—F(t)). Our theorem
is obtained with a careful analysis of the restrictions G x 41 Spec k[t]/(t") C G
for well chosen integers ny,...,n,.
Our theorem generalizes the main lemma of Alexander-Hirschowitz [[lll. Their
statement corresponds essentially to ours in the special case r = 1. However, the
proofs are different. In fact, when Alexander-Hirschowitz published their theo-
rem, our theorem did already exist in a weaker version where the O-dimensional
subscheme Z moving to the divisor had to be supported by a unique point.
The current version is a merge which contains both our earlier version and
Alexander-Hirschowitz version.

As an application of our theorem, we extend results by Nagata relative to the
Hilbert functions of fat points in the plane. In connection with his construction
of the counter example to the fourteenth problem of Hilbert, Nagata proved
that the Hilbert function of a generic union Z of k% fat points of the same
multiplicity m in P? is Hz(d) = % if the degree is not to big, namely
if d < km. This result is asymptotically optimal in m in the sense that it is
sufficient to compute the Hilbert function up to the critical degree d = km + [%]
to determine the whole Hilbert function. Nagata was just missing the last ex-

treme hardest [%] cases. We compute the Hilbert function for every degree:

Hyz(d) = min((d+1)2(d+2) k2 m(";ﬂ) ). This result was already proved when the
number of points is a power of four in [E] by methods relying on the geometry
of integrally closed ideals which we could not push further.

Putting the result in perspective, we recall that a consequence of Alexander-
Hirschowitz [EI] is that the Hilbert function of a generic union of & fat points in
the plane of multiplicity mq, ..., my is Hz(d) = min(w, Zle W)
provided k >> max(m;). In view of their result, we are left with the cases when
the multiplicities are not too small with respect to the number of points. Among
these, it is known empirically that the hardest cases are those with a fixed num-
ber of points and big multiplicities. Our theorem includes such cases.




As a second application, we compute the generic successive collision of four fat
points in the plane of the same multiplicity (recall that a successive collision of
punctual schemes Z1, ..., Z is a subscheme obtained as a flat limit when the
Z;’s approach one after the other, ie. you first collide Z; and Z5 in a subscheme
Z12, then you collide Z3 with the previous collision Z15 and so on... A generic
successive collision is a successive collision where by definition the Z;’s move on
generic curves of high degree ).

Let us explain the motivations for such a computation. First, collisions deter-
mine the Hilbert function of the generic union Z of the fat points. Indeed, there
exist “universal” collisions Cy on which one can read off the Hilbert function
of Z: ¥d, Hyz(d) = He,(d) [ll. Moreover, constructing collisions is a useful
technical tool of the Horace method (see [{).

However, determining all collisions of any number of fat points is far beyond
our knowledge since this problem is far more difficult than the open and long
standed problem of determining the Hilbert function of a generic union of fat
points. It is thus natural to restrict our attention to special collisions. In view
of the postulation problem, one looks for collisions special enough so that it
is possible to compute them, but general enough so that they can stand for a
universal collision in the above sense. A natural class of collisions to be con-
sidered is the class of generic successive collisions. Can we compute them 7 Is
there a universal collision among them ? A generic successive collision of three
fat points is universal @], ie. this collision has the same Hilbert function as
the generic union of the three fat points. We use our theorem to compute the
generic successive collision of four fat points. Our computation proves that this
collision is not universal. Beyond this example, the computation also illustrates
how our theorem can be used to determine many collisions, thus extending the
toolbox of the Horace method.

2 Statement of the theorem

We fix a generically smooth quasi-projective scheme X of dimension d, a locally
free sheaf L of rank one on X and a sub-vector space £L C HY(X,L). Let
Z C Xjy(z) be a 0-dimensional subscheme parametrised by a non closed point
of Hilb(X) with residual field k(Z). Let £L(—Z) C L be the sub-vector space
of sections which vanish on Z (see the definition below). Our goal is to give an
estimate of the dimension dim £(—2) under suitable conditions.

A staircase E C N? is a subset whose complement C' = N9\ E verifies
Ne¢4+C C C. We denote by I the ideal of k[z1, ..., z4] (vesp. of k[[z1,. .., zd]]),
of k[[x1,...,2z4]][t] ...) generated by the monomials z*..... zf = x¢ whose ex-
ponent e = (e1,...,eq) isin C. If E is a finite staircase, the subscheme Z(FE)
defined by I is 0-dimensional and its degree is #E. The map E +— Z(E)
is a one-to-one correspondance between the finite staircases of N¢ and the
monomial punctual subschemes of Spec k[z1,...,zq4]. If E = (Ey,...,E) is
a set of finite staircases, if X is irreducible and if Z(F) is the (abstract non
embedded) disjoint union Z(E1)[]--- ][] Z(Fs), there is an irreducible scheme



