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GEOMETRIC PRESENTATIONS FOR THOMPSON’S GROUPS

PATRICK DEHORNOY

ABSTRACT. Starting from the observation that Thompson’s groups F' and V' are the geometry
groups respectively of associativity, and of associativity together with commutativity, we
deduce new presentations of these groups. These presentations naturally lead to introducing
a new subgroup G, of V' and a torsion free extension Be of ©s. We prove that Ge and Be are
the geometry groups of associativity together with the law x(yz) = y(zz), and of associativity
together with a twisted version of this law involving self-distributivity, respectively.

Previous work showed that associating to an algebraic law a so-called geometry group that
captures some specific geometrical features gives useful information about that law: the ap-
proach proved instrumental for studying exotic laws like self-distributivity z(yz) = (zy)(xz) [7]
or z(yz) = (xy)(yz) [8]. In the case of associativity [6], the geometry group turns out to be
Thompson’s group F', not a surprise as the connection of the latter with associativity has been
known for long time [20].

In this paper, we develop a rather general method for constructing geometry groups and,
chiefly, finding presentations for these groups, and we apply this method in the case of associati-
vity—thus finding presentations of F—and of associativity plus commutativity, thus finding new
presentations of Thompson’s group V, as the latter happens to be the involved geometry group.

In the case of F', the new presentation, which is centered around MacLane’s pentagon re-
lation, is more symmetric than the usual ones and it leads to an interesting lattice structure
connected with Stasheff’s associahedra; this structure will be investigated in [10]. In the case
of V., on which we concentrate here, we describe several new presentations corresponding to
various choices of the generators. In each case, once some preliminary combinatorial results
are established, proving that a candidate list of relations actually makes a presentation is a
straightforward application of our general method and a very simple argument.

Perhaps the main merit of the above presentations of V' is to naturally lead to introducing two
new groups which seem interesting in themselves. Indeed, one of these presentations explicitly
includes the Coxeter presentation of the symmetric group S, (direct limit of the &,,’s), thus
emphasizing the existence of a copy of G, inside V. When we extract those generators and
relations that correspond to F' and to that copy of &, we obtain a subgroup G, of V', and,
when we remove the torsion relations s? = 1 in the involved Coxeter presentation, we obtain an
extension B, of G,: the connection between B, and G, is the same as the one between Artin’s
braid group Be and G.

The algebraic and geometric properties of the groups &, and, specially, B, are very rich. In
the current paper, we address these groups only from the viewpoint of geometry groups, and
we prove two results: on the one hand, the group &, is itself a geometry group, namely that of
associativity together with the left semi-commutativity law x(yz) = y(xz); on the other hand,
in some convenient sense, B, is the geometry group for associativity together with a twisted
version of semi-commutativity in which z(yz) = y(zz) is weakened into z(yz) = z[y](xz), where
x,y +— x[y] is a second binary operation obeying a self-distributivity condition.

The groups &, and B, to which our approach leads turn out to be (isomorphic to) the

groups V and BV recently introduced and investigated by M. Brin in [1, 2, 3]. The current
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2 PATRICK DEHORNOY

work can be seen as an independent rediscovery of these groups. Let us mention still another
approach to B, as a group of so-called parenthesized braids: see [9], which contains a thorough
study of B,. Various groups connecting Thompson’s groups and braids, some of them close
to B, also appear in [14, 12, 16].

The paper is organized as follows. In Section 1, we describe in a general context the method
that is used several times in the paper for identifying a presentation of a group. In Section 2,
we investigate the (easy) case of associativity and Thompson’s group F' as a warm-up. In
Section 3, we address the more interesting case of associativity together with commutativity,
and obtain in this way several new presentations of V. In Section 4, we consider the case of
semi-commutativity, and of the corresponding group S,. Finally, Section 5 is devoted to the
group B, and its connection with twisted semi-commutativity and self-distributive operations—
in this section, some algebraic results about B, are borrowed from [9)].

Remark on notation. This paper involves both Thompson’s groups and braid groups. Dif-
ferent notational conventions exist. As our approach is mainly oriented toward the group B,
and also for the reasons listed in [4], we chose the braid conventions, hence using actions on the
right—hence xy means “z then y”—and numbering the generators from 1. To avoid confusion,
we use a specific notation, namely a;, for the generators of F', so that our a; corresponds to the
standard generator x; ', or X, of [5].

Acknowledgment. The author thanks Sean Cleary for drawing his attention to [1] after a
first version of this text was written, as well as Matthew Brin and Mark Lawson for helpful
comments and suggestions, and Charles-Antoine Louét for some corrections.

1. A METHOD FOR FINDING PRESENTATIONS

Throughout the paper, N denotes the set of all positive integers (0 excluded).

In the sequel, we address the problem of finding a presentation of a group several times, and
we solve it using the same argument. So it makes sense to describe this common method first.
Although perhaps never described explicitly, the latter was already used in [7].

1.1. Partial group actions. The situation we investigate is essentially that of a group action.
However, our framework is both weaker and stronger than the standard one. The weakening is
that the actions we consider are partial in that every element of the group need not act on every
element; the strengthening is that our actions satisfy a strong freeness hypothesis, namely the
existence of elements with a trivial stabilizer.

Several weak forms of group action may be thought of. The one convenient here is as follows.
It is essentially equivalent to the one investigated in [17] (in the case of groups)—see also [18]—
and in [21] (in the case of monoids).

Definition. Let G be a group, or a monoid. We define a partial (right) action of G on a set T
to be a mapping ¢ of G into the partial injections of T into itself such that, writing ¢« g for the
image of ¢ under ¢(g), the following conditions are satisfied:

(PA;) For every t in T, we have t« 1 =;

(PAs) For all g,h in G and t in T, if t « g is defined, then (¢ . g) « h is defined if and only if
t « gh is, and, in this case, they are equal;

(PA3) For each finite family g1,...,g, in G, there exists at least one element ¢ in 7' such
that te g1, ..., t e gy are defined.

Note that, in the case of a partial action, ¢« gh being defined does not guarantee that ¢t .« g
is. However, the following is easy:

Lemma 1.1. Assume that ¢ is a partial action of a group G on a set T. Then
(i) The relations t' =teg and t =t' « g~! are equivalent;
(i) The relation (3g € G)(t' =t«g) is an equivalence relation on T.
(iii) The stabilizer of each element of T is a subgroup of G.
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Proof. As gg~! is 1, (PAy) implies that, if ¢« g is defined, then (t.g)«g~! is defined if and
only if ¢« 1 is, which is true by (PA1). Then we find (t+g)+ g~ =t.1=t. Hence the relation
of (i1) is symmetric; (PA;) implies that it is reflexive, and (PAsg) that it is transitive. Finally,
by (PA3) and (i), t« g =t « g =t implies that t« (g¢’) and t « g~! are defined and equal t. O

Thus, like an ordinary (total) action, a partial action of a group on a set T' defines a partition
of T into disjoint orbits. In the sequel we often use presentations and expressions of the elements
of a group by words. We fix the following notation.

Definition. Assume that G is a group and that X is a subset of G. We denote by W (X) the
set of all words built using letters from X U X ™!, i.e., all finite sequence of such letters. For w
in W(X), we usually denote by w the evaluation of w in G.

In the case of a partial group action, it will be convenient to extend the action to words:

Definition. Assume that G is a group with a partial action on T', and X is a subset of G. For ¢
in T and w in W(X), we define ¢t « w to be t « w whenever ¢« wq is defined for each prefix wq
of w, and to be undefined otherwise.

Note that different words representing the same element of the group may act differently:
for instance, for every x in X, the word zz~! and the empty word ¢ represent 1 in G, but, for ¢
in T, the we always have t « ¢ = ¢, while t s z2~! = t is true only if ¢+ z is defined. However,
applying (PAs) to the (finite) family consisting of all prefixes of w gives

Lemma 1.2. Assume that the group G has a partial action onT" and X is a subset of G. Then,
for each word w in W(X), there exists at least one element t of T such that t « w is defined.

1.2. An injectivity criterion. Our criterion for recognizing presentations is based on the
following easy remark.

Proposition 1.3. Let 7 : G—Gbea surjective group homomorphism. Assume that G has a
partial action on T and there exists a map f: T — G such that

(L.1) f(tem(@) = f() .

holds for every x in some set that generates G and every t in T such that t « w(x) exists. Then
T s an isomorphism.

Proof. Let X be the involved generating set of G. First, for every w in W(X), we have
(1.2) ftem(w)) = f(t)-w,

where 7(w) is the word obtained by replacing each letter z in w with m(w). We prove this
using induction on the length ¢ of w. For ¢ = 1 and w consisting of one letter in X, (1.2) is
true by hypothesis. Assume that w consists of one letter in X!, say w = z~!. By Lemma 1.1,
t' =ten(z)~! is equivalent to t = t'« (). Hence, if tom(z)~! exists, so does (te7m(x)~1)em(x),
and (1.1) gives
f@&) = f((tem(@)™) en(z)) = f(tem(z)™") =,

hence f(tom(z)~!) = f(t) 27!, Assume now w = wiws, with wy,wy shorter than w. By
definition, t « 7(w) being defined means that ¢« 7(wy) and (¢« w(w1)) « 7(w2) are defined, and,
then, (PAs) and the induction hypothesis give

ftam(w)) = f((tam(wi)) em(wa)) = f(tam(w)) - 7(wa) = (f(t) - 7(wn)) - 7(w2) = f(t) - 7(w).

Now let g be an element of G satisfying m(g) = 1. Let w be a word in W (X) representing g.
By Lemma 1.2, there exists ¢ in T such that ¢ « 7(w) is defined. Then, (1.2) gives

f@) = f(tem(g) = ftem(w)) = f(t) - w=[f(t)-g,
hence g = 1. O
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1.3. Group presentations. If G is a group and R is a list of relations satisfied in G by
the elements of some generating subset X, there exists a surjective homomorphism of the
group (X ; R) onto GG. Proving that (X; R) is a presentation of G amounts to proving that the
above morphism is injective, and this is where Proposition 1.3 can be used.

In the sequel, we shall consider partial actions that satisfy strong freeness conditions, in the
sense that there exist elements with a trivial stabilizer. For G acting on T and S C T, we
denote by S« G the set of all s« g for s in S and ¢ in G.

Definition. Assume that G has a partial action on 7. A subset S of T is said to be discrimi-
nating if, in (PAs), we can require t € S« G, and each element in S has a trivial stabilizer.

The first condition means that there is an induced partial action on S « G, while the second
implies that g = ¢’ holds whenever s« g = s+ ¢’ holds for at least one element s of S. We shall
be interested in the situation where some discriminating set S contains at most one element in
each orbit. In this case, we can select words describing the connection between the elements
of S and the elements of their orbits. When R is a family of relations for a group, we denote
by =g the associated congruence. Our criterion takes the following form.

Proposition 1.4. Let G be a group with a partial action on a set T'. Let X be a subset of G
and R be a collection of relations satisfied in G by the elements of X. Assume that S is a
discriminating subset of T and that, for each s in S and t in the G-orbit of s, a word w;
in W(X) is chosen so that t = s «w; holds. Then a necessary and sufficient condition for
(X; R) to be a presentation of G is that, for all t,t' in S«G and x in X,

(1.3) t=tex implies Wy =g Wy - T

Proof. We begin with an auxiliary claim, namely that ¢ = t « g implies wy = wy - g for all ¢,t’
in SeG and g in G. Indeed, assume t' = t«g. Let s be an element of S in the orbit of t. Then
s also belongs to the orbit of ¢/, and, by hypothesis, we have t = s« w; and ¢’ = s« wy. On the
other hand, we also have t’ =t+g = (sew;) « g, hence ' = s« (wy - g). The hypothesis that S
is discriminating then implies wy = wy - g, as expected.

Let us show that (1.3) is a necessary condition. Assume ¢’ = t«z. By the claim above, we
deduce wy = wy - x, i.e., the words wy and wy - z represent the same element of G. If (X; R) is
a presentation of GG, they must be R-equivalent, and the condition is necessary.

