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Abstract.

The asymptotic kinetic theory of magnetized plasmas is elaborated
within the context of general statistical approach and asymptotic methods
[1-5], developed by M. Krylov and M. Bohol’ubov, for linear and non-linear
dynamic systems with a rapidly rotating phase [4]. The quasi-particles
are introduced already on the microscopic level. Asymptotic expansions
enable to close the description for slow processes, and to relate consistently
particles and guiding centres to quasi-particles. The kinetic equation for
quasi-particles is derived. It makes a basis for the reduced description
of slow collective phenomena in the medium. The kinetic equation for
quasi-particles takes into account self-consistent interaction fields, quasi-
particle collisions and collective-fluctuation-induced relaxation of quasi-
particle distribution function. The relationships between the distribution
functions for particles, guiding centres and quasi-particles are derived taking
into account fluctuations, which can be especially important in turbulent
states. In this way macroscopic (statistical) particle properties can be
obtained from those of quasi-particles in the general case of non-equilibrium
media.
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1 Introduction

The slow time evolution of nonlinear dynamic systems is frequently of concern. Then
the reduction of the original description by means of asymptotic methods, which employ
explicitly the separation of interesting time scales, is facilitating for both analytical and
computational studies. This has been appreciated for a long time [1-7].

A peculiarity of the plasma as the system of many charged particles with long-
range interaction between them is in its collective behaviour [8]. In non-equilibrium or
turbulent plasmas the collective degrees of freedom are excited, and nonlinear effects
become important. Diagnostics progress enables one to determine the characteristics
of such plasmas in many more detail. Also, modern computers, especially those with
parallel architecture, and advanced numerical simulation techniques make it possible
to study complicated realistic situations.

Experimental observations and numerical simulations of space and fusion plasmas
reveal their very complex behaviour, with low-frequency (with respect to the ion
cyclotron frequency) oscillations.

Such oscillations and nonlinear interaction between them are possibly related to
anomalous transport phenomena in the magnetized plasma. This makes one especially
interested in the slow plasma motion, and the fundamental knowledge of the latter [9].
Experiments and simulations require strong theoretical support to set guidelines for the
measurement interpretation, and developing benchmark experimental and simulation
models. Comprehensive understanding of kinetic and nonlinear phenomena in plasmas
under natural or laboratory conditions, involving low-frequency fluctuations as a
ubiquitous feature, is indeed a great challenge in theory, experiments and simulations.

Even with the rapidly increasing power of computers, many important problems in
plasma physics cannot be solved with conventional simulation techniques, for example
particle-in-cell simulation. The latter model treats plasmas on the most basic level,
using Maxwell’s equations and Newton’s law directly. Problems such as modeling a
Tokamak for fusion energy research or modeling the magnetosphere for space plasma
physics, have so large a range of space and time scales that the calculation is prohibitive
on any foreseeable computer. These so called Grand Challenge problems require a
reduced description if they are to be solved, where only some of the physical processes
are included, hopefully the important ones.

Therefore, the general asymptotic and statistical methods become of fundamental
importance for developing the reduced theory based on a self-consistent quasi-
particle concept, and for providing a justification for quasi-particles introduced in the
computational plasma studies.

Our objective is to derive from the first principles the Vlasov-type kinetic equation
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for the quasi-particles in the magnetized plasma taking into account both mean self-
consistent fields and plasma fluctuations.

In Sec. 2, basic quantities and equations are introduced. In Sec. 3, the closure
of the quasi-particle description is considered. In Sec. 4 the adiabatic approximation
is introduced, and the main features of the first-order theory and physical meaning of
renormalizations are explained. Quasi-particle properties in the first-order adiabatic
approximation are presented in Sec. 5. Sec. 6 deals with quasi-particle kinetics and

fluctuations. Sec. 7 makes a summary.

