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COMPLEX CODIMENSION ONE SINGULAR

FOLIATIONS AND GODBILLON-VEY SEQUENCES

DOMINIQUE CERVEAU1, ALCIDES LINS-NETO2, FRANK LORAY1,
JORGE VITÓRIO PEREIRA2 AND FRÉDÉRIC TOUZET1

Abstract. Let F be a codimension one singular holomorphic fo-
liation on a compact complex manifold M . Assume that there
exists a meromorphic vector field X on M generically transversal
to F . Then, we prove that F is the meromorphic pull-back of an
algebraic foliation on an algebraic manifold N , or F is transversely
projective outside a compact hypersurface, improving our previous
work [7].

Such a vector field insures the existence of a global meromorphic
Godbillon-Vey sequence for the foliation F . We derive sufficient
conditions on this sequence insuring such alternative. For instance,
if there exists a finite Godbillon-Vey sequence or if the Godbillon-
Vey invariant is zero, then either F is the pull-back of a foliation
on a surface, or F is transversely projective. We illustrate these
results with many examples.
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1. Introduction

Let M be a compact connected complex manifold of dimension n ≥
2. A (codimension 1 singular holomorphic) foliation F on M will be
given by a covering of M by open subsets (Uj)j∈J and a collection
of integrable holomorphic 1-forms ωj on Uj, ωj ∧ dωj = 0, having
codimension ≥ 2 zero-set such that, on each non empty intersection
Uj ∩ Uk, we have

(∗) ωj = gjk · ωk, with gjk ∈ O∗(Uj ∩ Uk).

Let Sing(ωj) = {p ∈ Uj ; ωj(p) = 0}. Condition (∗) implies that
Sing(F) := ∪j∈JSing(ωj) is a codimension ≥ 2 analytic subset of M . If
ω is an integrable meromorphic 1-form on M , ω ∧ dω = 0, then we can
associate to ω a foliation Fω as above. Indeed, at the neighborhood of
any point p ∈M , one can write ω = f · ω̃ with f meromorphic, sharing
the same divisor with ω; therefore, ω̃ is holomorphic with codimension
≥ 2 zero-set and defines Fω on the neighborhood of p.
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A Godbillon-Vey sequence for F is a sequence (ω0, ω1, . . . , ωk, . . .) of
meromorphic 1-forms on M such that F = Fω0 and the formal 1-form

(1) Ω = dz +

∞∑

k=0

zk

k!
ωk ,

is integrable: Ω∧dΩ = 0. In this sense, Ω defines a formal development

of F on the space (Ĉ, 0) ×M . This condition is equivalent to

(2) dωk = ω0 ∧ ωk+1 +
k∑

l=1

(
l

k

)
ωl ∧ ωk+1−l .

One can see that ωk+1 is well defined by ω0, ω1, . . . , ωk up to the addition
by a meromorphic factor of ω0. Conversally, ω0, ω1, . . . , ωk, ωk+1+f ·ω0

is the begining of another Godbillon-Vey sequence for any f ∈ M(M).
Given a meromorphic vector field X on M which is transversal to F

at a generic point, there is a unique meromorphic 1-form ω satisfying
ω(X) = 1 and defining the foliation F . We then define a Godbillon-Vey
sequence for F by setting

(3) ωk := L
(k)
X ω,

where L
(k)
X ω denotes the kth Lie derivative along X of the form ω.

The length of a Godbillon-Vey sequence is the minimal N ∈ N∗∪{∞}
such that ωk = 0 for k ≥ N ; in general, the length is infinite. We say
that F is transversely projective if it admits a Godbillon-Vey sequence
of length ≤ 3, i.e. there are meromorphic 1-forms ω0 = ω, ω1 and ω2

on M satisfying

(4)




dω0 = ω0 ∧ ω1

dω1 = ω0 ∧ ω2

dω2 = ω1 ∧ ω2

This means that, outside the polar and singular set of the ωi’s, the
foliation F is (regular and) transversely projective in the classical sense
(see [8] or section 2.2) and this projective structure has “reasonable
singularities”. When ω2 = 0 (i.e. dω1 = 0) or ω1 = 0 (i.e. dω0 = 0),
we respectively say that Fω is actually transversely affine or euclidian.
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Let (ωk) be a Godbillon-Vey sequence for F and let n be the smallest
integer such that ω0 ∧ · · · ∧ ωn ≡ 0, 1 ≤ n ≤ m = dim(M). Then, the
non trivial n-form Θ = ω0 ∧ · · · ∧ ωn−1 is closed and defines a singular
codimension n foliation FΘ whose leaves are contained in those of F ,
FΘ ⊂ F . We note that Θ does not depend on the choice of ω1, . . . , ωn−1

in the Godbillon-Vey sequence, but does depend on ω0. Let M(M) be
the field of meromorphic functions on M and let K ⊂ M(M) be the
subfield of first integrals for FΘ:

K = {f ∈ M(M) ; df ∧ Θ ≡ 0}.

This field K is integrally closed and, by [19], there exists a mero-
morphic map π : M 99K N onto an algebraic manifold N such that
K = π∗M(N); in particular, the dimension dim(N) equals the tran-
scendance degree of K/C and we have 1 ≤ dim(N) ≤ n ≤ m =
dim(M). In the case Θ is a meromorphic volume form, that is n = m,
we have K = M(M) and N is the Algebraic Reduction of M (see
[23]). We note that the fibration G induced on M by the reduction
map π : M 99K N contains FΘ as a sub-foliation and may have any
codimension n ≤ dim(G) ≤ a(M) ≤ m, the algebraic dimension of M .
Our main theorem is the

Theorem 1.1. Let F be a codimension 1 singular foliation on a com-
pact complex manifold. Assume that F admits a global meromorphic
Godbillon-Vey sequence (ωk) and let Θ, K and π : M 99K N like above.
Then we are in one of the (non exclusive) following cases:

• F is the pull-back by π : M 99K N of a foliation F on N ,
• or F is transversely projective.

We are in the former case when the fibers of π are contained in
the leaves of F ; this so happens for a generic foliation F on M =
CP(2): π is just the identity in this case. Our statement becomes non
trivial as soon as M has not maximal algebraic dimension or when
ω0 ∧ · · · ∧ ωm−1 ≡ 0, m = dim(M).

When N has dimension n = 0 (K = C) or 1, then F is automatically
transversely projective: even in the case dim(N) = 1, the foliation F
has dimension 0 and is trivially transversely euclidean.
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We immediately deduce from Theorem 1.1 the

Corollary 1.2. Let F be a codimension 1 singular foliation on a com-
pact complex manifold. Assume that there exists a meromorphic vector
field X on M which is transversal to F at a generic point. Then

• F is the pull-back by the Algebraic Reduction mapM 99K red(M)
of a foliation on N = red(M),

• or F is transversely projective.

In our previous work [7], this corollary was obtained under the
stronger assumption that the manifold M is pseudo-parallelizable, i.e.
there existmmeromorphic vector fieldsX1, . . . , Xm onM ,m = dim(M),
that are independant at a generic point.

When N has dimension m− 1 or m− 2, we prove that F is actually
transversely affine if it is not a pull-back. In particular, we have

Theorem 1.3. Let F be a foliation on a compact complex manifold M
and assume that the meromorphic 3-form ω0 ∧ω1 ∧ω2 is zero for some
Godbillon-Vey sequence associated to F . Then

• F is the pull-back by a meromorphic map π : M 99K S of a
foliation F on an algebraic surface S,

• or F is transversely affine.

We do not know how to interpret this assumption geometrically. It is
a well known fact and easy computation (see [8]) that the meromorphic
3-form ω0 ∧ ω1 ∧ ω2 is closed and well defined by F up to the addition
by an exact meromorphic 3-form. Nevertheless, we note that foliations
constructed in section 5.4 have exact 3-form ω0 ∧ ω1 ∧ ω2 but do not
satisfy conclusion of Theorem 1.3.

Let us now define the length of a foliation, length(F) ∈ N∗ ∪ {∞}
as the minimal length among all Godbillon-Vey sequences attached to
F ; we set length(F) = ∞ when F does not admit any Godbillon-Vey
sequence. A foliation has length 1, 2 or 3 if, and only if, it is respectively
transversely euclidian, affine or projective in the meromorphic sense
above. Also, consider an ordinary differential equation over a curve C

(5) dz +
N∑

k=0

ωkz
k ,

(where ωk are meromorphic 1-forms defined on C). Then, the foliation
defined on C × CP (1) by equation (5) has length ≤ N + 1 (consider
the Godbillon-Vey algorithm given by equation (3) with X = ∂

∂y
).

Although it is expected that N + 1 is the actual length of the generic
equation (5), this is clear only for the Riccati equations (N ≤ 2), for
monodromy reasons.
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The study of foliations having finite length has been initiated by Ca-
macho and Scárdua in [3] when the ambient space is a rational algebraic
manifold. We generalize their main result in the

Theorem 1.4. Let F be a foliation on a compact complex manifold
M . If 4 ≤ length(F) < ∞, then F is the pull-back by a meromorphic
map π : M 99K C × CP (1) of the foliation F defined by an ordinary
differential equation over a curve C like above.

There are examples of foliations on CP (2) having length 0, 1 or 2 that
are not pull-back of a Riccati equation (see [12] and [22]). Therefore,
condition 4 ≤ length(F) is necessary. Recall that the degree of a
foliation F on CP (n) is the number d of tangencies with a generic
projective line. At least, we prove the

Theorem 1.5. Every foliation of degree 2 on the complex projective
space CP (n) has length at most 4. This bound is sharp.

In particular, Jouanolou examples (see [11]) have actually length 4.
In the same spirit, we also derive from [13] the

Theorem 1.6. If F is a germ of foliation at the origin of Cn defined by
an holomorphic 1-form with a non zero linear part, then length(F) ≤ 4.

From Theorems 1.4 and 1.5, we immediately retrieve the following
result previously obtained by two of us in [5]:

Corollary 1.7. A degree 2 foliation on CP (n) is either transversely
projective, or the pull-back of a foliation on CP (2) by a rational map.

We do not understand the strength of the assumption length(F) <
∞ of Theorem 1.4. In fact, we still do not know any example of a
foliation having finite length > 4. It is not excluded that the generic
foliation of degree 3 on CP (2) has infinite length.

In section 5, we also provide examples of transversely projective fo-
liations on CP (3) that are not transversely affine. In fact, they form
a new irreducible component of the space of foliations of degree 4 (see
[5]). We do not know yet if they are pull-back by rational map of foli-
ations on CP (2). We also give an example of a degree 6 transversely
projective foliation H2 in CP (3) (with explicit equations) which is not
the pull-back of a foliation in CP (2) by a rational map. In fact, H2

is the suspension (see section 2.3) of one of the “Hilbert modular foli-
ations” on CP (2) studied in [15]. We do not know if this foliation is
isolated in the space of foliations.
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Finally, since our arguments are mainly of algebraic nature, it is
natural to ask what remains true from our work in the positive char-
acteristic. In this direction, we prove in the last section the

Theorem 1.8. Let M be a smooth projective variety defined over a
field K of characteristic p > 0 and ω be a rational 1-form. If ω is
integrable ω ∧ dω = 0, then there exist a rational function F ∈ K(M)
such that Fω is closed. In this sense, the ”foliation” Fω has length 1.

