
HAL Id: hal-00002152
https://hal.science/hal-00002152v1

Preprint submitted on 26 Jun 2004

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Deformation quantization on a Hilbert space
Giuseppe Dito

To cite this version:

Giuseppe Dito. Deformation quantization on a Hilbert space. 2004. �hal-00002152�

https://hal.science/hal-00002152v1
https://hal.archives-ouvertes.fr


cc
sd

-0
00

02
15

2,
 v

er
si

on
 1

 -
 2

8 
Ju

n 
20

04

Deformation quantization on a Hilbert space

Giuseppe Dito
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Summary. We study deformation quantization on an infinite-dimensional Hilbert
space W endowed with its canonical Poisson structure. The standard example of
the Moyal star-product is made explicit and it is shown that it is well defined on
a subalgebra of C∞(W ). A classification of inequivalent deformation quantizations
of exponential type, containing the Moyal and normal star-products, is also given.

1 Introduction

Deformation quantization provides an alternative formulation of Quantum Mechan-
ics by interpreting quantization as a deformation of the commutative algebra a clas-
sical observables into a noncommutative algebra [1]. The quantum algebra is defined
by a formal associative star-product ⋆~ which encodes the algebraic structure of the
set of observables.

Deformation quantization has been applied with increasing generality to several
area of mathematics and physics. Most of these applications deal with star-products
on finite-dimensional manifolds. See [3] for a recent review.

It is natural to consider an extension of deformation quantization to infinite-
dimensional manifolds as it appears to be a good setting where quantum field theory
of nonlinear wave equations can be formulated (e.g. in the sense of I. Segal [11]).
In the star-product approach, the first steps in that direction are given in [4, 5].

Recently, deformation quantization has become popular among field and string
theorists. A generalization of Moyal star-product to infinite-dimensional spaces ap-
pears in several places in the literature. Let us just notice that the Witten star-
product [12] appearing in string field theory is heuristically equivalent to an infinite-
dimensional version of the Moyal star-product. A brute force generalization of Moyal
star-product to field theory yields to some pathological and unpleasant features such
as anomalies and breakdown of associativity. We think that it is worth writing down
a mathematical study of the Moyal product in infinite dimension even if it is not
an adequate product for field theory considerations.

In the finite-dimensional case, the existence of star-products on any (real) sym-
plectic manifold has been established by DeWilde and Lecomte [2]. The general exis-
tence and classification problems for the deformation quantization of a Poisson man-
ifold was solved by Kontsevich [9]. However, the very first problem that one faces
when going over infinite-dimensional spaces, it to make sense of the star-product
itself as a formal associative product. It contrasts with the finite-dimensional case
where the deformation is defined on all of the smooth functions on the manifold.
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This is by far too demanding in the infinite-dimensional case even when the Poisson
structure is well-defined on all of the smooth functions (e.g. on Banach or Fréchet
spaces). One should specify first an Abelian algebra of admissible functions which
then can be deformed. For example, on E = S×S , where S is the Schwartz space on
R

n, endowed with its canonical Poisson structure, one cannot expect to write down
a star-product defined on all holomorphic functions on E, but has to restrict it to
some subalgebra. For example, in [5] it is shown, that for such a simple star-product
as the normal star-product, it is defined on the subalgebra of holomorphic functions
of a and ā (creation and annihilation ‘operators’) having semi-regular kernels. In
[6], one can find a nice analysis for the normal star-product and the conditions on
the kernel have been translated in terms of wave front set of the distributions.

After making precise what is a deformation quantization on a Hilbert space,
we first present a study of Moyal product when the space-space is the direct sum
of a Hilbert space with its dual. We identify a subalgebra of smooth functions,
specified by conditions of Hilbert-Schmidt type on their derivatives, on which the
Moyal product makes sense. We also define a family of star-products of exponential
type, show that they are not all equivalent to each other and give the classification
of their equivalence classes in terms of Hilbert-Schmidt operators.

2 Star-products on a Hilbert space

When infinite-dimensional spaces are involved, further conditions are needed to
define a deformation quantization or a star-product. The algebra of functions on
which the Poisson bracket and the star-product are defined should be specified along
with the class of admissible cochains (especially when the issue of the equivalence
of deformations is considered).

2.1 Notations

Let B be a Banach space over a field K (R or C). The topological dual of B shall
be denoted by B∗. The Banach space of bounded r-linear forms on B is denoted
by Lr(B,K) and Lr

sym(B, K) is the subspace of Lr(B, K) consisting of bounded
symmetric r-linear forms on B. We shall denote by C∞(B, K) the space of K-valued
functions on B that are smooth in the Fréchet sense. The Fréchet derivative of
F ∈ C∞(W,K) is denoted by DF and it is a smooth map from B to L1(B, K) = B∗,
i.e., DF ∈ C∞(B, B∗). For F ∈ C∞(B, K), the higher derivative D(r)F belongs to
C∞(B,Lr

sym(B, K)) and we shall use the following notation D(r)F (b).(b1, . . . , br)
for the rth-derivative of F evaluated at b ∈ B in the direction of (b1, . . . , br) ∈ Br.