2 Particles and Quasi-Particles

In this section, microscopic densities in the particle, guiding-centre and quasi-particle
phase spaces are introduced, and the equations that they satisfy are formulated.
Microscopic density F' in particle phase spaces. Let us consider a system of non-
relativistic charged particles (which can contain just one particle) of charge ¢ and
mass m in an external stationary and uniform magnetic field B= Bl;, and additional
force fields producing particle acceleration a. The latter can include self-consistent
microscopic fields created by particles themselves and externally imposed fields. The
particle trajectory { 7,(t) , ©,(¢) } in phase space {7, U} is determined from the following

equations:

L= aplt), == = Gp) x @ + ap), op(t), 1), (1)

with QO = ¢B /me, Q = qB/mc the cyclotron frequency.

The microscopic density in particle phase space,

F(7a,t) = 67— plt)) 65— 5p(t)) | (2)

with the summation over all particles of the same charge and mass, satisfies a continuity

equation:
(8 + T-V)F + 0z {[aFo,t) + xQ|F} =0. (3)

Microscopic density F' in guiding-centre phase spaces. In order to allow for finite-
Larmor-radius effects, associated with the non-uniformity of acceleration field a at
scales comparable to particle Larmor radii, one usually exploits the guiding-centre

transformation from the particle 7 to the guiding-centre position R:

7P =R+ bx0/Q. (4)
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The equations of guiding-centre motion have the standard form of a dynamic system
with rapidly rotating phase as introduced by Boholiubov and Zubarev [4, 5], when the
cylindrical coordinates in the particle velocity space are used, and for any guiding-
centre transformation which coincides with (4) to the leading order of the asymptotic
theory. It is convenient to specify such a transformation later, and introduce formally
guiding-centre variables {E, v, €1, af = {Z, a} with respect to the triad of orthogonal

unity vectors b, N, and 3, where the label L (||) is for a vector component across(along)

—

b:
7 = #(R,7) . (5)

v = b-T, U = 0 —v”l;: v, [cosa N + sinaﬁ], €, = U%/Q

For any function Q(7,v,t) of particle variables,

Q = Q(é,v||,6l,@,t) = Q(Faﬁat)a (6)

after 7 and ¢ are expressed in guiding-centre variables.

The equations of guiding-centre motion follow from (1), (5):

dﬁc - dvjc TS de, . S5

W = V(:L’,Oé,t), dt = b-a :CLH, dt — s a:ael’ (7)
d 1 - ~
%: - Q-v, I/E——Q(bxﬁl)-d’,

with v the shift in the gyration frequency, @ (Ge, ) the acceleration in v (e.). The
latter quantities are determined by the acceleration projections in the moving local
reference frame:

b, =0 /v, a=bx1.
Any vector A can be decomposed in this frame:

R R - 1
A:A”b—f—AUL ’lA)—i-Aad, 81—}»:8U||b+8ﬂvg&+ U—Gad
4

All the quantities on the right-hand sides of the equations (7) are evaluated along
the trajectory in the guiding-centre phase space {Z,a}, while the guiding-centre
velocity can be found after transformation (5) is specified. For the transformation
(4): V=0 b+adxb/Q.

The microscopic density in the guiding-centre phase space is introduced like in the

particle one,

F' = F'(Za,t) = Z(S(:E—:Ec(t))znjé(a — ac(t) + 2m), (8)
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with the summation over all guiding centres. This density satisfies also a continuity

equation but in its proper phase space:
O F + 0z (XF')— 0a[(Q+v)F]=0. (9)

Here, X = {‘7,&||,5L€ | } is a generalized velocity corresponding to the phase-space
variable 7 = {R, vj, €1 }. The infinite sum over n in (8) provides the periodicity of the
quantity of interest with respect to the gyrophase a (gyroangle).

Microscopic density G in quasi-particle phase spaces. The exact microscopic density
G in the quasi-particle (reduced) phase space 7 is introduced in relation to the

gyrophase-independent part of F”:
G = 27r/dozF'. (10)

Such a quantity also satisfies a continuity equation, which follows from (9) after
integration over the gyrophase a. The equation obtained in this way is not closed, as it
contains other harmonics of F” as unknown quantities. The harmonics are introduced

by means of Fourier series,

- 1
F = G+ > "™y, Fy= —G. (11)

n £ 0 2

The infinite set of harmonics provides complete information on the gyrophase

1
2T

dependence within the context of exact description. For slow time evolution, one
can achieve closure after relating the harmonics of F’ to G by means of an asymptotic
expansion in a small parameter. In this way the quasi-particle description is constructed
formally up to arbitrary orders.