We turn to the converse. First, let g be an arbitrary element of G. As S is discriminating,
there exists ¢ in S « G such that t . g exists. Let t' = t.g. By the claim above, we haves
wy = wy - g. Now, by hypothesis, the words wy and w; lie in W(X), so their classes belong to
the subgroup of G generated by X, and so does g. Hence X generates GG. It remains to show
that the relations of R make a presentation of G. Let G be the presented group (X ; R). The
set X generates GG, and the hypothesis is that the relations of R are satisfied in G. Hence there
exists a surjective homomorphism 7 : G — G which is the identity on X, and we aim at proving
that 7 is injective. Now, define f : S G — G so that f(t) is the element of G represented
by w;. If we assume (1.3), then ¢/ = t«x implies f(tex) = f(t)-x: this is exactly Relation (1.1)
for the partial action of G on S« G, and Proposition 1.3 then says that 7 must be injective. O

The previous criterion will always be used as a sufficient condition here. However knowing
that the condition is also necessary guarantees that the presentations one obtains by introducing
just enough relations to witness for all equivalences occurring in (1.3) are in some sense minimal.
Also, adapting the criterion to the context of monoids is easy, provided the considered monoids
admits left cancellation—but we shall not use this version here.

2. THOMPSON’S GROUP F' AS THE GEOMETRY GROUP OF ASSOCIATIVITY

We describe now a realization of Thompson’s group F' as the geometry group of the asso-
ciativity law. This is one way of formalizing the well-known connection between F and the
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associativity law, and it naturally leads to a presentation of F' in terms of a family of genera-
tors indexed by binary addresses. Apart from more or less trivial geometric relations, the only
relations in this presentation correspond to the well-known MacLane—Stasheff’s pentagons.

2.1. Trees and associativity. In the sequel, we consider finite, rooted binary trees—simply
called trees. The number of leaves in a tree is called its size. We denote by e the tree consisting
of a single vertex and by t; - t2, or simply t1t2, the tree with left subtree ¢; and right subtree 5.
Every tree has a unique decomposition in terms of e and the product.

NV N QRSN /2\
(e0)e o(o0) o((s0)e)

FIGURE 1. Typical trees with their decomposition in terms of e

We also consider L-coloured trees, defined as trees in which the leaves wear labels—or
colours—taken from the set L. We write e, for e with label x, and T, for the set of all
L-coloured trees. We use T, for the set of all uncoloured trees, and see it as a subset of Ty by
identifying an uncoloured tree with the coloured tree where all leaves are labelled 1.

The associativity law

(A) 2(yz) = (vy)2

gives rise to an equivalence relation on (coloured) trees: two trees t,¢’ are equivalent up to
associativity if we can transform ¢ into ¢’ by iteratively replacing one subtree of the form ¢; (t2t3)
with the corresponding tree (t1t2)ts, or vice versa:

«—

ts t1
tl tQ t2 t3

In order to describe this action precisely, we need an indexation for the subtrees of a tree. One
solution is to describe the path from the root of the tree to the root of the considered subtree
using (for instance) 0 for “forking to the left” and 1 for “forking to the right”.

Definition. A finite sequence of 0’s and 1’s is called an address; the empty address is denoted ¢.
For t a (coloured) tree and « a short enough address, the a-subtree of ¢ is the part of ¢ that lies
below . The set of all a’s for which the a-subtree of ¢ exists is called the skeleton of t.

Formally, the a-subtree is defined by the following rules: the ¢-subtree of ¢ is ¢, and, for
a = 08 (resp. 18), the a-subtree of ¢ is the S-subtree of ¢1 (resp. t2) when ¢ is t1tq, and it is
undefined in other cases. For instance, for ¢ = e((ee)e) (the rightmost example in Figure 1),
the 10-subtree of ¢ is ee, while its 01- and 111-subtrees are undefined. The skeleton of ¢ consists
of ¢, 0, 1, 10, 100, 101, 11.

Applying associativity to a tree t consists in choosing an address « in the skeleton of ¢ and
either replacing the a-subtree of ¢, supposed to have the form t;(¢2t3), by the corresponding
(t1t2)ts, or performing the inverse substitution. We can see this as applying an operator.

Definition. (i) We denote by A the partial operator on Ty that maps every tree of the form
t1(tats) to the corresponding tree (t1ta)ts.

(#i) For a an address and f a partial mapping on trees, we define the a-shift of f, denoted 9, f,
to be the partial mapping consisting in applying f to the a-subtree of its argument (when the
latter exists). We write O for 0.

(#9¢) For o an address, we put A, = 9, A. We define G(A) to be the monoid generated by
all A,’s and their inverses using reversed composition.
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Example 2.1. (Figure 2) Let ¢ = o(((ee)e)(ee)). Then ¢ lies in the domain of A, as the
¢-subtree of ¢, i.e., t itself, is t1(tat3), with {; = e, to = (ee)e, and ¢;ee. Then the image of ¢
under A is (t1t2)ts, i.e., (o((eo)e))(oe). Similarly, ¢ lies in the domain of A;, and in the images
of A; and of Ajg, hence in the domains of A7! and Aj;'. These are the only operators AX!
applying to t.

FIGURE 2. Two operators A, and two operators Ay’ apply to the trec o(((ee)e)(ee))

We thus have a partial action of the monoid G(.A) on trees in the sense of Section 1; for f
in G(A), we write t« f for the image of ¢t under f, when it exists. We use reversed composition
in G(A) so as to make our multiplication compatible with an action on the right.

By construction, two trees t,¢' are equivalent up to associativity if and only if some element
of G(A) maps ¢ to . Thus the orbits for the partial action of the monoid G(A) are the
equivalence classes with respect to associativity. In particular, there is exactly one orbit for
each size inside T}, and the cardinal of the orbit of size n trees is the nth Catalan number.

2.2. Making G(A) into a group. Except the identity mapping, the elements of G(A) are
partial mappings, and the monoid G(A) is not a group, but only an inverse monoid, i.e., a
monoid in which, for each element g, there exists g~! satisfying gg~'g = g and g 1gg~! = g~ 1.
For instance, the product AA~"! is the identity of its domain, but the latter does not contain e.

Every inverse monoid admits a maximal quotient-group, called its universal group [15, 22].
In the general case, the universal group may be much smaller than the original monoid, typically
when the latter consists of partial mappings whose domains may be disjoint. In the current
case, no wild collapsing occurs, and the induced action of the universal group keeps the freeness
properties of the initial monoid action. As the same construction will be used several times, we
describe it in a general framework.

Definition. Two partial mappings g, ¢’ are said near-equal, denoted g = ¢’, if there is at least
one element ¢ such that both ¢« g and ¢« g’ are defined, and ¢« g = t « g’ holds for every such t.

Lemma 2.2. Assume that G is a monoid consisting of partial self-injections of a set T that is

closed under inverse, and there exists a subset S of T such that, for all g1,...,9n,9,9 in G,
(2.1) Dom(g1) N...NDom(g,) NS «G is nonempty,
(2.2) g~ g is true whenever t«g =1.g" holds for somet in S.G.

Then near-equality is a congruence on G, the quotient-monoid is a group, the mappings of G
induce a partial action of this group on T, and the set S is discriminating for this partial action.

Proof. Assume ¢’ = ¢" =~ ¢g"’. By (2.1), there exists t in S«§ such that t«¢’,teg”, and teg"”’ are
defined. Then one necessarily has teg’ = t«g’”, hence ¢’ = ¢g"”’ by (2.2), and = is an equivalence
relation. Next, ¢’ ~ ¢” implies gg’ ~ gg” and ¢'g =~ ¢"g for every g, because (2.1) guarantees
that there exists ¢ in S« G for which teg, tegg, tegg’, teg,teg'g, teg’, and t.«g"g are
defined. So = is a congruence on G, and the quotient-monoid G/ =, henceforth denoted G, is
well-defined. For each g in G, we have gg~—! ~ id because Dom(g) is nonempty, so G is a group.

For g in G, let us denote by g the class of g in G. For t in T, and z in G, we define t « z to
be t' if t« g = ¢’ holds for some element g of G satisfying g = z, if such an element exists. Then
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te+x is well-defined by definition of ~, and we claim that one obtains in this way a partial action
of G on T. Indeed, Condition (PA;) is trivial. As for (PA3), assume that texz and (t+2) .y are
defined. This means that there exist g, h with z = g and y = h such that t+ g and (t« g)« h
are defined. But, then, t« gh is defined, and, by construction, we have gh = gh. Conversely,
assume that ¢« z and ¢« 2y are defined, say t e 7 = ¢’ and t « zy = t’. This means that there
exist g,¢ in G satisfying teg =11, teg=1", with g =2 and g = zy. Let h = g~ '¢g. Then h
belongs to G, we have h = 2~ 'zy =y, and ¢ « h = t". This shows that (t«z) .y is defined, and
equal to t”. So Condition (PAs) is satisfied. Then (2.1) implies (PA3) directly, and we obtain
a partial action of G on T'. Finally, the subset S is discriminating by (2.2). O

In order to apply the previous construction to the monoid G(A) and its action on trees, we
describe the domain and the image of a generic element of G(A) explicitly.

Definition. (i) A mapping of N to Ty is called a substitution. If ¢ is a tree in Ty and o is a
substitution, we denote by t” the tree obtained by replacing each leaf e, in t with the tree o(z).
(#4) A coloured tree is said to be injective if its labels are pairwise distinct.
(#i7) For g a partial mapping of Ty into itself, we say that a pair of trees (¢,¢') in Ty is a
seed for g if, as a set of pairs, g is the set of all (¢7,¢'7) with o a substitution.

The pair (e1(ege3), (e103)e3) is a seed for A: this is just saying that A consists of all pairs
of the form (¢ (tats), (t1t2)ts). Then we have the following general result:

Lemma 2.3. Each element of G(A) admits a seed consisting of injective trees.

Proof. Let g be an element of G(A). We use induction on the (minimal) length of a decompo-
sition of g in terms of the operators A, and A, . The pair (e, ;) is a seed for g = id, the pair
(o1(903), (9102)e3) is a seed for g = A, and it is easy to define similarly a seed for g = AXL.
Otherwise, write ¢ = g1¢2. By induction hypothesis, g1 and g» admit seeds, say (¢1,¢]) and
(ta,th). If ¢} happens to coincide with o, then (¢1,t5) is a seed for g. In the general case,
because t] and to are injective, there exist minimal substitutions o1 and oy such that {7* and
t5? coincide, and, then, the pair (¢7',t572) is a seed for g. O

(Moreover, the seed is unique if the labels are requested to make an initial segment of N.)

Corollary 2.4. The monoid G(A) satisfies Conditions (2.1) and (2.2) of Lemma 2.2 with
T =Ty and S any subset of Ty containing trees of arbitrary large size.

Proof. Let S be a subset of Ty containing trees of arbitrary large size, and let ¢ be an arbitrary
tree. Then there exists s in S whose size is at least that of ¢. Using associativity, we can
transform s into a tree whose skeleton includes that of ¢, i.e., there exists g in G(.A) such that
5 g is defined and its skeleton includes that of t.

Let g1,...,9n be elements of G(A), and (¢t1,t)), ..., (ta,t,) be seeds for these elements. By
the above argument, there exists a tree ¢ in S « G(A) whose skeleton includes the skeletons
of t1,...,tn, hence there exist substitutions oy, ..., 0, such that ¢ = ¢7* holds for each ¢, which
implies that t« g; is defined for each i. So Condition (2.1) is satisfied.

Assume that g1, g2 belong to G(A), and te g1 =t g2 holds for some tree ¢ in Tyy. Let (¢1,¢]),
(t2,th) be seeds for g1 and go respectively. As above, there exist substitutions o1, 02 such that
the trees ¢J* and t3? coincide, they are injective, and their common skeleton is the union of
the skeletons of ¢; and t5. The hypothesis that ¢« g1 and t « g5 are defined implies that the
skeleton of ¢ includes those of ¢; and t5, hence their union. Hences there exists a substitution o
satisfying ¢t = (¢7")7 = (£52)?. The hypothesis that t« g1 and ¢« go are equal then gives

(t17)7 =tegi =tego=(t,72)".
This implies that the skeletons of {7 and ¢,°2 coincide. Moreover, the hypothesis ¢]' = ¢52

implies that the sequence of labels in ¢]' and t32 coincide. As associativity does not change
the order of the labels, the trees t}°* and 5,72 must coincide. This means that g; and g» agree
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on every tree whose skeleton includes that of ¢J*, i.e., on every tree in the intersection of the
domains of g; and go. In other words, g; ~ g2 holds, and Condition (2.2) is satisfied. O

By applying Lemma 2.2, we obtain:

Proposition 2.5. Near-equality is a congruence on the monoid G(A), and the quotient-monoid
is a group. The operators Agfl induce a partial action of this group on Ty, and every subset
of T containing trees of unbounded sizes is discriminating for this partial action.

Definition. The geometry group of associativity, denoted G(A), is defined to be the quotient-
monoid G(A)/ .