P(E) which parametrizes the embeddings Z(E) — X, where Xy C X is the
smooth locus ([] and [{])). Such an embedding Z(E) — X, determines a sub-
scheme of X, thus there is a natural morphism f : P(E) — Hilb(X) to the
Hilbert scheme of X. We denote by X (FE) the subscheme parametrised by f(p)
where p is the generic point of P(FE). We will say that X(FE) is the generic
union of the schemes Z(E4),...,Z(Ey). If Z C X is a subscheme, denote by
L(—Z) C L the subvector space which contains the elements of £ vanishing on
Z. If p is a non closed point of Hilb(X) whose residual field is k(p), and if
7Z C X xy, Spec k(p) is the corresponding subscheme, the definition of £L(—Z2)
is as follows. Since £ ® k(p) C H°(L ® k(p), X x k(p)), it makes sense to con-
sider the vector space V' C L ® k(p) containing the sections which vanish on
Z. Denoting by A the codimension of V', we may associate with V" a k(p)-point
g € Grasspp) (N, L ® k(p)) = Grassg(\, L) x Spec k(p) (IH, prop.9.7.6). In
particular £(—Z) is well defined as a (non closed) point of Grassy (A, £). The
goal of the theorem is to give an estimate of dim £L(—X (E)).

To formulate the theorem, we need some combinatorial notations that we in-
troduce now. The k" slice of a staircase E C N? is the staircase T'(E, k) C N4
defined by:

T(E,k)={(0,as,...,aq) such that (k,az,...,aq) € E}
If E=(E,...,FEs) is as-tuple of staircases and t = (¢1,...,ts), we set
T(E,t) = (T(E1,t1), T(Es,t2),...,T(Fs,ts)).

A staircase E C N? is characterized by a height function hg : Ne=! — N which
verifies:

Va,b € N*=1 hg(a+b) < hgla)
The staircase E and hg can be deduced one from the other via the relation:
(a1,...,aq) € E< a1 < hg(as,...,a,)
The staircase S(F,t) is defined by its height function:

hS(Eyt)(ag, ...yaq) = hglas,...,aq) ift > hg(az,...,aq)
= hE(ag,...,ad) —lift < hE(ag,...,ad)
Intuitivly, it is the staircase obtained by the suppression of the ¥ slice, as
shown by the following figure.
Staircase Suppression of slice number one



If E=(E,...,FEs)is a family of staircases, and t = ({1,...,ts) € N° we put:
S(E,t) = (S(E1,t1),S(Ea,ta),...,S(Es,ts)).
If (t1,...,t.) € (N*)", the recursive formula
S(E,t1y...,tr) = S(S(E t1,...,tr—1),t)

defines the s-tuple of staircases S(E,t1,...,t,) obtained from the s-tuple £ =
(E1,...,E,) by suppression of r slices in each E;.

If p € X is a smooth point, a formal neighborhood of p is a mor-
phism ¢ : Spec k[[x1,...,24]] — X which induces an isomorphism between
Spec k[[z1,...,z4)] and the completion (7); of the local ring of X at p. If
p=(p1,...,ps) is a s-tuple of smooth distinct points, a formal neighborhood of
pis a morphism (@1, ..., 9s) : U — X from the disjoint union U = V3 []---[] Vs
of s copies of Spec k[[z1,...,xz4]] to X, where ¢; : V; — X is a formal neigh-
borhood of p;. If D is a divisor on X, we say that ¢ and D are compatible if D
is defined by the equation 27 = 0 around each p; (in particular, p; is a smooth
point of D).

Consider the translation morphism:

Try, : kllx1, ..., zd)] —  kllx1, ..., z4]] @ E[[t]]
1 — 1101-1xt"

T, — x;®1sii>1
If F; is a staircase, the ideal
J(Ey,v1) = Try, (TP)k[[21, ..., 24]] @ k[[t] C k[[z1, ..., z4)] @ E[[t]]

defines a flat family Fy of subschemes of Spec k[[x1,...,x4]] parametrised by
Spec k[[t]]. This corresponds geometrically to the family whose fiber over t is
obtained from V(1) by the translation z; + z1 —t"1. If ¢y is a formal neigh-
borhood of py, F1 can be seen as a flat family of subschemes of X via 7, thus
it defines a morphism Spec k[[t]] — Hilb(X). We denote by X (1, F1,t,v1) the
non closed point of Hilb(X) parametrised by the image of the generic point.
The first coordinate does not play any specific role, thus more generally, if
E = (Ey,...,E;)is a family of staircases, if ¢ = (¢1,...,ps) is a formal neigh-
borhood of (p1,...,ps), if v = (v1,...,vs) € N°, one defines similarly families
F; C X x Spec k[[t]] flat over Spec E[[t]]. Since F; N F; = () for ¢ # j, the union
F =F, U---UFj is still flat over Spec k[[t]] and corresponds to a morphism
Spec k[[t]] — Hilb(X). We denote by X, (E,t,v) the image of the generic point
and by X, (E) = X,(F,0,v) the image of the special point (which does not
depend on v). Finally, we denote by [z] the integer part of a real z.