It is important to notice that the notion of guiding centre introduced above differs
from the one usually encountered in the guiding-centre plasma models and drift-kinetic
theories elaborated on their basis. In such models, e.g. [10, 11], the guiding-centre is
introduced after averaging over the gyrophase, like the quasi-particle in the present
theory.

Let us consider the continuity equation for G in the reduced phase space ¥ =
{R, v, €L}

G + 0z (XgG) = S, S=-2r Y 0z (XnFy), (12)

n#0
with the effects of other harmonics represented by a source term S on the right-hand
side. Any quantity Q(Z,v,vy,a,t) of guiding-centre variables is represented by the

Fourier series,

1 2w

Q = Ze_ann, Qn = {Qn = 27 Jo da Qema. (13)
n



The harmonics F,,(Z,t) are governed by an interconnected chain of equations

(0 +inQ )Fp + 3 [0z ( Xn,Fny ) + invp Fny ] = 0. (14)
ny+no=n

It is necessary to specify initial conditions. Given the initial particle phase space

position {r(ty), U(to)}, the guiding-centre position {Z¢(to), ac(to)} is found by virtue of

(5), while the initial quasi-particle position is Z¢(ty), G(Z,t0) = > 6(Z — Ze(ty)). The

summation is over all quasi-particles, with their number being equal to the number of

guiding centres and particles,
[dic = [dida P~ [drasF.

When the number of particles is conserved the number of quasi-particles is also
conserved. The conservation of quasi-particles has nothing to do with the specific
structure of the equation (12) or its approximations. The exact equation for G (or
any of its approximations) complies with the conservation properties of the original
continuity equation. The structure of the latter in the case considered implies no local
sources or sinks of particles and no factors producing random particle motion (at the
very basic level of description no information is lost yet). These particle properties are
not to be preserved in general.

Equation (12) is exact. If its right-hand side is treated as given, then the general

solution is the sum of the solution ), of the homogeneous equation
4Gy + 9z ( XgGr) = 0, (15)

and the particular solution of the inhomogeneous equation. If the homogeneous solution
is specified to take into account the initial condition, then it can be treated as a

microscopic quasi-particle density, and

Gy = SoE-gm). DO - Ky (16

That is, the quasi-particle is point-wise. It is governed by the above equations of
motion. The quasi-particle has initially the same position, parallel velocity and the
magnitude of perpendicular velocity as the original guiding centre. Initial coordinates of
the guiding centre and the particle are related by (5). In general, two close particles can
be represented by two distant quasi-particles, and vice versa. Quasi-particle equations
of motion look like equations (7) averaged in some sense over the gyrophase. However

no approximations have been introduced yet.



3 Asymptotic Expansions

In this section, a formal expansion is introduced for the deviation of the guiding-centre
density from the quasi-particle one, and a closed quasi-particle description is developed
on its basis to arbitrary orders in a small parameter.

Following Boholiubov and Krylov, the closure can be achieved by means of a formal
expansion in powers of a small parameter A (w/Q ~ A, where w is a characteristic

frequency and €2 is a cyclotron frequency):

2 /(7)
F 5 G + .Z F\J1) (17)
j=1
where .
n # 0
and
— ()
Fy, = ZFn ~ NG, << 1 (19)
j=1

Then the source term from (12) reappears as an expansion in increasing powers of A:

00 , ,
s= Y s = —or ¥ o (X2FY) ) (20)

j=1 n # 0
After the closure incomplete information on the gyrophase dependence becomes
available only in the form of a probability distribution. The closure makes it possible
to relate guiding-centre (particle) and quasi-particle characteristics. Equation (17)
introduces a general relationship between the guiding-centres and the quasi-particles.

