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UNIT KILLING VECTOR FIELDS ON NEARLY KAHLER
MANIFOLDS

ANDREI MOROIANU, PAUL-ANDI NAGY AND UWE SEMMELMANN

ABSTRACT. We study 6-dimensional nearly Kahler manifolds admitting a Killing vec-
tor field of unit length. In the compact case it is shown that up to a finite cover there
is only one geometry possible, that of the 3-symmetric space S2 x S3.

1. INTRODUCTION

Nearly Kéhler geometry (shortly NK in what follows) naturally arises as one of the
sixteen classes of almost Hermitian manifolds appearing in the celebrated Gray—Hervella
classification [B]. These manifolds were studied intensively in the seventies by A. Gray
[M. His initial motivation was inspired by the concept of weak holonomy [[]], but very
recently it turned out that this concept, as defined by Gray, does not produce any new
geometric structure (see [[l]) other than those coming from a Riemannian holonomy
reduction. One of the most important properties of NK manifolds is that their canonical
Hermitian connection has totally skew—symmetric, parallel torsion [[J]. From this point
of view, they naturally fit into the setup proposed in [fJ] towards a weakening of the
notion of Riemannian holonomy. The same property suggests that NK manifolds might
be objects of interest in string theory [[[7].

The structure theory of compact NK manifolds, as developed in [[[@] reduces their study
to positive quaternionic Kahler manifolds and nearly-K&hler manifolds of dimension 6.
The last class of manifolds falls in the area of special metrics with very rigid — though
not yet fully understood — properties.

Indeed, it is known since a long time that in 6 dimensions, a NK metric which is not
Kahler has to be Einstein of positive scalar curvature. Moreover, such a structure is
characterized by the existence of some (at least locally defined) real Killing spinor [L3J].
Combining these properties with the fact that the first Chern class (form) vanishes [,
one observes that non—Kahler, nearly Kahler six—-dimensional manifolds solve most of
the type II string equations [[[0]. Despite of all these interesting features, very little is
known about these manifolds. In particular, apart from the 3-symmetric spaces

S6.5% x S CP? F(1,2)

no compact example is available and moreover these is are the only compact homoge-
neous examples [{].

In a recent article [[4], Hitchin shows that nearly parallel Gy—structures ([LI] for an
account) and NK manifolds of 6 dimensions have the same variational origins. On the
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other hand, many examples of nearly parallel Go—structures are available since any 7—
dimensional, 3-Sasakian manifold carries such a structure [[1, [J] and a profusion of
compact examples of the latter were produced in [[]. Since one property of 3-Sasakian
manifolds is to admit unit Killing vector fields, one might ask whether this can happen
in the NK setting.

In the present paper we study 6-dimensional non—Kahler, nearly Kéhler manifolds which
globally admit a Killing vector field £ of constant length. After recalling some elementary
features of nearly Kahler geometry in Section 2, we show in Section 3 that any Killing
vector field of unit length induces a transversal almost hyper—-Hermitian structure on
the manifold. The almost hyper—Hermitian structure is preserved by the Killing vector
field € but not by J¢ (here J denotes the almost complex structure of the nearly Kéhler
structure). We measure this in the fourth section by computing the Lie derivatives of
the various geometrically significant tensors in the direction of J¢. This technical part
is used in Section 5 to perform a double reduction of the 6-dimensional nearly Kéhler
manifold. The resulting 4-dimensional manifold is in fact a Kahler—Einstein surface
of positive scalar curvature admitting a orthogonal almost—Kahler structure inducing
the opposite orientation. The geometry of the situation is completely understood in
terms of this data. Moreover, if the nearly Kahler manifold is compact, a Sekigawa—
type argument from [B] shows that the almost—Kihler structure is actually integrable,
allowing us to prove the main result of this paper.

Theorem 1.1. Let (M5, g, J) be a complete nearly Kihler manifold. If g admits a unit
Killing vector field, then up to a finite cover (M, g, J) is isometric to S® x S3 endowed
with its canonical NK structure.

2. NEARLY KAHLER MANIFOLDS

An almost Hermitian manifold (M, g, J) is called nearly Kdihler if (VxJ)X = 0 is
satisfied for all vector fields X. In other words, the covariant derivative of J (viewed as
a (3,0)-tensor via the metric g) is skew—symmetric in all three arguments, not only in
the last two, as it is the case for general almost Hermitian structures. This is equivalent
to dQ) = 3V}, where Q is the fundamental 2-form, i.e. Q(X,Y) := ¢g(JX,Y). The

following lemma summarizes some of the known identities for nearly Kahler manifolds.
Lemma 2.1. Let (M, g,J) be a nearly Kdihler manifold. Then
(1) (Vx)Y +(VyJ)X =0
(2)  (VyxJ)Y = (VxJ)JY
(3)  J((VxJ))Y)=—(VxJ)JY = —(V,xJ)Y
5)  29((Viyx Y. Z) = —oxy,29(Vw )X, (VyJ)JZ)

where ox )y z denotes the cyclic sum over the vector fields X, Y, Z.