Let W be an infinite-dimensional separable Hilbert space over a field K. For
notational reasons, as it will become clear later, it would be convenient for us to
not identify W ∗ with W . For any orthonormal basis {ei}i≥1 in W and corresponding
dual basis {e∗i }i≥1 in W ∗, we shall denote the partial derivative of F ∈ C∞(W, K)
evaluated at w in the direction of ei by ∂iF (w) ∈ K, i.e., ∂iF (w) = DF (w).ei.
Since F is differentiable in the Fréchet sense, we have DF (w) =

∑

i≥1 ∂iF (w)e∗i
and thus, for any w ∈ W , that

∑

i≥1 |∂iF (w)|2 < ∞.
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2.2 Multidifferential operators

Let us first make precise what we call a Poisson structure on W . In the following,
we will consider a map P that sends W into a space of (not necessarily bounded)
bilinear forms on W ∗ and a subalgebra F of C∞(W, K). We define the subspace
DF

w = {DF (w) | F ∈ F} of W ∗.

Definition 1. Let W be a Hilbert space. Let F be an Abelian subalgebra (for the
pointwise product) of C∞(W,K). A Poisson bracket on (W,F) is a K-bilinear map
{·, ·} : F ×F → F such that:

i) there exists a map P from W to the space of bilinear forms on W ∗, so
that the domain of P (w) contains DF

w × DF
w and ∀F, G ∈ F, {F, G}(w) =

P (w).(DF (w), DG(w)) where w ∈ W .

ii) (F , {·, ·}) is a Poisson algebra, i.e., skew-symmetry, Leibniz rule, and Jacobi
identity are satisfied.

The triple (W,F , {·, ·}) is called a Poisson space.

Let us give an example where P (w) is an unbounded bilinear form on W ∗.

Example 1. Consider a real Hilbert space W with orthonormal basis {ei}i≥0. We
will realize the following subalgebra of the Witt algebra:

[Lm, Ln] = (m − n)Lm+n, m, n ≥ 0,

by functions on W . For w ∈ W , let φi(w) = 〈e∗i , w〉, i ≥ 0 be the coordinate
functions. The algebra F generated by the family of functions {φi}i≥0 is an Abelian
subalgebra of C∞(W, R) consisting of polynomial functions in a finite number of
variables. The following expression:

{F, G}(w) =
∑

m,n≥0

(m − n)φm+n(w)∂mF (w)∂nG(w), F, G ∈ F , w ∈ W,

defines a Poisson bracket on (W,F). Indeed the right-hand side is a finite sum and
is a function in F , and we have:

{φi, φj} = (i − j)φi+j ,

from which Jacobi identity follows. The special case when j = 0 gives:

{φi, φ0}(w) = P (w).(Dφi(w), Dφ0(w)) = P (w).(e∗i , e
∗
0) = iφi(w).

By choosing an appropriate w (e.g. w =
∑

i≥1 i−3/4ei), then P (w).(e∗i , e∗0) = iφi(w)
can become as large as desired by varying i. This shows that the bilinear form P (w)
cannot be bounded.

The generalization of Def. 1 to multidifferential operators on W is straightfor-
ward. Again, given an Abelian subalgebra F of C∞(W,K), we define the following
subspace of Lr

sym(W,K):

DF
w (r) = {D(r)F (w) | F ∈ F}.
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Definition 2. Let W be a Hilbert space. Let F be an Abelian subalgebra, for the
pointwise product, of C∞(W,K). Let r ≥ 1, an r-differential operator A on (W,F)
is an r-linear map A : Fr → F such that:

i) for (n1, . . . , nr) ∈ N
r, there exists a map a(n1,...,nr) from W to a space of (not

necessarily bounded) r-linear forms on Ln1
sym(W, K) × · · · × Lnr

sym(W,K), i.e.,

a(n1,...,nr)(w) : D(n1,...,nr)
w ⊂ Ln1

sym(W,K) × · · · × Lnr
sym(W,K) → K,

so that the domain D
(n1,...,nr)
w of a(n1,...,nr)(w) contains DF

w (n1)×· · ·×DF
w (nr) and

a(n1,...,nr) is 0 except for finitely many (n1, . . . , nr);

ii) for any F1, . . . , Fr ∈ F and w ∈ W , we have

A(F1, . . . , Fr)(w) =
∑

n1,...,nr≥0

a(n1,··· ,nr)(w).(D(n1)F1(w), · · · , D(nr)Fr(w)).

Notice that Poisson brackets as defined above are special cases of bidifferential
operators in the sense of Def. 2 with P = a(1,1).

2.3 Deformation quantization on W

We now have all the ingredients to define what is meant by deformation quantization
of a Poisson space (W,F , {·, ·}) when W is a Hilbert space.

Definition 3. Let W be a Hilbert space and (W,F , {·, ·}) be a Poisson space. A
star-product on (W,F , {·, ·}) is a K[[~]]-bilinear product ⋆~ : F [[~]]×F [[~]] → F [[~]]
given by F ⋆~ G =

∑

r≥0 ~
rCr(F, G) for F, G ∈ F and extended by K[[~]]-bilinearity

to F [[~]], and satisfying for any F, G, H ∈ F:

i) C0(F, G) = FG,

ii) C1(F, G) − C1(G, F ) = 2{F, G},

iii) for r ≥ 1, Cr : F × F → F are bidifferential operators in the sense of Def. 2,
vanishing on constants,

iv) F ⋆~ (G ⋆~ H) = (F ⋆~ G) ⋆~ H.

The triple (W,F [[~]], ⋆~) is called a deformation quantization of the Poisson space
(W,F , {·, ·}).