Combining (17) and (14), one derives an equation for the first iteration
A . (1) I >
[ Do + in(Q+vg) | Fy/ = — ﬁ[mlmG—k@f-(XnG)], (21)

as well as the recurrence relations for higher-order iterations:

[ Dy + in(Q+ 1) | Féj +1) = (22)
- _ Z [ml/nlﬂgj) + (95' ( )_()anéj) )]

ny +mng =n, ning # 0
Here for arbitrary g(%,t), Dog = Org + Oz ( )?Og ) .
In the simplest approximation the influence of other harmonics on the space-time

evolution of the quasi-particle density is completely disregarded:

= 1
G + 0z (XpG ) = 0, Fr=—aG. (23)

2
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The discussion of the quasi-particle nature and the derivation of the quasi-particle
equations of motion presented in the previous section are also appropriate in this case.

The guiding-centre density is no more the delta-function of the trajectory in guiding-
centre phase space, and its interpretation as a probability distribution is natural. After
the closure a part of information about the gyrophase, as well as about rapid variations
of other coordinates, is lost. The reduced guiding-centre distribution F’ contains but
incomplete information on the gyrophase dependence. An expansion of phase-space
point, which represents the guiding centre (or the particle), to a probability ”circle”
occurs.

Let us illustrate this point for the case of uniformly magnetized plasma. Within
the original exact description, a microscopic particle density in the physical space
n(r,t) = [dvF = 6(r" — 7p(t)). Meanwhile, taking into account the guiding-centre

transformation in the usual form B = 7+ ¥ x b/, one obtains from (23):
“ 1) = 2 6(ry — Ryg() 817, — Rug(t)? — 12 24
n(ryt) = o ory = Ryg(t)) o[(7L — Rig(t))” —rL], (24)

where 77 = vi1¢(t)/Q is the Larmor radius. The latter equation enables one to
imagine a probability circle of radius r; moving in the physical space with its plane
being perpendicular to B , and its center being at the point ﬁq(t). The probability
to find the particle at any point of this circle is the same, according to (24). This
probability circle can be distorted due to the effects of harmonics. Eq.(24) predicts
a "visually observable” motion of probability circle with the velocity ‘70, while the
particle velocity calculated from the reduced distribution in (23) is v)4(?) b. In order
to describe particle drift motion across the magnetic field higher-order approximations

are needed.

4 First-Order Theory

The adiabatic approximation, the main features of the first-order theory, and the
physical meaning of renormalizations are treated here.

We introduce the adiabatic approximation assuming that
(0 + invg ) Fn + 0p- (XgFn ) ~ AnQ Fy . (25)

According to this approximation, the slow time evolution of distribution functions
is considered only (as compared to the rapid particle gyration with the cyclotron
frequency), and the forces applied to the particle are assumed to produce the guiding

centre accelerations and drift velocities slowly evolving in time, and weak enough.



Combining (17) and (25) with (14), one finds the first-order iteration Fél) in terms

of quasi-particle density:

(1) _ : :
Fy’ = QWnQ[znunG%—af-(XnG)], (26)
P = _ 2;9(%% G+ —/ do 0z [ (X-X5)G].

and the recurrence relations for higher-order iterations,

RV = o+ i) B 4 0p (KR )+

" > [0z (X P ) + i BAD 1}, 20)
ny+mng =mn, ning #0

F’(j+1) = — é(yF'() — {VF/( )}0)

+S12 /ada (0,70 4 oy (XPU) — (XPU)Y) ],

In the first-order approximation, the source term is involved in the time evolution
of quasi-particle density, and the relevant contribution of harmonics into the guiding-

centre density becomes important:

o= BV 5= s, po Loy vy iengll) (28)
27r n %0

In the adiabatic approximation, the expression (26) is valid, and the microscopic

relationship between particles and quasi-particles takes the form

1 1 3
Fle G = o o(v-n) G+27T—Q/ do 0= [(X—X5)G]. (29)

When the adiabatic approximation (25) is used to calculate the source term, one
discovers that the structure of the microscopic equation for the quasi-particle density
remains unchanged:

(G + 9z (XpG) = 0. (30)

. 1) . . .
Here, the contribution from F7(l ) into the source term is taken into account by
renormalizing the quasi-particle velocity and accelerations. For any function Q(Z, o, t)

of guiding-centre phase-space variables the renormalized value @)y is
Qr =Qr(7,t) = Qp— Z (vn + ﬁXn ) Qn- (31)
n#0

The structure of the continuity equation in the reduced phase space, and the

initial conditions determine the nature of quasi-particles and their equations of motion.
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However, the structure of the original continuity equation does not preclude in general
the effects of random motion, or local sources and sinks for quasi-particles. Such effects
can be involved within reduced theory approximations.