We are now ready to state the theorem. By the above, £L(—X,(FE,t,v)) corre-
sponds to a morphism Spec k((t)) — G to a Grassmannian G, which can be
extended to a morphism Spec k[[t]] — G by valuative properness. The theorem
gives a control of the limit obtained under suitable conditions.



Theorem 1. Let D be an effective divisor on a quasi-projective scheme X,
p=(p1,...,ps) be a s-tuple of smooth points of X, ¢ a formal neighborhood of
p compatible with D, v = (vy,...,vs) € N* a speed vector, E = (F1, ..., Es) be
staircases and X ,(E,t,v) the generic union of subschemes defined by ¢. Suppose
that one can find integers ny > --- > n, such that:

o Vk, ni — ngy1 > max(v;),

o Vi, 1<i<r, L(—(i—1)D—Z;) = L(—iD)
where t; = ([31], ..., [*]), Ti = T(E,t;) and Z; = X, (T;). Then

v1

lim £(=X,(E, £,v)) € £(=7D = Xo(S(B, 11, 1))

Remark 2. The main lemma 2.3 of /ﬂ/ corresponds essentially to the above
theorem with r = 1.

If X is irreducible, X (E) is well defined and it specializes to X, (E,t,v).
Thus we get by semi-continuity the inequality

dim L(—X(E)) < dim L(—X,(E,t,v)) = dim}ii% L(—X,(E,t,v)).

Combining this inequality with the theorem, we obtain the following estimate
of dim £(—X (E)) in terms of a linear system of smaller degree.

Corollary 3. dim £L(—X(FE)) < dim L(—rD — X (S(E,t1,...,t)))

Remark 4. In case L is infinite dimensional, the theorem still makes sense
since Grassmannians of finite codimensional vector spaces of L are still well
defined and the limit makes sense in such a Grassmannian.

3 Proof of theorem

We start with an informal explanation of the ideas in the proof in the case
s = 1. Suppose that we have of family of sections s(¢) of L which vanish on a
moving punctual subscheme Z(t) = X, (E, t,v) whose support p(t) tends to p(0)
as t tends to 0. Using local coordinates around p(0), the sections of L can be
considered as functions and the vanishing on Z(¢) translates to s(t) € J(¢) where
J(t) is the ideal of Z(t). Denote by .J,,, the restriction of J(¢) to the infinitesimal
neighborhood Spec k[t]/t"* of t = 0. Suppose that the family of sections over
Spec k[t]/t" is a family of sections which vanish on Z;. Then it is a family
of sections vanishing on D since by hypothesis a section which vanish on Z;
automatically vanishes on D. If D is defined locally by the equation 1 = 0, this
means that s(t) = x15'(¢) with §'(¢t) € (Jp, : 21). Restrict now to the smaller
infinetismal neighborhood Spec k[t]/t">. Suppose that over this restriction, the
family of sections, which already vanish on D, vanish also on Zy (i.e. s'(t)
is a family of sections vanishing on Z3). Then by hypothesis, the sections
vanish twice on D. Using local coordinates, this means that s(t) = z3s” () with
s"(t) € ((Jny : X1)ny : @1). After several restrictions, we put ¢ = 0 and we get



5(0) = 275 (0) where 5()(0) is in a prescribed ideal. The control we get in this
way of the element s(0) € lim;_,o L(—X,(E,t,v)) translates into the inclusion

lim £(=X,(E, £,v)) € £(=7D = Xo(S(B, 11, 1))

given by the theorem.
To play the above game, one needs to be able to compute in the successive
steps ideals like ((Jp, : 1), : 1) defined using restrictions and transporters.
In view of this explanation, one can understand the conditions on the n; of
the theorem as follows. The condition nqy > ng > n3... comes from the fact
that we restrict successivly to smaller and smaller neighborhoods. The condition
nr—ng41 > max(v;) is a technical condition to be able to compute the successive
ideals defined via transporters and restrictions.

Let us start the proof itself now. In the context of the theorem, we are given
a set of staircases E = (Ey,..., Es), a vector v = (vq,...,0s), a divisor D and
a formal neighborhood ¢ of (pi1,...,ps) in which D is given by the equation
x1 = 0 around each p;. For n > 0, we put R, = k[[z1,...,z4]]° @ E[[t]]/(t™)
and Roo = k[[z1,...,24]]° ® k[[t]]. We denote by ¢y, : R, — R, the natural
projections, which exist for p < n < oco. If J C Ry is an ideal, we define we
define recursively the ideals Jy,:ng:in, C Rp, and Jpiingiin,: C Ry, using
transporters and restrictions by the formulas