A nearly Kéahler manifold is called to be of constant type « if
I(Vx DYY)I* = a{IXIPIV]* = g(X,Y)* — g(JX,Y)?}
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holds for any vector fields X,Y. A. Gray proved that a nearly Kéhler manifold of
positive constant type is necessarily 6-dimensional (cf. [[]). Moreover he showed:

Proposition 2.2. Let (M,g,J) be a 6-dimensional nearly Kdhler, non—Kdhler mani-
fold, then

(1) M is of constant type o > 0.
(2) (M) =0 and in particular M is a spin manifold.
(3) (M, g) is Einstein and Ric = 5ald = 5Ric”

Here the s—Ricci curvature Ric® is defined as Ric*(X,Y) = tr(Z — R(X,JZ)JY)).
From this it easily follows that Ric*(X,Y) = R(Q)(X, JY), where R denotes the cur-
vature operator on 2—forms.

Lemma 2.3. Let (M, gJ) be a nearly Kihler manifold of constant type «, then
9(Vu) X, (VyJ)Z) = o{g(UY)g(X,Z) —g(U Z)g(X,Y)

Corollary 2.4. Let (M®, g, J) be a nearly Kahler manifold of constant type a = 1, then
(VxJ)o (VxJ)Y = —|X*Y for Y L X, JX
VVvQ = 40

Lemma 2.5. Let X andY be any vector fields on M, then the vector field (VxJ)Y is
orthogonal to X, JX,Y, and JY .

This lemma allows us to use adapted frames {e;} which are especially convenient for
local calculations. Let e; and e3 be any two orthogonal vectors and define:

€y = J€1, €4 = J€3, €y = (velj>€3, €g - — J€5

Lemma 2.6. With respect to an adapted frame {e;} one has

VJ = 61/\63/\65—61/\64/\66—62/\63/\66—62/\64/\65
*(VJ) = —egNegNegt+eaNesNes+ep NegNes—+ e Nes N eg
QO = erNeg+e3Neg+es N eg

Corollary 2.7. Let Q) be the fundamental 2—form and X an arbitrary vector field, then
(1) X.Q=JX", X.*+Q=JX"AQ, X.dQ=JX1*dQ
(2) QP =3, *Q=10AQ, wvol=e A...Neg=30% QAdQ2=0
3) *X°=1JX"AQAQ,
where X° denotes the 1-form which is metric dual to X .

Proposition 2.8. Let (M, g, J) be a nearly Kdhler, non—Kdhler manifold with funda-
mental 2—form 0 which is of constant type o = 1, then

AQ = 1202
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Proor. To show that €2 is an eigenform of the Laplace operator we will use the
Weitzenbock formula on 2-forms, i.e. A = V*V + 2Id — 2R. From Corollary
we know that V*VQ = 4. Since we assume M to be of constant type 1 the scalar
curvature is s = 30 and the x—Ricci curvature Ric* coincides with the Riemannian
metric g. Hence, R(Q)(X,Y) = —Ric*(X,JY) = Q(X,Y). Substituting this into the
Weitzenbock formula yields AQ) = 12€).

(I
Corollary 2.9. If £ is any vector field satisfying Le(xdQ) = 0 then
A(JELdQ) = —12J8 A Q (1)
Proor. We use Corollary and the relation L = do §1 + &1 o d to obtain
d(JEL2dQ) = —d(Eu xdQY) = Ea(d*dQ) = =5 (xd"dQY) = =€ (xAQ)
Note that d*Q = 0. Again applying Corollary R.7 together with (fl) we get
A(JE2dQ) = —1265(xQ) = =661 (AN Q) = —12(E0QD A Q= —12J A Q
O

The structure group of a nearly Kahler manifold (M®, g, J) reduces to SU(3) which
implies the decomposition A?*(T'M) = A" @ A with

ae N & oX)Y)= a(JX,JY)
a€ AN & o(X,Y)=—al(JX,JY)

We will denote the projection of a 2-form o onto A™ by o™V and the projection onto
A by (20 This is motivated by the isomorphisms

A" @ C =2 AN (TM) =u(3), A oC=ARTM) o AD(TM)

Lemma 2.10. The decomposition A>(TM) = A" @ A% s orthogonal and the projec-
tions of a 2—form a onto the two components are given by

oMV(X,Y) = L(a(X,Y)+a(JX,JY)) = S Rela([X +iJX],[Y ~iJY])

a29(X,Y) — %(a(X, Y) - a(JX, JY)) = %Re(a([X b iTX] [V 4 i)

Under the isomorphism A%(T'M) = Endy(T'M) every 2-form « corresponds to a skew—
symmetric endomorphism A which is defined by the equation a(X,Y) = g(AX,Y).
Note that |A|? = 2|a|?, where | - | is the norm induced from the Riemannian metric on
the endomorphisms and on the 2—forms.

Lemma 2.11. Let A® resp ALY be the endomorphisms corresponding to the com-
ponents a9 resp. a( , then
(1) A@O —%(AJrJAJ) —%( — JAJ)

(2) JoABY =A0Yo JoA<20: —AROD o
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3. THE TRANSVERSAL COMPLEX STRUCTURES

In this section we consider 6-dimensional compact non-Kahler nearly Kahler manifolds
(M, g, J) of constant type o = 1, i.e. with scalar curvature normalized by s = 30. We
will assume from now on that (M, g) is not isometric to the sphere with its standard
metric.