The solution to (30) taking account of initial conditions can be represented in the

form of zero-order approximation:

G=3 0T -5,0), 5T = X@0).0) (32)

which means point quasi-particles.
In order to elucidate the relation of renormalized (quasi-particle) quantities to the
particle, let us take an arbitrary function Q(7, ¥, t) of particle dynamical variables and

derive a reduced expression for it. It is convenient to introduce the following notations:
(= /dFdﬁ(...)F A /dfda(...)F’ ,

(o= /df(...)G . d7 = dRdvde, . (33)

For arbitrary quantity Q(7,v,t) of particle variables, we notice easily that

Q) = Q1. 5,(0.1) = QF = @p = Qg + 2n g [ 47 Q3
n#0

from where the reduced expression follows immediately:

@QF = Qg+ > Y [araEy) (34)
j=1n#0

(1)

In the first-order adiabatic approximation, the term arising from Fj, ’ is retained

only in the infinite sum. With F7(l1> from (26),

@F = @rq - (35)

Clearly, (Q)p = Qr(Z,y(t),t) if the quasi-particle is point-wise.

The following exact relations hold:
Re(t) = (R)pr = (R)q (36)

vie(t) = (g = g, vielt) = (v = (v)g
(and similar relations for any other functions of guiding-centre variables except the
gyrophase). That is, the mean guiding-centre position is exactly the mean quasi-
particle position, and in the reduced theory it is so to arbitrary orders in the
small parameter. Within the adiabatic approximation, when the quasi-particle is
point-wise, <ﬁ) o= ﬁq(t) . the quasi-particle and mean guiding-centre positions
coincide. Similar relationship holds for the parallel velocities and the magnitudes of

perpendicular velocities of the guiding centre and the quasi-particle.
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5 Quasi-Particle Constants of Motion

Here the quasi-particle properties are studied in the case of potential acceleration which
can correspond to the potential electric field.
Let us assume that the particle acceleration derives from a velocity-independent

potential:
a= —V0, 0 =0F1, (37)

and adopt the usual guiding-centre transformation (4), when the guiding-centre velocity

18: .
V = b+ =
v b+ Q0

Then, in the case of uniform magnetic fields, particle acceleration expressed in guiding-

b .

SIS

centre variables is governed by a potential as well, we denote this potential by 6:
@= —0:0, 9;-V =0. (38)

Therefore, the flow in the guiding-centre configuration space is incompressible.
Other derivatives of the potential are also expressed in guiding-centre variables.

Such derivatives produce a shift of the gyration frequency, and an acceleration in €, :

v = Q@ELé, C~L€J_ = Qaaé, 80ﬂ/- (%Ldgl = 0. (39)
Therefore, the flow in the subspace {€,,a} is also incompressible. These properties
hold in the case of a non-uniformly magnetized plasma as well.

Thus, the flow in the guiding-centre phase space appears to be incompressible:
0z X — dav = 0, (40)

as 81)“61” = 0. One proves a general Theorem: if the flow in the original phase space is
incompressible, then the renormalized flow in the reduced (quasi-particle) phase space

is also incompressible:
0z X —0av=0 — 9z-Xp = 0. (41)
Proof. Definition (31) takes this form in the case (40):
-
O = Q- 05 Y = Xui. (42)
n
n # 0

It is evident that Oz - )Z'O = 0, since the operator dz is gyrophase-independent by
definition. When @ = X , the divergence of the second term on the right-hand side of
(42) changes sign after n is replaced by —n, and therefore vanishes. This completes

the proof.
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In the case of potential acceleration,