In the sequel, we still use A, for the class of A, in G(A). For ¢ a tree and g an element
of G(A), we denote by t.g the result of letting g act on t. The elements of G(A) are expressed
by words on A, and we also use « for the word action, i.e., we do not distinguish between
and .. But we recall that ¢« w exists only if ¢ « wq exists for each prefix wgy of w: for instance,
(e0) « AA™! is not defined, since (ee) .« A is not.

It is straightforward to connect the geometry group G(.A) with Thompson’s group F:

Proposition 2.6. The group G(A) is (isomorphic to) Thompson’s group F, i.e., F is the
geometry group of associativity.

Proof. (Figure 3) We start with the definition of F as a group of orientation preserving piecewise
linear homeomorphisms of the unit interval, c¢f. [5]. Let g be an arbitrary element in G(A). We
map g to F as follows: let (¢,¢') be a seed for g; we associate with ¢ a dyadic decomposition 0 =
ro <r < ...<r,=1o0f[0,1], and, similarly, let 0 = rj < ] < ... < r/, =1 be the dyadic
decomposition associated with ¢'; then we map ¢ to the unique piecewise linear homeomorphism
that maps r; to r; and interpolates the values. We obtain in this way a morphism 7 : G(A) — F.
The homeomorphisms associated with (¢,t) and (¢7,¢'?) coincide, and this implies that = factors
through ~. The injectivity of the resulting morphism follows from the fact that each element
of F' is determined by its values on a finite dyadic partition; its surjectivity follows from the
fact that the images of A and A; generate F'. O

B P

A

Y

;}Hﬁ» ;Z\H ------- >

FIGURE 3. From G(A) to F: the action of A and Ay

A4

From now on, we identify F' with G(A).

2.3. Guessing relations in G(A). Considering the group F as the geometry group of asso-
ciativity naturally leads to a presentation of F' in terms of the generators A,. We proceed in
two steps: first, we use the geometric definition of the operators A, to guess a list of relations;
then, we prove that these relations make a presentation using the method of Section 1.

Let us look for relations between the operators A,. We shall describe two types of relations:
the geometric relations, and the pentagon relations. Geometric relations arise when we consider
inheritance phenomena. Assume t' = t. A, i.e., assume that the operator A maps ¢ to t’. Then,
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by definition, the 1-subtree of ¢’ is a copy of the 11-subtree of t. It follows that performing any
transformation in the latter subtree and then applying A has the same result as applying A first
and performing the considered transformation in the 1-subtree of ¢’. Therefore, the equality

(2.3) O*f-A=A-0f
holds for every (partial) mapping f on trees (Figure 4). In particular, for f = A,, we obtain
(2.4) Ao - A=A A,

a typical example of what we shall call a geometric relation.

t t’

Y R

5 A A
P> - /Q\
»

FIGURE 4. Geometric relations in G(A): the general scheme and one example

We shall say that, under the action of A, the address 1 is the heir of the address 11, and,
more generally, that 1a is the heir of 11a. Inheritance phenomena are quite general. Under
the action of A,, for every 3, the address a0043 is the heir of a03, the address a0143 is the heir
of @103, and a1 is the heir of o115 under A, . Furthermore, if we say that two addresses «, 8
are incompatible, denoted « L 3, if neither is of prefix of the other, i.e., if there exists « such
that 0 is a prefix of @ and 1 is a prefix of 3, or vice versa, then each address g with § L «
is its own heir under the action of A,,.

The argument leading to (2.3) gives the relation 9, f - Ao = Aq - 04 f whenever ' is the heir
of v under A,. In this way, we deduce a list of geometric relations in G(.A), namely

Ag-Aq=A,-Ag for 8L a,
Anop - Ao = Ao - Aaoog,
Anr08 - Aa = Ao - Aco18,
Aa118 - Ao = Ao - Aais.

The geometric relations are rather trivial, and we look for other, non-trivial relations in G(A).
As can be expected, MacLane’s pentagon enters the picture.

(2.5)

Lemma 2.7. For each «, the following pentagon relation holds in G(A):
(2.6) Ay Ay =An1 - Ay - Ano.

The verification (for a = ¢) is given in Figure 5. Keeping the same name for the relations
in G(A) and their counterparts in G(A)—hence in F—we can summarize the results as follows.

Definition. We denote by A the family of all A,’s, and by R4 the family of all geometry
relations involving A, namely the translated copies of

OL) Aga - A1p = A1g - Aoa,
(O4) A1 A = AAy,, A10aA = AAoia, ApaA = AAgoa;
plus the pentagon relations, i.e., the translated copies of

(&) AA = A AA,.
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e R
2N A

A A
FIGURE 5. The pentagon relation

Proposition 2.8. All relations of Ra are satisfied by the elements A, in G(A), i.e., in F.

2.4. Constructing trees. Our next aim is to prove that the relations of Proposition 2.8 make
a presentation of F. We apply the method described in Section 1, using the partial action
of G(A) on trees. We showed that any family of trees containing trees of arbitrary large size is
discriminating, so, according to Proposition 1.4, two ingredients are needed, namely

- a family of trees S containing trees of unbounded size, and

- for every tree ¢ in the orbit of S, a distinguished word w; in W (A) connecting ¢ with some
distinguished element of its orbit.

Both steps are easy: two trees are equal up to associativity if and only if they have the same
size, so each family of trees containing exactly one tree of size n for each n is convenient. In
the current case, we shall use the right vines (or combs) of Figure 6.

Definition. Let t1,...,t, be trees. We put
<t1, ey tn> = tl(tQ N (tnfltn) .. ),

we define the right vine (n) to be (e,...,®) with n times e.

<t1,...,tn> <n>

t1 n — 1 vertices

tn tn
FIGURE 6. The notation (t1,...,t,) and the right vine (n)

With this notation, applying the operator A means replacing (¢1,ta,...) with (t1ta,...). As
there are vines of each size, we immediately get:

Lemma 2.9. Vines form a discriminating subset of Ty for the action of G(A).

If ¢ is a size n tree, there exists a (unique) element of G(A) mapping the right vine (n) to ¢:
in order to obtain (1.3) and possibly apply Proposition 1.4, it suffices to select a distinguished
word wy representing that element, i.e., to describe how ¢ can be constructed from (n) using
associativity. Several solutions exist. We give now an inductive definition that leads to short
computations, but requires that we introduce two words wy, wy for each tree t.

Definition. (i) For w a word involving letters indexed by addresses, we denote by d,w the
word obtained by appending « at the beginning of each index; we use dw for dyw.
(#i) For each tree t, we define two words wy, w; using the inductive rules:

wy=w; =¢ for t of size 1,

wy = wy, - Owyy, wy = wy, - 0wy, - A for t = tqts.
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The following characterization of the words w; and wj is not needed in the sequel, but it
should make the construction concrete. Each tree ¢ admits a unique decomposition in terms of
the basic tree o. Besides the algebraic notation ¢; - t2 for the product of ¢; and 2, we can also
use the right Polish notation in which this product is denoted tit20. For instance, the Polish
expression of e((ee)e) is eeececo. In the next proposition, a length ¢ word w is considered as
a sequence of symbols indexed by {1,...,¢}, and w(p) denotes the pth symbol in w.

Proposition 2.10. For w a length { word and 0 < p < £, define the defect §,,(p) of p in w by
the rules: §,(0) = —1, §,(p) = duw(p—1)—1 for w(p) = o, and b, (p) = duw(p—1)+1 otherwise.
Then, for each tree t, the word w; is obtained from the Polish expression of t by deleting the
symbols e, and replacing each defect i symbol o with Ayi. The word w; is obtained similarly,
except that the final symbols o, i.e., those followed by no e, do not contribute.

Proof. Tt is standard that a word w is the Polish expression of a tree if and only if the defect
of each symbol is nonnegative, and the defect of the last symbol is 0. For t a tree, define the
enhanced decomposition of t to be the Polish expression with the defect of each symbol appended.
Then the enhanced decomposition of t1t5 is the enhanced decomposition of ¢1, followed by the
enhanced decomposition of t5 with all defects shifted by 1, followed by the symbol o with 0
defect. So, the enhanced decomposition and the word w; obey parallel inductive rules. Hence,
as the correspondence of the proposition clearly holds for the basic tree e, it inductively holds
for every tree. A similar argument gives the connection between w; and ws. O

For instance, for ¢ = e((ee)e), the enhanced decomposition of ¢ is e0ele20le20100, and a
direct translation yields wj = A1 A1 A, and wy; = A; (the last two symbols o are dismissed). A
consequence of Proposition 2.10 is that, for each tree t, we have

(27) w: = W¢ - Alh—l e AlA,

where h is the length of the rightmost branch in ¢.

We aim at proving that the trees (n) and the words w; satisfy the requirements of Proposi-
tion 1.4 and therefore lead to a presentation of G(A), i.e., of F. In the sequel, we use mixed ex-
pressions like (p, ¢, q, ...) where p, ¢ are numbers and ¢ is a tree to mean (e ... o t o ... o ...)
with p e in the first block and ¢ in the second.

Lemma 2.11. For each size n tree t and each tree t', we have
(2_8) <n> Wt oy and (n,t’> wy <1f, t/>’
i.e., wy constructs t from (n), and wy constructs tt’ from (n,t').

Proof. We use induction on n. For n = 1, the result is obvious. Otherwise, assume t = t;to,
and let n; and ny be the respective sizes of {1 and t3. Then we have wy; = wy, - 8w2‘2. By
induction hypothesis, w; maps (n), i.e., {(n1,n2), to ti(n2), i.e., (t1,n2). Then, by induction
hypothesis again, wy, maps (na) to to, hence dwy, maps t1(nz2) to t1t2. So wy maps (n) to tita,
i.e., to t (Figure 7 top):

w ow
(n) = (ny,ng) —2— (t1,n9) —2 (t1,t2) = t.

Similarly, we have wf = wj}, - dwy, - A, and the diagram is now:

! / w;’kl / 8111:2 / A ! /
<n,t>:<Tl1,n2,t> — <t13n23t> — <t13t23t> — <t1t2)t>:<tat>,
as is easily checked on Figure 7 bottom. O

So Condition (1.3) is satisfied. Then Proposition 1.4 tells us that a family of relations
involving the generators A, makes a presentation of G(A) if and only if it contains enough
relations to make the words wy and w; - A, equivalent whenever ¢’ is the image of ¢ under A,.
As we will show now, this is the case for the relations R4 of Proposition 2.8. Due to our
inductive construction, it is convenient to prove two results simultaneously, namely one for w;
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(n2)

wfl Owy,
—> —>
t1 t1 ta
wy, owy, A
) _) tl
!
b t to t t1  to

% t

FIGURE 7. Fort a tree of size n, the word w; describes how to construct ¢ from (n),
and w; describes how to construct (¢,¢') from (n,t’); the figure illustrates the induc-
tive argument for ¢ = t1t2

and one for w}. Note that the argument proving wy = wy - A, when A, maps ¢ to ¢’ similarly
proves w_;‘, = w} - Aga, as, writing n for the common size of ¢ and t’, both operators map (N)
to (t', N —n) for N > n. In the sequel, we use =g and =, to indicate that we specifically use
a geometric (i.e., a twisted commutation) or a pentagon relation.

Lemma 2.12. Assumet' =t.A,. Then we have
(2.9) Wy =p, W+ Aa  and  wy =g, wy - Aoa-

Proof. We use induction on the length of & as a sequence of 0’s and 1’s. Assume first that « is
the empty address. The hypothesis that ¢ = t« A holds, i.e., that the operator A maps t to t/,
means that there exist t1,t2,t3 such that ¢ is ¢1(tat3) and ¢’ is (t1t2)t3. Then we find

_ * * — * * 2 —
wy = wyf, - Owy, - A Owy, =g wyi, - Owy, - 0wy, - A = wy - A,
* * * * _ * * 2 x _ * * 2 ok _ *
wy = wy, - Owy, - A - 0wy, - A =g wy, - Owy, - 07wy, - AA = wy, - Qwy, - 0wy, - A1AAg = wy - Ao.

Assume now « = 08. The hypothesis that A, maps t to t’ means that there exist t1, to, ] such
that ¢ is t1ta, t' is t)t2, and Ag maps t; to t}. Using the induction hypothesis, we find

Wy = w;",l 0wy, =1y wy, - Aog - Owy, =g wy, - Owy, - Ao = wy - Aa,
wy = wy - Qwg, - A =1y wy, - Aog - Qwy, - A
=g wy, - Owy, - AogA =p wy, - Owy, - AAgos = Wy - Aga-
Finally, assume o = 15. With similar notation, we have ¢ = t1¢2 and ¢’ = t1t}, with Ag
mapping t2 to t,, and we find now
wy = wy, - Owy, =(rg)y wy, - Owr, - A1g = wy - Aa,
wy = wy, - Qwy - A =1y wy, - Qwy, - AropA =o wy, - Owy, - Adorg = wy - Aga,
which completes the proof. O
Applying Proposition 1.4, we deduce:

Proposition 2.13. The relations Ra, i.e., the geometric relations for A plus the pentagon
relations, make a presentation of the group G(A), i.e., F, in terms of the generators A,.