Proposition 3.1. Let £ be a Killing vector field then the Lie derivative of the almost
complex structure J with respect to & vanishes

LeJ = 0.

PRrROOF. Nearly Kéhler structures J on (M, g) are in one-to—one correspondence with
Killing spinors of unit norm on M (cf. [[3]). However, if (M,g) is not isometric to
the standard sphere, the (real) space of Killing spinors is 1-dimensional, so there exist
exactly 2 nearly Kahler structures compatible with g: J and —.J. This shows that the
identity component of the isometry group of M preserves J, so in particular L¢J = 0
for every Killing vector field &.

O

Since a Killing vector field { satisfies by definition L¢g = 0 we obtain that the Lie
derivative L¢ of all natural tensors constructed out of g and J vanishes. In particular,
we have

Corollary 3.2. If £ is a Killing vector field on the nearly Kdihler manifold (M, g, J)
with fundamental 2—form €2, then

In order to simplify the notations we denote by ¢ := & the dual 1-form to &.
Corollary 3.3. d(J¢) = —&4dQ

PROOF. From L:Q = 0 follows: —£.dQ2 = d({4Q) = d(J().

Lemma 3.4. Let & be a Killing vector field with metric dual ¢ and let d¢ = d¢D +d(0)
be the type decomposition of dC. Then the endomorphisms corresponding to dC?% and
d¢Y are —V jeJ and 2V.€ + V j¢J respectively.

PROOF. The equation L¢J = 0 applied to a vector field X yields &, JY]| = J[¢,Y],
which can be written as

VeJY —VyvE = JVeY — JVyE€.
From this equation we obtain

(Ve)Y = Vv — JVye. (2)
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Let A (= 2V.€) denote the skew—symmetric endomorphism corresponding to the 2—form
d¢. Then () can be written

1
Vel = 5(A0J = Jo A)
From Lemma .1 we get V j¢J = (V¢J) o J, whence
Ve = %(AoJ—JoA)oJ: —%(AJFJOAOJ) = —ARD)

For the corresponding 2-form we obtain: d(?? = —V Q. Finally we compute A%V
as
ALY = A~ ARO =92V £ 4+ V] .
O
From now on we will mainly be interested in compact nearly Kahler manifolds admitting

a Killing vector field £ of constant length (normalized to 1). We start by collecting
several elementary properties

Lemma 3.5. The following relations hold:
(1) V&=V =VeJ{=VyJE=0, [§JE=0
(2) €ad¢=JEad(=0.

In particular, the distribution V := span{¢{, J&} is integrable.

We now define two endomorphisms which turn out to be complex structures on the
orthogonal complement H := {¢, JE}*:

I .= VgJ, and K = VJ£J . (3)

Note that —K is the endomorphism corresponding to d(?%. Later on, we will see
that the endomorphism J := V.£ + %ng J, corresponding to %d{' (1) defines a complex
structure on H, too.

Lemma 3.6. The endomorphisms I and K vanish on span{¢, J¢} and define complex
structures on H = {&, JE}+ compatible with the metric g. Moreover they satisfy K =
IoJ, 0=1o0J+Jol and for any X,Y € H the equation

(VxJ)Y = (Y, IX)E + (Y, KX)JE.
We will call endomorphisms of T'M, which are complex structures on H = {£, JE}

transversal complex structures. The last equation shows that V.J vanishes in the direc-
tion of H. It turns out that the same is true for transversal complex structures I and

J.

Lemma 3.7. The transversal complex structures I and K are parallel in the direction
of the distribution H, i.e.

(Vx1)Y,Z) = (VxK)Y, Z) =0
holds for all vector fields X,Y,Z in H.
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ProoOF. First of all we compute for any vector fields X, Y, Z the covariant derivative of
I.

(VxD)Y,Z) = ((Vx(VeD)Y, Z) = (Vi DY, Z) + (Vxel )Y, Z).

If X is a vector field in H, then Lemma .5 implies that Vx.JJ maps H to V and vice
versa.

Let now X, Y, Z be any vector fields in H. Then both summands in the above formula
for VxI vanish, which is clear after rewriting the first summand using formula (5) of

Lemma and the second by using formula (1) of Lemma P.1].

The proof for the transversal complex structure K is similar.
(I

Our next goal is to show that %d( (1) defines an complex structure on the orthogonal
complement of span{¢, J¢}.

Lemma 3.8. Let & be a Killing vector field of length 1 then
lact|* =8 [ac®O|* =2

Proor. We already know that the skew—symmetric endomorphism K corresponding

to —d(*? is an complex structure on {&, JE}+ with K (&) = K(J€) = 0. Hence it has
norm 4 and |[|d¢?9|> = 1||K||* = 2. Next, we have to compute the norm of d¢™V).
Since £ is a Killing vector field we have A¢ = 10(, hence

1dCED |2 = [|dC||? = | d¢PO? = (A¢,¢) —2 =8

O

Corollary 3.9. The square norm of the endomorphism J corresponding to %dg(lvl) 18
equal to 4.