® Ju, = Yoon, (J),

L4 Jn1:n2:m:nk: - (Jnl:ng:m:nk ZZCl),

L Jn1:n2:w:nk = wnk,lnk (Jnl:ng:»»»:nk,l:)
As explained above, the vector space £L(—X (¢, F,t,v)) corresponds to a mor-
phism Spec k((t)) — G (where G is a Grassmannian of subvectors spaces of L)
which extends to a morphism Spec k[[t]] — G. The universal family over the
Grassmannian G pulls back to a family U C Spec k[[t]] x L. Let e; be a local
generator of L at p;. Any section o of the line bundle L can be written down

o = o;e; around p; for some o; € k[[z1,...,24]]. The map:
L — Elx,...,xq]]°
o +— (01,...,0%)
identifies U with a subscheme of Spec k[[t]] x k[[z1,...,24]]®. The theorem will

be proved if we show that the special fiber U(0) contains only sections vanishing
7 times on D and if, in local coordinates, U (0) is included in z§I5(F:t1tr),
Let us denote by Uy, the restriction of U over the subscheme Spec k[[t]]/t™.
We show by induction that:

Vi > 17 UnI C :CZiJnl:nQ:m:ni:

where J = J(Eq1,v1) @+ @ J(Fs,vs) C Rx. The fibers of U contain sections of
L which vanish on X, (E,t,v). Since J is the ideal of X, (E,t,v), this implies
the inclusion U C J, hence U,,, C J;. By corollary E, this inclusion implies that
the fibers of U, are elements of £ which vanish on Z7, hence they vanish on



D by hypothesis. It follows that elements of U,, are dividible by x; and we
can then write: U,, C x1J,,. . Suppose now that U,, C zﬁJm:m:...:ni: . Then
Uniiv C xZiJm:nz:...:m:mH. By corollary , this inclusion implies that the fibers
of Uy, , are elements of £(—iD) which vanish on Z;;1, hence they vanish on D

Mi41
i+1

by hypothesis. It follows that elements of U,,,, are dividible by 21" and we can

i+1
write Uy, C :c11+ Jniing:mi,: - Lhis ends the induction on 7. In particular,

for ¢ = r, using corollary E for the last equality, we have the required inclusion:

U(0) = Uy, (0) C &5 T ing:im, - (0) = af [SEtntr) m

We now turn to the proof of the corollariesﬁ and E on which the above proof
relies. Note that J = (J1,...,J%) and Tk = ((ITk)! ... (I7*)%) are defined
componentwise, the component number ¢ corresponding to the study around the
point p;. Thus corollary E and E below can be proved for each component and
one may suppose s = 1 to prove it. We thus suppose for the rest of this section
that s = 1, that F = (Ey,..., Es) is a staircase given by a height function h,
and that v = (v1,...,vs) € N.

Let B (resp. C) be the set of elements m = (ma,...,mg) € N1 such that
h(m) # 0 (resp. h(m) = 0). Remark that B is finite due to the finitness of E.
We denote by

e C(t) C R, the k[x1]] ® k[[t]] sub-module containing the ele-
ments Y Gmyma..ma 1 Lo 2 ... 2yt @ f(t), where f(t) € k[[t]]/t" and

(ma,...,mg) €C

e C(0) C Ry = k[[x1,...,x4]] the E[[z1]] sub-module containing the series
D Umyima..ma @y s L2 where (ma,...,mq) €C

e B(m) C R, the k[[z1]] ® k[[t]] sub-module generated by f,, = (x; —
t”)h(m)x;nz o

e B(m,0) C Ry = E[[z1,...,24]] the k[[x1]] sub-module generated by
Fn(0) = ()Ml 2l

 Busnaon (1) € R the Hlla1]]  K[[] submodule generated by the cle-
BAPhe 1 < <k, where o; = max(0, n; — vh(m)) for i > 0.
1

In particular, for & = 0, By n,...n, (m) = B(m).

ments fo,,

To simplify the notations, we have adopted above the same notation for distinct
submodules (leaving in distinct ambiant modules). The following lemma says
that the module By, r,..n, (M) is well defined as a sub-module of R; for j < ny.

Lemma 5. Let j < ngp. Ifi < k, the element % € R;. In particular

1
Biny..n (M) C R is well defined for j < ng. If in addition, j < ng41, then
tak—z&.rl fm
Ty

18 a multiple of x1.