We also have a notion of equivalence of deformations adapted to our context:

Definition 4. Two deformation quantizations (W,F [[~]], ⋆1
~) and (W,F [[~]], ⋆2

~) of
the same Poisson space (W,F , {·, ·}) are said to be equivalent if there exists a K[[~]]-
linear map T : F [[~]] → F [[~]] expressed as a formal series T = IdF +

∑

r≥1 ~
rTr

satisfying:

i) Tr : F → F, r ≥ 1, are differential operators in the sense of Def. 2, vanishing on
constants,

ii) T (F ) ⋆1
~ T (G) = T (F ⋆2

~ G), ∀F, G ∈ F.
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3 Moyal product on a Hilbert space

We present an infinite-dimensional version of the Moyal product defined on a class
of smooth functions specified by a Hilbert-Schmidt type of conditions on their
derivatives.

3.1 Poisson structure

Let H be an infinite-dimensional separable Hilbert space. We consider the phase-
space W = H ⊕ H∗ endowed with its canonical strong symplectic structure
ω((x1, η1), (x2, η2)) = η1(x2) − η2(x1), where x1, x2 ∈ H and η1, η2 ∈ H∗.

Let F : W → C be a C∞ function (in the Fréchet sense). We shall denote
by D1F (x, η) (resp. D2F (x, η)) the first (resp. second) partial Fréchet derivative
of F evaluated at point (x, η) ∈ W . With the identification H∗∗ ∼ H we have
D1F (x, η) ∈ H∗ and D2F (x, η) ∈ H. Let 〈·, ·〉 : H∗ × H → K be the canonical
pairing between H and H∗.

With these notations, the bracket associated with the canonical symplectic
structure on W takes the form:

{F, G}(x, η) = 〈D1F (x, η), D2G(x, η)〉 − 〈D1G(x, η), D2F (x, η)〉, (1)

where F, G ∈ C∞(W,K).

Proposition 1. The space W endowed with the bracket (1) is an infinite-dimen-
sional Poisson space or, equivalently, (C∞(W, K), {·, ·}) is a Poisson algebra.

Proof. One has only to check that the map (x, η) 7→ {F, G}(x, η) belongs to
C∞(W, K) for any F, G ∈ C∞(W, K). Then Leibniz property and Jacobi identity
will follow. For F, G ∈ C∞(W,K), the maps (x, η) 7→ (D1F (x, η), D2G(x, η)) and
(ξ, y) 7→ 〈ξ, y〉 belong to C∞(W,H∗ × H) and C∞(H∗ × H, K), respectively. The
map (x, η) 7→ {F, G}(x, η), as composition of C∞ maps, is therefore in C∞(W, K).
�

For any orthonormal basis {ei}i≥1 in H and dual basis {e∗i }i≥1 in H∗, the com-
plex number ∂iF (x, η) shall denote the partial derivative of F evaluated at (x, η)
in the direction of ei, i.e. ∂iF (x, η) = DF (x, η).(ei, 0) = D1F (x, η).ei, and, simi-
larly, ∂i∗F (x, η) = DF (x, η).(0, e∗i ) = D2F (x, η).e∗i is the partial derivative in the
direction of e∗i . Notice that i∗ should not be considered as a different index from i
when sums are involved, it is merely a mnemonic notation to distinguish partial
derivatives in H and in H∗.

For F ∈ C∞(W, K), we have for any (x, η) ∈ W that
∑

i≥1 |∂iF (x, η)|2 < ∞

and
∑

i≥1 |∂i∗F (x, η)|2 < ∞, hence the Poisson bracket (1) admits an equivalent
form in terms of an absolutely convergent series:

{F, G}(x, η) =
∑

i≥1

(

∂iF (x, η)∂i∗G(x, η) − ∂iG(x, η)∂i∗F (x, η)
)

. (2)
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3.2 Functions of Hilbert-Schmidt type

We now define a subalgebra of C∞(W, K) suited for our discussion. Let us start
with some definitions and notations.

For any F ∈ C∞(W,K) and (x, η) ∈ W , the higher derivatives

D(r)F (x, η) : W × · · · × W → K, r ≥ 1,

are bounded symmetric r-linear maps and partial derivatives of F will be denoted
D

(r)
α1···αrF (x, η) where α1, . . . , αr are taking values 1 or 2. Let us introduce:

H(α) =

{

H, if α = 1;

H∗, if α = 2.
α♭ =

{

2, if α = 1;

1, if α = 2.
i(α) =

{

i, if α = 1;

i∗, if α = 2.
(3)

Also i♯ will stand for either i or i∗. With these notations, partial derivatives of F
are bounded r-linear maps:

D(r)
α1···αr

F (x, η) : H(α1) × · · · × H(αr) → K.

It is convenient to introduce new symbols such as ∂ij∗k for higher partial
derivatives, e.g., ∂ij∗kF (x, η) ∈ K stands for D(3)F (x, η).((ei, 0), (0, e∗j ), (ek, 0)) =

D
(3)
121F (x, η).(ei, e

∗
j , ek), where {ei}i≥1 (resp. {e∗i }i≥1) is an orthonormal basis in H

(resp. H∗).