Qr = Qo — (43)
- i ~ -
— 3 10 (0nQ}) + —g (ayndy + Vo 0p) QR
n # 0
with ae n = —inQén from (39). In particular, the renormalized potential
~ ~ ~ 2 Z = :* -
Or =0y — > [0c |0n]| —|—Wan><an-b], (44)
n#0 n
and the renormalized acceleration:
- 5 . 52 (A =x o
aELr:Q{ﬁoﬂ}r:QZln[3€L|€n| + Qzanxan'b]-
n#0 n
As the terms in the infinite sum are odd functions of n,
ae,r = 0. (45)

This property has important consequences: one can introduce a stream potential
and discover the first-order quasi-particle invariant.

Stream potential. Incompressibility of renormalized flow in the reduced phase
space together with vanishing ae, imply that the renormalized flow in the quasi-
particle configuration space is incompressible. Therefore, the renormalized quasi-
particle velocity can be represented by a stream function, and that is the potential

of the renormalized acceleration over §):

—

The potential fs of the renormalized acceleration (henceforth called the stream
potential) is found from (43) with Q = a:

. _ - 00}, i 00p - . 00
ar = —0s0y + Oe, (Op—2) + S oxb-0z —2 7.
" &7 ngo[ en (Onpm ) T 008 oR ok

By replacing here n with —n, and adding the resulting expression to the original one,
we find:

~ ~ 1 ~ 9 T = k-

95:00 - = Z[agj_|9n| +72(Z'n,><an'b]. (47)

2 ns2

n#0
Thus the stream potential differs from the renormalized one.

The summation over n can be carried out:

- 1 _ _ 1 e . .
0s = 0y — 500 ({02 + B) + 55 L@ [ da(V = Ty)ky.,  (49)
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Or = 205 — 0 . (49)

First-order quasi-particle invariant. It is well known that the magnitude of the

perpendicular particle velocity (or the Larmor radius, or the kinetic energy of cross-

field motion, or the magnetic moment) is a constant of motion in a uniform magnetic
field, when no other forces are applied. According to (45) and (32),

dﬂq -
dt = Qe r = 07

that is €, is an invariant of quasi-particle motion in the first order allowing for strongly
non-uniform (at scales comparable to particle Larmor radii) but slowly evolving in time
potential force fields.

Therefore, the continuity equation for quasi-particles simplifies:

(O + Vi 05 + Gyrdy )G =0, (50)
— . 1 - - ~ ~ 5 - ~
Vfr = UHb -+ 6 ar X b, ar = —aﬁes, a|r = —baéeg

The latter equation takes into account explicitly the first-order quasi-particle invariant
and the existence of the stream potential.

According to general relations between mean values,

2

K, = <%>F = {e)m = (e . (51)

Therefore the reduced kinetic energy K| (per unit mass) of cross-field particle motion is
the first-order adiabatic invariant, with regard to strongly non-uniform potential force
fields besides stationary and uniform magnetic fields. This result must be reconsidered
in the next orders.

Microscopic relationship between guiding-centres and quasi-particles. The micro-
scopic relationship (29) between guiding-centres and quasi-particles simplifies in this
case

Foe Lt g [Tda (- Xg) oz 6 (52)
2 Q x ’
where the incompressibility property (41) has been taken into account. In the explicit

form,
1

1

| o L
+§/ doc [ (a) = ajo) Oy + ﬁ(a—ao)be]G}.
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6 Quasi-Particle Kinetic Equation

Let us consider a system of many charged particles with self-consistent interaction,
such as the plasma, and a corresponding system of quasi-particles with the microscopic
phase-space density G = >, G, . The relation between the particle (guiding-centre)
phase-space density and the quasi-particle phase-space density makes it possible to
relate self-consistent fields to the quasi-particle phase-space density (reduced Poisson
equation).