Proof. First, if | < i, the coefficient of x! in t®*—i+1f, is a multiple of
tok—it1gv(h(m)=D) = This term is zero in R; since the exponent of ¢ is at least
Ng—iv1 — 0l > ng + (i — Vv —ovl > ng > j. Tt follows that tak;%ﬂ" € R;
is well defined. A similar estimate shows that for [ < 4, the coefficient of



. . . . . X —i+1 . .
zll in t*—it1 f is zero in R; for j < mgqq1. Thus txifm is a multiple of x;. W
1

Lemma 6. o As k[[x1]]-modules, I¥ = @,,.5B(m,0) & C(0) C
k[[l‘l,...,l’d]]

o As k[[z1]] ® K[[t]]-modules, J = P B(m)® C(t) C R,

meB

Proof: This is a straightforward verification left to the reader. [ ]

Lemma 7. We have the equality of k[[z1]] @ k[[t]]-modules:
o Jyyimy, = @mGB Bﬂl"Z---"k—l(m) D C(t) C Ry,
L4 Jnl:m:nk: = @meg Bn1n2...nk (m) S C(t) C Rnk

Proof. Let us say that the number of indexes of Jp,.....n, and Jy ..o, 1S re-

spectivly 2k — 1 and 2k. We prove the lemma by induction on the number ¢ of
indexes. If i = 1, we get from the preceding lemma the equality

Tny = Voony () =D thoony (B(M)) + oon, (C(t))

meB

> B(m)+C(t) in Ry,.

meB

The last sum is obviously direct, thus it is the required equality.

Suppose now that we want to prove the lemma for ¢ = 2k — 1. This is exactly
the same reasoning as in the case ¢ = 1, substituting Jp,:....n,., Jnyioin,_,: and
Uny 1ny 0T Jpyy J, and Yoo n, -

For the last case i = 2k. Taking the transporter from the expression of .J,,.....
coming from induction hypothesis, we get:

_1:

ny

Jm;...;nk; = @ (Bn1n2---nkf1(m) : 'Tl) D (C(t) : 'Tl)
meB

The equality (C(t) : z1) = C(t) is obvious, so we are done if we prove the
equality (Bpins..ng_, (M) @ 1) = Bning..m,(m) in the ambiant module R, .
The inclusion D is clear since for every generator g of By n,.. .n, (M), T1g is a
multiple of one of the generators of By, ny.. .n,_, (M). As for the reverse inclusion,
if 2 € (Bnyng..n_, (M) : 1), one can write down

tak—i+lfm
riz= Y P4 21 Pofm + Qofm (%)
1<i<k—1 !

where P; € k[[z1]] ® k[[t]] and Qo € k[[t]. By lemma [}, the terms
% € R, are dividible by x;, thus z; divides Qo fm,. It follows that the

coefficient QoM™ x> .. 2 of 29 in Qofm is zero, which happens only if



Qo is a multiple of ¢™a(0:mk—vh(m)) — tor  Writing down Qo = t*1+1 and di-
viding the displayed equality (x) by @1 shows that z € Bp,n,..n,, as expected. B

Corollary 8. Jy,my:iny C JEL

Proof. In view of the previous lemma, and since the inclusion C' C I™* is
obvious, one simply has to check that the generators of By, ing:....n, (M) verify
the inclusion. The generators are explicitly given thus this is a straightforward
verification. [ ]

Corollary 9. Jy, .y, (0) = I5(Ftsote),

Proof. According to lemmas ﬂ and ﬁ, it suffices to show that
Buing...ny (m, 0) C k[[z1]] is the submodule generated by 2™ ™™ where p(m)
is the number of ¢;’s verifying ¢; < h(m). Since the generators of B, n,..n, (M)
are explicitely given, the corollary just comes from the evaluation of these

generators at ¢ = 0. |

4 The Hilbert function of k? fat points in P?

In this section, we compute the Hilbert function of the generic union of k2 fat
points in P2 of the same multiplicity m.
We work over a field of characteristic 0.

Definition 10. If Z C P? is a zero-dimensional subscheme of degree deg(Z),
we denote by H,(Z) : N — N the virtual Hilbert function of Z defined by the
formula H,(Z,d) = min(%, deg(Z)). The critical degree for Z, denoted
by de(Z) s the smallest integer d such that H,(Z,d) > deg(Z).

Theorem 11. Let Z be the generic union of k% fat points of multiplicity m.
Then H(Z) = H,(Z).

Let us recall the following well known lemma:

Lemma 12. If H(Z,d) > H,(Z,d) for d = d.(Z) and d = d.(Z) — 1, then
H(Z)=H,(2).

Definition 13. The regular staircase R,, C N? is the set defined by the relation
(2,y) € Ry & 4+ y <m. A quasi-regular staircase E is a staircase such that
Ry, C E C Ryyy1 for some m. A right specialized staircase is a staircase such
that ((z,y) € E and y > 0) = (x+ 1,y — 1) € E. A monomial subscheme of P2
with staircase E is a punctual subscheme supported by a point p which is defined
by the ideal I in some formal neighborhood of p.

10



Our first intermediate goal is lemma @ which says that under suitable con-
ditions, if Z = LU R C P? is a subscheme with L included in a line, the Hilbert
function of Z is determined by that of R.

Proposition 14. Let Z be a generic union of fat points. The following condi-
tions are equivalent.
e H(Z)=H,(Z)
e there exists a quasi-reqular right-specialized staircase E and a collision C
of the fat points which is monomial with staircase E.
e there exists a quasi-reqular staircase E and a collision C of the fat points
which is monomial with staircase F.