2.5. The standard presentation. There is a well-known presentation of F' in terms of an
infinite sequence of generators, usually denoted z;, indexed by nonnegative integers [5]. It is
easy to establish the connection between these generators and our current generators A, and,
using Proposition 1.4 again, to re-obtain the standard presentation of F' as a direct corollary.
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Definition. (¢) For i > 1, we put a; = Aji-1, and we denote by a the family of all a;’s.
(i1) We denote by R, the subfamily of R4 consisting of those relations in R4 that involve
the generators of a exclusively, namely the relations a;a; = a;_1a; for j > 7 + 2.

Proposition 2.14. The set a generates G(A), i.e., F, and the relations R, make a presentation
of G(A) in terms of the generators a;.

Proof. By construction, the words w; belong to W(a), and we can apply Proposition 1.4 to
the family a. So, in order to prove that R, makes a presentation, it suffices to check that the
relations of R, are sufficient to establish the equivalence of w; and w; - a; when a; maps t to .

Looking at the proof of Lemma 2.12 immediately shows that this is true. O
As the a;’s generates F', each A, can be expressed in terms of the a;’s. For o an address
containing at least one 0, say o = 17000101 ...10% with p, g, eg,...,eq = 0, one can check
. +1 +1 eq+1 -1 +1 +1 eqt+1l \—1
Ao = (a1 apts oo ayt ) (Aprgr1a, 100 (@5 as - oaytiy 1)
For instance, for @ = 01100, we have Ag1100 = ajasajay ‘az3a; ay’. As was noted in the

introduction, the current a; corresponds to z;_ _11 in literature about F'.

2.6. The lattice structure of F. It is known that F' is a finitely presented group, generated
by the two elements a;,as. Using infinite presentations has disadvantages, and it may seem
strange to replace the infinite family a, which requires a very simple set of relations, with the
still larger family A that involves a seemingly more complicated set of relations. However, one
of the interests of the presentation (A; R4) of F is that it is more symmetric, giving the same
role to the left and right directions, contrary to a that priviledges the right one.

In particular, considering the generators A, makes it natural to introduce the submonoid F'*
of F generated by these elements. Using a monoid version of Proposition 1.4 and a convenient
combinatorial methods, one can show that F'* admits, as a monoid, the presentation (A, R4)
and that it is isomorphic to the geometry monoid of oriented associativity GT(A) defined
as G(A) but considering the positive operators A, only [6]. Contrary to the submonoid of F'
generated by the elements a;, the monoid F'* admits both left and right least common multiples,
and one obtains in this way a double lattice structure on F'.

Another interest of considering the generators A, is that the associated Cayley graph is
closely connected with Stasheff’s associahedra: essentially, the graph is a direct limit of the
associahedra, which appear as the orbits of the (partial) action of F' on binary trees. These
aspects will be investigated in a separate forthcoming paper [10].

3. THE GEOMETRIC PRESENTATION OF THOMPSON’S GROUP V

Our approach to Thompson’s group F' was based on its connection with the associativity.
We now develop a similar approach for Thompson’s group V. The latter appears when the
commutativity law xy = yx is added. As in Section 2, the geometry of the commutativity
operators leads to a natural presentation: in addition to the geometric and pentagon relations,
the only new relations are the MacLane—Stasheff hexagon relations, plus some torsion relations.

3.1. The geometry monoid of a family of algebraic laws. The approach developed in
Section 2 for the special case of associativity extends to arbitrary algebraic laws. The general
form of an identity 7 is 7. = 7., where 7_, 7, are formal combinations of variables, or, equiva-
lently, coloured trees. For each such 7, we can consider the partial operator I on Ty such that
a tree t belongs to the domain of I if it can be written as 7 for some substitution o, and,
then, define £+ I to be 77. The operator [ ~! is defined symmetrically, and, as above, we denote
by IF! the translated copy 9,1, i.e., the result of letting I*! act on the a-subtree.

Definition. For 7,7, ... algebraic laws, we define the geometry monoid of 7,7, ..., denoted
G(Z,J,...), to be the monoid generated by all partial operators IX!, J! ..
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Thus, the monoid G(A) of Section 2 is the geometry monoid of the associativity law. For-
mally, the definition of the operators I, and, therefore, of the geometry monoid, depends on
the considered family of (coloured) trees. We shall forget about this here, which amounts to
assuming that we work once for all inside a sufficiently large family of coloured trees Ty.

In this framework, it is obvious that two trees ¢,t" are {Z,J,...}-equal if and only if some
element of G(Z,7,...) maps t to ¢'. At this degree of generality, we cannot expect really deep
results, and going further requires to restrict the considered laws. An unpleasant phenomenon
is that, in general, the geometry monoid G(Z,J,...) contains the empty mapping, i.e., there
exist products of operators I, ail, JE applying to no tree, typically because the labels cannot
be compatible. This however is excluded when the laws are simple enough.

Definition. A law 7_ = 7, is said to be linear if the same variables occur in 7_ or in 7, and
each of them occurs exactly once.

The associativity law z(yz) = (ay)z is linear, as z, y, and z occur only once on each side,
while the self-distributivity law z(yz) = (zy)(xz) is not, as x is repeated twice on the right.

Lemma 3.1. Assume that Z,J,... are linear laws. Then each operator in G(Z,J,...) admits
a seed consisting of injective trees, i.e., there exists a pair of injective trees (t,t') such that, as
a pair of trees, f is the set of all substitutes of (¢,t').

Proof. The point is that, if ¢1, {2 are injective trees, then there always exists substitutions o1, oo
such that t{* and t3? are equal, which need not be the case when some labels in ¢; or ¢t occur
twice. Then the substitutions may be chosen so that the common skeleton of t7* and ¢5? is the
union of the skeletons of t; and ¢35, and the proof is the same as for Lemma 2.3. g

In the previous case, Lemma 2.2 applies, and, as in the case of G(A), it leads to a group.

Proposition 3.2. Let Z,J,... be linear algebraic laws. Then near-equality is a congruence
onG(Z,J,...), and the quotient-monoid is a group. The operators IF1, J=1 ... induce a partial
action of this group on trees. Injective trees form a discriminating family for this action.

Definition. Under the above hypothesis, the group G(Z, 7, ...)/ = is called the geometry group
of the laws Z, 7, ..., and it is denoted G(Z, J,...).

(Here, we restrict to laws that involve a single binary operation. A similar approach is of
course possible for laws involving more than one operation, at the expense of considering trees
in which the internal nodes are marked with operation symbols and their degree is adjusted to
the arity of the operation.)

3.2. Commutativity operators and Thompsons’s group V. The commutativity law

©) xy =y
is eligible for the previous approach. Here the basic operator is the operator exchanging the
left and the right subtrees of a tree:

Definition. We denote by C the (partial) operator that maps every tree of the form ¢1¢s to
the corresponding tree tot;. For each address «, we put C, = 9,C. We define G(A,C) to be
the monoid generated by all operators A, and C, and their inverses.

Associativity and commutativity are linear laws, hence Lemma 3.1 and, therefore, Proposi-
tion 3.2 apply. So, near-equality is a congruence on the monoid G(A,C), and we obtain a group,
denoted G(A,C) by identifying near-equal operators. As in Section 2, we shall use A, for the
class of A, in G(A,C), and, similarly, C,, for the class of C\,. We still denote by A the family
of all A,’s, and, similarly, we use C for the family of all C,’s.

Proposition 3.3. The group G(A,C) is (isomorphic to) Thompson’s group V, i.e., V is the
geometry group of associativity and commutativity.
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Proof. (Figure 8) We associate with each element of G(A,C) an element of V| i.e., a piecewise
linear mapping of [0,1] into itself as in we did for G(A) and F in Section 2: we associate to
each tree a dyadic partition of [0, 1], and we map f to the piecewise linear function that maps
the partition associated to t' to the partition associated to ¢, where (¢,t') is a seed for f—we
again reverse the orientation to obtain a homomorphism with composition—and interpolates
the values. The latter homomorphism is surjective since, as was shown in Section 2, its image
includes F', and it contains the mappings denoted C' and g in [5], which correspond to ACHA~!
and ACyA~1C respectively. O

In the sequel, we identify G(A,C) and V.

Y

FIGURE 8. From G(A,C) to V: the action of C

3.3. Guessing relations in G(A,C). As in the case of G(A), geometric inheritance provides
twisted commutation relations in G(A,C), and therefore in the group G(A,C). First, we ob-
served that 0%f - A = A - Of holds for every mapping f, and used it for f = A, to obtain
Aj14-A = A- A1, Applying it now to f = C,, we deduce Ci14 - A = A - C, similarly. In this
way, using X, to represent either A, or C,, we obtain the following relations:

XpAq = Aa X3 whenever § L a holds,
Xo1184a = AaXo1s,
Xa1084a = AaXa108,
Xoo0sAa = AaXao0s-

(3.1)

New inheritance phenomena appear with C,: its action on a tree t exchanges the a0- and
al-subtrees of ¢, and we deduce the following relations, where X, still stands for A, or Cy:

XgCo = CoXg whenever 3 L o holds,
(32) XaOﬁCa = CaXalﬁv
Xalﬁca = CaXaOﬁ-

The relations mentioned in (3.1) and (3.2) will be called the A- and C-geometric relations,
respectively. Apart from the geometric relations, we know that the pentagon relations, i.e.,

(3.3) AgAA, = A?
and its shifted copies, are satisfied in G(A), hence in G(A,C). Two more types arise now.
Lemma 3.4. The following relations and their translated copies hold in G(A,C):

(3.4) ACA = CyACh,
(3.5) C? ~id.

%

The verification for (3.4), which corresponds to two ways of going from (t1t2)t3 to (tats)t1,
is given in Figure 9. The involutivity of C' is obvious—but, as C is defined only on those trees
that are not e, we obtain a ~-relation, not an equality.
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FIGURE 9. The hexagon relation

Definition. Let Rsq¢ consist of all A- and C-geometric relations, i.e., the translated copies of

(1) Xoa - Y18 = Yig - Xoa,

(O4) X110 A=A X1a, X100 - A=A Xota, Xoa A=A Xooa,
(O¢) Xoa - C=C" Xy, Xi0-C=0C" Xpa,

with X,Y = A or C, plus the pentagon relations, i.e., the translated copies of
(©) AA = A1 AA,,

plus the hexagon relations, defined to be the translated copies of

©) ACA = C1ACy and A7 'CA™'=CyA~1C,.

The relations in G(A,C) induce similar relations in G(A,C), i.e., in V. So, we may state:

Proposition 3.5. All relations in Rac plus the torsion relations C2 = 1 are satisfied by the
elements of A and C in the group G(A,C), i.e., in V.

Distinguishing two hexagon relations, which are equivalent when the torsion relations C2 = 1
are present, may seem strange. The reason is that we consider a torsion-free version of V in
Section 5, and it is convenient to keep track of the torsion relations from now on.

3.4. Restricting the family of generators. As in the case of F', we shall consider two families
of generators for the group V: besides the families A and C' comprising all A,’s and C,’s, we
shall also consider the proper subfamilies corresponding to right branch addresses.

Definition. For i > 1, we put ¢; = Ci:-1. We denote by ¢ the family of all ¢;’s.

Thus ¢; is an exact counterpart to a;. We now list some relations satisfied by the elements
of a and ¢ in G(A,C). A disadvantage of restricting the families of generators is that expressing
the geometric phenomena is less simple than with the whole families A and C.

Definition. We define R,. to consist of the following relations:

(3.6) a;Tj = Tj_10; for j >i+2and xz =a or c,

(3.7) cia; teplry = wica; e forj>i+2andx =a orec,
(3.8) Qit10icia; 41 = aics for e = £1,

(3.9) a;CiCit10; = Ci11Ci,

(3.10) ci+1cia;10i+1 = ciai_lciai_l.

Lemma 3.6. All relations in R,. follow from Rac (and the definitions a; = Aji-1, ¢; = Cri—1).