Definition 5. Let {ei}i≥1 be an orthonormal basis in H and {e∗i }i≥1 be the dual
basis in H∗. Functions of Hilbert-Schmidt type are functions F in C∞(W,K) such
that

∑

i1,...,ir≥1

|∂
i
♯
1···i

♯
r
F (x, η)|2 < ∞, ∀r ≥ 1,∀(x, η) ∈ W. (4)

The sums involved have to be interpreted in the sense of summable families.
By Schwarz lemma for partial derivatives, it should be understood that Eq. (4)
represents r + 1 distinct sums corresponding to all of the choices i♯ = i or i∗. The
set of functions of Hilbert-Schmidt type on W will be denoted by FHS.

The definition above is independent of the choice of the orthonormal basis.

Remark 1. Let N∗ be the set of positive integers. For each r ≥ 1, the set of families
of elements {xI}I∈Nr

∗
in K such that

∑

I∈Nr
∗

|xI |
2 < ∞ is the Hilbert space ℓ2(Nr

∗)

for the usual operations and inner product. Then condition (4) can be equivalently
stated in the following way: F ∈ C∞(W, K) is of Hilbert-Schmidt type if and only
if, for any r ≥ 1 and any (x, η) ∈ W , the 2r families {∂

i
♯
1···i

♯
r
F (x, η)}

(i
♯
1,...,i

♯
r)∈Nr

∗

belong to ℓ2(Nr
∗).

Remark 2. The set FHS does not contain all of the (continuous) polynomials on W .
For example, the polynomial P (y, ξ) = 〈ξ, y〉 is not in FHS as

∑

i,j≥1 |∂ij∗P (x, η)|2

=
∑

i,j≥1 δij = ∞. In a quantum field theory context, the polynomial P corresponds
to a free Hamiltonian in the holomorphic representation.
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Proposition 2. The set of functions of Hilbert-Schmidt type is an Abelian subal-
gebra of C∞(W, K) for the pointwise product of functions.

Proof. Let a, b ∈ K and F, G ∈ FHS. It is clear from Remark 1 that aF + bG is in
F, G ∈ FHS. The product FG belongs to FHS as a consequence of the Leibniz rule
for the derivatives and from: if {xI}I∈Nr

∗
∈ ℓ2(Nr

∗) and {yJ}J∈Ns
∗
∈ ℓ2(Ns

∗), then
{xIyJ}I×J∈N

r+s
∗

∈ ℓ2(Nr+s
∗ ). �

Moreover the Poisson bracket (1) restricts to FHS and we have:

Proposition 3. (W,FHS, {·, ·}) is a Poisson space.

Proof. Let F and G be in FHS. According to the proof of Prop. 1, the map
Φ : (x, η) 7→ 〈D1F (x, η), D2G(x, η)〉 is in C∞(W,K) and splits as follows:

Φ : W
Ψ1−−−−−→ H∗ ×H

Ψ2−−−−−→ K

(x, η) 7→ (D1F (x, η), D2G(x, η)) 7→ 〈D1F (x, η), D2G(x, η)〉,

where both Ψ1 and Ψ2 are C∞ maps. We only need to check that Φ is of Hilbert-
Schmidt type.

By applying the chain rule to Φ = Ψ2 ◦ Ψ1, it is easy to see that we can freely
interchange partial derivatives with the sum sign and we get that the partial deriva-
tives of Φ is a finite sum of terms of the form:

a
j

♯
1···j

♯
r ,k

♯
1···k

♯
s
≡
∑

i≥1

∂
ij

♯
1···j

♯
r
F (x, η)∂

i∗k
♯
1···k

♯
s
G(x, η). (5)

The Cauchy-Schwarz inequality implies that the family {a
j

♯
1···j

♯
r ,k

♯
1···k

♯
s
} is in ℓ2(Nr+s

∗ )

and thus Φ belongs to FHS. Hence FHS is closed under the Poisson bracket. �

3.3 Moyal star-product on W

We are now in position to define the Moyal star-product on W as an associative
product on FHS[[~]].

For F, G ∈ FHS , (x, η) ∈ W , r ≥ 1, α1, . . . , αr, β1 . . . , βr equal to 1 or 2, and
with the notations introduced previously, let us define:

〈〈D(r)
α1···αr

F, D
(r)
β1···βr

G〉〉(x, η) =
∑

i1,...,ir≥1

∂
i
(α1)
1 ···i

(αr)
r

F (x, η) ∂
i
(β1)
1 ···i

(βr)
r

G(x, η).

(6)

Remark 3. The preceding definition does not depend on the choice of the orthonor-
mal basis in H and the series is absolutely convergent as a consequence of the
Cauchy-Schwarz inequality.

Let Λ be the canonical symplectic 2 × 2-matrix with Λ12 = +1. As in the finite-
dimensional case, the powers of the Poisson bracket (1) are defined as:
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Cr(F, G) =
∑

α1,...,αr=1,2

∑

β1,...,βr=1,2

Λα1β1 · · ·Λαrβr 〈〈D(r)
α1···αr

F, D
(r)
β1···βr

G〉〉. (7)

The next Proposition shows that the Cr are bidifferential operators in the sense
of Def. 2 and they close on FHS. We shall use a specific version of the Hilbert
tensor product ⊗ between Hilbert spaces (see e.g. Sect. 2.6 in [8]). Let H1, . . . ,Hr

be Hilbert spaces with orthonormal bases {e
(1)
i }i≥1, . . . , {e

(r)
i }i≥1. There exists a

Hilbert space T = H1 ⊗ · · · ⊗ Hr and a bounded r-linear map Ψ : (x1, . . . , xr) 7→
x1 ⊗ · · · ⊗ xr from H1 × · · · × Hr to H1 ⊗ · · · ⊗ Hr satisfying:

∑

i1,...,ir≥1

|〈Ψ(e
(1)
i1

, . . . , e
(r)
ir

), x〉|2 < ∞, ∀x ∈ T ,

such that for any bounded r-linear form: Ξ : H1 × · · · × Hr → K satisfying:

∑

i1,...,ir≥1

|Ξ(e
(1)
i1

, . . . , e
(r)
ir

)|2 < ∞,

there exists a unique bounded linear form L on T so that Ξ = L◦Ψ . This universal
property allows to identify Ξ to an element of T ∗.