2. Background and first steps

2.1. Godbillon-Vey sequences [8, 3]. We introduce Godbillon-Vey
sequences for a codimension one foliation F and describe basic prop-
erties. Let ω be a differential 1-form defining F and X be a vector
field satisfying ω(X) = 1. Then, the integrability condition of ω is
equivalent to

(6) ω ∧ dω = 0 ⇔ dω = ω ∧ LXω.

Indeed, from LXω = d(ω(X)) + dω(X, .) = dω(X, .), we derive

0 = ω ∧ dω(X, ., .) = ω(X) · dω − ω ∧ (dω(X, .)) = dω − ω ∧ LXω

(the converse is obvious). Applying this identity to the formal 1-form

(7) Ω = dz + ω0 + zω1 +
z2

2
ω2 + · · ·+ zk

k!
ωk + · · ·

together with the vector field X = ∂z, we derive

Ω ∧ dΩ = 0 ⇔
∞∑

k=0

zk

k!
dωk =

( ∞∑

k=0

zk

k!
ωk

)
∧
( ∞∑

k=1

zk−1

(k − 1)!
ωk

)
.

We therefore obtain the full integrability condition (2) for Ω:

(8)

dω0 = ω0 ∧ ω1

dω1 = ω0 ∧ ω2

dω2 = ω0 ∧ ω3 + ω1 ∧ ω2

dω3 = ω0 ∧ ω4 + 2ω1 ∧ ω3
...

dωk = ω0 ∧ ωk+1 +
∑k

l=1

(
l

k

)
ωl ∧ ωk+1−l

...

For instance, if we start with ω integrable and X satisfying ω(X) = 1,

then the iterated Lie derivatives ωk := L
(k)
X ω define a Godbillon-Vey

sequence for Fω. Indeed, from the formula (LXω)(X) = dω(X,X) = 0,
we have

ω0(X) = 1 and ωk(X) = 0 for all k > 0;
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therefore, Ω(X) = 1 and integrability condition comes from

Ω ∧ LXΩ =

(
dz +

∞∑

k=0

zk

k!
ωk

)
∧
( ∞∑

k=0

zk

k!
ωk+1

)
= dΩ.

From a given Godbillon-Vey sequence, we derive many other ones.
For instance, given any non zero meromorphic function f ∈ M(M),
after applying the formal change of variable z = f · t to

Ω = dz + ω0 + zω1 +
z2

2
ω2 + · · ·+ zk

k!
ωk + · · · ,

we derive the new integrable 1-form

Ω

f
= dt+

ω0

f
+ t(ω1 +

df

f
)+

t2

2
(fω2)+

t3

3!
(f 2ω3)+ · · ·+ tk

k!
(fk−1ωk)+ · · ·

In other words, we obtain a new Godbillon-Vey sequence (ω̃k) by setting

(9)





ω̃0 = 1
f
· ω0

ω̃1 = ω1 + df

f

ω̃2 = f · ω2
...

ω̃k+1 = fk · ωk+1
...

By the same way, we can apply to Ω the formal change of variable
z = t+f · tk+1, k = 1, 2, . . ., and successively derive new Godbillon-Vey
sequences

(10)





ω̃0 = ω0

ω̃1 = ω1 + fω0

ω̃2 = ω2 + fω1 − df
...





ω̃0 = ω0

ω̃1 = ω1

ω̃2 = ω2 + fω0
...

etc. . .

Conversally, we easily see from integrability condition (2) that ωk+1

is well defined by ω0, ω1, . . . , ωk up to the addition by a meromorphic
factor of ω0. In fact, every Godbillon-Vey sequence can be deduced
from a given one after applying to the 1-form Ω a formal transformation
belonging to the following group

G =

{
(p, z) 7→

(
p,

∞∑

k=1

fk(p) · zk

)
, fk ∈ M(M), f1 6≡ 0

}
.
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In particular, the so-called Godbillon-Vey invariant ω0 ∧ ω1 ∧ ω2 =
−ω1 ∧ dω1 is closed and is well defined up to the addition by an exact
meromorphic 3-form of the form

df

f
∧ ω0 ∧ ω2 =

df

f
∧ dω1 or df ∧ ω0 ∧ ω1 = df ∧ dω0

for some meromorphic function f ∈ M(M).

Remark 2.1. A natural Godbillon-Vey sequence for the formal folia-
tion FΩ defined by Ω is given by

Ωk = L
(k)
∂z

Ω =
∞∑

l=k

zl−k

(l − k)!
ωl, k > 0

or equivalently by the formal integrable 1-form

d(t+ z) + ω0 + (t+ z)ω1 +
(t+ z)2

2
ω2 + · · ·

= dt+ Ω0 + tΩ1 +
t2

2
Ω2 + · · ·

In fact, this remark also applies to the case where the ωk are mero-
morphic 1-forms on a complex curve C. The so-called “ordinary differ-
ential equation” defined by

Ω = dz +

N∑

k=0

zk

k!
ωk ,

defines a foliation F on C × CP (1) (integrability conditions (2) are
trivial in dimension 1). This foliation admits a natural Godbillon-Vey

sequence of length N + 1 given by L
(k)
∂z

Ω (or by replacing z by z + t).

Remark 2.2. It follows from relations (2) that all differential forms

Θk := ω0 ∧ ω1 ∧ · · · ∧ ωk−1 for all k = 2, . . . , n,

are closed and depend only on ω0. We obtain an “integrable flag”:

F = F0 ⊃ F1 ⊃ · · · ⊃ Fn−1

(the tangents spaces TpFk define is a flag at a generic point p ∈ M).
The codimension n of the flag is the first n such that ω0 ∧ · · ·∧ωn = 0.
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We have two preliminary lemmas about finite Godbillon-Vey se-
quences.

Lemma 2.3. Let ω0, ω1, . . . , ωN be a Godbillon-Vey sequence of finite
length N + 1. Then ωk ∧ ωl = 0 for all k, l ≥ 2 and integrability
conditions become

dωk = ω0 ∧ ωk+1 + (k − 1)ω1 ∧ ωk k = 0, 1, . . . , N.

In particular, the condition ωN+1 = 0 in a Godbillon-Vey sequence
is not sufficient to conclude that the truncated sequence

ω0, ω1, . . . , ωN , 0, 0, . . .

provides a finite Godbillon-Vey sequence, except when N = 0, 1 or 2.

Proof. We assume ωN 6= 0 with N ≥ 2, otherwise we have done. The
integrability conditions (2)

dω0 = ω0 ∧ ω1

dω1 = ω0 ∧ ω2
...

dωN =
∑N

l=1

(
l

N

)
ωl ∧ ωN+1−l

0 = dωN+1 =
∑N

l=2

(
l

N+1

)
ωl ∧ ωN+2−l

...

0 = dω2N−2 = 1
N

(
N−1
2N−2

)
ωN−1 ∧ ωN

Examining the line of index k = 2N−2, we deduce that ωN−1∧ωN ≡ 0.
Futhermore, by descendent induction, we also deduce from the line of
index k + N − 1 that ωk ∧ ωN ≡ 0 for every k ≥ 2. Therefore, the
remining N first lines of integrability conditions are as in the statement.

�

Corollary 2.4. Let ω0, ω1 and ω2 be differential 1-forms satisfying
relations (2) for k = 0, 1 with dω1 6= 0. Then, there exists at most one
finite Godbillon-Vey sequence ω0, . . . , ωN completing this triple.

Proof. The assumption dω1 = ω0 ∧ ω2 6= 0 implies in particular that
ω2 6= 0. If ω0, ω1, . . . , ωN is a finite sequence, then we recursively see
from integrability conditions of Lemma 2.3 that the line of index k
determines ωk, k = 3, . . . , N , up to a meromorphic factor of ω0. But
since ωk is tangent to ω2 but ω0 is not, we deduce that ωk is actually
completely determined by the line of index k. �
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Here is a weaker but easier version of Theorem 1.4.

Theorem 2.5. Let F be a foliation on a compact pseudo-parallelizable
manifold M . If length(F) <∞, then we have the following alternative:

(1) F is the pull-back of a foliation F on an algebraic surface S by
a meromorphic map π : M 99K S with length(F) = length(F),

(2) or F is transversely projective, i.e. length(F) ≤ 3.

Proof. Let (ω0, ω1, . . . , ωN) be a Godbillon-Vey sequence for F with
ωN 6= 0, N ≥ 3 and ω1, ω2, ω3 both non zero (otherwise we are in the
second alternative of the statement). Following Lemma 2.3, there exist
meromorphic functions fk such that ωk = fk · ω2. Observe that f3 6= 0
since ω3 6= 0. Recall that (ωk) is a Godbillon-Vey sequence and the
1-form

Ω = dz + ω0 + zω1 + · · ·+ zN

N !
ωN ,

is integrable. Applying to Ω the change of variables z = t/f3 (see
Section 2.1), we derive a new Godbillon-Vey sequence of length N
satisfying ω2 = ω3. Therefore{

dω2 = ω0 ∧ ω3 + ω1 ∧ ω2 = ω0 ∧ ω2 + ω1 ∧ ω2

dω3 = ω0 ∧ ω4 + 2 · ω1 ∧ ω3 = f4 · ω0 ∧ ω2 + 2 · ω1 ∧ ω2

In particular (1− f4)ω0 ∧ ω2 = ω1 ∧ω2 implying that ω0 ∧ω1 ∧ ω2 ≡ 0.
We conclude with Theorem 1.3 (a consequence of section 3).

Let us now prove that length(F) = length(F). Since a Godbillon-
Vey sequence for F induces, by pull-back by φ, a sequence for ω0, it
follows that length(F) ≥ length(F) = N . Let ω0 be the meromorphic
1-form on S such that φ∗ω0 = ω0. From the equality 0 = ω0∧ω1∧ω2 =
ω1 ∧ dω1, we see that ω1 is integrable. Writing down the equations in
local coordinates we also see that the fibers of φ are tangent to the
foliation associated to ω1. Moreover, ω1 is the pull-back by φ of a 1-
form ω1 on S. Recall that ω2 = f0ω0 + f1ω1 and that df1 ∧ dω0 = 0.
Differentiating the identity

dω2 = ω0 ∧ ω2 + ω1 ∧ ω2 = (f1 − f0)dω0

it follows that df0 ∧ dω0 = 0. Consequently ω2 = φ∗ω2, where ω2 is a
meromorphic 1-form on S. At this point we can rewrite Ω as

Ω = dz + φ∗ω0 + zφ∗ω1 + h · φ∗ω2 ,

where h = z2

2
+
∑N

i=3
zN

N !
hn. The integrability of Ω implies that dh ∧

φ∗ω2 = 0, where d is the differential over M (i.e. dz = 0). This implies
that each hj belongs to φ−1M(S) and therefore ωj = φ∗ωj for every j
and some ωj on S. This proves that length(F) ≤ N . �
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2.2. Transversely projective foliations: the classical case [8, 20].
A regular codimension one foliation F on a manifold M is transversely
projective if there exists an atlas of submersions fi : Ui → CP (1) on
M satisfying the cocycle condition:

fi =
aijfj + bij
cijfj + dij

,

(
aij bij
cij dij

)
∈ PGL(2,C).

on any intersection Ui ∩ Uj . Any two such atlases (fi : Ui → CP (1))i

and (gk : Vk → CP (1))k define the same projective structure if the
union of them is again a projective structure, i.e. satisfying the cocycle
condition fi = aikgk+bik

cikgk+dik
on Ui ∩ Vk.