Proof. Tt is sufficient to establish the relations for i = 1 and then use 9! to deduce the
general version. Relations (3.6) and (3.7) are of purely geometric nature: (3.6) is a A-geometric
relation, and (3.7) follows from

CA_lCl_ana =0 CA_leoacl_l =0 CXOlaA_lcl_l =0 XllaCA_lcl_l,
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which is valid both for X = A or C. Relations (3.8) use the pentagon relations:
A1ACC A =0 A1 AACE =4 A%CE.
Finally, appealing to the hexagon relations, we find
ACCl = ACAAilcl =0 ClACOAilcl =0 ClAAichil = Cchil,
C1CA™IC, =5 CCYA™ICL = CATICAT,

which gives (3.9) and (3.10). O
3.5. Constructing trees. We aim at proving that the relations R4 and R,. make presenta-
tions of the group V. As in the case of F', we shall use the criterion of Proposition 1.4. So, as
in Section 2, the point is to introduce for each tree ¢ a distinguished word w; that describes the
construction of ¢ from some distinguished tree in its V-orbit.

In contrast to the case of associativity, considering commutativity requires that we take labels

into account. Indeed, uncoloured trees are not discriminating: for instance, the operators id
and C' are not (near)-equal, but both fix ee. We use coloured versions of the right vines (n).

Definition. For I3, ..., I} finite subsets of N, we define the coloured right vine (I,...,I) by
<Il, ey Ik> = .51(.52(' . (.ln—l.‘en) .. )),

where ({1,...,¢,) is the increasing enumeration of I, followed by the increasing enumeration
of I, etc. (Figure 10).

5 6

FIGURE 10. The coloured right vines ({2,5,6},{1,3,4}) and ({2,5,6,1,3,4}); the
latter is also ({1,2,3,4,5,6})

In particular (I) is the vine in which the labels are the elements of I enumerated in increasing
order. By construction, all coloured vines (I) are injective trees, so, clearly, we have:

Lemma 3.7. Coloured vines make a discriminating family for the action of G(A,C) on Tx.

The scheme is now the same as in Section 2: in order to apply Proposition 1.4, we select, for
each tree ¢ with labels I, a word w; that describes how ¢ can be constructed from the vine (I).
For the skeleton, we can use associativity as in Section 2. For the labels, we use commutativity,
i.e., operators C,. The first step for an inductive construction is to define an operator that
maps (I U J) to (I, J) for disjoint I, J. To this end, we introduce new elements of G(A, C).

Definition. (Figure 11) For each address a, we put S, = C,A;'C,'. We denote by S the
family of all S,’s, and by Racs the family obtained by adding the definition of S, to Ra¢c. For
i>1, we put s; = Sqi-1, t.e., §; = ciaflc;_fl, and we denote by s the family of all s;’s.

Definition. For I, J finite disjoint subsets of N, the word ¢y, is inductively determined by
¢z, = € and the rules: for ¢ smaller than all elements of I and J,

5182 ...5p—1Cp if I has p elements and J is empty,

c =dcr.j, c = ] ]
{eor.g L L{egs {6CI7J -8182...5p if I has p elements and J is nonempty.

The word sy s is defined similarly, except that c; (4} is defined to be sisz. .. s.
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Y

FIGURE 11. The action of S; the operator s;, i.e., S;i—1, switches the ¢th and the
(¢ 4+ 1)th factors of (t1,...,tn), as it maps the latter to {t1,...,ti+1,t,...tn).

Example 3.8. Let I = {2,5,6} and J = {1,3,4}. By considering the elements of I U J in
decreasing order, we find successively ¢y o = €, c(6},0 = €, C{5,6},0 = €, C{5,6},{4} = S1C2,
C{5,6},{3,4} — J(s1¢2) - 5182 = 5235152, €{2,5,6},{3,4} = O(s2c35152) = 53€45283,

C{2,5,6},{1,3,4} = O(53C45283) - 815283 = 54C55354515253, and 5{2,5,6},{1,3,4} — 54555354515253.

Lemma 3.9. For all sets I, J, and for every tree t, we have

(TuJgy =L (1,gy  and  (TUJt) —2Ls (1, J,4)
Proof. We use induction on the cardinality of I U J. The result is clear if I and J are empty.
Assume that ¢ is smaller than all elements in I and J. The induction hypothesis asserts that
cr,g maps (I UJ) to (I,J), hence dcr ;j maps e,(I UJ), which is ({¢} UIU.J), to e(I,J), i.e.,
to ({£} U1, J), as expected for cgpyur, -

Let us consider ¢y (¢yus. Let p be the cardinal of I. Assume first J # (). We have seen that
Ocr,y maps ({¢} UIUJ) to ({¢} UI,J). Then the iterated transposition siss...s, carries the
leftmost leaf of ({¢(}UI, J), i.e., oy, through p leaves to the right, i.e., we obtain (I, {¢}, J), which
is also (I, {¢}UJ). Finally, if J is empty, then ¢y s is €, as an induction shows, and s182. .. Sp—1¢p
maps ({£},I) to (I,{£}). So, in each case, cr sy maps ({£} UITUJ) to (I,{¢}U.J).

The argument is similar for sy ;. O

We are now ready for defining a word w; that describes how to construct a coloured tree ¢
with labels I from the right vine (7). The current construction is similar to that of Section 2.
The only change is that, in the induction step, we first sort the labels in order to push to
the initial positions the labels that correspond to the left subtree. This is exactly what (the
operators associated with) ¢y ; and sy, do. So the following definition should be natural.

Definition. For each injective tree ¢, the words wy, w; are defined by the rules:
wy =w; =¢€ for t of size 1,
wy = cr, 1, - Wy, - Owy,, wi =sp, 1, -wy, - 0wy, - A for t =1ty and Iy the labels in .

The following result is the exact counterpart to Lemma 2.11. For I = {¢1,...,¢,} and ¢ a
tree, we use (I,t) for (es ..., ey ).

Lemma 3.10. For each injective tree t with labels I, and each tree t', we have
(3.11) () =2t and gy U gy,
i.e., wy constructs t from (I), and w} constructs (t,t') from (I,t').

Proof. The inductive verification is the same as for Lemma 2.11. The diagrams are now:

*
CIy,Ip Wi

Wiy dwy,
(I) = (L UL) =225 (I, 1)) —2— (t, L) —2> (t1,t) =+,
<115127tl> L} <t17]27tl>

6w:2 ’ A no_ ’
—2 (t1, b0, 1) ——— (tita,t') = (¢, 1)

SIy,Iz

(I,t') = (LU I, ')

for t = t1t5 and I, I> the sets of labels in t; and o respectively. O
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3.6. Derived relations. In order to apply Proposition 1.4 and prove that the relations of
Proposition 3.5 make a presentation of the group G(A,C), i.e., of V, we have to check that
there are enough relations to establish the equivalence of wy and wy - X, whenever X, maps t
to ¢/, where X is either A or C. The needed verifications are easy, but longer than in the case
of G(A), and we begin with some technical, but easy preparatory results asserting that certain
relations involving the letters A, Cy, and S, follow from Rscs.

Lemma 3.11. The following relations follow from Racs:
(i) The A- and C-geometric relations of Rac in which X orY is replaced with S;
(i) The S-geometric relations, defined to be the translated copies of

(Os) Xi1a S =95 Xi1a, X10a -9 =5 Xoa, Xoa -9 =95 Xi0a,

in which X stands for A,C or S,
(iii) The translated copies of the relations

(3.12) SA=AC,,  SA;A= A AS,,
(3.13) $1S4; = AS, SS1A=AS, SSS=5SS.

Proof. The extension of the A- and C-geometric relations to S, is obvious, as S, is defined
from Cy, Aq, and Ci4. The S-geometric relations follow from the other geometric relations.
For instance, we find

SXi1a = ACoA™ X110 =0, ACoX1a A7 =0, AX1aCoA™" =5, X116 ACoA™ = X1145.
The first relation in (3.12) follows from the definition and an hexagon relation:
SAy=CA™ICT'A =5 AC,.
The second relation comes by cancelling Ag on the right in
SA1AA) =0 SAA =45,5) ACoA =0 AACH =0 A1AACoo =10y A1 ASHAp.
Then we observe that the hexagon relation implies
(3.14) C18 = C1SAA™ =, ., C1AC A =5 ACAA™! = AC.
Next, the first two relations in (3.13) are obtained by cancelling A on the right in
S1541A =310y S141A50 =312 A1C10450
=0 A1AC0150 =319 A1AACH) =6 AACH =300 ASA,
SS1AA =0 SS1A1AA) =542 SA1C10AA) =0 SA1ACH Ag
=12 A1ASCo1 Ao = A1ACH =510y A1SA.
Finally, we have
SC1S =514y SAC =500 ACHC =0 ACC =514y C15C1,
so, using SA1A =515 A1ASo, and S141A =510 A1C10A =0 A1 ACH1, we deduce
A1ASS1S = 9p(SC1S) - A1A = 0p(C1SCh) - A1A = A1 AS1551,
which implies the third relation in (3.13) by cancelling A; A on the left. O

On the other hand, we observe that, by construction, the words w; and w; involve the
letters a;, ¢;, and s; only. So it will be convenient to work with the following restricted list.

Definition. We define R, s to consist of the following relations:

(3.15) ;T = Tj_104, with j >i+2and z = a,cor s,
( ) Sit; = T;8;, with j >i+2and x = a,c or s,
(3.17) 8i8i410; = Aj+184, and Si418:Qir1 = A;S;,
(3.18)

SiTi41Si = Ti41SiTi+1, with x = s or c.
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Lemma 3.12. All relations in R,.s are consequences of R,., hence of Rac (plus the definitions
of a;,c; and s;). Furthermore, s? =1 follows from R,. completed with the relations ¢? = 1.

Proof. When z is a or ¢, (3.15) coincides with (3.6); for z; = s;, we apply (3.6) to c;, a;l,

and C]'_J:1 successively. Similarly, (3.16) for z; = a; or ¢; directly follows from (3.7) owing to
the definition of s;; the relation for z; = s; then follows by replacing s; with its definition. As
for (3.17), we find

IS R R -1, -1 -1 _ -1,.-1 _

$i8i+1A5 = C;Q; aiHcHQai =@3.6) CiQ; aiJrlaiCiJrl =3.8) Ai+1C;Q; CZ-Jrl =(3.19) Ai4+15i-
Next, we observe that the relation (3.9) of R,. implies
-1,-1 _ -1
(3.19) 8i = CiG; " Ci ) =ry. Ciy1@iCis
and we deduce symmetrically
_ 1 _ -1 2 _ -1 _
Si+15i0i+1 = C;49Qi+1AiCiAi4+1 =(3.8) C;490; Cilit+1 =(3.6) @iC;y1AiCiAi+1 = AiSi.
For (3.18) with x5 = ca, we have
o=l =1 —1 -1 _ -1 _
§1C251 = €C1G1 S1 = C1G1 C1A1 Cy =(3.10) C2€1A7 = C251C2.

As for (3.18) with x5 = s2, we have

-1 -1 — -1 -1 -1_.-1 -1
§18281 = 81C2G9 C3  S1 =(3.16) S1C209 S1C3 ~ =(3.17) S1€281A7 S C3

-1 -1 — -1 —1 — —-1_,-1 -1
§28182 = €209 C3 S152 =(3.16) €209 S1C3 52 =(3.17) €C251A1 So C3 852

— -1 -1 _-1 -1 — -1 -1 _-1 -1
= (€251C2Cy A1 SS9 Cg S2 =(3.15) €251C2Q1 C3 So C3 S2.

. . _ _ -1 -1 _ ~1.-1—1
Applying the relations sicas1 = cas1c2 and sac3s2 = c3sacz—hence s; ¢c3° = ¢35 85 €3 Sa—
which were established above, we deduce s15981 = $95152.

. . . Z1 -1 -1 -2
Finally, we have seen that R,. implies s; = cja] ¢, = ¢, aici, hence s% = c1c5 €1t SO

c? = ¢ =1 implies s? = 1. O

For furure inductive arguments, we need some results about the auxiliary words ¢y and sy ;.
Lemma 3.13. For I, J, K disjoint with p = #I > 1, we have
(3.20) TIVJK * SI,J =Ryes TI,JUK - OPTJ K forz =5 and x = c.
Proof. We begin with the auxiliary formulas

k,
k.

(3.21) $182 .. .Ckt1Si =R,.. Ci+15152 .. Cpt1, for 1< i<
(3.22) 8182 .. .8kCk+1Sk =R,.. Ck+15182-..SkCk+1, for 1l <
A direct inductive verification is possible; we can also observe that Lemma 3.12 shows that
(81y.-y8kt1) and (s1,..., 8k, cpt+1) satisfy the relations of Artin’s presentation of the braid
group Bpy4o: therefore, every braid relation between the standard generators o; of By must
hold between the s;’s, which is the case for the counterpart of (3.21) and (3.22).