Proposition 4. For F, G ∈ FHS and r ≥ 1, the map (x, η) 7→ Cr(F, G)(x, η)
belongs to the space of functions of Hilbert-Schmidt type FHS.

Proof. Each term in the finite sum (7) is of the form

〈〈D(r)
α1···αr

F (x, η), D
(r)

α♭
1···α

♭
r

G(x, η)〉〉, (8)

where α1, . . . , αr = 1 or 2. From the definition of FHS, expression (8) is well defined
for any F, G ∈ FHS and thus defines a function on W :

Φ : (x, η) 7→ 〈〈D(r)
α1···αr

F (x, η), D
(r)

α♭
1···α

♭
r

G(x, η)〉〉.

The case r = 1 has been already proved in Prop. 3. For r ≥ 2, we need to
slightly modify the argument used in the proof of Prop. 3 since the bilinear map
〈〈 , 〉〉 defined by (6) is not a bounded bilinear form on the product of Banach
spaces:

Lr(H(α1), . . . ,H(αr); K) × Lr(H(α♭
1), . . . ,H(α♭

r); K). (9)

In order to show that Φ is in C∞(W, K), we shall use the universal property of
the Hilbert tensor product ⊗ mentioned above. For F, G ∈ FHS, we can consider
the bounded r-linear maps D

(r)
α1···αrF (x, η) and D

(r)

α♭
1···α

♭
r

G(x, η) as bounded linear

forms on H(α) ≡ H(α1) ⊗ · · ·⊗H(αr) and H(α♭) ≡ H(α♭
1) ⊗ · · ·⊗H(α♭

r), respectively.
Then the unbounded bilinear map 〈〈 , 〉〉 on the product of spaces (9) restricts to

the natural pairing of H(α♭) ∼ H(α)∗ and H(α) which is a smooth map. This shows
that Ψ belongs to C∞(W, K).

An argument similar to the one used in the proof of Prop. 3 shows that the
partial derivatives of Φ involve a finite sum of terms of the form:

∑

i1,...ir≥1

∂
i
(α1)
1 ···i

(αr)
r j

♯
1···j

♯
a
F (x, η) ∂

i
(α♭

1
)

1 ···i
(α♭

r)
r k

♯
1···k

♯
b

G(x, η),
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where we have used the notations introduced at the beginning of Subsection 3.2.
A direct application of the Cauchy-Schwarz inequality gives:

∑

j1,...,ja≥1

∑

k1,...,kb≥1

∣

∣

∣

∑

i1,...ir≥1

∂
i
(α1)
1 ···i

(αr)
r j

♯
1···j

♯
a
F ∂

i
(α♭

1
)

1 ···i
(α♭

r)
r k

♯
1···k

♯
b

G
∣

∣

∣

2

≤

∑

i1,...ir ,j1,...,ja≥1

∣

∣∂
i
(α1)
1 ···i

(αr)
r j

♯
1···j

♯
a
F
∣

∣

2
∑

i1,...ir ,k1,...,kb≥1

∣

∣∂
i
(α♭

1
)

1 ···i
(α♭

r)
r k

♯
1···k

♯
b

G
∣

∣

2
< ∞.

This shows that Φ is of Hilbert-Schmidt type and hence (x, η) 7→ Cr(F, G)(x, η)
belongs to FHS. �

We summarize all the previous facts in the following:

Theorem 1. Let the Cr’s be given by (7), then the formula

F ⋆M
~ G = FG +

∑

r≥1

~
r

r!
Cr(F, G), (10)

defines an associative product on FHS[[~]] and hence a deformation quantization
(W,FHS[[~]], ⋆M

~ ) of the Poisson space (W,FHS, {·, ·}).

Proof. That ⋆M
~ : FHS[[~]] ×FHS[[~]] → FHS[[~]] is a bilinear map is a direct con-

sequence of Prop. 4 and Prop. 2. Associativity follows from the same combinatorics
used in the finite-dimensional case and the fact that the derivatives distribute in
the pairing 〈〈 , 〉〉 defining the Cr’s. �

4 On the equivalence of deformation quantizations on W

We end this article by a discussion on the issue of equivalence of star-products on
W . In the finite-dimensional case (i.e. on R

2n endowed with its canonical Poisson
bracket), it is well known that all star-products are equivalent to each other. The
situation we are dealing with here, although it is a direct generalization of the
flat finite-dimensional case, allows inequivalent deformation quantizations. We will
illustrate this fact on a family of star-products of exponential type containing the
important case of the normal star-product.

4.1 The Hochschild complex

The space of functions of Hilbert-Schmidt type FHS being an associative algebra
over K, we can consider the Hochschild complex C•(FHS,FHS) and its cohomology
H•(FHS,FHS).