Starting from one of the local submersions f : U → CP (1) above, one
can step-by-step modify the other charts so that they glue with f and
define an analytic continuation for f . Of course, doing this along an
element γ ∈ π1(M) of the fundamental group, we obtain monodromy
f(γ ·p) = Aγ ·f(p) for some Aγ ∈ PGL(2,C). By this way, we define the
monodromy representation of the structure, that is a homomorphism

ρ : π1(M) → PGL(2,C); γ 7→ Aγ,

as well as the developing map, that is the full analytic continuation of
f on the universal covering M̃ of M

f̃ : M̃ → CP (1).

By construction, f̃ is a global submersion on M̃ whose determinations
fi : Ui → CP (1) on simply connected subsets Ui ⊂ M define unam-
biguously the foliation F and the projective structure. In fact, the map
f̃ is ρ-equivariant

(11) f(γ · p) = ρ(γ) · f(p), ∀γ ∈ π1(M).

Finally, we obtain

Proposition 2.6. A regular foliation F on M is transversely projective
if, and only if, there exist

• a representation ρ : π1(M) → PGL(2,C)

• a submersion f̃ : M̃ → CP (1) defining F and satisfying (11).

Any other pair (ρ′, f̃ ′) will define the same structure if, and only if, we

have ρ′(γ) = A · ρ(γ) · A−1 and f̃ ′ = A · f̃ . for some A ∈ PGL(2,C).
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Remark 2.7. If M is simply connected, then any transversely projec-
tive foliation F on M actually admits a global first integral f̃ : M →
CP (1), a holomorphic mapping.

Example 2.8 (Suspension of a representation). Given a representation
ρ : π1(M) → PGL(2,C) of the fundamental group of a manifold M
into the projective group, we derive the following representation into
the group of diffeomorphisms of the product M̃ × CP (1)

ρ̃ : π1(M) → Aut(M̃ × CP (1)) ; (p, z) 7→ (γ · p, ρ(γ) · z)

(M̃ is the universal covering of M and p 7→ γ · p, the Galois action of

γ ∈ π1(M)). The image G̃ of this representation acts freely, properly
and discontinuously on the product M̃ × CP (1) since its restriction

to the first factor does. Moreover, G̃ preserves the horizontal foliation
H defined by dz as well as the vertical CP (1)-fibration defined by the

projection π : M̃ × CP (1) → M̃ onto the first factor. In fact, we have
π(ρ̃(γ) · p) = ρ(γ) · π̃(p) for all p ∈ M̃ and γ ∈ π1(M). Therefore, the

quotient N := M̃ × CP (1)/G̃ is a manifold equipped with a locally
trivial CP (1)-fibration given by the projection π : N → M as well as
a codimension one foliation H transversal to π. In fact, the foliation
H is transversely projective with monodromy representation ρ ◦ π∗ :
π1(N) → PGL(2,C) (π induces an isomorphism π∗ : π1(N) → π1(M))
and developing map M̃ × CP (1) → CP (1); (p, z) 7→ z (M̃ × CP (1) is
the universal covering of N).

Conversely, a codimension one foliation H transversal to a CP (1)-
fibration π : N → M is actually the suspension of a representation
ρ : π1(M) → PGL(2,C). In particular, H is transversely projective
and uniquely defined by its monodromy ρ.

Now, given a transversely projective foliation F on M , we construct
the suspension of F as follows. We first construct the suspension of
the monodromy representation ρ : π1(M) → PGL(2,C) of F as above
and consider the graph

Γ̃ = {(p, z) ∈ M̃ × CP (1) ; z = f̃(p)}

of the developing map f̃ : M̃ → CP (1). Since f̃ is ρ-equivariant, its

graph Γ̃ is invariant under the group G̃ and defines a smooth cross-
section f : M →֒ N to the CP (1)-fibration π : N → M . By con-
struction, its image Γ = f(M) is also transversal to the “horizontal
foliation” H and the transversely projective foliation induced by H on
Γ actually coincides (via f or π) with the initial foliation F on M .
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Proposition 2.9. A regular foliation F on M is transversely projective
if, and only if, there exist

• a locally trivial CP (1)-fibration π : N →M over M ,
• a codimension one foliation H on N transversal to π,
• a section f : M → N transversal to H such that the foliation

induced by H on f(M) coincides via f with F .

Any other triple (π′ : N ′ → M,H′, f ′) will define the same structure
if, and only if, there exists a diffeomorphism Φ : N ′ → N such that
π′ = π ◦ Φ, f = Φ ◦ f ′ and H′ = Φ∗H.

Over any sufficiently small open subset U ⊂ M , the CP (1)-fibration
is trivial and one can choose trivializing coordinates (p, z) ∈ U×CP (1)
such that f : U → π−1(U) coincides with the zero-section {z = 0}. The
foliation H is defined by a unique differential 1-form of the type

Ω = dz + ω0 + zω1 + z2ω2

where ω0, ω1 and ω2 are holomorphic 1-forms defined on U . The inte-
grability condition Ω ∧ dΩ = 0 reads

(12)




dω0 = ω0 ∧ ω1

dω1 = 2ω0 ∧ ω2

dω2 = ω1 ∧ ω2

Now, any change of trivializing coordinates preserving the zero-section
takes the form (p̃, z̃) = (p, f0 · z/(1 + f1 · z)) where f0 : U → C∗ and
f1 : U → C are holomorphic. The foliation H is therefore defined by

Ω̃ :=
(f0 − f1z̃)

2

f0
Ω = dz̃ + ω̃0 + z̃ω̃1 + z̃2ω̃2

where the new triple (ω̃0, ω̃1, ω̃2) is given by

(13)





ω̃0 = f0ω0

ω̃1 = ω1 − 2f1ω0 − df0

f0

ω̃2 = 1
f0

(ω2 − f1ω1 + f 2
1ω0 + df1)

Proposition 2.10. A regular foliation F on M is transversely pro-
jective if, and only if, there exists an atlas of charts Ui equipped with
1-forms (ωi

0, ω
i
1, ω

i
2) satisfying (12) and related to each other by (13) on

Ui ∩ Uj.



GODBILLON-VEY SEQUENCES 15

Example 2.11. Consider

SL(2,C) = {
(
x u
y v

)
; xv − yu = 1}.

The meromorphic function defined by

f : SL(2,C) → CP (1) ;

(
x u
y v

)
7→ x

y

is a global submersion defining a transversely projective foliation F on
SL(2,C). The leaves are the right cosets for the “affine” subgroup

A = {
(
a b
0 1

a

)
; a 6= 0}.

Indeed, we have for any z ∈ C
(
z −1
1 0

)
· A = {

(
az bz − 1

a

a b

)
; a 6= 0} = {f = z}

and for any w = 1/z ∈ C
(

1 0
w 1

)
· A = {

(
a b
aw bw + 1

a

)
; a 6= 0} = {f = 1/w}.

In fact, if we consider the projective action of a matrix

(
x u
y v

)
on

(z : 1) ∈ CP (1), then f is nothing but the image of the direction
(1 : 0) (i.e. z = ∞) by the matrix and {f = ∞} coincides with the
affine subgroup A fixing z = ∞.

A global holomorphic triple (ω0, ω1, ω2) for F can be constructed as
follows. Consider the Maurer-Cartan form

M :=

(
x u
y v

)−1

d

(
x u
y v

)
=

(
vdx− udy vdu− udv
xdy − ydx xdv − ydu

)
.

The matrix M is a differential 1-form on SL(2,C) taking values in the
Lie algebra sl(2,C) (trace(M) = d(xv − yu) = 0) and its coefficients
form a basis for the left-invariant 1-forms on SL(2,C). If we set

M =

(
−ω1

2
−ω2

ω0
ω1

2

)
,

then Maurer-Cartan formula dM + M∧M = 0 is equivalent to inte-
grability conditions (12) for the triple (ω0, ω1, ω2). In fact, the “mero-
morphic triple”

(ω̃0, ω̃1, ω̃2) = (df, 0, 0)

is derived by setting f0 = − 1
y2 and f1 = −v

y
in formula (13).
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A left-invariant 1-form ω = αω0+βω1+γω2, α, β, γ ∈ C, is integrable,
ω ∧ dω = 0, if, and only if, αγ = β2. The right translations act
transitively on the set of integrable left-invariant 1-forms and thus on
the corresponding foliations. For instance, if we denote by Tz the right
translation

Tz : SL(2,C) → SL(2,C) ;

(
x u
y v

)
7→
(
x u
y v

)(
z −1
1 0

)
, z ∈ C,

then we have T ∗
z ω0 = z2ω0 + zω1 + ω2 and the corresponding foliation

Fz is actually defined by the global submersion

f ◦ Tz : SL(2,C) → CP (1) ;

(
a b
c d

)
7→ az + b

cz + d
.

The leaf {f ◦Tz = w} of Fz is the set of matrices sending the direction
(z : 1) onto (w : 1).

Remark 2.12. Let (ω0, ω1, ω2) be a triple of holomorphic 1-forms on
a manifold M satisfying integrability condition (12). The differential
equation

dz + ω0 + zω1 + z2ω2 = 0

defined on the trivial projective bundle M × CP (1) can be lifted as
an integrable differential sl(2,C)-system defined on the rank 2 vector
bundle M × C2 by

{
dz1 = −ω1

2
z1 − ω2z2

dz2 = ω0z1 + ω1

2
z2

which can be shortly written as

dZ = A · Z where A =

(
−ω1

2
−ω2

ω0
ω1

2

)
and Z =

(
z1
z2

)

The matrix A may be thought as a differential 1-form on M taking
values in the Lie algebra sl(2,C) satisfying integrability condition dA+
A∧A = 0. Then, Darboux Theorem (see [8], III, 2.8, iv, p.230) asserts
that there exists, on any simply connected open subset U ⊂ M , an
holomorphic map

Φ : U → SL(2,C) such that A = Φ∗M
where M is the Maurer-Cartan 1-form on SL(2,C) (see example 2.11).
Moreover, the map Φ is unique up to composition by a translation of
SL(2,C).
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Example 2.13. Consider the quotient M := Γ�SL(2,C) by a co-
compact lattice Γ ⊂ SL(2,C). The left-invariant 1-forms (ω0, ω1, ω2)
defined in example 2.11 are well-defined on M and M is parallelizable.
Following [10], there is no non constant meromorphic function on M
(i.e. the algebraic dimension of M is a(M) = 0). Therefore, any
foliation F on M is defined by a global meromorphic 1-form

ω = αω0 + βω1 + γω2

and the coefficients are actually constants α, β, γ ∈ C.