Proposition 3.10. Let (M5, g, J) be a compact nearly Kdhler, non—Kdahler manifold of
constant type 1 and let & be a Killing vector field of constant length 1 with dual 1-form
(. Then

d*(J¢)=0 and A(J¢) = 18J¢.
In particular, the vector field J¢ is never a Killing vector field.

PROOF. We start to compute the L2-norm of the function d*(J¢):
ld*(JOI* = (d"J¢,d"JC) = (A(JQ), J¢) — (d*d(JC), JC)
Since A = V*V + Ric on 1-forms and Ric = 5Id we obtain
1" (TONI* = IV (IO + 5] ICII* = [ldJ ¢

To compute the norm of V(J¢) we use the formula 2(VX") = dX” + Lxg which holds
for any vector field X.
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Note that the decomposition T*M ® T*M = A?>(TM) @ Sym?*(T'M) is orthogonal.
Together with Lemma [ this yields

1 1 -~
IV = 3 (IaTCl? + | Esegll?) = 7 (4TI +417)7?)

From Lemma Bg follows: ||.J||? = Ld¢tY||? = 4. Using Corollary B3, the formula
dQ = 3V} and the fact that ] = V¢J is again a transversal complex structure, we find

ldTC|I* = 9]|€ VQJ* = 36.
Combining all these computations yields ||d*(J¢)|* = 0.

Next we want to compute AJ(. We start by using the Weitzenbock formula on 1-forms
and the equation V*V(J1) = (V*VJ)r + J(V*VT1) =25 (V. J)(V,,7) for any 1-from

7. This gives
AJ¢ = V*VJC+ Ric(JC) = (V*VI)C+ J(V*V() +5(JC) — QZ(VQJ)(V@C)

= 14J(—2) (Ve ) (Vel)

For the last equation we used Corollary P.4 and the assumption that ¢ is a Killing vector
field, hence V*V({ = A( — Ric(¢) = 5¢. Since d*(J({) = 0 we can compute AJ( by

AJC = dd(JO) = €aVe (£0d) = eia(Ve,l)adQ+ ;060 (Ve,dR)
= =3 (Ve )(Ve&) +12J¢
Comparing these two equations for AJ( we get > (V. Q)(V. &) = —2J(, so finally
AJ¢ =18JC.
Since AX = 2Ric(X) = 10X for every Killing vector field X, J{ cannot be Killing.
(I

Notice that if the manifold M is not assumed to be compact a local calculation still
shows that d*(J() is a constant.

Corollary 3.11. If € is a Killing vector field of unit length, then
(dc, ) = (¢, ) = 0.

PRrooF. Using Corollary .7 we calculate

1 1
(d¢, Q)vol = d¢ N Q) = §d( ANQNQ = §d(C AQAQ)=—d(xJ() =*(d*J() =0
This proves the corollary since the decomposition A*(T'M) = A" @ A is orthogonal
and ) € A",
O

We are now ready to prove that the (1,1)-part of d¢ defines a fourth complex structure
on H = {¢,J¢}. Indeed we have
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Proposition 3.12. Let & be a Killing vector field of constant length 1. Then
~ 1

defines a transversal complex structure on H which is compatible with the metric g.

Moreover, T is the skew-symmetric endomorphism corresponding to %dg(l’l) and it com-
mutes with I, J and K :

PROOF. Lemma B4 shows that J corresponds to 1d¢™Y . Since (d¢™™Y, Q) = 0 and
since J vanishes on span{¢, JE}, it follows that d¢(\V) € ALY (H) = A2 (H). Hence

1 ~

Finally, j, commutes with I, J and K since endomorphisms corresponding to self-dual
and anti—self-dual 2—forms in 4 dimensions commute.
(I

4. PROJECTABLE TENSORS

In this section we want to study which of the above defined tensors descend to the
space of leaves of the integrable distribution V' = span{¢, J¢}. For doing this we have
to compute Lie derivatives in the direction of £ and J&. We first remark that the flow of
& preserves both the metric g and the almost complex structure .J, thus it also preserves
I,K,dc¢, T etc.

The situation is more complicated for J&. Since J¢ is not Killing for g, we have to
specify, when computing the Lie derivative of a tensor with respect to J¢, whether the
given tensor is regarded as endomorphism or as bilinear form. Here we need the following
lemma, a direct consequence of the definition of the Lie derivative and Proposition B.13.

Lemma 4.1. Let o € I'(T*M @ T*M) be a (2,0)—tensor and A be the corresponding
endomorphism. Then the Lie derivatives of A and o with respect to JE are related by

(Lyea)(X,Y) = g((LyeA)X,Y) + 2g(JTA(X),Y). (4)
In particular, the Lie derivative of the Riemannian metric g with respect to JE is:
Lyeg =29(JJ-,). (5)
ProoFr. Taking the Lie derivative in a(X,Y) = g(AX,Y) yields
(Lsea)(X,Y) = (Lyeg)(AX,Y) + g((LscA) X, Y).

Thus (B) implies (f). Taking o = g in ({]) yields (), so the two assertions are equivalent.
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Using Proposition we can write:

Lieg(X,Y) = g(VxJEY) +g(X, VyJE)
= VJ(X,&Y)+ VI, X)+g

= (T~ 5K)X,Y) +g(I(T -

—~

JVXf, Y) —+ g(Jva,X)
K)Y,X)=2g(JJX,Y).