One has first to specify a class of cochains that would define the Hochschild
complex. Here the cochains are simply r-differential operators in the sense of Def. 2
which vanishes on constants. The case where F = FHS in Def. 2 allows a more
precise description of the r-differential operators. Consider an r-differential operator
defined by:
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A(F1, . . . , Fr)(w) =
∑

n1,...,nr≥0

a(n1,··· ,nr)(w).(D(n1)F1(w), · · · , D(nr)Fr(w)),

where F1, . . . , Fr ∈ FHS and w = (x, η) ∈ W . For F ∈ FHS, the higher derivative
D(m)F (x, η) defines an element of the mth tensor power of W (here we identify W ∗

with W ). For a fixed w = (x, η) ∈ W and m ≥ 0, the linear map F 7→ D(m)F (x, η)

from FHS to W
m
⊗ is onto and we can look at the restriction of the r-linear form

a(n1,...,nr)(w) : D(n1,...,nr)
w ⊂ Ln1

sym(W,K) × · · · × Lnr
sym(W,K) → K,

to the product W
n1
⊗ × · · · × W

nr
⊗ as a bounded r-linear form:

ã(n1,...,nr)(w) : W
n1
⊗ × · · · × W

nr
⊗ → K,

such that w 7→ ã(n1,...,nr)(w) is a smooth map from W to Lr(W
n1
⊗ × · · ·×W

nr
⊗ , K).

The Leibniz rule for the derivatives of a product can be written here for F, G ∈
FHS as:

D(m)(FG)(w).(w1, . . . , wm)

=
1

m!

∑

σ∈Sm

k=m
∑

k=0

(

m

k

)

(D(k)F (w) ⊗ D(m−k)G(w))(wσ1 ⊗ · · · ⊗ wσm ),

where Sm is the symmetric group of degree m.
Let A(F ) =

∑

m≥0 ã(m)(w).(D(m)F (w)) be a differential operator with ã(m) ∈

C∞(W,L(W
m
⊗, K)), then it follows from the above form for the Leibniz rule that

for F, G ∈ FHS, A(FG) can be written as a finite sum
∑

m1,m2≥0

b̃(m1,m2)(w).(D(m1)F (w), D(m2)G(w))

for some b̃(m1,m2) ∈ C∞(W,L2(W
m1
⊗ × W

m2
⊗ , K)), and thus (F, G) 7→ A(FG) is a

bidifferential operator. The generalization to r-differential operators of this fact is
straightforward.

The Hochschild complex consists of multidifferential operators vanishing on
constants, i.e., C•(FHS,FHS) = ⊕k≥0C

k(FHS,FHS) where, for k ≥ 1, the space
of k-cochains is:

Ck(FHS,FHS)

= {A : Fk
HS → FHS | A is a k−differential operator vanishing on K}.

The differential of a k-cochain A is the (k + 1)-linear map δA given by:

δA(F0, . . . , Fk) = F0A(F1, . . . , Fk) − A(F0F1, F2, . . . , Fk) + · · · (11)

+ (−1)k
A(F0, F1, . . . , Fk−1Fk) + (−1)k+1

A(F0, . . . , Fk−1)Fk.

satisfies δ2 = 0, and according to the discussion above δA is a (k + 1)-differential
operator, vanishing on constants whenever A does. Thus δA is a cochain that
belongs to Ck+1(FHS,FHS), hence we indeed have a complex.

A k-cochain A is a k-cocycle if δA = 0. We denote by Zk(FHS,FHS) the
space of k-cocycles and by Bk(FHS,FHS) the space of those k-cocycles which are
coboundaries. The kth Hochschild cohomology space of FHS valued in FHS is de-
fined as the quotient Hk(FHS,FHS) = Zk(FHS,FHS)/Bk(FHS,FHS).
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4.2 Star-products of the exponential type

Let B(H) denote the algebra of bounded operators on H and B2(H), the two-
sided ∗-ideal of Hilbert-Schmidt operators on H . We shall describe a family of
deformation quantizations {(W,FHS[[~]], ⋆A

~ )}A∈B(H). Each star-product ⋆A
~ where

A ∈ B(H) shall be the exponential of a Hochschild 2-cocycle, with the Moyal star-
product corresponding to the case A = 0. It will turn out that the set of equivalence
classes of star-products of this type is parameterized by B(H)/B2(H).

Let A ∈ B(H). For F, G ∈ FHS, the map

(x, η) 7→ EA(F, G)(x, η) ≡ 〈D1F (x, η), AD2G(x, η)〉 + 〈D1G(x, η), AD2F (x, η)〉
(12)

defines a smooth function on W and is symmetric in F and G. Moreover we have:

Proposition 5. The bilinear map (F, G) 7→ EA(F, G) is a Hochschild 2-cocycle.