Next, we claim that the following relations are true, where g denotes #J:

(3.23) 8152 ... Sq+rSJ,K =R, cs aSJ,K © 8182 ... Sq4r,
(3.24) 8152 ... Sq4+r—1Cq+rSJ, K =R,cs acJ,Kslsg e Sq4r—1Cq4r-

Indeed, an easy induction shows that the word c; g is a product of s;’s with 1 <i < qg+1r—2,
and, if it not empty, of c¢44,—1 occurring once, and that s x is obtained from c; s by replacing
the possible ¢g4r—1 With sqir—1. Then (3.23) comes by applying (3.21) with k =g+ r —1 to
the letters s; in ¢y k', and so does (3.24) using (3.22) for the possible letter ¢g4r—1 of 57 k.
We turn to the first formula in (3.20). The result is trivial for I = J = K = (. For an
induction, it is sufficient to prove that, if £ is smaller than all elements in I UJ U K, the result is
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true for ({¢}, J, K), and it is true for ({£}UI,J, K), (I,{¢}UJ, K), and (I, J, {¢} UK) whenever
it is for (I, J, K) and I is nonempty. For the case of ({¢}, J, K), we find

C{},JUK * SJ,K = 81 .- Sq+r—1Cq+r " SJ,K

(3.24) ac.],K © 81 ... Sq+r—1Cq+r

=0cyK-51...5--0"(51...8¢-1¢4) = cqpyugk - 9 cpey, -
Assume T # (). For ({¢}U I, J, K), using the induction hypothesis, we find
CIU{e},JUK ST K = OCI JUK * 8152 -+ - Sqr * SJK =a.2s) OCI JuK * 087K * 8182+ . Sqyr
_ 1
=H) aSIUJ,K i Cr,J S8182...Sq+r

_ r+1
=16 OSIUJK 515280 0" C1, 7+ Spq1 -+ Sqgr

= 0S1UJ,K - 5152+ .- Sy - aT(aCI,J ©8182. .. Sq) = C{Y}UIUJK * aTCIu{é},Ja
The remaining cases are easy:

_ _ +1

CI {}UJUK * S{eyus,k = OCr JUK 085K 8182 8 =u) O81Us, Kk -0 1,7 8182... 5
_ r+1 _ T .
=iae) OS1UJK 81828 - 0" cr g = crupnugk - 0 cr o
_ — 'a _ r+1

1, Ju{euKS I {eyuK = 0cr JuK + 081K =um Ocrusk -0 cr g = crug ok -0 er,

and the proof is complete. O

Definition. For p,q > 1, we put ¢, , = Clgt1,msq+p} AL, a} and sp 4 = S{q+1,cq4p} A1, g}

S0 sp, 4 is the iterated transposition that switches two blocks of p and ¢ elements respectively,
putting the p elements on the top. For instance, we have s, 1 = s1...5p—1,and 81,4 = 5¢—1 ... 51.

Lemma 3.14. For all p,q,r, we have

(3.25
(3.26

) Cptqr =Recs Spr - OCqr and  Spiqr =R,.. Spr- 0 sqr,

) Cpgtr =Race OlCpr-spg  and  spgir =R, 'Spr - Spg,

(3.27) (qt1 * Spt1,g =Race Spt2.q - 01

Proof. Relation (3.25) and (3.26) follow from (3.20) by taking I = {r+1,...,r +p}, J =
{r+p+1,....r+p+q}, K={1,...;r1,and I = {g+r+1,...,qg+7r+p}, J={1,...,q},
K ={q+1,...,q+r}, respectively. In the first case, we have ¢r_jux = sp,r, and, in the second
one, we have cjusx = 0%p,. For (3.27), we use induction. For ¢ = 0, the result is clear;
for ¢ > 1, we find

Aq+15pt1,q =25 Qg1 ° OSpi1,g-1 * Spr1,1 = IAgSp—1,4-1) " Spt1,1
=) 08p+2,0-101 " Sp+1,1 = 08p42,9-1 - 4251 -+ Spt1
=@3.17) 85p+2,q71 © 81520152 ... Sp+1

=R,.. O8p42,g—1 515253 ... Sp+201 =(s.25) Sp+2,q01,

which completes the computation. O

Lemma 3.15. Assume that t is a size n tree. Then, for p,q > 0, we have

(3.28) Tign * Wy =R,., Wy * Tit1, forx =a,c ors,
q . = ¥ 9o . = Cwx
(3.29) QWi - €1 ZRee Cng-w;  and O Spi1,g SRecs Sping Wi

* _ q * _ q,, *
(3.30) W{ * Cpg+1 =R,e, Cp,gtn - 0%, and Wy Spg+1 =R,.. Spgtn - OTW;.
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Proof. We use induction on n. For n = 1, the words w; and w; are empty, and all relations are
equalities. Otherwise, assume t = t1t2, with, as usual, ny the size of t; and I} its set of labels.
For (3.28), we find
* * * _ * *
Titn * Wy = Tign "SI I, - Wy, - Owf, - A =0 81,1, * Tign - wy, - Owy, - A

_ * *

=(1H) S1y,I> " Wi, * Titn, - Owy, - A

_ * * _ *

=(1H) Sh,IL " Wi, " OWy, - Tiya - A =g sp,1, wyi, 0wy, - A xip = Wy g
(The first equivalence holds because we consider sy, 1,, which consists of s;’s only.)

We turn to the second relation in (3.29). Then the expected relation follows from the
commutativity of the following diagram

o s AT , o1t twy, N g ,
(¢.,Lpt) —— (¢,Inlopt") — (q;t1,l2pt") —— (¢;t1,Iapt") —— (gt1tap,t’)
lSPJrn,q lSPJrn,q lsp+n2+1,q lsp+2,q lsp+l,q

Ipat) —% (Lbpat) —= (thpat) —2 (hpat) —"— (htap.at’)
The first (leftmost) square is commutative by (3.25). The second one is commutative by induc-
tion hypothesis. For the third, (3.25) tells us that $pin,+1,q 8 Recs-equivalent to s1,g-9Sptn,.q;
and that sp194 15 Rycs-equivalent to s14 - Ospy1q. As 09w}, Rycs-commutes with s,
by geometric relations, we are left with proving the R,.s-equivalence of 9wy, - sp11,4 and
Spna,q - Ow},, which is the induction hypothesis. Finally, the commutativity of the last square
follows from (3.27).

The verification of the other three formulas is similar. O

We are now in position for proving the counterpart to Lemma 2.12:
Lemma 3.16. Assumet' =t .+ X,, where X is A,C, or S. Then we have
(3.31) Wi ERucs Wt Xa  and W) =pr,os Wi - Xoa-

Proof. Clearly, it suffices to consider the cases of A, and Cy, as S, is defined from the latter.
As for Lemma 2.12, we use induction on the length of o as a sequence of 0’s and 1’s. So assume
first that « is the empty address. Let us consider the case of A. The hypothesis ¢/ =t . A
implies that there exist trees t1, to, t3 such that ¢ is (t1t2)ts, and t' is t1(t2t3). We write I7 (resp.
I, I3) for the labels in t1 (resp. ta,t3), and ny (resp. na,ng) for their size. We obtain

* *
(3'32) Wy = CLUIy I3 * 81,1z " Wy, 'awtz A awts
* * 2
(3.33) wi - A = 51, ur, - Wi, - 0cry 1, - Owy, - 07wy, - A
* * * *
(3.34) Wy = S[,UlLy,I5 * SI,,I, - Wy, - Owy, - A - Owy, - A

* _ * * 2 ok
(3.35 Wy 'AO = SI,,I,UI3 -wtl '88[27[3 -awtz -0 wt3 'AlAAO.

Using geometric relations, we may move the factor A to the right in (3.32), while, in (3.33),
we may replace wy, - dcr,, 1, with dPcr, 1, - w}, using (3.28). Then, applying (3.25) gives the
equivalence of wy and wy - A. The argument is similar for (3.34) and (3.35), the only difference
being an additional pentagon relation for replacing AA by A; AAg on the right.

For C, with similar notation, we have t = t1t5 and ¢’ = tot1, and we find now

(3.36) Wy = C1,,1, - Wy, - Owyy,
(3.37) w-C = cq 1, - wy, - Owy, - C,
(3.38) wy, = sp,,1, - Wi, - 0wy, - A,
(3.39) w; - Co = 81,1, - wy, - 0wy, - ACY.



GEOMETRIC PRESENTATIONS FOR THOMPSON’S GROUPS 23

By (3.28), we have wy, - Qws, =g,., 0™wy, - wy,, and the R,.s-equivalence of wy and wy - C
follows from the commutativity of the diagram

*

CIy,13 Wiy Ow,,
(I) ———— (I1;I2) ——— (t1,Iz) ——— til2
H Ry cs +torsion lch,nl (3.30) lch,l (3.29) lcl,lzc

*
CIy,1y

(1)
The commutativity of the left square follow from the fact that both cr, 1, - cn, n, and cr, 1,
induce the same permutation of the labels: it follows that these words must be equivalent
with respect to any family of relations that makes a presentation of the symmetric group, and,
therefore, they are equivalent under the Coxeter relations of R,.s completed with the torsion
relations ¢? = s? = 1.
The argument is similar for wy,. First (3.28) gives wy, - Owy, =g,., 0" wy, - wy,, and the rest
is the commutativity of

(I, 1) —_— (I, t)) —2— toty

* *

S1y,Io , Wy , owy, ’ A ’
<115123t> — <t13123t> — <t13t23t> — <t1t2’t>

(L,t')

‘ R, .s-+torsion l‘sng,nl (3.30) l‘sng,l (3.29) lsl,lzs (3.12) ng

ng, * *
t1 t2

S13,11 / o / w / A /
<12;Ilvt> E—— <127t17t> E— <t27t17t> E— <t2t17t>

(L,7)
The induction is now easy, and there is no need to consider the case of A, and C,, separately. So

we use X, to represent the two cases simultaneously. Assume o = 05. Then we have t' = tts
with ) =t; « X, and we find

Wy = Cpy I, ~w;1 0w, =(1m) C1,,1, - Wy, - Xog - Owy,
=n cr,,1, - Wi, - Owy, - Xog = wy - Xa,
Wy = S1,.,1, - Wy - Owy, - A =1y S1y1, - wy, - Xog - wy, - A
=0 5111]2 ~w2‘1 -8wt2 ~X0g . A
=0 811,12 "LUZK1 -thz A 'XOOB = ’w;: 'XOa-
The argument is symmetric (and simpler: no commutation is needed) in the case a = 15. O
Applying Proposition 1.4, we obtain

Proposition 3.17. The relations Racs completed with the torsion relations C2 = S2 = 1,
make a presentation of the group G(A,C), i.e., of Thompson’s group V', in terms of the gener-
ators Aa,Cy and S,.

As the relations Racg follow from those of R4 and the definition of S,, we immediately
deduce:

Proposition 3.18. The relations Rac, i.e., the geometric relations, completed with the pen-
tagon and hexagon relations, and the torsion relations C2 = 1, make a presentation of V in
terms of the generators A, and C,.

As in the case of the group F', we can restrict to the generators a;, ¢; and s;. By looking at
the proof of Lemma 3.16, we see that, if ' =t « z; holds with x is a, ¢, or s, then we have
(340) Wy =R,., Wt * Ty
Applying Proposition 1.4 once more, we deduce
Proposition 3.19. The relations R,.s completed with the torsion relations cf = sf =1 make
a presentation of the group G(A,C), i.e., of V, in terms of the generators a;,c; and s;.

Finally, as all relations in R,.s follow from R,., we also obtain
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Proposition 3.20. The relations R,. completed with the torsion relations ¢? = 1 make a

presentation of the group G(A,C), i.e., of V, in terms of the generators a; and c¢;.

4. SEMI-COMMUTATIVITY AND THE GROUP &,

We have seen how to naturally connect Thompson’s group V with the associativity and
commutativity laws. Inspecting the computations of Section 3, we see that the main technical
role is played by the elements S,,. This suggests to introduce the subgroup of G(A,C) generated
by the elements A, and S,. We shall see now that the latter naturally arises as a geometry
group, namely that of associativity together with a weak form of commutativity.