Proof. 1 = 2. Let p; be the automorphism of P? = Proj(k[X,Y, H])
defined for t # 0 by f; : X — £V +— X H +— H. Consider the collision
C = limy_,¢ f1(Z). Tt is a subscheme of the affine plane Spec klx = %,y = %]
supported by the origin (0,0). Tt is shown in [] that if H(Z) = H,(Z), then
there is an integer m such that the ideal of C verifies I%m+1 C I(C) C IF%m.
Thus I(C) = V @ k[z,y]>m+1 where k[x,y]>m+1 stands for the vector space
generated by the monomials of degree at least m + 1, and V' C k[z,y|m.
Let now ¢; : * — x — ty,y +— y. Then the ideal of D = lim;_,o g+(C) is
I(D) = W @ E[z,y]>m+1 where W = limy_o ¢:(V) is a vector space which
admits a base of the form y™, xy™~! ... 2Fy™~F. Thus I(D) = I¥ for some
quasi-regular right-specialized staircase E. And D is a collision of the fat
points since it is a specialisation of the collision C' and since being a collision is
a closed condition.

2 = 3 is obvious.

3 = 1. If there exists a collision C associated with a quasi-regular staircase
E, then by semi-continuity H(Z,d) > H(C,d) = mm(%, #E) =
min({HI2) gog(C)) = min(YHUAT2) Geg(7)) = H,(Z,d). Since the
well known reverse inequality H,(Z,d) > H(Z,d) is always true, we have the
required equality H,(Z,d) = H(Z,d). |

Lemma 15. Let R C P? be a generic union of fat points, D C plp be a generic
line, L C D be a subscheme whose support is generic in D. Let Z = RUL and
suppose that the degree of L satisfies deg(L) < d.(R). Then H(R) = H,(R)
implies H(Z) = H,(Z).

Proof. By the above lemma and its proof, there exists a quasi-regular right
specialized staircase E and a collision C' of the fat points supported by the
origin of A? = Spec k[x,y] such that the ideal of C C A? is I(C) = IF.
By the genericity hypothesis, L can be specialized to the subscheme L(t)
with equation (y — t,2%9)).  Obviously L(t) is monomial with staircase
F ={(0,0),(1,0),...,(r,0)}. Let D =limy_o C U L(¢). By [ﬁ], I(D) = I® for
some monomial staircase G. Moreover, the explicit description of G given in
A ( G is the “vertical collision” of E and F) shows that G is quasi-regular.

11



Since Z = R U L can be specialized to a scheme D defined by a quasi regular
staircase, H(Z) = H,(Z). [ |

Lemma 16. Let Z C P? be a union of k? fat points of multiplicity m with
k > 4. The critical degree d.(Z) verifies km +1 < do(Z) < km+k — 2.

Proof: Direct calculation. [ ]

Proof of theorem Iﬂ

We show by induction on k that the Hilbert function of the generic union Z of k?
fat points of multiplicity m is the virtual Hilbert function H,(Z). If k < 3, this
is known by [E] So we may suppose k > 4. According to lemma é, we only need
to check that H(Z,d) > H,(Z,d) for d = d.(Z) or d = d.(Z)—1, and, by lemma
E, such a d verifies d = km + s for some s satisfying 0 < s < k — 2. By semi-
continuity, it suffices to specialize Z to a scheme Z’ with H(Z',d) > H,(Z,d).
First, we choose a generic line D and generic points pi,...,psr—1 on D. We
divide the k2 fat points into three subsets FEi, s, E5 of respective cardinal
k,k—1,(k—1)2. We specialize the k fat points of E; on the points py, ..., pax_1.
We leave the generic (k—1)%+ (k—1) points of E3U Es in their generic position.
We denote by L the set of sections of O(d) which vanish on the fat points of
FE,UEj3. Since the points of E7 have been specialised, we have by semi-continuity
the inequality:

(d+1)(d+2)
() H(Z,d) > SLETD

—dim L(— X (E))
where

E=(Bpm,....Rm).
—_————
(k—1) copies

We now make a further specialisation, moving the k£ — 1 fat points of E5 on
the points py, ..., pr—1 using theorem . To this end, we fix the notations. We
choose a formal neighborhood ¢ of p = (p1,...,pk—1), a number N >> 0 and
we take the speed vector

v=(N,...,N N+1,....N+1).
N——

k—s—2 times s+1 times

Finally, we let
ni=N+1)(m-i+1)—1,1<i<m.