Proof. It is clear that δEA = 0 and, since EA vanishes on constants, it is sufficient
to check that EA is a bidifferential operator on (W,FHS), i.e., that the smooth
function (x, η) 7→ EA(F, G)(x, η) is of Hilbert-Schmidt type for any F, G ∈ FHS.
Let {ei}i≥1 be an orthonormal basis of H and {e∗i }i≥1 the dual basis. Consider the
basis {fi}i≥1 in W = H⊕H∗ defined by fi = (e i+1

2
, 0) if i is odd, and fi = (0, e∗i

2
)

if i is even. To show that EA(F, G) is in FHS is equivalent to show that

∑

i1,...,in≥1

|D(n)EA(F, G)(x, η).(fi1 , . . . , fin)|2 < ∞. (13)

holds for any n ≥ 1 and w = (x, η) ∈ W .
The chain rule applied to

Φ : W
Ψ1−−−−−→ H∗ ×H

Ψ2−−−−−→ K

(x, η) 7→ (D1F (x, η), D2G(x, η)) 7→ 〈D1F (x, η), AD2G(x, η)〉,

shows that the derivatives of EA distributes in the pairing 〈 , 〉.
The nth derivative of EA(F, G) in the direction of (fi1 , . . . , fin ) is a finite sum

of terms of the form:

〈D(r)D1F (x, η).(fk1 , . . . , fkr ), AD(s)D2G(x, η).(fl1 , . . . , fls)〉, (14)

where r+s = n and (k1, . . . , kr, l1, . . . , ls) is a permutation of (i1, . . . , in), and simi-
lar terms with F and G inverted. It is worth noting that D(r)D1F (x, η).(fk1 , . . . , fkr )
is the element of H∗ defined by the bounded linear form

h 7→ D(r+1)F (x, η).((h, 0), fk1 , . . . , fkr )

on H and, similarly, D(s)D2G(x, η).(fl1 , . . . , fls) is the element of H defined by the
bounded linear form on H∗:

ξ 7→ D(s+1)G(x, η).((0, ξ), fl1 , . . . , fls ).

The modulus squared of (14) is bounded by the constant ||A||2αk1...krβl1...ls , where
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αk1...kr =
∑

i≥1

|D(r+1)F (x, η).((ei, 0), fk1 , . . . , fkr )|2,

βl1...ls =
∑

j≥1

|D(s+1)G(x, η).((0, e∗j ), fl1 , . . . , fls)|2.

Since F, G ∈ FHS, we have
∑

k1,...,kr≥1

αk1...kr < ∞ and
∑

l1,...,ls≥1

βl1...ls < ∞, from

which inequality (13) follows. �

For any A ∈ B(H), let us define:

CA
1 (F, G) = {F, G} + EA(F, G) (15)

= 〈D1F, (A + I)D2G〉 + 〈D1G, (A − I)D2F 〉,

where I is the identity operator on H. Plainly, CA
1 is a 2-cocycle with constant

coefficients, and one can define a star-product by taking the exponential of CA
1 :

F ⋆A
~ G = exp(~CA

1 )(F, G) = FG +
∑

r≥1

~
r

r!
CA

r (F, G),

where CA
r = (CA

1 )r in the sense of bidifferential operators. This formula defines an
associative product on FHS[[~]], and we get a family of deformation quantizations
{(W,FHS[[~]], ⋆A

~ )}A∈B(H) of (W,FHS, {, ·, ·}). This family of star-products is easily
described by their symbols. Let us consider the following family of smooth functions
on W :

Φy,ξ(x, η) = exp(〈η, y〉 + 〈ξ, x〉), x, y ∈ H, η, ξ ∈ H∗. (16)

The Φy,ξ’s belong to FHS and from (15) we deduce that:

CA
r (Φy,ξ, Φy′,ξ′) = (〈ξ, (A + I)y′〉 + 〈ξ′, (A − I)y〉)r Φy+y′,ξ+ξ′ ,

and consequently:

Φy,ξ ⋆A
~ Φy′,ξ′ = exp

(

~(〈ξ, (A + I)y′〉 + 〈ξ′, (A − I)y〉)
)

Φy+y′,ξ+ξ′ . (17)

Example 2. Set A = I in (15), then CI

1(F, G) = 2〈D1F, D2G〉 and the corresponding
star-product reads

F ⋆I

~ G = FG +
∑

r≥1

(2~)r

r!
〈D

(r)
1···1F, D

(r)
2···2G〉. (18)

It is the well-known normal star-product (or Wick or standard depending on the
interpretation of the variables (x, η) ∈ W ). The cochains defining the normal star-
product CI

r correspond to only one term in the sum defining the rth cochain of
the Moyal star-product, namely the term corresponding to α1 = · · · = αr = 1 and
β1 = · · · = βr = 2 in the sum (7). One would expect that conditions (4) defining
the functions of Hilbert-Schmidt type are not all needed in order to make sense
of the normal star-product and would guess that this product can be defined on a
wider class of functions. Actually, the normal star-product defines a deformation
quantization on a larger space of functions (containing the free Hamiltonian) that
we shall describe in a forthcoming paper.
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At this stage, a natural question arises: are the deformation quantizations
{(W,FHS[[~]], ⋆A

~ )}A∈B(H) equivalent to each other? The answer is given in the:

Proposition 6. Let A ∈ B(H). The Hochschild 2-cocycle EA defined by (12) is a
coboundary if and only if A is a Hilbert-Schmidt operator.

Proof. Let A be a Hilbert-Schmidt operator on H. The map from W to K defined
by (x, η) 7→ 〈η, Ax〉 is of Hilbert-Schmidt type and therefore there exists a bounded
linear form Ã : H∗ ⊗ H → K so that 〈η, Ax〉 = 〈Ã, η ⊗ x〉. The 2-cocycle EA can
then be written as:

EA(F, G) = 〈Ã, D1F ⊗ D2G + D1G ⊗ D2F 〉, F, G ∈ FHS.