Corollary 2.14. Any foliation F on a quotient M := Γ�SL(2,C) by
a co-compact lattice Γ is actually defined by a left-invariant 1-form. In
particular, F is regular, transversely projective and minimal: any leaf
of F is dense in M . The set of foliations on M is a rational curve.

A foliation F is transversely euclidean if there exists an atlas of
submersions fi : Ui → C on M defining F such that on any Ui ∩Uj we
have

fi = fj + aij , aij ∈ C .

Of course, we can glue the dfi and produce a global closed holomorphic
1-form ω0 inducing F . In particular l(F) = 0. By the same way, F is
transversely linear when it can be defined by submersions fi : Ui → C∗

satisfying the cocycle condition:

fi = λij · fj , λij ∈ C∗ .

Again, we can glue the dfi

fi
and produce a global closed holomorphic

1-form inducing F and we have l(F) = 0. Via the exponential map,
this notion is equivalent to the previous one (in the complex setting).

Finally, a foliation F is transversely affine when it can be defined by
submersions fi : Ui → C satisfying the cocycle condition:

fi = aijfj + bij , aij ∈ C∗, bij ∈ C.

Equivalently, an affine structure is locally defined by a pair of holomor-
phic 1-forms (ω0, ω1) satisfying

{
dω0 = ω0 ∧ ω1

dω1 = 0
up to modification

{
ω̃0 = f · ω0

ω̃1 = ω1 − df

f
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2.3. Transversely projective foliations: the singular case [18].
A singular foliation F on a complex manifold M will be said trans-
versely projective if it admits a Godbillon-Vey sequence of length 2,
i.e. if there exist meromorphic 1-forms ω0, ω1 and ω2 on M satisfying
F = Fω0 and




dω0 = ω0 ∧ ω1

dω1 = 2ω0 ∧ ω2

dω2 = ω1 ∧ ω2

The foliation F is actually regular and transversely projective in the
classical sense of §2.2 on the Zariski open subset U = M \ ((Ω)∞ ∪Z0)
complementary to the set (Ω)∞ of poles for ω0, ω1 and ω2 and the
set Z0 of zeroes for ω0 that are not in (Ω)∞. In fact, (ω0, ω1, ω2) is a
regular projective triple on U . Another triple (ω̃0, ω̃1, ω̃2) defines the
same projective structure (on a Zariski open subset) if it is obtained
from the previous one by a combination of

(14)





ω̃0 = 1
f
· ω0

ω̃1 = ω1 + df

f

ω̃2 = f · ω2

and




ω̃0 = ω0

ω̃1 = ω1 + g · ω0

ω̃2 = ω2 + g · ω1 + g2 · ω0 − dg

where f, g denote meromorphic functions on M .
We note that any pair (ω0, ω1) satisfying dω0 = ω0 ∧ ω1 can be

completed into a triple subjacent to the projective struture in an unique
way. It follows that, in the pseudo-parallelizable case, a projective
transverse structure is always defined by a global meromorphic triple.

We say that F is transversely affine if it admits a Godbillon-Vey
sequence of length 1, i.e. meromorphic 1-forms ω0 and ω1 satisfying

{
dω0 = ω0 ∧ ω1

dω1 = 0

Another pair (ω̃0, ω̃1) will define the same affine structure if we have

{
ω̃0 = 1

f
· ω0

ω̃1 = ω1 + df

f

for a meromorphic function f . Finally, we say that F is transversely
euclidean (resp. transversely trivial) if it is defined by a closed mero-
morphic 1-form ω0 (resp. by an exact 1-form ω0 = df , f ∈ M(M)).
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The foliation H defined on M × CP (1) by the integrable 1-form

Ω = dz + ω0 + zω1 + z2ω2

coincides over U with the suspension of the projective structure, and
will be still called suspension of F . In fact, the vertical hypersurface
(Ω)∞ × CP (1) is invariant by the foliation H. Outside of this verti-
cal invariant set, the foliation H is transversal to the vertical CP (1)-
fibration. Along Z0, the foliation H is tangent to the zero-section
M ×{z = 0} and the projective structure ramifies: it is locally defined
by an holomorphic map fi : Ui 7→ CP (1) up to composition by an ele-
ment of PGL(2,C). This ramification set Z0 is invariant for F (union
of leaves and singular points). As in the regular case, one can define
the monodromy representation

ρ : π1(M \ (Ω)∞) → PGL(2,C)

(ramification points Z0 have no monodromy).
In contrast with the regular case, the suspension H is well-defined

only up to a bimeromorphic transformation preserving the generic ver-
tical fibres {p} × CP (1) and the zero-section M × {z = 0}

Φ : M × CP (1) 99K M × CP (1) ; (p, z) 7→ (p, f(p)z/(1 − g(p)z)),

where f, g ∈ M(M) are meromorphic. Note that some irreducible
components of (Ω)∞ may disappear after such a transformation Φ. For
instance, one can show that any irreducible component of (Ω)∞ which is
not F -invariant may be deleted by a change of triple. Only the remain-
ing persistent components can generate non trivial local monodromy
for the representation ρ. This leads to the following

Proposition 2.15. Let F be a (singular) transversely projective (resp.
affine) foliation on a simply connected manifold M . If (Ω)∞ has no
persistent component, then F admits a meromorphic (resp. holomor-
phic) first integral.

Proof. The assumption just means that there exists a covering Ui of M
by Zariski open subset on which the projective structure can be defined
by an holomorphic triple. Therefore, like in Remark 2.7 the developing
map provides a well-defined meromorphic first integral f : M → CP (1)
(possibly with ramifications). �

Corollary 2.16. Let F be a transversely projective (resp. affine) foli-
ation on a simply connected manifold M . Then

• either F has a meromorphic (resp. holomorphic) first integral,
• or F admits an invariant hypersurface.
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Remark 2.17. A transversely projective foliation F on M with sus-
pension H on M ×CP (1) is actually transversely affine if, and only if,
there is a section g : M → M × CP (1) which is invariant by H. In-
deed, after change of coordinate z̃ = z/(1− z

g
) on M ×CP (1), we have

sent the invariant hypersurface g(M) onto {z = ∞} which means that
ω2 = 0. In the regular case, this is still true after replacing M ×CP (1)
by the locally trivial CP (1)-bundle π : N → M (see Proposition 2.9)
and if we ask moreover that the section g : M → N has no intersection
with the section f : M → N providing the projective structure.

Example 2.18 (The Riccati equation over a curve). Given meromor-
phic 1-forms α, β, γ on a curve C, the Riccati differential equation

dz + α + βz + γz2 = 0

defines a transversely projective foliation H on C ×CP (1) with mero-
morphic projective triple




ω0 = dz + α + βz + γz2

ω1 = β + 2γz
ω2 = γ

The polar set (Ω)∞ is the union of the vertical lines over the poles of
α, β, γ and the horizontal line L∞ = {z = ∞}. In the chart w = 1/z,
the alternate triple




ω̃0 = −dw + αw2 + βw + γ
ω̃1 = −β − 2αw
ω̃2 = −α

(obtained by setting successively f = 1/w2 and g = −2/w in (14))
shows that L∞ is not a persistent pole for the projective structure.
When γ = 0, the foliation H is transversely affine with poles like above,
but additionally L∞ is a persistent zero for the affine structure (the
transverse affine coordinate has a pole along L∞).

The Riccati foliation above can be thought as the suspension of a
singular projective structure on the curve C (i.e. a dimension 0 trans-
versely projective foliation on C).
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In the spirit of Theorem 1.4, one can find in [18] the following

Proposition 2.19 (Scárdua). Let F be a transversely projective folia-
tion defined by a global meromorphic triple (ω0, ω1, ω2) on M . Assume
that the foliation G defined by ω2 admits a meromorphic first inte-
gral f ∈ M(M). Then, F is the pull-back by a meromorphic map
Φ : M 99K C × CP (1) of the foliation H defined by a Riccati equation
on a curve C.

Proof. One can assume that ω2 = df . Integrability conditions yield



0 = dω2 = ω1 ∧ ω2

dω1 = 2ω0 ∧ ω2

dω0 = ω0 ∧ ω1

⇒




ω1 = gdf
ω0 = 1

2
dg + hdf

0 = d(h− g2) ∧ df
for meromorphic functions g, h on M . It follows from Stein Factoriza-
tion Theorem that there exists some holomophic map φ : M 7→ C onto
a curve C through which we can factorize h− g2 = h̃(φ) and f = f̃(φ).
Therefore

ω0 =
1

2
dg + {h̃(φ) + g2}φ∗df̃

and F is the pull-back via the map Φ = (φ, g) of the foliation defined

by the Riccati equation dz + h̃df̃ + z2df̃ . �

Lemma 2.20. If a foliation F admits 2 distinct projective (resp. affine,
euclidean) structures, then it is actually transversely affine (resp. eu-
clidean, trivial).

Proof. Assume we have 2 projective triples (ω0, ω1, ω2) and (ω̃0, ω̃1, ω̃2)
that are not related by a composition of the admissible changes above:
after the admissible change setting ω̃0 = ω0 and ω̃1 = ω1, we have
ω̃2 6= ω2. Therefore, by comparing the second line of integrability
conditions for both triples, we see that ω̃2 = ω2+fω0 for a meromorphic
function f ∈ M(M). Then, by comparing the third condition, we
obtain

d(fω0) = ω1 ∧ (fω0) and thus ω0 ∧ ω1 = ω0 ∧
df

2f

which proves that the pair (ω̃0, ω̃1) := (ω0,
df

2f
) is an affine structure

for F . Notice that ω0√
f

is closed: F becomes transversely euclidean

on a 2-fold ramified covering of M . By the same way, if (ω0, ω1) and
(ω̃0, ω̃1) are 2 distinct affine structures, then we may assume ω̃0 = ω0

and ω̃1 = ω1 + fω0 with dω1 = d(fω0) = 0 and conclude that F is
actually defined by the closed meromorphic 1-form fω0. Finally, if
ω0 and fω0 are 2 closed meromorphic 1-forms defining F , then f is a
meromorphic first integral for F . �
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The present singular notion of transversely projective foliation is
clearly stable under bimeromorphic transformations. Moreover, the
main result of [4] permits to derive

Theorem 2.21. Let φ : M̃ 99K M be a dominant meromorphic map
between compact manifolds and let F be a foliation on M admitting
a Godbillon-Vey sequence. Then, F̃ = φ∗F is transversely projective
(resp. affine) if, and only if, so is F .

The analogous result for transversely euclidean foliations is false: one
can find in [12] an example of a transversely affine foliation which be-
comes transversely euclidean on a finite covering (a linear foliation on
a torus). The assumption dominant is necessary since there are exam-
ples of non transversely projective foliations which become transversely
affine in restriction to certain non tangent hypersurface (see section 4).

Proof. Since a Godbillon-Vey sequence can be pulled-back by any non
constant meromorphic map, we just have to prove that projective (resp.
affine) structure can be pushed-down under the assumptions above. In
the case φ is a finite ramified covering, then the statement is equivalent
to Theorem 1.6 (resp. 1.4) in [4].