Let us check that the conditions of theorem EI apply. The condition nj —
ne+1 > max(v;) is obviously satisfied. As for the remaining condition, re-

Dy Lo D1 - In particular, if Z; is a punctual subscheme of D of cardi-
nald—i+2—k(m—i+1)=s+1+(i—1)(k—1) whose support does not meet

12



the union py U---Upag_1, then L(—iD — Z;) = L(—(i+1)D). In our case, Z; is
a union of one-dimensional fat points of the line D. Let us compute its degree.
The subscheme Z; is supported by p; U --- U pr—1 and we denote by d; the
degree of the part (Z;),, supported by p;. It is the cardinal m — [Z—;] of the slice

T(Rp, [Z—]]), thatisd; =i—1ifj<k—-s—2andd; =iifk—s—-1<j<k—-1
Thus the degree of Z; is the sum of the d;, that is s + 1+ (1 — 1)(k —1). We
can then apply theorem EI and its corollary. We conclude that:

(x%) dim L(—X(E)) < dimL(—mD — X, (S(E,t1,...,tm)).

The linear system L(—mD) is the set of sections of O(d — m) which vanish
on the union Z’ of the fat points of E5. Moreover, X, (S(E,t1,...,t,)) is the
union L of the one-dimensional fat points of p* N D, ..., pi" ., N.D. It follows
that

(d—m)(d—m+1)

(k) dim L(—mD—X,(S(E, t1,...,tm)) = 5 H(Z'UL,d—m)
. By lemma @ and the induction, we have
(xxxx) H(Z'UL,d—m)=H,(Z' UL,d—m)
Now, by construction (or by an easy direct calculation),
d— d— 1 d(d+1
(snnw) H(Z'ULd ) - A= D gy (g g LD

Putting together the displayed equalities and inequalities (*)...(*****) gives
the required inequality H(Z,d) > H,(Z,d). [ ]

5 Collisions of fat points

We start with a definition of a generic successive collision of fat points in AZ.

We proceed by induction. A generic successive collision of one fat point p™ is

the fat point itself. Suppose defined the generic successive collision Zy,, . m,
M —1

of pi",...,p, 1" Let C(d) be the generic curve of degree d containing the
support O of Zp,, . .m,_,- Let

M

Zml...mk (d) == Zml...mk,l Up

lim
peC(d), p—O

Proposition 17. There exists an integer dy such that Vd > do, Zm, . .m, (d) =
Zimy...my, (do). We denote this subscheme by Zy, .m, and this is by definition
the generic successive collision of pi™*, ..., p"™".

Proof. Consider the morphism f : A*\{O} — Hilb(A%) C Hilb(P?) which sends
the point p € A? to the subscheme L., UD* . It extends to a morphism f :
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S — Hilb(P?), where 7 : S — A? is a composition of blowups (of simple points).
The embeddings Spec k[t]/(t?) — A? sending the support of Spec k[t]/(t?) to
O € A? form an irreducible variety and we denote by g : Spec k[t]/t? — A? the
corresponding generic embedding. For p > d, the intersection C(p) N O% of the
curve with the fat point is isomorphic as an abstract scheme to Spec k[t]/(t%);
since for any embedding i : Spec k[t]/(t?) — A2, there exists a curve of degree
d which contains the image I'm(i), it follows that C(p) N O? is the subscheme
associated with the generic embedding g. In particular, C(p)NO% = C(dy)NO%
if p > dy. Choose dy > n where n is the number of blowups in 7. Since the order
of contact of C(p) and C(dp) is at least dy, the number of blowups is not sufficient
to separate the curves and the strict transforms C(p) € S and C(dy) C S
intersect in a point s. It follows that Zn,, . m, (D) = Zim,...m, (do) = f(s) [ ]

Our goal is to compute the generic collision Z,,mm of 4 fat points of multiplicity
m.

Remark 18. With the notations of proposition B, the integers do which appear
in the definition of Zmmmm will always be equal to 1. In other words, the colli-
sion will be shown to depend only on the tangent directions of the approaching
fat points.

We will describe Z,,mmm as a pushforward via a blowup  : S — A2, where
7 is the blowup defined by the following Enriques diagram .

a5 g q7

q0

We recall for convenience what this means. Let g € AZ, q1,q2,¢3 be three
distinct tangent directions at gg. Let

n:S1 — Sp=AZ
be the blowup of ¢p, and Qo C S; the exceptional divisor. Let
SQ — Sl

be the blowup of (g1 U g2 Ugs) C Qo, and Q1,Q2,Q3 C Sz the respective
exceptional divisors. If Q); C Sy, is an exceptional divisor, and if S§; — Sy,
is a sequence of blowups, we still denote by @; C S; (resp. we denote by
E; C S;) the strict transform (resp. the total transform) of Q; in S;. With this
convention, let g4 = Qo N Q2 € S, 5 = Qo N Q3 € Sy. Let

Sz — S5
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be the blowup of ¢4 U g5, @4, Q5 the corresponding exceptionnal divisors. Let
g6 = Q3 N Q5 € S3, Sy — S3 the blowup of gs, Q¢ its exceptional divisor. Let
qr=QsNQ3 €Sy and S =55 — S, the blowup of ¢g;. We denote by

p:S’—>Sl and 7:8 — A2

the compositions of the blowups introduced above. As explained, each point g;
defines a divisor E; C S. If (mg,...,my) € N®, the ideal 7.(Og(— > m;E;))
is a punctual subscheme supported by go which we will represent graphically
with a label m; at the point of the Enriques diagram corresponding to ¢;. For
instance, the subscheme m,(Og(—8Ey — 2E; — Ey — E4 — 3E3)) is associated

with the following diagram.