4.1. The semi-commutativity law.
Definition. We define (left) semi-commutativity to be the law
(S) z(yz) = (yr)z.

As associativity and semi-commutativity are linear laws in the sense of Section 3, they give
rise to a geometry group G(A,S).

Proposition 4.1. The group G(A,S) is (isomorphic to) the subgroup G4 of V' generated by the
elements A, and Sy, i.e., G4 is the geometry group of associativity and semi-commutativity.

Proof. Figure 11 shows that the operators associated with the semi-commutativity law are
the operators S, of Section 3, so the geometry monoid G(A,S) is the submonoid of G(A,C)
generated by the operators Agl and Sail. Quotienting under near-equality gives a similar
relation for the geometry groups. 0

So, in particular, if we extract from the relations established for G(.A,C) those that involve
the generators A, and S, only, the latter have to be satisfied in the group G(A, S).

Definition. We define R4 to consist of the translated copies of

(1) Xoa - Y18 =Yg - Xoa,
(Oa) Xia- A=A X1q4, X100 - A=A Xoia, Xoa - A=A Xooa,
(Os) Xi1a S =9 X11a, X100 S =5+ Xoa, Xoa S =295 X10a,

with X, Y= A, S, plus the translated copies of

Q) AA = A1 AA,,
(4.1) SA1A = AjASy, S15A, = AS, SS$1A=A,S, S5 =55S.

Proposition 4.2. All relations of Ras, as well as S2 = 1, are satisfied in G(A,S), i.e., in S,.
We also consider the subfamily of Rsqs associated with the elements of a and s.

Definition. We define R, to consist of the following relations:

a;Tj = T;_104, with j > i+ 2 and x = a or s,
8;Tj = T8, withj > i+2and z =a or s,
0i0i+10; = 03410041, Oi+10i0i+1 = Q04 0i0i+10; = Gi+10-

Lemma 4.3. All relations of R,s are satisfied in G(A,S), i.e., in G,.

Actually, it is easy to check that the relations of R,s follow from those of Rag plus the
definitions s; = Sqi-1.
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4.2. Presentations of &,. Our aim is to prove:

Proposition 4.4. The family Ras completed with the torsion relations S2 = 1 make a presen-
tation of G, in terms of the generators A, and S,.

Proof. The method should be clear: we select a family of trees containing one element in each
G.-orbit, then define distinguished words in W (A, S) describing how to construct a tree starting
from the distinguished element of its orbit, and, finally, check that there are enough relations
in Ras to witness for the relations (1.3) of Proposition 1.4.

The construction is a slight modification of the one used in Section 3. The difference between
commutativity and semi-commutativity is that the latter cannot change the rightmost label of
a tree. To keep the same conventions as in Section 3, let T, denote the subset of Ty made by
coloured trees in which the rightmost leaf wears the maximal label. Then every tree in T}, is
equivalent up to associativity and semi-commutativity to some right vine (I). For such a tree ¢,
the word w; maps (I) to t, and, by construction, w; consists of letters a, and s; exclusively, since
the rightmost leaf is never changed. Indeed, the only letter ¢; possibly occurring in w; comes
from the factors ¢y ; in the inductive construction, and this happens only when I contains the
largest element of I U.J. We can therefore use the words w; and w; without change. Then the
only point is to check that ¢ =t .« X, implies
(4.2) wy =g,, Wt - Xo and  wj =g, Wy - Xoa
both in the case X = A and X = S. For the case of A,, it suffices to look at the proof of
Lemma 3.16. The case of S has not been considered in Section 3, and we consider it now. So
we assume t = t1(tot3) and ¢t = ta(t1t3). We obtain

* * 2
(43) Wy = 815,1UI3 * Wy, '6811113 'awtl -0 Wt

* * 2
wy - S = 81, 0Ly - Wi, - 081,15 - QW - 07wy, - S.

By (3.28), we have wf, - 0s1,,1; =R,, 0"51,.1, - wi,, Wi, - 051,.1, =R,. 0™ s1,.1, - wy,, and
wy, - Owy, =pg,, 0"wy, - wy,. Then the Rjs-equivalence of wy and wy - S follows from the
commutativity of the diagram

n * * 2 %
S1y,19013°90™ 815 14 Wy Owy

% wy
(I, I, I3) —— (t1,15,I3) — (t1,ta,I3) —— (t1,1la,t3)

(I)
H R, s +torsion l‘sng,nl (3.30) l‘sng,l (3.29) lsl,l (4.1) lsl,lzs

(N

The relations of Rags are sufficient to obtain the commutativity of the last three squares. As
for the first square, the associated permutations are equal, so the relations of R,s completed
with the torsion relations s? = 1 must give the result.

The argument is similar for the words w;, with an associated diagram coinciding with the
above one up to an additional square on the right whose commutativity is provided by the
relation SA1 A = A1 ASy. The induction along addresses is similar to the one we used for the
groups G(A) and G(A,C), i.e., for F and V. O

ng . * * 2, %
t1

L0"2 . w .
ERIE RS R (I, I, I3) —— (Do, t1, I3) —2— (to,t1,13) ——> (to,t1,t3)

As in Section 2 and 3, we deduce that there are enough relations in the list R,s to generate
all needed equivalences, and we conclude:

Proposition 4.5. The group G, is generated by a and s, and the relations R,s completed with
s? = 1 make a presentation of &, in terms of these generators.

Corollary 4.6. The group G, is isomorphic to the group 1% of [3].
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5. THE GROUP B, AND ITS CONNECTION TO TWISTED SEMI-COMMUTATIVITY

The presentation of the group G, in terms of the a;’s and the s;’s given in Proposition 4.5
includes the Coxeter presentation of the symmetric group G, in terms of the s;’s. Following the
example of Artin’s braid group B, which can be defined by removing the torsion relations s? =
1 in the Coxeter presentation of &, or, more generally, of Artin—Tits groups, we introduce
the group obtained from &, by removing the torsion relations. This is specially natural as we
can see that the torsion relations play a very small role in the computations of the previous
sections. This new group, here denoted B,, has rich properties, investigated in [9] and [2, 3].
In this paper, we study B, from the point of view of geometry groups only. The main result
is that B, is the geometry group of associativity together with some twisted version of semi-
commutativity. This in particular provides a concrete realization of B, as a group of partial
operators on coloured trees.

5.1. The group B,. As is usual with permutations and braids, we use o; for the torsion free
lifting of the generator s;. Accordingly, we use o for the infinite family oy, 09,.. ., and R,, for
a copy of R,s with o; replacing s; everywhere.

Definition. We define B, to be the group (a, o ; R,,), i.e., the group generated by two infinite

sequences ai, as, ..., 01,02, ... with the relations
a;Tj = Tj_104, with j > i+ 2 and = a or o,
(5.1) oix; = x;0;, with j > i+ 2 and z = a or o,
0i0i4+10; = 0i410;0i+1, 0i+10iQit1 = G;04, 0i0i+10; = G;i4105.

Our current notation is chosen to emphasize the similarity between B, and Artin’s braid
group Boo: as shown in [9], the elements of B, admit a natural realization in terms of paren-
thesized braid diagrams, which are analogous to ordinary braid diagrams but with non-uniform
distances between the strands. In this framework, o; correspond to a standard crossing, while
a; corresponds to a rescaling operator that shrinks the distances around the ¢th position. The
explicit presentation also shows:

Proposition 5.1. The group B, is isomorphic to the group BV of [3].

The group B, is a sort of twisted product of Thompson’s group F' and Artin’s braid
group B., and it is not surprising that it can be investigated by the same methods as F'
and Bs. In particular, B, is a group of left fractions for the monoid with the same presen-
tation [2, 9] and, as least left common multiples exist in this monoid, the group B, is torsion
free.

5.2. Twisted commutation and semi-commutation. We turn to the realization of B, as
a geometry group, as we did for F,V, and &,. Applying (semi)-commutativity is an involutive
operation, while B, is torsion-free. So we are led to considering non-involutive variants of
(semi)-commutativity. A natural way for making commutativity operators non-involutive is to
assume that subtrees are changed when they are switched. The simplest case is when only one
subtree is changed, and the new subtree depends on the two subtrees that have been exchanged
only. This amounts to assuming that there exists a binary operation on trees.

Definition. (Figure 12) Assume that T is a set of trees equipped with a binary operation -[-].
Then we define the T-twisted commutation operator C'* by

(52) CT . fl . t2 — fl[fg] . tl.

So we still switch the left and the right subtrees but, in the transformation, the right subtree is
(possibly) changed when it crosses the left subtree. The bracket notation is chosen to emphasize
that #1[to] is the image of ¢t under the action of t;. Note that the standard commutation
operator C corresponds to using the trivial operation t;[ts] = ta.
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CT
—>

tq to t1

t1[to]

FIGURE 12. The twisted commutation operator C'”

As in the case of the operators C,,, we define C7 to be the translated operator 9,C7, i.e.,
C7 acting on the a-subtree. As for inverses, the operators C% need not be injective in general,
but we have the following criterion:

Lemma 5.2. Assume that T is a set of trees equipped with a bracket operation. Then the
operators CZ are injective if and only the bracket on T is left cancellative, i.e.,

(5-3) tlt1] = tlta] implies 1 = to.

Under such an hypothesis, the inverse operator of C7 is still a partial operator on 7T'.

As we chosed to investigate the torsion-free version B, of &, rather than that of V', we are led
to considering a twisted version of semi-commutation too. We keep the definition of Section 3,
i.e., we define the twisted version ST of S by ST = CTA=Y(CT)~!, which corresponds to:

Definition. (Figure 13) Assume that T is a set of trees equipped with a binary operation -[-].
Then we define the T'-twisted semi-commutation operator S™ by

(54) ST : tl . (tg -tg) [— tl[tg] . (tl 'ﬁg).
ST
—>
ty
ts 13 tilt] 5,

FIGURE 13. The twisted semi-commutation operator S”

We naturally define S% to be the a-translated copy of S”. Under the hypothesis that the
bracket on T is left cancellative, the operator ST is injective, and its inverse (SZ)~1! is a partial
operator. The (semi)-commutation operators correspond to no algebraic law, but we still have
a family of partial self-injections of a set of trees, and it is natural to consider the monoids they
generate:

Definition. Assume that T is a family of trees equipped with a left cancellative bracket opera-
tion. Then we define G(A,C”) (resp. G(A,S™)) to be the monoid generated by the operators AX!
and CT*! (resp. the operators AX! and ST*!) acting on 7.

Our aim is now to investigate the monoids (G(A,C") and) G(A,S™) for appropriate choices
of the bracket operation. When T is equipped with the trivial bracket ¢;[to] = to, we find

G(A,CT)=G(A,C) and G(A,ST)=G(A,S),

i.e., we come back to the framework of Sections 3 and 4.
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5.3. LD-systems. In general, the twisted operators C¥ and S? need not satisfy the same
relations as their standard versions. However it is easy to list the requirements needed for the
relations of Racg to be valid in the monoid G(A, S™).

Proposition 5.3. (i) The relations A;S™ = STSTA, AST = S{STA;, and STSTST =
STSTST hold in the monoid G(A,S™) if and only if, for all trees t1,ta,ts in T, we have

(5.5) ti[tats] = ta[ta] - t1[ta],
(5.6) (tita)[ts] = t1[t2[ts]],
(5.7) t1[ta[ts]] = ta[t2][t1[ts])-

(ii) Assume that T is the set of all L-coloured trees for some set L. Then the conditions of (%)
are satisfied if and only if there exists a left cancellative left self-distributive bracket operation
on L such that, for all trees t1,ts in Ty, the tree t1[ta] is obtained by replacing each label y in to
with x1[xa]. .. xuly] .. ]|, where (x1,...,2,) is the left-to-right enumeration of the labels in t;.

(iii) In this case, all relations of Racs are satisfied by the operators Ay, CT, and ST, and
the torsion relations CT? ~ ST2 ~id are satisfied if and only if, for all trees t1,ta, we have

(5.8) t1[ta[to]] = to.