N | —

O

From Lemma B.5 we see that L = LjeJE = 0. Thus, if ¢ and J¢ denote the metric
duals of £ and J¢, (B) shows that Lje( = LyeJ¢ = 0. We thus get

Lye(dC) = Lye(dJC) = 0. (6)
Lemma 4.2. If £ is a Killing vector field of constant length 1, then
LJg(Q) :JdeQ—dCZZLWK—QWj, LJ&'(J) :4K, (7)
Lye(wg) = —4Q+4C A JC = —dwy,  Lye(K) = —4J|y — 21T (8)
Lyg(wy) = =20+ 20 A JC,  Lyg(D) =0 (9)
Lye(w) =0,  Ly(l)=2JK (10)

where wr, wg, w3 are the 2-forms corresponding to I, K, J and wy denotes the projection
of Q onto A’ H, ie. wy=Q — &N JE.

Proor. We will repeatedly use the formula Lxa = X_Jda + dX Ja, which holds for
any vector field X and any differential form «.

Proposition shows that
QWj:d§+wK (11)

hence

LjeQ = JEadQ+d(JE2Q) = JEdQ — d( = 3wi — d¢ = dwi — 2wj.
The second equation in ([) follows by taking A = J in Lemma [L.1.
Using Corollary R.9 we get

Lje(wk) = %LJg(JfJ dQ) = %J@ d(JE2dQY) = —4JEL(JCNQ) = —4Q +4C N JC.
The second equation in (B) follows directly from the first one, by taking A = K in
Lemma [L1].

Using (), () and ([1]) we obtain
2Ljews = Lje(d( + wg) = Ljewrg = —4Q +4C A JC.
The second part of (f]) follows from Lemma [.1].
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Finally, in order to prove ([[J) we use (I) twice:

ngw[ = %LJ&(&J dQ) = gg_l LJg(dQ) = —4£J (JC/\ Q) = O,

and the second part follows from Lemma [L.1] again.

5. THE TRANSVERSAL INVOLUTION

We define a transversal orthogonal involution o € End(7T'M) by
oc=Kol ,
i.e. we have 0> =1d on H and o = 0 on V = span{¢, J¢}. Hence, the distribution H
splits into the (41)—eigenspaces of o and we can define a new metric gy on M as
1
90:g+§g(0'7')7 (12)

i.e. we have go = gon V, gy = %g on the (—1)-eigenspace of ¢ and gy = %g on the
(+1)—eigenspace of o. The reason for introducing go is the fact that, in contrast to g,
this new metric is preserved by the flow of J¢ (cf. Corollary p.2 below).

Lemma 5.1. If A’ denotes the (2,0)-tensor corresponding to an endomorphism A, and
af denotes the endomorphism corresponding to a (2,0)-tensor o with respect to the
metric g, then

~

Lo’ = —4(JJ)

PRrROOF. The right parts of (§) and ([) read
Lje(K) = —4J +4(CAJOV=21T,  Lye(J) =2(C A JO)E.
J o

We clearly have (¢ A JC)ti oK =Ko(¢(A JC)ﬁ =(CA JC) oJ =
therefore

Lyeo = (LyeK)J + K(Lyed) = (=4J +A(C A JO)F — 20 JK)J = —4J.J — 2I.
Thus Lemma [I]] gives
Lyeo” = (40T = 21V + 2(JJ(KJ))" = —A(JJ).

Corollary 5.2. The metric gy is preserved by the flow of JE:
nggo =0.

PROOF. Direct consequence of (f):

1
Ljego = LJ§(9+20b) 2(JJ) +
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Proposition 5.3. For every horizontal vector fields X, Y, Z € H, the Levi-Civita
connection V9 of g is related to the Levi-Civita connection ¥V of g by the formula

90(VXY, Z) = go(VxY, Z) + %go((l —30)(Vxo)Y + (Vix))Y],2).  (13)

PROOF. Since the expression ¢o(VRY, Z) — go(VxY, Z) is tensorial, we may suppose
that X,Y, Z are V—parallel at some point where the computation is performed. The
Koszul formula for go(VRY, Z) yields directly

QQO(Vg?Y, Z) = 2g0<vXY, Z)—F% [<(on')Y, Z) + <<VYO')X, Z> — <(V20)X, Y)] , (14)

where (-,-) denotes the metric g. Since 0 = K o J = Jo K and since — accord-
ing to Lemma B.] — K is V—parallel in direction of H, we obtain ((Vxo)Y,Z) =

~

(VxJ)KY, Z). Now, ([]) shows that 2w; — wx = d¢ is a closed 2-form. Hence,

~ ~ ~

<(VX1J)X27 X3> + <<VX2J>X37X1> + <(VX3J>X17 X2> =0
for all vectors X;. Using this equation for X; =Y, Xy, = KX and X3 = Z we obtain
(Vx0)Y, Z) + (Vy0)X, Z) = ((Vz0)X,Y) =

~ ~ ~

= <<VXJ)KY, Z> + <(VyJ)KX, Z> — <<VZJ)KX, Y)