In the case φ is holomorphic with connected generic fibre, then choose
meromorphic 1-forms ω0 defining F and ω1 satisfying dω0 = ω0 ∧ ω1

on M and consider their pull-back ω̃0 and ω̃1 on M̃ . Then, there is
a unique meromorphic 1-form ω̃2 completing the previous ones into a
projective triple compatible with the structure of F̃ . On the other
hand, reasonning as in Lemma 3.1 at the neighborhood Ũ = φ−1(U)

of a generic fibre φ−1(p), we see that the foliation F̃ is defined by

a submersion f̃ : Ũ 7→ CP (1) defining the projective structure and
can be pushed-down into a submersion f : U 7→ CP (1). This latter
one defines a projective structure transverse to F on U . There exists
a unique meromorphic 1-form ω2 on U completing ω0 and ω1 into a
compatible projective triple. By construction, ω̃2 must coincide with
φ∗ω2 on Ũ . Therefore, ω̃2 is tangent to the fibration given by φ on Ũ ,
and thus everywhere on M̃ . By connexity of the fibres, ω̃2 is actually
the pull-back of a global meromorphic 1-form ω2 on M (which extends
the one previously defined on U).

Finally, by Stein Factorization Theorem, the statement reduces to
the two cases above. �



GODBILLON-VEY SEQUENCES 23

3. Proof of Theorem 1.1

Let F be a foliation on a compact manifoldM admitting a Godbillon-
Vey sequence (ω0, ω1, . . .) and consider the maximal non trivial form
Θ = ω0 ∧ . . . ∧ ωn−1: Θ ∧ ωn = 0. Like in the introduction, we denote
by K the field of meromorphic first integrals for Θ and consider the
reduction map π : M 99K N associated to this field. The fibration
G induced by π contains the foliation FΘ as a sub-foliation, and may
be of larger dimension as soon as there are few meromorphic functions
on M . In particular, there is no reason why G is a sub-foliation of F .
Anyway, when G ⊂ F , then we are in the first alternative of Theorem
1.1: F is the pull-back of an algebraic foliation F on red(M,Ω). In-
deed, after modification of M , one can assume that the reduction map
is holomorphic with connected fibres. The claim above immediately
follows from:

Lemma 3.1. Let F be a foliation on a complex manifold M . Let
π : M → N be a surjective holomorphic map whose fibers are connected
and tangent to F , that is, contained in the leaves of F . Then, F is the
pull-back by π of a foliation F̃ on N .

Proof. In a small connected neighborhood U ⊂ M of a generic point
p ∈ M , the foliation F is regular, defined by a local submersion f :
U → C. Since f is contant along the fibers of π in U , we can factorize
f = f̃ ◦ π for an holomorphic function f̃ : π(U) → C. In particular,

the function f̃ defines a codimension one singular foliation F̃ on the
open set π(U). Of course, F̃ does not depend on the choice of f .

Moreover, since f = f̃ ◦ π, the function f extends to the whole tube
T := π−1(π(U)). By connectivity of U and the fibers of π, the tube
T is connected and the foliation F is actually defined by f on the
whole of T , coinciding with π∗(F̃) on T . In this way, we can define a

foliation F̃ on N \ S, where S = {p ∈ N ; π−1(p) ⊂ Sing(F)} such
that F = π∗(F̃). We note that S has codimension ≥ 2 in N ; therefore,

F̃ extends on N by Levy’s Extension Theorem. �

We now assume that the fibration G 6⊂ F . We note that when
n = dim(M), then M is actually pseudo-parallelizable and the field K
coincides with the field M(M) of meromorphic functions on M .



24 CERVEAU, LINS-NETO, LORAY, PEREIRA AND TOUZET

We introduce the sheaf B of basic meromorphic vector fields for FΘ;
a section X of B(U) over U ⊂ M is characterized by the following
property:

(15) LXΩ = d(iXΘ) = f · Θ, for some f ∈ M(U)

(here, we use that LX = d ◦ iX + iX ◦ d and the fact that dΘ = 0). We
remark that B is a sheaf of Lie algebras over C. The subsheaf of vector
fields tangent to FΘ

(16) I(U) := {X ∈ B(U) ; iXΘ = 0}.

form a Lie-ideal of B: if X ∈ B(U) and Y ∈ I(U), then [X, Y ] ∈ I(U)
as can be seen from a local flow-box for FΘ. The quotient T = B/I
is a sheaf of Lie algebras over C, whose sections are the transversal

relative vector fields to FΘ. Although the sheaf B may have no
global meromorphic section, the relative sheaf T has many, as shown
by the:

Lemma 3.2. Let T := T (M) be the Lie algebra over C of global
transversal relative vector fields. Then T is a n-dimensional vector
space over K and admits a canonical basis (X0, . . . ,Xn−1) satisfying

ωk(Xl) = δk
l for k, l = 0, . . . , n− 1.

We note that ωk(Xl) is well defined since Xl is locally defined modulo
an element Y ∈ I and ωk(Y ) = 0. More generally, we will use the fact
that an element X ∈ T acts as a derivation on K: X · f ∈ K for all
f ∈ K. Indeed, for any local representative X of X, X is a basic vector
field and X · f is a local first integral for FΘ; since Y · f = 0 for any
Y ∈ I, we can set unambiguously X · f := X · f which is now a global
first integral, thus belonging to K. Similarly, LXωk is a well-defined
global meromorphic 1-form on M for any X ∈ T and k = 0, . . . , n− 1.
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Before proving the Lemma, we note that, by maximality property of
n, one can write

(17) ωn = a1ω1 + · · ·+ an−1ωn−1, ak ∈ M(M)

(here, (10) allow us to set a0 = 0). In fact, coefficients ak actually
belong to K. Indeed, after combining (2) and (17), we get

(18) dωn−1 = ω0 ∧
n−1∑

k=1

akωk +
n−1∑

k=1

(
k

n− 1

)
ωk ∧ ωn−k.

After differentiation and multiplication by the n− 1-form

(19) Θ̂k = ω0 ∧ · · · ∧ ωk−1 ∧ ωk+1 ∧ · · · ∧ ωn−1, k = 1, . . . , n− 1,

we obtain

Θ ∧ dak = 0

and, as a consequence, that ak is a first integral for Θ.

Proof. From a local flow-box for FΘ, one easily see that T is a K-vector
space: if X ∈ T and f ∈ K, then f ·X ∈ T . Now, consider local vector
fields (X0, . . . , Xn−1) dual to (ω0, . . . , ωn−1) like in the statement: they
are well-defined modulo sections of I and define global relative vector
fields (X0, . . . ,Xn−1); we have to prove that they are transverse relative
vector fields, i.e. that LXk

Θ = fΘ for some f ∈ M(M) (actually,

f ∈ K since fΘ will be closed as well). We have LXk
Θ = d(Θ̂k) where

Θ̂k is defined by (19). From Godbillon-Vey relations (2), one easily

deduce that all d(Θ̂k) are zero, except d(Θ̂1) = c ·Θ for some constant

c ∈ C and d(Θ̂0) = ±Θ̂n−1 ∧ ωn = ±an−1Θ.
Now, given an element X ∈ T , one can write X = λ0X0 + · · · +

λn−1Xn−1 modulo I where λk = ωk(X) are global meromorphic func-
tions; as can be seen for a local flow-box, all λi must be first integrals
for FΘ. �

The proof of Theorem 1.1 is similar to that of [7] after substituting
global sections of T to global meromorphic vector fields. We consider
the Lie sub-algebra

L := {X ∈ T ; X ·K = 0}
of those relative vector fields that are tangent to the fibration G given
by global first integrals of Θ. We note that L is now a Lie algebra over
K. Assuming that G 6⊂ F (otherwise, we have already concluded the
proof by (3.1), we consider the Lie sub-algebra (over K) defined by

L0 := {X ∈ L ; ω0(X) = 0}.
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Clearly, L0 is a codimension ≤ 1 sub-algebra of L over K; we now
prove that indeed L/L0 is not trivial:

Lemma 3.3. If G 6⊂ F , there exists X ∈ T such that ω0(X) = 1 and
X ·K = 0, i.e. X(f) = 0 for any f ∈ K.

Proof. If K = C, then the Lemma is trivial. If not, suppose that
f1, . . . , fN are elements of K such that

df1 ∧ · · · ∧ fN 6≡ 0

with N maximal: we have by asumption N < n and

(20) ω0 ∧ df1 ∧ · · · ∧ dfN 6≡ 0.

Remark now that if X ∈ T satisfies X(fk) = 0 for k = 1, . . . , N , then
for each f ∈ K, the meromorphic function X(f) is actually zero. Let
us write

X = α0X0 + α1X1 + · · ·+ αn−1Xn−1

with αk ∈ K; since ω0(X) = α0, we already set α0 := 1. We now have
to solve the N × (n− 1)-linear system





df1(X0) + df1(X1) · α1 + · · · + df1(Xn−1) · αn−1 = 0
... = 0

dfN(X0) + dfN(X1) · α1 + · · ·+ dfN(Xn−1) · αn−1 = 0

From (20), the corresponding matrix (dfk(Xl))k,l has maximal rank and
one can solve the system above. If N < n−1, there are obviously many
solutions. �

The proof of Lemma 3.2 in [7] may be transposed to our relative
setting:

Lemma 3.4. If the relative vector field X ∈ T satisfies ω0(X) = 1 and
X · f = 0 for any f ∈ K like in Lemma 3.3, then

(L
(k)
X
ω0)(Y) = (−1)kω0(L

(k)
X

(Y))

for any Y ∈ T ; here, we denote by LX(Y ) the Lie bracket [X, Y ].
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Now, we can assume that the ωk are given by ωk = L
(k)

X̃0
ω0: this

modification does not affect neither the foliation FΘ, nor the field K.
We keep on notations T = K < X0, . . . ,Xn−1 >, L, L0, etc... We are
going to prove that, after conveniently choosing the generator X for

L/L0 given by Lemma 3.3, then we have ω3 = L
(3)
X
ω0 ≡ 0 and F is

transversely projective, thus concluding the proof of Theorem 1.1.
Given a Lie algebra L over a field K of characteristic 0 and a codi-

mension 1 subalgebra L0 like above, a result due to J. Tits (see [21],
or [6], p.31-33) asserts that there exists an ideal J ⊂ L0 having codi-
mension ≤ 3 in L and the quotient L/J is of one of the following three
types:

(1) L/J ≃ K · X and J = L0,
(2) L/J ≃ K · X +K ·Y with [X,Y] = X and L0/J = K · Y,
(3) L/J ≃ K · X +K ·Y +K · Z with sl(2) relations

[X,Y] = X, [X,Z] = 2Y and [Y,Z] = Z.

In each case, X is one of the vector fields produced by Lemma (3.3).

In order to prove that ω3 = L
(3)
X
ω0 ≡ 0, we just have to verify that

ω3(V) = 0 for any relative vector field V ∈ T . Indeed, any local
meromorphic vector V field decomposes as

V = f0 · X0 + · · ·+ fn−1 · Xn−1 + V ′

where fk are local meromorphic functions, Xk are local representatives
for the basis given by Lemma 3.2 and V ′ is a vector field tangent to Θ
(and in particular to ω3); we thus have

ω3(V ) = f0 · ω3(X0) + · · ·+ fn−1 · ω3(Xn−1).