In order to describe quasi-particle kinetics and fluctuations, we apply a statistical
approach and formulate an infinite hierarchy of equations for quasi-particle correlation
functions, similar to the Boholiubov-Born-Green-Kirkwood-Yvon hierarchy for the
particle correlation functions. We introduce the quasi-particle distribution function
g as the statistical mean value of the microscopic quasi-particle density in phase space:
g = (G). Fluctuations dg of the quasi-particle distribution function are introduced
according to the definition G = g + dg , where (dg) = 0.

The statistical averaging of the continuity equation (12) for the microscopic quasi-
particle density space yields the first equation of the hierarchy (called kinetic equation
for quasi-particles) which is still exact. Asymptotic approximations can be obtained
from such an equation, or after statistical averaging of approximate microscopic
continuity equations.

In the first-order adiabatic approximation, statistical averaging of (30) yields:
o g + Oz (Xr)g) = — Oz - (6Xr6g) - (54)

Here, for any quantity @), the statistical mean value of the renormalized quantity is

1

@) = @)= 2 () + L% 0p) 5(QR) +
n#0
F (o + L0%,-0) 5005 ], (55)

where a fluctuation contribution determined by pair correlation functions is to be
noticed. For the incompressible flow in the particle phase space,
i

g [(Xn)(@QR) + (0XndQp)] - (56)

<Qr> = <QO> - af' Z n
n # 0

The term on the right-hand side of (54) is also determined by a pair correlation
function. This term can be interpreted as a collision integral for quasi-particles. It
takes into account the quasi-particle collisions and the collective-fluctuation-induced

relaxation of quasi-particle distribution function, similarly to the particle kinetic
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integrals. The collision integral can be expressed in terms of pair correlation functions
for the incoherent and collective fluctuations [8].

The relationship between the particle distribution function f = (F') and the quasi-
particle distribution function ¢ is obtained after statistical averaging of the general
microscopic relationship (17) between the guiding-centres and the quasi-particles. In
this way we relate macroscopic (statistical) particle and quasi-particle properties.

In the adiabatic approximation, statistical averaging of (29) yields the following
relationship between the distribution functions for guiding-centres, f' = (F”), and
quasi-particles, g:

1 1 1 o

- 5o lv-—rw)g+

I J—
I= 2 272

— g [ 0w = dng) 6G) /daaa- (6X —6X0)5G)].  (57)

This relation includes the correlation functions for fluctuations. The fluctuations can
be essential for the plasma, turbulent one especially. Therefore, the relation between
the statistical distributions of particles and quasi-particles can be rather complicated
because of fluctuations in the medium, which are especially important in turbulent
states.

For the uniformly magnetized plasma, the relationship between the particle and
guiding-centre distribution functions is especially simple in the case of guiding-centre

transformation (4):
FF ) = f(Rovpeant). (58)

In the case of potential interaction between particles via the self-consistent electric
field E = —6@, and for the uniform magnetic field:

_ i q 3 .z v - C o
CLEL’I":O; a|r = —Ebaéq)s, Vr:U”b—'—bea}‘—é@s
The kinetic equation (54) takes the form
RNV B
[0 + v V) + §<E> xb-V + — (E) Oyl g =
Com TS q
= - E((SEr xb-ViG) — - (0E):0v0G) . (59)

The relation between the statistical distributions of particles and quasi-particles
simplifies as well:

1 1
o 27§}

Equations for the space-time quasi-particle correlation functions can be derived

fl= =11+ f/ da (X —Xo)-0z] g + * da (06X —6X)-00G) . (60)

from the nonlinear equation for fluctuations,

0 g + 0z ((Xr)dg + 0Xpdg — (0Xrdg)) = — 0z (6Xrg) , (61)
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by means of the general renormalization approach [9, 12]. In the linear with respect to

fluctuations approximation,
0 g + 0z ((Xr)dg) = — 0z (6Xrg) . (62)

Such an approximation results in a quasi-linear kinetic equation for quasi-particles. We
can introduce also renormalized linear approximations for fluctuations resulting in a
renormalized quasi-linear kinetic equation for quasi-particles.