~ ~ ~

= <<VXJ)KY + (VK)(J)Y, Z) = <<VXU)Y + (VK)(J)Y, Z>
The desired formula then follows from ([[J) and ([4) using

. L. 1 3.
(idg + 50)(1dH — 50) = ZldH. (15)

O

We consider the space of leaves, denoted by N, of the integrable distribution V' =
span{&, J¢}. The 4-dimensional manifold N is a priori only locally defined. It can be
thought of as the base space of a locally defined principal torus bundle T? «— M — N.
The local action of the torus is obtained by integrating the vector fields £ and £’ = %J €.
Moreover, if one considers the 1-forms ¢ and (' on M associated via the metric g to
the vector fields & and 2v/3.J¢ it follows that ((£) = ¢/(¢/) = 1 and the Lie derivatives
of ¢ and ¢’ in the directions of £ and ¢’ vanish by (). Therefore ¢ and ¢’ are principal
connection 1-forms in the torus bundle T? «— M — N.

A tensor field on M projects to N if and only if it is horizontal and its Lie derivatives with
respect to & and J& both vanish. All horizontal tensors defined above have vanishing
Lie derivative with respect to . Using ([L0) together with Corollary .2 we see that w;
and go project down to N. Moreover, w; is compatible with gy in the sense that

2
WI(XaY):ﬁ.QO(IOXaY)a \V/X,YGH,
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where [ is the gp—compatible complex structure on H given by
2 1
— (I — =ol).
This follows directly from ([[J) and ([3). Keeping the same notations for the projections
on N of projectable tensors (like gy or Iy) we now prove

Theorem 5.4. (N, gy, Iy) is a Kihler manifold.

Iy =

PRrROOF. In order to simplify notations we will denote by V and V% the partial connec-
tions on the distribution H given by the H—projections of the Levi—-Civita connections
V and V9.

Then Proposition .3 reads
5 5 1 1 - .
vgg:Vx+§<idH—§U)(VXU—|—vaj). (16)

We have to check that @gofo 0 for all X in H. We first notice the tautological
relation Vxidy = 0. From Lemmas B.§ and B7] we have VxI = @XJ = VxK =0
for all X in H. Moreover, the fact that I, J and K commute with J and the relatlon
J? =id g easily show that \V/ XJ commutes with I, J, K and anti-commutes with J and

o. Consequently, Vxo (= KVx.J ) commutes with K and anti-commutes with 7, .J, J
and o for all X € H.

We thus get

(1~ gol) = ~—=(Vxo)I a7)
— — zol)=——+ o)l.

V3§ 2 V3t

On the other hand, the commutation relations above show immediately that the endo-
morphism [, commutes with (idy — —O)VKXJ and anti-commutes with (idgy — %U)VXO.

Thus the endomorphism +(idy — %a)(vxa + VixJ) acts on I by

1 1 ~ ~ ~ 1 1

@X[O == @X

g(idH - 50’)(VX0' + VixJ)(l) = 2§(idH - 50)(@)(0)]0
4 1 1
= 3\/,(1dH — §U)VXU(1dH - 5‘7)[
1 1
_ 3\[(1dH — 50)(idm + 20—)(an)

—=(Vxo)l.

I
%/—\

This, together with ([§) and ([[7), shows that V{1, = 0.

We will now look closer at the structure of the metric g. Since

1 R
g =go+ §WK(J'> ),
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the geometry of N, together with the form wg and the almost complex structure J de-
termine completely the nearly Kahler metric g. But the discussion below will show that
wg depends also in an explicit way on the geometry of the Kéhler surface (N4, go, Iy).

If a is a 2-form on H we shall denote by o', resp. «” the invariant, resp. anti-
invariant parts of a with respect to the almost complex structure Iy. An easy algebraic
computation shows that w; is [p—anti-invariant whilst

Wi = —%(wK—ij), and wj, = %(QwK—wj). (18)
Consider now the complex valued 2-form of H given by
U = /3w + 2iw,. (19)
It appears then from Lemma L. and ([[§) that
LoV = i, (20)

Thus ¥ is not projectable on N, but it can be interpreted as a L—valued 2—form on N,
where £ is the complex line bundle over N associated to the (locally defined) principal
S1-bundle

M/{&} — N = M/{§, &'}

with connection form (.
Corollary B.3, together with () implies that the curvature form of £ equals
d¢' = —6V3w; = —12go(Iy-, -). (21)

Notice that, since the curvature form of £ is of type (1,1), the Koszul-Malgrange
theorem implies that £ is holomorphic.

The following proposition computes the Ricci curvature of the Kéhler surface (N*, g, I)
by identifying the line bundle £ with the anti—canonical bundle of (N, Iy).

Proposition 5.5. (N4, g, Iy) is a Kdhler-Einstein surface with Einstein constant equal
to 12. Moreover, L is isomorphic to the anti—canonical line bundle K of (N*, g, Iy).

PrOOF. We first compute w;(ly-, ) = —%gw’[’( and (W) (1o, ) = %WJ. These lead to
(L) = —i0

in other words ¥ belongs to A?(’)Q(H ,C). We already noticed that by (PQ), ¥ defines a
section of the holomorphic line bundle
AP L=K"aL (22)

Since W is non-vanishing, this section induces an isomorphism ¥ : £ — L. We now
show that W is in fact V9%—parallel.