Proof. For (i), the verifications are given in Figures 14, 15, and 16, respectively. Then (i7)
follows from an induction on the size of the trees ¢; and t5. Finally, in order to establish (¢i7), it
suffices to check the C-geometric relations and the hexagon relations, which is done in Figures 17
and 18. 0

ST
Al tl% —_ ) ﬁ
/ ts

tiltats]  t ty
PN
tq
e P st A
5o t1[ta] /(>\
t t
t1 t4

[t3] 1t2] tafts] 1 ta

t3 t4

FIGURE 14. The relation A18” = ST ST A requires t1[tats] = ti[t2] - t1[ta]

A/, /(>\ ﬁ} (t1t2)[ts] %4

t ty ts g
. />>\ 1 1o
1
t2 » ST A
ts t4 Si — > —
ty t1[talts]] t1[ta[ts]]
tolts] t iy

lo t4 lo 14 t1 12
FIGURE 15. The relation AST = ST ST A1 requires (t1t2)[ts] = t1[t2[ts]]

Remark 5.4. As we are mostly interested in the group B,, we concentrated on the constraints
guaranteeing that the relations of R4 g are satisfied, and we saw that all relations of Rycg are
then valid. If we start with the operators C? and require that the relations of R4 be satisfied,
we come up with exactly the same constraints, as can be read in Figures 17 and 18.
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ST ST
ST — —>
S N TN P

to 14 to ty4 t1 14

to \ ST g7

taots tl[tg]/>>\ — tato] _>t1[t2][t2[ﬁ3‘ﬂ(>>\
" t1[ts] t1to]

ﬁg t4 t1 t4 t1 ty4

FIGURE 16. The relation ST S"ST = S"ST S requires t1[ta[ts]] = t1[te][t1[ts]

CT
/<\3 > 1) \Ak

;é/)' 2 1 2
S

2[3] 2
CT
N A e
2 3

12 1 13

FIGURE 17. The twisted hexagon relations

or or

N A A N

1 1 3 1[2[3]]
2 3 103 112 1 2 12
ic; icg icg lcg
CT
N A
> 12]01(3]

23] 2 1[23] 2[3] 1 2[3] 102
FIGURE 18. The twisted C-geometric relations

We shall therefore be interested in the sequel with sets equipped with a left self-distributive
operation, i.e., a binary operation that satisfies the algebraic law

(LD) alylz]] = =ly)lz[=]
—or z(yz) = (zy)(xzz) when the operation symbol is omitted.

Definition. An algebraic system consisting of a set equipped with a left self-distributive oper-
ation is called an LD-system. An LD-system is said to be left cancellative if its left translations
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are injective, i.e., if (5.3) holds; it is called an LD-quasigroup (in [7]) or a rack (in [11]) if its
left translations are bijective. An LD-system is said to be involutory if (5.8) holds. Note that
an involutory LD-system is necessarily an LD-quasigroup.

Example 5.5. Any set L equipped with z[y] = y is a (trivial) involutory LD-system. If G is a
group, then G equipped with z[y] = xyz~! is an LD-quasigroup, denoted conj(G) in the sequel.

From now on, we always restrict to the context of Proposition 5.3(ii), 4.e., consider the
twisted (semi)-commutation operators on the set T}, that stem from some left cancellative LD-
system L. Accordingly, we shall simplify our notation, and write G(A, ST) for G(A, S™), and,
similarly, G(A,CL) for G(A,C™r).

5.4. Making groups. As in the case of associativity and semi-commutativity, and for each
fixed left cancellative LD-system L, one can derive a group from the monoid G(A,S¥) by
identifying near-equal operators. However, controlling a possible collapsing is not trivial, as we
are not in the framework of linear algebraic laws.

The problem is to show that the near-equality relation ~ defines a congruence on the mon-
oid G(A,S%). As in Section 3, the solution is to show that each operator admits a convenient
seed in order to deduce that = is transitive. Now the notions of a substitution and, consequently,
of a seed, have to be adapted to our current context. At the expense of considering coloured
trees whose labels are formal expressions containing variables and bracket operations, one can
show that, in a convenient sense, the pair of coloured trees ((1,2), (1[2], 1)), i.c., (o102, ®1;5j01),
is a seed for the operator C”, while ((1,2,3),(1[2],1,3)) is a a seed for the operator S”. The
details are easy in the case of an LD-quasigroup; in the more general case of a left cancellative
LD-system, more care is needed, but all required techniques are explained in Chapter VIII
of [7]. The key ingredient is the result that, if two self-distributivity operators (analogous to
the current operators A, or S, but for the left self-distributivity law) agree on some tree, then
they agree everywhere. All we need in the sequel is the following result:

Lemma 5.6. Assume that L is a left cancellative LD-system. Then near-equality is a congru-
ence on the monoid G(A,S%), and the action of the latter on Ty, induces a partial action of the
associated quotient-group G(A,ST).

The group G(A,SY) will naturally be called the geometry group of associativity and L-

twisted semi-commutativity. Proposition 5.3 directly implies:

Proposition 5.7. For each left cancellative LD-system L, the group G(A,S%) is a quotient
Of Be.

The group G(A, SY) depends on the considered LD-system L. For instance, when L is any
infinite set equipped with the trivial operation x[y] = y, then G(A, S*) coincides with G(A, S),
i.e., with G,. On the other hand, we can expect that non-trivial LD-systems give rise to larger
geometry groups, and we can in particular raise:

Question 5.8. Does there exist a left cancellative LD-system L satisfying G(A,ST) = B, ?

A positive answer would correspond to what can be called a geometric realization of B,, i.e.,
a realization of B, as the geometry group of associativity and twisted semi-commutativity.

5.5. Be-twisted semi-commutativity. In order to answer Question 5.8 in the positive, we
have to exhibit a convenient LD-system. Several solutions are possible, but the quickest and
maybe most interesting one involves a self-distributive structure on B, itself.

Definition. For z,y in B,, we set

(5.9) zyl =x-0y-o1 -0z,

(5.10) xoy=ux-0y-a.
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Proposition 5.9. The set B, equipped with the bracket operation is a left cancellative LD-

system. Moreover, the following mized relations are satisfied

(5.11) alylel] = (oy)lel,  =lyo2] =alyloafz],

where 0 denotes the endomorphism of Be that maps o; to 0,41 and a; to a;11 for every i.
The self-distributivity of the bracket opertaion and the relations (5.11) follow from the re-

lations of R,, using easy verifications; proving that the bracket operation is left cancellativity

requires to know that the endomorphism 9 is injective, which in turn uses the decomposition
of B, as a group of fractions. As the arguments appear in [9], we shall not repeat them here.

Proposition 5.10. The group G(A,SB*) is (isomorphic to) B, i.c., B, is the geometry group
of associativity and Be-twisted semi-commutativity.

Proving Proposition 5.10 amounts to proving that the relations R,, make a presentation of
the group G(A,SB*) in terms of the generators a; and oy, i.e., equivalently, that the canonical
surjective hommorphism of B, onto G(A,SB*) is an isomorphism. We use Proposition 1.3. To
this end, we associate with every B,-coloured tree a distinguished element of B, in such a way
that the (external) action of B, on trees corresponds to an (internal) multiplication inside B,.
We proceed in two steps.

Definition. For ¢t a B,-coloured tree, we define e(t) to be the o-evaluation of ¢, i.e., to be the
element of B, inductively defined by e(e,) = x and e(t1t2) = e(t1) o e(t2). Then we put

f(t) =e(t1)-Oe(ta) ... - 0" te(ty,)
where (t1,...,t,, ®;) is the decomposition of ¢ along its right branch.
The element f(¢) is also defined by the inductive rules f(e,) =1 and f(t1t2) = e(t1)-Of (t2).

Observe that the definitions of e(t) and f(t) are parallel to those of w; and w; in Section 2.
The key point is the following computation:

Lemma 5.11. Assume that t is an Be-coloured tree. Then we have

(5.12) ftea) = f(t)-as, f(teoi) = f(t) -0,

whenever the involved trees are defined.

Proof. First, we observe that, for all Be-coloured trees t1,ts, we have

(5.13) e(tifta]) = e(t)fe(t2))

as follows from an induction on the sizes of ¢; and t5, using the relations of (5.11)

Now, fort =t; ...t,e,, let D(t) denote the sequence (t1,...,t,), and let E(t) be the sequence
(e(t1),...,e(tn)). By definition, we have

D(t . ai) = (tl, .. .,tifl,titi+1,ti+2, .. .,tn),
D(t . 0‘1') = (tl, . ,ti_l, ti[ti+1],ﬁi,ﬁi+2, N ,tn).

Hence, assuming E(t) = (21,...,y), and using (5.13) for the second relation, we obtain
E(tea;) = (o1, ., Ti1,% 0 Tit1, Tig2, -, Tn),
E(t . Ui) = (IL‘l, PN 7$i717xi[zi+1]7xi7xi+27 N ,IZ?n)

whenever the involved terms are defined. Using the explicit definition of f(t«a;) and f(t«0y)
from E(tea;) and E(t«o;) then easily gives (5.12) using the relations of Rys. O

We are now able to conclude.

Proof of Proposition 5.10. We are in position for applying Proposition 1.3. Indeed, we have a
surjective homomorphism B, — G(A, SP+) together with a map f : Ts, — B, satisfying (5.12),
which are the relations (1.1) corresponding to the generating subset a U o of B,. O
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5.6. The group of general twisted semi-commutativity. To conclude with a simple state-
ment, let S j denote the union of all operators SI= (considered as sets of pairs) for all possible
sets Ty, associated with a left cancellative LD-system, and define G(A, S#) to be the monoid
generated by all operators Ag,, Sj and their inverses. By construction, each specific mon-
oid G(A,S*) is a quotient of G(A, S#). Then near-equality is still a congruence on G(A, S#),
and the corresponding group G(A, S#) naturally appears as the geometry group of associativity
and (general) twisted semi-commutativity. We can state:

Proposition 5.12. The group G(A, S#) is (isomorphic) to B., i.e., B is the geometry group
of associativity and twisted semi-commutativity.

Proof. By construction, the group G(A,SP*) is a quotient of the general group G(A, S#). By
Proposition 5.3(iii), the group G(A,S” ) is a quotient of B,. Now, Proposition 5.10 shows that
the canonical mapping of Be to G(A, SB¢) is an isomorphism, so the two surjective homomor-
phisms of which the latter is the product must be isomorphisms as well. O

We mentioned above that group conjugacy provides examples of left cancellative LD-systems.
Therefore, we obtain for each particular group G a notion of conj(G)-twisted (semi)-commutati-
vity, with an associated inverse monoid G(A, S"(%)) and the associated group G(A, S (%)),
The latter group depends on the group G: if G is abelian, conjugacy is trivial on G, and the
geometry group G(A, Sconj(G)) is therefore G,, as was proved in Section 4. On the other hand,
if G is a non-abelian free group, conjugacy is not trivial, and we raise the question of recognizing
the corresponding geometry group.

Proposition 5.13. If G be a free group of rank at least 2, the group G(A,S®™ () is (iso-
morphic to) Be, i.e., Be is the geometry group of associativity and conj(G)-twisted semi-
commutativity.

Proof (sketch). Without loss of generality, we can assume that G is a free group based on a
family of generators x, indexed by binary addresses, i.e., finite sequences of 0’s and 1’s. The
problem is to show that, if w is a word in W (a, o), then the image w of w in Be can be recovered
from the operator of G(A, S°™(%)) associated with w.

Now, it is shown in [9] that Artin’s representation of the braid group Bo, extends to Ba:
there exists an injective morphism ¢ of B, into Aut(G). Hence, it suffices to prove that ¥ (w)
is determined by the operator of G(A, S (%)) associated with w. We claim that there exists
a G-coloured tree t such that ¢« w exists and ¥ (w) can be recovered from the pair (¢,t .« w),
hence a fortiori from the operator of G(A, S (%)) associated with w.

Let us say that a G-coloured tree t is natural if the labels of t of each leaf with address a01*
is x;ollk,l ... x;ollx;&aca and the one of the leaf with address 1% is xl_kl,l ... J;l_lxd_)l. Proposi-
tion 5.4 of [9] shows (with different notation) that, if ¢ is a natural G-coloured tree, and w is a
word in W(a, o) such that t«w is defined, then, for each address 7 such that 40 is the address
of a leaf in t « w, the image of z, under ¥ (w) is the label at 0 in ¢ « w: the property can be
checked for a; and o; directly, and, then, one uses an induction on the length of w. As we can
choose t as large as we wish, this shows that ¢ (w), hence w, is determined by the action of w
on G-coloured trees. g

Proposition 5.13 gives an alternative proof of Proposition 5.12.

As a final remark, let us observe that the above treatment of twisted semi-commutativity and
its connection with the group B, can be repeated for twisted commutativity and its connection
with the group obtained by removing the torsion relations ¢? = 1 in the presentation of V/
described in Section 3. The latter group is (isomorphic to) the group denoted BV in [2, 3], and
it also identifies with the subgroup of B, generated by the elements afl ... a{la;&laiai ...a1
and afl So.a; Yosa; ... ay corresponding to the elements that, under the action by associativity

and twisted semi-commutativity, act trivially outside the O-subtree.
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