For F ∈ FHS, the mixed derivative D
(2)
12 F belongs to C∞(W,L(H ⊗ H∗, K)) ∼

C∞(W,H∗⊗H) and TA(F )(x, η) = −〈Ã, D
(2)
12 F (x, η)〉 defines a differential operator

on (W,FHS) vanishing on constants. For any two functions in FHS, the Leibniz rule
reads:

D
(2)
12 (FG) = FD

(2)
12 (G) + GD

(2)
12 (F ) + D1F ⊗ D2G + D1G ⊗ D2F,

it belongs to C∞(W,H∗ ⊗H) and a simple computation gives δTA = EA, therefore
EA is a coboundary if A is in the Hilbert-Schmidt class.

Conversely, if EA is a coboundary, there exists a differential operator S on
(W,FHS) vanishing on constants, so that EA = δS. If a term of degree one occurs
in S (a derivation) it can be subtracted without changing δS, hence we can assume
that S has the form:

S(F )(x, η) =
∑

m≥2

a(m)(x, η).(D(m)F (x, η)),

where a(m) ∈ C∞(W,L(W
m
⊗, K)) and only finitely many of them are nonzero. By

computing δS and using EA = δS, we find that only the term of degree 2 con-
tributes:

〈D1F (w)AD2G(w)〉 + 〈D1G(w), AD2F (w)〉

= −a(2)(w).(DF (w) ⊗ DG(w) + DG(w) ⊗ DF (w)), w = (x, η) ∈ W.

If we evaluate the equality above on F (x, η) = 〈ξ, x〉, ξ ∈ H∗, and G(x, η) = 〈η, y〉,
y ∈ H, we find (with a slight abuse of notations):

〈ξ, Ay〉 = −a(2)(w).(ξ ⊗ y), ∀ξ ∈ H∗, ∀y ∈ H,

from which follows that A ∈ B(H) is a Hilbert-Schmidt operator on H, as a(2)(w)
is a bounded linear form on H∗ ⊗H. �

As an immediate consequence of Prop. (6), we deduce a classification result for
deformation quantizations of exponential type {(W,FHS[[~]], ⋆A

~ )}A∈B(H).

Theorem 2. Let A, B ∈ B(H). Two deformation quantizations (W,FHS[[~]], ⋆A
~ )

and (W,FHS [[~]], ⋆B
~ ) are equivalent if and only if A − B is in the Hilbert-Schmidt

class. Consequently, the set of equivalence classes of {(W,FHS[[~]], ⋆A
~ )}A∈B(H) is

parameterized by B(H)/B2(H).
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Proof. Suppose that ⋆A
~ and ⋆B

~ are equivalent, i.e., there exists a formal series
of differential operators vanishing on constants: T = IdFHS +

∑

r≥1 ~
rTr, so that

T (F ⋆A
~ G) = TF ⋆B

~ TG. Then it follows that CA
1 = CB

1 + δT1 and, from the
definitions (12) and (15) of EA and CA

1 , we have EA−B = EA −EB = δT1, showing
that EA−B is a coboundary and hence A − B is a Hilbert-Schmidt operator on H.

Conversely, if S ≡ A − B is a Hilbert-Schmidt operator, it defines a bounded
linear form S̃ on H∗ ⊗ H and a differential operator T1(F ) = −〈S̃, D

(2)
12 F 〉 on

(W,FHS) (cf. the proof of Prop. 6). Since the star-products ⋆A
~ and ⋆B

~ are defined
by constant coefficient bidifferential operators, it is sufficient to establish the equiv-
alence at the level of symbols. Now define the formal series of differential operators
T = exp(~T1). Its symbol is given by T (Φy,ξ) = exp(~〈ξ, (B − A)y〉)Φy,ξ, where
Φy,ξ has been defined in (16). Using the symbol (17) associated to a star-product,
we find:

T (Φy,ξ ⋆A
~ Φy′,ξ′) = TΦy,ξ ⋆B

~ TΦy′,ξ′ , y, y′ ∈ H, ξ, ξ′ ∈ H∗.

Therefore the deformation quantizations (W,FHS[[~]], ⋆A
~ ) and (W,FHS[[~]], ⋆B

~ )
are equivalent. �

The Moyal and normal star-products correspond to A = 0 and A = I in (15),
respectively. Since the identity operator on the infinite-dimensional Hilbert space
H is not in the Hilbert-Schmidt class, we have:

Corollary 1. The Moyal and normal star-products are not equivalent deformations
on (W,FHS[[~]]).

Remark 4. One can generalize the class of exponential type of star-products by
allowing formal series with coefficients in B(H) in (15) or (17). The set of equivalence
classes would then be (B(H)/B2(H))[[~]]. Since we did not show that any star-
product on (W,FHS, {·, ·}) is equivalent to a star-product of the exponential type,
(B(H)/B2(H))[[~]] can only be considered as a lower bound for the classification
space of all the star-products on (W,FHS, {·, ·}).

Remark 5. Recall that all the star-products on R
2n endowed with its canonical

Poisson structure are equivalent to each other. This fact should be put in relation
with Von Neumann’s uniqueness theorem on the irreducible (continuous) represen-
tations of Weyl systems associated to the canonical commutation relations (CCR)
{qi, pj} = δij . The inequivalent representations of Weyl systems associated to the
infinite dimensional CCR have been described long time ago by G̊arding and Wight-
man [7], and Segal [10]. Here the existence of inequivalent deformation quantizations
conveys the idea that there should be a close link between the set of equivalence
classes of star-products and representations of Weyl systems associated to the CCR.
It might turn out that they actually are identical.
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