If collisions are disregarded, as well as the fluctuation-induced relaxation of quasi-

particle distribution function, the kinetic equation (54) takes the form

O g + 0z ((Xr)g) = 0, (63)
where . .
@) ~ Q)= X [(wm) + “(Ka)-0z) (@R ] (64)
n # 0
For the incompressible flow in the particle phase space,
@) = (@) — 9+ X o (Kud(Qh) (65)

n#0 n

The equation (63) is the kinetic equation for quasi-particles in the Viasov (self-
consistent field) approzimation. The latter must be supplemented with the relationship
between the distribution functions for particles (guiding-centres) and quasi-particles.

When the fluctuations are disregarded, such a relationship has the following form:

fl= —9g—- —=(v—1p) g—|—7/ do O - ( X—)Z'(J)g). (66)

For the incompressible flow in the particle phase space,

1 1 «Q . S
f’:%[1+5/ do (X = Xp) 02149 . (67)

In the case of potential interaction between particles, and for the uniform magnetic

field, the kinetic equation in the self-consistent field approximation takes the form
[8t+v||VH+§(E)x5-ﬁ+%<EHT>8U”]g:0. (68)

When the fluctuations are disregarded, the relationship between the statistical

distributions of particles and quasi-particles is the following:

fe ottt @eag) o v (69)

21

Q@ C o S
+f/ do ( (B~ Ey) x 8-V + %(E”—EHO)%”)}Q
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7 Discussion

The Vlasov-type kinetic equation for quasi-particles is formulated from the first
principles, taking into account both mean self-consistent fields and plasma fluctuations.
Such an equation can be used for the reduced description of the magnetized plasma
when the slow time evolution (as compared to rapid particle gyrations in the magnetic
field) is of interest. The quasi-particles are introduced within the context of microscopic
description, and particles are related consistently to guiding-centres and quasi-particles.

The basic quantities of the theory are the microscopic densities in the particle,
guiding-centre and quasi-particle phase spaces. Statistical averaging yields the relation
between the distribution functions for particles, guiding-centres and quasi-particles.
Such relations take into account plasma fluctuations, which can be especially important
in turbulent plasma states.

The fundamental idea of the reduced theory is to avoid detailed information on
rapid particle gyrations in the magnetic field. Such an information is contained in the
dependence of the particle density on the gyrophase, or in the gyrophase harmonics of
the guiding-centre density. The infinite set of harmonics provides complete information
on the gyrophase dependence within the exact microscopic description. The reduced
description of slow plasma motions results from the closure relating these harmonics to
the quasi-particle density. As a result of closure, only incomplete information on the
gyrophase dependence becomes available in the form of a probability distribution.

One can suggest the following basic idea for better understanding of reduced
microscopic and kinetic descriptions. Let us consider the simplest situation of a particle
in a stationary and uniform magnetic field. In a suitable frame the particle trajectory is
a circle. If one measures the particle position with a tool which can not distinguish the
time steps of gyration period order, one finds the particle here and there in a random
manner. Gradually, in the course of measurements it will become clear that particle
positions are distributed randomly on a circle. One can introduce a particle probability
distribution which is non-zero and constant on that circle. The dipole moment of such
a "probability circle” in the frame with the origin at the centre will appear to be zero.

The probabilistic approach appears to be natural. When the magnetic field is
weakly non-uniform, and there are other forces, the original ”probability circle” is
distorted, and the problem is to describe this. For instance, one could suggest the
"probability circle” becoming more like a ring with some dipole moment, since the
particle deviates from the strictly circular orbit and spends more time within some
parts of the ring. The magnetic moment is also perturbed. It is possible to contemplate
some thermal energy of particle "random” motion.

The kinetic equation for quasi-particles can be applied to develop nonlinear low-
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frequency electrodynamics of the magnetized plasma by means of approach [8, 9]. The
successive approximation method enables one to find the formal solution to the quasi-
particle kinetic equation as a series in ascending powers of the electric field strength.
The particle density in phase space follows from the particle-guiding-centre and guiding-
centre-quasi-particle relations. Then one can calculate consistently the low-frequency
approximations for plasma electrodynamic coefficients (linear and nonlinear electric

susceptibilities) and their fluctuations.
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