By Lemma 3.4, we just have to prove that ω0(L
(3)
X

V) = 0 for any
V ∈ T . In fact, it is enough to consider V ∈ T0 since LXX = 0. Since
T acts by derivation on K and L is the kernel, Observe that L is an
ideal of T : since the elements of T act as derivation on K, they can be
considered as basic vector fields with regards to the fibration G while
L is the sub-algebra of tangent vector fields. In particular, for any
V ∈ T0, we have LXV = [X,V] ∈ L.
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We now discuss on the three cases given by Tits’ Result.
First Case: L0 is an ideal of L.

We have [X,V] = f ·X modulo L0 = J for some f ∈ K. Therefore,

[X, [X,V]] = 0 modulo J and ω0(L
(2)
X

V) = 0: in this case, the foliation
F is transversely affine.

Second Case: L0/J is generated by Y with [X,Y] = X mod-

ulo J .

We have [X,V] = f · X + g · Y mod J and [Y,V] = h · Y mod J
for coefficients f, g, h ∈ K (here, we use the fact that both Y and V

are tangent to F , whence their Lie bracket). Applying Jacobi identity
to X, Y and V yields:

[X, [Y,V]] + [V, [X,Y]] + [Y, [V,X]] = h · X − g · Y = 0

and we have h = g = 0. In particular, [X,V] = f ·X and [X, [X,V]] =
0. We conclude as before that F is transversely affine.

Third Case: L0/J is generated by Y,Z with [X,Y] = X,

[X,Z] = 2Y and [Y,Z] = Z modulo J .

We have:





[X,V] = f · X + g · Y + h · Z
[Y,V] = i · Y + j · Z
[Z,V] = k · Y + l · Z

mod J

for some coefficients f, g, h, i, j, k, l ∈ K. Jacobi identity yields:

[X, [Y,V]] + [V, [X,Y]] + [Y, [V,X]] =

= i · X + (2j − g) ·Y − 2h · Z = 0

[X, [Z,V]] + [V, [X,Z]] + [Z, [V,X]] =

= k · X + 2(f + l − i) ·Y + (g − 2j) · Z = 0

[Y, [Z,V]] + [V, [Y,Z]] + [Z, [V,Y]] = −k · Y + i · Z = 0

modulo J and thus h = i = k = 0, l = −f and g = 2j. In particular,
[X, [X, [X,V]]] = 0 and F is transversely projective, thus proving the
Theorem 1.1.



GODBILLON-VEY SEQUENCES 29

4. Proof of Theorem 1.4

In fact, we prove the more precise

Theorem 4.1. Let F be a foliation admitting a finite Godbillon-Vey
sequence (ω0, ω1, . . . , ωN) of length N + 1 ≥ 4. Then

• either F is the pull-back by a meromorphic map Φ : M 99K

C × CP (1) of the foliation F defined by

dz + ω0 + ω1z + · · ·+ ωNz
n

where ωk are meromorphic 1-forms on the curve C,
• or F is transversely affine.

In particular, we see that a purely transversely projective foliation
cannot admits other finite Godbillon-Vey sequences than the projective
triples.

Proof. Following Lemma 2.3, we have

Ω = dz + ω0 + zω1 +

(
N∑

k=2

fk · zk

)
ωN

for meromorphic functions fk ∈ M(M), fN ≡ 1 and ωN 6= 0. If fN−1 =
0, then integrability conditions imply that dω1 = 0 (see Lemma 2.3)
and F is transversely affine. Otherwise, after a change of Godbillon-
Vey sequence of the form (9) (see Section 2.1), we may assume moreover
fN−1 = N . Now, the change of coordinate z̃ = z + 1 on Ω

Ω = d(z̃ − 1) + ω0 + (z̃ − 1)ω1 + · · · + (z̃ − 1)NωN

= dz̃ + ω̃0 + z̃ω̃1 + · · · + z̃N ω̃N

provides a new sequence (ω̃0, ω̃1, . . . , ω̃N) of length N + 1 satisfying
integrability conditions (2) (see Introduction). We take care that this
is not a new Godbillon-Vey sequence for F (but for Fω̃0, whenever
ω̃0 6= 0). In fact, we have

ω0 = ω̃0 + ω̃1 + ω̃2 + · · · + ω̃N .

We also note that ω̃N = ωN and ω̃N−1 = 0. Following Lemma 2.3,
there exist meromorphic functions gk satisfying

(21) ω̃k = gk · ωN for k = 0, 2, . . . , N − 2

and integrability conditions now write

(22) dω̃k = (k − 1)ω̃1 ∧ ω̃k for k = 0, 2, . . . , N − 2

and

(23) dωN = (N − 1)ω̃1 ∧ ωN , dω̃1 = 0.
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In particular, we see that ωN is transversely affine and that

(24) ω0 = ω̃1 + (g0 + g2 + · · · + gN−2)ωN .

Following Lemma 4.2 below, there is a non constant meromorphic func-
tion g ∈ M(M) such that dg ∧ ωN = 0. It follows from Stein’s Factor-
ization Theorem that there exist:

• a meromorphic map φ : M 99K C onto a smooth, compact,
complex and connected curve C,

• a meromorphic function g : C 99K C,

such that g = g ◦φ and the generic fibers φ−1(c) are irreducible hyper-
surfaces of M . Let ω be a non zero meromorphic 1-form on C. The
1-form ω := φ∗ω on M is closed, non zero and df ∧ ω = 0. Therefore,
we can write ω̃N = hN · ω for a meromorphic function h and setting
hk = hN · gk, we get

(25) ω̃k = hkω for k = 0, 2, . . . , N − 2, N.

From equations (22), we deduce that

(26)

{
either hk = 0,

or
(
ω̃1 − 1

k−1
dhk

hk

)
∧ ω = 0

for k = 0, 2, . . . , N − 2, N.

Thus, for any k, l = 0, 2, . . . , N − 2, N such that hk, hl 6= 0, we have

(27)

(
1

k − 1

dhk

hk

− 1

l − 1

dhl

hl

)
∧ ω = 0

and
h
(l−1)
k

h
(k−1)
l

is a first integral for ω. Let r = gcd{k − 1 ; hk 6= 0}: we

have
∑

hk 6=0 nk(k − 1) = r for integers nk. Set

h :=
∏

hk 6=0

hnk

k .

Therefore, summing equations (26) over l, we get

0 =
∑

hl 6=0

nl

(
l − 1

r

dhk

hk

− k − 1

r

dhl

hl

)
∧ ω =

(
dhk

hk

− k − 1

r

dh

h

)
∧ ω.
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Thus, hk

h
k−1

r

is a first integral for ω and we can write

(28)

{
either hk = 0,

or hk = hk ◦ φ · hk−1
r

for k = 0, 2, . . . , N − 2, N

and meromorphic functions hk : C 99K C. From equation (24), we
deduce

(29) ω0 = ω̃1 +

( ∑

k=0,2,...,N

hk ◦ φ · hk−1
r

)
ω

(setting hk = 0 whenever hk = 0). On the other hand, from (26) and
(28) we get

(30) ω̃1 ∧ ω =
1

k − 1

dhk

hk

∧ ω =
1

r

dh

h
∧ ω

and ω̃1 = 1
r

dh
h

+ fω for a meromorphic function f . Since ω̃1 and ω are
closed, we get after derivating equation (30) that df ∧ ω = 0, i.e. we
can write f = f ◦ φ for a meromorphic function f : C 99K C. Finally,
we obtain

ω0 =
1

r

dh

h
+ f ◦ φ · ω +

( ∑

k=0,2,...,N

hk ◦ φ · hk−1
r

)
ω

and, setting Φ = (φ, h) : M 99K C × CP (1)

rhω0 = Φ∗

(
dz + r(f · z +

∑

k=0,2,...,N

hkz
k−1

r
+1)ω

)
.

�

Lemma 4.2. Let F be a foliation admitting a finite Godbillon-Vey
sequence (ω0, ω1, . . . , ωN) of length N + 1 ≥ 4. Then

• either ωN = fdg for meromorphic functions f, g ∈ M(M),
• or F is transversely affine.

Proof. We start as in proof of Theorem 4.1, keeping the same notations.
Substituting (21) into integrability conditions (22) yield

(dgk + (N − k)gkω̃1) ∧ ω̃N = 0 for k = 0, 2, . . . , N − 2.
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If there exist two distinct integers k, l ∈ {0, 2, . . . , N − 2} such that
gk, gl 6= 0, then we can deduce that(

(N − k)
dgl

gl

− (N − l)
dgk

gk

)
∧ ω̃N = 0 ;

if moreover the left factor is not zero, then we can conclude that

dg ∧ ω̃N = 0 with g :=
g

(N−k)
l

g
(N−l)
k

non constant

i.e. ωN = fdg for some meromorphic function f . Otherwise, the
discussion splits into many cases.
Case 1. Assume that gk = 0 for all k ∈ {0, 2, . . . , N − 2}. Then

ω0 =

N∑

k=0

ω̃k = ω̃1 + ω̃N

and, since dω̃1 = 0, we have

dω0 = dω̃N = (N − 1)ω̃1 ∧ ω̃N = (N − 1)ω̃1 ∧ ω0

and F is transversely affine.
Case 2. Assume that gk 6= 0 for at least one k ∈ {0, 2, . . . , N − 2} but

1

N − l

dgl

gl

=
1

N − k

dgk

gk

for all k, l ∈ {0, 2, . . . , N − 2} such that gk, gl 6= 0: the closed 1-form

β = ω̃1 +
1

N − k

dgk

gk

does not depend on k.
Subcase 2.1: β = 0. Since

ω0 = ω̃1 + g · ω̃N , g = g0 + g2 + · · ·+ gN−2 + 1

we get that either g = 0 and ω0 = ω̃1 is closed, or g 6= 0 and we have

d(
ω0

g
) = dω̃N = (N − 1)ω̃1 ∧ ω̃N = (N − 1)ω̃1 ∧

ω0

g
;

in each case, we see that F is transversely affine.
Subcase 2.2: β 6= 0. Therefore, one can write ω̃N = hβ for some
meromorphic function h 6= 0 and we have

dω̃N =
dh

h
∧ ω̃N .

Comparing with dω̃N = (N − 1)ω̃1 ∧ ω̃N and β ∧ ω̃N = 0, we get
(
dh

h
− N − 1

N − k

dgk

gk

)
∧ ω̃N = 0.
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Subsubcase 2.2.1: N−1
N−k

dgk

gk
= dh

h
for all k ∈ {0, 2, . . . , N − 2} such

that gk 6= 0. Then

ω0 = ω̃1 + gh · β, g = g0 + g2 + · · · + gN−2 + 1

with dg ∧ dh = 0. Since β = ω̃1 + 1
N−1

dh
h

, we get

ω0 = (1 + gh)ω̃1 +
g

N − 1
dh.