Notice first that K commutes with (idy — %0)(@)(0 + VixJ) (it actually commutes
with each term of this endomorphism), and VK = 0 by Lemma B.7. Thus (If) shows
that .

VOK = 0. (23)
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Furthermore, using the relation

o
) = —ga((1 = ). -
g<7 ) 3g0(< 2) ’ )7
U can be expressed as

4
U= —go((K — ilyK)-,-). 24
\/ggo(( oK)+ (24)
Since V%gy = 0 and V%I, = 0 (by Theorem [.4), (23) and (24) show that ¥ is V%
parallel.

Hence the Ricci form of (N*, go, Iy) is opposite to the curvature form of £. From (R1])
we obtain Ricy, = 12go, thus finishing the proof.
O

Proposition 5.6. The almost complex structure J on H is projectable and defines an
almost Kihler structure on (N, go) commuting with Iy.

PROOF. Lemma shows that J is projectable onto N. Let us denote the associated
2—form with respect to gy by w%. Identifying forms and endomorphisms via the metric
g we can write

~ 1 = 1 1
wii=go( ) = (14 50)] = (143K K = 2dC.

N | —

)

This shows that w% is closed, so the projection of (go,J) onto N defines an almost
Kahler structure.
O

Together with Proposition p.5, we see that the locally defined manifold N carries a
Kahler structure (go, lo) and an almost Kéhler structure (g, J) ), both obtained by pro-
jection from M. Moreover gy is Einstein with positive scalar curvature. If N were
compact, we could directly apply Sekigawa’s proof of the Goldberg conjecture in the
positive curvature case in order to conclude that (go,J) is Kéhler. As we have no
information on the global geometry of N, we use the following idea. On any almost
Kéhler Einstein manifold, a Weitzenbock-type formula was obtained in [P, which in
the compact case shows by integration that the manifold is actually Kéhler provided
the Einstein constant is non—negative. In the present situation, we simply interpret on
M the corresponding formula on N, and after integration over M we prove a point-
wise statement which down back on /N just gives the integrability of the almost Kéahler
structure.

The following result is a particular case (for Einstein metrics) of Proposition 2.1 of [P:

Proposition 5.7. For any almost Kahler Einstein manifold (N*", go, J, Q) with covari-
ant deriwative denoted by V and curvature tensor R, the following pointwise relation

holds:

* * /! * S
AVsT =83 ((p7, V.Q)) = =8| R"|" = [V'VQP — |o]* — -[VOP, (25)
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where s and s* are respectively the scalar and x—scalar curvature, p* := R(Q) is the
x—Ricci form, ¢(X,Y) = (V;xQ, VyQ), and R" denotes the projection of the curvature
tensor on the space of endomorphisms of [A*°N| anti—commuting with J.

We apply this formula to the (locally defined) almost Kéhler Einstein manifold (V, gy, J )
with Levi-Civita covariant derivative denoted V° and almost Kéhler form €2 and obtain

F+8a=0, (26)
where
F = 8|R2 + (V") VPO + 9] + S |V°0P
is a non—negative function on N and
o = ds* — 8go(p*, V°Q)

is a 1-form, both a and F' depending in an explicit way on the geometric data (go, J) ).
Since the Riemannian submersion 7 : (M, gy) — N has minimal (actually totally geo-
desic) fibers, the codifferentials on M and N are related by 6 (7*a) = 7*6V a for every
1-form « on N. Thus (B) becomes

™ F + 6 (1" a) = 0. (27)

Notice that the function 7*F' and the 1-form 7*« are well-defined global objects on M,
even though F, o and the manifold N itself are just local. This follows from the fact
that /" and « only depend on the geometry of N, so 7*F and 7"« can be explicitly
defined in terms of gy and J on M.

When M is compact, since 7*F is non-negative, (7) yields, after integration over M,
that 7*F = 0. Thus FF = 0 on N and this shows, in particular, that ¢ = 0, so J is
parallel on N.

6. PROOF OF THEOREM [[.]]

By the discussion above, when M is compact, J is parallel on N with respect to the
Levi—Civita connection of the metric gg, so J is Vo —parallel on H.

Lemma 6.1. The involution o is V -parallel.

PROOF. Since 0 = JK, (23) shows that V%g = 0. Using ([f) and the fact that o
anti-commutes with V xo and \V/ XJ for every X € H, we obtain

~ 2 1 ~ ~ ~

for all X in H. Since I commutes with V X:f and anti-commutes with o and V x0, the
I—invariant part of the above equation reads

2 ~ 1~ ~
g(VXU)U + gvKXJ =0. (28)
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But 0 = JK and VK = 0, so from (2§) we get
2(@){3\)&/]\: @KXj-
Replacing X by KX and applying this formula twice yields

Vi = =2(VigxJ)J =4V J,

thus proving the lemma.
O

We now recall that the first canonical Hermitian connection of the NK structure (g, .J)
is given by

_ 1
Vo =Vu+ 5(Vo)J

whenever U is a vector field on M. We will show that (M, g) is a homogeneous
space actually by showing that V is a Ambrose-Singer connection, that is VI = 0
and VR = 0, where T and R denote the torsion and curvature tensor of the canonical
connection V.