The following theorem describes the successive collision of four fat points which
approach on curves C; with distinct tangent directions. This includes in partic-
ular the generic successive collision.

Theorem 19. Let qo € A?, q1,q2,q3 three distinct tangent directions at qo
and C,Co, Cs be three smooth curves passing through po with tangent direction
q1,92,93. Let Zppmmm be the collision of the fat points pg', pi*, ps', ps' where:

e pg is located at qq,
e p1 moves on the curve Cy (resp. pa on Ca, ps on Cs).

Then Zmmm 1S defined by the following Enriques diagram, which depends on
m modulo /.

B g k-1 k4 1k K k k. Kk
3k + 1 3k +1 3k + 2
k k k
k k k
Tk + Tk + Tk +
k k k
m =4k + 1 m = 4k 4+ 2 m = 4k + 3

Proof. All cases are similar and we prove the theorem in the case m = 4k.
We choose a formal neighborhood & of p = (q1,q2,q3) € (S1)% such that
Qo C Sy is defined by the equation z; = 0 around each ¢; and such that
C3 is defined by o = 0 around g¢3 (this is possible since Cj is smooth). Let
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n=(m-—1,m-—2>5,...,3). Let F,,, be the staircase defined by the height func-
tion hp,, (d) = hg,, ([2]), and let G = S(R.,,n) be the staircase obtained from
R,, by suppression of the slices indexed by n. Let X¢(Ryg, Fi, Gx) C S1 be the
subscheme defined by the formal neighborhood & and the staircases Ry, Fy, Gj.
According to the correspondance between complete ideals and monomial sub-
schemes formulated in [E], if the m;’s are the integers defined in the Enriques
diagram,

- ZmiEi)) = 0g,(—=moQo — X¢(R, i, G))) ()

Let J(p3) denote the ideal of Z,mmm U ps'. I claim that we are done if we prove
the inclusion

lim 7*J(p3) C HY(Os, (—moQo — X¢(Ry, Fis, G)) (%%).

P3—Ppo

Indeed, we would then have the inclusions

Iz

mmmm n*n*lzmwnmwn = 77*77* hm J(pg)
pP3—Po
1. lim n"J (ps)
PpP3—po
HO(OSI (7714'/@0 - X@(Rk; Fk7 G)) by (**)
HO(U*(O& (—7/€Q0 - (Rk, £y, G))

O(1.pOg(= Y miE;)) by (%)

Iz Wherelzfm (= Zmz E;).

n N NN N N

According to [ﬁ], since the Enriques diagram defining Z is unloaded, deg(Z) =
> W which is immediatly checked to be 4% = deg(Zmmmm,). Sum-
ming up, Z and Z,,mmm are two punctual subschemes of the same degree with
Iz, o C Iz, thus they are equal.

It.remains to prove the displayed inclusion (#x*) using our theorem. By [ﬂ] or
(iL1],

012 = H O, (=6kQ0 — Xy (Rok, Fax))

where 9 is the formal neighborhood of (g1, ¢2) induced by the formal neighbor-
hood ¢ of (g1, ¢2,q3). Thus

lim n*J(p3) = hm £( o(Rm,t,v=1))
P3—Po
where ¢ is the formal neighborhood of ps induced by the formal neighborhood
€ of (q1,q2,q3) and £ = H°(Og, (—6kQo — Xy (Rak, Fox))). To apply theorem
[l with X = Sy, s =1,D = Qp, and n = (m — 1,m — 5,...,3), the verification
L((=i+1)D — Z;) = L(—iD) is needed. Elements of L((—i 4+ 1)D — Z;) are
sections of Og, ((—6k — i+ 1)Qp) that vanish on

Xy (Rok—it1, Fop—iv1) U Z; = Xe(Rog—iv1, For—it1, T(Rm,m — 1 —4(i — 1))).
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Since the intersection
Qo N Xe(Rok—it+1, Fop—it1, T(Ry,m — 1 —4(i — 1))

has degree 3(2k—i+1)+ (4i—3) greater than the degre 6k+i—1 of the restriction
Os((=6k—i+1)Qo)|q,, it follows that any section of L((—i+1)D — Z;) vanishes
on D. Thus we can apply the theorem and we get:

lim £(—X (R, t,1)) € L(—kQo — X p(S(Rpm,n)))

t—0
HY(Os, (= TkQo — Xy (R, Fi) — Xo(S(Rm, n))))
HO(OS1 (_mOQO - Xﬁ(Rk; Fka S(R’ma n)))a
which concludes the proof. [ |
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