Either 1 + gh = 0 and ω0 is closed, or 1 + gh 6= 0 and ω0

1+gh
is closed; in

each case, F is transversely affine.
Subsubcase 2.2.2: N−1

N−k

dgk

gk
6= dh

h
for at least one k. Therefore, we can

conclude that

dg ∧ ω̃N = 0 with g :=
h(N−k)

g
(N−1)
k

non constant

i.e. ωN = fdg for some meromorphic function f . �

5. Examples

5.1. Degree 2 foliations on CP (n) have length ≤ 4. Here, we
prove Theorem 1.5. In fact, given a degree 2 foliation F on CP (n), we
prove that, after a convenient birational transformation

Φ : CP (n) 99K CP (n− 1) × CP (1),

the tangency locus ∆ between the foliation F ′ := Φ∗F and the projec-
tion π : CP (n− 1) × CP (1) → CP (n − 1) takes the following special
form:

• either ∆ is a vertical hypersurface, i.e. defined by R ◦π = 0 for
a non constant rational function R on CP (n− 1),

• or ∆ is the union of a vertical hypersurface like above and the
horizontal hyperplane at infinity H∞ := CP (n− 1) × {∞}.

One can easily deduce from this geometric picture that F ′ is actually
defined by a unique rational integrable 1-form

Ω = dz +
N∑

k=0

ωkz
k

where ωk are rational 1-forms on CP (n−1) and z is the CP (1)-variable.
A Godbillon-Vey sequence of length ≤ N + 1 is therefore provided by

(L
(k)
X Ω)k where X = ∂z is the vertical vector field. We will also prove

that N ≤ 3 in our case. In the first case of the alternative above, we
have N ≤ 2: ∆ is vertical, F ′ is a Riccati foliation with respect to π and
is in particular transversely projective. In the second case, N = 2 +m
where m is the multiplicity of contact between F ′ and the projection
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π along the hyperplane at infinity H∞. Actually, it is better to view
∆ as a positive divisor, defined in charts by the holomorphic function
ω(X) where X is a non vanishing holomorphic vector field tangent to
the fibration given by π and ω a holomorphic 1-form defining F ′ with
codimension ≥ 2 zero set. Then, m is the weight of ∆ along H∞.

Let F be a degree 2 foliation on CP (n). In order to construct Φ
and reach the geometrical picture above, the rought idea is to find a
rational pencil on CP (n) such that the tangency locus ∆ between the
foliation and the pencil intersects each rational fiber once. In fact, we
choose any singular point p of the foliation F and consider the pencil of
lines passing through p. Of course, the number of tangencies between
a line and F , counted with multiplicities, is 2, the degree of F ; but
looking at the pencil passing through p, we expect that the tangency
occuring at the singular point disappear after blowing up the point p.
Let us compute.

A foliation F of degree ≤ 2 on CP (n) is given in an affine chart
Cn ⊂ CP (n) by a polynomial 1-form with codimension ≥ 2 zero set
having the special form

Ω = ω0 + ω1 + ω2 + ω3

where ωi is homogeneous of degree i and ω3 is radial (see [5]): we have
ω3(R) = 0, where R := x1∂x1 + · · · + xn∂xn

is the radial vector field.
Saying that F is not of degree less than 2 just means that, if ever
ω3 = 0, then ω2 is not radial. Let us assume p = 0 be singular for
F , i.e. ω0 = 0. The tangency locus between F and the pencil of lines
passing through 0 is given by tang(F ,R) = Ω(R) = 0. If Ω(R) is the
zero polynomial, then this means that F is actually radial; we avoid
this by choosing another singular point p. Therefore, tang(F ,R) is a
cubic hypersurface which is singular at p. After blowing-up the origin,
the foliation lifts-up in the chart

π : (t1, . . . , tn−1, z) 7→ (zt1, . . . , ztn−1, z) = (x1, · · · , xn−1, xn)

just by lifting-up the 1-form Ω which now takes the special form

π∗Ω = z
(
(f0(t) + zf1(t))dz + zω̃1 + z2ω̃2 + z3ω̃3

)

where f0 and f1 are polynomial functions of t = (t1, . . . , tn−1) and ω̃i are
polynomial 1-forms depending only on t. We observe that tang(F ,R)
is now defined by {z(f0(t) + zf1(t)) = 0}, has possibly some vertical
components given by common factors of f0 and f1 and has exactly 2
non vertical components defined by z = 0 and z = −f0/f1 (the two
tangencies between any line of the pencil with F). Also, as expected,
the first section z = 0 is irrelevant since it disappears after division of
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π∗Ω: the tangency locus between the lifted foliation F̃ and the lifted
pencil (the vertical line bundle {t = constant}) actually reduces to
{f0(t) + zf1(t) = 0} in the chart above. We now discuss on this set.

If f0 ≡ 0, then Ω
z2f1(t)

is Riccati with wingular set over {f1(t) = 0}:
F has length ≤ 3. Recall that we have supposed F non radial and thus
f0 and f1 cannot vanish identically simultaneously.

If f0 6≡ 0, then the non vertical component of tang(F ,R) is the

section z = s(t), s(t) := −f0(t)
f1(t)

. If f1 ≡ 0, then this section is the

hyperplane at infinity {z = ∞}: Ω
f0(t)

is already in the expected geo-

metrical normal form and has length ≤ 4. If f1 6≡ 0, it suffices to push
it towards infinity by a meromorphic change of coordinate of the form
z̃ := z

z−s(t)
; after this birational transformation, we are in the previous

case y1 ≡ 0 and we have done. Precisely, the foliation is defined by

dz̃ − z̃
ω̃1

f0
+ z̃2(

2ω̃1

f0
− df0

f0f1
+
df1

f 2
1

− ω̃2

f1
) − z̃3(

ω̃1

f0
− ω̃2

f1
+
f0ω̃3

f 2
1

).

In order to finish the proof of Theorem 1.5, we note that a generic
degree 2 foliation of CP (2) has length 4, i.e. is not transversely projec-
tive. Actually, this is a well known fact. For instance, it immediately
follows from Corollary 2.16 and the fact that a generic degree d ≥ 2 fo-
liation on CP (2) has no invariant algebraic curve. An explicit example
is given in Section 5.2.

Remark 5.1. If F is a foliation of CP (2) given by a 1-form of the
type ω = ων + ων+1 + fν+1(xdy − ydx) then, for generic ω as above,
Tang(F , E) is a rational curve and an argument similar to the one used
above implies that F also satisfies l(F) ≤ 3.
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5.2. The examples of Jouanolou. In [11], Jouanolou exhibited the
first examples of holomorphic foliations of the projective plane without
algebraic invariant curves. His examples, one for each degree greater
than or equal to 2, are the foliations of CP (2) induced by the homoge-
neous 1-forms in C3

Ωn = det



dx dy dz
x y z
yn zn xn


 .

The automorphism group of the foliation Jd, induced by Ωd, is isomor-
phic to a semi-direct product of Z/(n2 + n + 1)Z with Z/3Z and is

generated by the transformations ψn(x : y : z) = (δn2
x : δny : δz) and

ρ(x : y : z) = (y : z : x), where δ is a primitive (n2 + n + 1)th root of
the unity.

In [14] it is observed that the foliations Jn can be presented in a
different way. If Fn is the degree 2 foliation of CP (2) induced by the
1-form

ωn = det




dx dy dz
x y z

x(−x + ny) y(−y + nz) z(−z + nx)


 ,

and φn : CP (2) 99K CP (2) is the rational map (of degree n2 + n + 1)
given by

φn(x : y : z) = (yn+1 · z : zn+1 · x : xn+1 · y)

then the foliation Jn is the pull-back of the foliation Fn under φn, i.e.,
Jn = φ∗

nFn. Conversely we can say that Fn is birationally equivalent
to the quotient of Jn by the group generated by ψn.

From the results of the previous section it follows that Fn has length
at most 4. Pulling-back a Godbillon-Vey sequence by φn we obtain
that the length of Jn is also bounded by 4 and since it does not admit
invariant algebraic curves its length is precisely 4. We have therefore
proved the

Corollary 5.2. The foliations Jn, for every n ≥ 2, have length 4.
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5.3. A new component of the space of foliations on CP (3). We
start by considering the transversely projective foliation on CP (2) given
in the affine chart {(x, y)} = C2 ⊂ CP (2) by the 1-form

ω = xdy − ydx+ P2dx+Q2dy +R2(xdy − ydx) .

where P2, Q2, R2 are generic homogeneous polynomials of degree 2.
This is a degree 2 foliation of CP (2) transverse to the Hopf fibration
x/y = const outside three distinct lines. Let us consider the homoge-
nization Ω3 of ω in the coordinates (x, y, z) of C3:

Ω3 = z2(xdy − ydx) + z(P2dx+Q2dy) +R2(xdy − ydx) − R3dz ,

where R3(x, y) = xP2 + yQ2. The genericity condition on P2, Q2, R2

implies that dΩ3 has only one zero on C3 which is isolated and located
at the origin. Of course, Ω3 defines a transversely projective foliation
of C3 ⊂ CP (3). We will twist this foliation by a polynomial automor-
phism of C3. More precisely, if σ(x, y, z) = (x, y, z + x2) then

Ω := σ∗Ω3 = Ω3 + Ω4 + Ω5 with




Ω3 = z2(xdy − ydx) + z(P2dx+Q2dy) +R2(xdy − ydx) −R3dz
Ω4 = 2zx2(xdy − ydx) + x2(P2dx+Q2dy) − 2xR3dx
Ω5 = x4(xdy − ydx)

The 1-form Ω defines a degree 4 foliation on CP (3) which is transverse
to the Hopf fibration(induced by the Euler vector field x ∂

∂x
+y ∂

∂y
+z ∂

∂z
)

outside the union of the four hyperplanes Ω4(E) = x2R3(x, y) = 0. If
P2, Q2, R2 are generic, then these four hyperplanes are distinct.

Let F ′ be a foliation of degree 4 close to FΩ: F ′ is given in the affine
chart C3 by a polynomial 1-form

Ω′ = Ω′
0 + Ω′

1 + Ω′
2 + Ω′

3 + Ω′
4 + Ω′

5 ,

where the Ω′
k are homogeneous of degree k and Ω′

5(E) ≡ 0.
After normalization, we can suppose that the coefficients of Ω′ are

close to those of Ω. Since dΩ3 has an isolated singularity at 0, there
exists (see [2]) a point 0′ where the 2-jet of Ω′ is zero, and the Euler
vector field centered at 0′ is in the kernel of the 3-jet. Therefore, after
translating 0′ to 0, we can suppose that F ′ is given by

Ω′ = Ω′
3 + Ω′

4 + Ω′
5 .

We verify that Ω′ is transversely projective (with poles contained in
Ω′

4(E)). In fact, since F is not transversely affine, the same holds for
F ′. Therefore every element F ′ of the component of F(3, 4) containing
F is actually transversely projective.
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5.4. Transversely projective foliations that are not pull-back.