Let H. be the eigen—distributions of the involution ¢ on H, corresponding to the eigen-
values £1. We define the new distributions

EFE=<¢>@®H, and F =< J¢ > @H_.
Obviously, we have a g—orthogonal splitting TM = E @ F, with ' = JE.

Lemma 6.2. The splitting TM = E & F s parallel with respect to the first canonical
connection.

PROOF. For every tangent vector U on M we can write
= 1 .~ 1 1 ~
Vi€ =Vyé + §(VUJ)J§ =JU — §KU+ §JIU = (0 +1)JU,

showing that V¢ belongs to E (actually to H,) for all U in T'M.

Let now Y, be a local section of H,. We have to consider three cases. First,
— 1 1 ~
VeV = VY, + §(V§J)JY+ =LY, +Vy, §+ §IJY+ =LY, +JY,
belongs to H since L¢ and J both preserve H,. Next, if X belongs to H then:

VxYy = VY, + (VxVy, 6+ (VxYy, JE) JE

But < VY., JE >=<JY,, Vx& >= 0 by the above discussion and the fact that JY;
isin H_, and VxY, is an element of H, by Lemma p.]. Thus VY, belongs to E.
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The third case to consider is

— 1 1
VJ£Y+ = VJ£Y+ + §<VJ£J>JY+ — LJ£Y+ + VY+ Jé- - §V£Y+

1
— LJ£Y+ + (VY+J)£ + JVY+§ — §IY+
1

- 1
— LJ§Y+—IY++J(JY+—5KY+)—§IY+

— LY, —2IY, + JJY,.
On the other hand
LYy =LjeoY, =0L; Y, + (Ljeo)Y,,
so the H_—projection of LY, is

-0 1
LJ£Y+ = §<LJ£O')Y+.

7TH_LJ§Y+ =

Using (§) and (B) and the previous calculation we get

— ~ 1 ~
TH_ (VJ§Y+) = TH_ (LJ£Y+ — 2IY+ + JJY+) = TH_ (é(Ljé‘O')Y_i_ — 2IY+ + JJY+)

= 7wy (I =2JT =20+ JNY,) = —mp_ (1 +0)(Yy)) =0.

Thus E is V-parallel, and since F = JE and VJ = 0 by definition, we see that F is

V-parallel, too.
O

Therefore the canonical Hermitian connection of (M¢®, g, J) has reduced holonomy, more
precisely complex irreducible but real reducible. Using Corollary 3.1, page 487 of [Lq]
we obtain that VR = 0. Moreover, the condition VI = 0 is always satisfied on a
NK manifold (see [f], lemma 2.4 for instance). The Ambrose-Singer theorem shows
that if M is simply connected, then it is a homogeneous space. To conclude that
(M, g,J) is actually S® x S3 we use the fact that the only homogeneous NK manifolds
are S% 53 x 53 CP3 F(1,2) (see [f]) and among these spaces only S? x S® has vanishing
Euler characteristic. If M is not simply connected, one applies the argument above to
the universal cover of M which is compact and finite by Myers’ theorem. The proof of
Theorem [[.1] is now complete.

O

7. THE INVERSE CONSTRUCTION

The construction of the (local) torus bundle M® — N* described in the previous sections
gives rise to the following Ansatz for constructing local NK metrics.

Let (N%, go, Iy) be a (not necessarily complete) Kihler surface with Ric = 12g, and

assume that gy carries a compatible almost—Kahler structure J which commutes with
Iy. Let £L — N be the anti—canonical line bundle of (N*, g, I) and let m; : M; — N
be the associated principal circle bundle. Fix a principal connection form # in M; with
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curvature —12wy, r,)- Let H be the horizontal distribution of this connection and let
® in A?f(H ,C) be the "tautological” 2—form obtained by the lift of the identity map
1[:—1 . E_l — E_l.

Give M; the Riemannian metric

2 | 1 -
g1 =9®0+§ngo—2—\/§(Re<b)(J-,-). (29)

Let now M denote the principal S'-bundle 7 : M — M, with first Chern class repre-

-~

sented by the closed 2-form 2 = 27jgo(J-, ). Since we work locally we do not have to
worry about integrability matters. Let u be a connection 1-form in M and give M the
Riemannian metric

g=u’+rg.
We consider on M the 2-form

1 1
Ww=——=puNA70~+ =1 (Imd). 30
ST () (30

By a careful inspection of the discussion in the previous sections we obtain:

Proposition 7.1. (M°, g,w) is a nearly Kihler manifold of constant type equal to 1.
Moreover, the vector field dual to pv s a unit Killing vector field.

Notice that the only compact Kahler—Einstein surface (N4, go, Iy) with Ric = 12g,
possessing an almost Kéhler structure commuting with I is the product of two spheres
of radius ﬁ (see []), which corresponds, by the above procedure, to the nearly Kéhler

structure on S® x S3. Thus the new NK metrics provided by our Ansatz cannot be
compact, which is concordant with Theorem [[.]).
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