Example 5.3 (Example 8.6 of [9]). Let Γ be discrete torsion free sub-
group of PSL(2,R)n such that the quotient PSL(2,R)n/Γ is compact.
For n ≥ 2, there exists examples such that the projection π(Γ) on the
first factor is a dense subgroup of PSL(2,R) (see [1]). The action of Γ
on Hn, the n product of the upper half-plane, is free, cocompact and
preserves the regular foliation induced by the projection on the first
factor. In this way, we obtain a regular transversely projective foli-
ation F on a n-dimensional compact complex manifold M such that
every leaf is dense and the generic leaf is biholomorphic to Hn−1. Ob-
serve that F is not the pull-back of a foliation on a lower dimensional
manifold, otherwise there would exist compact subvarieties in Hn−1.

Example 5.4 (Hilbert Modular Foliations). Let K be a totally real
number field of degree n ≥ 2 over the rational numbers Q and let OK

be the ring of integers of K. The group Γ = PSL(2,OK) is dense in
PSL(2,R), but considering the n embeddings i ◦ σ : K →֒ R given by
the action σ ∈ Gal(K/Q), we get an embedding Γ →֒ PSL(2,R)n as a
discrete subgroup of the product. The quotient of Hn, the n-product
of the upper-half plane H, by Γ is a quasiprojective variety V which
can be singular due to torsion elements of Γ. One can compactify and
desingularize V and obtain a projective manifold M . The n fibrations
on Hn given by the projections on each of the factors induce n foliations
on M which are regular and pair-wise transversal outside the invariant
hypersurfaces coming from the compactification and desingularization
of V . By construction, they are transversely projective and all leaves
apart from the invariant hypersurface above are dense in M . In [22]
and [15], some basic properties of these foliations are described.

When K = Q(
√

5), the resulting variety is birationally equivalent
to the projective plane. In [15] explicit equations for the foliations
associated to the two projections H2 → H, denoted by F2 and F3, are
determined. We give below an explicit projective triple for them. The
corresponding suspensions H2 and H3 defined by

Ω = dz + ω0 + zω1 + z2ω2

can be seen as singular foliations on CP (2)×CP (1) or equivalently on
CP (3). Although the leaves of F2 are dense, we note that the same is
not true for H2 since the monodromy lie in PSL(2,R).
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A projective triple for F2

ω0 =
(80 y − 60x y − 80x2)dx + (36x2 − y − 32x)dy

−720x3 y + 1728x5 + 80x y2 − y3 + 640x2 y − 1600x4 − 64 y2

ω1 =
16

3

24 y + 3 y2 + 62x y − 24x2 − 108x2 y − 368x3 + 432x4

−720x3 y + 1728x5 + 80x y2 − y3 + 640x2 y − 1600x4 − 64 y2
dx

− 4

15

150 y + 3 y2 + 192x − 172x y − 872x2 + 720x3

−720x3 y + 1728x5 + 80x y2 − y3 + 640x2 y − 1600x4 − 64 y2
dy

ω2 =
32

45

144 y + 84 y2 + 3 y3 + 852x y − 48x y2 − 144x2 − 1472x2 y − 36x2 y2 − 4416x3 + 336x3 y + 4928x4

−720x3 y + 1728x5 + 80x y2 − y3 + 640x2 y − 1600x4 − 64 y2)
dx

− 32

225

441 y + 288x − 372x y + 12x y2 − 2292x2 − 56x2 y + 1472x3 − 108x3 y + 720x4

−720x3 y + 1728x5 + 80x y2 − y3 + 640x2 y − 1600x4 − 64 y2
dy

A projective triple for F3

ω0 =
(−5

4
y2 + 20x y − 60x3)dx + (−y +

3

4
x y + x2)dy

−720x3 y + 1728x5 + 80x y2 − y3 + 640x2 y − 1600x4 − 64 y2

ω1 = 4
−80x2 y + 3 y2 − 208x3 + 288x4 + 48x y

−720x3 y + 1728x5 + 80x y2 − y3 + 640x2 y − 1600x4 − 64 y2
dx

− 2

5

40 y + y2 − 168x2 + 192x3 − 50x y

−720x3 y + 1728x5 + 80x y2 − y3 + 640x2 y − 1600x4 − 64 y2
dy

ω2 =
32

5

−9 y2 + 80x y + 8x y2 − 16x2 y − 368x3 − 48x3 y + 320x4

−720x3 y + 1728x5 + 80x y2 − y3 + 640x2 y − 1600x4 − 64 y2
dx

+
32

25

−36 y + 63x y + 164x2 − 28x2 y − 304x3 + 144x4

−720x3 y + 1728x5 + 80x y2 − y3 + 640x2 y − 1600x4 − 64 y2
dy
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Theorem 5.5. The explicit suspensions H2 and H3 above are not the
meromorphic pull-back of a foliation on a surface.

Proof. Suppose that there exists a foliation H2 on a surface S and a
meromorphic map Φ : CP (2) × CP (1) 99K S such that Φ∗H2 = H2.

Let U ⊂ CP (2) × CP (1) be the Zariski open subset where Φ is
holomorphic and U0 = U ∩ (CP (2) × {0}). After blowing-up S, one
can assume Φ(U0) having codimension ≤ 1. The generic rank of Φ
restricted to U0 = U ∩ (CP (2) × {0}) is 2, otherwise we are in one of
the following contradicting situations

(1) The closure of Φ(U0) is a proper submanifold of S non-invariant
by H2. In particular F2 is the pull-back of a foliation of a
foliation on a curve and is transversely euclidean; contradiction.

(2) The closure of Φ(M0) is a proper submanifold of S invariant by
H2 (and not contained in the singular set of H2). Reasoning
in local coordinates at the neighborhood of a generic point p ∈
Φ(U0), we see that CP (2)× {0} is invariant by H2 obtaining a
contradiction.

We conclude therefore that Φ|U0 is dominant and H2 = Φ∗F2 has dense
leaves (in fact all but finitely many). Therefore, the same density prop-
erty holds for the pull-back H2 = Φ∗H2 providing a contradiction: the
Riccati foliation H2 has no dense leaf since its monodromy is contained
in PSL(2,R). This proves the Theorem. �

6. Integrable 1-forms in Positive Characteristic

Due to the algebraic nature of many of the arguments used through
this paper it is natural to ask if it would be possible carry on a similar
study for integrable 1-forms on varieties defined over fields of positive
characteristic.

The surprising fact, at least for us, is that over fields of positive
characteristic every 1-form admits a Godbillon-Vey sequence of length
one. In the case of 1-forms on the projective plane this is already
implicitly proved in [17].

Our argument is based on the following

Lemma 6.1. Let M be a m-dimensional smooth projective variety de-
fined over an arbitrary field. If ω is an integrable rational 1-form then
there exists m − 1 rationally independent vector fields X1, . . . , Xm−1

such that

(1) [Xi, Xj ] = 0 for every i, j ∈ 1, . . . , m− 1;
(2) ω(Xi) = 0 for every i ∈ 1, . . . , m− 1.
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Proof. Let f1, . . . , fm−1 ∈ k(M) be rational functions such that

ω ∧ df1 ∧ · · · ∧ dfm−1 6= 0 .

If ωm = ω and ωi = dfi, for i = 1 . . .m− 1 then {ωi}m
i=1 form a basis of

the k(M)-vector space of rational 1-forms over M .
Let {Xi}m

i=1 be a basis of the space of rational vector fields on M
dual to {ωi}m

i=1, i.e., ωi(Xj) = δij. It is clear that ω(Xi) = 0 for every
i = 1 . . .m− 1. We claim that [Xi, Xj] = 0 for every i, j = 1 . . .m− 1.
It is sufficient to show that

(31) ωk([Xi, Xj]) = 0 for every k = 1 . . .m

For k = m the integrability of ω implies that (31) holds. For k < m
we have that

ωk([Xi, Xj]) = Xi(ωk(Xj)) −Xj(ωk(Xi)) + dωk(Xi, Xj) =

= Xi(δkj) −Xj(δki) + d2fk(Xi, Xj) = 0 .

This shows that (31) holds for every k = 1 . . .m and concludes the
proof of the lemma. �

Theorem 6.2. Let M be a smooth projective variety defined over a
field K of characteristic p > 0 and ω be a rational 1-form. If ω is inte-
grable then ω admits an ”integrating factor”, i.e., there exist a rational
function F ∈ K(M) such that Fω is closed. Equivalently we have that

dω = ω ∧ dF

F
.

Proof. Let m be the dimension of M and X1, . . . , Xm−1 be the rational
vector fields given by lemma 6.1. We will distinguish two cases:

(1) for every i = 1 . . .m− 1 we have that ω(Xp
i ) = 0

(2) there exists i ∈ {1, . . . , m− 1} such that ω(Xp
i ) 6= 0

Let F be the unique saturated subsheaf of the tangent sheaf of M
which coincides with the kernel of ω over the generic point of M . The
integrability of ω implies that F is involutive. If we are in the case (1)
then we have also that F is p-closed. From [16, propositions 1.7 and
1.9, p. 55–56] it follows that ω = gdf where g, f ∈ k(M).

In case (2) we can suppose that ω(Xp
1 ) 6= 0. If F = ω(Xp

1 )−1 then

d(Fω) = Fω ∧ LX
p
1
(Fω) .

To conclude we have just to prove that LX
p
1
(Fω) = 0. In fact since

Fω(Xp
1) = 1 it follows that

LX
p
1
(Fω) = iXp

1
d(Fω) .
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Moreover for every i = 1 . . .m− 1 we have that [Xp
1 , Xi] = 0, since X1

commutes with Xi, and therefore

iXp
1
d(Fω)(Xi) = Fω([Xp

1 , Xi]) −Xp
1 (Fω(Xi)) +Xi(Fω(Xp

1)) = 0 .

This is sufficient to show that LX
p
1
(Fω) = 0 concluding the proof of

the Theorem. �

As a corollary we obtain a codimension one version of the main result
of [17].

Corollary 6.3. Let ω be a polynomial integrable 1-form on An
k , where

k is a field of positive characteristic. If dω 6= 0 then there exists an
irreducible algebraic hypersurface H such that i∗ω = 0, where i : H →
An

k denotes the inclusion.

Proof. Of course ω can be interpreted as rational 1-form over Pn
k which

is regular over An
k . From Theorem 1.8 there exists a rational function

F ∈ k(x1, . . . , xn) such that

dω = ω ∧ dF

F
.

Since dω 6== 0 we have that dF 6= 0, i.e., F is not a p-th power. In
particular the polar set of dF/F is not empty. It is an easy exercise
to show that every irreducible component H of the polar set of dF/F
satisfies i∗ω = 0, where i : H → An

k denotes the inclusion �

In fact the same proof as above yields the stronger

Corollary 6.4. Let ω be a regular integrable 1-form over a smooth
quasiprojective algebraic variety M defined over k, a field of positive
characteristic. Suppose that H0(M,O∗

M ) = k∗. If dω 6= 0 then there
exists an irreducible algebraic hypersurface H such that i∗ω = 0, where
i : H →M denotes the inclusion.

Observe that the result above can be applied to projective varieties
since there exists such varieties with global regular 1-forms which are
not closed, see [16].
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Mathématique 38 (2001), p. 287–319.

[10] A. T. Huckleberry, G. A. Margulis, Invariant analytic hypersurfaces, Invent.
Math. 71 (1983), no. 1, 235–240.
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